Differential Equations

s He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT <

9.1 Qiﬁﬁh'[(lntroduction)

el X1 TS 59 &k oF &9 5 H oA =i @i off, iR
Teh Tofdsl =R o Wiel TRl wer £ T Staehers ohd T
fohan et 2 e foredt e £ Y aRenfod wid & T
x o fau, f/(x) @ @ e S 21 gEen fafted
YRS TG ok S1eAr | ge = i oft, TR afe et
He f 1 STkl Hed g € A o f e 91 foha
STl 35! e w9 § ges R <1 g ¢

foet iU gu oM g o U % f 9 shifae arfes

d o

d—y=g(X) SR/l oy =f(x) (D
X

THIRIOT (1) oF B9 dTe] GHIHI0T ki 3Thel THIHI

Fed 2| THHRT SqEIier gRer ae € S

Henri Poincare
(1854-1912)

el WHISRTOT 1 ST q&T ®9 § difqet, WA foae, sta famm, e
T, fers, srefeme enfg fafa— e & faran Sran €1 o7d: @l ety Sfen
STl o foT STaehel THIHTON o e S1e7FA 1 3Td STavdshdl 21 39 7¢I |,
B SThe HHIR i FS URA HehodA13H, STThel THIHI oh T Td [Afre
T, STFhcl FHIHT H1 A0, Yo hife TS YoM =1 oF 3Taehal YHIHIU i T
1 o fafuat ik fafir= &= o stawer il o o STA & aR § 77T |
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9.2 IMUNYA Heheu=Td (Basic Concepts)
B0 Ted ¥ € frefefed ghR o wiet @ ufiifea @

xX-3x+3=0 .. (D)
sinx+cosx=0 .. 2)
x+y=7 .. 3)
afrzn frfafed gt | faar &
dy
“Z+y=0
xdx Y

()
9 U © T gl (1), (2) w (3) § shaal Tods veAeEn efd =) (Th
1 SAfereR ) TTHe & Sa fof THieRTor (4) | =X o We-T12 TS = (x) oh Sret SfEa
R (y) 1 FHeS H IMHA B 59 YR 1 GHIHIT SFeehel THIHIU el 2
TG Teh T geientor, ey Tds =) () oF |uey s =R o STdsheld
qftaferd 8, s1aehel GHIHu Heaa 2l
Teh UHT 7dehel THeT, TS ohael Weh Tads =R o 9T9eT, T3 =X o STaeharst
gftafed i, SH saehe TR Feard ¢l Saeuadl
de2+ ) =0 . (5)
T qHI ST GHIH B
T T ot sTehel IHIH B © TS Teh § 3tfueh Tords = o Wiy STaeherst
I B ©, 39 YHR % STaehel THR ST STaehd THE e &l aifhd 36
TR W BY 39 37T ! chalel WM 3Tdehel THIHION o &9 deh Hifdd Wil 399
3N BY UM 3T9ehel THIHI0] o U STaehe THIHI0T 35 ohl &1 ST Hif|

1. B9 oo o fau freafafad Serdl oF STF &1 sFar <0

ﬂ_ /d_zy_ //ﬁ_ 7”7,
dx_y’dxz_y’df_y
2.ﬁﬁwW%m,ﬁﬁwﬁ(dasms)@mwa‘m
o R S ag%mmw%ﬁmsﬂmnéﬁﬁmﬁawd—fé?mwm

1 T dx
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9.2.1 3faheT GHIHIUT @t WIS (Order of a differential equation)

fordll sTaehet THIHOT i hife ST Tashel THIHU | HiH{ed Tods =) o @TdeT i
T I=AdH HIfE oh TTkeTS i Hife g1 gRefed et 21

fr=fafad stewa THwTn ) faur Fifsa:

dy _ .

=e .. (6)
dzy

?4‘)’:0 )
Py L (dy)

o (Wj =0 .(8)

THERT (6), (7) T (8) W A YoM, fgdfta wd goig Fife o I=aaq sTashast
Iufterd & Tafelt o GO &1 Hife %99: 1, 2 @ 3 2

9.2.2 37Tk THIHIUT @t T (Degree of a differential equation)

fopet sterhel THiEHTOT 1 WG 1 A 1 o AU ged fag 97 © TR ow steed
THiERT, STaRaTS y, Y7,y 3efE o agUR iR i1 wifev) frefataa st
R fa=r ?ﬁﬁ'ﬂlz

d’y d*y . dy
— 42— | ——+y=0
e (dxz dx y .. (9
(—dy)2+—dy—sin2 =0
e e y= ... (10)
dy . dy)
—+sin| — |=0
dx (dx .. (11)

&1 Uferd e € fop Wit (9) v, v/ e ' | gUR WHIOr 81 THIehT (10)
Y o 9gT% gHiR @ (FEft 98 y ¥ 9gug el ) TH YHN o 3feehel THieHION i
oA ol g fohan S ekl 81 W WHIRT (11) ' H 9gus THishior el ® 3R
TH YR o STaehel FHISHIU i W okl GRAITG TEl fRa S Wb 2
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e Teh SFoehel THIHTUT STaehersll b1 agUs THISHTO & Al SH STaeshel GHIHIl i
oA 9 BHN 00 © SH STl GHIS § SUed STaaH il oh Sahers i SeaaH
T (HFTCHS Ul )

I AR o Hed | ' Ufad Y gehd © o S (6), (7), (8) U
(9) 5 9 Yk 1 o | §, FHIHTO1 (10) 1 S 2 & el foh 3fereher @ieheor (11)
CARCICRCITC I E LR

| femrott| ot srema wie ® ®ifE wd oS (A uRefid @) swem
TS qUTieh I 2|

sarever 1 frefafed raea gl § 9§ g&ie &1 Sife ud = (afe it 8)
Eﬁ‘clﬁﬁl"lz

dy d*y dy ¥ dy
i) ——cosx=0 i) xy—5+x|— | -—y—=0
® dx ®) dx* (dx ydx

(i) y”+ y2+ey':0
&l
@) wmﬁwﬁmwmwgélmwm

1%la€y’ﬁa§qawzmw%®% 1 Stfushay ol | 2, 3Hfely 39 3Taehdl
TeieRToT 1 | 1 R
2
(ii) wmﬁwﬁwﬁaﬁ STIaY Hife AaherS Q% | ZAfeTT SHhT hife

2 %1 778 s wiEor LY el Qadyﬁagq'c;wﬂw%aﬁtd Yt siferan
Wl%,wﬁqumaﬁm1%

(i) TH STEeHel THIHN | Ut STeH il STahers y” 81 HIG HR! i 3 Bl
o9 TR 1 S UE Sehersi § agus el ¢ SEfely SEeht S qrReid el |

| wroaraett 9.1 |
1 9 10 T o U991 | Yeh SAgehel THIRIUT i ohife Td o1d (Afs qRenfua =) I«
HiferT|

dy ., ds Y d’s
1. —+sin(y")=0 2. y4+5y=0 3. | — | +3s—=0
dx* Y Y Y ( j dt?
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2V 2
4. d_g +cos dy =0 5. d—gzcos3x+sin3x
dx dx dx
6. O+ +0)+y°=0 7.y +2y"+y =0
8. y+y=¢ 9. V+ (') +2y=0 10. y"+2y +siny=0
11. ST9hal THEHIO
) 3
d_g/ + ﬂ +sin b +1=0 I =M &:
dx dx dx
(A) 3 (B) 2 ©) 1 (D) it =&t
12.szzdy LT e O
dx* dx
(A) 2 B) 1 (C) 0 (D) Tftei =&t &

9.3. 3TThel THIRIUT kT AUk Ua fafdre €& (General and Particular
Solutions of a Differential Equation)
el wensti & god frefafad R & Sl w1 gt fwmar 2:
X2+1=0 . (1)
sin?x—cos x =0 . (2)
RO (1) qen (2)%%@@3@%&@%@%@%@@@
THHIT Hl e HA T iq 9 3T T H GHE § SHM x o W W
wiceenfad & 5o S @ ot ST v 3R A get oad H SeR B W g
9 3TFFH HIH %+y 0 .. (3)
W fo=m w2
T T TN o fauiid 56 STaehel FHISIU 1 Bl Uk UHl Ber 0 @ S 39
THIROT Sl FP BN AL ST 59 F ¢ il 3Tahal THIRWT H T y (T =)
o T W gfqeenfd #R 5 S A St vay SN < e seR g Wi g
aqh y = § (x) SR THIHIU 1 B ok (HHERCM oh) shedrdl gl FrefarEa
e T faamr &wifsg

y=0 (x) =asin (x + b) . 4
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& a,be R. I 39 T 3R 39 aharsi ol G (3) § gfaeenfya
fean ST ot =T ga SR <A 9at e B S §1 SHGT 98 We Sferhel THIR (3)
%1 B 2l

mﬁmﬁﬁaaﬁ?bﬁwﬁrﬁwma=2®bz%%ﬁqaﬁ%aﬁgﬁ
frAfafEd weF 9T g B

Y= 0,(x) = 2sin x+§ .. (5)
g T e 3R SHeh STaehersil ol THIHOT (3) | wiaeenfua s o s @t 7 :
T U TR T 9e IR B S € SHie ¢, Wk (3) # UF T o
Ted ¢ H T Wes 3R (W) q, b Gifed € 9u 9 %o XU gu st
T F AF B FEAM | Tk Ferd o, H HE o Wey = afAfaq TE
& ifeh qreel o a2 b op fafyre 7 Suftyd € iR Safery SUeh! aTaehel THISHOT &1
fafere gt et S 21
T B, Ty W e Sufted B 3foehel FHIehUl S A% gl Hedl 2l
T T, S Wes =R | o 7 21eifq A gt H Wew ol i fafere 91 3 W
W e, STehel G 1 foIfime gl el 2|

2
JETE0T 2 HAMUd IV fh He y = ¢ ¥, 3Tahal FHih0 d—2y+ﬂ—6y=06m

dx dx

T A 2

o1 T goN e y = e B SHeh S Uel 1 x o HUel STaehe il W eH Wi
FW B

% =3¢ (D)
379 TR (1) T x o QYT TA: STdehe & W 8 3@d €
dzy —3x
dx* =9
2
%,%ﬁiywm,mmwmﬁuﬁwﬁawﬁmmmqﬁ%%
X

AT G = 9 ¥ + (<3¢ ) — 6.e ¥ =9 eI 9 ¢ =0 =AU
zafaT fean gen wor KU g eEehd GHiel %1 T 8 B
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SEENUT 3 FAMYd HifSC & ®eH y = a cos x + b sin x, 9H a, b € R, 3&&HA

d’y
T ——-+ y =07 T 2

dx
7ol T gen e ©

y=acosx+bsinx .. (1)

GURTOT (1) o ST el 1 x, o HUeT ST SFeehel i W 8 WA 8:
d_ inx+b
dx——asmx COS X
2
y

d
—5 =-—acos x — bsin x
dx

2
%qﬁyaﬂmﬁqammﬁuﬁwﬁﬁmﬁmwaﬂﬁ%z
X

aﬁ‘1&1=(—acosx—bsinx)+(acosx+bsinx)=0=§1’ﬁ‘1&1
zafaT fean gen word, KU gu ofoshel THIHOT 1 gt €l

| st 9.2/

1 9 10 T Y& T99 H FAMa Shiftae fof <o gam wed (T S19dn $TE0e) |7d
ferehel THISHTOT T Tl B:

1. y=e'+1 : Y -y =0

2. y=x*+2x+C : Yy -2x-2=0

3. y=cosx+C : Yy +sinx=0

4. y=J1+x? : y/=1j_0;2

5. y=Ax : xy =y x#0)

6. y=xsinx : xy’=y+xm(x¢03ﬁ1x>y3‘lw xX<—y)
32

7. xy=logy+C : y’=1_xy (xy#1)

8. y—cosy=ux : (ysiny+cosy+x)y =y
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9. x+y=tan'y : Yy +y+1=0

10. y=,/az_x2xe(—a,a):x+y%=0(y¢0)

11. =R %ife ot fret sTaeshe THiel o o9 Bl § SURed oo 3T=R 1 GeT 8:
(A) 0 (B) 2 © 3 (D) 4

12. dHF =ife ot el 1aee el o faftre ga ° sufead == o= &1
QT@JIT%
(A) 3 (B) 2 ©) 1 (D) 0

9.4, faU U =UF TS AT Ak FHIGHIOT &1 T (Formation of a

Differential Equation whose Solution is Given)
T W € for wefe

X+y +2x—4y+4=0 .. (1)
Tk U gd i Fefyd s @ fSee 6w (-1, 2) ® 3R B 1 e R
THIHTOT (1) T x, o WU SFIHEH HH W I B 2

dy _x+l 50 (2
dx 2-y

I Tk el THIHOT &1 79 oI5 § 3@ fof (91T 9.5.1 1 3w 9 If@w) fow
g GHIHTO IRl o Teh e shi (U a1 € 3R 3T el 1 Teh TS qHIHT (1)
o fean gan ga 21 emey fr=fafad g w R w5

XX+y=7 .. 3
r, 1 Tafe= 7M1 39 W e Fd o 94 95899 9 Y

Bd & SIEE: XH+yr=1x2+y=4,x+y*=9 -

TEfs (eTepfa 9.1 fE@w)| T YER wHIE (3) XA,

Tk UQ Hohsl Il oF el i Frefud e € foeht /ﬁ%

%% T fag & iR foet foeamd fir € X'¢ QJJ >X
TR %9 39 Fa o YA U gN " fRy \JJ

ST STl STeshel HieI Td e | &1 T8 TR

rH Rl B WET e el o fafa= wee o N
fau ra1 o@ fa= @1 gHiRor (3) *1 xSk G T 9.1
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ST FH W A8 G g TR S 21 3teq
dy dy

242y —=0 3AYAM x+y—=0 .. @)
dx dx

T el THIHT, GHIHOT (3) R Fefud Hohdl gai o el 1 fefud s 2l
sy, iR 9 Frfafa Tt | faar &3

y=mx+c ... (5)

W m Al ¢, o T qHl § T el o fafe Ue U B © Seedl

y=Xx m=1, ¢c=0)

y=43x (m= 3, c=0)

y=x+1 m=1, c=1)

y=—Xx (m=-1, ¢c=0)

y=-x-1 m=-1, c=-1)
TR (3Tefd 9.2 <fEw) | y &
TH YhR FHERU (5) e {@E o el i fefd %
W%Wm,c?l’lﬁﬁ%l 2

319 TUR 4 39 el o TS 95 §NI G U
S STl STashel GHII A i o B THeh Stfafe X<
8 GHIRLUT m AT ¢ 9 HoH B AM6T HFifh pa oh
fafir= we=i o T mden ¢ 1 M fa=1 21 7 sEsd
YHIRTOT, THRTOT (5) T x oF G HHFER I 9R v
STIRT HT T U BT 7 T STFfT 9.2

dy dy

=m g =0 ... (6
P (6)

=
TR (6), THHW (5) gR f&U g et @iel & el i fefua w3 2
feuqoft TEieRTor (3) qen (5) Hae: G (4) TS (6) & =UF & B

9.4.1 13T gU TRl & FoT FT (&TIT FAA AT TR THIHIIT o [HAf0T Hi
Gfehar (Procedure to form a Differential Equation that will represent a given

Family of curves)
(a) I fXT T TRl 1 A F, Shoet Tk Waa R 3R 3 @ af 30 Ffafea
w9 At g gR1 Frefaa fohar s @
F (x,y,a)=0 . (D)
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TR, WAAA  y? = ax HT FdA flx, y, a) : y* = ax o &Y a6 GHHW R
frefd foran =1 Fehar 21
THHIOT (1) T x o 98T 37Tk A W Y v, y, x, T ¢ Tl AATAT FH
el T il fefafad &9 | 9 g 8

gy y,a)=0 . (2)
THR (1) Tl (2) ¥ o &l foqga & W FH AawTh Taha THIR
frefefed &9 o o< gian 8:

F(x,y,y)=0 .. (3

(b) e U T el 1 FAF, W=l a, 72 bR 95 o1 @ @ 39 Ffafed w9

el FHteRtor g1 frefua femen St 2:

F, (x,y,a,b)=0 . (@
HHIRTUT (4) T x o WYET AThe HH W EH Y, x, v, a, b ! AT HE aren
T T frEfafed ®9 § W e e

gy, Y, a,b)=0 . (5)

WY 3 GHIHION w TErEd @ < Wl shi faoqw s qeve T2 € safery g
Teh e THIHTO T SETshal 81 F8 WHIhIOl, HIHTOT (5) 1 x o Wue
FFgFe HE W FrEfaiead &9 § g R S e

h(x,y,y,y", a,b)=0 .. (6)
TR (4), (5) T (6) W T bl faefad H T el STEvTh 3feThal
it frefefed w9 9 9 g e

F(x,y,y,y)=0 (D)

| e oot | forelt e et 1 Frrefud e ool stereher GEftsRtor &1 I I @
Bl © TSI S ok el ok WU HHIRl § WS 3TN B g

SEAETUT 4 TR o Pl y = mx i (TG0 F ol ThHA FHHT FHl A HISC
S m Tk WS 3T R

7o R gen e &

y = mx (D
HHieRTOT (1) o SFI Y&l 1 x o WU ek H W BH U i o

dy _

dx d d
m T G (1) § gfaeenfad e gy y=d—i~x auamd—z—y=0m

B 81 I8 qrEel m W god ® 3R TEfe g refte stdehel GHIHT 2|
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SETETUT 5 Al o el y=asin (x + b), EH o, b @3 =R €, 1 fefua & o
3Tl GHIHIOT i AT hifoTg|

k335 W@@T%ﬁﬁy asin (x + b) (D)
HHRTT (1) o SFI Y&l 1 x o |Ue ST STk H W BH U i o

ﬂ=acos(x+b) . (2

dx

dZ

F:—as1n(x+b) .. (3)
THERTO (1), (2) @1 (3) W ¢ b Hl foqed F W eH T HW 2l

d2

gf+y=0 )

THIH (4) We3 3=/ ¢ @ b W God 2 IR QAT T 3efie s1aehed ek 7

SETET0T 6 WY SHgTl oF ot ol FEUd i arell STashal GHIshIul F1d shifere fSmeht
TRTT x-3181 W & qen et o Hot foig 21
&1 9 WA € Th shiom <efgl o el o GeieRtor FrefeiEad WehR 1 el ©
(smepfa 9.3 3fEm) Y
x2 y2 N
—2+b—2=1 .. (D)
e Lo

a
THIHTOT (1) T x o GUET Taehed FH W 84 X'€ %___/// >

2x 2y dy

S+ = =0 U g R
a’> b* dx v
YI
dy\ -b*
e l[—yj=—2 .. (2) 3R 9.3
x \dx a

HHeRToT (2) o SHI 9&l T x o WU ST i W BH U Bl B

dy _
[yj[dzyJ Yo |y
x )\ dx? x2 dx
d? d d
SREl xy—y+ ( y) —y—y=0 .. (3)

dx* dx dx
R (3) 1ol sfashd G B
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SEAEIOT 7 x-31 I T fog W TR L Al I & Fd Y
T STehel FHIHTT 1A it

Tl M TfeIe, x-3787 i 7o fog | Tt e are g
& el w1 C 8 Ffde fHan s 1 (0, ) 39 FaA
ot wawa o o fog o fdena € (eTehfa 9.4 3f@m))
TEfAT Fel C 1 HHIHT B:

X o) X
X+-aP=a JAYAM x*+y*=2ay .. (D)
S o T Wos I R GHiRr (1) o gF1 el
FT xS GO TR FE W U FW 2 Y
y y 3R 9.4
2x+2y—y=2a—y
dx dx
dy dy
+y—=a—
S * ydx adx
o
a= dx
YA Q .. (2)
dx

GHRTT (2) § g 1 99 FHE (1) § W W 9 F B

X +y =2y
dy
dx
DL ﬂ(x2+y2)=2xy+2yzﬂ
dx dx
d 2
Tera D
dx x" -y

e XU g g1 o el o1 1 ataehel WHIIT B

SETET0T 8 U WAl o ol i FEd i aTell 3Tashel THIHIUN F1d hiTeT foTent
3t ot fog W 2 qen et o1at eMTcAss x-2787 1 faen o 2

T WM AT fom SWiE =fed WaeEt o ool & P e e s e
I e o THEl GG H AT (a, 0) W E T ¢ T oAcHS Wes =1 2
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(3MeRfa 9.5 3f@m) | sHfETT FaA P 1 GHIH 7: Y
¥ = dax .. (D
THEOT (1) o Al Yell T x oh AU Adeher

Eh_{"}q'{%ﬂtlﬁ%: %

(0]
2y D _ 44 . (2) “?)
dx
TR (2) § 4q T qH HIHWOT (1) § WH W)
%ﬂ‘fﬂﬁ% ;{’
3TTeRTd 9.5
y2:(2yj—y)<x)
X
2 dy _
e y ZWE—O .. (3
TR (3) U g0 Waerdl & el 1 Taehel FHIEH 2l

| swmaen 9.3 |

1 95 T Y U9 H, @Wes 3T o 901 b &l faqe ¥ gU KU g ashl o
1 FEYT T el STashel THIRUT 1A i

£+l:1 2 — 2 _ 42 — 3x - 2x
b 2. y*=a (b*—x?) 3.y=ae*+be
a

y = e* (a + bx) 5. y=e¢* (acos x + b sin x)

y-318 1 7o fog W T9%1 & aTcl Jal oF FdA 1 Tahel THIHOT A HiTST|

Y Teerdl o ool 1 STaehel el ffifa ifse fen o ge fog w @

AR SR 187 oM y-37e7 &1 feem o 2

8. TH el oh hel 1 STaHT THIHIU G HITSC FoewT TR y-3781 W F qon
ST %% g1 fog 2

9. W SIfqecTl o el i STaehel THIHTOT T HITST TSkt AT x-3187 W E
aen et g gw fag 2l

10. T i o Pl T STIhed GHIHOT A1 R TRt bt y-3781 W & IR faht
5 3 TR 2

11. frefafed soswa wHel 3 o e THh & S 8 y=c e +c, e 77

N N A=

dzy dzy dzy dzy
(A) =5+y=0(B) —5-y=0(C) —5+1=0 (D) —5-1=0
dx dx dx dx
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12. fTrefafea fiewot § 9 fag g o1 s fafire 8 y=x 8?2

d’y dy d’y . dy
A ——x" —+xy= B) —F+x—+xy=
(A) dx’ * dx = (B) dx’ xdx =y
d’y ,dy d’y . _dy
——x"—+xy=0 —+x—+xy=0
© dx* dx v (D) dx* dx w

9.5. WUIW <hife U UIW T o 3Teehc] HIHIUN ol T i okl fafemt
(Methods of Solving First order, First Degree Differential Equations)

39 UR=E] | B9 YU HifC TS YW A o TEehcl GHIGLUN i A HI HI dH
faftri =t ==t

9.5.1 gezaamﬁw Y aTet 37deheT GHIEIUT (Differential equations with variables
separable)

YUH FHIfE TS YW B ] STEhd GHIHI (HfaRiad €9 &1 Bl 8

dy
2 _F
(x,y) .. (1)

TR EF (x, y) Sl TOF®A g (x), h(y) o &9 | AfqeTe fopan <1 Gehal € 561 g(x), x
T B 3R h(y), y 1 Th Hed € dl GHE0 (1) YUERRIog =X ol e
FHeeldl &1 UH B W FHeRr (1) i fefafed 9 o foman s g 2

dy _
o =h() g )

AR A (y) 20, T = I JUAF HW gL THHW (2) Fl

1
T)’) dy =g (x) dx .. 3)

% ®9 Y for@r S Herdl g1 TR (3) S IF Y& h1 GHIREH i TR WW F B

1
o) y = [ g(x) dx . @

T TR TR (4), RU U eTeehel T 1 gt fEfefad 9 § 9eE i
Hy) =G +C . (5)

Tel H(y) W G (x) A ﬁ@g(x)%qﬁw%aﬁxcﬁawél
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12. fTrefafea fiewot § 9 fag g o1 s fafire 8 y=x 8?2

d’y ,dy d’y _dy
A) —5—x —+xy=x B) —+x—+xy=x
(A) I o Xy (B) e i Xy
d’y  ,dy d’y  dy
——x —+xy=0 —+x—+xy=0
© dx’ dx v (D) dx’ dx v

9.5. WUIW <hife U UIW T o 3Teehc] HIHIUN ol T i okl fafemt
(Methods of Solving First order, First Degree Differential Equations)

39 UR=E] | B9 YU HifC TS YW A o TEehcl GHIGLUN i A HI HI dH
faftri =t ==t

9.5.1 712736}7\"07??7 Y aTet 37deheT GHIEIUT (Differential equations with variables
separable)

YUH FHIfE TS YW B ] STEhd GHIHI (HfaRiad €9 &1 Bl 8

L () ()
TR EF (x, y) Sl TOF®A g (x), h(y) o &9 | AfqeTe fopan <1 Gehal € 561 g(x), x
T B 3R h(y), y 1 Th Hed € dl GHE0 (1) YUERRIog =X ol e
FHEA Bl UH eF W iR (1) i fefafaa 9 o foan s g 2:

dy _
S =h0) g )

AR A (y) 20, T = I JUAF HW gL THHW (2) Fl

1
oy Poe@ads - G3)
o &Y H fo@n S Gehdl 21 THISOT (3) o SHT 9al o1 SHRe S T 8H | % ©
1
ry)dy— g(x)dx .. (@)
T TR TR (4), RU U eTeehel T 1 gt fEfefad 9 § 9eE i
Hy)=Gx) +C .. (5

Tel H(y) W G (x) A ﬁ@g(x)éuﬁw%sﬁxcﬁawél
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samevor 9 srme wiERe D =X L0y @ wm T T i

dx 2-y
To fenmn e &
% - ;ji (v #2) (D)
THieRTor (1) § =R 1 YUk hid W EH W W 8
2-y)dy=(x+1)dx e (2)

HHiRTOT (2) o SHI Y&l 1 THRG T T BH WW W o
[@=yydy=[x+1)ax

2 2

el 2y =2 4 x4q
2 2
SREN ¥+y +2x-4y+2C =0
e P+y +2x-4y+C=0 - (3)
et C=2C,

R (3) STerhel THIHT (1) 1 S9F BA 2

2
3STEI0T 10 3Tdehel HHIHL %zi—'_—yz?ﬂwgﬁaﬁaﬂﬁlﬁl
X 1+x

T G 1 +y? 0, 3T =X 1 gk w3 g & g3 STeshal Hiehor fefafaa
w9 § foran s wema €:
dy  dx
1+yz_1+x2

THRTOT (1) o <Al Uel 1 RO i Y €9 UM €

J‘ dy :J' dx
1+y’ 1+x°
SREN tan! y = tan"x + C
Ig GHH (1) 1 AUF TA B

d
SETEI0T 11 3T9hel GHIHL d—fc=—4xy2 =1 fafete ga 9@ *ifsT, I y=1 9@
x=0%

T ARy =0, TG gon s gt fefafad 9 o faan st g 2:

dy
?=—4xdx (1)

.. (1)
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HHRTOT (1) o SHI Y&l 1 THROH i W BH U B

J‘d—);z—4jxdx
y
1
SEEl —=-2"+C
y
YT — 2
Yy 2 - (2)

G (2) H y=1 3R x = 0 gfaeenfud @ W el C=— | W< &l 2l
C &1 9 g (2) # gfaeenfyd & W KU gu Tasha THi &1 fafite ga

! e BT 2

S 2xi 41

SEEor 12 65 (1, 1) 9 o a1t Th U™ 95k 1 FHI Hife ST o
FHET x *dy = (2% + 1) “dx (x # 0) &I

o Teu gu sroehe Gl i frefafad w9 9 sifwere fean ST gehan 8:

y

379 dy=(2x+l)dx .. (1)
X

HHRTT (1) o SHI Y&l 1 THROH F W BH | w o

J.dy=.|-(2x+l)dx

X

37 y=x"+log|x+C (2
THieRTT (2) XU gu STashel THIH o Bl dohi oh el i FTEfUd Hidl & W

T 39 %l o Uk U9 fafire gee w1 gHienor 9 e wed € 5 fag (1, 1) 9

TSIl Bl

* ﬁaﬁammaﬁm%aﬁmﬁw%,amwﬁm@ﬁwﬁaﬁﬁﬁm

Bl B, W& B9 dr 3 dy I RO GEASH i e R § @ Bl dx 3R dy hl JUh-YUh
a1 WY B9 agd G UM 1 geque oAl Y Gehd &1 Ee¥: Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.

2018-19



TR FHIRTOT 411

FEfT e (2) § x=1, y=1 giaeentid se W el C = 0w e &1 C i

A GHIRTOT (2) § Wfeeefid S W ed 9 a1 THIH y = 2 + log | x| % &G
¥ W B 2

SEEIOT 13 g (=2, 3), ¥ O a1 UH gk o1 WHIHIU T Sitey fowes faet
firg (x, y) T T Y@ I WA %@

A wamﬁ%ﬁ%waﬁ@ﬁ%@ﬁw%éawgﬁr%lsﬂm

dy 2x

o (D)
=R 1 YUk Hd gL HHIH (1) 1 FrAfafad w9 § foren s o 2

vy dy = 2x dx . (2)

RO (2) o SHI 9&l 1 THROH i O B U i o
jyzdy=j2xdx

3

7T y?:x2+C - (3

e (3) | x=-2,y =3 yfqeenfud & W g C =59« 8l 2l
C T A GHRTOT (3) | gfaeenfud & W 8H A dsh oh1 THieh0l

3 1
y?=x2+5 aear y=(3x% +15)°

% ®9 H Y Bl 2

SarEul 14 fodt 9% o oA #1 gfg 5% 9w w1 T g 21 fha auf o
Rs 1000 =T Tf¥1 AT 81 Smat?

o1 A oifery et Tma 1R gered PRI g8 9nen & oER

@:(i) X P
dt \100

dP P
Y 20 .. (1)
THieRTor (1) ¥ =) 1 YUk i W, BH W Hd B

dP dt

?=2—0 .. 2)

2018-19



412 TTfoTd

GHRTOT (2) o SF Y&l 1 THRO i W 89 UK i ®

t
locP=—+C
R
o
SRl P=¢2.¢"
ks .
37 P=Ce2 (S % =C)
I P=1000, Sid =0

P 3¢ o1 HF 0 (3) § T W g9 C = 1000 I 3 Bl
TEfT THieRT (3) § BH Wi i ®

P=1000 2
M ST ¢ oot & gere A e S €, 9@

2000=1000 5 = r=20log?2

| ot 9.4 |
1 § 10 9% o Y1 §, Y 3Taehel HHIRIO ] SATIH B 1A hiTsT|
dy 1-cosx dy 2
1. —= 2. ——=4/4- “2<y<2
dx 1+cosx dx Q y<2)
dy
3. E+y=1(y¢1) 4. sec’ xtan y dx + sec’> ytan x dy = 0
_ - d)’_ 2 2
5. (¢r+eNdy—(e"-—ev)dx=0 6. E—(H'x)(l"‘y)
d
7. ylogydx—xdy=0 g, X =y
dx
ﬂ_ in! 2
9. dx—sm X 10. eftanydx + (1 =€) sec>ydy =0

. (3)

11 ¥ 14 9% o U9 H, Y% Fashal THIH0 & fau XU gu gfdser &t gqe @

gren faferse ga A Sifsg)

d
1. (x3+x2+x+1)d—z — 2 +xy= 14/ x=0
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

TS IR 413

d
x(xz—l)d—izl;yzoaﬁ:: x=2

cos(%):a (@ae R);y=13aCx=0

X
ﬂ=ytanx;y=22|1;<x=0
dx

g (0, 0) ¥ oA o1l T UH T 1 THIHIU [ Hifaq fSTdhT 3TEhd
TR ' = e sin x &1

WWW%#HD(H@ & fog fag (1, -1) | oA ool =

1a it

oI5 (0, —2) ¥ oA a6 T UH 95 1 FHIH A0 Hifew fagen fhet fog
(x, y) T T9f 3@ T g iR 39 fag & y fadenien 1 e 39 fag & x
feenish o SR 2l

T a%h o fohdl T (x, y) W T991 @1 &t gaumar, =991 55 &1, 65 (— 4, -3).
T e o1el Tarde ®1 yavn S g 21 AR 9 9% {6y (<2, 1) Y e §
39 9 HT GHIRTOT A1 i

Toh TR s oh 3T, T8 gell et eardn o1 el ©, Teer wifq @ &ed
@l ® A ARY § 30 Tean w1 B 3 ST € SN 3 Uohs 91 6 SR ©,
1 Uohe A% 39 TR &1 B T sifaw)

et S o qoed w1 G r% R T T W B 21 AR 100 T 10 T F
TM B WM E, d@ - HEE T FI (log 2 = 0.6931).

et 9 o qorem ®T 9fg 5% it w1 R I B 71 39 §% H Rs 1000 ST
FAC S &1 G HfSC foF 10 a6 9% 78 R fHa 8 SIwh? (05 = 1.648)
fordt STy gqe o Sfarogsti w5t 9@ 1,00,000 B 2 H H sTR G@m H 10%
1 gig Bt 21 fohae wial & Sftemupei i w@ 2,00,000 B ST, = e
& gfg # | STk Sufterd H&N o GHMUE! B

STEER W%zex”?ﬂ F T
X

(A) ee+e?=C B) ee+e=C
C) er+e=C (D) e*+e>=C
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9.5.2 GHATHTT ¥ddheT GHIHIUT (Homogenous differential equations)
xTd y o Fefafed wedl | fo=m Sifse
F, (x,y) =y + 2xy, E, (x, y) = 2x - 3y,

F, (x, y) = cos (%) , F, (x, y) = sin x + cos y

% ST Ferl § x 3R y 1 el JET 3R A fow e A wd Ay 9
yfreenfud ¢ fEan ST A ' e e @

F (Ax, Ay) = A (3” + 2xy) = A* F, (x, y)

F, (Ax,Ay) =X 2x-3y) =AF,(x, y)

3 M X 3

F, (Ax, Ay) = sin Ax + cos Ay # M F, (x, ), f6€l 1 neh feq

781 3 Ufed % B 76 weml F,E, F, ®F(x, Ay) = A" F(x, y) & &9 ¥ o
T Hehdl § TG e F, 1 39 ®9 § T foran s wehan 1 39H #W frefafea wftam
e U 2

% F(x, y), n Sd o1l THEME GelH seadl g1 afs fad I 3k Ao fag
F (Ax, Ay) = A" F(x, y)

T e HW € o S @ § F, F,, B, %8 2, 1, 051 aret Fom 6o
g Sl F, 9uerde ®ed & 2
B0 78 off uferd & ® T

e E(x,y)=y (1+§J=y2% (ﬁj
y y
E (x,y)=x' (2 _3_y) =x'h, (l)
X X
s E(xy)=y' (2£—3J =y'h, FJ ,
y y

E(x,y) = x°cos (Z) =x ks (X)
X X
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STHT GHIHWT 415
F4(x,y)¢x"h6(§),ne N foeft ot a9 & fag

SR F,(x,y) # y"@(%}ne N
TEfAT Tk ®EA F (v, y), n 510 el GHEMAE Hel shedrdl @ 4

F (x’ y) = x"g(%) SR ynh (%)

%:F(x,y) o &Y Al kel FHIH GUEEIT e € 9 F (v, y) I =
STl T Her 2

D k() = o) (1)
X X

#mﬁw&ﬁa&wﬁwaﬁmmﬁ%ﬁz%ﬂ%maﬁa

y=vx .. (2)
gfreenfid w9
HHIRTOT (2) &1 x o GUEY TR HE W Y I F1 B

ﬂ=v+xﬂ .. 3)
dx dx

W(s)@%wmﬂw(nﬁqﬁwﬁawmwwaﬂﬁ%:

dv
+x—=
vhx g()

dv
A xa—g(V)—v . ()
THTRTOT (4) W =R I YUP HH W EH W H @ :

dv :@ 5
- x .. (5

RO (5) oF S U&l T HHERG H T EH Wi B 8

d 1
Jg(v)v_v:j PLARAS .. (6)

iz y 1 2 F wfaeenfug F= R ST A THET (6), STaHe THHIOT (1)
X
YF B YEH FLT 2
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d. .
ﬁw&ﬁwmaﬁwd—;=ﬂx’ﬁ&owﬁ%laﬁ

F (x, y) Y@ H1 STl OO Fem € @ 89 L=y e, x = vy St S
y

& ol fiF Suled == o STER Z—;=F(xay)=h(§] o &9 § for@et = e
M6 T ok foIg e sgd &

SETEI0T 15 TR b sTahel HHIeR T (x-y)%:xuywaﬁﬂa%sﬁ?sﬂww
Ad hifeg|
Tal U U sTeehe Ui ) fEfafead €9 § eifiered fRar S 9o

ﬂ:x+2y 0
dx x-y
x+2y
M iy F(x,y)=
xX—y
. FOw, ap) = 20205 gy y)
A(x—y)

THfT F(x, y) T4 91 dlell GHEE %o 2l
37 T gam oTashel HiehRul Teh GHENA STehel GHIHI 2|

faseya:
1+Q
dy X |_ g(l)
dx -2 X - (2)
X

T (2) T <A v g[zja?mﬁ%W%WWW@W
X

T gl THfT GHIRT (1) Teh GHEE STeahel THR B

TUH! B HT o (O gH YIqeqod Hid o

V= )
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TR FHIHTI

RO (3) &1 x o GUY FThed HE W Y T FW B

dy dv
=y +x—
dx dx
. . d .
gt (1) § y T Ey?ﬂﬂﬁuﬁwﬁamﬁm%ﬂmm%:
dv 1+2v
v
dx 1-v
dv 1+2v
H -V
qﬁ dx 1-v
dv vVi+v+l
3:{ X—=——
qﬁ dx 1-v
v—1 —dx
dv =
eﬂqh vV Hv+l X
i1 (5) o S G&l 1 TR 3 T BH UK i ©
J‘zv;ldvz— &
vi+v+1 X
2v+1-— 3
EBC _[ dv=—log|x|+C
vi+v+l
2v+1
= - dv=-log|x|+C
et '[V +V+1 '[V +v+1 g| |
1 2 3 1
—log|v +v+l|——|—=——dv=-log|x|+C
S 2 g| | 2'[V2+V+1 g| |
Y llog|v2+v+1|—§J ! dv=—10g|x|+C
2 2 1\ (3 2
(++2) {)
2 2
1 2 3 2 —1 2v+1
—log|v +v+1|——.—tan =—log|x|+C
- togl 4412 Zotan ! 2|t
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YA

1 1 i 2v+1
510g|v2+v+1|+510gx2=\/§tan I(LJ+C

NE

v @ 2 W gfeeniid v W BH 9E F B
X

YA

YA

YA

YA

1
—lo
) g

11 y2 y 1 2
Eog —2+—+ X

2
R
2
X

+2+1

+%logx2 =3tan™ (2y+xJ+C

J3x

=-/3tan™ (%} +C,

X X

2y+x

log|(y* + +x2)=2\/§tan_l[ J+2c
g| y TXxy | \/gx 1

10g|(x2 +xy+ y2)| =23 tan"" (x+2yj+c

3x

TE SFTHS GHIH (1) T UF B B

IETETUT 16 <MY Toh 3Tashed THIERTOT xcos(ljﬂ:ycos(lj+x HHEEE 7 3R
x x

THHT A 1 HITSTT)

dx

T T gan sTosha T frefafed w9 6 foer 1w 8

o dy
el dx

e F(x,y =

Yy
cos| — |+x
dy_y (x)

d x cos(y)
x

=F(x, y) & ®Y & 31dehcl GHIH 2|

. (1)

')
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X A ¥ T y &l Ay § Siqeiid o W e W S 8

l[ycos(y)+x]
X

l(xcosy)
X

F (x, y) I S1d ol GHETAE el ©, Safag, {5 gan etaeshel Tl Tk quemda
FThel GHIHIUN B SHeh! Bl Hid o foIq 80 Wiaeerdd id &:

y=vx .. 2)
GO (2) T x oh Y& e HH W EH WK i @

= 2°[F(x,y)]

F (Ax, Ay) =

Dy & 3
dx dx - )

qHE (1) ¥ y g %wnﬂqﬁi@ﬂﬁﬁaﬂﬁmgﬂwaﬂﬁ%:

dv vcosv+1
v+ x—=
dx cosv

dv_vcosv+1

s xdx cosy 2
e P
dx  cosv

dx
e cosvdy=—

x
e J.cosvdvzj.ldx

x

Yar sinv =log |x| + log |C|
SR sin v =log |Cx|

vﬁ%gﬁwﬁﬁmﬁmgﬂwmﬁ%

sin (l) =log|Cx|
X

TE SFIHS GHIH (1) T UF B B
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SETETUT 17 WS o S1aehed TR 2y o du+ (y —2x e’ ) dy =0 THEEE § @ik
IR, x=0 5 y =11 g3 & @ 39 wtewwr &1 fafdre ga F@ wifsu)
T faon gon s wHiw fFrefafed w9 § foman st @ 2:

X

dx 2xe;—y
—_—=— . (1
o - (1)

2y e’

x 7»[2xey —yJ
2xe’ —y B e
RIERSIEL F(x,y) = — T Fx,Ay) =——F——~-=A [F(x.))]
2ye” K[ZyeyJ

31d: F (x, y) I ¥ ol G Berd 1

TafaT, f&an gen erash il Teh THEGE STashe el 2l

W%ﬂaﬁaﬂﬁ%m,ﬁx=wmm%|

TR (2) 1 yoh WU STEhe H T 80 Ww hid @
dx dv

dy ydy

et (1) | x@%wmqﬁwhﬁmﬁmmwmﬁ%:
y

dv 2ve' -1
vt y—=
dy 2e"
dv 2ve -1
SPEI y—= —
dy 2¢e"
Foren P
dy  2¢'
37l 2edy = —dy
y
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31 J.Zev.dv=—_|.ﬂ
y
SREN 2e'=—-loglyl+C

mfwﬁwﬁammmwm%:

265 +loglyl=C

G (3) ®, x=0Td y= 1 aefud w3 W ed W & 8
2¢+1loglll=C=>C=2

C 1 |M G (3) o wfaeernfud s W ed Ww i @

2 ¢ +loglyl=2
T U g erawel GHIH 1 T fafire gt 2

421

. (3)

SETEI0T 18 JEIET T aohl &1 o, foeh fhdlt o5 (x, y) W w99f @ &t yaum

x2+y?
2xy

2, xz—y2=cx§|'{'f§lﬁ%l

1 B9 A € T U o o fordlt fog W eael Y@ &1 e %éﬁwﬁ?ﬁ%l

2

2 2 1+L
Fqfere DA gy
dx 2xy dx 2y

W:WW(I)WWWW;%I
THh! TA L o T BH y = yx FiawoT L 2l
y=vxaﬂxa5ﬂﬁ&{3ﬁwaﬂﬁﬂﬁﬁ%:

1412
ﬂ=v+xﬂ Bl v+xﬂ= Rl
dx dx dx 2v
dv 12 2y dx 2v dx
3d: xX—= sdv=— ——dv=——
dx 2v 1-v X v —1 X
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2v 1
Tgfeae '[vz _ldv=—.[;dx
e RCH] log|v2 —1| = —10g|x|+log|C1|
3rerell log‘(v2 —1)(x)‘= log|C, |
e (V-Dx= =+ C

v?ﬁ% Y gfaeenfud ® W 89 9 i o
y2
(—z—le=iC1
X
ar (0’-x)=xC xTqx*-y*=Cx

| woTEeht 9.5 |

1 ¥ 10 T o Yeish WA § quiieq o faon gen staehel SHieh THeE © SR
Y YIF hl TA HITSIT:

, x+y
1. 2+ xy)dy =%+ y?) dx 2. y= r
3. x=y)dy—(x+y)dc=0 4. (P =y)dx+2xydy=0
dy
24y 2 5 2 N
5. X dx_x 2y° +xy 6. xdy—ydx=x"+y dx
7. {xcos (lj+ ysin (lj} ydx= {ysin (l)— xcos(lj}x dy
X X X X
8. xd—y—y+xsin(l)=0 9. ydx+xlog(ljdy—2xdy=0
dx by X

0. [1+edex+ey[1—dey=0
v

11 9 15 T o Yo H Uik STaehel GHehv o forg fEu gu ufaee o1 dqe & aren
fafere ge i i)

1. x+y)dy+(x—y)dx=0;y=13 x=1

12. Xdy+(y+yYWdx=0y=13aRx=1
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9

14.

15.

16.

17.
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{xsinz[lj—y}dx+xdy=0; y=E Iex=1

X

] y+cosec( j 0; y=03algx=1
dx x X

d
2xy+y2—2x2d—y=0; y=2afx=1
X

d
d—;=h(ﬂ$mmﬁwﬁamwwﬁmwﬁ$mﬁtﬁf@ﬁ

H 9 #F @ e i S e

(A) y=wx B) v=yx C) x=vy (D) x=v
frefeafad & 9 & o goerdg s gHiw 87

(A) @x+6y+5)dy—By+2x+4)dx=0

(B) (xy) dx —(x* +y) dy =0

©C) FP+2y)dx+2xydy=0

D) y¥de+ @ -xy-y)dy=0

9.5.3 aw araeheT THIHITT (Linear differential equations)

dy
4P
I y=Q,

& ®Y o el GHIHT, TY P Ug Q ST 31efe hadl x o Ho §, U Hife
%1 Mk Tt THIRI0 FHEAl &l YUH Hife & Ao Teashel THH & FS
I TH YFN o

Yy
—+y=sinx
dx TR

dy (1) .
—+|—|y=e
dx X Y

dy [y .1
dx \xlogx) x

qmaﬁﬁéﬁmwmaﬂwm@%—+h Q % o p,

aﬁ?QW@WWy%W%lQW#WW%@@W
frefafaa € Z—+X=COSY
y

2018-19



D ipy=q e (1)

1 TA L o [l FHIHIT oF AT 9&fl i x o Hed g (x) § 0N A W 9 <
# 2

dy
g () I +P.g@y=Q.g - (2)
g (x) T TF $H YhR HIfSTL dlfch THIhION b1 ST 98 y . g (x) 1 STaeheisl & ST :
dy _4a
el g - +Pg@y="-[y.g W]
SR Y op A @ L
g(X)dx+ .g(x)y—g(X)dx+yg(X)
= P.g (x) =g ()
- p 8™
g(x)

AT el h1 x o Gy GHHET HE W Y W H B

J.de= ) dx

g (x)
For [P.dx=log(g(x))
el g ()= ra

THHTT (1) I g(x) = P4 T TN HH R SH GHIHIT 1 9T U&7 x q y F
ol Hel 1 STahors s ST 81 I8 Hel g(x) = o7 X U 1t THfieheor o1
HUTHAT T (LF.) Fear
T (2) | g(x) 1 T FAEATGG W EH I i B:

ejpdxﬂ+PeIpdxy=Q. efpdx
dx

- i(y ejpdx ) _ QeIde
dx
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A T&l T x, o WU AR T T EH U i o
J.de_J‘( _[Pa’x)

319 y:e—jpdx J(Q 'ejpdx)dx+C
AT FTFA GHIHT FH ATF BA B
WH hife oF Gk Tkt TUIHIUT Tl T & o 1T |fmfea =T
@) &ngaawqﬁwaﬁ%Wy:Qaamﬁﬁf@qWRQwaw
ehael x o el B

(i) HARE U (LE) = (P4 T wifsm
(i) TST gU Taha GHRT 1 7@ =fafEd €9 § fafau:

y.(LE)= [(QxLE)dx+C

d.
W&umﬁﬁaﬁrmaawaﬁwd—;+P1x=Q1$mﬁ%ﬁmﬁPlaﬁle

ST N A yF Fed ¢, 99 LE = R4 R

x.(ILF)= [(Q xLF)dy+C 3rashel THI®U &1 B 2

SETEYUT 19 3TTFd e & d——y—c()sx &1 HAH A A HITIC
X

ol T gom ST WHieRI

ﬂ"‘P)’zQ%, EP=-13 Q = cos x
dx

S_E-r?fq LF.=e Ildx: _x
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