Relahlons
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Parkal orders
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Lath'ces -
' Booican Algebras
' Croups-
1) ¢y »
A seb wap be defned as a ewell-defned umordered

eojlechion of dishncl < ements .
exr A= bz, wf CRepihitop ot allowed and,
order pot impertant)

6= 1 Xl s a posifve rm«gez))l
apd ! $Slo,
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s= a0l ’
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A set ewith po olements s called o Nudi|empra

Set" Denoted as P
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Thutt Set

Subset *
1t every element of A 15 also ap element o B,

then A 15 subset of B-
A= Lok} %, ACB

8= {obye,

Y Mote PR ong set A A and ¢ are called brvral
subsets of A -

Proper Subset >

Ang subser of A whieh 15 pot a friveal Swbsef of
A 15 called proper subset of A
th s depoted by 'C'

ex? A LLB3G  Lpe Ll

S Proper Subset
BC A

*Note 7 1¢ (A CB and B CA) then A8

Power set of a Set 1
1f A fe.a fiorte Set then get ‘of ail subsehs of
A js called " power sef of A" .
It 1s deneked by PCA)
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Hoen comp/em ent
A5 detioed als

AS= {2 | x¢A and xeu}'
Set Dbifference 7
12 A and. B are fwo

Gets s then

AB: {2l weh qpg 68}
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4
t
=

V]
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ex

then

2 then

* Mote » 1¢ [AI=D, fheo 1PCMI= 27
Set of all objects
o7h

14 A= Lba36s) apg pe LS9}
A-B= 124}

A

ardlon R,

W+ is olepoted as

o8 (o AT




Set Intersechon 7

¥ A apd B are jwo sef¢, then
ApB= § %[ EA and XEBJ

I it

ber Unrop T

1t A and B are fwo sets. fhen )
AUB= 1% | XEA 0n MEB op CEADPBY

et AUB= L 1,315,},
26,73
Note @ If APB 5 <¢mphy sef, then A and B are called
drsjornt sets .

Symmen'e Drfference l Boolean sum 7

A BB[ppp= 12| XEA op %EB bup ¢ ans ).

) ADB /ALB
ex >
. A@B= L2679}
. )
) Nofe »The symmebnc difference of A and B~

ADB = (A-8) U B-N
= (ave) -(APB)
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1. s (o)

T. (APB)

m (8-A) - (BNAC)

T (aup)< = (AnBY)
D For any 3 sels ABiC , the following properties hold goed?
O 1 ACB -then AUB=B apd ADB=A

e
2 (AD” = A

8)

Commutobive laws
n(AvB) = BUR)
i)-(Aped = (BPAD
i) (A@8): (BOA)

@
> Ascociaive laws
O (hup)uc= AOCBUC:
i) (APBY pc=  ADCBNE)-
3

iy (A@B)I®C= A®B@C)
9




whubive Jaws
Ty Ao (Bpey = (AUBID(AVE
i) AncBUL) = CANBI U CADC)

2 DeMorqap’s lows !
2y (AusS = (ASnB°)
@) (AneF = (AU B®)
x i) A-(Bud)= (ABN(R-C)
* vy A-(BnO) = (A°B) U(A-c)

" 3 dunpotent Jaws !
£) AUA= A
i) Bne= 8
?) Absorphyp lews :
) AU CADB) = A
@) ADCAUBY= A

9) Modulor laws
U (AuB)pc = AU CBNC) if

@ (appuc= ADCBUC) ff
le) AU$=- A , ANG= ¢

AU Y =0, ADU=A

AUAS: Y, ADA=

315
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91 which of the Followrng i

b’/,ﬂ) A-CA-B)= B oof true

by A- tp-8)= (ADB) Hrue

c) (Ans)u BnBY) = A M

4) Bn (AUB) = B 1y,

e f}ouowmg 5 not hue

A 14 AcB) 5 thep (B%C A%). e

b) Ap PcA) = ¢ hue
AC. n4mLBC= T

Ve appca) = A net hue BC C AC.
A= f‘l.bj )
d) pear o pepemdzigllp cm L ¢, 243, 2b3, L) |
vo%  he, No common element

9:3- 14 A=4 then [PCPCA-9

i (e
pcm= LAY i
pcpcay) = LA PCR Y ?(PU‘J)HfJ_




Which of the »y’mm,m/] s ot hue 7

Y (h-w-c = (A-c)-B. . i
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[
o, 4 S |
Ll = s e
Uad-{23se} = Y - pus
“Lds = RHs
b (A-B)-c= (A-Bc) - (B-c) (G
(4 B
Coo s
VO ADBUO = (A@BIVUDD ot poe

tee {5 J @ 1w e

RS )
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ive Peiahon 7
A rechan R on a se- A s sard fo be
v ?.

v (2PRx) N EA

) ER N LEA.

e

Nete ? The diogenal relahen on sef A s reflexive and any

Superset of driagonal relakon (s also reflexive
LAl A be A= LY b’i}
Ri- -
vRi= f@w ) e ] (he smaliesi re flexrve
relakion on A ,j diagenal relahen.)

v Rz= {»@‘u), €hib), €0 @ ), (i), ca )

VRo= AXA S CThe forgest reflexrve relobion on ek A),

Ee.? Lt A= 852200 ke no ef reflexsve relabion
possible o A s T
7 Mo ® nopdfagopal elemenks o |AXAl= p2.-n

= noep-1)
Vo Noo o subsets pessible wrth  peptly wemenks 12

Deen-1),
2! 5

e nen-)
No. of reflexive elotons ~—[~?—_,,,



$2 0 No relahons on. A which are nof reflexive 57
P AP
= Totsl no. of relakops on A = 2P
.. L 4,12
No- o reflexive relations op A= R 2
Q0™ oPtn-i)

Neref popre Hlewrve relakions on A =
Note ¥

3 o ;
3 DTbe relebion X' is reflexive on ong Sef of real pos-

©The reekion '3 a dryisor  of denoted by I' e reflexive.
on ang seb of non-terd real pos S
CEvery number 16 a drivissr of itself)

2 The relation '@ o subsef of denoked by 'C' 78 refiewive
on any calltehion of sebs )
CEvey $¢d 18 a sebse of itsel £

HimietlexcivoRiRelahan iy
The reloation 'R op o seb A (5 called Trreflexive if 3
o i ot related o % fre XEX N X EA e the s
orderedered . parr. (%) $ R N XEA .

ex 7 Lot A= Labe)
vV Ri= 'Z ] € CThe tmoliest irreflexive relohen on A
15 emply relation). o
VRas {labmer(en) } 2

VRy= AXKA - Ap & CThe forgest cneflexrve relat™
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LGk, (brad, (o), Ceb), (), ¢ Cad |,

dote ”
T4 A is q sel writh D ﬂ,_ﬂua@ n
peco-1>
telobions  possible on A ’\
Z1. Let A be a sel wib D elements, then po- ol relabtens

on A whrich are teflexrve or fmefiexive 1

> s gPD 4 gnideD)

no- of reloblons eom A tabich are perther

reflexrve por fmeflexive 9

- = \zni, PUNLERR

(o)

The diagonal elevenis puits cap be selecfed as
2"-2 ways-
) i\m%l'bz), - Ln,o)}}

no- of relakions wbhreh
are pether teflexrve por

ireflexive

tote s3 e . jerakion ‘<’ is irreflexive. on any seb ot rral
nos-

1 ¥ The relahon S s rrreflecrve on w0y collechon of

y seks.




Qe\nhfu 7

A relabon R Q@

(RY)  then (RO
oY) ER

7 re A= Label,

sek A (5 8

%Y EA

Hhen

fo be

Ias

ard

symmel

e the ordered pair

Fheo (Y, )€ R f%/'y,{eA

v Rig= { } < CThe smallest aqmmetmc relahom on A

ie

{(?,a), cf,(?j

v
v Rg= (@b, rb,mj
v Ru: AXA < (7,

Dt A be a se

pessible o0 A 1S, 7

No. of symrm ec

- oD
MNe- ot symm em'c
nen-1.

o e DU

tetal of

no.

2N,

an emphy

lorgest

relahions

relah'ons

symme'c relahons

n.Cp-1)
& T

2]

tetahond

symm etn'c relahon oo A).

with ‘0’ elements, no. of symmenc reebions

cortb  diagqonal  palrs

wrib Dopdiagonal porrs

on

R A B




B X ,
Y Let A be a 5% with'n eements then po o relaflons on

A which are tefexrye and symmeln'c. are

2)7 Mo. of  felah'ops which are reflexrve bul naf 3¢mmehic

-
= ep-l ot
PURZ RPN~ bﬂ,,

and symm
.

No. et reft relohons.

D Moo ob relations @hich are symmehmic bul nof reflexrive

-

0nt) n:cp-1)
= -2 g
-

2
no-of symm. relahlons

D Mo of relabions which are pather reflexive Dor

sqmmenc 7

2
P (Q)L_Q.t_’é+ Qnm-‘r)r Qn_m-yQ)

§:1- The telahon . 'is a broter of 'y i (eymmetnc or. pof
symmetiic o0 apy  e<f of men . :

The relakion (s pot Symmemec on Sef of all people,
becouse f X 15 a brotber of Y, y car be a sster

of x
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o booleap algebra

Ank-5ymm etnic  Relation 7
A relabion B on a sel ‘A" rs sard fo be aphisgmmehnc
i (ORY and YP) then =YD ¥ x.g €A

ex 2O The retahon € 18 anhsgmmetnc on ony set ef real
nos

¢t ash and bza, Hep =bD

The relahion <7 {5 anhsymmetmc on any seb of el
nos
¢ rt (3<3) and (@¥3), #hep @< b ;‘::.;,-m;; e
SN S | |
e @hatever J
3 e relabon i a divisor of depofed as ) is anheyT
mmene. on ang =tk of fve real pos.
(same logic a$ aboved
D e perabion & C 6ol rncusron) fs anhsymmete
o any  collechion of sels

Calso,fproper subset of C
i super set o 2 D

Lot A= Labecl

= )« '

CThe smollest anhsymmetnc reabion on

&)

—-
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Ra= (b (u,a),fnvz,)}
Rs- { @b (0}

Ru = {@y, biv ’ru},[ﬂyb) hie), (,q)} S
Onhibrmmvln\:

ft‘7dmyanrﬂ

i drogenal pa
relabon on A)

pr«‘l$
121t A 15 o el with P elermenisy Hhen
anksymmebn'c refation on A

} dements in a

2 Mo o
5 T T
s p+ penzd . Joipdin
= \ QJ

Jorg et

D Leb A be a set writh ‘D elemenls, then the no of
aph's gmm obrie  relakons possible on A 7
,D n- \)} anpisymm etre relations o1th
- = d}g parrs Nty .
® 20-3
* t (_Smca, s nondfagonal cembi ahon
can apper iA 3 ways),

no od aphsymmemc
teJahons with diagonel

For
Cra) C&v,a) oL
\ L(21) ooy,
N\, Pone-

paies
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* Mo of hons on A which are
n = o,
Jmmetnc are 2
€ 3,3, ,m,m} 7{2n)
4)
— Mo of rdahons on A which e symmelnc or
anhisymm ehe
f
| ofoenim ) y 1
2 [ < R ) - onef Syrm- and onh symm
T symm AP | T
D Mo W relagans oo K which are

symmetnc hat mor
anhisymmetn'c

9 No.of redakions on A whrch

are meflexrve and
ond anh'symm etnc

. UL PV ED

relad® .
anbisymm. " orly nendiagenal  parrs

e

= Apy subsed of antsymmeln'c relakon s also anhsymm

Rksymmetne  Relation 7

A reabon 'R 00 a set N 5 sard fo be asqymmerne
if =R) then (YRx) 3 xgen

toDEvery asymmehmc  pelabion s

aphisymmetric:




¥ In @ asymmen'c relation, diag

whereas, in anhy{mmew‘vwc relakion , diagonal pairs can be

present
Every. assymmemmc. relobon fs also neflexive
exo Lot A {abe]

= i } < 0 The smoliest assymmebic relohon oo

A (s empiy telofion)
v Ras §lan), caed ]y
VR s f@mca, ke ) lorgesi asymmetn'c
relahon on A).
lote *
D44 A rs a seof corth '
Ps: o] osymmenc relotions possible op A

%)
Corqgonal element pais are
- pot atlocoed),

elements, then

Here alfo, 3 possipriubes. . 2% 7 2
2 o

o 2,1

e @

pone

» D The oply . relakon on A which is symmelnc  and

! asgmmin'e =L e empty relahon.




2 475 25

5 o . .
27 The nNo. of redahons are asymmetmc and

o ‘'S0, thee s po relakion which (5 asqymmenc and
refiec hive.
The po. ef relahions on A which are  [mrefiexive but pof
otelSiatiteice imefienpve  relahons fhal ©
agsymmetnc
‘X' fs asymmetmc.on any sef of real

9 Toe relations X
nos. CH a<b(; then b £a)
(2SR CPOP);

A redehon 'R on a s ‘A ¥ said fo be transibive
4 ORY) and (YR2), then (xR2) ¥ xy2eA

ex? 1p A= ta bcl ,then

7
Ri= {3 “ ohe smollest frapsiive relabion on A
15 empty reiabond

v Raa {Qarﬂ),(c,cub,u}
v Rp- A@b), o}

v Ras {ab)scaedf,
(s S by Chied, Ca,C)

reflederve

AN e Ol N bl T

S G 8



b e e
e RN 2 b
Cnar (018
@

€= 1 @b, Chea), (o), (hﬂa)}

Ri= AXA € Che Jorgest fransive relakion on A)

=
4 A=09b3, na of hapehive relakons possible on A
The fov‘awrng relations on A are pof #apsikive -

Ri= Ltab),com}
Ra= {laib), by, mm}
Re= {@b) ,(b:), (hib)}

= a
Requited no- of relafons are (277D ghere P=2
= plg = (;:-3 =Tis

The relahon 'S (s hrapeitive on any sef of real pos
¢ a<h, Insz\» then Q€c)

C%5% > 1,¢,2,¢,2)

The reabop “rs a divrsor of ‘17 rs_ brapsihyve
Set of real pos: CHER14, G185 then =18).

( se inclusion relahen )
The relabion 'rs o Subsei of C' ré frapsibve on oy
Conechon. of sebs- C1f ACB.BCC ihep ACC).

on any




equivag!

A relabioo ‘R op a sel ‘A’ s sa’'d to be an

it 'R'is

ence telahon on A’

D Retlexive ,

& symmetme and
i

Trapsrhive-

e A= Lobel e how many equivaleoce
A e

.

et

relahions are possible on

3 VRiz 1@, th ), (0 OF € CThe smallest tquivalenr

redabion oo A fae- diagonal refation)

v Ra= i_iarw/ bk, e, cmb),(‘bﬂi)}
v Ras {(@®, C4ib), Ceicd, €hiéd, b,
ViR = {0a), (b, cc00, corcr, e}

CRs: (@@, chibd (010, CabY, chied 5 €a,0,(Ea)¢ ¢ by (hia)/
€ CThe largest tqurvelence Felation). )
AxA

tote,”?
total no. of equivelence relatpons for (0=3) :E].

totol no- o equivalence telahops for cp=ad =| 1S



pl -9

s

2L which of the following. & nof an eqirvelence rerahion

0N set of all peal posA 9

a) Rr= im'b)l'“"" 5 an injeger Jl cqwyalence

e aRb &5 @b) s an roteget refal™
Twe hove , “a-a" is an ynfeger. rre. O,
aRa N aep

“RI TS reflexrve relabion

i A, S o ioteger s b-a is also an i'nfegen
C L 0P, thep bPia.
) SR s SHMMFM'C'

v 2 it aRb 50, ash (5 an infeger.
) alse, bRc , 50, b-c rs an 'nteger

) “A7C {5 alss an . iofege
)
P
) Ri s hapasthive.
)
Yo DL RS an  equivalence  relahbm.

IS ’ o
> 22 Rae Tm) | 1a-b 15 groerers by G GEEIT

relat® v~
) Yo cs drvistble by @@= dive by
; 2 aPg v
) Ra e reflescrve
) VAt g, by S 5 then b-a also dry by s
N to-5 (5-10
> ; & aPp exists,

Ra s symmefnic BPad oxisha).



8 a-b  diw § b
C1o-5) @ :
corf @
ORE e, e by & 0% )ss exrsisd
Ue-15)
Rz 1% trao whve
VO ro = Leam) | tab ap lodd pode  ner eficingiieaze
21at
> prf a-a-= O s pot an odd
R3 15 pot reflexi ve
i A-bz 5404 no, thep b-az 0dd pe
R3 75 symment
3 a-b =04y Do, 5 b-C= odd Pa.
- @-C = need mot be odd.
R> s pot frapsthive.
relahon.

Crven  relah'on s pot am equiy alence

Ru= 1665 | "ab' 15 ap evenr o d- equivalence

i)
relaft

Reflemive 7 a-a=o,

Symmetnic 7 b = oven ) b= even.

@-b= even, b-Cc oven, A-C% guen .

trangihve 7




¢ XRER

S Porkal  Or Peloh'on CPorhial ordee) =

2 A redebon 'R o0 o seb A s Sard to be o partal
ordening relation Cpartial order) f R s lexive, ,
Ankisymm eti'c apd. kanstye.

Parbiolly ordered Se¢t Cposet) 7

v A seb A with a parkal order 'R’ defmed on ‘A’ rs

+ catled Parwauy ardered Seb Cposel) and st 15 depoted
by Casr]
ex. T 0 The relabon < rder on ongy set of

real nes - A se. the v a posel

2 The relobon ‘15 a drvisor of! C1 ps partal order
rdabon oo any seb of tve 0tegers

3 ise CAS1] 15 a pos ek
retat™
¥ The relabion ' a subsch of cC)' 75 o parkal order
o0 ony goﬂcwhon of sels &
- e J f¢ a paset

. O e A= Lo,

v Bae i@’“)’“"b)’u”)}* Clhe smallest parfial order

on ) '
Y Mote.® end also, the oply relafiop op set A whrch i
) both an equivolence relohion and a parkial ordet
) i6 the dragonal relal® dcA) given above.




Ra = 1 @), Chib), o0, (71b),(b,005(0 o
&= ﬁﬁrgesf portel
on h)
B 19 dit{erent partial orclers are possible oo fhis

agrder

Totall ordered 5k 7 Clinearly ordered set [ chain )

A poset LASR] 15 colled a "totallyordered set” if
every pair of elements in A are comparable
e’ alb or bRa YabeA

Ex 1t A is ang set of real nos then the poset
CAS<] s a fotaity -ordered set

w1y as Lhaz 0] they the pocet
TA5 1] (8 not o fofolly ordered Set

because R s pot relofed fo 8 and alfs 315 pot
relofed fo 2.%0, R and 3 are pot comporable.

3 g4 A= {5206, 20,60, 390}, thep

| Cax1] s a tofall orcdered 6etr because each /
pair s comparable. . :
O o 5= i@o taj, tby, a6} ) . Hhen smgleton seks

U85¢] 15 pot o fotolly erdered ek because” 2T aud
¢bl are hot eomparable- y

“ied ¢ 13 s} ¢ Lk

and
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PREIVIN S P RTON
lololly  ordered sef

s whreh of Ibe io’/pc(‘()g I's hot true
s symmemc, anh symmen'c and
Hransthve on A . Comect)

) Ras flam) G @ ]

34m mem'c end anhbsymmen
M o

Should be
the
The relobion Ra 1 nédber symmelc nor omhs ymm

The relokon Ra fs only rreflemive
-

re eas @B ey ) symmetmc dut pof

ophs ymmeinc

Ccomrect).

red) Rus Lam, (10,003 s aphsymmetntc but pof

symm etne (correch

S Let A =1aib,d} and o reahon on st A i3 defimed %
rR= 1 &), b,a), Chib), Chic), Cb, d),(@,a), cCrb), o,
- : ©d J
@hroh ot the Tfoli-is true 7
*® R s an equivalae wdar

7 There 15 po poir ©hd) L b s pot reflexsvg -
St e nob .em  equiYolence redat™
» D) R an imetenive or anksymm. relat®
7 Mot rretlexzive; @@, Cbibd, (ic) are prenec
Mot anh'symm : (bic) eud Coib) are prestnt.




Ca,p) (hie) (9¢) V'K”’é‘
3

asymmetme relaf®

sqmm ehnc
b én

) R 5
1 Mot symmetnc > (b YER but
Mot asymmen'c 7 diaqenal elem enis ore present
/rU R (s fapsthve
3- Lot A= 4¢ of ot eal D
7

% Slab) | beak for sume integer

-
se- aRp & b=ab

eqg. 2Pse g-2°
a)

R s an equivalepce relahon.

©) R s parhol order

©) R 15 reflexrve and symmetrc byt pof frapstive:

D R s o total erdee.

y waRa. n R ops refile

R s pot symmetne «
222 1 2Rq

LR iae
ubz.

4z <

but




n%

=

;J
, GOIE
o NP

R is not a fotal order T

2 2 5 ﬁ
Goctialise = Not every pair comparable-

P is anhsymmetc
]

it alb and bRa fthep @=b-
R (s tangihve 7 then.

it o apd BFo tafc

2 %8) csPea) (TR E6)

Qeven  reahion 15 Refearve, anhisgmm ebn'c and
trancitive -

GG which of the follr. statements 5 pot hue g

N R symmetmc and hansive

then R s reflexrve. (Holse)
— Let Az fa b.cY

Rie T3 ¢ oymmehrc aud bop sihve bub pof

. Fedlexres.
Ra- L @B thia,la@) o sqymmelc aud frapstve
Cbib), bub bot reflexive.

b I# & relakion Rop a set A i iireflexcve apd
hansthve then R s anhis gmm etme. Chae)
7 Suppose, the given stafement 6 false -
) Ler Rbe a telakon on A which (s rrreflexrve -and
franetive Ut bot enhisymmetnic




e, lob @ B)EPR aud (bia)é R ¢

aphsymm
@ €R € A s trapsrhve) i
= . X
R (s pot Irreflexive becawe o drvgenal parr enersts
wbreb (5 a tophadiehon fo ewr bypotbesis: Ioe R

Yiretlexrve
the given Statem enb fs e §

/) 18 R apd b are oanksgmmelnc teakions an a st A
then (RUS) and (RPS) are also anhs{mm et CRalsed |

> Lot A= {abied p- el ap h'symmeln'c: i
6= LGl
Here, Rus = LE,0:0) © pot_onhsymomete
rrs= 1} e antrsymm efne. (almay s

Any subset of sohsym memc relat® s anhsymm
and RPS s @ subsel of R.Hence (1 5 alwoys ophsyrm

lote?1f R 5 anhsgqmmem'e relabion »thep RDS 13 anhisymm
for any relahon S op A-

412 g and 5 are hanetive relahons o iben (R pecd -
pot be taperhve but (RPY 1's always hrap ehve.
Chue).
T ler A= Labe) re L@l } hapsitive:
5= Lewod

RUSs= L@b schied) € pot frapsitive

—————————————————P
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T bia O

Sca M(b’()j ‘b

G ab

eng -

afe

Foan sihve
Trapsitive  Closure of A Relation

Let ‘B be any relabon on®sel'A’
then

frapsrtive elosure of R
detined. as smallesd

denoted as R*Ts

e frapsitive  relat® oo A whrehe

coniains "R

soter1f R 5 maperhive, Ho
R 5 hangtive [F

en P*=R (op)

R=R*
ex- Leb A= {ab c}t
wpd  R=. l@bd,ched}.
RY = §@b), chrer, Cacd )
Retlexwsve closure of A Relahop 7
Smallest Feflesctve

telalion on A ahrch contarns R
74 called | Redlexcive closare, 1. Rl .aod demofed ast BT

e ? Le A-labe) Re {08 wol
then pH = LB G @@ G, ),

Ak €dngonal relat

R* = RU JCA)
Symmetn'c_closure o a relakion 7
Smallest symmetnc  Felah'on

o A Whrch (entaou'ns
R 15 called symmelnc cesute % R opd denoked as
i
R




Rve

ex s tet ke Tobe) apd pe Loub bl
Rt=  $@ib), ey, (hic), tob)]

Retlexrve Symm eln'c closure

Retlexive symmetn'c closure of R
2 Symmelmc Reflexive Closure

&
R = ()T
ex » f=labie) re Lew.wol.
Rt = LB, 6,0, chiads ceibr .
L
‘wor (RYD = (b , Chres, Chrad , ceib @@, Chibd, e O}

Wor (r: L @b stie) @), Chibd, €, cbiad, @b}
ok )

) ReHexrve haps- closure 4 R

trans. teHexrve olosure of R

"
pe (RDT= (ph*
D)
2 Symmetne  tapitive  closure of. R o
=+ cpeed frapsriive. S{mmetmc Closare of R
a

o
be)

T T R N T Al SR
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Lep A= Labied  Re Saw, b0}
(rR*) = law.te), cary, thad, b)) ).

et) "= 4 @ib) cbiey, thia), (@), caras, (bib), (e, Ca, e
5
= AXA .t o}

+)*

SR (pt)

TDLer Ae Lobcl, pe Leoad »@ed, (hrbd,(cia) @]

Prod  fransitzve _closure of [R. CR®)

? The mabvx comespr Fo given redaf® rs
a b ¢
o toen
b s | o
c |1 ! /\r”li
o fod BT . Rl by om T @D

Lt by &S 3
3 o sz b)

200) (810D, Cbuby , e ), CCib) , cad, @0 )

= (axA) - L Cheay,Cb )
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“parehalls  clgorithm) >

¢ 1
T2 b A= darbied )
r= { (eed), (biad, (bire), vw—).m,d;lfﬂ,’(;}

Fiod the hopsrhve closure of R foe: R

a oltal G
5 w| o1 2 .0t
b t o o
c ' o ay
dlear o 1 e
1 | i m e
| o
Colump | fbred ‘ 4, i B d ) |tos wh
Ro AJW fa e dj
Ebrd¥ingy {bra}, g} {aca3 fauch {ec}

0} @) @dd e {bhel 1hd3
ferod Ledd fena3 Tdied
Letd J

LRt § e, (e (bred, €03, (€, ded G ddyiehad,
id), (ara), (a0, te,00}

L2 Ly A= Lobad) m. rgakon R op fhe seb A o
deded by R= LO@),hA), (bik) 50 , 61, (ra), copSecids])

rR*. ¢
- a b ¢ d
a ' o o o )
b ! 1 0" 0 )
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o bed [Ty [toed
B B
Row JL 203 lia,b,r,a,} &ub/z,d)( e}

@), bia) €

Uoad -

7(1(“‘»5 are added

tanative relation

Equivalence. Classes 7

Lel R be ap eqeavalence

retation on set A then for ang
Utment X €A , eqwvalence class of % denoted by

st
%1: L Y[ YEA and Cupent.
Sole Moe can have [x]=[Y] ewen though TFY S ye A

Dget a’—f all ofshnck equrvolence classes of the elements
5
of*A detine a_parthon of A+t relakion R

39 1 A=label end op equrvalence relahop R on ek A
e .
R= {@a)hibd s(ere), (o), e o), (are), (@), (brd),@ib)]
fod  dhe portition of A ot R -

7 eqeel a- [a]- tare}
“ [235: D{w} [e]- Lef  [d]= ©h.d},
Lel= {ace}.




Sarktheps are “drahne
[ °n

equivalepce

pequited parhhon of A Wit R

= {ral, 067, Te1}

< {gaed, thdd, 12}

35 g 4= La bodie} and o pork

o of A s grven by
A |
Uaad, Toreed] o find the eq
wrt Ruabhon

rvalepce telal®on A

Requrred equivalence relafien ob A

cartescan product cr},bld} wrth (tself s
cartestan prod uct of
{ fadix toidy

{bic,e} with rtself
, Sbe e} »tbcel]

o, tandd, s}, 2ddl, 4], Torcd thed, fend,
toch f¢), b, fercd, e 1
96 1§ A s set of all

real nos- end an
Ror A

equivalence relat®™

jo giveo by ofb iff @b)fs av (ofeges then

& Awd [

D fng ']

W gy (YT,




s (19 2 s

- 3= LHIYER Loy (a9 ¥an obeger ]
O 0= L 419eA and Wy ap rofeger J

’ set of all Integers

@ L] - Vg 1Yen g a9 s ap jojeger |

U-9)= 1-(p+ ') where n i5 apy IDiegez

AL Triny |

P s an infegee J

= {402, 4%, f T, |
@) [V3]5 LYUIA and. (V3-9) 15 an indege )

Vi-y= V32-(0+Y2) wbee n s any obegen

STVEY - o)) n 5 any w’)r{gu}

2. Let /-\"i 5ef of au y‘a;e_gud} and ab equrvalence
relation R op A is. defmed by aRb ity (@7B)vs qivisible by
3.

theo tod

. i) [o]
i L
1) £2].

™) How many dishoct eswinvalence olasses are
possible 9



and ©°W % dpv by 2J

3,0, 269, .. §

W03 e LY 19€A apd (D) g5 drv by &
£ =Y = - @pr) g o any jntrget

-8,-5, -2 1, U T, 1o 3

N
W) T2 = LYIYER 0ng @0 15 dive by 3]
Y e - 03p42) , o, ang. integer

[2]e Lot 1,2, 58 0.~ §,

2303 2 furgt set gets Fepeated.
3Pty 2 Secopd sef geks repeoted,
3nts o third seb 9eks  repeated

V) ({ we take

<A
The grven “retahon divrides the grvep Set into 3

dieh'pct equiValence _classes:

98 Let A= 6kof all people. An tqeuvalence relahon R onA”
s defoed as OFb rff a and b were born 10 fhe
same month. How many drshipet €quwivalence classes

are possible ?

)2t IV SIS ©) 53 d)s6E. O nu b pe
defemnined-
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Least Upper Bound CLUB or Joip o2 Supremum) 7
Lot CASR] be a posel For abEA 57 |here exists
ap element CEA such that

o afe apq bPc

i) it there exrsts ang other element d Suech fthok
caddand BR4) thep (CRA) , then ¢ (5 called
Jeast upper bound of a apd b-

Grealest Lower Bound C GLB or Meek) 7
Let CASR] be a poset- for aib €Asrf there exists an
olement CEA such thaf

B (cRa) apd CeRe)
and
i) d thee exrsts apy other element d cuch that
(AR and (dF b) thep (dFC),

then C Is called Gredest Lower Bound CGLB) of o @
5
Q9 12 A7 ang et of real pos:, then LA <) 05 o poser.
for _abe A And PLUB of o and b. = Vb=
W) GLB of a ondb =Nb-
9 0 LB ofa ad b = max O Lokl

") Gl of a oud be . of Lotb}




Ch: 5 o posel
2 LuvB o aand b

GLB  of a apd b=

I£ S is any collechon

posel. For AB, €5
B LuB of & and A=

GLB of @ard 8

22 Tn a Poset, the [east
elements tf exists. 15

The above Slofement 15

tor b Ep

s auvh-

= ANB

wpper bouod of apy

Locom

o oefs 5 then

unrque-

brae for

«LB alse

& e

catb)

apb = trcD of Caqrbd

s a

feoo Sebs|

FORTERT

N SIS
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¢k bec

dein Sy HARTEIEE o ol
poset ‘A" Pt relahop ‘R
latice f (cast upper bound ewrsis tor every parr

U8 called . a yorn sem|

of _elements o A

y Meet Semi Lathece 7 ([aR])
A poset A wrt telatiop 'R 15 coiled a meet Sems

fathce 't GLB extsts for every pot of eltments in A

A poset'A crt 'R s CTARI v woned a jathce

F elements 1

'f Lyb opd GLE ew'sis For every poir o
A

3.

%7 Supposeid A= L3510 ) L landsada s fhen
the  pose DA IT je o meet semilotrce  but pot o
Goin  Semilottrce

the grven stofement 5 ttie because fhe GLB of
any. two pos 13 P of the fwo pos-

1%
The G of any Fwo pes (n thd NSel extsk (p toe
sof . .

Heocee ver, the given posef 5 pot.a Joro semilathicec
%2 LUB of 3 and 4 (% equal fo Lcm of 8 Fu-iz
whieh s pot preseot /o sef:

1p o= Uad toh, Va3l oy poset €8¢ 15 a
Jorlo. semilathce but pot a meet sem ilathice.

+ The LUB For C operahsn ©H seks 15 AUB . The uppn
ot all parrs exi'6fs /0 Set So it '8 Jon Semilathce,



Gep o fad and 1bl s ¢ whick s poi

rk 5 pot eel semilath'ce

1 A 16 opy et of real pos,> then poser LA> <] 15

5
a lathce
ks Sl = LUB =t 3!1@("%\1 eous ts

GLB= 9 Ay any pair of real nos
IF 05 a Jabhice

¥ The poser given this example 115 a fotally ordered
sek- and emery J—oomrg ordered set 15 a laffice

i oa- Lt Siused g, poset  TA1T s a lapnice:

7. The green poset (s & fotelly orclered set 50 frue

T4 A® ser of au 4ve iofegers sthen poser ATV
a Jathce.
< Le of apy hwo fve rofegecs I'S fve iniegec
eA:

G of gny fwo tve rptegers (s pot <!
- 6A-

CA>1]Y.
Sl E a latee.

@
3
]
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Fo'Rrs a tve ioteger. then

Do = 4

of o tve diviseors of N

pe = L2 8,6 )
D= L1523, 46,02}
030- L 1,23 5,6,10,15, aﬂ},

Tt p U5 a fve integer . then the poser LDP3I] is
a laftice
T Lepsa = Zabe)

P Uhldlafel, Lan], Ehch, fcf tabiet}
then  CARY €] s ajways o [aftice.

Tt A is a finoite sets then poser CPANET s a

lathce

A Jathice A s elenoted. by the [L,V,A]
V25
Lue GL8

The fal/owmg properties bo(d. goed 1o a [athce

® (e any 3 dement aibe €D,

D Commutative jaws =

avb = bya
AAb = Ao

_




2 Assowrdhve laws ?

@Vhy vee avG bved
anbync-= a ACBAC).

3) Teem polent  faws *

ava . a
ana . a
9 pbsorphop Jaws T
aN cupb) = &
an cavbd = &
ke ? L

anb) - )
Ip o lethce, (avh) =b canby =, ab el

Subjobhce ¥
Stbilabhice |
Let L ke lafhee )
called o sublatice L7

sublalice
Bes {m,vv @ -

[\.,V:A] . A sabset M ot L s

D vs o latice
9 for apy parr ot ofements
GLR) are same 1D fﬂ"d L-v

A lamce LL,V:A] 1%

the  follow0g w@w;v,:gfﬁi,ﬁtuoﬁ s

abet, the LYB(nd

sard to be distbuhive it
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O awvChac) = @vpacfave) ]

Nabcéel,
S @A bvey = @ab)y cAic),

Bounded L athce 7
Let L be a Jatice wert R I there exishs an
element I €L ;ucb that CARIINQEL hep T 14
cafied pper bound of the [athce L. -

Similarly, 't Hoere exusks ap element O €L 5 such
thot (OR%) ¥ @el, then O 13 caljed _lower bourd
ot the Jlofhce L ..

o a Vcchc, vf pper _bound apd [ower bound exssis
¥hen L 1s colled a bounded Jathce

lote 2 and also
20 o bouoded lathice,the upper bound Flieer bound)
15 wuprque.

In _a bounded. Jathte, the Hou properties held good ?
D Lus o4 a apd 17 lae. . QNVI=T
P &GLB o} a apd I, per 9AI= @
é) LOB of ar and o e, AVO= &

@ GLB o a_apd 0 e MO = O




He RSY .

o lothce or _pesel:
it afb they @VB-b
apd @A @

=
e GLB

e) 7

Complerngnt_cof ap elereot (10 2

Ler L be @ bounded tathce s wy element G €L,
i1 there exrshs an element beL such fhat
(ave) =1
and @abd =0
a="%

then b s calted "com plement ot @ wrilien cw

e atandl b are corsplemnidt ot eachiatber

D.

srevlo a lathioe, complem ent of an efement may or Moy nok

st
11 1t essks, it need pob be unique

DIy o odishibubve lathice, compler ent of an eement if
encqsts, 15 uprque- In a dwsm'bubve Jathee, cach element bes

atmost _ene camplement:

Complern ented Lokhee 7
Lok L be bouoded lathce sit coch element of L bas a

complement 10 L >then L
To o camplerneoted lathice; cach elernent has atuniqua

cast_one complement -

is caied “Complemented |ath'ce
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8

Beolean Algebra 2
A lath'ce 'L’ (4 .said _fo. be o. Beclean Algebra if
78 distmbubive and_tomplemented.
I a

boalean algebra s each element has an unique
Complem ent

Hasse Diagram

‘ C%‘s% dragram) 7
Let [A3R] be @ posct- Ob the poset dicgram of A,

P There 05 a. Yertem comespopding to cach element of A

B Ap edge between the elements 'a and b is ot prasit
i the diagram if there ewsts an dement TEA such
that (aRx) and (2Fp)

" ko edge between fhe dements '@ apd ' s preseot
it afb and. there 5 po element w'€A such that

(afe) and( %Pb).

G131 p- Lhosreva,ed then po. % edges 10 Hhe
Hasse diagram of e poaet L5 s

T 7l 05 Lower Bound.

- and .Since ear

element. 15 related
2.k 76

upper.bound.

NI Qﬂlge::@v - o




5%

o botally ordered seb, e coroplement tusts oply o

d
bound ¢I) and [ewer bound o)

lhe gruen poset 15 nof a complemented lathce However,

the green posel 15 a bounded and distnbutrve jathce
D Every fotalty ardered 6et 15 a dispibutive laftice.
d

Ho5= 6.0, 03 03] by humber of edges o
C:C] .6 ¢

the poset diagram of the posel

fab} - T
Ms. 0} edges 'n. Hosse ¢iagrom
gm f.ay b3
LB .59
and GL8 exists for ewery pare of ‘elements Hence,
the given poset rs disiibuhe
for 18} apd th} , GLB s G opd LUB ;5 {ab)
Also, grven ponr 5 o complem efcd | athice.

The poset guven 1'n the exam ple 15 o boolean algebra

95 7¢ A= £025,69085 ey no of cdges o the poser

diagram o poser CAID ys 7 ;

“ Mo of quuwm




N - e LA T AJasT
& ) K‘i/\/

The Lef A= C12:3.8,6,00,18, 30f Hhen

complement of 2 > 18 ( F GLB O} 2 awl (541 e
e 1
a@nd LUB of 2 gnd 15 o 39
Ypper poupd)
5 Lo As T 0230693 Bop o o edges o e hosse

diogrom of peset [A 1] g

rnaxrmol ¢l esestts

-
Mo ol edges @ ® ®
Herer upper bound. does pof
exist as  more thap obe elewus

. exgsh ak the same top. level.

Mavemal dements ? -
I ma posel, a0 element. 15 _pok petated to_ap
—~ - Olher edement then if 15 colled . moscrmial o e enh

for any fwo monrmal elements, LU8 dows hot exrst

The arven  poset /s pob o  fatfrces
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overy paie of elements 1o dbe poset,
meel semjlathce buf

ever, here, for

®H
GLB  eniplse Htnce, 45: giveo poset /s a
not a Join semilattice
16, Ler A" { 23, ("é""’j thep No. of edges in the Hosse
dragram of the poser CA2U s 7
12
Mo. 0f edges =
. A
f >
Here, Lower bound does pot J//
exlst Qs there ore
mioimal eements R on"/ S
Hote »

__Mroimal _eements by
In a pesel, @an element is colled minimaols it po

olber elemenls ok the posel 1 related FO It

For ang two minimal dements, GLB ches not exrst

> The grven poset (5 pot a lofhice Howener, for every porr
ot aluments (D the poset , LUB exis s Henee the given poset:
is a join sem flathe anpd pot & meet Semilaftice.
S T paser (g 23 202,185 1}
) o join semilathce but not a meet semilolhre.
Y a meet semrlatice bat ot o Jorn semrlothe.

9 o lathee
semilattice.

hor a meel

A peither "a gotn Semilathce
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9

1t b

a

b The peset diag. ok a poset -
d ¢

baoe

Whrch of Hhe Tolls Stotemeo t5 13 _pot brue

@)

P s pot

hasse
’

. diagram hos ene o dhe above e eatn,
o, e prict)
s [of

fice,

L Gib,eidaef v shown

a laftice drue
. o (/
® The subset tabic, 8 of piy o latee Fue .
A

%

4) The subsek {abicel o p s a Jorhce fraie

The

The subs

grven

o Ubhcdsed ol pprs o |abhree pot g

. b
Pgée}' s netther join Semijathce apq ‘meet

Sublattice  because for dand ¢ GLB does pot entist

beloco.

@

breb of dbe folr subses o L are cablathices o L 9

The hasse oltag. 4 e Lathce L= £ mmb/r,dm,aj s shown. .




T @ 26)
N N

/ A\
H 1 \
L b Y a ol o b
P %
Bub bhe " LUB of aand b 15 pof same

b (6 C s here 1t 1s

7 b6 a [abhce.
Lug of @ and b

% 1o emginal - In L,

4

Hence, thes s o L.

hot a sublothce

a
i GLB of a amq C = @
€ csame @ '» orginal)

L Ib 05 a wu\ame of L.

©) ‘L%me,}f LUB of a apd ¢= f
GLB of aand e= %
* (bome as given L),

2k rs.a sublothice of L.

D Exdeyl y Lug of daode=y
CLB of o apd = %

Léame s 'n . grven L.

3
by [“""“’éfj IC Here, L0Bot @ apdé= C

I4.15 é” a 5ub]ol’hcc o L
b:cauoe. “of. cand d pee is
%...abd oo L.

e L ‘rd}g] 4

L




whreh of e 1’@\'9&3‘04

2 O avepac) = (@avbdA cave)

LH¢ RH4
ava =y Ay
2 o 7 g

*
The greeo Li" s pot drshib uk've.

) v (bre) - BVB) Acave)
9 eva = bAyY )
9 @ {5b

S The given Lg s pot drsimbutive

Mote>Tn a dusfribative lattice, each element can bave af most
one tomplement. It 15 pot hue, fhe lathce 5 pot
digmbultve.




pr g =

o e

LY, for the eltment @ 5 we bave twe
dishibubiue

b apd c. Hemee, Lit rsmaf o lathce
fwo  complemeus

In Lz',ermuadg, For the element ¢, we have
a apd b- Hence, L2¥15 pota dishbubive lakhce.
lathce L. 75 not distmbubtive Tff L has & sublakhce

dakes
LY ae L2

which 5 ysom orphic {o
4

21 @hich o Fhe. follawsing sfaterments 5 pob  frue

DB Jathce with_Yor fewer elemenks 5 diitbubive

7 The .statement. Follows e obove. Hym. e

b Brery fotally erclersd _sek IS q dismbubve lathce.
7 The Stafement. fellows Fram thm. as bae
@ oially. .ordeced set 5 a cham

00d .0 sham cannot. bave a. Jupialt

i50m0 erphic. fo. U or ¥

A Every sublatbiew of a drshbubve lathe 15 wlso

diemp uhve.
7 Thrs. stefement

bue

bllows ‘frem obove thm.




drsimburive lathocis @ bounded lathce

e i
0 Ly ome 12368 @]
the  poset {H32] 75 o folaliy ordered seb wnd hene

a digmbutve latwce Buf it 1s

pot  boupded lathce
because the

upper bound et the lothce clocs pot
exust Mence, 1+ 15 falge

2 which-of toe following i3 pot o dishrbubrve lathce 7

@) [PeA)5 S ypere A= L@ibied}

The elements o the pocer Seb ore sefs.»ond for any 3
sebs, dishibubive laws held good-

CPeAsC] s o disfribubve lathice-

by [osi; 1] v

v pge [n39,a780 )
e
1405 a

1ay<m3 ordered $ef and bence, a dishrbuh've
lathce.

e Lonstd (g e oy positrve infeger) v V

7 Consi] s @ drshvbehve laHice
egs Lon3() :[‘1:2,5,«6,12;; IR et fotally ordered '
4 ¢ Sl




P £:

&) [§623,8 30851

Q- Por e latece S8 U] wbich of oo foll ore pol fre?
@ The complement of | =12 frae i

b) v = s e

VO e ey g 6, false

dy v —

ob . 8Sdow pot exist. hae
and ?

The_ lath'cegeeen. to thrs exomple 1's o dishbubve
- lathee bat. not a.cemplemented lathce

919 For fhe lathce .shown. bolow, how many complements dows
- the eement < have 9

and. d are. camplements.

— The \athce given ro.-this example iS5 a complemented
! lathice c.a5 each .element bhas at [eost one

but. bot.a dishibukve lathcec as
~ . than ome complement.

tomplement)
eaoh elerpent has more




1§ The fofiice Shows 5

366

3 f
F Q) dist latce but net @ (nmpeemmuc) lathce +
) omplemented bt pot a dist lathice P
3
) 3

Bolean Algebra ¢ both cltst. and complem ented)

Ne'the ¢ distrb ubve  por cz)mp!tm(n‘fd lathice

T i ke

2 ¢ has jwo complements 4 and ¢ 3o, pot a ais tr
Jathce
d has po Complement 60, pot .4 complemented lafthce:
6. 14 A (6 @ Forte set then the poset CPa el s a g
Boolean Algetbro..  ‘.
> Complement of X = A~y X e
R E Rabie] then the poser Crenri ] s o Beolean

algebra

=/ o %acd - bl

complement




Hasse dragram

£ 4= {a}. -

12 A= L9} * Hosse dragram f\

£ oa- L s+ lnse d

=

» ==
2 Every Bosleap algebra 13 jsomorphre bo one of fhe pocer:

sebs given in fhe..above ex.

D50, 0 the hasse. didgram of Beoleap clgebra, cwe have
i
2" vertees and _p22” edges.

P4 jokice with mq_yemw[f\, s @ lotaily ordered Sei and
also..a Booleon. algebro: A totally ordered set wi'th p elements

s _a Beofean clgebra [ff D=2

Bquare ~free Infeges 7
A. pasiive rnbeges P 08 sacd to be Squarefree 1f

the _set Dp. has pa.petect squarest except 1)

©R)
posthive nieger n 15 Squore Tfree if p 15 @ produst

A




ot dishoct pnme nos

b S
The poset (o3Il 15 & boottan algebra £ D15 @
5quarefrec pumber.linteget s
It the peset [Dp; 1] 15 a poolean “lgebra hen complement

%} S %€0p -

B whrch of the folewing 1's pot @ beolcap algebra $

(125,11
Coot] > 105 a squarcfree 1mieger $o.91ven
poset s @ Boolean algebra
[ ALS
b [Pgs1] = 9t s a squarefree integen So.arven
poset 1's 0 Boulean algebro
cns@ !
o [Pusst] = 48 s pot a 5qqare'f”f fofeger. 5o, 1t 15 :
o, Clolishmbanve but nob @ :

hﬂf g boolean algebr
complemenied lathce) -

] s .
3 5
)
¢ )
)
d) [ Peu; (] 2 64 rs pot a squarcfee por So. pot & 5
boolean elgebra. 3




) %o

)
Gtg , - r
) boolzap algebra [Priosi] 1 complement of
5 £
T tomplemept o 22= _lio &
o
Compléemenf of &= _llo 22

)
e
r
—




