Exercise 16.5

Chapter 16 Vector Calculus Exercise 16.5

(a)[f F=Fi+ (Oj+ Fk is a vector field on [ and the partial derivatives of P, (0, and R all
exist, then the curl of F is the vector field on B defined by

cutl F = (%—E}+[%—%]j+(£—%}k
) S - & & gy

Wehave F(x, v, o) =(x tymiit+ (ytzn)j+ z+ ok
Then, P=x+yz, O=y+zz, and R=z+xv.
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Substitute the known values in the expression for curl F.
cutl F = [x— x)i+|:y—y)j +[z—z)k

Oi +0j+ 0k

=

Thus, we get[curl F=10]


https://www.aplustopper.com/
https://www.aplustopper.com/author/sastry/
https://www.aplustopper.com/stewart-calculus-7e-solutions/

(BIfF=Fi+ O+ Rk is a vector field on [ and the partial derivatives of P, (, and R

exist, then the divergence of F 1z defined as div F = % + @ + %
dx & &
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gx dv 3z
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Then, diwF =14+ +1ordivF =3

Thus, we get .
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(@)[fF=Fi+ f+ Rk is a vector field on B and the partial derivatives of P, (2, and R all

exist, then the curl of F is the vector field on B defined by

ol F = (%—E}+[§—§]j+(£_%}k
g & g & gx Oy

Wehave F(x, v, 2)= xy223i o x3yzz] + :;:;);zk.
Then, P=xy223, Q=x3yz2 and R = x5z,

Find —, —, —=, =, — and —.
F & & F Ox dv
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ar &
PRl = e
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Substitute the known valuesin curl F = (g - %Jl + [g = %}] + ('Z_Q = ?—Q;DJIL
x
curl F = [3;{2}32 - 2x3yz:li + [3.@‘222 - 2)@232:]j + (3;{2}22 = 2;9»23)k

xzﬁ[3y = 2x)i + ;{3}22[32 = 2y)j + =t |:3x - 22)1{

Thus, we get ‘Curl F=x)z [3}1 - 2x)i + zygz[Bz - 2_yjj + ne |:3x N 22)1{‘_




(BIEF = Fi+ O + Rk iz a vector field on [ and the partial derivatives of F, O, and R

exist, then the divergence of F 1z defined as div F = BP BQ ’
ax é?y &
Find — o x , and %
oAy dz
ar d £
ol 2
x Bx(xy )
= i
5, J
2= 2@
S
= x'z
R 3roa s
— = —[x%y'z
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Then, div F = y*2° + 2'2° + x°)°.

Thus, we get [divF = y223+ P x2y3_
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From the vector field,

P=xye’ . (0=0and R = yze'
Find the partial derivatives of P,(, and R as follows:

"P oF d0 o0 oR oR _
Determine the value of —,— —Q—Q —, and— as follows:
(,;1‘ 8z Ox &z oy W
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Continue the above step,
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Substitute these values in equation (1).
cup (B 20), (2 _2K), (20 3F),
av oz oz ox ax vy
= [zeJr —O]i +[xye: —yze‘)j+(0—xe: )k
=ze'i +()(}'B: —yze‘)j—ref'k

Thus, the required value is,

‘curl F=ze'i +()c}'€: - yze' )J —.re‘ki

Find the divergence of F(x,y,z)=xye’i+0j+ yze'k as follows:
Here,

P=xyve',0=0and R = yze'

P 80 oR
It F(x,y,z)=Pi+Qj+ Rk is avector field on g? and —,— and — exist, then the
(x.0.2)=Pi+ 0] RO and .2 and -
divFis the function of three variables defined by, div FL?-wF-’—rgQ- -@E
oy oz
Find the partial derivatives as follows:
Determine the value of -@f,ég. and -E-;E as follows:
cx  ay
or @
x (3"
Hx at( e )
=y
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=0
5R I3, ( e;]
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Substitute the values of a—P?-Q— and glltiir: div F_-[-Jf-+£-g-+ﬂ_
dx oy oz ot oy &
div F—-aim-+£-t-ﬂ
&y o
= ye' +0+ ye*
=y[:e" +e")

Therefore, the required value is,
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(I F=Fi+ (3 + Rk is a vector field on I and the partial derivatives of P, (2, and R all
exist, then the curl of F iz the vector field on [ defined by
cutl F = @—ﬁ i+(§_%}'+ @_ﬁ k.

g & gz ox gy

We have Fix, ¥, z) = sinyzi + sin zxj + sin xvk
Then, P=sinyz, = sinzx, and &= sin xp.

g 22,20 30 30 B, OF
d & dx & & ay
3F .
— = —(asnyz
L - 2 foinn)
= Zoosyz
ar :
— = —[sin
> (sinyz)
= yroosyz
@ = i[sinzx)
o o
= ZCOSEX
@ = EI:sinzx)
o &
= Xcoszx
3R e 5
— = —[an
o )
= yoosxy
% = i(sin xy)
& &
= XcosxY
Substitute the known valuezin curl F = % - E 1+ [ﬁ - %]] + @ - g k.
& & & g dv

curl F = (xcosxy = xcoszxji + (ycos;az — yoos xy)] + [zcoszx = zcosyzjk
x(cosxy - coszx)i +y[cosyz — Cos xy)] + z(cos zx — cosyz)k

Thus, we get cul F = x[n:os;ty— c:oszx)i +y(n:os_}z 2 n:os;ty)j +z(coszx = cos;z)k.

(BIEF = Pi+ 3§+ Rk is a vector field on [§ and the partial derivatives of P, {3, and R

exist, then the divergence of F is defined as div F = % + @ + %
g v &
Find % @ and %
gx  ay dz
g7 3( ;
ol s1nyzj
=10
@ = i[Csinz:lr:l
& &
=10
R @ v
T T3 sinxy)
=0

Then, diwF = 04+04+0.
Thus, we get diw F =0



Chapter 16 Vector Calculus Exercise 16.5

Given vector fieldis F(x,y,2)= ;(m +yi+zk)
(a) Curl F=VxF
i i k
d d d
B 3 £l &
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Chiven vector field1s P(x,y,z) =e%sinzjty tan‘l[f] k
z
[a) Curl F=V=F

k
d d
o4

-0 o™ sinz ytan'l[g]
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Z
z
2
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=|tan? g —&% cozz|i- Zg}fxg]j+[yg’0'sinz]k

2

Therefore Curl F = tan_l[i]—e”cosz]i—[ - Q]J""[yéwsinz]k
z zZ+x



(b) divE=%F
aieg oo (]
- (sinz) (%) 2t ]]

i
- (snz)e” () 1+"— az[z]
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=xe™ sinz — Qy
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Therefore div F = xe™ sin z -
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(@IfF=Pi+ &+ Rk is a vector field on [ and the partial derivatives of P, (2, and R all
exist, then the curl of F is the vector field on [ defined by

curlF—(aR BQJ ( - ]] (BQ aP]k.
& & d &k ax v

Let P=g"siny, O =¢"sinz, and R=¢"sinx.

g 2 30 80 R R
&g dxr o=z h
aF .
E = [e s1ny]
= g"cosy
aF 2 .
E = gl[é‘ Slny)
]
% N ailze"' s1n2:I
x
=10
% = E(e"' sinz:l
= g’cosz
g—R = (e sin x)
x
=g cosx
3R ) .
g = 5[9 Slnx)
=10

substitute the known values in curl F = % BQ +[ G ]j SQ % k
& & gx 4y

curl F = ICU -2 cosz)i + (0 —&cos x)j +(0 —g" cosy)k

= —g’coszi — & cos g — 2 cosk

Thus, we get curl F = (:—ey cosz, —e  Cosx, —& cosy).



(BIFF=PFi+ &+ Fk is a vector field on [ and the partial derivatives of 2, O, and R

exist, then the divergence of F 15 defined as div F = % + @ + %
ax & &
Find % @ and %
dx v =z
O Iiexsin )
ax ax %
= g'siny
@ = iIzve"" sin z:l
W
=e¥sinz
IR o= iIzlcj'x sin x:I
iz =
= ¢fsinx

Then, divF = 2"siny +e’sinz + & sinx.

Thus, we get [divF = e"siny +¢’sinz + 2% sin x|
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(@IFF=/Fi+ Qf+ Rk iz a vector field on [ and the partial derivatives of P, (2, and R all
exist, then the curl of F is the vector field on [ defined by

cur1F=(ﬁ—@}+[%_%]j+(£_%}k
& & & & fx  dy

Let P=2 o= and R=Z
¥ z x
g 8, 00 0 B R
¥ & o & o £y
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Substitute the known values in curl F = (—

g &

curl

[O+%]i+[0+%}j+(0 +12Jk
-4 x ¥

I
[=
-
+

|
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+
|
L.

Thus, we get curl F = <12 ; ig>
2t x oy
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(BIIEF = Fi+ (3 + Rk iz a vector field on [ and the partial derivatives of P, (3, and R

ar

% , oR

exist, then the divergence of F 1z defined as divF = —+ — + —

Then,divF:l+l+l_
¥ z oz
; 1 1 1
Thus, we get [divF = — 4+ —+ —|
Yy oz x
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(A
We knowdiv i =¥ F
a

o

ax

¥ &

= P[x,y,z)+%Q(x,y,z)+%f€[x,y,z)

The wector field given 15 such that B I:x,y,z) =0 and P and Q do not depend on =

From the diagram we see that x component of & is zero, ie. P(=z, v)=0 and the v —

component (=, v) 15 a decreasing function of v

Therefore v P = %[0) +%Q(x,y) +%(0)

=%Q[x,yj <0

1Le &ivF s negative



(B)

-3 .8 3
=—O(xnyi+—O20 [ xyik
= @ (xy) axQ( »)
Since Qx, v) does not depend on £ Then
curd F = inny)kA
x
From the diagram we see that O does not depend upon x etther.

Therefore BEQ [x, _y) =0 and thuscurd F =10
%
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(a)
The objective is to verify iyF IS positive, negative or zero.
Assume F = P{x.y,z)i+ Q(x,y,z]j+ Rf.t,_v,z)[L

Given that the vector field F is independent of z(thatis, P and Q does not depend upon z)
and its z-component is 0, that is, R{xﬁy*z): 0.

Then, F= Pl\'x._v]i+Q[:.t..y}j+{O]k.
The divergence of the vector field F=P(x,y)i+Q(x,y)j+(0)k is,

divF=V-F

d i) 7
=—Px,y)+—0(x,y)+—(0
o 0) 5 0(xy)+2-(0)
== P(x,y)+=0(x.)
ox oy
The vector field Fpoints along the x—direction i.e. (i—gz{}
oy

divF = éF(A‘.y}+ 0

Thus, div]?:ﬁp X, ¥
cx {r }]

The particles moving from a point and entering to a point in the vector field.

Therefore, |divF =0}



(8)

The objective is to determine whether ¢yur]l F = 0. If not, in which direction does ¢yrlF point.

i i k

¢ 3, 7}

pe| L LA
s o By &
P(x,y) O(x,y) ©

- i[{}—ﬂ]—j[D—O]+k[§g[x,y}—%f*[x,y}]
=0 —(}j+k[£Q(x,y] -0} [Since ﬁ=|0}
re

aig[.r,y)ﬂ} when Q(x,y)=constant 50 curl F=0.
b

From the graph notice that, the y-component Q(x,y) ofthe field Fis a constantas x

N
increases, so ﬁ 0.
ax

Thus, curl F=0

Therefore, curl F points in the negative z—direction.
(a)
Consider the vector field F in the xy-plane given below:

&

¥ =




Chapter 16 Vector Calculus Exercise 16.5 11E
Let F=P(x,y,z)i+0(x,y,2)j+R(x,y,2)k
Given that the vector field F is independent of z (thatis, P and Q does not depend upon z)
and its z-component is 0, that is, R{x,y,z) =0.
Then, F=P(x,p)i+0Q(x,y)j+(0)k.
The divergence of the vector field F=P(x,y)i+Q(x,y)j+(0)k is.
divF=V-F
é a (5]
=_'P 2 ¥ i X, Vs +_R s Vs
P [xyz] ayQ(\ ¥ z) = {Jr} z)
é o
=—Plx,y)+— v)+—(0
5 P2+ 2-0(0)+ 2(0)
é

EP[.\',)!H%Q(I,}'}

From the diagram notice that y-component of fRis zero since all the arrows are parallel to the
x-axis, that is. Q(x,y]: 0.

And x component is constant for every y, that is, P{x,_v) =¢, here ¢ is a constant and then

3j
—P(x,y)=0
ox (x y}

Thus,
d
dwF_-é‘—- P(x, v)+ Q[x ¥)
d
=0+—(0
®
=0

Therefore. divF =|§]‘

(b)
Determine whether gurl F=0.

The curl of the vector field F=P(x,y)i+Q(x,y)j+(0)k is.

i ik
sge| 2 2 2
ax &y é
P(x.y) Q(x.y) 0
=.[%( __Q(ty] [;{0)—6%!’(::,_1’)]+k[%@[r.y}—%f’(x,y)}
=i[D—O]—j[[}—D]+k[a%Q(x,y)—%P(x,y]}
=0i- 01+k[ (D}——P[xy}} [Since O(x.y)=0]
=—[%P(x.y]]k

From the diagram notice that the length of the arrows increases as y increases that is,

P[x,y] increases with y and thus %F: >0
( H]

And hence curl F « (and it points in the negative z-direction
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(A)
curl £ Meaningless because we can take curl of vector fields only and fiz nota
vector field.

(Bl
grad £ Meaningful, This 15 a wector field



()
div F Meaningful and scalar field

(L0
curl (grad £): Meaningful and vector field

(E)
grad & : Meaningless because gradient 1z applied to scalar functions and 7 15 a
vector function

()
grad (div 7 ): Meaningful and wector field

(@)
diw (grad £ Meaningful and scalar field

H)
grad (div £): Meaningless because £1s a scalar function and divergence of scalar
function iz not defined.

o]
curl {curl &) Meaningful and vector field

(0
diw (div 7 ) Meaningless because div 15 a scalar guantity and divergence of
scalar function 15 not defined

69
(grad £) = (div # ) Meaningless because div & 15 a scalar quantity and we can not
talce its cross product

(L)

div (curl {grad £)): Meaningful and scalar field
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Giventhat fx, v, z)= y'z i +2xyz"j+3x0 2%
[ i J ko
i it i
Culf=vVXf=|3% &% B
'_,r'l:‘ Exy:; 3xy 2" |
=== 3xy"z |——'f“m-“|i— L {3xy’ \|——'|1 =i+ = 2xy
l z ) J x| J % _‘L’ T
- [ﬁK\f-" —6xyz’ 1i4"_[31-":" —3y? 22 4+ (292 —2v27 ]
yE ~mye = [3'2 ~3 s+ [ -0
i

Curl = 0, therefore vector field is Conservative

Applying technique for finding s , we have

. f TR
I 2 -4 i - {1



Integrating (i) with respectto ,  we obtain

_,f'(x, ¥ :) = x)'g.:" +gl[‘v, :) ............................. {iv)

Differentiating (iv) with respectto , we get
; == 3 .
! _,.(.r.y.::_i—hy.; +g.[).;J.

so, Comparison with (ii) gives
g,(n2)=10

Thus, g(y, z) = A(z)and

g = i3 4 i
j_.l._.r._'n-',.r;]—Sx}- z +hf.:l

Then(iii) gives h'{_.-) =0,
Therefore

1 3

.l(l{x,rl-', :) =Xy Z +k

This is the required solution
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i 5 k
curl j = Vj = itx ity iz

2 2. 2 _3.3
xyz~ x'yzm x'y'z

g Sk | R = o]
o (2] = ()]

= [szyz —ngyzj;' Fec [nyzz —2xy7.);‘ i (Z"J(y:2 —xzzjk

= - (2);}-2: —2xyz){ =+ [Zzwz2 —x:zjk

~eurl s o, the vector fuld is not conservative
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IfF is a vector field on [ and curl F=0, then F is a conservative vector field,

We lnow that el F = %—@ i+[§—%]j+ E_ﬁ k
i f dx gy

Let P = 3xy*2%, (3 = 2xoye®, and R = 3x9°2

pig =, 20,90 00 R oa OB
& &k &k v
ar 2 21
> 5
= 6xz’
ar 2 3 3
= w2
= bx’z
80 _ B a3
E = 5(2:{_}’2 )
= dxpz’
80 _ 8,2
% "zl
= 6.7(2}1‘22
BR &0 4
a = a(3xyz )
= 63}?222
BR = a a3
a = a(lxyz )
= Gyt
Substitute the known values in curll F = %—E i+[%—%]j + E—g k.
& & & dr v

curl F = [6){2}422 N 6x2yzgjli + (6;{3}22 - 6xygzzjj + (4){}‘23 - 61_')»‘22:Ik
= 0i + 6p°z(1 - z)j + 2m2’ (22 - 3k

Thus, we get curl F = lg,ig,ig :
2 x ¥y

Since curl F o= 0, the given vector field iz not conservative,
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Consider the vector field

F(x,y.z)=i+sinzj+ycoszk

Recall that

If F=Pi+Qj+ Rk is avectorfield on @@ and curl F =0, then F is a conservative vector field.
Curl of the vector field

R & 5P R A0 P
i ¥ = (22, (L) (202

\dy &z & ox ax  dy



Compare the vector field F(x,y,z)=i+sinzj+ ycoszk with F = Pi+Qj+ Rk

Then P=1,0=sinz, and R = ycosz

Mow find -EE-,E EQ @ a—R- and ?ﬁ

oz ax’ 8z ex’
Differentiate the function P with respectto y,and z respectively.

P _ 9

=2
> 50

=0
arF @
e S
oz 62(]

=10

Differentiate the function Q with respectto x, and z respectively.

a0 i o
- = aI(S]'n-)
=10
i = i[sinz}
oz oz
= cosz

Differentiate the function R with respectto x, and y respectively.

L i[ /oS z)
e ox 4

=10
R d
— = ——(yoosz)
ay 3

= cosz
Substitute the values of "-:’;‘_F'_, raf-, P-Q-, -a-g-, fit—, and ﬂin

gz ox &z ox oy
curl F = ﬁ—@ i+[E_ﬁ]j+ @_E k
By oz & o ax oy
curl F = (cosz —cosz)i+(0-0)j+(0-0)k
= 0i + 0j + Ok

Therefore,
curlF =0

Hence the vector field F(x,y,z) =i+sinzj+ycoszk 5 [conservative] .

To find the function f suchthat F=Vf
Consider the Vector Field
F(x,y,z)=i+sinzj+ycoszk ... (1)
Let f befunction such that F =VFf,
Vf =i+sinzj+ yeoszk .
This implies that
f_t[x, ¥ z) 5 (2]
£ (x y,z) =sinz, and ..... (3)

_{_{x, Y 2) = YOS 2w [4}



Integrate =2 from (2) with respect to x,
... (35)
Where g(y, z) is a constant with respect to x

Differentiate f(x, v, z) = x+ g(y, z) with respectto .

(% p.2) =g,(2)

g, (. z)=sinz From (3)

Integrate g (y, z)=sinzwith respectto y
g(y.z)=ysinz+h(z)

Substitute g(y,z)= ysinz+k(z) in equation (5),

f(x pz) = x+ ysinz+h(z) ... (6)

Differentiate f(x, y, z) = x+ ysinz+h(z) with respectto z.
filx, y,2) = 0+ ycosz+#'(z)

yeosz = yeosz+ h'(z) From (4)

H(z)=0

Integrate  A'(z)=0with respectto z
h(z)=K . aconstant

Substitute #({z)= K in equation (),
f(x ¥ z) = x+ ysinz+K

Therefore the required function f suchthat F=Vf is

‘f(-\‘, »z)=x+ _1-'sinz+K|_
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IfF is a vector field on [ and curl F=0, then F is a conservative vector field.

We know that cutl F = ﬁ—@ i+(§—%]j+ @_ﬁ k.
& & 3 & .

Let P=2", 0 =xz2", and R =xpe’

8P 8P 80 8Q BR . AR

Find —, —, —, —, —, .
& & & & ox B
aF &
> o)
= zg®
ar &
%2l
= yg'w
a0 8,
" w)
-4



e

= xe¥ + xuze®
a8 3 i
2= B e
= w7

= yg'm
a8 3
2 - 2(ow)
& &

= xa” + =™
Substitute the known values in cutl F = % - @ i+ [% o ﬁ]] + @ = % k.

dy & & & ox Oy
cutl F = (xe’“ + nme” — xe® - xyzew)i + Iiye"“"— ye"g:lj + Izze"w - ze'“")k
= 0i+ 05+ 0k

Zince curl F=10, the given vector field 18 conservative.

We need to find a function fsuch that ¥Vf = F . Then, we get

Vi =¥ + xze®) + ek
This implies that

Sz y) = e”,

A (% y) = x2e®,
and fx[x, y) = pu”
On integrating f,(x, v, z) with respect to x, we get j[x, ¥, z) ="+ g(y, z:l, where

gy, Z) 17 a constant with respect to x.

Mow, differentiate f(x, ¥, 2) = "+ g[y, z) with respect to y.
fy [Cx, >, z) = xze” + g, (y, z)

But, we have f, [x, _y) = xze”™ . We then get g(y, 2) as a constant &
Thus, we get the function as f(x >, z) =z + K.

Chapter 16 Vector Calculus Exercise 16.5

IfF is a vector field on [ and curl F=10, then F is a conservative vector field

We know that curl F = %—@ i+[§—ﬁ]j+ @_% k
B & & o dx Oy

Let P =g"sin vz, 0 =z¢"cos vz, and R=ye'cos yz.

AP AP 30 30 AR AR

Find —, —, =, =, —, and —.
PR T R WL 5
oF Bope
E = 5[9 Slnﬁ)
= za"cosyz
P 3,
™ g(e sm_y‘z:l
= ye' cosyz
8g

£ = %[Cze” cosyz:l

= z2" cosyz



g = g(ze” n:os_yz:l
= —yze'sinyz + 2" cos vz
R B,
> al:ye c:osyz)
= ye'cosyz
. 8( 2" cos )
= B M Yz

= —yze"sin yz + e cos)E

¥ & Ty ax

curl F = (—yze'” sinyz + ¢ cosyz + yze sin vz — 8" cosyz:li

Substitute the known values in curll F = [ﬁ - EJI + [BP = BR]]. * [E = %Jk

+ | ye¥ cosyz— ve¥cos ﬂ)j + (ze” CosVE — Z8' Cos _}a:lk
= 0i +0j + 0k

=ince curl F =10, the given vector field is conservative.

We need to find a function Fsuch that VY =F . Then, we get
Vi =" sin yzi + 22" coz yzj + ye' cozyzk . This implies that
Folz y) = e"sinyz,

5 (x,0) = ze" cosyz

and fx(x, y) = yo'cosyz,

B

On integrating f:(x, v, ) with respect to x, we get f(x, ¥, z) =g dnyz + g[y, z) . where

gy, z) 15 a constant with respect to x.

MNow, difterentiate f(x ¥, z) =& danyz + g[y, z) with respect to p.

5 [x, ¥, z) = ze' cosyz + 2, (y, z)

But, we have f, [:x, y) = z¢" cosyz . Wethen get g [y, z) as a constant &
Thus, we get the function as f(x, ¥, z) =g sinyz + K.

Chapter 16 Vector Calculus Exercise 16.5

No. If there is such a E then

-

O P A i h oy
div| curlG | = —| _rsm[/wJ] + —1! cos| vJ P —va = sin{ v
i 7 fr | \- iy | Ny z v

This does not agree with Theorem 11.

Chapter 16 Vector Calculus Exercise 16.5

hatah
—sin| ¥
NE S

MNo. Assume there is such a G. Then div(curl G) = yz - 2yz + 2yz = yz # 0 which contradicts

Theorem 11

4+
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Flapz)= f(x)ire(y)ith(z)k

i i ik
|2 a2 8
e v &
Flx) gly) kiz)
:?(%}z(z)—gg(y)J—f[gh(Z)_%f(ﬂ
+k a—ig(y —%f(ﬂ}

Since curl F = ﬁ then & is irrotational.
Hence any vector field of the form

ﬁ[ix,y,z) = f[ile?+ g (y:l}+}2 (z:l»% 15 wrrotational.

Chapter 16 Vector Calculus Exercise 16.5 22E

ﬁ(x,y,z) = f(y,z):f\-i-g[:x,zj}-l-kl:x,y)é

Then div(ﬁ:lzﬁ'xﬁ
‘_V-’ ( )z +g[x Z)J-He[x y)ﬁc)
3 5}
= I o (r) v k()
04+0+0
]

Since div(ﬁ:l 0, therefore 7 is incompressible.

Chapter 16 Vector Calculus Exercise 16.523E
Consider the identity,
div(F+G)=div F+div G
The objective is to prove this identity.
Suppose F=(f,. /. /). G=(g.&:8). then.
F+G=(f+g,f,+8:/,+&)
Recall that the divergence of the vector field F =(.fi~.f:-f.'\) is

o) 2%, a(£)

cx oy oz

divF =

So, the divergence of the sum of these two vector fields is,

ofi+e) O(fa+es) O(f:+8s)

div(F+G)= p > =

_a(h), al) , (%), 2(s:), %) , 3le)
ox o dy oy oz Oz

_(2£), a(%) a(ﬁ)]{?m};(a,) o(2)
fGh oy oz ox ay 0z

=div(F)+div(G)

Therefore, the identity is proved.
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c‘.‘u?’f[:ﬁ+é)= ﬁx(ﬁ+§)

= curi (ﬁ) +eurd (é)

Hence curd (ﬁ-ﬁ-é) = curl F+eourl G

Chapter 16 Vector Calculus Exercise 16.5
Iff=1{x v 2 and
ﬁ[x,y,z) = P[x,y,z:lf-i-Qlix,y,z)f-‘rRl:x,y,z)f&
Where P, ), B are continuous and their partial derivatives exist
Then,
div(fF)=V[f F)
‘3’.(_}’ P(x,y,z)f+f Q[x,y,z)}+fR[x,y,z)£)

= %[f (z2.2) P(xy.2)] +§[f(x,y,z) Q(x.r.2)]

*%[ftmz)ﬂimzﬂ

= f%P(x,y,z)-i—Pa—ijl:x,y,z) +j%Q[x,y,z)+Q%f[x,y,z)

3 3
+5 gﬂ(x,y,z)-i-f?.gfl:x,y,z)

_Jer, 0 k], 0 2 [l
—f|:ax+ay+82j|+Paxf[x,y,z)+Qayf[x,y,z)+Razf[x,y,z)

- f(x,y,z)[‘f’. [&¢+Q}‘+R£)]+ (Pf+Q}+R£).(%?+%}+%EJ

Chapter 16 Vector Calculus Exercise 16.5

How f = f(x,y,z)
And letﬁlzx,y,z) = P[x,y,z)f-i—Q(x,y,z:l}+R|:x,y,z).icA

Where P, O, R are continuous and their partial derivatives exist



|Q.‘l i

MO
=

.
s ]
S

—Q@J +J[f

54
N
gx

+ - i
2)4

2P Ry -

— — |+k
B & e Bx] (
+1[

X ap
+r i
[rEetry

ox

& F_ &

-1
N

= F(VxEV+(V £ F
=fcurfﬁ+¢’f><ﬁ
curf(fﬁ)zfcur!ﬁ+ﬁfxﬁ

Hence

. |3
vjxﬁ—i

Since,

=) ﬁ-’|‘9€ I

af

&

2
ax

@|Q ) QJ|6};§ R

o)l
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f‘—“\“uéi"

Consider the following identity:
div(FxG) =G -curl F-F-curl G

The objective is to prove this identity

Examine a single component j Here i,jand k can be any three componenis such that the

cross-product of jand j is equalto k.

div{FxG} = M]
i

a(F.G‘)_G[FAGf]]

-
[#!]

aF
_+P__ E e
% 5

ﬂ]
2 _

&

i

)

2]
%

ax

&
ap

3

£

g
x Sy

i_pij
ax gy

ci
J|F. A(F (G oG .
_ G*f(ﬂ_,)_cfc{qug’r(ﬁ_*)_ﬂftﬂ_,)]
o o o ol
Sum over all indices:
div(FxG)= Z di\f{FxG]‘
ol F a(F, G
= Z [(’1 r(‘ ]_G { ] ) ((;‘1']_[;}( (.\.1)]
i of Ci o |

=G-curl F=F-curl G
Therefore, [div(F xG)=G-curl F=F-curl G|.




Chapter 16 Vector Calculus Exercise 16.5
div(ﬁ'jxﬁ'g) = ‘_\_;'I:‘_UP"_}’ Xﬁ'g)

Since divlzﬁ xé)=@.cwﬁﬁ—ﬁ.cwﬁé
Then divlzﬁ’fxﬁ'g) = (ﬁ' g).cun’ (ﬁ’f)— (ﬁ'g).cun’ (ﬁ’g)
>

Considercurf(‘_f"f) = ‘?x(‘f’f}l

x i
io7 K
|5 2
T
¥ ¥ ¥
g A &
Froo?gN. (y @Y. [ FF FFN.
= = i+ = i+ = i
iz Bzdy Fdx dxdz xdy dvdx
= Uf+0_:i}+0p% . AUsing Clairauts’s theorem}
=0
Similarly curf ( v g:l =10
Therefore div(‘;_;'fx

1e div(‘_f’fx‘_?}g)zo

Chapter 16 Vector Calculus Exercise 16.5

Let & = P[x,y,zjlf+Qlix,y,z)}+R|:x,y,z)§cA
Where P, Q, B are continuous and their second order partial derivatives exst

Poi ok
Then ‘:T:'xﬁ:i i i
dx v &
F Qg R



3 ; i
Therefore ﬁ'[:‘?x ﬁ) = Bi % %
R 30 OF_ER 20 0P
8y 8z gz & Sx v
_s|i2 ﬁ_% g (%_@]
E ay . ay z\a
Fr #r R
=Z{ ‘g‘? EH
af* a%v ;P
_Z { dx &Bx [ J} :|
_ E[BQ aR aﬂp 32
h arl dy & @» azﬁ
. 3 0, %) (22,20, 200
Bk Ax By &
2 %
: {a( )H
_ a b = ;
LE. Z[{a }Ij| W ZPI
=¥ "G"F’) TF

Hence |¥.7=3



(B)

Asweknow‘f’.(jﬁ)zf VE\+F *j
Then ﬁ’.(r‘?)zr(ﬁ’.?)%—?.(ﬁ’r)

Using patt (4),

‘f’.(r?)=r(3)+(x{+ﬁ+z£)_(£‘%+“—r i&%}
=3r+ m{\+y}+z§:-. ik i ¥ ot z

( )[[xﬁ +y2+z:‘)}£ (xz +y2+zgjl}£ [xz_l_yz +zz)}§
= 3r4+ % + }’2 n 2

[xz +y2 +22)
%
M

=3r+
[x2 +y2 +22)

= 3r+(x2 +y2+22:l

=3r+r

=4

{3
Vzrj:ﬁ’.(ﬁ'rz)
MNow
*3_4&2 1, a4 432 1, A "Ez 1, 2y
Vr —xax(x + +z) +J3y(x + +z) +}:&[x + ¥ +z)
=3;':(;*::i +y:*—i—zz)}ﬁzj'\+3_ylz;':2+yg+zgjl’1f£}+32(;*::i +y2+zz)‘lé.%
Then

+3y (xz +y2 +z )}5}+32 (xg —i—y2 —i—zg)}ﬁr S;]
32

I: - —_ +3(x2 437 -i-z:*)‘]'Jﬁ
Xty 4z

1
=3(x2 437 +22)’é{+ )%
3t
(2 +57 427
= 9(xz +57 +zg)}§ +3I:x2 +y° +22:I/(xz +5° +22)H
=9 +3r
=12r

+3[x2+y2+22)%+ 224 7

(x2+y2+z2)

)%
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F= .xf+y} +zk

And |F| = (xz +y? +22:l% =r

(&)
ﬁ’r:xf\;—x(xg+y2+22)%+}§(x2+y2+22)%+££[x2+y2+22)}5
P x ~ > - =
=1 o +i
(x2+y2+zg)% (x2+y2+zg)’]’f‘”C (x2+y2+zg)%
Ayl +zk
(zc2+y2+22:|’1i£
i
r
(B)
ik
Fero|? 298
dx v &
x ¥ =
A d J A0 a Af 0 J
_;[2E)_20)), of3(n)_2(2)), (20) 2
v & [523 528 ay
={(0)+ j(0)+£(0)
=0
(<

V(%) = f%(f +° -i-zg)/lﬁ‘jg +}%(x2 +5° +zz)}£ +£§[xz +y* +2° )%

{; B g U .y )

szg +y2+22:l% Ii:Jr2 +y2+22:l’1’é [xz +_y2 +22:l}£

7
3

Hence ‘3’(%) =-Fr
@)

MNow r =I(:Jr:*+y2 +zz)}ﬁr

1
Then lnr=—In{xz" +)* +2°
SRR

Flnr = §|:;ailn|[x2 +? +22:I+}%1n (xg +* +22)+£%1n(f +? +22):|

r
1 2x 2y 7 2z
ZE 2 R N T, 3t 3, 1,3
7 i S b o L it s T s
_n{\+ﬁ+zﬁch
xz+y2+zz
2

Hence Winr=#irt
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We knowdiv(g C'-;:] = gdz'vff+ é‘;_;'g

? inthis identity, we get

Putting F=7 and g=r"
div(?‘“r" ) =rPdivi+F VY
=r? (3 +7 (—p r'p'lﬁ’r:l

(Because divF = 2 and gradf(u) = f'(u)gradu)

Then div(? r":I =3pF — ! (F.‘_V-’r:l

But Tr=

F
r

Therefore dz'v(?r'p:l =% 7F-p r'p'l‘—lir'r)
r
=3 _pp (r.r)
= 3T ¥R

=3P —pr?
=A3=g)r

Hence |div(?frp)= [3—p)frp ‘

Or div(ﬁ:l=|:3—pjfr"

(hs F=Fir?)

FordivE =10, p must be equal to 3.
That is whenp =3, divF =0
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Prove the Green's first identity by using the second vector form of Green's theorem.

Consider the following second vector form of Green's theorem. (ﬁp nds = Hd"" F(x,y) dd
C i

R i )

It can be written as follows:

(I)F‘n ds:ﬂV-F dd
iy i

Put F= Vg in V.F and simplify.
V-F=V:(fVg)
=f(V-Vg)+(V/)(Ve)
=fVig+Vf Vg

Also. F-n=f(Vg)n.

Then Green's theorem (1) gives,

c{)f(v g)nds=[[[ fVg+Vf.Vg|dd

$7(Ve)mds=|[ v gda+([[v f.Vgda
[ & il

n

[[rvigda=¢ r(Vg)nds-[[v Vg d
] (S i

Therefore, Green'’s first identity is ”fo gdd= 35 f(Vg).nds —HV fVgddl
£}

2] [
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From Green’s first identity

FPgad=f (V) dde—[[T7 Trdd e (1)
II $
o [ n

Interchanging fand g
[[e77da=e(Vr)ads-[[Ve.
. b

D
Subtracting (2) from (1)
H(ﬁﬂg —gV*f)dd = cj;(ffi’g— gVf ).fids
ki o
Which iz Green’s second identity
Hence proved

=+

JdA e ()
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The function gis harmonic on  p . This implies that V’y =0 onD.

Use Green's first identity to solve the problem. This is mathematically expressed as follows:
ijF ‘nds= ” div F(x,y)dA.
C n
The objective is to show that ‘ﬁDJ.."ld‘ =0 j ¢ is harmonic on D.
c

Here, D gis the normal derivative of ¢ and D g=Vg-n.

@ D gds = :#'u?lr; -nels

L8
= ﬂ div(Vg)dA (Use Green's first identity)
n
= [[V-(vg)da
o
[ s)a
2]
:H[O]d.d (Since Vig=0on D)
0

=0

Hence ‘IDDJ,HC"{" =0.
2
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The function # is harmonic on p that is Vz_f:{] onD.

And f(x,y)=0 on the boundary curve C,

Need to show that [[[V/['dd = 0.

Since we know that“

[[(7v29) da=§ 1 (Vg)-mds—[[V/ Vg dd

H Vf Vg dA =f;.f'(‘7.q}-n ds -f}(.fvz_q) dA

F;;Dlate Vg by ‘;ff- get ”

[[[vrfaa=[[vs-vf aa

! =<§.f'(\?{f)-n ds—[[(fv2r)
=<i)f(‘§?_'f}-n dv-_{{f[v{,f'} dA
=<ia(o](v_f)-n ds —“[ [r(0ydd  (Since V£ =00nD,f(x,y)=00nC)

¢ >

=?Orn ds— ([0 dd

n

=0

Hence, H|W|jd‘4 =0.
i
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d

D P
r
0
0
(A
In right angled triangle ODF
sind=—
r
1e d=raind
How by the given definition of angular speed,
s
d
: v
ie. W= —
rain &
Or v=wraind
Or V=wxF

(¥ atF is directed in negative x — direction and 7 %W is directed in positive 2 —
direction but wx 7 is directed in negative = — direction. So we have ¥ = Wwx# )

(&)
From part (A) ¥ = wxF
And W= wi, r=n¢+y}+z§cl\
Then 5=(W£)><(ﬁ+y}+zﬁg)
Pk
=0 0
x y z
= ;lz—wy) - }(—m) +ﬁ:[0)
=—wyf+wx}
(&
curl = Vi
ik
o8 B
Tl oy &
—wy wx 0
(Using part (B))

(- go)ei{ o o)

={(0) = F(O)+k(w+w)

= 2wt
= 2%

Chapter 16 Vector Calculus Exercise 16.5
It 1z given
divE=0 divH =0
i 138

curfgzjﬁ curd H = -
1A ol 4



(A)

E)

-

VX(‘?XE)=CH.?'E(CH!'3§)

(<
We know curd (curf ﬁ) = grad (divﬁ) =52 B

Then W:F = grad I:div ﬁ) —curl I:cun’ ﬁ)

Therefore V2E = grad (divE) —ourd (cwﬁ E)
-1 %%
=grad(0)-| ——
Efd I: ) |:Cfﬂ az2:|
(Using (A7)
1 38
() e e g
c* 3
et
i WE-LZZ2
o e

L)
TH = grad I:divg) —curd I:czm’ E)
-1 #H
= gmd (0)—|:C—2?:|
_1ed
el

Chapter 16 Vector Calculus Exercise 16.5
Let f be a continuous function defined on & and we define a vector field

C'-;[x,y,z) = g[x,y,z),O,U » such that

S(X,y,z)zif(z,y,z)dz. ——(1)



Mow div(¥ = V.07
=< iii > <g(xy.2),0,0>
& v o
= ig(x,y,z)—i—(]—i—[]
&

2
ag(ww)

:%-Ef(g,y,z)dz {from [3)}

= j[x,y,z) {Byfundamentalﬂ]eorem of ca.lculus}

Thiz implies diviF is itself the function £ Therefore, Every continuous function £
on B isthe divergence of some vector field.
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