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2.5 LIQUIDS. CAPILLARY EFFECTS

2160

2.161

2.162

2163

2.164

1 1 4a
® "“"“(EE*E}'“{

-3
= M—% = 1307 x 10° % = 13 atmosphere
m m

15x10°%
(b) The soap bubble has two surfaces
1 1 8a
% Ap’za(d/fd/z)' d
= 8;45:5)( 107% = 12x10~? atomsphere.
Ix10

The pressure just inside the hole will be less than the outside pressure by 4 a/d. This can
support a height & of Hg where

4a 4a
pgh= 7 h= ogd
4%490 x 103 200

- - w 21 m of H
136x10°x9-8x 70 x 10~¢ 136x70 g

By Boyle’s law

3
8
or Py 1-13;)-—,%712-1)
1 Ili 2
Thus o= EPod 1- " n"-1)

The pressure has terms due to hydrostatic pressure and capillarity and they add

4a
p=po+pgh+—g*

5x98x10° 4x-73x1073
= |1+ G + o
10 4x10

x 10‘5) atoms = 2:22 atom.

By Boyle's law

4a. 40
(Po+hgp+7)%da- [p0+;d-)%n3d3

or [hgp ~po(n’ - 1)] - i} o -1)

or h= [Po (' -1)+ % (n2 -1) ] /gp = 498 meter of water
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2.166

2.167

2.168

2.169

243

Clearly e . —
a fcos 0[] 2= R EER
pg=4acos@||5 - === == |=—==
(dl dz) il o EiaEL @ Nl
4ajcos 8)(d,-d)) }::—f == [F=:
= = 11 mm —_ =] | === T = —
d d;pg == 2] == 122 =
In a capillary with diameter d = 0-5 mm water —
will rise to a height
2a 4a
pgr pgd ,’R
-3 L}
4x73x 10 - S96mm

T 10°x98x05x 10"
Since this is greater than the height
( = 25 mm} of the tube, a meniscus of radius
R will be formed at the top of the tube, where
20 _ 2x73x107°
Pgh  10°x98x25x107?

H!
l],
|]]|! :lall

l
]

R=

1]

w~ (-6 mm

Ik

I

Initially the pressure of air in the cppillary is p, and it’s length is /. When submerged
under water, the pressure of air in the portion above water must be p, + 42, since the

level of water inside the capillary is the same as the level outside. Thus by Boyle’s law

(p0+47a)(1-x)=p01

or %(!-xhpﬁx or x=

1+Po—d
4o
We have by Boyle’s law
(po-pgh+--——~—4“;°se (-1 pol
or 4acosb h+Poh
’ d BT h

Hence,

Suppose the liquid rises to a height 4. Then the total energy of the liquid in the capillary
is

E(h)= %(d%—d%)hxpgx—g—-n(%—dl)ah

Minimising E we get
4ot

- —— — = 6 CM
Pg(dz'd1)

h
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2170 Let k be the height of the water level at a

2171

2.172

distance x from the edge. Then the total energy
of water in the wedge above the level outside is.

E-_-fxéq;-dx-h-pg%-Zfdx-h-acosO

_ 1 2 2acos B -
—fdxzxpgﬁtp(h z—xpgﬁtph)

2
1 2acos 0 4’ cos’ 0 F
= ) dr—xpgd h- -
f 5 Pg cp[( xpgﬁcp) xzngzﬁ‘pz}

2acos0

This is minimum when /i = “=ee—- \__-/
xpgde

From the cquation of continuity
X
Tfv=2[4 v or V=rPv
4 4ln

We then apply Bernoulli’s theorem

2

The pressure p differs from the atmospheric pressure by capillary cifects. At the upper
section

%+-1*v2+<1)= constant

2a
P=pyt a
neglecting the curvature in the vertical plane. Thus,
. 2a . 2na
ko —d—+l + I-L..Lq.ln‘vz
3V *8 o 3
1V/5ﬂ—15m-u
or V= —_pd

nt-1

Finally, the liquid coming out per sccond is,

4o,
V=}Ind2vzét— d(n—l)

4

n -1
The radius of curvature of the drop is R at the upper end of the drop and R, at the lower
2a
R,

end. Then the pressure inside the drop is py + =~ at the top end and pj + 2_(1 at the bottom

R,
end. Hence
2a(R;-R)

p+&=p +-—29~+pgh or —————=pgh
*" R, °" R, R\ R,

To a first approximation R;» Ry~ g— s0 R,~R = %p gh */u. = 020 mm

if A= 23mm, = 73 mN/m
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2.173 We must first calculate the pressure difference inside the film from that outside. This is

2174

2.175

2.176

1 2

1.1 )
pP= u(r + )
Here 2r |cos 8 |= h and r, .. =R the radius

of the tablet and can be neglected. Thus the
total force exerted by mercury drop on the upper

glass plate is
2nR%a [cos 0|
h

We should put /i / n for /t because the tablet is compresed n times. Then since Hg is nearty,
incompressible, 7R* ki = constants so R — RV7 . Thus,

2xR?aleos 6] 4

—y "

Part of the force is needed to keep the Hg in the shape of a table rather than in the shape
ot infinitely thin sheet. This part can be calculated being putting # = 1 above. Thus
2aR?a|cos 0] _ 2R R* & | cos Olnz

typically

total force =

me h h
2
or "= M(,@?_l) = 0-7kg
hg
The pressure inside the film is less than that outside by an amount o --1~—+l where

ryoT
r, and r, are the principal radii of curvature of the meniscus. One of these is small being
given by si= 2r cos0 while the other is large and will be ignored. Then
- 2Acosd

F ; a where A = area of the water film between the plates.
1
Now A= F)mF s0 F= ?pihg:— when 0 (the angle of contact) = 0
This is analogous to the previous problem except that ; A = xR 2
2
So Fu ,2,_’.‘._1?_2 = (06 kN :_,\.\ ’/_:
h [— =

The energy of the liquid between the plates is
E-= zdnpg;—'_zalh- %pgldhz-Zalh

2
1 2a 20!
=—pgldlh-——] -
2P ( Pg ) pgd
This energy is minimum when, h = ga p and
- . . 20’}
the minimum potential energy is then E = - ogd
The force of attraction between the plates can be oblained from this as
-8E 2
F= mo 2071 (minus sign means the force is atiractive.)
ad pgd
Thus J I LTS Y

d
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2.177 Suppose the radius of the bubble is x at some instant. Then the pressure inside is
Do+ ﬂf,- The flow through the capillary is by Poiseuille’s equation,
art 4a 2dx

8nix - Y&

Q=

4
Integrating 7‘2’“? L= z(R‘-—x‘) where we have used the fact that ¢ = 0 where x = R,

4
This gives ¢ = Zn If as the life time of the bubble comesponding to x= 0
ar

2,178 If the liquid rises to a height #, the enetgy of the liquid column becomes

2 2
1 2aa
Ewm :trzh-——zatrhu-— nirh-2 -
PE PE ( b g) 0 g
This is minimum when rk = 2 and that is relevant height to which water must rise.
2mol
At this point, E . = -
P mn Pg

Since E = ( in the absence of surface tension a heat Q = 2za must have been liberated.

2.179 (a) The free cnergy per unit area being o,
Fegad?=3u
{(b) F= 2mad? because the soap bubble has two surfaces. Substitution gives
F =10 pJ

2.180 When two mercury drops ¢ach of diameter  merge, the resulting drop has diameter 4
where ‘:—d13= %daxZ or, d;=2"d

The increase in free energy is
AFw 72 3% -2nd%a= 25d%a (27 -1) = =143 )
2.181 Work must be done to stretch the soap film and compress the air inside. The former is

simply 2ax 4R’ SnRza, there being two sides of the film. To get the latter we

note that the compression is isothermal and work done is
V=V

fpdV where V,p,= (po a )VV-T

|4 40
or T LA 1
] Po P=D R
and minus sign is needed becaue we are calculating work done on the system. Thus since
pV remains conslants, the work done is
Y
Vin-L= pVin&-
Py =PV b

So A'=-81tR20.+len£
Po
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When heat is given 1o a soap bubble the temperature of the air inside rises and the bubble
expands but unless the bubble bursts, the amount of air inside does not change. Further
we shall neglect the variation of the surface tension with temperature, Then from the gas
equations
4aldn
Po+ T) EN P = vRT, v= Constant

Differentiating

8a

(p0+ 3—)4nr2dr= vRdT
r

vRdT

LBa
Pot 3,

or dV=dnridr=

Now trom the first law

& Q= vCdT= vcvdT+L‘”.(p0+ﬂ)

ffed r
Po* 7y,
4a
Potr—~
=C
or c v+R .
P{J?
2R
using C,=Cy+R, C= Cp+—3_,-"
1+ Po
8a

Consider an infinitesimal Carnot cycle with isothenus at 7 - dT and T. Let A be the work
done during the cycle. Then

A= [a(T-dD)-u(T)]|d0o= -%cﬂ'ﬁo ¢
Where &0 is the change in the area of film T-d7
(we are considering only one surface).

Then m= A _dr by Camot therom.
o T

da T
or—deTéa_g o nda 956 E )
gds T 9= =4yur 3 >

As before we can calculate the heat required. I, is taking inlo account two sides of the
soap film

da
6q=-TdT60x2
_%_ _,de
Thus AS T 2dT60'

Now AF=20d0 so, AU= AF+TAS= Z(G—T‘;—;]ﬁo



