Vector Algebra

Vector and Its Related Concepts
Vector

o The quantity that involves only magnitude (a value) is called a scalar quantity.
Example: Length, mass, time, distance, etc.

o The quantity that involves both magnitude and direction is called a vector.
Example: Acceleration, momentum, force, etc.

o Vector is represented as a directed line segment (line segment whose direction is given by means
of an arrowhead).

e In the following figure, line segment AB is directed towards B.
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Hence, the vector representing directed line segment AB is AB or simply d . Here, the

arrow indicates the direction of AB. In AB , A is called the initial point and B is called the
terminal point.

o The position vector of a point P in space having coordinates (x, y, z) with respect to origin O (0, 0, 0)

is given by OP o 7,
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« Here, the magnitude of 7 i.e, |7 |is givenby V¥ TV 5



o Ifaposition vector ¥ of point P (x, y, z) makes angles a, 3, and y with the positive directions
of x—axis, y-axis and z-axis respectively, then these angles are called direction angles.

z
&
Plx, v,z
jﬂ/’:/{"! }
O o) -y
o

X

o The cosine values of direction angles are called direction cosines of 7. This means that direction

cosines (d.c.s.) of I are cos a, cos B, and cos y. We may write the d.c.s of " asl, m,n where I =
cosa, m=cos fand n = cos .

e The direction ratios of * will be Ir, mr, and nr. We may write the direction ratios (d.r.s.) of Fasa, b,
¢, wherea =1Ir,b=mrand c = nr.

e If], m, n are the d.c.s. of a position vector F,then
E+m?2+n2=1

Types of Vectors

e Avector whose initial and terminal points coincide is called a zero vector or a null vector.

e [tisrepresented as 0,

e A zero vector cannot be assigned in a definite direction since its magnitude is zero or it may be
regarded as having any direction.

o Thevector PP, AA etc. represents a zero vector.

e A vector whose magnitude is unity or 1 unit is called a unit vector.

« A unit vector in the direction of a position vector * is givenas .



o Two or more vectors having the same initial point are called co-initial vectors.

AB, AC

e In the following figure, vectors and AD are called initial vectors as each vector has the

same initial point i.e., A.

o Two or more vectors are said to be collinear if they are parallel to the same line irrespective of
their magnitudes and directions.

e In the following figure, s and 7 are collinear vectors.
-
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e Two vectors are said to be equal if they have the same magnitude and direction regardless of the
positions of their initial points.

e Fortwo equal vectors d and b , we write a=b

e Avector whose magnitude is the same as that of a given vector but whose direction is opposite to
that of the given vector is called the negative of the given vector.

e The negative vector of PQ is QP and it is written as PQ = - Q_P
Solved Examples
Example 1
Find the direction cosines and direction ratios of the position vector of point P(8, -4, 1).

Solution:

Let O be the origin. The position vector of point P(8, -4, 1) with respect to origin will be OF



8
9°9 79

The direction ratios of ¥ are

E,ﬂ;‘ _ixg lxq

Ir, mr,nr="9 9 9 =8,-4,1
Example 2

In the following figure, which of the vectors are
(i) Collinear

(ii) Equal

(iii) Co-initial

Solution:

(i) Collinear vectors: d, € and d

-

(ii) Equal vectors: @ and ¢

(iii) Co-initial Vectors,E , d and €.

Component Form of a Vector

Key Concept0073



In a space, the unit vectors along the x-axis, y-axis and z-axis are denoted by I J and k
respectively.
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It can be noted that H - |I| -

The position vector (F) of any point (x, y, z) in a space is given by
F=xi+y+zk

The scalar components of ¥ are x, y and z.

The vector components of ¥ are *** and Zk, which are along the x, y and z-axes respectively.

If the position vector (F) of a pointis * + )+ 2k ,then " Fyx 4y 42

Two vectors @ and P given by “
and as = bs.

=aitayjtak g b=bithj+bk . equal if a1 = b1, az = by,

Solved Examples
Example 1

Slal=3]b| a=T+(x=2)j+4k 4 b=9-12j+(x+2)k

Find the value of x if *where
Solution:

We have



G=Ti+(x=2)j+4k

b=9i —12]+(x+2)k

Ja=(7) +(x=2) +(4) =¥ —ax469, |5 = J(9) +(-12) +(x+2)" =¥ +ax+220

Itis given that

5|dl=3b|

= 25|a=9|h[

= 25(x2-4x+69) =9(x% + 4x + 229)
= 25x2-100x + 1725 = 9x% + 36x + 2061
=16x2-136x-336=0
=>2x2-17x-42=0

= 2x2+4x-21x-42=0

= 2x(x+2)-21(x+2)=0
=>(x+2)(2x-21)=0

= (x+2)=0o0r(2x-21)=0

21

=>x=-20rx= 2

21

Thus, the required value of xis -2 or 2

Example 2

Find the values of x, y and zif d = E,Where “ :{'T+'v}f +“_2‘T}j+{z_2}k

N
andh (2y-1)i+(2 V)i -k.
Solution:

It is given that



a=(x +_1’}.;+|[?—2,1'}_.;'+[z—2}|£:

b=(2y-1)i+(2-y)j+2k

b

a
=>x+y=2y-1,7-2x=2-yandz-2=2
=>x-y+1=0..(1)
2x-y-5=0..(2)
z=4..(3)

On subtracting (2) from (1), we obtain
-x+6=0

=>x=6

On substituting x = 6 in equation (1), we obtain
6-y+1=0

>y=7

Hence,x=6,y=7,and z = 4.

Addition and Difference of vectors

Triangle Law and Parallelogram Law of Vector Addition

Let points 4, B, C form a triangle. If one person goes from A to B (represented by vector AB )

and B to C (represented by £C ), then the net displacement of the person from 4 to € ( 4C ) is given
by AC = 4B + BC.

This is known as the triangle law of vector addition.

C




o Toadd two vectors @ and b they are positioned in such a manner that the initial point of one
coincides with the terminal point of the other.

o In the following figure, the initial point of b and the final point of € coincide at C.
o

i~

A o ; B

o
Hence, we write: € +b=a
e In the following figure,
AC=AB+BC=d+b
AC'= AB+BC'=d+(-b)=d-b
Here, the vector 4C" is said to represent the difference between vectors aandb

C

e When the sides of a triangle are taken in order, then their resultant vector is 0 because the initial
and terminal points coincide.

o InAABC,if AB, BC, and CA are in the same order, then AB+BC+CA=0

C




If two vectors @ and & represent the adjacent sides of a parallelogram in magnitude and direction,

then their sumi.e, @+& represents the magnitude and direction of the vector through their
common point. This is known as the parallelogram law of vector addition.

Addition and Difference of Vectors

— o o = Y o ° =
Ifa = a11 +a2j +askand b = byi + bej + b3k, then

— . . .

44+ b = (a1 +b)i+ (a2 +b)j+ (a3 + ba)k

e

- 7 » .
a — b = (a1 —b)i+ (a2 —b2)j+ (a3 — b3)k
Here, @ +b and@—b are called the sum and difference of vectors @ and b respectively.

Properties of vector addition

Commutative Law: For any two vectors @ and b
i+h=h+a

Associative Law: For any three vectors @ © and ¢

(G+bV+E=a+(b+7)

The existence of additive identity: For any vector @, we find —4 (negative of vector a) such that
a+(—a)=0

Here, (—a) is called the additive inverse of 4.
Solved Examples

Example 1

- _at 2% af T_ f,m%, AL 5—5—25+E‘
1f @=91-3j=3k ;nq4 b=-1+77+2K then find the value of “ | | |

Solution:



We have, ¢ =9/ —3j-3kandb=—+7j+2k .
b =[9+ D)+ [ +T] D)+ @k

=8i+4j—k

And, a—b =[9-(-D]i +[(-3)-7)7 +[(-3)-2]k
=10/ 10} - 5k

Hence, a+5| = J(8) +(4) +(-1)" =9

And, |§-E|=J{m;ﬁ+{—m}3+{—5}3 ~15
Hence, [d-5|-2|d+5] =[15-2x9)
=[15-18|

=|-3

=3
Example 2
_'+f}.:6 lﬂ - p— 7 ¢ _1" _'— _1? |n- |.FL
Find x + 5y if |ﬂ | \"{_anda—.w+3x.;+vlgk andb—'?_];+|3_}_;+£+’rsuchthat
both x and y are positive integers.
Solution:

We have:

i =xi+ 3)(} + _'ryﬁE
and b =9yi +13)5 + .1'_1-!;

Hence.d+b =(x+ (Jy}f +(3x+1 3}'},"2 + 21,‘,";1'!(

.-.|d+£|=\/r;x+9y}-‘ +(3x+13y)" +(2 _ry)2

= J(x* +81)7 +18xp) +(9x° +169)° + 78xy) + 4xy

= J10(x +25)7 +10xy)
= \J'rl_[]\,"[x + 5_1-'}:
=J10(x +5))

Itis given that

|ﬁ+§| =6m
= -.u'ﬁ{x +5y)= Fw'ﬁ

= x+5v=06



"Multiplication of a Vector with a Scalar

Key Concepts:

If A is any scalar and a=af+ayj+ak is any vector, then the multiplication of scalar A with this
vector @, denoted by A a,is given by:

hil = Fx(:.rlf +a,j +-:;_ﬁ} = (ha )i +(hay ) j + (0 ) k

5(2i - j+4k Pt S s nang
For example: [ J ] =(5x2)" 5/+(5x4)k _ 10i —5]+20k

= . hd| = |h||a
If ¢ is any vector and A is any scalar, then | ” | .

|

a=
The unit vector in the direction of vector @ is denoted by ¢ and it is given by:

=13
o

i . . qd=—
if @=9-87-12k qon d|

= ' [9?—3}—121?)

JO) +(=8) +(-12)°

:%{95“_3}_125)

g . A -
—_}j_ij_Ek

17 17t 17

Two vectors 9and ? are said to be collinear vectors, if there exists a scalar A such that b =ha

In this case, if a
by b, b

e Ay

a,

=ai+ayj+ak and b=hi+b,j+bk , then d and P are collinear,

provided “

E:af+a1{+a£ . . . =
If ! 2 T , then a1, az, az are called direction ratios of .

i3

a4
T
ja|’|al

d ) ) ) =~
| are called direction cosines of 9.



Some properties of multiplication of a scalar with a vector:

If @ and » are any two vectors and k and m are any scalars, then

(k+m)a = ki +mi
k(ﬁ+5)=k&+k§

k(ma)=(km)a

Solved Examples:

Example 1:

If d=31=3j+k jpq b=-20+/-k , then find the value of A, such that

l% 2354+ \I"Ef:r| =42 +3V10
Solution:

a=5-3j+k

b=-2+j-k

Now,

2G+3b = 2(5?-3_}+£)+ 3[—2;’+_}—JE] (10-6)i +(~643) j+(2-3)k=4i -3/ —k

i+h = [5?—3,}'+JE]+['—25+_}'—i):{ﬁ—z];“+(—3+|)j+(|_ 1)k
a8 =3y +(-2) =13

Therefore,

-2



2§+3E‘_4r—3}—k|_ N T _
and]|"| |_m||4f 3j k| = ISJH} +(=3) +(-1)
|

-5 26 =2

Then,

. . | | - | fir an o I . o g
235G +6h =235« —a+ o x— b =235 Si—3j+k)+Jox—= 20+ ]k
a ) ><|t_’|cr xh d xﬁ(; J ) x‘J‘E[ i+ ]

=2{5£—3_}'+£]+(—zf+_}'—£)
=(10=2)7 +(=641) j+(2=1)k
=8 —5)+k

- |2VBSa+ 6B = [(8) +(=5) +(1)’ =V90 =310

It is given that,
2G+3b —. -
A > +p‘2¢ﬁa+¢'ﬁb=4ﬁ+3¢ﬁ
d+b|
= 32+ ux 3410 = 442 +3410
Comparing the co-efficients of V2 and Jio ,we obtainA =4 and 3u=3
Thus,A=4andp=1
Example 2:

AU (R I
_a=—=i——=j+xk Sl _ .
If for a vector ¥, ‘E ‘*E and |a| lz,then find .

Solution:
I .

G=——i———j+xk .
| NN R, dl=
Since < is a unit vector, we must have



P P

a=—:‘——' +—Fk

NERN RN
We know that,
A
a=—:u

|
a=|ala

— = 12[ 12: %} ﬁ} 620 - a3 ]+ 246k

Vector Joining Two Points and Section Formula

Vector Joining Two Points

e The vector joining two points P1(x1, y1, z1) and P2(xz, y2, z2), represented as RE ,1s calculated as

BP, =(x,—x)i+(3,—2)i+(z -2 )k
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The magnitude of 117 is given by | 1 | VEux ) +0a=n) +(z-3)

Section Formula

If point R (position vector ) lies on the vector PQ joining two points P (position vector E:)

and Q (position vector b ) such that R divides PQ in the ratio m: n { RQ  n :|

. mb+na
F=

Internally, then m+n
mb — ni
F =
Externally, then m—n

If the position vectors of points P, Q and R are a,b and ¥ respectively such that R is the mid-point
. d+h

S ;=
of PQ, then 2

Solved Examples
Example 1

Using the concept of vectors, find the area of AABC formed by the vertices

A(-20— 4] +2k), B(-3i -3] + 4k) . C(27+3k)

Solution:



We have

AB=[-3-(-2)]i +[(-3)-(-4) ] +(4-2)k
=—f+}+2£:

BC=[0-(-3)]i+[2-(-3)]i+(3-4)k
=3 +5]—k

CA=(-2-0)i +(-4-2)j+(2-3)k

= 2i-6j—k

[4B|= (-1 + (1Y +(2) =6
BC|=\(3)' +(5) +(-1) =33
G| = J{—E}: +(=6)" +(=1)" =41

(VA1) =(3s) +(V6)

We know that,

= [ci[ =[Bc] +[48{

Hence, AABC is right-angled at B.

_Bc.aB
Thus, area (AABC) 2

:%\!3‘_5'\"{3
:%aﬂ 10} sq.units

Example 2

A(}E—ﬁ_hﬂé) B(—?hk

and ), Q is the

D[f+5£]

If P is the mid-point of the line segment joining the points

C'[—r'— 2_}+3£)

mid-point of the line segment joining the points and ,and R is a point

on ©'€ such thatit divides PQ externally in the ratio 2:3, then find the position vector of point R.



Solution:

It is given that P is the mid-point of the line segment joining the points

. 3(—?E+E].

=~ Position vector of P(ﬂ} is given by

(3?—&_3+5;§)+(-Tf+:§]
2
 —4i—6j+6k
.
=-2i-3j+3k

p=

It is also given that Q is the mid-point of the line segment joining the points

o D(f +5£).

” Q{q}:(—f—2j+3£]+[5+5£]
-~ Position vector of 2
2748k
=S
=—j+4k

Now, R divides line segment PQ externally in the ratio 2:3.

= Position vector ¥ of point R is given by

—
— 24 -3p
r 73
2(—}+4ie)—3(—2%—3}+3i:)
53
— 2 +8k+6i+9—0k
1

— 6i-Tj+k

A(sf 6] +5£)

c[—;— 2_}+3f?}



Scalar (or Dot) Product of Vectors and Projection of a Vector on a Line

Scalar (or Dot) Product of Vectors

e The scalar (or dot) product of two non-zero vectors @ and b (denoted by a ‘E) is given by the

.::'-F;;=|d||5|cnsﬂ

formula , Where 6 is the angle between a and E, 0<O=T.

i d=ai+aj+akandb=hi+bj+ b}lthen d-b=ab +ab, +ab,

Some observations on scalar product of @ and b :

e @b jsareal number

The angle between @ and b is given by

— =
9 — CGS_I E}. i or 9 — COS_]- fl]_bl +ﬂ2b2+agbj
al|e] VaTtaTrast ot a1’

— ~ ~ " —F - - -
where, a =ai+aj+ak, b =bi+bj+ bk

If a-E:ﬂ,then alh

b =|al[p|

If the angle between aand b js 0 then

G-b =~al[b|

If the angle between dand b is 1, then

Pi=jj=kdk=17j=]k=k-i=0

Some important properties of scalar product:



Commutativity: If @ and & are two vectors, then @0 =b-a

a-(b+

i ( ):5-5 +G-¢
are any three vectors, then

1]

Distributivity: If % bandé

. - wi)-b=a-(ab)=2la-b
If aand b yre any two vectors and A be any scalar, then (24) “ [ } (ﬂ ]

(Triangle inequality): For any two vectors @ and b , |a +h|£ |a| * |h|

(Cauchy-Schwarz inequality): For any two vectors @ and E, |ﬂ'b| £|Hl|ﬁ|

Projection of a Vector on a Line

If b is the unit vector along b then the projection of a vector @on b is given by

( h ) 1 |ff| h.|::us;6'

a-bora- or _(E-h]ﬂr |_ or |ﬁ|cos§
d

b

A

where 0 is the angle between d and ? measured anti-clockwise, 0 < 0 < 2.

pa——

Y

Some observations on projection of vector @ on ? :

If 6 = 0, then projection of a on b is |E|cﬂs{] - |E|

PR . . |Er|cc-5§ [ur|ﬁ|c:}s3—x] =0
If 2 2 then projectionof @ on ¥ is = 2

If 6 = t, then projection of @ on P js @0t =d 1) =—a

Solved Examples



Example 1

If vectors 9 = 2! —(x=2)j-k and b=(x—1) =37 +3xk are perpendicular to each other, then find
the value of x.

=l

+

=]

i

Also, find |
Solution:

The given vectors are

i
b=(x—-1)i =3]+3xk

Sinced L b, a-b =0,
:>[zf—{x—zjj—ﬁ}-[{x—nf—?.ijﬂ =0
= Ax=1+3x=2)=-3x=0

= 2x-§=0

= x=4

G=2-2j-k

b=3i-3j+12k
na+h=51-5]+11k

ld| = (2 +(=2) + (1) =3
|E| = JBF +(=3) +(12)} =92

G+b|l=J(5Y +(=5P + (11> =319
ja+5[=1

R N TN T

Thus, o= =
lal+[p] 3+9v2 14342

Example 2

For two vectors @ and ¥ , the product of the projection of @ on & with the projection of b ona

is half of the dot product of @ and ? . Find the angle between @ and b .



Solution:

Let 0 be the angle between @ and b .

Lo
Then, the projection aon b is | |
] . =
= T[c;-b}
The projection of # ona jg |H| -

According to the given condition,

— ) = cos '[%]=6U"

'

Thus, the angle between the vectors @ and & s 60°,

Vector Product of Vectors

The vector product (cross product) of two non-zero vectors @ and P is denoted by @%b and

_ b = db|sin 67
defined as

where, 0 is the angle between a and b ,0<0<mand Mis a unit vector, which is perpendicular to

both 9 and b such that &’ b ,and 1 form a right hand system (i.e., the system moves in the



direction of 7, when it is rotated from @ to © )

A

]

-3

Some observations of vector product of dand b .

(a) @%b jsavector.

(b) If i=0 or b=0 , then 0 is not defined. In this case, we define axb a50.
' |F.'-|- . —

|‘_‘r 8 | caP

are non-zero vectors such tha r 4and b are collinear, then @* b=0.In

(-d)=0

(o) If

particular, axai=0 and ax
T

g=2_ -t 1=l e

@1f 2 then " =al|p

(e) For mutually perpendicular unit vectors i, J-and k,
ixi=jxj=kxk=0

bl - -

EK_}=|Q,_;KE=;~£Kf=j
.Ele:_lé!knxj:_Ea;xkn =__;

() axh=—hxi
(g) The angle between @and # in terms of vector product is given as
. |.§ « b
sin ! = -
a5
(h) If a=aji+a,j+ak and b=bi+bh j+hk _then
i j k
Gxb= , a, a,
\ b, b
] i .F;|
(i) If @ and # represent the adjacent sides of a triangle, then its area is given as 2 .

axb
represent the adjacent sides of a parallelogram, then its area is given as | .

ol |

() If @ and



« Distributive property of vector product over addition - If @, # ,and € are any three vectors
and A be a scalar, then

0 dx{ﬁ+é)=dx5+dxd
i) Aaxb)=(Ad)xb=ax(4b)
Solved Examples
Example 1:

For what integral value of x, 0 < x < 5, the area of the parallelogram whose adjacent sides are

-~

determined by the vectors, a=i=3j-k and b =Ti +{1 a 'r]j -k ,is |5"E square units? Also, find

the angle between dand b .
Solution:

The adjacent sides of the parallelogram are determined by the vectors
i=1-3]-k 44

b=7i+(1-x)]-xk

|a'rx|";.|

=~ Area of the parallelogram

Now,
i 7 k

Gxh=|l -3 —1|=(Gxtl=x)i +(=T+x) j+(1-x+21)k
7 - —x

= (2x=1)i +(-T+x)j+(22-x)k

Therefore, area of the parallelogram is



|ﬁx§| = J[Ex+|)3 +(—?+x)! +[22—x}1

|ﬁx£| =V4x7 +4x +1 449+ 27 —[4x+ 484+ x° —44x

= 1542 = /62 - 54x +534
= 450 = 6x" — 54x +534

= 6x" —54x+84=0

= x’=9x+14=0
:‘:—{x-E]{x-?]= 0

= x=2.x=7
Since 0 £x <5,

x=2

axb| 152 s
b itxaVe 33

Csind =

5
_ sin” [—]
Therefore, angle between dand ¥ is “@

Example 2:

’ |d|=v@.|b'|=\fﬁ’and ld-b|=16

- i |.’Jx 2d|
For two vectors & and 7 ,i

, then find .

Solution:



|£:r’-5| :|&||5||c05 4

::>|msr5f|=|al5|= 6 __16
allp| V29x\13 377
o [sinf|=v1-cos’ 6 = ]—[%]a
_ [[_2s6
N 377
_ [
377
__1
377

Now,
\bx2d| = 2|p xa| = 2|p||a]-|siné)]

11
=2x4/13x+/29 =22
%13 x4/ xﬁ




