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2.2 Algebra

INTRRODUCTION

If @, & are natural numbers such that @ > b, then the equation
x + e = b is not solvable in N, the set of natural numbers, i.e.
there 1s no natural number satisfying the equation x + a = b.
So, the set of natural numbers is extended to form the set I of
integers in which every equation of the form x + a = b such that
a, b & Nis solvable.

But equations of the form xa = b, where a, b € I, a # 0 are not
solvabile in 7 also. Therefore the set / of integers is extended to
obtain the set Q of all rational numbers in which every equation
of the form xa = b, a#0, a, b € Iis uniquely solvable.

The equations of the form x* = 2, x* = 3 etc. are not solvable
in Q because there is no rational number whose square is 2.
Such numbers are known as irrational numbers. The set Q of all
rational numbers is extended to obtain the set R which included
both rational and irrational numbers. This set is known as the
set of real numbers.

The equations of the form x> + 1 = 0, x* + 4 = 0, etc. are
not solvable in R, i.e. there is no real number whose square is
a negative real number. Euler was the first mathematician to
introduce the symbol i (iota) for the square root of —1 with the
property i# = —1. He also called this symbol as the imaginary
number.

DEFINITION OF COMPLEX NUMBERS

A number of the form x + iy, where x, y € R and i = J-1
is called a complexv number and ‘¢’ is called iota. A complex
number is usually denoted by z and the set of complex numbers
is denoted by C.

C={x+iy;xe Rye R i= 1}

For example, 5 + 3i, -1 + i, 0 + 4i, 4 + 0Oi, etc. are complex
numbers.

Here ‘% is called the real part of z and ‘y’ is known as the
imaginary part of z. The real part of z is denoted by Re(z) and
the imaginary part by Im(z). If z = 3 — 4i, then Re(z) = 3 and
Im(z) = -

Note that the sign ‘+° does not indicate addition as normally
understood, nor does the symbol i denote a number. These
things are parts of the scheme used to express numbers of a new
class and they signify the pzir of real numbers (x, ¥) to form a
single complex number.

A complex number z is purely real if its imaginary part is
zero, i.e. Im(z) = 0 and purely imaginary if its real part is zero,
1.e. Re(z) =

Note:
1. For any positive real number a, we have —a = -1 xa
=J-1Ja=iVa.

2. Theproperty Ja\lb = Jab is valid only if at least one of a
and b is non-negative. If a and b are both negative, then

- Jab=—flalibl.

3. Ihequality in complex numbers are never talked. If a + ib
> ¢ + id has to be meaningful then b = d = 0. Equalifties

however in complex numbers are meamngﬁd Two com- ..
plex numbers z;=a,+ zb andz =a,+ib,are equal zfa '
- =a,andb,=b, i . Re(z 1) Re(zz) and Im(z 1) = Imi(z;).

4. In real number system Z+b7=0 : a= 0 b Butifz,
and z, are complex numbers then 7} + z 0 does not
implyz, =z,=0,eg8.z,= 1 t+iandz,= 1—1 However

'+ if the product of two complex numbers is zero then at
least one of them. must be zero same as in-case of real

" numbetrs. : ‘

Integral Power of lota (i)

Since i= =1 ,wehave 2=-1,#=—iand = 1.

To find the value of i" (n > 4), first divide n by 4.

Let g be the quotient and r be the remainder,
ie.n=4q+rwhere 0 <r<3

== ()Y = (D) =1

In general, we have the following results: i*" =1, i *'=
i"+2=—1, {**3 = ~i, where n is any integer.

Algebraic Operations with Complex Numbers

Let two complex numberbe z, =a +iband z,=c + id

Addition (z, +2,):
(a+ib)+(c+idy=(a+c)+i(b+d)

Subtraction (z, — z,):
(a+ib)y-(c+idy=(a—-c)+ilb-d)
Multiplication (z, z,):
(a + ib) (¢ + id) = (ac — bd) + i(ad + bc)

Division (z /z,):

+ib (@+ib) (c—id
. l =& ; ) € ; ) (Rationalization)
c+id (¢ +id) @ —id)
(where at least one of ¢ and d is non-zero)
a+ib _(ac+bd) i(bc—ad)
c+id A +d A +d?

Properties of Algebraic Operations on Complex
Numbers

Let z,, z, and z, are any three complex numbers. Then their alge-

* braic operations satisfy the following properties:

1. Addition of complex numbers satisfies the commutative
and associative properties, i.e.

L,+3,=3,+z and (z, +2,) + 2, =2, + (3, + 2,)

2. Multiplication of complex numbers satisfies the commuta-
tive and associative properties, i.e.
2,2, = 2,2, and (z,2,)z, = 7,(2,2,)
3. Multiplication of complex numbers is distributive over
addition, i.e.

2(f,+ ) =2z, + g and (2, +2,)7, =2, 7, + 252



Evaluate:

a 1 .
b. (_’_\/__1)411 +3,’n = N
c. J25+3-4+2/9

Sol. a. 135 leaves remainder as 3 when it is divided by 4

i135=i3=—i

b. (___\/:_1)4n+3 — (_i)4”+3

' N e

= {4
= 1 X (—i)3 =1

¢. =25 +3—4 +2=9 =5i+6i+6i=17i

Find the value of i" + "l 247 +3 for

Sol. i+t et = [+ P+
="[1+i-1-1i]
=i"(0)=0

JECUNPER. Find the value of 1+ +* +i + - +1*

Sol. S=1+2++ - +i=1-1+1-14++(1)
Obviously it depends on n. Hence it cannot be determined
unless 7 is known.

Show that the polynomial x¥ + x%*!
+x%? + x*%# is divisible by x* + x* + x + 1 wherep, g,r,s € N.

__Example 2.4

Sol. Letflx) =x¥ +x%" +x"* + x**3, Now,
XA +x+1=02+Dx+1)
=(x+Dx-Dx+1)

fiy = PP el e g e

=1+ +2+8

=1+i-1-i=0

fi) = (i) + (i) o (=) + ()
=1+ (D) + P+ )
=1-i-1+i=0
1) = (D7 + (1 4 (D2 + (1) =0
Thus by division theorem f(x) is divisible by X*+x2+x+ 1.

N | Ifz = 0 is a complex number, then prove
that Re(z) = 0 = Im(z?) = 0. .

Sol. If z#0,let z=x+iy. Then,
Z=xr =y +i(2xy)
Re(z) =0=x=0
= Im(@)=2xy=0
Thus,
Re(z2)=0=Im(z) =0

Express each one of the foliowing in the
standard form a + ib.

_Example 2
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5+4i b (1 +iy 1
& yrsi " T3 € 1 cosO + 2isin6
4 e
Sol. a. 5+% = 5+4l.x4 Si
445§ 4+5i 4-5i
Q0 +20)+i (16 -25)
16 — 25
_ 40-9i
41
= @-—il
41 41
(1+i’ 142§ +i?
3—i  3-i
_ A
T3
2 3+i 6i +2i
= 33+ 9-#°
—2+6i 1 3
= = ——+—i
10 5
1
C. T A A
1—cos @ +2isinf
1 1—cos@—2isinf

1—cos@+2isin@ 1-cosf — 2isinO

1 —cosf—2isin0
(1—c056)2+4sin lp

1—cos8 —2isin@
1—2cos@ +cos’ 6+4sin’ 8

l1—cos8 —2i sin@
2-2cos@ +3sin’ 6

_ 1—cos@ il = —2sin@
7 _2cosO+3sin? @) .\ 2-2cosf +3sin’0

" Example 2.
()ix?-3x-2i=0,

Solve
() 20 + x*=4Q2 -i)x-5-3i=0

Sol.i. ix*-3x-2i=0,
= x4+ 3ix— 2 =0 (dividing by i)
L BiEN944l2 i1 -3ii
B 2.1 2 2
= x=-i,orx=-2i
) 21 +dx*-42-ix- 5-3i=0
MEEICEDE: J16(2— i) +4.2.(1+).(5+3i)
2.(1+0)

=

42— J16(4—4i—1) +8(5+3i+5i-3)
A(1+1)
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_ A2-1) 248~ 64i+16+64i
- 40+
42-i)+8
4(1+1)
_(2-i*2
_2-i+2 2-i-2
Cl+i T 1+
_@=D - ~-i(-i)

L}

2 2

W3S (1
2 2

= z2-8z+16=-7

= z2-8z4+23=0

Now dividing z* — 4z - 9z + 91 by 22~ 8z + 23

We get 22 =422~ 92+ 91 = (22 - 82+ 23)(z +4) - 1 =1

Equality of Complex Numbers

Two complex numbers z, = a, +ib, and z, = a, + ib, are equal
ifa, =a,and b =0, ie, Re(z) = Re(z,) and Im(z)) = Im(z,).
Thus, z, =z, & Re(z)) = Re(z,) and Im(z,) = Im(z,).

a and b.
Sol. We have,
(a+b)-iBa+2b)=5+2i
= a+b=5and-Ba+2b)=2
= a=-12,b=17 :

If (@ + b) — i(3a + 2b) = 5 + 2i, then find

Given that x, y € R, solve:

x Y _5+6i
1+2i 3+2i 8i-1
Sol. X ¥ :5+6i
142i 3+2i 8i—1
x(1-2i)  y(3-2i) (5+6i) (8i+1)
: 2 + 2 = W2 2
1—42 9447 8 -1
x=2xi 3y—2yi 40i+5-48+6i
= + =
5 13 —64-1
_, 13x-26xi+15y-10yi _ —43+46i
65 —65

= (13x+15y)-i(26x+ 10y) =43 — 46
equating real and imaginary parts,
13x + 15y =43

13x + 5y =23 (2)
Solving forxand y we getx=1andy =2

_Example 211 Find the ordered pair (x, y) for which
=y —iQ2x+y)=2i
Sol. We have

-y =0orx=xy €))

and -Q2x+y)=2

or 2x+y=-2 )
5 .

Solving x =y with (2) we have x = y = -3

Solving x = —y with (2) we have x =2 and y = 2
If yx+iy = i(d +ib), then find /~x—iy,
Sol.  Jx+iy =*a+bi)

= x+iv=a®-b>+2ab
= x:az—bz,y=2ab

J-x—iy = —(a®-b?) - 2iab
= Jb? +(ia)? - 2iab
= (b —ia)

=+(b —ia)

_Example 2.12

B2CIUSEPAER I sum of square of roots of the equation

x + (p +iq)x + 3i = 0 is 8 then find the value of p and g, where
p and g are real.

Sol. Let the roots are ¢, 3
We have a+ B=—-(p + ig); o5 = 3i
Given: o + f# =8
= (a+pB)*-208=8
= (p+ig;-6i=8
= p’-¢*+i2pg-6)=8
= p*-¢*=8andpg=3
= p=3andg=lorp=-3andg=-1

_EXample 2. Ifz=x+iy,z”* =a—ib and xla—y/b =k(a*- b,
then find the value of £.
Sol. (x+iy)*=a-ib
= x+iy=(a-ib)y
=(a* - 3ab®) + i(b® - 3a*h)
= x=a'-3ab’ y=b"-3a%

= Z=4>-3b% and %:b2 —34?

= 223 p2i3e? =4a-b?)
a b

Let z be a complex number satisfying
>~ (3+1i)z+m+2i =0, where m € R. Suppose
the equation has a real root. Then find the non-real root.



Sol. Let a be the real root. Then,
a2 —CB+Da+m+2i=0
= (&?-3a+m)+i2-a)=0
= a= 2:>4—6+m=0=>m=2
Product of the roots is 2(1 + i) with one root as 2. Hence the
non-real rootis I + i.

Square Root of a Complex Number
Let a + ib be a complex number such that g1, = x + iy,

where x and y are real numbers. Then,

Na+ib =X+ iy

= (a +1b) =(x+1iy)?

= a+ib =02-y)+2xy

On equating real and imaginary parts, we get

x> —y*=a Q)
2xy=b

Now,
e +y)P=(x* -
= X +y)’=a>+ b

= 2+ = a2 p? [ x2+y2> 0] (1)

Solving equations (i) and (i), we get

= (;j[mm] and 7 = g][m_;z] |
= xo ([T ] naye [TV ]

If b is positive, then by the relation 2xy.= b, x and y are of the
same sign. Hence,

S TR

If b is negative, then by the relation 2xy = b, x and y are of
different signs. Hence,

i ]

2)2 + 4x2y2

Find the square roots of the following:

a.7 - 24i b.5+12i c.~15 - 8i
Sol. a. Let /7~ 24i =x+ iy. Then,

N7 =240 =x+ iy
= T-24i=(x+iy)
= 7 =24 =(x* =)+ 2xy
= ¥ -y'=7 (1)
and

2xy =24 (ii)
Now,

(243 = (2 = Y + iy’
= (P +y)?=49 +576 =625
= x*+3y*=25 [ x*+y*>0] (iii)

On solving (i) and (iii), we get

_Example 2.17

.Complex Numbers 2.5

x*=16andy’=9=x=+4andy==+3
From (ii), 2xy is negative. So, x and y are of opposite signs.
Hence,x=4andy=-3orx=-4 and y = 3.

He_nce, NT—24i =£(4 -3i).

b. Let \/5+12i =x + iy. Then,

VI3+12i =x+iy
=5+ 12i = (x + iy)?
=5+ 12i = (x* - y») + 2ixy
=x-y=5 (1)
and :
2xy =12 (ii)
Now,
(xz + yz)z — (x2 _ yz)z + 4x2y2
= (XFP+3y)=5"+122=169
= x*+y*=13 (o x2+y2>0) (iii)
On solving (i) and (iii), we get ’
¥=9andy’=4=x=+3andy=+2
From (ii), 2xy is positive. So, x and y are of the same sign.
= x=3andy=2orx=-3andy=-2

Hence, /5 +12i = x(3 + 2i).

. Let /—15 —v8i =x + iy. Then,

Jo15 -8 =x+1iy

= -15-8i=(x+iy)?
= -15-8i=u*-y*) + 2ixy
= -15=x2-y? @)
and

2xy=-8 : (i)
Now, .

(4= (2 = )2 + 4x? 3
= W+y)=(-15)2+64=289
= ¥+y'=17
On solving (i) and (iii), we get

¥*=landy’=16 = x==landy =4
From (ii), 2xy is negative. So, x and y are of opposite signs.
Hence,x=1andy=-4orx=-landy=4

Hence, \/-15-8 ==(1 - 4)).

Find all possible values of \/; +\/——i .

scopmsimave ]

Sol.  \fi+=i=Jo+1i+~0-14

Now Va +ib = +{\/2 {mm}

il
o =T 1] [ va] - > -}
4l

= Jo11i =i{\/%{m+o} L W—o}}
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1

1 .

Now, i ++—i =t—1+i)x—=(01~1)
AN

or \ﬁ+\/—i=i 2+0. or Oi\/zi

Solve for z: 22 - (3 =2i)z = (5i - 5).
Sol. 22-(3-2iz=(5i-5)

= -(3-20)z-(5i-5)=0
(3—2i) £J(3-2i)* +4(5i-5)

2

(3—-2i)£J9—4—12i+20i - 20
- 2

(3-2i)%~/8i 15

= 2

Now =15+ 8i
_ {\E{\/(—Hf +8? +(—15)}

+i\g{m —(—15>}}
- i{\g(ﬁs—g—ls) +£(\/@+15)}

==(1 + i4)
3-2ix(1+4i)

2
= z=(2+0)and (1 -3i)

‘—————[Emcept Application Exercise Zﬂ———

1. Is the following computation correct? If not give the correct
computation:

) J 3 =Jc =6

2. Find the value of

:592 -59 : 586 | -
l59 +150+1588+158 +1584

a. -1
i582 +l-580 +i578 +l-576 +i574

_Exa mple 2.18

= z=

b (1+ 00+ (1 —i)
3, Find the value of x* + 9x* + 35x* —x + 4 forx=-5 + 24 .
The value of §'*¥5+ = +2nis
5. If one root of the equation 72 — az + a — 1 = O is (1 + i), where
a is a complex number, then find the other root.

>

2

a. any integer b. any even integer
t=1

c. an‘y odd integer d. none of these
If (x + iy) (p + ig) = (x> + y*)i, prove thatx =¢, y = p.
8. Simplify: :
NS+12i +5-12i
5+12i —+/5-12i

9. Find square root of 9 + 40i.

=

6. If the number (1 —;)" /(1 +i)"* is real and positive, then n is

GEOMETRICAL REPRESENTATION OF A
COMPLEX NUMBER

A complex number z = x + iy can be represented by a point (x,y)
on the plane which is known as the Argand plane. To represent
7 = x + iy geometrically we take two mutually perpendicular
straight lines X'OX and Y'OY. Now plot a point whose x and y
coordinates are respectively the real and the imaginary parts of
z. This P(x, y) represents the complex number z = x + iy.

If a complex number is purely real, then its imaginary part is
zero. Therefore, a purely real number is represented by a point
on x-axis. A purely imaginary complex number is represented

_ by a point on y-axis. That is why x-axis is known as the real axis

and y-axis, as the imaginary axis.

Conversely, if P(x, y) is a point in the plane, then the point
P(x, y) represents a complex number z = x + iy. The complex
number z = x + iy is known as the affix of the point P.

The plane in which we represent a complex number geo-
metrically is known as the complex plane, the Argand plane or
the Gaussian plane.

Imaginary axis

Pix.vy=x+iv

Real axis

Fig. 2.1

Modulus of Complex Number

The length of the line segment OP is called the modulus of z
and is denoted by Izl. From Fig. 2.1, we have '
~ OP*= OM? + MP?

= 0P3=x2+y3=>OP= sz-f—y: .

Thus,
= 2+ = J(Re@) +(Im@Y
Clearly, lzl>0forallze C.1fz, =3 -4, z,= -5+ 2iand z,
= 1+303, then lz) = (37 1 4y =51l = 057 27 =2
and Iz = 11 + iV31= [i2 1 (J3)? =2-




— Remark

not defined. As such z, > z, or z,< z, has no meaning but Iz |
>z lor Izl <z, has got its meaning since Iz | and Iz,| are real
numbers. .

Infinite complex numbers having same Izl lying on circle

In the set C of all complex numbers, the order relation is |

which has center origin and radius Izl

Argument of Complex Number

The angle 6 which OP makes with x-axis is called the argu-
ment or amplitude of z and is denoted by arg(z) or amp(z).

From Fig. 2.1, we have
6 =tan"' [_Im(;)]
Re(z)

Complex Numbers 2.7

This angle @ has infinitely many values differing by mul-
tiples of 2.
The unique value of 6 such that —x < § < & is called the

‘principal value of the amplitude or principal argument. This

formula for determining the argument of z = x + iy has severe
drawback, because z, = | + i3 and z,=-1- iV3 are two-dis-
tinct complex numbers represented by two distinct points in the
Argand plane but their arguments seem to be tan"'\3 = 7t/3 or
4n/3 which is not correct. In fact the argument is the common
solution of the simultaneous trigonometric equations

Y

X .
cos = —— andsin = ———
Vx Jx&+y?

The argument of z depends upon the quadrant in which the point P lies as discussed below:

(i) z= x+ iy, zlies in first quadrant (x > 0 and y > 0)
From the figure tan a = ly/xl and 8 = a.
Then arg(z) = tan™' ly/xl.

P(x,y)
!
X =0 |y x
o X M

(i) z = x+ Iy, z lies in second quadrant (x < 0 and y > 0)
From the figure tan a = ly/xl and = — a.
Then arg(z) = m — &, where a is the acute angle given by
tan~! ly/xl.

(iii) z = x + iy, z lies in third quadrant (x < 0 and y < 0)
From the figure tan ¢ = ly/xl and 0 = —-(mn —a) = - + a.
Then, arg(z) = a — = where a is the acute angle given by
tan a = ly/xl.

4 (iv) z =x+ iy, z lies in fourth quadrant (x > 0 and y < 0)
From the figure tan a = ly/xt and 6 = —a.

tan o = ly/xl.

Then arg(z) = -a, where o is the acute angle given by
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Polar Form of Complex Number

We have,
z=x+1y

= x?+y? L i = Izl[cos8 + i sinf]
\/x2 + y2 \/x2 +'y2

where Izl is the modulus of complex number, i.e. the distance of
2 from. origin and 8 is the argument or amplitude of the complex
numbeT. .

Here we should take the principal value of . For general
values of argument z = r[cos(2nr + 6) + i sin(Znm + )] (where
n is an integer). This is polar form of the complex number.
'Euler’s Form of Complex Number

e?=cos @ +isint

This form makes the study of complex numbers and its prop-

erties simple. Any complex number can be expressed as
z=x+1iy (Cartesian form)
= Izl [cos @ + i sin 6] (polar form)

= IZI eiﬁ

Product of Two Complex Numbers
Let two complex numbers be z,= Iz le?1 and z, = iz, €2 Now,

— 6] % i6
7,2, = Izlle 12:2| et

= Izlllzzlei(el 0
= lz izl [cos(d, + 0,) + i sin(0, + 6,)]
Thus,
lz,z,l = Iz llz,|

arg(z,z,) =0, + 46,
= arg(z,) + arg(z,)

Division of Two Complex Numbers

i6
g _lzle™ g |'ei(ei-ﬂz)
z, 1z,1e% izl
| gl
e —_— = —
| 1zl

and arg[ﬁ—) =0,-6,

2
= arg(z,) — arg(z,)
Logarithm of a complex number is given by

log (x +iy) =log, (Izle®)
=log, Izl + log, "

I

log, Izl + i@

= log, Jo + ) + iarg(z)

log () = log, Izl + i arg(z)

B2CICPAEN Prove that the triangle formed by the
1+

points 1, —\/_2— and ; as vertices in the Argand diagram is

isosceles.

Sol. The vertices of the triangle are A (1, 0), B (1/\/—2— s 1/\/_2-)
and C (0, 1),
AB*=2- 2 ,BC=2-2 ,ACt=1+1=2

. AB = BC = Triangle is isosceles

Rl PPIE  Write the following complex numbers in
polar form: ‘
1+70)

2=

a-3Z+33 b.l+i c-1-i d.1-i
Sol. a. Let z = — 3+/2 + 32 i. Then,

r=lz= (3427 + V2 =6

Im(z)
Re(z)
Since the point representing z lies in the second quadrant,
therefore, the argument of z is given by

o=r-azn-(3)-(5)

So,thepolarformofz=—3\/5 +3-2 iis

Let

tan o = =l=a=n/4

z=r(cosO+isinfh) =6 (cos%r + isin%r'j'

b. Letz=1+i. Then, r=lgl= JIZ2+12 =2 . Let,

Im(z
tan o = ®©
Re (2)
Then,
tan o = 1=1:>a=£
1 4

Since the point (1, 1) representing z lies in first quadrant,
therefore, the argument of z is given by 0 = a = n/4. So, the
polar formof z=1+i1s

.. . T
z=r(cos B +isinf) = [cos%ﬂ'sm—)

c. Letz=—1—-i.Then, r=1zl= 4[(—1)24-(—1)2 ;\/E.Let,

Im(z
tan @ = —Q
Re (z)
Then,
-1 T
tan g =| —|=l=D0=—
-1 4




Since the point (-1, —1) representing z lies in the third quad-
rant, therefore, the argument of z is given by

S D 22
@ =—(r-0)= (n .4j— T

So, the polar formof z=-1-iis

z =r(cos 0+ isinf) = \/E{cos (i:‘]ﬂsin(%fnj}

d. Let z=1-1i Then, [ff =1 +¢-1) =2 . Let

Im
tan o = @
Re (@)
Then,
tan o = _T‘= 1= a=7n/4

Since the point (1, —1) lies in the fourth quadrant, therefore
the argument of z is given by 9 =—g =—z/4 . So, the polar
formofz=1-1iis

r(cos G +isinb) = \/E{cos[%”) + isin(—;—ﬂ)}
T T
= /2 | cos— —i sin—
\/_( 4 i 1n4)
e. Let z = (147))/[(2-i)*] Then,
C T 147 (1470)(3+4i) —25425i s
e -4 324 \Gra 25

sor=ld=s Y= =2

Let o be the acute angle given by

Im(z)
Re (2)

1

1

tan d =

Then a = #/4. Since the point (-1, 1) representing z lies in the
second quadrant, therefore 0 = arg(z) =7 — a = 7w —/4d = 37/4.
Hence, z in the polar form is given by

ir 3z
Z= 42 |cos— +isin—
f[ LY 4]

MREIU AN If 7 = re”, then prove that le?| = ¢~ 57,
Sol. z=re”=r(cos &+ isinb)
= iz =ir(cos 8+isind)
=-rsin @ +ircos 0
= @it = gl-rsinG+ircos)
= e—rsin [ eri cos 8
= lel =lersind |gricost|
= ¢ e™ |, where a = r cos 0
= ¢’ [cos® a + sin® a]'?

~rsin 8

=¢

Complex Numbers

Prove that

. a-ib\) _ 2ab "
tan (z log, (a+ib D =g (wherea,b € R*")

Sol. Let
a+ib=re?
= a—-ib=re?
a—ib = o i28
a+ib
= 10ge(a_l_bj=—i29
a+ib

+1

= tan (iloge (MJJ = tan20
a+ib

2tan @
- 1-tan’0
_ 2bla
T 1-b2d

2ab

2
a® -b?

BECINCPWERE  Find the real part of (1 - i)~

Sol. Let z = (1 — i)7". Taking log on both sides,
log z=-ilog, (1 -1)

. i4 T
=-—ilo 2 | cos——isin—
& \/_[ 4’ 4}

=—ilog, (\2e7"¥)

—i[% log, 2+ loglf"”m}

1 in
—i| =log,2——
r
4

i
3 log,2—
= 7= M gillog2

= Re(z) = e"”“cos[%log 2]

_Example 2.24

icot0+1 m_l
icot6—-1) °

Show that ¢”™° (

Sol. Let cot™ p = 8. Then cot = p. Now,

20 icot+1)"
icotf—1

B ez,,,,-g[i(cote —i)}’"

i(cot@ +1i)

amia | cot@—iY"
=e -
cotf +i

LHS. =

2.9
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. m
20 cosf —isin@
cos@+isin@

_ig ™
_ €2mi9 €
- ei@

= eZmie (e—2i6 )m

— eZmlG e—-2nu€ — 60 =] = RHS

Conjugate of a Complex Number

For complex number z = x + iy, (x, ¥) € R, its conjugate is
defined as z = x — iy. Clearly, z = x + iy is represented by a point
P(x, ¥) in the Argand plane. Now,
Z=x+iy=>z7=x—-iy=x+i(-y)

So, 7 is represented by a point Q(x, —y) in the Argand plane.
Clearly, Q is the image of point P on the real axis.

Thus, if a point P represents a complex number z, then its
conjugate Z is represented by the image of P on the real axis.

It is evident from the following figure that izl = 1zl and arg(2)

= —arg(z).

w AV
®
g PE
2 :
E i
@] 9 i » X

W

'z
Fig. 2.6

Also, We‘have RC(Z) =(z—-7)/2 and Im(z)= (z—2)/2i. Thus
if z = Izie®, then Z = Izle™®.

Properties of Conjugate
i) @=z
(i1). z+Z=2Re(2)
(Gii) z—7z=2ilIm(z)
(iv) z=7Z & zis purely real
(V). z+2=0 & zis purely imaginary

(Vi) Z={Re(@)} +{Im(z))* = Izf2

(vii) 3+25,=3+% "

(Vlll) Y= = Zl - 22

(ix) 12 =%,
From this we can say that 2" = Z°, wheré n € N:

© (2)-E s

Zy
2 2z

Bl FPERE  Find real values of x and y for which the
complex numbers -3 + ix% and x? +y + 4i are conjugate of
each other. ’

Sol. Given,
34y = % 4y 44

= B+ixty=xt+y-4i

= B=x’+y 6)]

and
xty=—4 (ii)
3=x- [Putting y = —4/x2 from (ii) in ()]

X :

= x*+3x-4=0

= F+4HEP*-1)=0

= x*-1=0

= x==%I

From (ii), y = -4, when x = +1. Hence, x = 1, y = 4
orx=-1,y=-4.

If (x +iy)° =p + iq, then prove that

(y +ix)°*=q +ip.
Sol. (x+iyy=p+ig -

(x+iy)5 =p+ig
(x+iy)’ =p-iq
(x-iyY=p-iq
Px—iyy =pi° - i%
(xi —PyY =pi+q
(y+ix)’=pi+gq

Ll

U

RECIUICP YA Find the values of @ if (3 + 2i sin 6)/ (1
- 2i sin 6) is purely real or purely imaginary.

Sol. - 3+ 211 s.m 0
| —2isin @

Multiplying numerator and denominator by conjugate,

z= (3 +2i sin 8) (1 +2i sin 8)
1+4sin’ 0

_3-4 sin® 6 +8isin 6
B 1+4 sin’ 0

Now z is purely real if sin #=0or 8 = nm, n e Z zis purely
imaginary if

3-4sin’8=0
= sinf= il/—i:isinﬁ
2 3

= O=nn i%,neZ



R2Cl L If z is a complex number such that z?
=(z )2 then find the location of 7 on the Argand plane.

Sol.Let, z=x+iy=Z7=x—-1y
Given that
2 =@)
= x2 -y +2ixy=x>—
= 4ixy=0
Ifx# O, theny=0and if y #0, then x = 0.

?— 2ixy

Find the least positive integer »n which

n

-1
(i+1)

i—] n ._ . . n
Sol. ( J =('.—IX'.L1]
i+1 i+1 i+l

j to a real number.

will reduce (

a= [(a+ bt)/(a—bz)] +[(a - bi)/(a+ b)) » where a, b € R
and # = (z— 1)/(z+1), where | z | = 1, then find the correct

statement:

a. both ¢ and g are purely real

b. both a and f are purely imaginary

¢. ais purely real and f is purely imaginary
d. pis purely real and « is purely imaginary

Sol. Note that o = o = « is real.

IB+IB— z-1 z -1

+
z+1 T +1

E-DE+D++DE-D
(z+D(E+D

2zz -2
(z+D(E+D
=0 [as zz = 1zI> = 1 (given)]
Hence the correct statement is (c).
Expressing Complex Numbers in a + ib Form

The foltowing example illustrates how a complex number can
be expressed in the standard a + ib form.

Complex Numbers 2.1

Solving Complex Equations

Simple equations in z may be solved by putting z =x + iy in the
equation and equating the real part on the L.H.S. with the real
part on the R.H.S. and the imaginary part on the L.H.S. with the
imaginary part on the R.H.S.

Find the complex number ‘7’ satisfying

Re(z?) = 0, Izl = /3.

Sol. z=x+iy
= Z2=xt-y +2xy
= Re(®)=x2-y*
Also,

flrenfi il o

Thus there are four complex numbers.

Solve the equation Izl =z + 1 + 2i.

Sol. lzd=z+1+2i

= Jxl+yr =x+iy+1+2i

=x+1+Q2+y)i

= Jxl+y =x+land0=2+yory=-2
= \/m:x+1

= X+4=x2+2x+1

= 2x=3

= x=3/2

= x+iy=%_z,'

—i Concept Application Exercise 2.2 }——

1. Express the following complex numbers in a + ib form:
o G-20@43)  2-V25
(A+20(2-i) T 1-4-16

2. If z, = 9y* — 4 - 10ix, z, = 8y* — 20i, where z, = z,,, then find z
=x+iy. '

n
3. Find the least positive integer » such that (—l ] is a posi-
tive integer. 1+i

4. Find the real part of e’
5. Prove that z = i/, where i = \/—| , is purely real.
6. Solve: 72 +1z21=0.
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Geommnetric Presentation of Various Algebraic Operations

Addition: N ;
Let z1 and %2 be two complex numbers repres’ented by points P and Q.
Now OP =1zl and OQ =lz,|. Let R represent complex number z, + z,. Now,
PR = distance between complex numbers z, + z, and z,

=z, +2z,) -z, ’

=lzgl=00
(For -distance forrhula, see properties of modulus on page 2.10.)
Similarly = QR=Wz +z)-2zl=lz|=0P
Hence points O, P, R, Q complete the paralielogram.

Also in triangle OPR, we have ‘
OP +PR 20R = Iz +1z| 21z, + 2,
(however, equality sign holds when origin, z, and z, are collinear)

Q=)

P(z)

R(z1+zy)

Fig. 2.7

Subtraction
In the adjacent figure OPR(Q’ is parallelogram.
: OP=QR=lzland 0Q=0Q = PR =z
'Also in triangle OPR, we have )
IOP— PRI< OR 2 liz| - Izl < Iz, - 7,

O(z2)

P@)

Rz,
0=z)

Fig. 2.8

-23)

Multiplication 7
Let Izl =r, Izl = r,, arg(z)) = 6, and arg(z,) = 6,. Then we have
lz,z,] = r,F, and arg(z,2,) = 6, + 6,

So, to find the point R representing the complex number z,z,, we have to construct
the point with polar coordinates (r r,, 8, + 6,). For this take a

2’ .
point L on real axis such that OL = 1 and draw a triangle OQR similar to the triangle
OLP. Since triangles OQR and OLP are similar, therefore

OR_OP_ OR_r

00 oL =>72—%T=>'0R=rlr2
and ZQOR = ZLOP =8,
so that ZXOR = £X0Q + ZQOR = 6, + 6,

Hence, R has the polar coordinates (r r,, 6, + 6,). Consequently, it rep-

resents the complex number z,z,.

Division
We have Iz /z,| = r /r, and arg(z /z,) = 6, — 0,. So, to find a point R representing the
complex number z /z,, we have to construct the point with polar coordinates (r,/r.,,6,
OPR similar to OQL. Since triangle OPR and OQL are similar, therefore
OP _OR_OR_n_ 0 1
00 OL 1 n A
and
£LXOR = LXOP - LROP =06, - 6,

| Hence, R has the polar coordinates (rl/i‘z, 6, — 6,). Consequently, it represents the
complex number z,/z,. '

- @)). For this take a point L on real axis OX such that OL = 1 and draw a triangle |

B
P(z))
7]
R(ZI/ZZ)
o, 1y 0
(NS
92 X
0 L
Y y’




Propertles of Modulus
Ifz,zl, € C, then ‘
I 1 [.0@2. 0,i.e., Re(?) = Im(9) = 0
2. l3=171 ==z =1-7I
3 ‘—lzl SRe(Z) <zl =zl < Im(z) <zl
4 Z=P | 5
5. Izz, l —Iz [ Izl in general lz, 2,2, 71 = Iz Lz Mzl Iz |
6. Z—‘l;.; Ile,Zz #0
2l IZZI
T g+ 2P =g +2,)(Z,+7)

=z P+Iz,P +27,+ 2,7,
=lz?+1z,)”+ 2 Re(z Z,)
1= (2,2

= lzll2 + lzélg =24,7,7 5,1,
2 Re(z,7,)

8. Iz, =zl=(z

= 1P+ Iz, -
9. g, + 2, +1z, — 2P =20z P+ Iz,)
10.  lz, -z} =l(a, +ib) —(a, + ib)l
| =l(a, - a,) + i(b, - b))

= Jla,—a,)? +(b ~b,)

This is the distance between the points (a,, b,) and (a, b,)
which is the distance between z, and z,.

11. 1%l = IzI", where n € Q

12. Iz, £ z,] <zl +Iz,), in general Iz, + z, + 7, + -+
+lz I +lzl+ - 41z |

13. Iz, 22, 21z - I,

+z|< gl

M2CICPIERE If (1 +i)(1 +2i)(1+30) -+ (1 + i) = (x +iy),
then show that 2 x 5 x 10 x --- x (1 + n?) = x* + y2.

Sol. We have,
[ (1+) 0 +20) (1 +30) - (1 +ni)=x+iy
= (1+DA+2) A +n)]| = |x+iy]
= | 1+i| |1+2i] | 1+ni| = |x+ 0]
[olz 2, g =l lz) 2 )]

= \/1_-i-—\/l+— \/1+n \h +\

= 2x5x10 - (1+n)=(x*+»?) [On squaring both

sides]

If z=x +iy and w = (1-iz)/(z~i), then

- z is purely real.

show that Iw} =
Sol. We have,

wl=1
1-iz

=1

z—i

Complex Numbers 2.13

l-iz]

tz—il .

lz =il : 1)
T—-i(x+iy)l=k+iy—il, wherez=x+iy
N+y-ixl=lx+i(y - 1)

JA+? 40?7 =2 + (3-17

(1 +y)P+x=x2+(y— 1)

y=0

z =x + i0 = x, which is purely real

1-izl=

L T | A

_Example 2.35 -
with |31 =1, then find the value of | (5 - a)/(1-ap)|.

If ocand S are different éomplex numbers

Sol. Given,

= 1
_ Iﬁl:l:;ﬁﬁzl:ﬁ:E €}
Now,
1
-0
p-o|_|B
1—ap| |1-ap
_ L l—aB
Bl|L-ap
_1|1-aB
|8l |1-ap
_|1-ap _1
= ap| =
Solve the equation z° =7 (z = 0).
Sol. Asz=0,
I =171
= lz=1

P=7==z7=1zP=1
= z==1,%i

points in the Argand plane, z is the affix of a point such that
lz-zl=1lz-z,)=lk-z]l=lz~-z,] then prove thatz,z,z,,z,
are concyclic.

If z, z,, 2,5 2, are the affixes of four

Sol. We have,
lz-zl=lz-z)=lz-zl=lz-z]
Therefore, the point having affix z is equidistant from the four
points having affixes z,, z,, z,, z,. Thus, z is the affix of either
the centre of a circle or the point of intersection of diagonals
of a square. Therefore Zps 2pp Ty 2, ATE either concyclic.

N2 PXEN Ifiz1=1andlet 0= (I—Z) then prove
-z
that the locus of wis equivalent to Iz - 2[ = Iz + 21

Sol. Given w=
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-z
= ==
@tz
z—1 1-z —
= = = — = -
z7+1 1+z
@+ ® =0 = ois purely imaginary. Hence w lies on y
axis.

Alsolz-21=1z+21= zlieson perpendicular bisector of
2 and - 2, which is imaginary axis.

Let z = x + iy then ﬁnd the locus of P(2)

Sol. Given is real

1+7 1+:
= =—

z z
= T+ =z+7
= @Z-D+E@-2E@+z)=0
= (z-2(1+7+2)=0
= eitherz =z(zz20orz+z+1=0

-1 . -

= y=0orx= > but excluding origin.

M Identify the locus z if Re(z + 1) = Iz — 1l.
Sol. Re(z+1)=1Iz-1I

= x+1= \/(x—l)‘+y2

= (+1)P=x-1P+y

= v=4x

xa PEAM Ifiz)=1,1z)=2,lz]=3and 92,2, + 4z 2,
+ z2z3l =12, then find the Value of Iz, + 2, + 2,

Sol.iz|=1=2z7%
Also,
9z2,+4z,2, + 7,21 =12

1~2

=lLlzl=2=27,=4, Iz J=3=2:7,=9

= 12,227, +3,2,2,7, + 3,2 55l = 12
= lzzllT, +5,+7)=12
:>Ill|l||‘+-+~l:l

= 67, +7,+7,l=12

= Z,+7,+7l=2

= Iz, +z,+7,l=2

[l IPRY  If Iz —i Re(z)l = Iz — Im(z)l, then prove that

» lies on the bisectors of the quadrants.

Sol. z=x+iy=Re(®)=x, Im(z) =
z — iRe(2)l = Iz — Im(2)!

= k+iy—ixt=l+iy-yl
= PHE-y=x-y;r+y

= Ixi=hi
= z lies on the bisectors the quadrants.

Show that (x2 + y?)* = (x* — 6x%y? + y*)?

%Example

+ (dx3y — dxy’)>
Sol. (2 +y¥)=

Ix + iyl
=1(x + iy)?*
=10 = y») + 2ixy)l?
=[x = y?) + 2ixy) PP
=10 = ¥°) + (ixy)* + 2(x* — y*)( 2ixy)P
= x* + y* = 2x%? — Axy? + i(4xPy — dxy3)I?
=t +y* — 6x3? + i(dxy — dxy®)?
— (x4 _ 6x2y2 + y4)2 + (4x3y . 4_xy3)2

Let |(Z,-27,)/(2-z%,)|=1and Iz )| # 1,

where z, and z, are complex numbers. Show that Iz | = 2.

Sol. 43725 _ 1
2_2122
= |Zl “22212 =‘2—2152|2
= (& -2%)y - 222) 2-275)2-2722)
= (-2, —22)=02-7)02-%z,)
= 737277, — 222 45,5 =4 - 253, - 245 Y 24200
2 2 22
= |u| +4lz] =4+[a |z
= |Z||2_|51|2|Zz|2+4|22|2—4:0
= [afa-lup)+4(zf -n=0
=
= lgl=2(slzl#1)

If z, and z, are complex numbers and

u = \/7,2,, then prove that

7tz ;T2
2] + 2] = |2 2+u+| ‘2 2—u~
+— Z 5
Sol. e Bl
2
71+ 2 ~ 31t2, L
= 5 J<2 + 2 [1<2
2
R ‘
= +
| oo i
+4 -
— (p 2[) ‘+‘(p zq)‘ (Where I):\/Z and qg= ZZ)

_ le+q|2 +|1)—q|2:|
-2

= ~[2lof +2df ]



= | [ o
= |7 +le]

= |Z1| + lzzl

If (V8+i)* =3"(a+ib), then find the

value of @? + b>.

Sol. Given that
(8 +1) =3% (a+ib)

Taking modulus and squaring both sides, we get
8 + 1)*P=3%(a2+ 5%

= 950 =3%(a%+ 1Y)

= 3100 = 3% (g2 4 p?)

= (@ +b)=9

Find complex number satisfying the
system of equations 2> + ®’=0and z* 0" = 1.

Sol. Z+w’'=0

= P=—a’
= Iz =@l =lwl’ _
= 7' =lwl® ’ . 6))
“Again,

Sl =1
= lZP lwl=1 -
= 7" iwP=1 (2)
From (1) and (2), we have

Izl = lwl =1
Again,

»’=-7 and w''=Z7

" W Iflz -11<1,lz,-21<2,1z, - 31 <3, then

ﬁnd the greatest value of lz, +2z, +z,l.

Sol. Iz, +2z,+zl=(z, - D) +(z,-2) + (z, -
Slz = H+lz,=20+17, =31+ 6
<1+2+3+6=12

Hence the greatest value is 12.

3)+6l

) _Example_Z xe8 For any complex number z, find the

minimum value of Izl + 1z - 2il.

Sol. We have, forz € C
Ril=lz+ Q2i-2)l
<lgd+12i -2
= 2< Izl + 1z -2l
Thus, minimum value of Izl + |z — 2il is 2.

B If z is any complex number such that
|z + 4I < 3, then find the greatest value of Iz + 1.

Complex Numbers 2.15

Sol. lz+ li=lz+4 -3

=lz+4)+ (-3)l
<lz+4l+1-3I
=lz+41+3

. <3+3=6 [ lz+41<3]
Hence, the greatest value of Iz + 11 is 6.

| Prove that the distance of the roots of
the equation Isin 6, z* + Isin 8,lz> + Isin 8,1 z + Isin | = 3 from
z = 0 is greater than 2/3.

Sol. We know that Isin le < 1. Given,

Isin@ | 2> + Isin6,|z* + Isin§,} z + Isin,| = 3

= BBl=1isind,|z’ + Isin@)| 2% + Isin & |z + Isin ]I
<UB+Z2+z+ 1
<P +1P+1d+1
<1 +lzl + iz + Iz + Iz1* +
1
-1zl

oo (lzl< 1)

= 3<

= 3-3ld<«!1

= 2<3lz
2
= lzi> =
3

-- Ifz, and z, are two complex numbers and
¢ >0, then prove that Iz +Z,P<@+c)lz P+ (1 +c) Iz,

Sol. We have to prove
lz, + 2P < (1 +0) lg P+ (1 + ) Iz,P

= lzP+lP+z7,+7,, <+ P+ +c) P

= 77,+7,5, Sclz P+l

S I

= clz P+ =z, P ~27,
C

= (c\l \/_.]220

which is always true.

-7,2,>0 [usingRe (z,Z,) <lz.Z,)]
A 1<2 142

' Find the greatest and the least value of

R e L T s

Iz +z|1fz =24 +7iand Iz,| = 6.

Sol. iz, +zl<lz |+ 1z
=24+714+6 -

=25+6=31
Also,

|z, + z,l = lz,= (= z,)| = liz)| = Izl
= lz;+zl=1R25-61=19

Hence the least value of Iz +z,| is 19 and the greatest value is
25. :



2.16  Algebra

Prqperties of Arguments

j | arg(z 2)= arg(z)+arg(z)
Ingeneral

arg (z,2,2,...2,) = arg(z,) + arg(z,) + arg(z,) + -
’ +arg(z,)
arg (5‘—] =argz, —arg z,
. »
4 -"arg(:] = arg[r)
o o\zZ) z
e
= argf —-
Z
= arg(lzlz) arg z =0-argz
5. arg (§)= arg(z) — arg(®) = 0 - (- 0) = 20 = 2 arg(2),

= where 8 = arg(2).
6. arg(z")=nargz, whenne 0.
7.2Z,+7,2, =2z Izl cos (6,-0,), where 0, = arg(z,) and
0, = arg(z,).
8. If z is purely imaginary, then arg(z) = n/2.
9. -If z is purely real, then arg(z) =0 or 7.
10:"Locus of z, if arg(z) = 6 (= constant) is ray excluding

origin
y
0 ? *
Fig. 2.11
11. Locus of z, if arg(z — @) = 6 (= constant) and a > 0
y
k4
0
0 a *
Fig. 2.12.

12. Angle between two lines,

=0 ﬁ
= arg(Z3 - Z]) —arg (Zg - Zl)

232
= arg| 2—2L
L

R(z3)

(=)
y
R'(h“-j) a-f3
‘Q,(ZZ_ZI) ,/ Ple)
a-f ]
a d
5 AP e .
(4] .
Fig. 2.13
13. Angle between lines joining z;, zzvand'zy Z:
0= arg z3
¥
A=)
e
. X lC X ‘
by .

‘Note: By specifying the modulus and argument, a complex
number is completely defined. However, for the complex
number 0 + 0i the argument is not defined and this is
the only complex number which is completely defined by
taking in terms of its modulys. '

B(z2) C(z3)
Fig. 2.15

Since AABC is equilateral, therefore

AB=BC=CA

Iz, =z, =lz,~ 2] =1z, — 2|

Q"% |20 ()
-z |a-%

Also,

ZCBA = ZACB




arg [ 47% J: arg( Lo Z3J (i1)
L2 37
From (1) and (ii), it follows that

21 " _HTYh
Z3 - Zz Z[ - Z3
= (z,-%) (g -2)=-(,-23,)
= Z? T2, 42t 4 = - (Z% + Zg - 222Z3)
= Z% + Zg + Z§ =22, 223+ 22
2. If a, b, c and u, v, w are complex numbers representing
the wvertices of two triangles such that they are similar,

a u 1
then |b v 1=0or Z=S=27Y
a-b u-—-v
c w1
Proof:
A(a) Pu)
C(e)
B0 o) RO
Fig. 2.16 '
In the figure triangles are similar. Hence
AC_4B
PR PO
AC_PR
= AB PO
a—c u—w
- il 1
- |a -b| |u-v ()
Also,
ZBAC=Z(QPR
= arg["‘c}arg[“‘wj | 2)
a-b u—v )

"~ From (1) and (2), we have

a—c¢ H—w

a—-b u-v

Simplifying, we get

Find the amplitude of

b.-1- i3 c.sina+il-cosa),0<a<n

Sol. _
a. amp[HﬁZJ:amp(l +x/§i)—amp(\/§+i)
NOEY

Complex Numbers 2.17

w|a
|

SN

=]

b. Let,z=-1-i-/3.
Then a=tan"|b/a|:tan’l‘\/§/l‘:7r/3

Here, z is in third quadrant. Therefore afgument is
O=—(r—a)=-(r—-n/3)=-27/3

¢c. z=sina+i(l-cosa),0<a<m=sina+i(l - cosa)

= amp(z)ztan“[ﬂj (+ zlies in first quadrant)
Sino
o
2sin® =
—ton—! - 2 ol a) a
=tan | ————=—— | = tan tan| — [=—
9si o o 2) 2
SIN ~——COS ~~

2l PAE Find the modulus, argument and the

principal argumnt of the complex numbers.
@@ (tan1-i)?

(ii) i-1

. 27 ) -, 2mw

i| 1-cos— |+sin—

(12 Josn;

Sol. (i) z = (tan 1-{)*>=(tan* 1 = 1) — (2 tan 1)i

Il = /(tan’ 1-1)* +4tan? |

= y(tan®1+1)* =tan?l + 1
Sincetan’> 1 — [ <0and —2tan 1 <0

= z lies on third quadrant
2tanl

= are (z)= —T+tan |———
g () 1-tan’1

Il

—~m+tan” [tan 2|

2-7
i—1
[ 27r) . 2n
i| l—cos— j+sin—
S 5

i—1

(i) z =

- T I
z2sm2g+251n~cosg

i—1

LT T .. 7
2sin— || cos—+isin—
( 5j( 5 5]

fi—11
. T .. T
2sin— ||| cos—+isin—
[ 5)( 5 5)’

Izl =
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N

- . T T .. 7T
2sin— ||| cos—+isin—
(260 s G vion?
—Lcosecz
V2
i—1

arg z = arg
. T T .. T

2sin— || cos—+isin—

( 5)[ 5 5)

= afg(—l+l')—arg[%in%j—arg[cos%ﬂsin%)

3n T _llz

4 520

If z,, z, and z,, z, are two pairs of
conJuga e complex numbers, then find the value of
arg (z;/zy) +arg(z;/z;) .

Sol. We have z,=7 and z, = z,. Therefore,

- — | |2 R 2
72, = ILII and z,z, = Iz,|

Prove that Iz, + z,] = Izl + Iz,| = arg(z)

= arg(z,).

Sol. Iz, +z,=lz1+lz)]
= lz +zF =1z +‘|zzl2 + 2z liz,|

lz P +1z,F + 2 Re(z,z,) = Iz, * + Iz,]” + 2lz llz,|

2 Re(z,z,) = 2lz Iz

cos(d, - 0,)=1

0,-0,=0

L

arg(z,) = arg(z,)

If arg(z,) = 170° and arg(z,) = 70°, then
ﬁnd the principal argument of z z,.

Sel.  arg(zz,) = arg(z,) + arg(z,) = 170° + 70° = 240°

Thus z,z, lies in third quadrant. Hence its principal argument
is -120°.

_Example 2.59
then find arg(-zz,).

If z, and z, are conjugate to each other,

Sol. 7z, and z, are conjugate to each other, i.e., z, = z,. There-

fore, _
arg(-zz,) =arg(-z,z))
=arg (-z,7?)
= arg(negative real number)
=7
R2CIl PRI If 7/2 < a < 3a/2, then find the modulus

and argument of (1 + cos 2a) +i sin 20

Sol. z=(1+cos2a)+isin2a
=2cos’a+2sinacosa
=2cos a[cos a+isinal
=-2.cos a [-cos a — i sin a]
=-2cos a [cos(a — m) + i sin (& — 7)]
[ #/2 < o< 37/2]

Thus, Izl

=-2cos a and arg(z) =a — 7.

ple Find the point (_)f intersection of the
curves arg(z — 3i) = 37/4 and arg(2z + 1 - 2i) = /4.

Sol. Given loci are as follows:
. kY4
arg(z—3i) = e

which is a ray that starts from 3/ and makes an angle 37/4
with positive real axis as shown in the figure.

y=x+3

Y

—11/2 X
Fig. 2.17

arg(2z + 1 - 2i) = %

= arg| 2 z+l—i) .
2 4

:>arg2+arg{z— ——l—+z} il
2 4

r

4

~ormfe 301



(s

This is a ray that starts from point —1/2 + i and makes an
angle /4 with positive real axis as shown in the figure. From
the figure, it is obvious that the system of equations has no
solution.

_Example 2 Let z and w be two non-zero complex
numbers such that Izl = lwl and arg(z) + arg(w) = n. Then

provethat z =-w.
Sol. Let arg(w) = 0. Then arg(z) = = — 0. Therefore,

w = Iwl (cos € + i sin )

and
z=lzl(cos(m =)+ isin(x—8))
= lwl(—cos 8 + i sin ) [ 1zl = Iwl]

= —lwl (cos § — i sin 6) = —w.

MECIWIPXEM etz =x+iy be acomplex number, where
x and y are real numbers. Let A and B be the sets defined by
A={z:zl £2}and B={z: (1 -i)z + (1 + )7 > 41}. Find the

area of region A N B.

Sol. z=x+iy
A= {z:lz1 <2}

,/x2+y2 <2

=

= x?+3?<4

= zlies on orinside the circle x> + y* = 4

B={z:(l-Dz+ {1 +1)7 24}

= (I-Dx+mM+U+DHx-iy)=24

= x+iy-x+y+x—iy+tix+y=24

= x+y=2

Area of region A M B is shaded region the diagram.

Fig. 2.18
2% ]
Area = 7(2) ——X2X2=r-2
4
Example 2.6 Find the area bounded by arglzl < 7/4

and Iz - 11 <z - 3.

Complex Numbers 2.19

Sol. larg ol < /4 .
—m/d < arg 7 < w4 @)
Which represents the region given in the following diagram.

Fig. 2.19

z—1l<lz-3i
= (G- +y<(x-3+y
= x<2 (i)

Fig. 2.20

Common region of (i) and (ii) is shown in above figure.

1
Area of the shaded region is 5(4)(2) =4 square units.

. Ifz+ 1/2=2 cos 6, prove that
(2" - 1)/(z*" +1)| = ltan nél

Sol.z+l =2cos

=>-2cos0z+1=0

200501‘{/400529—4
=z=
2
=cos@+isind

Taking positive sign,

L. 1 ..
z=cosf+isinf, — =(cos@—isind)
z
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(cos @ + i sin 8)" — (cos 8 —i sin@)"
(cos @ + i sin 8)" + (cos 8 — i sin 8)"

_ 2isin nf
2 cos n@

=i tan né

Taking negative sign, we get .

2" -1 _ —2isinnd

B = =—tan nd
2"+ 1 2 cos n@
Z?_n_l

= 2——=|1-itan9l=tann6
7" +1

1. Forz, = ¢f1—i/a + iy3) &= JA-D/WB +1),
2,= §/(1+ i)/ (\f3 = i), prove that Iz | = Iz,| = Iz,|.

2. Let z be a complex number satisfying the equation
(z* + 3)? = - 16, then find the value of Izl.

3. Show that a real value of x will satisfy the equation
(1-ix)/(1+ix)=a—ib if a®> + b* =1, where a, b are real.

4. Find non-zero integral solutions of [1 — i = 2%,

5. Letzisnotareal numbersuchthat (1 + z + z3)/(1 - z+ %)
€ R, then prove that [zl = 1.

6. If a, b, ¢ are non-zero complex numbers of equal moduli
and satisfy az? + bz + ¢ =0, then prove that (\/5 —1)/2 <
Izl < (5 +1)/2.

7. Ifz, 2,2z, are distinct non-zero complex numbers and a,
b, ¢ € R* such that

a b c

lzj -z lgy—zl lzz—zl

then find the value of

al bZ CZ
+ +
233 23— %

2 — 2

8. Prove that Iz, + z,* = Iz I + Iz,P, if z /z, is purely imagi-
nary.

9. If fisreal and z, 7, are connected by 7 +23+27z7,c080
= 0, then prove that the triangle formed by vertices O, z,

——_—.—' Concept Application Exercise ‘Z.ﬂ——— v

and z, is isosceles.

10.1f 2z /37, is a purely imaginary number, then find the value
Of |(Z'l _‘Zz)/(zl +Z2)l .
11.1f Izl < 4 then find the maximum value of liz + 3 — 4il.

12.1f 3 +i=(a+ib)(c+id), then find the value of

tan~! (b/a) +tan”' (d/c).

13.Let z be any non-zero complex number, then find
arg(z) + arg(2). '

14. Find the area bounded by the curves arg z = 7/3,
arg z =2n/3 and arg(z -2 - 2./31) = 7 on the complex

plane.

15.1f Vab =+Ja/b and a <0, then find arg(b + ai).

16.1f Iz, ~z| = lz,—z=a and amp ((z2 —z)/(z5 = zl)): /2,

then find z,,
17. Letz,, 2,, 25 -, 2, AT€ the complex numbers such that
lzl=lzl=---= lz |=1. Iif

A

then prove that
a. z1is areal number
b. 0<z<n?

DE MOIVRE’S THEOREM

Statement:

(i) If n € Z (the set of integers), then
(cosf + i sind)" = cos nf + i sin nf

- (ii) Ifn e Q (the set of rational numbers), then cos n6 + isin nd

is one of the values of (cos & + i sind)".
Proof:
(i) When n € Z, we know that
e =cos 0+ isin @
= (e®)y = (cos §+isin )"
= "= (cos &+ isin )"
= cos(nd) + i sin(nd) = (cos G + i sin G)"
(i) Let n be rational number. Let n = p/q, where p. g are integers and
¢ # 0. From part (i), we have

q
[cosp—9+isinp—9] =cos[[p—ejq]+isin((ﬁqu
q. q q q

=cos pf + i sin pf

E R p_0 +isin p_9 is one of the values of
4 9 (cos pf + i sin p@)'a
0 6 )
= cos£—+ isin—p— is one of the values of
4 q [(cos 8 + i sin 8]

= cos Eﬁ + isinp—6 is one of the values of

q q (cos 8 + i sin Gy



Note; -
‘ vre’s theorem is. also rrue for (cos 6 =i sm 0) l C.;

i J_cos'(mc/z h0)+ ,m(nn'/2x o)
lSHl ¢)”;£cos m9+ i sm n¢

5. (cos’

1

| ImportantResult |

Writing the binomial expression of (cos @ + i sin #)” and equating
the real part to cos n@ and the imaginary part to sin nd, we get
cos (n@) = cos” 8~"C, cos" > @sin* §+"C, cos"* @ sin* 0 + ---
sin (n@) ="C, cos"™! sin 0 - *C, cos"™ @ sin* 0

+7C, cos"‘5 0 sin® 6 —
"C, tan® — "C; tan® @ +" Cstan’ 6 — "C, tan” O + ---

tan(nfd) =
0 1-"C, tan® 8 + "C, tan* 6 ~ "C tan® @ + -

Express the following in a + ib form: .

cos6 +isin0 ¥
a. siné + icosO

Example 2.66

(cos26 — isin20)* (cos46 + isin40)™>
(cos30 + isin36) % (cos36 — isin30)™°

(sinz /8 + icos7/8)®
(sinz /8 - icosm/8)®

Sol. a. cos@ +isin@ !
sin@ + icosé

_ (cosG+isin9)4
- i* (cos@ — isi119)4
(cosB + isin®)*
(cos@ + isin@)™*
= (cos 86 + i sin G)*
= cos 80 + i sin 84

(cos20 —isin 20)4 (cos46 + isin 49)_5

(cos36 + isin 36 (cos36 — isin30)

. -5
[(cose+isin9)_'} [(cos@ +isin 9)4J

[(cose + isin 9)3:| —|:(cos 0+ isine)_’}]g

_ (cos8 + isin 0y " (cosd +isin®y

(cos 0 +isin0) ° (cosO +isin@)

=(cos O + i sin §)8-20+6-27 . ¢

Complex Numbers 2.21

=(cos @+ isin Gy %
= co0s 496 — i sin 498

(sinzr/8+icosm/8)®
(sinm/8—icosm/8)®

o

#(cosm /8 —isinzm/8)®
(=i (cosm /8 +isinm/8)°

5 5
Ifz= [i};,i] +[£_é] , then prove

2 2

COS7L' —lSlI'lﬂ'

COS77.' +lSlIl7l'

_Example 2.67
that Im(z) = 0.
Sol. Given that

o)) o))

S hY;4 5 b4
cos — +isin— +COs— —isin—
6 6 6

6

Hence Im(z) = 0.

LECISIPA I Find the value of the expression

T .. T T T
cos— +isin— — +isin— |+.. tO0©
[ 2 ZJ(coszzﬂsmzzj
T .. T T .. T
Sol. COS —+iIsImn— COS—2+lSlI’1—2 .. to oo
2 2 2 2
T T .. (rm
=c08 | —+—+ - |[+isin| =+ =+
(2 2 j [2 2? j
[m(, 1 1 IR
=cos| | 1+—+ 5+l +isin) — | 1+ —+—+-
| 2 2 2 2 2 2

»

=cosm+isinm = —1

= CO

i
|

2 2

. 2£+£ 17
Sol. (\/§+1)17 2 2

ol

17
7 T . .. T
COS~—~ + ISIn—
6 6

R
Z

50
T ... T
COS— —i1s1In—
4 4
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17 .. 17m
COS—— +1sIn——
_ 6 6

28 cosﬂ —isinso—n
4 4
cos 27r+5~7r + isin 27r+5—7r
6 6
28 {003(1277 + E) —isin(lZn + EH
2 2
Sm .. 5¢m
cos— + isin—
6 6

28 cosE—isinE
2 2
5T 577:]
cos— + isin—
6 6
28| cos I +isin _z
2 2

arg(2) = Si—(—ﬁj -4

Hence,

If z = x + iy is a complex number with x,
y € @ and [zl = 1, then show that Iz?" — 1] is a rational number
for everyn € N.

Sol. lzZl=1=z=€=x+1iy
= x=cosf,y=siné ,
Now cos d and sin 8 € Q. Also,
7 -1 =(E"-1)E@*-1)
=(zZ)" -z -7+ |
=2-("+27)
=2-2cos’n 6 =4 sin’> nd
= 127" -1l =2 Isin nd|
Now,
sin nf="C cos"~' #sin 6 -"C, cos"> fsin* O + ---
= Rational number (- sin 6, cos @ are rationals)
= Iz*"— 1i = Rational number

RCIW YA 1f 7 = cos 0 + i sin 6 be a root of the equa-
tion az" + az"' + a7 + .- +a,_z + a =0, then prove
that

(i) a,+a,cos 0 +a,cos 20+ --- +a cosnd =0

(il) a, sin @ +a,sin20 + --- +qa sinnfd =0

Sol. Dividing the given equation by 7%, we get
==l -2 . I —n 11—
ayraz'+az + o +a, ' "+az"=0
Now, z = cos @ + i sin § = ¢ satisfies the above equation.
Hence,

a,+a e+ a, e+ ta ey a e =0

n— |
= (a,+a,cos @ +a,cos20+ - +a cos nl)
+i(asin0+a,sin20+--- +a sinnf) =0

= a,+a,cos §+a,cos 20 + - +a,cosnd=0

and
asinf+0,sin20+--- +a sinnfd=0

| Concept Application Exercise 2.4 ———.

1. Express the following in a + ib form

(cosax +isin oc)4

(sin B+ icos B)°
b. (1+cos¢+isin¢]" —

a

1+cos¢—ising
c (cosa +isina)(cos B +isin )
(cosy +isiny)(cosd +isind)
2. If (1/x) + x =2 cos 6, then prove that x" + 1/x"= 2 cos né.

3. Find the value of the following expression:
10

T .. T
l—cos— +isin—
19 10

T .. T
l—cos——isin—
10 10

4. If iz* + 1 =0, then prove that z can take the value

cosm/8+isinm/8

5. If nis a positive integer, then prove that
(1 + [)u + (1 - i)n - (\/E)IHZ COS(%)

6. Ifcosa+cosf+cosy=0andalsosina+sinf+siny=0,
then prove that
a. cos 2a +cos 2f + cos 2y = sin 2a + sin 28 + sin 2y =0
b. sin 3a +sin 38 +sin 3y =3 sin (a + B+ y)
c. cos3o+cos3f+cos3y=3cos(a+pf+7y)

CUBE ROOTS OF UNITY
Let z=1"2. Then,
=1

= 7£-1=0
= (Z-DE@+z+1)=0
= z-1=0,or2+z+1=0

= z—lorz=_1i7 vi-4
2
= z=lorz= 1_2i\/§

So, the cube roots of unity are I, (—1+i\/§)/2 and (—1—1\/5)/2.
Clearly, one of the roots of unity is real and the other two are
complex.

Properties of Cube Roots of Unity

1. Each complex cube root of unity is the square of the
other.

Proof:
Complex cube roots of unity are (—1+i+/3)/2 and (=1-iyf3)/2.



Now,
1= 23 + 372

—1+i3 2_ ~2i
[ 2 - 4

2
[—1—:\/5] 1423 432
2 4

:1—25\/5—3{—1—1'\/5]
4

2

2

_ I+2i\/§—3=[—l+i\/§]
4

Hence, each complex cube root of unity is the square of the
other.

It follows from the above discussion that if we denote one
of the complex cube roots of unity by w (omega), then the
other complex cube root of unity is w?. Let,

w = (-1+if3)/2

Then
= (-1-i/3)/2
Clearly, @ = ©® and 0’ = .
2. Integral powers of ®

Since w is a root of the equation z3 —1 = 0, so, it satisfies the
equation z> —1 = 0. Therefore,
w?-1=0=>w’=1
Since w? = 1, therefore w" = w’, where r is the least non-
negative remainder obtained by dividing n by 3. For example,
(wS)G_ 16= 1 w0 = (w3)6 =1%w?= wz’ w0 = (wS)—IO =
1 =1, 0®=(0") w = w. ‘

3. The sum of three cube roots of unity is zero, i.e.,
1+w +w*=0.

Proof:
We have,

l+ow+a’=1+ [_1+i‘/§]+[_1_i‘/§]:
2

2

=0

2-1+i3~1-i3
2

4. The product of three cube roots of unity is 1.

Proof:
Three cube roots of unity are 1, w and w?. So, product of cube
roots of unity is 1x o X @’ = @' = 1.

5. Each complex cube root of unity is the reciprocal of the
other.

Proof:
We have, 1 1
wxX’=w=1l=2w= — and w*= —
1) W

6. Cube roots of -1 are -1, - @ and - .

Proof:
z=(-1)"

= Z2=-1

= (-2'=1

Complex Numbers 2.23

= —z=1, 0, o
= z=-1, -0, -&?

The idea of finding cube roots of 1 and —1 can be extended to find
cube roots of any real number. If a is any positive real number
then a'* has values a'*, a'®  and @' w?. If a is a negative
real number, then a'” has values —lal'?, —lal'® @ and —lal'? o2,

~ For example, 8'” has values 2, 2w and 2»” whereas (-8)'?
attains values -2, 2w and —2w?.

7. If 1, o, & be cube roots of unity and » is a positive inte-
ger, then
. 3, when r is a multiple of 3
l1+o"+ 0= )
0, when 7 is not a multiple of 3
Proof:
Case I: r is a multiple of 3.
In this case, n = 3m for some positive integer m.
L+ "+ 0 =1+ o™+ 0% =1+ (@) + (@)™
=1+1+1=3 [ (@)"=1"=1and (o) =17 =1]

Case 1I: 7 is not a multiple of 3. A
In this case, n =3m + 1 or n = 3m + 2 for some positive integer
m.Whenn=3m+ 1,

L+ o'+ 0™ =14 ¥+ + @o+2
=1+ o*w + 0™ »?
=1 + (0w + (@*)*" @?
=l+w+w’=0

Whenn=3m+2,
1+ "+ @0 =1+ ™+ + @+
=1+ o™w? + 0% w*
=1+ (0¥ & + (0*) " ’w
=l+w'+w=0
8. Factorization of @® + b* and a® - b?
@+ b =(a+b)a*—-ab + b))
=(a + b)(a + bw)(a + bw?)
and
@ -b*=(a-b)a+ab+ b
=(a - b)(a - bw)a— bw?)
9. Factorization of a® + b> + ¢* - 3abc
aA+b+c-3abc=(a+b+cla*+ b+ ¢t —ab — be
—cay=(a+b+c)la+bw+co?)(a+bo®+ cw)

10. Cube roots of unity represent vertices of equ1lateral
triangle on the Argand plane

Y

X X

M
Fig. 2.21
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& If © is a cube root of unity, then find the
value of the followmg

G A+o-0)(1-0v+awd

Gi) 1-0)(d-0)1-0%)1-o?

e AFbO+C®  a+bo+co’
(iii) - > 5
b+céw+aw” c+aw+bw
Sol.
(1) If wis a complex cube root of unity, then w*=1and I + @
+a?=0. ' :

ce (l+to-o)(l-w+o)=(20) (2w)=4

(i) (1-o)(1-0)(1-0 (-0
=(l-w)(1-0)(1-0) (-0
=(1 - w)* (1 - v??
=1 2w+ o?) (1 2w+ o)
=(1 2w+ o (1 20?+ w)
=(-3w) (B0 =9%°=9

(iif) Multiplying the numerator and denominator of expressions I
and II by w and w?, respectively, we have

a+bw + cw’ L atbo+ cw?

b+co +aw’®  c+ao+bo’

0 (a+bo + c?)
fcw® +a+bw)

_ 0(a+bo + co’)
(b0 + co* + a)

=w+tw=-|

. i Solve the equatlon x-1P+8=0in the
set C of all complex numbers.

Sol. We have,
x=1Y+8=0 =(@x-1y =
= x-1=2(-1)"
= x-1=2(-Dorx—1=2(-w)orx— 1 =2(-w?
[ (=)=

= x—-1=-2orx—-1=-2worx—-1=-2?

-8 =>x-1= (__8)1/3

~1 or —w or —w?]

= x=-lorx=1-2worx=1-2w?
Hence, the solutions of the equation (x — 1)* + 8 = 0 are — 1
1 —2w and 1 - 22

R2CIWAPYER If n is an odd integer that is greater than
or equal to 3 but not a multiple of 3, then prove that (x + 1)
n— x"—1 is divisible by x>+ x* +x.

Sol. Let
f0 = (ot 1y =1
Pt x=x(+x+1)=x (x - 0)x - w?)
SO =O+1y=0—1=0
flo)=(w+ 1)y -@" -1 = (—0?" ~0"~1 = —(o* +0" +1) =0

when 7 is not a multiple of 3.

f(wZ) = (wl + I)H _ 602" -1 = (_w)u _ CL)Z" _1
when 7 is not a multiple of 3.

=—(w"+0*+1) =0

_Example 2.75 ¢

w is an imaginary root of unity.

Prove that
) (@+bot+co®+@+b’+cw)y’=2a-b-c)2b-a
-¢)(2c—a-b),

(ii) Ifa+b +c=0,then prove that (a + bow + co?)®
+ (a + bo* + cw)® = 27abc.
Sol.
(i) Leta+bw + co’=xand a + bw?+ cw = y.
(@+bw +co® + (a+bo?+cw)P=x*+y
= (x + y)(x + wy)(x + w?y)

Now,

(a+bw + ca?) + (a + baw? + cw)
=2a+ b(w +.0?) + c(w + @?)

=2a-b-c

(a+bw+ ct®) + w(a + ba* + cw)

xX+y=

X+ wy=
=1+ w)a+ (1 +w)b+ 2w
=w*(2c—-a->b)

Similarly,
x+wly=w2b-a-c)
= (X +y)(x+ oy)x + o?y)
=w*Ra-b-c)2c-a-b)2b—-a- c)
=QRa-b-c)2c-a-b)2b-a-c)
(i) a+b+c=0=>b+c=-a,c+a=-b anda+b=-c
Putting these values on the R.H.S. of result (i), we get
(a+bw + ca?)’+ (a + ba? + cw)® = 27abc

_Example 2.76

the equation z> = 8i and lying in the second quadrant on the
complex plane.

Find the complex number @ satisfying

Sol. =8

= 7=-8

3
= |2
=2

b4
= “=lorworw’
—2i

= z=-2ior-2iw or—2iw’
1+43i [-1-+3i
or—2i
2 2

Hence, z = —2iori + V3 or i — ¥3 out of which i — V3 lies in
second quadrant.

= ::—Zior—Zi[

MR CPYYME When the polynomial 5x° + Mx + N is
divided by x* + x + 1, the remainder is 0. Then find the value
of M + N.

Sol. Letf(x)=52+Mx+N.
Also, > +x+ 1= (x— w)(x - w?)
flx) is divisible by x* + x + 1. Hence, flw) =S+ Mw + N=0



and
fw?=5+M*+N=0

= M=0;N=-5

= M+ N=-5

» g4 If v and »’ are the non-real cube roots
of umty and [1/(a + )]+ [1/ (b + )] +[1/(c + ®)] = 20* and
[1/(a+ @21+ /(b + )1+ [1/(c + ©)*] = 2w, then find the
value of [1/(a+1)]+[1/(B+D]+[1/(c+ 1}] .

Sol. The given relations can be rewritten as
1 1 1 2
+ + ==

a+@® bt c+o o
and
1 1 . 1 2
2 ‘)+ 5 = P
at+w b+w c+o o
' 1 1 12
= ® and &? are roots of + + ==
a+x b+x c+x x
3x2+2(a+b+c)x+bc+ca+ab_z
(a+x)(b+x)(c+x)
= x*+ (bc+ca+ab)x—2abc=0 (D

Two roots of the Eq. (1) are w and w?. Let the third root be a.
Then,

a+w+e*=0a=—-w—w?=1
Therefore, a = 1 will satisfy Eq. (1). Hence,

1 1

Lot

a+1 b+1 ¢+l

_—‘ Concept Application Exercise 2.5 '7

If o and f are imaginary cube roots of unity, then find the

value of o* + p* + 1/(af3).

2. If w is a complex cube root of unity, then find the value of
(I + ) (I + @) (1+ao*) 1+ - to2n factors.

3. Write the complex number in ¢ + ib form using cube roots of

unity:
1000
a. —l+-\—/—3—[
27
17
b. Ifz (‘/5“5)0
(-0

c (i+\/§)mo+(i_\/§)1oo+2mo

4. If z + z7' = 1, then find the value of z'® + z71%,
5. Find the commonrootsof x2 -1 =0, x* +x2+ 1 =0.

6. If w (# 1) is a cube root of unity, then find the value of *
1 1+ o

11— -1
-i —-l+o -1

o -1

Complex Numbers 2,25

GEOMETRY WITH COMPLEX NUMBERS

Section Formula

If P(z) divides the line segment joining A (z,) and B (z,) inter-
nally in the ratio m:n, then
mz, + nz,

m+n

Az,) P(2)  B(z,)
AP m
PB n

If division is external, then

mz, — Nz
7= ———
m-—n
Az) Bz P
Explanation:

Letz, =x, +iy,z,=x, + iy,. Then, A =(x,y)and B=(x, y,).
Let z = x + iy. Then P =(x,y). We have from coordinate
geometry.

mx, + nx my, + ny
x= ———1 and y = 22 T RA
m+n m+n
Hence complex number of P is
_mx, + nx +imy2+nyl
m+n m+n

_ mlx, +iy,) +n(x, +iy)
m+n

mz, + 1z,

m+n

Note:

1. In acute triangle, orthocentre (H), centroid (G) and
circumcentre (O) are collznear and HG:GO=2:1. '

2, Centroid of the trzangle formed by poinis A(z,), B(z, ) and
Clz,) is (f+z; +2z3)/3.

3. If circumcentre of the triangle is origin, then its

orthocenire is z, + z, + z, (using 1).

B2 PWERE Find the relation if Zps Zp 2y 2, are the
afﬁxes of the vertlces of a parallelogram taken in order

Sol. As the diagonals of a parallelogram bisect each other, affix of the
mid-point of AC is same as the affix of the mid-point of BD, i.e.,

7tz ntzy
2 2
= z+z,=7,+7,

_Example 2.80 87} Z,» 2, Z, are three non-zero complex
numbers such thatz a1- l)z +4z, where 4 € R - {0}, then
points correspondmg toz,z, and 2y
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a. lie on a circle
¢. are collinear

Sol. z,=(1-A)z +z,

_ (I—A)Z[ +/’LZZ
T1-A+A

b. are vertices of a triangle
d. none of these

Hence, z, divides the line joining A(z,) and B(z,) in the ratio
A: (1 = A). Thus the given points are collinear.

In AABC, A(z,), B(z,) and C(z,) are
inscribed in the circle kl = 5. If H(z,) be the orthocentre of
triangle ABC, then find z .

Sol. Circumcentre of AABC is clearly origin. Let G(z,;) be its
centroid. Then,

1
5= 5(21 +2; +23)

Now we know that

OG:GH =1:2
2x0+1xzy
= ZGZ—T—

= 7,=33,=3,+5,+%

B2CIUd PRI Let z, z,, z, be three complex numbers

ad a, b, ¢ be real numbers not all zero, such thata + b + ¢
=0 and az, + bz, + ¢z, = 0. Show that z , z,, 7, are collinear.
Sol. Given,
a+b+c=0 : (1)
and
az, + bz, +cz,=0 (ii)
Since a, b, ¢ are not all zero, from (ii), we have

az, +bz,—(a+b)z,= [From (i), ¢ =— (a + b)]

= az +bz,=(a+b)z,

= 7= az; + bz, o (iii)
L a+b
From (iii), it follows that z, divides the line segment joining z, and
z, internally in the ratio b:a. :
If a and b are of the same sign, then division 1s in fact internal and
if a and b are of opposite sign, then division is external in the ratio
1bk:lal.

Equation of the line passing through the points
z andz,

Such equations are given by

|

£
EAIE RTINS
_ =

1l

=

or

Explanation:

Let z, = x, + iy, and z, = x, + iy,. Let A and B be the points

representing z, and z,, respectively.
Let P(z) be any point on the line joining A and B. Let z=x +
iy. Then P = (x, y), A= (x,, y,) and B = (x,, y,)- Points P, A,
B are collinear.

A(z1)
Q'(z1-2)
P(z)
P(z-1z)
B(z2)

Fig. 2.22

From the diagram, points A, P and B are collinear.

Shifting the line AB at origin as shown in the figure, points O,
P’and Q' are collinear. Hence,

arg(z — z,) = arg(z, — z,)

= arg{z_z2 ]:0
-2,

-7y .
= ——= is purely real
L)
-z 72—z
= 2 - 2
3 Zz Zl Zs
-z P2
= - (N
) T
z z 1
re 22 1

From (2), if points z, z,, z, are collinear, then
7 7 1 :
Zz 7 1 :O

1

2
()

rs
o
INI|
I

Equation (2) can also be written as
@, -7,02-(,-2)7+22,-%,2,=0 ‘
= i(z,-7,)21-i(z,-2)7+i(zgz,-2z,)=0
= az+az+b=0 3)
where
a=-iz,-2,)
and
b=i(zz,-2,2,)
=1i2ixIm(z,Z,)
=-2xIm(z,z,)

= a real number



Slope of the Given Line
In Eq. (3), replacing z by x + iy, we get
x+iya+x-iy)a+b=0
= (@+a)x+iy@-ay+56=0
_ 2Re(a)
B 22 xIm(a)

a+a _ Re(a)

Im(a)

. Slope =

ila—a)

Equation of a line parallel to the line za +za + b = 0 is za
+Za + A =0 (where ] is a real number).

Equation of a line perpendicular to the line za +za+ b =0
is za + za + iA = 0 (where 1 is a real number).

Equation of Perpendicular Bisector

“P()

Az1)

Fig. 2.23

Consider a line segment joining A(z,) and B(z,). Let the line
‘L’ be its perpendicular bisector. If P(z) be any point on ‘L’,
then we have

PA=PB=lz-zl=1z-2z)

= lz—zP=lz-z

= (z-2)@-7)=(k-2)Z~-7,)

= 22 —2Z,-LT+LT, FL -, - LT 4T,
= z(Z,-7)+2(z,-z)+7,2,-2,2,=0

Distance of a Given Point from a Given Line

Let the given line be za + za + b = 0 and the giveri point be z,

Z, =X + 1y,

Replacing z by x + iy in the given equation, we get
x(a+a)+iy@—a)+b=0 '

® 7.
\(

za+za+bh=0

Fig. 2.24

Distance of (x , y ) from this line is
Ix.(a+a)+iy(a—a)+bl _
J@+a? - (a-ay

lz.a+Za+bl
J4(Re(a))? + 4(Im(a))’

_ lz, a +z, a+bl
2ial

Complex Numbers 2.27

LetA(z) and (z,) represent two complex
numbers on the complex plane Suppose the complex slope
of the line joining A and B is defined as (z,-2,)/(z, - %) . If
the line I, with complex slope », and /, with complex slope
@, on the complex plane are perpendlcular then prove that
o, +o,=0. '

Sol. /, is perpendicular to [,. Hence, (zl 7,)/(z; — 25) is purely

1rnagmary

' Zl_Zz+Z1_Zz =0

33— 23—

I —Z 23— Z
_I _2 + _3 _4 =0
Zl _ZQ Z3 —24

= o +w,=0
Note:
Ifl, is parallel to l,, then
Q=% _ 4= 2
‘T3 T 24 _2-3"‘24 )

0)1 = 602‘

_Example 2.84

If 2,5 2 Z, are three complex numbers
such that 5z, - 13z, + 8z, = 0, then prove that

7z 7 1

7 7, 1=0

23 23 1
Sol. 5z,—13z,+8z,=0
5:’:] +8Z_7_
= L 2=z
5+8 :

= 2z, 2, %, are collinear
707 |
= |z, % 1| =0 (condition of collinear points)

3 L3 1

\

Sol. T=%,+AGz-1,

A<—?—A<O+%—O (N
A7 - "~A30+:0:O (2)
Adding (1) and (2),

A-Dz+@-1)7—(Az,+AZ) +2,+7,=0 _
This is of the form az + az + b = 0, where « = A — 1 and
b=—(Az,+Az,) + 7,+Z, € R. Hence locus of z is a straight
line.

Equation of a Circle

Consider a fixed complex number z, and let z be any complex
number which moves in such a way that its distance from z, is
always to ‘. This implies z would lie on a circle whose centre
is z, and radius r. And its equation would be
lz—zl=r
= lz-gzlf =7
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= G-z)@-7)=r

= W -y -2yt g, =0

Let —a=z and z,z,— 7* = b. Then,
Z+dz+az+b=0

2.28

It represents the general equation of a circle in the complex
plane.

Remark

7Z + az + az + b= 0 represents a circle whose centre is —a
and radius is Jaz —b . Thus 7z +az +az+b=0(b € R)
represents a real circle if and only if aa — b > 0.

Now, let us consider a circle described on a line segment AB
(A(z,), B(z,)) as its diameter. Let P(z) be any point on the circle.
As the angle in the semicircle is 7/2, so

ZLAPB = 7/2

= arg[Zl —Z] =z=7/2
Zz —Z

= 2T jspurely imaginary

- Zz

=2 Z =2

| &)
A(z) \\/B(zz)
Fig. 2.25
= (- E-2)+(E-2)E-27) =0
PGl PRIIR Let vertices of acute angled triangle are

A(z,), B(z,) and C(z,). If the origin ‘O’ is the orthocentre of the -

triangle, then prove that 2,2, +7,2;, =, 23 2,23 = Z32; + 232;.

Sol.
A(z1)

B(za) D C(z3)
Fig. 2.26

Here O is orthocenter then
(AD=)OA 1 BC

7,0 /4
- arg ==
2~ 7 2

44—
™%

is purely imaginary.

=

L= L

-z;)=0

= 35145 =451 1)
similarly OB L AC

= 3% T4% =254 T 5% @)

= (7, - 5)+75(z

From (1) and (2) 2%, +2,2, = 5,5 + 584 = 44 T 4%

_ Show that the equation of a circle passing
through the origin and having intercepts and on real and
imaginary axis respectively on the argand plane is given by
=(Re) + (Im).

_Example 2.87

Sol. From figure,
z—a i
:i— 7, V4
arg(z—ib) 2 @
= <-4 —Z__a: 1
z—ib Z+ib [a) a
o g-d EE)p[EE =0 . :
: 5 Y Fig. 2.27

= zz =a(Re ) + b(Im 2)

Intercept made by the circle zZ + a+ a7
+ r = 0 on the real axis on complex plane is

a. Ja+a)-r b.
¢ (a+a) _ 4r d. \(a + a)*—ar

Sol. Points where the circle cuts the x-axis z =7.
Hence substituting z = 7 in the equation of circle, we get
Z+az+az+r=0
= Z4+(a+a)z+r=0
= AB=lz, -z,

(a+a)y -2r

(where A and B are points of
intersection of circle with x-axis)

= \j(Z] + 22)2 - 4Z|Zz
= Ja+a)y - 4r

IR ProvethatiZ-Z P +1Z-Z > =a will rep-
resent a real cxrcle [with centre (z, + Z,)/2] on the Argand
plane if 2a > 1Z - Z I

Sol. 1Z-ZP+I1Z-ZF=a
= (Z- Z)(Z Z)+(Z Z)(Z Z)—
= 277- Z(Z +Z) Z(Z +Z)+ZZ +ZZ =a




2
L ZZ+ ?zz —a _, i
Equation (1) is of the form of zZ + &Z + aZ + r = 0. Hence
centre = — coefficient of Z; which is given by (Z, + Z,)/2.

Also, Eq. (1) will represent a real circle if aot —r >0
(Z +Z) (Zl + Zz) > lel + 2222 —a
4 2
ZZ+ Z_]Z2 + Z_IZ2 + %222 > 2_(Z]Z] +7,7)-2a
2a zglzl i' Zzzz —_lez__ ZZZI
=Z(Z ~ ZZ)_— ZZ_(Zl ~-Z)
=Z,-2)Z,-Z)
=(Z,-2) (Z - Z,)
= 2azxlZ-2ZF

il

Two different non-parallel lines cut the
circle Izl = r at points a, b, ¢ and d, respectively. Prove that
these lines meet at the point given by
- al+pt-¢ct-g!
a b —c'd! )

Example 2.90 |

Sol.

Pz) S(a) T(b)

Fig. 2.28

Since P, Q, R are collinear, so

z z 1

c ¢ 1=0

d d 1
= z(e-d)-Z(c—d)+(cd-cd)=0 €)
Similarly,

z@—b)—z(a-b)+(ab-ab)=0 )

From {(1) x (a-b)} = {(2) x (c - d)},
z[(c-ad) (a-b)-(@-b)(c-d)

=(ab - ba) (c —d) - (cd -¢d) (a - b) 3)
Now,

2

_ —_ ro
laP=aa=r=a=_
a

Similarly,

Complex Numbers 2.29

+
ab cd

L 1) _(@+bh) c+d
z cd ab|

al+p -t =gt
a bt —c7lg!

R3CINICRRAM Prove that the circles 77 + za, + za, + b,
=0,b, € Rand zZ +za, +za, + b,=0,b, € R will intersect

orthogonally if 2 Re(a,a,) =b, +b,.

Sol. Centre and radius of zz + za, + za, + b, = 0 are —a, and

“Jaa — b, , respectively, and that for other circle are —a, and

\a,a, — b, | respectively. These circles will intersect orthogo-
nally, if sum of squares of radii is equal to square of distance
between their centres. Therefore,
. = —
la,-af=aa -b +aa,-b,

= aa +ad,-aa,-aa,=aad +a,a,-b-b,

= aa,+aa,=b +b,

= 2Re(aa,)=b +b,

Condition for Four Points to be Concyclic

Let ABCD be a cyclic quadrilateral such that A(z)), B(z,), C(z,)
and D(z,) lie on a circle. Clearly,

arg[”4_*"j+arg[“2 ”3j=n
=3 4 — 3
Z4 — Iy — 2
= arg |HT4l|B2T8 g
22_Z| Z4‘Z3

-\l -2,
= | =212 3| s purely real
2y — 3 iy — 4

C(: 3 )

B(z-)

A(z))

Fig. 2.29

Thus points A(z,), B(z,), C(z,) and D(z,) (taken in order)
would be concyclic if [(z, = 2) (2, — 23)1/{(z; — ) (74 — 23)]
is purely real.
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RICIUWIERP If 2, 7, z, are complex numbers such
that (2/ ) =@/ zz) + (1/z3), then show that the points repre-
sented by z,, z,, z, lie on a circle passing through the origin.

Sol.
o
S(0) '
Oz1)
P(z3)
Fig. 2.30
2 1 1
_ = 4 —
1 1 1 1
= - =
4 2 g
- L7 _47%
212 314
- 74 )
L33 13
o 22 -2
3% 3

2274
o e

= a=7m-
= a+f==x
Hence, the said points are concyclic.

Concept of Rotation

If z and 7' are two complex numbers, then argument of z/7’ is
the angle through which Oz’ must be turned in order that it may
lie along Oz.

Z_lZlC’e _'Zl f‘9‘9":.lil_€i0‘

’

7 171?17 P

"1

[N

0

Fig. 2.31
In general, let z,, z,, z, be the three vertices of a triangle ABC
described in the counterclockwise sense. Draw OP and OQ
parallel and equal to AB and AC, respectively. Then the point
Pisz,~z,and Qis z, — z, and

-z : CA ,
=3 ”‘=%(cosa+isma)=—e = —2——1 gl
% -2z OP = BA P

Uzs)

%
a\J
2n—&
Fig. 2.32

Note that arg(z, ~ z,) — arg(z, - z,) = a the angle through which
OP must be rotated in the anticlockwise direction so that it
becomes paralle] to OQ.

Also in this case we are rotating OP in clockwise direction
by an angle 2z — a. Since the-rotation is in clockwise direc-
tion, we are taking negative sign with angle 2z — o. Here, we
can write

—4 _ 23—zl ein-a)
L — 4 IZZ -3 |

A(z,), B(z,), C(z,) are the vertices of the

triangle ABC (in anticlockwise order). If ZABC = 7/4 and
AB = \2(BC), then prove that z, =z, + i(z, - z,).

Sol.

A=)

B(z) a (@)
Fig. 2.33

Rotating about the point ‘B’, we get

U

U

-4 :a\/EeHrM - \/E[L‘F—l—‘]:(l-l—l)
- a

7, =2,=(2,—7) (1 +1)
,=2,~(2,~2,) (1 +0)
z(l—(1+l))—z 13(1+i)

2= LBt = (i —igy,(1+0)
- 1

If one vertex of a square whose diago-

nals mtersect at the origin is 3(cos 8 + i sin 0), then find the
two adjacent vertices.



Sol.

Fig. 2.34

Let the vertex A bé‘3(cos 6+ i sin ), then OB and OD can bev

obtained by rotating OA through #/2 and — #/2. Thus,
OB=(0A)¢™ and OD =04 ™"

= OB =3(cos0+isin®)i and OD = 3(cos8 + isin)(—i)

= OB=3(-sin@+icos) and OD = 3(sin@ —i cos @)

Thus, vertices B and D are represented by +3(sin 8 — i cos 6).

_Exa PRXEB Find the centre of the arc represented
by arg[(z — 3i)/(z - 2i +4)] = /4.
Sol.

4+21)

. o)
Fig. 2.35

If ‘C’ be the centre of the arc, then ZBCA = n/2. Let C be z.
Then,

2730 e
-2t ¢ T
= z =3i+iz -2i+4)
T2 1
= ——=—(9-5
= =45 2%
B2CI P RAI 2, and z, are the roots of 372+ 3z + b

= 0. If 0(0), (z,), (z,) form an equilateral triangle, then find
the value of b.

Sol. =z +z,=-1,22,= <

1
Triangle OAB is equilateral. So,
' 24 52—
0*+z}+2,=0xz +0xz,+ 2z,
= (Zl + Zz)z - 221Z2 =45,
b

= 1:3ZIZ2=3§

= b=1

|| Let Z;, 2, and z, represent the vertices A4,
B and C of the triangle ABC in the Argand plane, such that
Izl =z | = lz,] = 5. Prove that z, sin 24 +z, sin 2B + z, sin 2C
=0.

Complex Numbers 2.31 ~

Sol.
Alzy)

N

BN\ @)
Fig. 2.36
lzl=lz,l=lz,l=5
= |zl = 5 is the circumcircle of triangle ABC
= LAOB=2C,/BOC=2Aand ZCOA=1B
We have,

z OB ; ;
2 — elZC =elZC

z OA
Similarly,

] =£e—i28 — 2B

7 OA

Now,
z,8in 2A + z, sin 2B + z, sin 2C

=z [sinZA + Z—Zsin2B+—Zisin2C)
Z 3
= z,(sin 24 + sin 2Be” + sin 2C e?)

=z, (sin 2A + sin 2B cos 2C + i sin 2B sin 2C
+ sin 2C cos 2B — i sin 2C sin 2B)

=z,(sin 24 + sin(2B + 2C)) .

= z,(sin 24 + sin(2x — 2A))
=0

B2CulCPALE On the Argand plane z, z, and z, are,

respectively, the vertices of an isosceles triangle ABC with
AC = BC and equal angles are 6. If z, is the incentre of
the triangle, then prove that (z, = z)) (z, —z,) = (1 + sec 6)
@, -z '

Sol. 274 _ M8 e (glockwise) )
bz, =gl lzy—z
S o e (anticlowkwise) 2)
L3 7 Z] :’.4 -4
((z3)
1
012 )
82 __|D 9
Az1) Z1+22 B(z2)
2
Fig. 2.37

Multiplying (1) and (2), we get
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I(z, =) 1 (zy — z) |
lz, — g P

_ (4B) (AC)

T @An?

_ 2(AD) (AC)

T (AD?

(z, — zl‘) (z3 — 7))

(Z4 - Zl )2

2(AD)* AC
(A AD

=2 cos? g sec @=(1+cos d)secd

1. The centre of a regular polygon of n sides is located at the
point z = 0, and one of its vertices z, is known. If z, be the
vertex adjacent to z,, then find z,.

2. Letz, and z, be two complex numbers such that 7,/ z, + z, /7, =1.

- Prove that z,, z, are the origin form an equilateral triangle.

3. If one vertex of the triangle having maximum area that can be
inscribed in the circle |z — il = 5 is 3 — 3i, then find the other
vertices of the triangle.

4. Consider the circle Izl = r in the Argand plane, which is in fact
the incircle of triangle ABC. If contact points opposite to the
vertices A, B, C are A (z)), B,(z,) and C,(z,), obtain the com-
plex numbers associated with the vertices A, B, C in terms of
z,,z, and Z5

5. P is a point on the Argnad plane. On the circle with OP as
diameter, two points Q and R are taken such that ZPOQ
= ZQOR =0.1f O is the origin and P, Q and R are represented
by the complex numbers z, z, and z,, respectively, show that
z, €08 26 = 7.z, cos? 4.

———-{ Concept Application Exercise 2.6 ’—

Standard Loci in the Argand Plane

If P(z) is a variable point and A(z)), B(z,) are two fixed points in

the Argand plane, then

1. k-zl=k-z)l

Fig. 2.38
= AP = BP

That is, the distance of z from two fixed points 7, and z, is
same. Hence, locus of z is the perpendicular bisector of the
line segment joining z, and z,.

2. k-zl+lz-zl=lz -2z
l«—lz - z| —> | «——lz -z |-——>I

Az) P(2) B(z,)
< lz, - z——— >
AP+ BP=AB

Hence the locus of z is the line segment joining z, and z,.
3. k-zl-lkz-zl=lk -zl
le——Iz, — z,| ——> | «—lz - z,—>I

|
I

Az) B(z) P@)

| lz-z| >

y

= AP-BP=AB
Hence, the locus of z is a ray as shown in the figure.

4. llz—zl-lz-zll=lz, -z,

A\

-— EETRY )
z oz Z, z

= Locus of z is a straight line joining z, and z, but z does
not lie between z, and z, or locus of z is two rays.

5. lz-zl+lz-z)=k(=constant > Iz — z,l)

= PA + PB = constant

Hence, the locus of z is‘an ellipse
(as in ellipse SP + S'P = 2a, where S, S’ are foci, P is any
point on ellipse and a is semi-major axis)

P(2)
Fig. 2.39
Eccentricity of ellipse is
AB  _ Iz, -2z, _la=zl
AP+BP lz-zl+lz—2,]1 k

6. lz-z|-lz~z)ll=k(=constant <lz, -z,))
= |AP — BP! = constant
Hence, the locus of z is a hyperbola.

(as in hyperbola S'P — SP = 2a, where §, §' are foci, P is any
point on the hyperbola and «a is semi-transverse axis)

Fig. 2.40



Eccentricity of hyperbola is

AB Iz, =2, g -zl
| AP—BPl liz—zl-lz-zI k

7. k—z+l-zl=lk -2,
— AP?+BP*=AB

Hence, the locus of z is a circle with z, and z, as the extremi-

ties of diameter.
P()

Az1) . B(z,)

Fig. 2.41

8. lz—zl=klz-z)(#1)
= Locus of z is circle

4 j = a (fixed)
z

2

9. arg(j:

Hence, the locus of z is a segment of circle.

Fig. 2.42
J = xn/2

10. arg[

Hence, the locus of z is a circle with z, and z, as the vertices
of diameter.

Z—ZZ

11. arg[z_zl] =0orn
Z_Zz

Hence, the locus of z is a straight line passing through z and z,
Az +0Zg +r
2l

Hence, the locus of z is a parabola whose focus is z, and
directrix is the lineaz+ az+r=0

2. k-zl=

2SR Find the locus of the points representlng

the complex number z for which lz + 512 -1z - 5P =

Sol. lz+5P~1z-3P=10
= Z+3)@+5-@-5&-5=10
= 5@+72)+25+5(z+7)-25=10
= 2x2x=2
= =1
' 2

which is the equation of a straight line.

Complex Numbers  2.33

2

E Identify the locus of z if Z=a + r ,
zZ-a

Example 2.1

— — r
Sol. 7=a+

= @Z-az-ay=r

= lz—alf=#

= lz—a=r

Hence, locus of z is circle having center a and radius .

2 Let z be a complex number having the
argument 0 0 < 0 <n/2 and satisfying the equation | z — 3il
= 3. Then find the value of cot € — 6/z.

Sol. Let z =r (cos 8 + i sin #). Now,
r=0A sin 8 =6 sin &
A

0.3)e P(z)

0

Fig. 2.43

= z=6sind(cosf+isinbh)
6 : 1

" sin @ (cos 6 + i sin 8)

=
_cos@—isind

sin @

=—i+cotf

6 .
= cotf— = =i
Z

Example 2.102 }

. If ‘2’ be any complex number such that
3-21+13+2I=

4, then identify the locus of ‘z’.

Sol. 3z-21+13z+2I=4
2
7——|+

)
If P(z) be any point A = (2/3, 0), B = (-2/3, 0), then (i) rep-
resents
PA+PB=4
Clearly, AB = 4/3 = PA + PB = AB = ‘P’ is any point on
the line segment AB.

z2+—=

3 (1)

=

2_4
3

5

1z —2 -3+ 1z — 4 - 3I* = A represents the
equation of a circle with least radius. Find the value of ‘2’.
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Sol.
P(z)

AQ2 +30)
Fig. 2.44

If P(z) lies on a circle and PB? + PA* = 1 (constant), then
A=AB*=1=4

B(4+3i)

| Find the number of complex numbers
which satisfy both the equations Iz — 1- il = V2 andlz+1
+il = 2.

Sol. The given equations represent circles
(x=12+@-12=2and (x+ 1P+ @+ 1)P2=
= C(L,1),r=+2,C,(-1,-1),r,=2

C,C,=V8=28,r +r,=2+ 2 =341
C, C,<r+r, and also C,C, > r, — r, and hence the two circles

are intersecting at two points. The common two points will
satisfy both.

JEPRDEY If the imaginary part of 2z+1)/(iz+1)
is —2, then find the locus of the point representing in the
complex plane.
Sol. Let,
Z2=x+1iy
2z +1 _ 2(x +iy)+1
iz+1 7 i(x+iyv) +1

Cx+1)+i2y
l—y+ix
Cx+D+i2y (I1-y)—ix
A-y+ix (I-y)—ix

@D A=y + 20+ —x Qe+ D+ 2y A= ))]
- -y +x°

Since imaginary part of (2z +1)/(iz +1) = -2, hence

—xCx+D)+2y(0~-y)

-2
(1—y) +

= 22-x+2y-2y"=-2[1+y* =2y +x7]

= x+2y—2=0, which is a straight line

ISCIT PRI 1f |(z - 2)/(z - 3)| = 2 represents a circle,
then find its radius.

z-2
z-3

= lz-2P=4iz - 3P

Sol. =2

= x-2+iyP =4k -3+l
= (x=2P+y*=4[(x - 3P+ ]
= 3x2+3y?-24x+4x+36-4=0

20 32
2442 2y 4 22 =
= wHy- x4 S 0

This represents a circle with centre [(10/3, 0)] and radius
J(10079) - (32/3) =/(4/9) =2/3.

JRCIWICPAIYE If z, + 2, + 2, +z, = 0 where b, € R such

that the sum of no two values being zero and bz, +b.2, + bz,
+ bz, = 0 where 7, z,, Z,, z, are arbitrary complex numbers
such that no three of them are collinear, prove that the four
complei{ numbers would be concyclic if 16,5 llz, ~z,> = 1b.b |
lz, —z,P
Sol.

C(=3)
B(z3)
bd by

b
A(z) ’

D(z4)
Fig. 2.45
b +b,=—(b,+b,),bz +bz,=-(bz,+bz2)

bz + bz,
b +b,

- byzy +byzy
by +b,

Hence, the line joining the complex numbers A(z,), B(z,) and
C(z,), D(z,) meet.

Let P(z) be the point of intersection. These points will be
concyclic, if PA x PB = PC x PD. Now,

b b
PA = 2 _llz,—z,),PB= Ltz —z,|
b +b,  + b,y
b b
PC=|—lzz~z, L, PD=|—2—lz; - 7,1
by + b, 3~ Y 37 2

= |bbllz —zF=1bbllz,— 2z
(- 1b, + b = b, + b))

R2ClullPRIC-E Consider an ellipse having its foci at
A(z)) and B(z,) in the Argand plane. If the eccentricity of the
ellipse be ‘e’ and it is known that origin is an interior point
of the ellipse, then prove that

c [O, 111 -2 J
|2 [+]2]
Sol. Let P(z) be any point on the ellipse. Then equation of the

ellipse is

=
lz—zl|+|z—zzl=|—‘f—2| (1)
e



If we replace z by z, or z,, LHS. of (1) becomes
lz, — z,1. Thus for any interior point of the ellipse, we have
g —zl+lz—z)< =l
a

It is given that origin is an interior point of the ellipse

10 -/-zll+I0—zzl<lZ‘—_ZLI
’ 4

lzi—2, !
Iz I+ 1z,

Find the locus of point z if z, { and iz are

Example 2.109

collinear.

Sol.If 7, z,, z; are collinear, then

z z 1
i - 1 =0
iz —iz 1

—iz+izz +7 —z—iz +izz =0
z—2Z +iz—iz+7=0 (multiplying with 7)
227 —(z+7)+i(z=2)=0

x> +y*-2x-2y=0 (putting z=x+1iy)

Ly Ul

P2 ICPARIYE  If the equation Iz — al + Iz — bl = 3 repre-
sents an ellipse, and a, b € C, where q is fixed, then find the
locus of b.

Sol. Iz — al + |z — bl = 3 represents an ellipse. Now,
la—-bl<3

= 1b-al<3

Hence, b lies inside the circle having centre a and radius 3.

———-{ Concept Application Exercise 2.7J——

[z =1z1+1
1. If logﬁ[-llezﬁ_—J >2a

then locate the region in the Argand plane which represent z.

2. Identify the region of the Argand diagram defined by Iz — 1l
+ 1z + 11 <4 _
3. If w= z/[z—(1/3)i] and Iwl = 1, then find the locus of z.

4. Letz (#2) be acomplex number such that log ,lz —2I>log ,lzl.
Then prove that Re(z) > 1. ’

5. Locate the region in the Argand plane determined by z2 + 7
+ 2 1zP < 8i(z - 2)).

6. Iflz— 11+ |z + 31 <8, then find the range of values of Iz — 4.

Complex Numbers  2.35

THE n** ROOT OF UNITY
Let x be #" root of unity. Then,
x'=1
=1+i(0)
=cos0+isin0
= cos (2kz + 0) + i sin (2krn + 0)

= cos 2k + i sin 2k

2km . . 2km
= Xx=.08 — +isin
n n

(where k is an integer)

,k=0,1,2,...,n-1

Let a = cos (27/n) + i sin (2z/n). Then the 1™ roots of unity are
a(t=0,1,2, ..., n-1),le., the n'" roots of unity are 1, «,

o ..o

Sum of the Roots

N I"‘O_’”
l+a+ad +--+o"'=
l-o
2r ., . 2rm
1—~| cos— +isin— o
n R 1—(cos2m +isin2m)

0

l-a -«

n—| n=|
= ZCOSZk—n=Oand ZSinZk—”:O

k=0 n k=0 n

Thus the sum of the roots of unity is zero.

Product of the Roots

a(n=1) n[
” el - T .. 2r
I Xax@x---Xxg™'=q 2 =|cos— +isin—
n n

= (cos r+isin 7y

If n is even, the product is (—=1)"~'. If n is odd, the product is 1.

Note: The points represented by the n™ roots bf‘ unity are
located at the vertices of a regular polygon of n sides inscribed
in a unit circle having centre at the origin, one vertex being on
the positive real axis (geometrically represented as shown). -

JCIUICPARRE  If ¢ = cos(2n/7) + i sin(27/7), then find
the quadratic equation whose roots are ¢ = a + a* + a* and

p=a+a*+d.
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Sol. a=cos2a/7) +isin(27/7)
=  a =[cosQ2a/T) + i sinRa/T)]”

=cos2z+isin2r=1 (i)
S=a+f=(@+@+a )+ (@ +a+a

a(l — a%)
I—a

=a+ad+d+at+ad+a=

;
a-a a—1

= =—=-1 ) 1
1-a l-a (i)

P=of=(a+a+a" (@ +a°+a
=a*+a+d +ad+d+at+a +ad°+a®
=d'+d+1+d+1+a+1+a+d [From Eq. (1)]
=3+ @+a+ad+a*+a+a
=3+S

=3-1=2 [From Eq. (ii)]

Therefore the required equation is

ar® If v is an imaginary fifth root of unity,
then find the value oflog, |1+ w + & + - ol

Sol. Here w’ =1 . ™' = o*
Also,

l+o+w?+*+0*=0

1
log, |l +0 + @ +@° ——
w

=log, It + w + &’ + @* — &l (v lwl=1)

=log, I-2w' =1log, 2 = 1

Example 2.113 B8 {§ IFSS S FRN zn_; are the n™ roots of
unity, then provethat (1-z)(1-z)--(1-z _)=n.

Sol.z'—1=(Gz-1)(z~-2z)(z~2) - (z-2,_)

n-1

=1

+l=(@-z)(z-2) (22, )

le_l
= — =(@2-z)(z-2) (z~-z_)
S 1l+z+72+ -+
Putting z =1, we get

(I-z)A=-2z) -z _)=1+1+--+1=n

. 20
L2CICPANER If o = ¢ and fix) = q, + Y a,x*,
k=1

then prove that the value of f(x) + fla x) + -+ + f(ax) is
independent of a.

Sol. o= " =T" root of umty or root of the equation 7z’ — 1 =0.
Its other roots are 1, &%, &, &*, &”, a°. Now,

Sx) + flox) + -+ + fla’x)

20
=Ta,+ Z a, x* + 2 aen)’ 4. 1Y a(atn)f
k=1 k= k=1

20 ‘
=Ta,+ Y a,(* + o' 5t + o5t 4t a®ab)
k=1 -

6k k
)

20

— k k_k 2k _k

=Ta,+ Y a(x +o'x" +a*x ++a
20

=Ta,+ Y a|x

k=1
(06 ) -1

k=1 af -1

. 20 _(a7)k__1
=Ta,+ ;Z{_sz[XA——ak—l ]

2 (,1-1
= Ta,+ Y, a| x" —

k=1 o -1

(*~aisarootof 7 - 1=0=0a"-1=0)

are n®

RECINICPANER Ifn >3 and 1, Oy Uy veey A

> o0,

1<i<jsn-1

roots of unity, then find the sum

Sol. We have,
Z'=1 =(Z_ 1)(Z_a[)(z_a2) (Z_a,,_l)
Now sum of products taken two at a time,

S= Zaiaj+a1+az+"'+an—1

ISi<jsn—1
Now § = 0 as coefficient of z'~ " is zero and
ato,t--+a  =-1
= n-

0= 206,-0!]-—1

I<i<jsn-1

- o) =

ISi<j<n—1

——| Concept Application Exercise 2.8 I——

1. Given a, B, respectively, the fifth and the fourth non-real
roots of unity, then find the value of

(I+a) 1+ A +a) 1+ (1 +a) 1+

2. Ifthesixsolutions ofx®=—64are written in the form a+ b7, where
aand barereal, then find the product ofthose solutions witha>0.

50
50 are the roots of the equation y =0,
r=90

3. Ifz:r=1,2,3, ..,
50
then find the value of 3 1/(z, — 1) .

r=1

4. Ifl,a,a, ..., are the n" roots of unity, prove that (1 — a,)

(l~a) (1= a,_) = n Deduce that
. T . 27 . (n=-DHi n

sin—sin— - sin ————— =
n n n 211—1

5. Ifn> 1, show that the roots of the equation z" = (z + 1)" are
collinear.




Subjective Type |

1.

10.

11.

12.

13.

14.

8.

16.

, Solutibns on pﬁ;ge 2.52

If IZ /,E| - Z’ = 1 + Izl, then prove that z is a purely imaginary

number.

7. 2, and z, are the vertices of an isosceles triangle in anticlock- -

wise direction with origin as in centre then prove that z,,-z, and
kz, are in G.P. where k € R*.

For |z — 11 =1, show that tan {[arg(z —1)]/2} — (2i/7) =—i -

The altitude from the vertices A, B and C of the triangle ABC
meet its circumcircle at D, E and F, respectively. The complex
numbers representing the points D, E and F are 2, 2, and z,,
respectively. If (z3 —z)/(z, —z) is purely real, then show that
trlangle ABC is right angled at A.

Let A, B, C, D be four concyclic pomts in order in which
AD:AB =CD:CB.If A, B, C are represented by complex numbers
a, b, ¢, find the complex number associated with point D.

Forx e (0, 1), prove that
3.2 .
. PxT+2x+i 1 0
23 | ————= | = —(7r—4tan” x)
{ix2+2x+i3] e

If a, b are complex numbers and one of the roots of the equation
x* + ax + b = 0 is purely real whereas the other is purely imagi-
nary, prove that a> — a > = 4b.

Solve for z, i.e. find all complex numbers z which satisfy Izl
— 2iz + 2¢(1 + i) = 0 where c¢ is real.

If ‘a’ is a complex number such that lal = 1, find arg(a), so that
equation az’ + z + 1 = 0 has one purely imaginary root.

Prove the following inequalities:

b. Iz — 1l <zl larg zl + lizI 11

£

Izl

a. <largz!

If n is a positive integer, prove‘that Im (z") | < nl Im()! Iz~

Let z and z, be two complex numbers. It is given that Izl = I and
the numbers z, z,, 7z, 1 and 0 are represented in an Argand
diagram by the points P, P, Q, A and the origin, respectively.
Show that the triangles POP, and AOQ are congruent. Hence, or
otherwise, prove that Iz — -1

,|_|~—

>0 ]

Show that the equation az* + bz* + bz + @ = 0 has a root &, such
that lal = 1. a, b, z and a belong to the set of complex numbers.

Letz=72— 1+ Vt' =, where € R is a parameter. Find the
locus of ‘z’ depending upon £, and draw the locus of ‘z” in the
Argand plane.

If Izl = 1, then prove that points represented by /(1 + z) /{1 —2)

lie on one or other of two fixed perpendicular straight lines.

If o = (z —i)/(z +i), show that, when z lies above the real axis,

o will lie within the unit circle which has centre at the origin.
Find the locus of a as z travels on the real axis from —oo to +oo.

EXERCISES

17.

18.

20.

Objective Type

Each question has four choices a, b, ¢ and d, out of which
only one is correct.

Complex Numbers 2.37

Let x,, x, are the roots of the quadratic equation x>+ ax + b =0
where a, b are complex numbers and ¥,» ¥, are the roots of the
quadratic equation y* + lal y + 1bl = 0. If Ix | = lx,| = 1 then prove
thatly I =1ly,l = 1.

Plot the region represented by #/3 < arg [(z + 1)/(z — 1)} < 2x/3
in the Argand plane.

. Consider an equilateral triangle having vertices at the points

2 3| Bl 205 o 2%
A(ﬁe ),B[j—ﬁe ], C[\Ee ]

Let P be any point on its incircle. Prove that AP* + BP?> + CP* = 5.

Prove that the locus of mid-point of line segment intercepted
between real and imaginary axes by the line az + az + b = 0,
where b is a real parameter and « is a fixed complex number
with non-zero real and imaginary parts, is az + az =0.

Solutions on page 2.56

1. Ifa<0,b>0then \/;\/Z is equal to
a-Jlalb b.Jlalbi ¢ flalb d. none of these
2. Ifx=9B QU0 Q2T ...on y =43 4V 4127 ..o and 7 = Z 1+
i), then arg(x + yz) is equal to r=l
a.0 b.z—tan’ ﬁ c. —tan™ ﬂ d. — tan-' 2
3 3 J3
3. Consider the equation 107> — 3iz — k = 0, where z is a com-
plex variable and i = —1. Which of the following statements is
true?
a. For real positive numbers &, both roots are purely imagi-
nary.
b. For all complex numbers k, neither root is real.
¢. For all purely imaginary numbers &, both roots are real and
irrational.
d. For real negative numbers %, both roots are purely imagi-
nary.
4. The number of solutions of the equation 2 +z =0 is
a. 1 b.2 ¢.3 d. 4
5. If @+ b2 =1, then (1 + b+ ia)/(1 + b — ia) =
a. 1l b.2 c.b+ia d.a+ib
L
.. i1
I+sin — + i cos —
6. The expression 8 8 | =
LT, n
1+ sin — —icos —
8 8
a. l b. -1 c.i d.—i
7. If z, and z, be complex numbers such that 7, # z, and Iz | = Iz |. If

z, has positive real part and z, has negative imaginary part, then
[(z, +2,)/ (z, - z,)] may be
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" 10.

11.

12.

14.

15.

16.

17.

18.

19.

20

21.

Algebra

b. Real and positive
d. None of these

a. Purely imaginary
" ¢. Real and negative

If Iz| = Iz | and arg (z/z,) ==, then z, + z, is equal to

a.0

¢. purely real

b. purely imaginary

d. none of these
Ifcosa+2cosf+3cosy=sina+2sinf+3siny=0, then
the value of sin 3a + 8 sin 38 + 27 sin 3y is

b. 3 sin(a+ B +7)

d. sin(a + 28+ 3)

If centre of a regular hexagon is at origin and one of the vertices
on Argand diagram is 1 + 2i, then its perimeter is

a. 245 b. 62 ¢ 45 d. 65

Ifz(l +a) = b +ic and a®+ B> + 2= 1, then [(1 +iz)/ (1 - iz) =
a+ib
a.
l+¢

a.sinfa+b+y)
c. 18 sin(a+ S+ )

a+ic
1+b

b—ic

. d. none of these
l+a

If z,, z,, , are three complex numbers and

argz; argz, argzs
A= largz, argz; argy
argz; argz, argz,

then A is divisible by

a.arg (z, +2,+ 2;)
¢. all numbers

b. arg (z,2,z,)
d. cannot say

Let z, w be complex numbers such that 7 + iw = 0 and arg zw = -

7. Then arg z equals

a X b. = o a. "
4 2. 4 4
If for complex numbers z, and z,, arg(z,) — arg(z,) = 0, then Iz~

z,l is equal to

a.lz!+lz, b. Izl = Iz, e izt - Iz, d. 0
7z—w
Ifk>0,lzl=wl=kand a= ———, then Re(a) equals
k°+zw

a.0 b. k2 c. k d. none of these

If z = x + iy and x* + y* = 16, then the range of llx| — Iyl is
a. [0, 4] b.[0,2] c.[2,4] d.none of these

If k + Ik + 22l = 171? (k € R"), then possible argument of z is

a. 0 b.x c. /2 d. none of these

If z=x+ iy (x,y € R, x#—1/2), the number of values of z satisfy-
inglz =21z 2+ Zz"*+ 1-(ne N,n> 1) is

a.0 b. 1 c.2 d.3

If x and y are complex numbers, then the system of equations (1
+dx+(1—Dy=1,2ix+2y=1+1ihas

a. unique solution b. no solution

¢. infinite number of solutions  d. none of these

Number of solutions of the equation z* + 1321/ | z| =0 where
z is a complex number is

a.2 b.3 c.6 d.5

The principal argument of the complex number

[+ i (1 + 3P [=2i(~3 +1)] s

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

a. -122 b. — 7—E c. - 5—” d. E
12 12 12 12

The polynomial x® + 4x* + 3x* + 2x* + x + 1 is divisible by where
w is cube root of units
ax+w b. x + @?
e (x + o) (x + @Y d.(x — ®) (x — w?)
where w is one of the imaginary cube roots of unity.
If (cos 6 + i sin §) (cos 20 + i sin 26) --- (cos nf + i sin nfd) = 1,
then the value of  is, me N :
4mr

c.

n(n+1)

mim
" n(n+1)

2mn
" a(n+))

a. dmn

Given z = (1 +iy/3)'%°, then [RE(z)/IM(2)] equals

a, 2'® b. 2% d. 3

o L
3

(D)
Ifz= (i)(l) where i = V-1, then Izl is equal to

a. 1 b.e™ c.e” d. none of these
If z = i log(2 —V=3), then cos z =
a. -1 b.-1/2 c. 1l d. 1/2

If the equation z* + 4,2 + a,@* + az + a, =0, where g, a,, a,,
a, are real coefficients different from zero, has a purely imagi-
nary root, then the expression a;/(a,a,) + (@;a,)/(a,a;) has the
value equal to

a.0 b. 1 c.—2 d.2

Suppose A is a complex number and # € N, such that A" = (A
+ 1)" = 1, then the least value of # is

a.3 b. 6 c.9 d. 12

Numberof complex numbers zsuchthatlzl=1and | 2/Z + E/z\
=1 is (arg() € [0, 27)) )

a. 4 b. 6 c. 8 d. more than 8

If &, 8 be the roots of the equation & — 2u + 2 = 0 and if cot &
=x+ 1, then [(x + )" = (x + B)"1/[a — Blis equal to

sin n@ cos no sin n@ d cos no

sin” 6 cos”" @ cos" 0 sin" 6
Dividing f(z) by z — i, we obtain the remainder i and dividing
it by z + i, we get the remainder 1 + i, then remainder upon the

division of f{z) by z + 1 is

1 1
a. — (z+1)+i b. — @z +D+i
RN S @2+

| 1
c. E(iz—l)ﬂ' d. E(Z +iy+1

Ifz,z,e Gz +z€ Rz (z7 —3z7)=2and 7,322~z =
11, then the value of z* + z,7is

a. 10 b. 12 c.5 d.8

z, and z, are two distinct points in an Argand plane. If alz | = blz,)|
(where a,be R), then the point (az, /bz,) +(bz,/az,) isa point
on the

o a line segment [— 2, 2] of the real axis

b. line segment [ 2, 2] of the imaginary axis
¢. unit circle Izl = 1
d. the line with arg z = tan™' 2



34.

35.

36.

37.

38.

39.

40.

41.

42,

43,

44,

45.

If x2 + x + 1 =0, then the value of (x + 1/x)?+ (x* + 1/x2)*+ - +
(x®7 + 1x¥)*is

a.27 b.72 45 d.54
If co be a complex n root of unity, then 3’ (ar + b) @' is
equal to r=l
a (n+Da o b ¢ 4 d. none of these
2 1-n -1

The roots of the cubic equation (z + ab)’ = @, such that a # 0,
represent the vertices of a triangle of sides of length

a —Labl b.\Bld BB dld

NG

Sum of common roots of the equations z* + 272 + 2z + 1 = 0 and
Z1985 + ZIOO+ 1= 0 is

a.— 1 b. 1 c.0 d. 1
It |2 =1and arg(z,z,) = 0, then
Z9 B
a.z, =z b.lz,f=zz, ¢zz,=1 d. none of these

If z, and z, are the complex roots of the equation (x — 3P + 1
=0, thenz +z, equals to
b.3 (]

a. 1 d.7

Which of the following is equal to 3/—1?
3+ -3+ V-1
a. b.
2 J-4
V3 -J-1
LY N do— -1
‘ J-4

Iflz — 11<2and lwz — 1 — w? = a (where w is a cube root of
unity) then complete set of values of @ is

1.3

<as—
2

a. 0

IA

a<?2 b.

27
——<a<—+ d.0<a<4

0

ol%,

8| —

o[ &

0| —

If 122 — 3| = 3zl then the maximum value of lzl is

T T

2 2

a. 1 d. none of these

If 12z — 1l = Iz = 2l and z,, z,, z, are complex numbers such that

4135
Iz~ al <alz, — Bl < B, then p—

+B

c. >zl

a. <zl b. <2zl d. >2lzl

If z, is a root of the equation a 2" + ;2" + - +a,_z+a, =3,

where la| <2 fori=0,1,...,n Then
[ 1 1
alzl>= b.lz <~ c. lz||>l d.lzl< —
3 4 4 3
If 8i7* + 122> — 18z + 27{ =0, then
3
a.lzl= — b. IzI=£ clzi=1 d.lzl= i
2 3 4

47.

48.

49.

50.

51.

52,

53.

54.

55,

56.

57..

Complex Numbers  2.39

. Iflzl <\/2 — 1, then 12? + 2z cos al is

b.\2+1

d. none of these

a. less than'l
c.v2 -1

If the complex number z satisfies the condition Izl > 3, then the
least value of [z + (1/z)] is equal to
a.5/3 c. 1173

b. 8/3 d. none of these

n

zzr

r=1

Letlz —r<r, Vr=1,2,3, .., n Then is less than

n(n+1)
2

a.n b. 2n c.nin+1) d.

If 12— 1l = IzI* + 1, then z lies on

a.acircle b.aparabola c.anellipse d.none of these

If Izl = 1 then the point representing the complex number —1 +
3z will lie on

a.acircle b, a straight line bc. a parabola d. a hyperbola

If z = (A +3)—iv5—A?, then the locus of z is

a.ellipse  b.semicircle c.parabola  d. straight line

If A(z,), B(z,), C(z,) are the vertices of the triangle ABC such that
(2, — 2,)/ (23 — 2,) = (1/\2) + (i//2) , the triangle ABC is

a. equilateral b. right angled

c. isosceles d. obtuse angled

If z,, z,, z, are the vertices of an equilateral triangle ABC such
that Iz, — it = Iz, — il =z, = il, then Iz, + z, + z| equals to

a. 3x/§ b. \/g

1
c¢.3 d. 3
The greatest positive argument of complex number satisfying
Iz — 41 = Re(z) is '
a Z b 2% az

3 4

The complex number associated with the vertices A, B, C of
AABC are €9, w, @, respectively [where w, w are the com-
plex cube roots of unity and cos § > Re(w)], then the complex
number of the point where angle bisector of A meets the cir-
cumcircle of the triangle, is
(! b. e—i(l
The maximum area of the triangle formed by the complex
coordinates z, z,, z, which satisfy the relations lz -z = Iz — z)|
and ‘Z—(Z] +zz)/2‘ <r wherer>lz, —zlis

n n
c. —
2

a.e cow doo+o

! 2 1
a.Elzl—zzl b-Elzl—zzlr
! 2 2 1
C.EIZI—Z2| r d'E'ZI—ZZIFZ
3
2 when |z 1<)z - 21
Locus of zif arglz — (1 + )] = 4 is

when{zl>lz—41
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58.

59.

60

61.

62.

63.

64.

65.

Algebra

=. straight lines passing through (2, 0)

b. straight lines passing through (2, 0), (1, 1)
<. a line segment

d. a set of two rays

If z is a complex number such that —/2 <arg z <m/2, then which
of the following inequality is true?

b. lz—-Z1>1zl(arg z—arg z)
d. none of these

a.lz-71<lz(arg z —arg z)
c.lz-7Zl<(arg z—arg 7)

If z is a complex number lying in the fourth quadrant of
Argand plane and | [kz/(k+ 1)] +2i | > \/E for all real value of

k (k #— 1), then range of arg(z) is v
b. (_ﬁ, 0) :
6

apzﬂ
8
T
C. (—Z’ OJ d. none of these

If 7’ is complex number then the locus of ‘z” satisfying the con-
dition 2z — 1l =1z — 1l is

a. perpendicular bisector of line segment joining 1/2 and 1

b. circle

c. parabola

d. none of the above curves

If lz, + iz} =z | +1z,l and lz| =3 and Iz,l = 4, then area of AABC,
if affixes of A, B and C are z,, z, and [(z, —iz )/(1 — )] respec-
tively, is,

a. b.0 c. =

[ SRR

If a complex number z satisfies 12z + 10 + 10l <5 \/—— 5, then
the least principal argument of z is

S 11z RY:4 2r

a.—— - c.—— d.

6 12 4 3

If ¢ and ¢ are two complex numbers such that lfl # Icl, Il = 1 and z
= (at + bY/(t — c), z=x + iy. Locus of z is (where a, b are complex
numbers)

a. line segment b. straight line

¢. circle d. none of these

The number of complex numbers z satisfying Iz = 3 — il = Iz
—9—jland Iz —3 + 3il =3 are

a.one b. two c. four d. none of these

Let a be a complex number such that lal < 1 and z,, z,, z,, ... be

the vertices of a polygon such thatz, = 1 +a+ @’ + - + a*~ ' for
allk=1,2,3, ... then z,, z,, ... lie within the circle

1
7——
1-a

_ 1
la+11

a.

1 R
la—1I ’

a+1

c. z——l—:la—ll d.
l-a

1
z+——|=|a+1l
a+l1

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

~a.—lorl

Let 2 R, the origin and the non-real roots of 2z° + 2z + A =0
form the three vertices of an equilateral triangle in-the Argand
plane then 4 is 5

a. 1 b. g

Let z =1 — t + i+Jt?+1r +2 , where ¢ is a real parameter. The
locus of z in the Argand plane is

c2 d. -1

a. a hyperbola b. an ellipse

¢. a straight line d. none of these

If 22 + z Izl + 128 = 0, then the locus of z is

a. acircle b. a straight line

¢. a pair of straight lines d. none of these

The roots of the equation # + 3ar + 3bt + ¢ = 0 are z, z,, 2,
which represent the vertices of an equilateral triangle, then

a.a’=3b b.b*=a

c.a’=b d. »*=3a

If ‘z’ lies on the circle Iz — 2il = 2V2 then the value of
arg[(z — 2)/(z + 2)] is equal to

a.”l T X a4l
3 4 6 2
P(z) be a variable point in the Argand plane such that
Izl = minimum {lz — 1I, iz + 11} then z + z will be equal to
b. 1 but not equal to —1

¢. —1 but not equal to 1 d. none of these

The locus of point z satisfying Re [lj = k, where k is a non-
zero real number, is <

. b. a circle

d. a hyperbola

a. a straight line
c. an ellipse

z, and z, lie on a circle with centre at the origin. The point of
intersection z, of the tangents at z, and z, is given by

: 27,2,
a. l(fl +3) b, ——=-
2 R g + 25
e 41,1 R
2 3 2y 43y

Iflzl=lz|=lz)=1landz +2z,+2,= 0, then area of the triangle
whose vertices are z,, z,, 2, is

a. 3J3/4 b. f3/4 c. 1 d.?2

are distinct complex numbers representing the ver-

Tz 77
Il R A L
tices of a quadrilateral ABCD taken in order. If z, — 2, =2, = 2,

and arg [(54 — )z, = z,)] =7 /2 , then the quadrilateral is

a. rectangle b. rhombus ¢. square d. trapezium
z
Z[ -
n z
If arg lzb = X and |- z)| = 3 then Iz | equals to
Z 2 Izl

a. \/% b. \/ﬁ [ \/5 d. 2\/5

The points z, =3 + J3i and Z, = 243 +6iare given on a
complex plane. The complex number lying on the bisector of
the angle formed by the vectors z, and z, 18



78.

79.

80.

81.

82.

83.

84.

85.

86.

3+2
Z=(3+22\/§)+"/_2+ i b.z=5+35i

cz=-1-i

d. none of these

Let C, and C, are concentric circles of radius 1 and 8/3, respec-
tively, having centre at (3, 0) on the Argand plane. If the com-
plex number z satisfies the inequality

1z=3PF +2
1 ———— | > 1then
OB [lllz—SI—ZJ

~a. z lies outside C, but inside C,

b. z lies inside of both C ,and C,
¢. z lies outside both of C ,and C,
d. none of these

Iflz —2—il =1zl [sin (% —arg z) , then locus of zis
a. a pair of straight lines b. circle
¢. parabola d. ellipse

If z is a complex number having least absolute value and
lz—2+2il=1,thenz =

a. (2-1/\2)1-5
e (2+1/42)1-0)

b. 2-1/2)1+i)
d. 2+1//2)1+0)

Ifz = 3/(2 +cosf +isin @), then locus of z is

a. a straight line

b. a circle having centre on y-axis
¢. a parabola

d. a circle having centre on x-axis

If ‘p” and ‘¢’ are distinct prime numbers, then the number of
distinct imaginary numbers which are p® as well as g" roots of
unity are

a. min (p, q) b. max (p. q) c. 1 d. zero

If o is the #'" root of unity, then | + 2a + 362+ --- to 7 terms

equal to

_n _h
— b.
0’ I-a

¢ —2n —2n
-« (-

Given z is a complex number with modulus 1. Then the equation
[(1 +ia)/(1 — ia)]* =7 has

a. all roots real and distinct

b. two real and two imaginary

c. three roots real and one imaginary
d. one root real and three imaginary

Roots of the equations are (z + 1) = (7 — 1)%are
. Vi3 . 2 . T . 2
a.*itan| — |, +itan| — b. £icot| = |, i cot| ==
5 5 5 5
2
C. *i cot(%], +/ tan (?ﬂj d. none of these

The value of z satisfying the equation logz+logz®+ - +log 7"
=0is

87.

88.

89.

1.

Complex Numbers  2.41
+ i sin 4mn ,m=1,2, ...
n(n+1) n(n+1)
b. cos —isinT_ 1,0,
n(n+1) n(n+1)
. 4mr . Amnm
c. sin +icos ,m=1,2, ...

n n

d.0

If n e N> 1 then sum of real part of roots of " = (z + 1)" is equal
to

b D o

n
a. —
© 2 2 2 2

Which of the following represents a point in an Argand plane,
equidistant from the roots of the equation (z + 1)* = 167

1 1 2
a.(0,0) b. [— ng c. [E’OJ d. [O,ﬁJ

Lz, 2,2, ...,z _, are the n® roots of unity, then the value of
1@B-z)+1/B~z)+--+1/(3~2,,) isequal to

3"t n 3!
a. +— . -1
311 _ 1 2 3” — 1
n—1
Lz 3 +1 d. none of these
311 _ 1 .

Multiple Correct Answers Type BT page 2.66

Each question has 4 choices a, b, ¢ and d, out of which one
Or more answers are correct,

If z = w, w?, where  is a non-real complex cube root of unity,
are two vertices of an equilateral triangle in the Argand plane
then the third vertex may be represented by

b.z=0 dz=-1

a.z=1 c.z=-"2

P(z), O(z,), R(z,) and S(z,) are four complex numbers repre-
senting the vertices of a rhombus taken in order on the complex
plane, then which one of the following is/are correct?

4~ 3 .
a. L4 g purely real
b.amp L4 =gmp 2 4
2'2 - :4 Z3 - :4
Zl - Z} . . .
C. 1s purely imaginary
2y~

d. it is not necessary that lz) —z,) £ 1z, - 2|

If 22 + (3 + 2i) z+ (=1 + ia) = 0 has one real root, then the value
of ‘a’ lies in the interval (a € R)

a.(-2,1) b. (-1,0) c. (0, 1) d. (-2, 3)
A rectangle of maximum area is inscribed in the circle [z — 3
—4il = 1. If one vertex of the rectangle is 4 + 4i, then another

adjacent vertex of this rectangle can be

a.2+4i b.3+5i c.3+3i d.3-3;
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10.

11.

12.

13.

14.

Algebra

IfIzI:lSandlz2—3*4iI=5 then

=5 b.lz, —
=20

max

=10
=25

max

a.lz, -
c.lz,— z)

ZZ min
d. 1z, —z)

ZZ min

If the points A(z), B(-z) and C(1 — z) are the vertices of an
equilateral triangle ABC, then

a. sum of possible z is 1/2

b. sum of possible z is 1

c. product of possible z is 1/4

d. product of possible z is 1/2

If I(Z—zl)/(z—zz)|= 3, where z, and z, are fixed complex
numbers and z is a variable complex number, then ‘z’ lies on a
a. Circle with ‘z,” as its interior point

b. Circle with ‘z,

¢. Circle with ‘z,” as its exterior point

as its interior point

d. Circle with ‘z,” as its exterior point

If arg(z + ay = #/6 and arg(z —a) =2 7/3 (a e R*), then
a.lzl=a
b.lzl =
n
¢ arg(z) = —
BT
-
d. arg(z2) = —
& 3

Value(s) (—i)'? is/are

a ﬁ—i ' b.

2
c:ig_—_l d. 3 +i
2 2.

If 1,2, 20 2 -5 Z,_, D€ the n roots of unity and @ be a non-

n-1
real complex cube root of unity, then the product J] (@ -z,
r=1
can be equal to
a.0 b. 1

c.—1 dl+w

If the equation, 2% + (3 + 1) 2—3z7—(m+1i)=0, where m €R,
has at least one real root, then m can have the value equal to

a. 1 b. 2 c.3 d.5

Let P(x) and Q(x) be two polynomials Suppose that

fix) = P(x¥) + xQ(x*) is divisible by x4+ x+ 1, then

a. P(x) is divisible by (x — 1) but Q(x) is not divisible by x — 1
b. O(x) is divisible by (x — 1) but P(x) is not divisible by x — 1
c. Both P(x) and Q(x) are divisible by x— 1

d. f(x) is divisible by x — 1

If amp (z,2,) = Oandlz )= lz,l =1, then
b.zz,=1
d. none of these

a.zl+z2=0
c.zl=Zz

If Iz —(1/z)! = 1 then

1+\/§
2

b. izl =\/§_1

a. lzl = [ nin ———2

15.

16.

17.

18.

19.

20.

N J5 -

1
d 1zl p=—7
2 \/E

C 1zl =

7, is a root of the equation z" cos 8+ 2" ' cos &, + -
+zcosd,_ +cosf =2, where 6, R, then

1- 1 3
a. lz| >1 b. Izl > E ¢ lz,l > 1 d.lz !> —2—

If from a point P representing the complex number z, on the
curve Izl = 2, two tangents are drawn from P to the curve lzl = 1,
meeting at points O(z,) and R(z,), then

a. complex number (2, +2, +23)/3 will be on the curve lzl = 1
b. é+_L+_l i+L+L =9
3z, B)\u B

d. orthocentre and circumcnetre of APQR will coincide

If z,, z, be two complex numbers (z, # z,) satisfying 22 - 23}
=[5 +77 - 225 then

4 . . . 3 .
a. — is purely imaginary b. — is purely real.

) . 2

oo
clargz —argzl=7 d.larg z, —arg z,} = >

A complex number z is rotated in anticlockwise direction by
an angle o and we get 2’ and if the same complex number z
is rotated by an angle « in clockwise direction and we get 7”7
then

a7,z 7 areinG.P. b.z,z 2" arein HP.

ez +7 =2zcosa  d.zZP+77*=27cos 2a

Let z be a complex number satisfying equation z” = z¢, where
D, q €N, then

a.if p = g, then number of solutions of equation will be infinite

b. if p = g, then number of solutions of equation will be finite

¢. if p#q, then number of solutions of equation will be p + ¢
+ 1. '

d. if p # ¢, then number of solutions of equation willbe p + g
Ifz,=5+12iandlz| =4 then
a. maximum (Iz, + iz,}) = 17

b. minimum iz, + (1 +0z,) = 13 = 4¥2

.. b4 13

¢. minimum =

4 4

5]
. z 13
d. maximum ! ==
4 3
Z2 +—

2



21.

. 22.

23.

24.

25.

26.

27.

28.

Ifp = a+bw+cw’,g=b+cew+aw’and r=c + aw + bw’ where
a, b, ¢#0and w is the complex cube root of unity, then

a. If p, g, r lie on the circle Iz = 2, the triangle formed by these
points is equilateral.

b.pZ+q@ +ri=a+b+¢

e.p? +q¢+r=2(pg+qr+rp)

d. none of these

2, 2y %3 and 2’|, 7', 2'; are non-zero complex numbers such that

= (1- Mz, + Az, and 7', = (1 — @)z’ + uz’, then which of the
following statements is/are true?

a. If A, 4 €R— {0}, then z,, z, and z, are collinear and 7', 7', 2,
are collinear separately.

b.If A, u are complex numbers, where A = u then triangles formed
by points z, z,, z, and 7', z',, z’, are similar.

c. If A, u are distinct complex numbers, then points z,, z,, Z, and
z',, z’,, Z'; are not connected by any well detined geometry.

d. If O <4 <1, then z, divides the line joining z, and z, internally
and if x> 1 then z', divides the line joining of 7', z', externally.

If Iz — 3l = min{lz - 11, Iz — 51}, then Re(z) equals to .

a.2. b. i c. l

2 2

d. 4

If n is a natural number > 2, such that z* = (z + 1)*, then
a. roots of equation lie on a straight line parallel to y-axis
b. roots of equation lie on a straight line parallel to x-axis
c¢. sum of the real parts of the roots is —{(n —1)/2]

d. none of these

If Iz — 1l =1, then

a. arg ((z—1-i)/z) can be equal to —n/4
b.. (z —2)/z is purely imaginary number
¢. (z —2)/z is purely real number

d. if arg(z) = 0, where z # 0 and 6 is acute, then 1— 2/z =i tan &

If z = x + iy, then the equation [ Q2z-D/(z+ 1)| = m represents
a circle then m can be

a. 172 b. 1 .2 d.3<r<2\2

Given that the two curves arg(z) = #/6 and Iz — 2 \/51' | = rinter-
sect in two distinct points, then

a. [r]#2 b.0<r<3 c.r=6
({r] represents integral part of r)

d. 3<r<23

If P and Q are represented by the complex numbers z, and z,,
such that |1/z, +1/z|=|1/z, - 1/| , then

a. AOPC (where O is the origin) is equilateral
b. AOPQ is right angled

c. the circumcentre of AOPQ is %(Zx +2,)

d. the circiucentre of AOPQ is é @ +2)

29.

30.

31.

32.

33.

c. Im [—Z—) =1
. Z

Complex Numbers 2.43

Given z = f(x) + i g(x) where f, g:(0, 1) — (0, 1) are real valued
functions. Then, which of the following does not hold good?

1 . 1 i 1 1
a.z= +i b.z= +1i
1-ix 1+ ix 1+ ix 1—ix

1 . 1 1 . 1 i
c.z= +1i d.z= +1
1+ ix 1+ ix 1—ix 1—ix

Given that the conipléx numbers which satisfy the equation zz 3
+ 72’ = 350 form a rectangle in the Argand plane with the length
of its diagonal having an integral number of units, then

a. area of rectangle is 48 sq. units
b.ifz, 2, Z;, 2, are vertices of rectangle then z,+z,+2,+7,=0
c. rectangle is symmetrical about real axis

T
Z or ==

d.arglz, —z) = )

Equation of tangeni drawn to circle Izl = r at the point A(z,) is

a. Re(ijzl
)

b. ZZO + Zoz = 2r2

d. Im[Z—OJ =1
z

z, and z, are the roots of the equation z* — az + b = 0, where Iz |
=lz,l = 1 and a, b are non-zero complex numbers, then

b.lal <2
d. arg a = arg(b?)

alal<1
c. arg(a?) = arg(b)

Let z,, z,, z, be the three non-zero complex numbers such that
z, #1l,a= !zll, b= Iz2| andc = Izsl. Let,

a b ¢
b ¢ a=0
¢c a b

Then

34.

35.

2
a. arg[_:;]_arg( 3_ IJ
Zz Zz Z]

b. orthocentre of triangle formed by z,, z,, z;, is z, + 2, + 2,
c. if triangle formed by z,, z,, z, is equilateral, then its area is

3\/—3_ 2
=

d. if triangle formed by z,, z,, z, is equilateral then z, +z,+z,= 0

Locus of complex number satisfying
arg[(z —5+4i)/(z+3—2i)] =—n/4 is the arc of a circle

a. whose radius is 5\/5
b. whose radius is 5

¢. whose lengh (of arc) is IST:
d. whose centre is ~2 — 5§

If o is a complex constant such that az? + z + a = 0 has a real

root, then
aa+a=1 b.a+a=0

cat+a=-1 d. the absolute value of the real root is 1
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Reasoning Type B

"~ Algebra

It \/5 -12i + \/—5 —12i =z, then principal value of arg z can

be
'
4 4

-Solutions-on page 2.72

Each question has four choices a, b, ¢ and d, out of which

only oneis correct. Each question contains STATEMENT 1-

and STATEMENT 2.

a. Both the statements are TRUE and STATEMENT 2 is the correct
ex planation of STATEMENT 1.

b. Both the statements are TRUE but STATEMENT 2 is NOT the cor-
rect explanation of STATEMENT 1.

¢. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

1.

Statement 1: If arg(z,z,) = 2, then both z, and z, are purely real
(z, and z, have principal arguments).

Statement2: Principal argument of complex number lies in
(-7, m) ‘

Statement 1: If » is an odd integer greater than 3 but not a mul-
tiple of 3, then (x + 1) —x" —1 is divisible by x> + x> + x.

Statement 2: If » is an odd integer greater than 3 but not a mul-
tiple of 3, we have 1 + 0" + 0™ = 3.

Statement 1: If z, + z,=aand z, 2, =b, wherea =g and b = b,
then arg(z z,) = 0.

Statement 2: The sum and product of two complex numbers are
real if and only if they are conjugate of each other.

Statement 1: If x + (1/x)=1and p = x*® + (1/x***) and ¢ be

the digit at unit place in the number 27 4 Il,neNandn > 1,
then the value of p + g = 8.

Statement 2: If w, w? are the roots of x + 1/x = —1, then x>+ 1/x2

=1, 2+ =2

Statement 1: Let z, and z, are two complex numbers such that

lz, = z,l = Iz, + z,| then the orthocentre of AAOB is [(z, + z,)/2].
(where O is origin).
Statement 2: In case of right angled triangle, orthocentre is that

point at which the triangle is right angled.

Statement 1: Locus of z, satisfying the equation Iz — 11 + Iz — 8
=5 is ad ellipse.
Statement 2: Sum of focal distances of any point on ellipse is
constant. ’

Statement 1: Iz —al < a,lz, - bl < b, Iz,— cl < ¢, where a, b, ¢ are
positive real numbers, then Iz, + z, + z,! is greater than 2la + b +
cl. )

Statement 2: 1z, £ z| <lz | +Iz,].

Let fourth roots of unity are z,, z,, z, and z, respectively.
Statement 1: z* + 2,7+ 2,2+, = 0.
Statement 2: 7z +z,+z, +7,=0.

10.

11.

12.

13.

14.

Statement 1: If the equation ax®> + bx + ¢ =0,0<a < b <c, has
non-real complex roots z, and z,, then Iz | > 1, iz,] > 1.

Statement 2: Complex roots always occur in conjugaté pairs.

Statement 1: If 7, z, are the roots of the quadratic equation az?
+ bz + ¢ = 0 such that Im(z, z,) # 0, then at least one of a, b, ¢ is
imaginary.

Statement 2: If quadratic equation having real coefficients has
complex roots, then roots are always conjugate to each other.

Statement 1: The product of all values of (cos a + i sin a)** is
cos 3a + i sin 3a.

Statement 2: The product of fifth roots of unity is 1.

Statement 1: If Iz = Iz,) = Iz|, z, + z, + z, = 0 and (z,), B(z,),
C(z,) are the vertices of AABC, then one of the values of
arg ((22 +23—22)/ (23 - zz)) is /2.

Statement 2: In equilateral triangle orthocentre coincides with
centroid.

Statement 1: Let z be a complex number, then the equation z* +
z+ 2 =0 cannot have a root, such that Iz} < 1.

Statement 2: Iz, + z,| <z | + Iz,

Ifz,#-z,and lz, + 2, = [(1/2) +(1/2,)] then

Statement 1: z,z, is unimodular.

- Statement 2: z, and z, both are unimodular.

§ Linked Comprehension Type [RENZRESSPr oS iN

Based upon each paragraph, the relevant multiple choice
questions have to be answered. Each question has four choices
a, b, c and d, out of which only one is correct.

For Problems 1-4

Consider the complex numbers z, and z, satisfying the rela-
tion lz, + z P =iz IF + Iz,
Complex number z z, is
a. purely real b. purely imaginary

C. Zero d. norne of these

Complex number z /z, is
a. purely real " b. purely imaginary

C. Zero d. none of these

One of the possible argument of complex number i (z,/z,)

a. r b. - z
2
c.0 d. none of these
Possible difference between the argument of z, and z, is
a.0 b.
Fid
[ E d. none of these

For Problems 5-8

Consider the complex numbers z = (1 — i sin §)/(1 + i cos 6).
The value of § for which z is purely real are

2 el bonr+lonel
a. nw 4,ne . T 4,ne

car,ne l d. none of these



6.

The v alue of § for which z is purely imaginary are
T n
a.mr——z,nel ‘ b. nz + Z’nél
c.nr, nel . d. no real values of §
The v alue of & for which z is unimodular is given by .
4 b4
ant =+ —,nel b.nrt —,nel
6 3
b4 v
¢c.nr =+ E nel d. no real values of

If argument of z is /4, then

a.0= nm,nelonly

b.0= 2n+ 1), nelonly

c.both @=nrand0=Cn+ D ZE nel
. 2

d. none of these

For Problems 9-11

Consider a quadratic equation az’> + bz + ¢ = 0 where a, b, ¢ are

complex numbers.

9.

10.

11.

The condition that the equation has one purely imaginary root is
a. (ca —ac)=-(bc + ch) (ab +ab)

b. (c& +ac)*=(bc +cb) (ab + ab)

c. (ca —ac)* = (bc —cb) (ab —ab)

d. none of these

If equation has two purely imaginary roots, then which of the
following is not true

a. ab is purely imaginary

b. bc is purely imaginary

¢. ca is purely real

d. none of these

The condition that the equation has one purely real root is

a. (ca —ac)? = (bc + cb) (ab - ab)

b. (ca —ac)* = (b - cb) (ab + ab)

c.(ca —ac)*=(bc +cb) (ab + ab)

d. (ca —ac)* = (bc — cb) (ab —ab)

" For Problems 12-14

Consider the equation az + bz + ¢ =0, where a, b, c € Z.

12.

13.

14.

If lal # 1bl, then z represents
a. circle b. straight line
c. one point d. ellipse

If lal = |bl and ac # bc, then z has
a. infinite solutions b. no solutions
c. finite solutions d. cannot say anything

If lal = 16l # 0 and ac = bc, then az + b7 + ¢ = 0 represents
a. an ellipse b. a circle
¢. a point d. a straight line

For Problems 15-17

Let 7 be a complex number satisfying z> + 2z4 + 1 = 0, where 1 is a
parameter which can take any real value.

15.

The roots of this equation lie on a certain circle if
a~—-l<i<l b.1>1
cl<l d. none of these

Complex Numbers 2.45

16. One root lies inside the unit circle and one outside if
a.~l<i<l b.A>1
c.i<l d. none of these

17. For every large value of A, the roots are approximately

a. —24, 1/ ‘ b. -4, -1/4
c. 24, — -1— d. none of these
2A
For Problems 18-20

Consider the equation az> + z + 1 = 0 having purely imaginary
root wherea=cos 8 +isin b, i = \[:[ and function fix) = x* — 322
+ 3(1 + cos O)x + 5, then answer the following questions.

18. Which of the following is true about f{x)?

a. f(x) decreases for x € [2n7, 2n+ Dxl,neZ
n b4
b. fix) decreases for x € |:(2n - 1)3,(2;7 +1)3}, ne”Z

c. f{x) is non-monotonic function

d. fx) increases for x eR.

19. Which of the following is true?

a. flx) = 0 has three real distinct roots

b. fix) = 0 has ohe_: positive real root

¢ flx) = 0 has one negative real root

d. f{x) =0 has three but not distinct roots

20. Number of roots of the equation cos 26 = cos 8 in [0, 47] are
a.2 b.3
c. 4 d. 6

For Problems 21-23

Complex numbers z satisfy the equation |z —(4/)l = 2.

21. The difference between the least and the greatest moduli of
complex numbers is i

a.2 b. 4
c 1 d.3

22. The value of arg (z,/z,), where z, and z, are compiex numbers
with the greatest and the least moduli can be

a.2xn b.x c. /2 d. none of these

23. Locusofziflz— zl =1z -z, where z, and z, are complex num-
bers with the greatest and the least moduli is
a. line parallel to real axis
b. line parallel to imaginary axis
¢. line having positive slope
d. line having negative slope

For Problems 24-26

Consider AABC in Argand plane. Let A(0), B(1) and C(1 + i) be
its vertices and M be the mid-point of CA. Let z be a variable
complex number on the line BM. Let u be another variable
complex number defined as u =72 + 1.
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24. Locusofuis
a. parabola b. ellipse

c. hyperbola d. none of these

25. Axis of locus of u is
a. imaginary axis b. real axis

c.z+z7=2 d. none of these

26. Directrix of locus of u is

b.z—7=2i

d. none of these

a. imaginary axis
c. real axis

For Problems 27-29

In an Argand plane z, z, and z, are, respectively, the vertices of an
isosceles triangle ABC with AC = BC and ZCAB = 6. If z, is the
centre of triangle, then e

27. the value of ABX AC/(IA)? is

a @ )z —7)

@4 7 )2

@4 —7)

c,— = d. none of these

@ —2)@E —)

@ 2@~ %)

b. 5
@4 —2)

28. the value of (z, — z,)* (cos & + 1) sec O is_
2 =) (@2
a. & 1)@ —a) b.(z,-2) (z,— z)
24_21) .
@ — 7))@~ 3)

3
@4 —z)

e (z,—z)(@z—-z) d

29. the value of (z, —z,)* tan @ tan 6/2 is

a. (g, +2,722) b.(z, +2,72) (z,+2,72)

c.—(z,+z,722) (7, + 7,

\ —2z,) d.none of these

For Problems 30-32
A(Z,), B(z,), C(z,) are the vertices of a triangle ABC inscribed in the
circle Izl = 2. Internal angle bisector of the angle A meets the circum-
circle again at D(z,).

30. Complex number representing point D is

I 1 t35
a7, =—+— b.
Z, 3 4
<283

1

d.

2

4 T2

g

31. arg{z/(z,-z,)]is equal to

&

AR I NN
=

w|§‘)w|;|

32. For fixed positions of B(z,) and C(z,) all the bisectors (inter-
nal) of ZA will pass through a fixed point which is

a.HM.ofz,andz, b.AM ofz,andz,

¢.G.M.of z, and z, d. none of these

Matrix-Match Type

Each question contains statements given in two columns which have to
be matched. Statements a, b, ¢, d in column I have to be matched with
statementsp, q, I,sin column IL If the correct matchis a—p,a—s,b—r,
¢—p, ¢—q and d—s, then the correctly bubbled 4 x 4 matrix
should be as follows: ‘

"Solutions on page 2.76

OO
HGICIGIO)
OO
OO

1.
Column I | Column II: possible argument of z =a + ib
a. ab>0 p. —tan™' |—
a
b. ab<0 q. 7r—ta_n“——‘
a
. 2+b=0 r. tan™—
a
b
d. ab=0 s. —mw+tan”'—
a
t. not defined
u. Oor z
2
2.
Column I Column IT (one of the values of z)
4 z=cosE +isinZ
a. z*—-1=0 Pp- 3 3
; z—cosf—isinz
b. 22+ 1=0 q. ‘ 3 3
c. iz2+1=0 fr.z:cosE +isin™
4 4
d. iz2—-1=0 és.z:cosO+isinO
3.
Column I | Column II (Locus)
a. lz—-1=lz-1l p. pair of straight liikltlgsi )
b. lz+Z1+1z-71=2 q. aline through the origin
c lz+zl=lz-7l r. circle
d. Iflzl = 1, then 2/7 lies on S. square

4. Which of the condition/conditions in column II are satisfied by the
quadrilateral formed by z,, z,, z,, z, in order given in column I?



Column I B Column II
a. parallelogram pP.z,-2,=2,-2
b. rectangle : q. Iz, —zl=lz, -z
o Z1—2y . .
¢. rthombus r. is purely real
BT
R . s. 475 is purely imagin
d. square 2 P' Y» ginary
t. 872 5 purely imaginary
=2 o
5.
Column I . Column I
a.If Iz = 2 + iz — 7i = k, then locus of z is an p.7
ellipse if k=
b.1f (2 —3)/(3¢—2)| = k. then locus of zis a 8
circle if 2/3 is a point inside circle and 3/2 is '
outside the circle if k =
¢. Iflz - 31 — Iz — 4il = k, then locus of zis a r.2
hyperbola if k is _
d.Iflz — (3 + 4i)l = (k/50)laz + az + bl, wherea=3 4
. S.
+ 4, then locus of z is a hyperbola with k =
’ t.5
6.
. Column i1

Column I

a. The value of i (x" +1/x™)? when x* — x

n=l1

p.2

+1=0is

If{ 1+ cos@+isin@

4
=cos nf q.4
sin @ +i(1+cosB) .

+isin nd, then n =

cThe adjacent vertices of a reéular r.9
polygon of n sides having centre at origin
are the points z and z. If Im(z)/Re(z) = ;
\/5 — 1, then the value of n/4 is

d (1/50){%(;— - w)(r- wz)} = (where
re=l

is cube root of unity)

Integer Type _ Solutions on page 2.78

1. If x = a+ bi is a complex number such that x> = 3 + 4{ and
3=2+ 11i where i = =1 , then (a + b) equal to.

2.

10. If

11.

12.

13.

14.

15.

16.

17.

18.

Complex Numbers 2.47

If the complex numbers x and y satisfy x* — y* = 98/ and
x —y =Ti then xy = a + ib where a, b € R. The value of

(a + b)/3 equals.
. Ifx=w- & -2, thenthe value of x* + 3> + 2x* - 11x -6

is (where @ is cube root of unity).

Let z =9 + bi where b is non zero real and # = — 1. If the
imaginary part of 7> and z* are equal, then b/3 is.

Modulus of non zero complex number z, satisfying z + z
=0 and lzP- 4zi = 7% is.

If the expression (1 + ir)® is of the form of s(1 + i) for
some real ‘s’ where ‘r’ is also real and, then the sum of all
possible values of r is.

If complex number z(z # 2) satisfies the equation 72 = 4z +

1z1* + 1—6J then the value of Izl* is.

<
The complex number z satisfies z>+ Izl = 2 + 8i. The value
of (Iz- 8) is.

Letlzl=2andw = i—j where z, w € C (where Cis the set
of complex numbers).
Then product of least and greatest value of modulus of w
is. :
1+ cos8+isinf
sin @ + i (1 +cos 0)

4
} =cos nb + i sin n6, then n is.

If z be a complex number satisfying z* + 22 + 222+ z + 1
=0 then Izl is equal to.

Let 1, w, w?be the cube root of unity. The least possible
degree of a polynomial with real coefficients having roots
2w, (2+3w), 2 +3w?), 2 -w-w?),is

If w is the imaginary cube root of unity, then find the
number of pairs of integers («, &) such that law + bl = 1.

Suppose that z is a complex number that satisfies Iz — 2 — 2i
| < 1.The maximum value of 12iz + 4 is equal to.

If [z + 2 — il =5 and maximum value of 13z + 9 — 7ilis M
then the value of M/4 is.

Let Z, = (8 + i) sin O+ (7 + 4i) cosfand Z, = (1 + 8i) sin 0
+ (4 + 7i) cos6 are two complex numbers. If Z. Z, = a + ib
where a, b € R. If M is the greatest value of (a + b) VO e
R, then the value of M'? is.

Let A = {a € Rl the equation (1 + 2i)x* — 2(3 + Dx*> +
(5—4i)x+2a*=0} has atleast one real root. Then the value of

ya
2

is.

The minimum value of the expression E = Iz> + 1z — 3P +
lz — 6i? is m then the value of m/5 is.

Solutions on page 2.80

Subjective Type

1.

Express 1/(1—cos8+ 2 isin8) in the form x + iy.
(IIT-JEE, 1978)
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10.

1.
12.

13.

14.

15.

Algebra

Ifx=a+b,y=aB + by, z=ay + bf where y and f§ are
the compléx cube roots of unity, show that xyz = @ + b’
(IIT-JEE, 1978)

Ifx+iy= m , then prove that (x*> + y*)?
= (> +bH)/(* +d%)

' (IIT-JEE, 1979)
Tt is given that n is an odd integer greater than 3, but n

is not a multiple of 3. Prove that x> + x> + x is a factor of
(x+1y-x»-1. (IIT-JEE, 1980)

Find the real values of x and y for which of the following
equation is satisfied:

Ad+iyx=2i . @-3Dy+i
344 3-i

(IIT-JEE, 1980)

Let the complex numbers z,, z, and 23 be the vertices of an
equilateral triangle. Let z, be the circumcentre of the trian-

gle. Then prove that z2 + z2 +z3=3z;.  (IIT-JEE, 1981)

Prove that the complex numbers z,, z, and the origin form
an equilateral triangle only if 7 +2 —752,=0.

Show that the area of the triangle on the Argand diagram
formed by the complex numbers z, iz and z + iz is 1/2Iz1%.

(IT-JEE, 1986)

Complex numbers z,, 7,, 7, are the vertices A, B, C, respec-
tively, of an isosceles right-angled triangle with right angle
at C. Show that (z, - 2,)’=2(z, — 2,) (2, — 2,)-

(IIT-JEE, 1986)

Letz, =10+6iandz,=4+6i. Ifzisany complex number such
that the argument of (z — z)/(z - z,) is #/4, then prove that
|z~ 7 - 9il = 342. (I'T-JEE, 1990)

Ifi2+72—-z+i=0,then show_ that Izl = 1.
(IT-JEE, 1995)

If 1zl < 1, Iwl < 1, then show that Iz — wi* < (IzI — Iwl)?
+ (arg z — arg w2 (IIT-JEE, 1995)

Find all non-zero complex numbers z satisfying z = iz*.
(IIT-JEE, 1996)

Let l;zj- b7 = ¢, b # 0, be a line in the complex plane,
where b is the complex conjugate of b. If a point z| is the
reflection of a point z, through the line, then show that
c=z,b+zb. (IIT-JEE, 1997)

Let z, and z, be roots of the equation 72+ pz + q = 0, where
the coefficients p and ¢ may be complex numbers. Let A
and B represent z, and z, in the complex plane. If ZAOB
=8 # 0 and OA = OB, where O is the origin, prove that

p*=4q cos*(6/2). (IIT-JEE, 1997)

16.

17.

18.

19.

20.

21.

22.

23.

For éomplex numbers z and w, prove that Iz w — Iwl z
=z-wifandonlyifz=worzw=1. (IIT-JEE, 1999)

Let a complex number a, a # 1, be a root of the equation
71— 77 — 72 + 1 = 0, where p, g are distinct primes. Show
that either 1 + a + a2+ -+~ '=0or 1l +a+a?+ -
+ a9~ ! = 0, but not both together. (IT-JEE, 2002)

If z, and z, are two complex numbers such that Iz,l <1 <lz,},

then prove that 1(1 - z7,) /(g - 7)1 <1. (IIT-JEE, 2003)

Prove that there exists no complex number z such that Izl

<1/3and Saz =1wherelal<2.  (IIT-JEE,2003)

r=1
Find the centre and radius of the circle given by
|G- a)/(z- B)| =k k# 1, wherez=x+1iy,a=a, +ia,
=B, +iB, (IIT-JEE, 2004)
If one of the vertices of the square circumscribing the circle

lz — 11=+2 is 2 + /3, find the other vertices of the square.
(IT-JEE, 2005)
1
Argl ——
(i)

given by. (This question is part of matrix match question)
(IIT-JEE, 2011)

The maximum value of forlzZl =1,z# 1is

2iz

The set Re( 5 J:z is a complex number, [zl = 1, z = +1}

-z
is (This question is part of matrix match question)
(IIT-JEE, 2011)

Objective Type
Fill in the blanks

1.

4,

)2t
o]

the set of all possible values of x is

is real, then

If the expression

(IIT-JEE, 1987)

For any two complex numbers z,, z, and any real numbers
aand b, laz, — bz > + bz + az, P = .
: (IIT-JEE, 1988)

If a, b, ¢ are the numbers between 0 and 1 such that the
points z, = a + i, z, = 1 + bi and z, = 0 form an equilateral
triangle, then a = and b =

(IIT-JEE, 1989)
ABCD is a rhombus. Its diagonals AC and BD intersect

at the point M and satisfy BD = 2AC. If the points [ and
M represent the complex numbers 1 + 7 and 2 — i, respec-

© tively, then A represents the complex number

or . (IIT-JEE, 1993)



5.

Suppose z,, 2,, z, are the vertices of an equilateral trian-

gle inscribed in the circle Izl = 2. If 7, = 1+ i\/g then Z,=
2, = (IIT-JEE, 1994)

The value of the expression 1 x (2 - w) x 2 - w?) +2 % (3
—0) *B-0)+ - +(m-1)x7n-w)*(n-w’), where
® is an imaginary cube root o_f unity, is .
(IIT-JEE, 1996)

True or false

1.

For complex number z, = x, + iy, and z, = x+ iy,, we
write z, M z,, if x, <x, and y, < y,. Then for all complex
numbers z with 1 M z, we have ((1 — 2/ (1 + 2)) N 0.

(IIT-JEE, 1984)

If the complex numbers 2,» 7, and z, represent the verti-
ces of an equilateral triangle such that Izl = iz,| = Iz,|, then
7, +2z,+2,=0. (IIT-JEE, 1984)

If three complex numbers are in A.P. then they lie on a
circle in the complex plane. (IT-JEE, 1985)

The cube roots of unity when represented on Argand dia-
gram form the vertices of an equilateral triangle.

(IIT-JEE, 1988)

Multiple choice questions with one correct answer

1.

If the cube roots of unity are 1, w, a)zz then the roots of the
equation (x—1)* + 8 =0 are

a.—1,1+2w, 1+ 20?
c.—-1,-1,-1

b.-1,1-2w, 1 -2w?

d. none of these
dIT-JEE, 1979)

The smallest positive integer n for which [(1+ /)/(1 - )" =11s
an=28 b.n=16

d. none of these
(IIT-JEE, 1980)

cen=12

The complex numbers z = x + iy which satisfy the equation
|(z = 5i)/(z + 5i)| =1lie on

a. the x-axis

b. the straight line y =5

¢. a circle passing through the origin

d. none of these (IIT-JEE, 1981)

Ifz=[(3/2)+i/2F +[(3/2)—i/2] . then

a.Re(z)=0
¢.Re(z)>0,Im(z) >0

b.Im(z) =0

d. Re(z) > 0,Im(z) <0
(IIT-JEE, 1982)

The inequality Iz — 4! < Iz — 2| represents the region given

by

a.Re(z)>0

c.Re(z)>0

b. Re(z) <0
d. none of these
(IIT-JEE, 1982)

10.

11.

12.

13.

14.

15.

16.
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Ifz=x+iyand w = (1-i2)/(z -1, then lwl = 1 implies
that, in the complex plane
a. z lies on the imaginary axis b. z lies on the real axis

d. none of these
(IIT-JEE, 1983)

¢. z lies on the unit circle

The points z,, z,, z,, 7, in the complex plane are the vertices
of a parallelogram taken in order if and only if
A2, +7,=2,+7, b.z, +z,=2,+2,

d. none of these

€.z, +z,=2,+2, :
(IIT-JEE, 1983)

The complex numbers sin x + i cos 2x and cos x — i sin 2x
are conjugate to each other for

b.x=0
d. no value of x
(IT-JEE, 1988)

a.x=nmw

c.x=(Mm+ i/2)n

If w (# 1) is a cube root of unity and (1 + ®)" = A + Bw then
A and B are respectively
a.0,1

c. 1,0

b. 1,1

d.-1,1 (IT-JEE, 1995)

Let z and @ be two non-zero complex numbers such that Izl
= lwl and arg z = 7 — arg w, then z equals
aw b. —w
d -

. (IIT-JEE, 1995)

Let z and w be two complex numbers such that izl <1, lwl
<1 and |z - iwl = |z — iwl = 2 then z equals

a.lori b.ior—i c.lor-1 d.ior-1

For positive integers n,, n, the value of the expression

A+ + 1+ +(1+52 +(1+i)2, where { = J—1is a

real number if and only if

an =n+1 b.n =n,—1

d. n, > 0, n,> 0 .
(IIT-JEE, 1996)

C. I’lI =n2

Ifi= /-1 then 4+5[(—1/2)+i3 /21> +3[(=1/ 2)+ (i3 / )
is equal to

a.l—if3 b.— 1+ i3

c. i3 d.—i/3  (IIT-JEE, 1999)
If arg(z) < O, then arg(— z) — arg(z) =
aT b.—=n
e—7 d. % (IIT-JEE, 2000)

If z,, z, and z, are complex numbers such that Iz | = Iz,| = Iz |
=|(1/z)+(U/2)+(/zy)| =1, thenlz, +z, + 2] is

b. less than 1
d.equalto 3

a.equal to 1

¢. greater than 3

Let z, and z, be n™ roots of unity which subtend a right

. angle at the origin. Then n must be of the form
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17.

18.

19.

20.

21.

22.

23.

a.dk+1 b. 4k +2

c.4k+3 d. 4k (IIT-JEE, 2001)
The complex numbers z, z, and z, satisfying
[(z, - 23)/(z, — 23)] = [(1 — i/3)/2] are the vertices of a tri-
angle which is

a. of area zero b. right-angled isosceles

c. equilateral - d. obtuse-angled isosceles

For all complex numbers z,, z, satisfying Iz | = 12 and
Iz, =3 —4il =5, the minimum value of Iz — z | is

a. 0 b.2 c.7 d. 17
Iflzi=1and w = (z - 1)/(z + 1) (where z £ — 1), then Re(w)

1S
1

a0 T
lz+117

z 1
c. 7 d. \/57
2+ 1| 1z +11 lz+1I°

(I'T-JEE, 2003)

If w (# 1) be a cube root of unity and (1 + w?)" = (1 + &*",
. then the least positive value of 7 is

b.3 c.5 d.6

The locus of z which lies in shaded region (excluding the
boundaries) is best represented by

a.?2

-1+v2,\2) |B aré(Z) <-Z
y ER (L) —
(-1,0)
(1+42,-42) |o arg(@) <~ ¥

Fig. 2.47
a.z lz+11>2and larg(z + 1)l < n/4
b.z Iz — 11> 2 and larg(z - )] < /4
c. 2 lz+ 11 <2 andlarg(z + DI < 7/2
d.z:lz—1l<2andlarg(z+ Di<z/2  (IIT-JEE, 2005)

a, b, c are integers, not all simultaneously equal and w is
cube root of unity (w # 1), then minimum value of la + bw
+ ¢l is
a.0 b. I o B d. L
. 2 2
(IIT-JEE, 2005)

If a, b, c and u, v, w are complex numbers representing
the vertices of two triangles such that ¢ = (1 — r)a + rb and
w = (1 = Pu + rv, where r is a complex number, then the
two triangles

a. have the same area b. are similar
d. none of these

(IIT-JEE, 1985)

¢. are congruent

24.

25.

26.

27.

28.

29,

30.

31.

32,

If z, and z, are two non-zero complex numbers such that Iz,
+z,l= Izll + Izzl, then arg z, - argz, is equal to

T
b. - 5

a.— 7 c. 0

d.% e (IIT-JEE, 1987)

6
The value of Y sin (27k/7) — i cos (2mk/7))is

k=1

a.—1 b.0 c.—1

d.i €. none (IT-JEE, 1987)
If w is an imaginary cube root of unity, then (1 + w — w?)’
equals

a. 128w b. —128w

c. 128w? d. —128w? (IIT-JEE, 1998)

n=|

13 . .
The value of the sum Y, (i" +i"*'), where i =v~1, equals

a.i b.i—1
c.—i d.o dIT-JEE, 1998)
6i -3 1
Ifi4 3i -l =x+iy,then
200 3 i
a.x=3,y=0 b.x=1,y=3
c.x=0,y=3 dx=0,y=0 (IIT-JEE, 1998)
Let & = (—1/2) + i(/3/2). Then the value of the determi- .
i 1 1
nant I -1-w? o?is : 1
1 0 o
a. 3w b. 3w(w — 1)
¢. 3w d. 30(1 — w) (IT-JEE, 2002)

If (w— wz)/(1-z) is purely real where w = o + i3, $ #0 and
z#1, then_ the set of the values of z is
b.{z:2=7}

d{z:lzl=1,z#1)}
(IIT-JEE, 2006)

a. {z:lz2l=1}
c.{z:z#1}

A man walks a distance of 3 units from the origin towards
the north-east (N 45° E) direction. Form there, he walks
a distance of 4 units towards the north-west (N 45° W)
direction to reach a point P, Then the position of P in the
Argand plane is

a. 3e™ + 4 b. (3 — 4i)e™
c. (4 + 3i)e™ d. (3 + 4i)e™ (IIT-JEE, 2007)

If Izl =1 and z # = 1, then all the values of z/(1 - z) lie on
a. a line not passing through the origin

bl =2

c¢. the x-axis

d. the y-axis (IIT-JEE, 2007)



33. A particle P starts from the point Z,=1+2i, wherei= J-1.
It moves first horizontally away form origin by 5 units and

then vertically away form origin by 3 units to reach a point

z,. Fromz, the particle moves V2 units in the direction of
the vector i + j and then it moves through an angle 7/2 in
anticlockwise direction on a circle with centre at origin to
reach a point z,. Then point z, is given by

b. -7 +6i
d.-6+7i

a.6+ 7i
c.7+ 6i

34. Letz = x + iy be a complex number where x and y are inte-
gers. Then the area of the rectangle whose vertices are the
‘roots of the equation 7z* + zz> = 350 is
a. 48 b. 32

c. 40 d. 80 (IIT-JEE, 2009)

Multiple choice questions with one or more than one correct

answer

1. Ifz, = a+iband z, = ¢ + id are complex numbers such that
Izl = Iz, = 1 and Re (z,z,) = 0, then the pair of complex
numbers w, = a + ic and w, = b + id satisfies

b. lw, =1

d.o,@,=0

Al =1
c. Re(w,@,) =0

2. Let z, and z, be complex numbers such that z, # z, and Iz,|
= lz,|. If z, has positive real part and z, has negative imagi-
nary part, then (z; +z,)/(z; — z,) may be

a. zero b. real and positive

c. real and negative d. purely imaginary
(IIT-JEE, 1986)
3. Let z, and z, be two distinct complex numbers and let
z=(1 —1) z, + 1z, for some real number 7 with 0 < ¢ < 1.
If arg (w) denotes the principal argument of a non—zero
complex number w, then

a lz—zl+lz—zl=lz; -z b. (z-2z)=(z-2z,)

72—z

c. =0 d.arg (z-z)=arg (z,-2,)

(IIT-JEE, 2010)

-2

Comprehension
For Problems 1-3

Let A, B, C be three sets of complex numbers as defined
below:
A={zImz>1}

B={zlz-2-1il =3}

C={z Re((l - D)2) = 2} (IIT-JEE, 2008)

1. The number of elements in the set A N B N Cis

a.0 b. 1 c.2 d.

Complex Numbers 2,51
2. LetzbeanypointinA "B~ C. Then, lz+1-iP+1z -5
— il* lies between

a. 25 and 29
¢. 35 and 39

b. 30 and 34

d. 40 and 44

3. Let z be any point in A N B m C and let w be any point
satisfying lw — 2 — il < 3. Then, {z| — Iwl + 3 lies between
a.—6 and 3 b.—3 and 6
c.—6and 6 d. 3 and 9

Matrix-match type

1. Match the statements in column-I with those I column-II
[Note: Here z takes the values in the complex plane and
Im(z) and Re(z) denote, respectively, the imaginary part
and the real part of z]

Column I Column II:

a. The set of points z satisfying | p. an ellipse with eccentricity
lz—ilzll-fz+ilzl=0is 4/5 :
contained in or equal to

q. the Set of points z satisfying
Imz=0

b. The set of points z satisfying
lz+41+1z-41=101s
contained in or equal to

c. If | @1 =2, then the set of | r. the set of points z satisfying

points z = @ —~ (l/w) is ImzIl<1
contained in or equal to

d. If | @ ! =1, then the set | s. the set.of points z satisfying
of points z = @ + Vw is IRezI<1

contained in or equal to

. t. the set of points z satisfying
Iz1<3

(IIT-JEE, 2010)

Integer type

2 2
1. Let wbe the complex number cos Tﬂ +i sinTﬂ . Then the

number of distinct complex numbers z satisfying

+1 o o’ |
o z+o 1 |=0isequal to. (IIT-JEE 2010)
’ 1 7+

2. If z is any complex number satisfying |z — 3 - 2il < 2, then
the minimum value of 12z — 6 + 5il is. (IT'T-JEE 2011)

3. Letw=¢"", and q, b, c, x, y, z be non—zero complex num-
bers such that
a+b+c=x
a+bo+cat=y
a+ b’ +cw=z
lxP+lylP+lzP .

3 > > 18.

Then the value of
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| subjective Type SHESEES

1. GGiven that

=1+

7z
=2
2]

Putting z = re® = 7 = re®, we have

= =le®—ref=1T+r

zZ
=z
[zl

= (1-r?cos?f+(1+r)Psin?8=(1+¢)
= (1-r?cos?@—(1+r)cos?d=0

= cos’8=0=Re(z)=0

Hence, 7 is a purely imaginary number.

2.
A(z)
10)
B(z) C(z3)
Fig. 2.48
Let z,, z, and z, repiesent the vertices A, B and C, respectively, of
triangle ABC. Now, the triangle is isosceles.
LB=/LC
LAIC= Zs 3
T2 02
sBia=%E
2 2
(n B
i =+=
_ a_|al(53) M
3 |%
and
. (m C
L _|n e‘(ﬁ)
3 |z @
On dividing Eq. (1) by Eq. (2), we get
2 2 [B=C
A e
2, 1z 1zl
7 Iz, P »
= L= = positive real number (£B= 20

2,2, 1z, 11zl
= zl=kzz, (where ke RY)
Hence z,, z, and kz, are in G.P.

3. Here z — 1 = ¢” so that

z=1+cos@+isind

= z=2coszg +1i2sin Q cos Q

= z=2 cos% (e™?)
Hence

n arg(z—1) 2 = tan Q i o012
4 2 T TR Y T esh /2

ANSWERS AND SOLUTIONS

6 .. 0
COS——181In—
172 2

= tan 5 —it———y " =
cos—
2

D

Fig. 2.49

ZFDA=/FCA=90°-A
ZADE= /ABF=90°-A

= /FDE=180°-2A=2r-2A

Simpliarly £DFE =27-2C and ZDEF =21~ 2B
The angles of ADEF are w— 24, = — 2B and 7 —2C, respectively.
Also it is given that (z, — Z,')/(Zz —z,) is purely real. Hence,

arg(é_—z'] =0orx
2, - %
= r7-2A=0orr

= A= % or 0 (not permissible)

Hence triangle ABC is right angled at 4.

5.

A(a)

0 B(b)

6
C(c)

D(d)

Fig. 2.50

Let complex number representing point ‘D’ is d and /DAB=6.

So, /BCD =n -0 (A, B, C, D are concyclic), Now, applying rota-
tion formula on A and C, we get

b—a AB 4 d—c CD ;0
=——¢" an =——c¢
d—a AD b—c CB
Multiplying these two, we get

() ha

d-a\b-c) ADxCB
do-a)=ctb-a)__, (--ch—’)j
dib—c)-alb-c) " AB CB
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- de= 2ac—bla+c) = ce[-1-v2 ,-1+ 2]
+c~2b _—
are = z=c+i(lz.1-2¢—c?), wherece [[1 -2 ,—1+ 2]
. PR +2x+i) o (2x+i(l-20)
6. 2*3 In PN S =3 In m 9, aP+z+1=0 (1)

. . Taking conjugate of both sides,
Let 2x = r cos § and 1 — x* = r sin 6. Then, above expression -

3 ~
becomes az’ + z+ 1_= 0
e )1 r(cos@ +isind) = a@y+z+1 =0
i (_ n|———— =2 —
@ = r(cosf —isinf) _a-z+1=0 L @
(since 7 = —z as z is purely imaginary)
= (&™) (=) In(e*®) Eliminating z from both the equations, we get
@—-a)Y+2a+a)=0

Let,
a=cosf+ising (. lal=1)
= (2isind?*+22cosPH=0

= e () (2i0) = },,(29)

Now,
-1x1+4
1-x° 2x = cosf=_—NT"7%
9= tan™ = cot™ > 2
2x 1-x
1-x° 5 -1
[ X >0 when x (0, 1)} T2
2x :
. V5 -1
T af 2x T 4 Hence, a = cos @ + i sin @, where § = cos™!| —— |.
= — —tan > |=—=2tan"x [+ xe (0,1)] 2
2 1-x 2
S 10. a. Let
* z=lzl(cos 8+ i sin 6)
1 1 ' 2 _ .
7(29)=e—,, (r—4 tan'x) _l_l =|cos #+isinf—1]
7. Let o be the real and if be the imaginary roots of the given equa- = y(cos@ —1)* +sin’ @

tion. Then m

a+if=—a>a-if=-a =

= 2a=-(a+a)and2if=—(a-a) - Jasin2?.
o digf=a-T =4b=a-T 2
. 0
Alternative solution: = 2[sin B
If one root is real and the other is imaginary, their product will be
imaginary = b is purely imaginary. Let b = ik, so that the equation <2 2‘ (¢ Isin 61<181)
x? + ax + ik = 0 has one purely real root. Let it be a. Then, -2 -
a?+ao+ik=0=>0c’+da-ik=0 =61 = larg 7l 1)
Hence, . b. lz-1=lz-lzl+1zt -1l
> a1 <lz —Izlt + lizt = 1I
—ika—iak ik+ik d-a z
=1zl l——l +llzZl-H
j a -2 Z
= o= M and o = l]i
a-a a—a <lzllarg zl + llzl — 11 [From (1)]

ik(a+a) 4k 11. We have to prove that

=a -a =4ik=4b

a-a (a-ay Nm(z) < nllm(@)lizh"
8. Put z = a + ib. Then, I 2—.2 <n|Z=Ei

@+ b =2ai+2b+2c+2ci=0 ! y

= (@+b2+2b+2c)+2c-2a)i=0 ' —7" -
2 EN —I<nlzl

= a2+ +2b+2c=0and2c-2a=0 -7
= a=c Now,
Now,

b2+ 2b+ (C2 + 2C) =0 Z" _Zn - Z"_[ + Z”*Z'Z_ + Z”_SEZ ER Z”
= b:—l:t,ﬂ—zc—cz 2=z »
Since b is real, < |z”"] + z"‘zzi +|z”‘3zz‘ +...+|z"|

1-2c-c*>0
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- IZ’"_I + Z"_zlfl + 7|"'3|3|2 +...+|:" 2+ 120=1/2 Imaginary axis -
7 z
n-1 n-t n-1 n—=l _ ]/2 i
= (o7 T T T R =) i
= nlgh-! -2 Real axis
Hence proved.
12. Given OA=1and izl = 1. )
. OP=lz-0l=l=1=0P=04A _ Fig. 2.52
OP,=1z,- 0l =1z Case I:‘ <1
. Z=t2—1+i’t2—t4
" Po(z0)

= z+l =(r2—l)+i 1 (e 1)
P() 2 2 4 2).

40 . 2 ? 2 1
TN ¥ = z+l Y (N R (ORI R P
2 2 4 2 2] 2
Oz 20) In this case z will lie on the upper half of circle of radius 1/2, cen-
tred at —1/2, in the Argand plane.
! Casell: £2>1= 1€ (=0, ~1]U L, @)
Fig. 2.51 Clearly, ‘z’ is purely real. Also ‘z’ is an even function of t.
0Q = Iz, - 01 = Iz} = el Izl = Iz,| Hence, ]
AISO’ 2 =2t+ M
2 —0 Z di W =1t
ZPOA=arg| =2 =arg| 2% X
z—-0 z 2t(t° —1)
=2t+

i
g
uQ

z J ‘ - 22 = 1)

>0Vie (1,0)

%, — Hence, ‘z’ will attain all values in the interval {0, ©) (as z is equal
=ag T) = -~arg (ZZo) to zero at £ = 1). In this case z will lie on the positive real axis in
the Argand plane V ¢ € (-, —1) U (1, o).
= ! 15.
=-arg(zz,) = arg(-w—;—)
L0

=arg i_ 0 ] ZAOQ
2z, — 0
Thus, the triangles POP and AOQ are congruent. Hence,
PP =AQ = lz-z]=lz,- I

13. We have B
a? + b +bz+a=0 (1
Taking conjugate of both sides,
at +b7 4 bz +a= Fig. 2.53
Dividing this equation by Z" and writing the terms in reverse Since Izl = 1, z lies on a unit circle having centre at the origin.
order, we get 1+ T I
a b b ae 1 =+Eor+7
—+—=+=+a=0 (for7 #0) (2) —z
Tz |
Since Eqgs. (1) and (2) are identical, = # = ke'™? Or ke™™?
-2
= _% where £ is a real parameter and its value depends upon the position
z of z. Let,
=lizt=1=lz=1 1+ 2
+Z
Hence, a is a root of the given equation, such that lal = 1. a= 1—z
14, z=7P-1+ -7 = Jk 6™ op JE 3T

Therefore, a lies on one of the two perpendicular lines.

16. From figure, it is clear that Iz — i < Iz + il (as 7 lies above the
real axis). Hence,



Fig. 2.54

Therefore, a lies within the unit circle which has centre at the
origin. Now, if z is travelling on the real axis Im(z) = 0, Re(z)
varies from — oo to + co. Let,

z=x+1i0
: X —i | x—il . .
= a=—— =lal= — =l(aslk-il=lx+ilVxeR
X+t fx+il

Hence, a moves on the unit circle which has centre at the origin

17. Suppose x* + ax + b = 0 has roots x, and x,. Then,

x +x,=-a : 1)
and »

xx,=b 2)
From (2),

Ix I bx,] = 1Bl
= Ibl=1 3)
Also,

l—al = lx, + x,

= lal <lx | +1x)
or
lal<2 4)

Now suppose y” + laly + 16 = 0 has roots y, and y,. Then,

—_ + 2
Y ¥= lal_\llal 41b}

2

—|a|i(m)i

2

JlaP+a-taf _

= lyllyl= *————r—7—=
YLy, 2

Hence, Iy /| =1y, = L.
18.

Fig. 2.55

g
Complex Numbers 2.55

Let us take arg [(z+ 1)/(z— 1)] = 2a/3. Clearly, z lies on the minor

arc of the circle passing through (1, 0) and (-1, 0). Similarly,
arg [(z+ 1)/(z—1)] = /3 means that ‘a’ is lying on the major arc
of the circle passing through (1, 0) and (-1, 0). Now, if we take
any point in the region included between the two arcs, say P (z).

we get
/4 z+1 2
3 z-1 3

Thus 7/3 <arg [(z+ 1)/(z— 1)] <2a/3 represents the shaded region
[excluding the points (1, 0) and (- 1, 0)].

19,
‘V’
A1)
/ A(z)
/ .
. { , 0 L
C(z3) y Bz)
J}
Fig. 2.56
Let,
2 i% —i% 2 -izzm

Clearly, the points lie on the circle Izl = 2/J§. And AABC is

equilateral and its centroid coincides with circumcentre. Hence,
7, +z,+z,=0and z,+7,+7,=0

Since triangle is equilateral, inradius r = OD = 1/\/5 . Theequa-

tion of incircle is

2= 1/\3
Let P(z) be any point on the incircle. Now,
AP =lz -z P =12l +1z P~ (Z, + Zz)
Similarly,
BP? =z + Iz - (zz, + 22,)
CP =z +1z,P - (2T, + Zz,)
AP? + BP* + CP?

=3P+l P+l + e f - 2(Z + 5, +Z2) -2 + 5, + 20)

4 1 1 1 -
=3x ot —t—+——2(0)=Z(0
3¥3%373 z(0)-z(0)

=5

20. Given equation of line is

az +az+b=0,VbeR
Let PQ be the segment intercepted between the axes. For real
intercept Z,,
z=7
= Zfa+a)+b=0
b
- (a+a)
For imaginary intercept Z,
z+z2=0

= ®
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= Za-a)+b=0

b
= Z=-=
a-a
Mid-point is
= ZetZ,
2
-b[ 1 1]
= — +
2la+a a-a
_ .ab
(a+a)a—a)
_ab
a2—(E)2
= da __(E)-] b =b (=real)
a
2 —\2 2_ 2
S 0@ __@-@

= az+az=0

‘Objective Type o

1.b. Verify by selecting particular values of a and b.

Let a=-9 and b = 4. Then,
Jab = V94 =Biy2) = 6i

From option (a), we have

~Vialb =-i-91x4 =-36 =-6

From option (b), we have -

Nlalbi= \1-91x4 i =6i

Llon T
2. x=92 9 7 -9 3-92-3

< 1 1 1
z= I+ " =—+ +——
2.( ) T+i A+ (+5)

—_

1+ 1

—_—

I+

Leta=x+yz=3—- V2 (fourth quadrant). Then,

arg a = —tan™' (QJ
3

3.d. 102-3iz—k=0

3it\-9+40k

= Z= 20

Now, D =-9 +40k. If k = 1, then D = 31. So (a) is false.
If & is a negative real number, then D is a negative real number. So

(d) is true.

If k=i, then D = -9 + 40i = 16 + 40i — 25 = (4 + 5i)%, and the
roots are (1/5) + (2/5)i and ~(1/5 - 1/10)i. So (c) is false.

If k = 0 (which is a complex number), then the roots are 0 and

(3/10)i. So (b) is false.

-4.d. Letz=x+iy,sothat 7=x-iy.

Z+72=0 _
= @-Y+0)+iy-y)=0
Equating real and imaginéry parts, we get
¥=y+x=0
and

2xy—y=0:>y=00rx=%
Ify=0,then (1) gives X’ +x=0=x=0o0rx=-1

If x = 1/2, then from (1),

1 1 3 NG}

2 +—:—@y=+—

4 2 4 2
Hence, there are four solutions in all.
5.c¢. Given that a® + b = 1. Therefore,
1+b+!ia (1+b+ia)(1+b+ia)
I+b—ia  (1+b—ia)(1+b+ia)

_ (1+b) - +2ia(1+b)
T 1+b42b+d

(1-a*) +2b+b* + 2ia(1+b)
- 2(1+b)

2b* +2b+2ia(1+b)
2(1+b)
=b+ia
6.b. Let,

. , T
sin — +icos — =z
8 8

8

LT |
I +sin — + i cos.—
8 8

. T, T
1+ sin — —icos —
8 8

Z&

8
sin — + { cos —J

o
(ol 5]
o

8
3
cos — + i sin 3

=cos 3r=-1

7. a. Letz,=a+ib and z,=c—id, where a > 0 and d > 0. Then,

lzl=lz] = a*+ PP =+ &
Now,

ey

M



_ (a2 'bz)—(c2+d2
T+ ~2ac+b

—2(ad+bc)i
+d*+2bd

v— /=i
——
Q
|
(o)
N
|
—
o
+
.
S’
—

—(ad + bc)i -
BT [Using (1)}

a*+b* —ac+bd
Hence, (z,+z,)/(z,—z,) is purely imaginary. Howevef, if ad + be
=0, then (z,+2,)/(z,—2,) will be equal to zero. According to the
conditions of the equation, we can have ad + bc = 0.
8.a. We have,

. (—Z_l]_ )
arg =n
2

= arg(z)-arg(z)=n
= arg(z)=arg(z)+n
Let arg (z,) = 6. Then arg (z) =z + 6.

z,= lz,l[cos (z + 6) + i sin (z + 6)]
=lz,| (—cos 8 —isin )
and '
z, = Izl (cos & + i sin 6)
=lz,l(cos @ +isin§) (- lzl=1z,))
=—ZI
= z,+z,=0
9.c. Let
a=cosa+isina
b=cosf+isinf
c=cosy+isiny
Then,
a+2b+3c=(cosa+2cosf+3cosy)
' +i(sina+2sinf+3siny)=0
= a+8h*+27c=18abc
= cos3a+8cos3f+27cos3y=18cos(a+f+7y)
and
sin 3a+8sin 38+ 27 sin3y=18sin (a + S +7)
10. d.

v
A, A (1427)
/- X
15 0lwooy /7
Ag 4y
Fig. 2.57

Let the vertices be z,, z,, ..

V5.

- Z; W.r.t. centre O at origin and Iz f =

Complex Numbers 2.57

Now AOAA, is equilateral =  OA, = OA,= AA,= /5
=z, lcos & + i sin 60— 11
Perimeter = 645 .
L a Itz _ H+i(btic)/(1+a)
l-iz  1-i(b+ic)/(l1+a)
_l+a-c+ib
1+a+c—ib

(1+a—c+ib)(1+a+c+ib)

(1+a+c) +b°

1+2a+a’ —b* —c* +2ib+2iab
T l+a@’ 4+t +b +2ac+2(a+c)

2a+2a’+2ib+2iab a1
= A+ b+ =
2+2ac+2{a+c) 4 ‘

a+a’+ib+iab
= 1+ac+(a+c)
ala+1)+ibla+1)
(a+)(c+])
a+ib
c+1

12. b.1f z,, z,, z, are three complex numbers, then

argz, argz, argz,
A= |argz, argz, argg
argz, argz, argz,

1 argz, arggz,
= A=(argz +argz,+argz) |l argz, argz,
| argz, argz,
(Using C, — C, +C,+ C))
1 argz, argz,
= A=arg(zzz) || agz, argy
1 argg, argz,
Hence, A is divisible by arg(z,z,z,)-
13.¢c. Z+iw=0
= z-iw=0
= z=iw (D
agzw =7
= argz+argw=rn

= argz+arg E =7 {Using (1)]

i
= argz+argz—argi=x

T
= 2argz— — =7
& 2

In
= 2argz= —
& 2
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14. ¢. We have,
|z, - z,F = iz, + 1zl - 2lz iz, cos 6,-6,)
where 6, = arg(z)) and 6, = arg(z,). Given,
arg(z,—z,) =0
= g -zl =l P+l -2kz) lz,|

= (Iz,1 - 1z,))?
= lz,-z) ELAREAl
7—w N
15. a. a=—_k2+zv_v:>a-k2+fw
But zz = ww = k% Hence,
KK
-z 0w __ w-z
= a—k2+ﬁﬁ_zw+k2 =—a
7z W
= a+a=0
= Re(@)=0
16. a.Here x =4 cos 6, y = 4 sin 6.
ixt — Iyll

= l4lcos 8l — 4 Isin Il
= 4licos @l — Isin 8li

= 4+/1-21cos@ il sinf |

= 441-1sin20 |
Hence, the range is [0, 4].

17. ek + A =12 - k=12 + 1kl
—» .k, z2 and O + 0 are collinear
= arg(?’) = arg(k)
= 2arg@) =7«

T
= wg@= =

18.b. The given equation is
lz = (2 + 2) 22+ 1
22 + zis real
2+7=7"+17
(z-2)z+7+1=0
z=z7=xasz+z+1#£0x#-1/2)
Hence, the given equation reduces to

X' =x" 4+ x4+ ]

bl

= xx=-1
= x=-I
So number of solutions is 1.
19. c. Observing carefully the system of equations, we find
1+ i_ 1 -i 1
i 2 1+i
Hence, there are infinite number of solutions.
20. d. Given,

Let,
z=re'd

= re?+3re®=0

Since ‘' cannot be zero, so

re™=-3

which will hold for » =3 and five distinct values of ‘9’. Thus there
are five solutions.

21.c.

=

, J'
(1+i)5(1+J§i) =(‘/F) (( J‘ [ l

~2i (3 +i) i3 B
. 2 2
- s¢ 2t m @ 19w
Argument= — +—— — — + — ="~
4 3 2 6 12

Therefore, the principal argument i$ —S57/12.

22.4d.

Letﬂx)=x6+4x5+3x“+2x3+x+l.Hence,
flw) = @b+ 4° + 30 + 20 + o + 1

=1 +40?+30+2+0+1

=4 +w+1)

=0

Hence f(x) is divisible by x — @. Then f(x) is also divisible by
x — o (as complex roots occur in conjugate pairs).

23.c.

=

24. c.

fl-w) = (-w)° + 4(-w) + 3(~w) +2(-w)P + (-o) + 1
-0t —d0’+30 - 20 —w+1
=1-4c*+3w-2-0+1
£0

We have,

(cos 8 + i sin ) (cos 20 + i sin 20) - .

x (cos nf +isinnf) =1

cos(49+20+30+---+n0)+isin(9+20+ c+nf)=1
cos[———n(n +1)9j +isin[———n(n +1)6]=1
2 2
cos MG =1and sin ”(HH)GJ =0
2 2
n(n+1) 4mm
S rg=2mr=0= ,
n(n+1) where me Z
100
z=(1 +i3)™ = 210°(cos—+zsm—j
= 2! [cos isin 1—005]
3
= 2'% cosi—zsmzr—]
3 3
Y O )
2 2
Re(z) -12 _ 1
m(z) —3/2 3
j= cos—+isin— = e%



- 7= D) ="
= =1

26.d. z =ilog2-+3)
= et log(2—/3) _ ,~log2-/3)

= ei: — ek’E(Z—\ﬁ)VI :_e'ﬂg('—’*-ﬁ) :(2_{_\/5)

ef=+e‘f::(2+J§)+(2—J§)=

= cos 2= 2
2 2

27.b.Let xi be the root where x#0and x € R

xt— alx3i—a2x2+a3xi+a4=0
= x-a,xX+a,=0 ¢
and

ax®—ax=0 2 -
From Eq. (2),

ax*—a,=0
= x*=aja (asx#0)
Putting the value of x? in Eq. (1), we get
2
@ a,a
=2 -23 4+4,=0
a; a,
= al+aal=aaa,
a
= —2—4
al aZ aZ a3
28.b.Let A = x + iy. Given,
Al=1=2+y=1

A% 1 (dividing by a,a,a,

and
A+ li=l=x+1)2+y*=1

NE)
= x= ——andy=x—
2 2
= A=worw’
@y =(+oy=Coy

Therefore, n must be even and divisible by 3.

I}

29. ¢. Let z =cos x + i sin x, x € |0, 2z). Then,

1 £+i
Z

il

4

12+
Iz I
=lcos 2x + i sin 2x + cos 2x — i sin 2xl

=2 Icos 2xl
= cos2x==1/2

Now,
cos2x=1/2
T St i ilr
= X, T LXK = XS
6 6 6 6
cos2x= ——
n 2r 4w _5m
i S S S
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30.a. w-2u+2=0=u=1=i
x+a) —(x+pB)
oa-p
- [(cot @ =1+ (1+D)]" —[(cotl 1) + a-ar
21

(- cotf-1=x)
(cos 8 + i sin 8)" — (cos @ — i sin O)"
sin” 8 2i

2i sin n@
sin” @ 2i
sin ng
sin” 8

3.b. fi)=g@Nz-D(z+D)+az+b,a,be C

Given,

f)=i=ai+b=i (1
and '

fD=1+i
= a(-)+b=1+i (2)
From (1) and (2), we have

a= L, b= 1 +i

2 2

Hence, the required remainder is az + b = (1/2)iz + (1/2) + i.

32. c. We have,
z,(zf—3z§)=2 ' M
(32 -z3) =11 )

Multiplying (2) by i and adding it to (1), we get

zl —-3z27, + i(3z}z, - )=2+11
= (g +ig,);=2+11 3)
Multiplying (2) by i and subtracting it from (1), we get

zf —-3z2z, - i(3zz, - 2)=2-1l
= (z,-iz)'=2-11 4)
Multiplying (3) and (4), we get

2+ =22-121#=4+121=125
= 2+=5

33.a. Assuming arg z, =fand arg z, = 0 + a,

blz,le@+®
2

alzte®

alzlle'g
i@+ a)
bliz,le .

E.ZL + bZz
bz, az

=e@+e*=2cosa
Hence, the point lies on the line segment [— 2, 2] of the real axis.

34.d. 2+x+1=0=x=w or @*
Let x = w. Then,

1 ] 5
It—=0+—=0+0" =-1
x o
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X2+L=w2+L=w2+w=—l 37. a. We have,
x? o’ 2+22+27+1=0
3 .1 ;1 = @+1D)+2z(z+1)=0
FrETet y=l = @+D@+z+1)=0
= z=-1,m, &’
x* *"LA‘=(1’4 +—14—=a) +@® =—1etc. Since z = -1 does not satisfy z'%% + z'® + 1 = 0 while z = w, »?
* @ satisfy it, hence sum is @ + @? = -1.
. (x+1J2+(x2+L)2+(x3+i]2+__+[x27+_1_j2 38.b. Let z, = Iz (cos 8, + i sin ). Now,
o x 32 ) S

4

2 2 2 2 2
= [(x+l) +(x2+i2) +(X4+L“J +---+(x26+—12?j J
x x x x Also,

arg(z,z,) =0 = arg(z,) + arg(z,) =0

1Y 1Y 1
+ (x3+—3) +(x6+_6) +(x9+—9j = arg(z,) =9,
x x x

= z,=1z,l(cos(-0,) + i sin(-0,))

=l=lzl=lz|

1Y =lz/l(cos § ~isind) =z,
-~+(x27+—77—
x - =
= 5,=(g)=z
=18+9(22) =54 = Iz, P=2zz
’ _ - r—1i
35.c. E _,z;l(ar + by 39.d.(x-3P+1=0
=(@+b)+Q2a+bw+ Ba+ b+ -+ (na + b)w"~! %=3Y )
= =
=p(H0+0"++0"") | 201 3024 by -1
= x=3 1, w, »?
Now, -1
S=1+2w+302+ - + ne"! = x=23-0,3-0
So=w+20+ -+ (n— D" + na" Hence, the um of complex roots is 6 — (0 + w)* =6+ 1=7.
, 1 40.b.x= -1
S(l-w) = I+o+w° +--+o" —nw'=-n (v @'= ) = x¥=-1
zero — (_x)3=1
= s=_" = x=l,0 o
®-1 = x=-1,-w,-*
= E=_"%_. _ 1+3i 1-4/3i
: o-1 = -1 ’
2 2
36. b. Taking cube roots of both sides, we get —3+i B+i
z+ab=a(1)"” = q, aw, aw? = -1, —, -
2i 2i
where

N - 3 +V-1 B+
O i@ =g i T & A
z,=a-ab,z,=aw - ab, z,= aw’ - ab 41.d. lwz-1-w?l=a

Iz, — z,) = la(1 - w)| s hallcam o 1+2ea

1_(_l+i£J = k-U+2>a=0<a<4
22 42.b. Iz2-31=1z*-3

> |72 —
Lif S e
2 2 = 1zZP-3ld-3<
0 ”<3+\/ﬁ
” = U<ld=

=tal[ 242 =3 lal : 5

. 43.b. 12z-1l=1z-2I

Similarly, b, 2z-1l=lz-

lz,—zl=lz, -z | = lal = PRz-12=1z7-2P
= (2z2-DQz-1)=(-2)z-2)

= lal

=lal




‘= 422 -27-2z2+l =77 -27-2z+4
= 3l1zF=3
= Izl=1
Again,
lz, +z)=lz,—a+z,-f+a+pl
Sz —al+lz,- Bl +la + B
<a+f+la+pl
=2lo + fi [ a;5>0]
Z]+2,

<2
o+ f

zZ +2
o+

<2zl

-1 n-2 .. —
44.a. az'+az"+a 77+ - +a _z+a =3
= Bl=laz+az77'+--+a_z+al
0 t n—-| n

= 3 <lgllz'+lalld™" + - +la_}zl+la]
= 3 <2(zZl+ld™+ - +1zd+ 1)

3
= 1 +lzd+izP+ - +lz"> >

If Izl = 1, the inequality is clearly satisfied. For Izl. < 1, we must

have,

1-1zi™" 3

—_— > p—
-zl 2

2 =2zl >3 -3zl

22Uzl < 31zl - 1

3i1zl-1>0

L T I

1
Izl > —
3

45.a. 8iz’ + 122 - 182+ 27i=0
4iz(2z-30)-9Q2z-3) =0

= (2z-3i)@iz2-9)=0
3i , 9
= =—and 7" =— -
73 4
3 0,9
= lzl=—andlz"|I=~
273 4
3
= lzl==
2

46. a. 122 + 2z cos al <\ + 12z cos al
= Izl* + 2lzl Icos al
<Izl* + 2lgl

< (2-1+2(/2-D=1

1

1
z+ =2 |lzl-—

Z

47.b. 2

Hence the least value occurs when l z 1= 3.

el =318
z 3 3

least

n
PR

r=1 |

48. c.

n n h n
Y lg i<z, —rl+Yr<2¥r
r=| r=1 r=1

r=l
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49. d. Let z = x + iy. Then,
22 =1 =1lz%+ 1
= -y -1y+2ixyl=x+y*+1
= (- -1+ =+ + 1)
= x=0
Hence, 7 lies on imaginary axis.

50.a.lzl=1,leta=-1+3z
= a+1=3z
= la+H=3z=3
Hence, ‘o’ lies on a circle centred at —1 and radius equal to 3.

51.b. Let z = x + iy. Then,

x=A+3andy= —5-17
= @x-3)=r . ()
and

y=5- @)
From (1) and (2),

(x-32=5-y"=(x-3P+y*=5
Obviously it is a semicircle as y < 0. Hence part of the circle lies
below the x-axis.

52.c.
Alzy)
B(z2) C(z2)
Fig. 2.58

-2 —L+L—e””4

23— 2 2 2

ZCBA = %

Also,

lz, - z,l = lz; - 2]
Hence, AABC is isosceles.
53. ¢. Given that
Iz, —il=lz,—il=lz, -l
Hence, z,, z,, 7, lie on the circle whose centre is i. Also given that

the triangle is equilateral. Hence centroid and cirucmcentre coin-
cides.

itz
3
= g +z,+zl=3

54. d.

(430)

Fig. 2.59
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|z -4l =Re(z)

= Jx=4P+y =x

= xX-8&x+16+y’=x*

= y=8x-2)

The given relation represents the part of the parabola with focus
(4, 0) lying above x-axis and the imaginary axis as the directirx.
The two tangents from directrix are at right angle. Hence greatest
positive argument of z is /4.

55.d.

B(w)
A2 4
D(z) g
(@C
Fig. 2.60
Clearly,
ZDOB=/COD =A ,
= z=we" and @ = ze” (Applying rotation about O)
= Z=zow=1
= z=-1 (As A and D are on opposite sides of BC)
. b.

A(2)

Fig. 2.61

By the given conditions, the area of the triangle ABC is given by
(1/2)lz, = z,Ir.

57. d. The given equation is written as

3—ﬂ when x <2

’

arg(z—(1+10) =

—, when x>2°
4

’

0,2)

(L)
i .0

N

Re(z)= 1
Fig. 2.62

Therefore, the locus is a set of two rays.

58. a.

\ A(z)

e

Fig. 2.63
Iz — Z1is the length AB while Izl(argz — arg?) is arc length AB.
Iz -zl <zl (argz — argz)

59. c.

Fig. 2.64

kz/(k + 1) represents any point lying on the line joining origin and z.
Given,

kz

—+2i >x/5
k+1

Hence, kz/(k + 1) should lie outside the circle Iz + 2il > x/E .So,z
should lie in the shaded region.

b4
-—< <0
) arg(z)

60.b. 2 z—l’ =lz-1l
2
|z—11
1
z—| =2
)

So, locus of z is a circle.

6L.d. Iz +izl=lg) +1z)

= iz, 0+i0 and z, are collinear
= arg(iz,) = arg(z,)
= arg(z,) - arg(z) = B

B(z))

1-i
= (1-dzg=2z,-1iz,
= 4,-3,=iz-7)



~,ACB="L
2
and
lz, —zb=lz, =z
= AC =BC

AB?=AC*+ BC?
5
= AC=—F (" AB=5)
2
- Therefore area of AABC is (1/2)AC x BC = AC%2 = 25/4 sq. units

62. a.

—-150°

Fig. 2.66

Rz +10+10i <53 -5

_ 5(J§—1)
= Iz+5+5115_2—

Point B has least principal argument. Now,

5(v3-1)

AB =

2
OA =52
2A0B=
12
b4
arg(z) =——
2(z) p
at +b b+cz
63.c. z= =t=
t—c z—a
Now,
frl=1
b +cz
= =1
z—a
b
z+— 1
(s
= =— (£ laslcl#ld)
z—a| lcl

=> locus of z is a circle

64.a. Letz=x+iy. Then,
lz-3-il=1z-9-1

= ()6—3)2 +(y —1)2 = |(x —9)2 +(y —1)2

= x=6
Iz-3+3i=3

= JE-3)Y +(y+3) =3

Complex Numbers 2.63

Forx=6,y=-3.
z=6-3i
65.a. Given, )
1-a
z=l+a+a*+ - +a"'=
1-a
7 —— a'
= 7 ——— =
¥ l1-a  l-a
. . - Ial“< 1 el < 1]
* 1-a| 1l-al Il1-al lal,

Hence, z, lies within the circle.

ot
[1-al

1-a

66.b. 222 +27+41=0
Let the roots be z, z,. Then, .

A
7 +z,=-landzz,= 3

0, z,, z, form an equilateral triangle.

+z=2zz
= (Z|+ ZZ)2 = 3ZIZZ
= 1= 3_&
2
= A= 2

67.a. x+iy=1—t+iyi+1+2
= x=l-ty=P+1+2

Eliminating ¢,

3y 7
=P+t +2=(1-x+1-x+2=|x——| +—
+14+ 1-x)7+ X+ ( 2] 2

= - (x——;—j = _7_ which is a hyperbola
4

2
68.c. 2+ 7zl +1z2 =0 = (ﬁ) +|Z|+1:0
Zz Z

2 - 2 = — ot
= =w,0*=>z=wlzlorz=w?lzl

Izl
-1 V3 . -1 V3
= x+iy=lzl [7+§]orx+1y=lzl[7—§J
! V3 1zl 1zIV3

= x=——lzl,y=lzl—orx=——,y=
2 < 2 27 2

= y+ \/§x=00ry—\/§x:03y2—3x2=0

69. c. S, =%z, =-3a,8,=%z2,=3b
Since the triangle is equilateral, we have

I =272,

(Zz)) - 227z, =2z2,

(X7, =3Zzz,

(-3a)* =3(3b)

9a’ =9b

a’=b

LU A
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70. b.

~ Fig. 2.67

CA=CB=2J2,0C=2
= OA=OB=2
= A=2+0i,B=-2+0i
Clearly,

ZBCA = /2

= ZBPA=r7/4

-2 T
= ag|l——r|=—

z+2 4
71. a.
P(z)
B 4
Lo ol 1,0
Fig. 2.68
Whenlz—1li<lz+ 1l (orx>0)
IzZl=1z - 1f

= X+y=@-1)+)?
= x=1/2

= z+z=1

When Iz — 11> Iz + 1] (or x < 0),
Izl =1z + 1l

= xX+y’=(x+1)72+y

= x=-1/2

= z+z=-1

72. b. Let z = x + iy. Then,

Re[ L =«
e
1
= Re — =k
x+iy
= Re| ——-—2 7J=k
xX+y x4y
= 2x7=k
.X'f'y~

1
= +y - ;x=0

which is a circle.

73. b.

.B(Zz)

Fig. 2.69
As AOAC is aright-angled triangle with right angle at A, so
7, P+lz,—z P=lz 2
= 2121 |2_Z_3Z1_2_|Z3=0

= 27,-7,- ZLz= M
%
Similarly,
27, -7, -22,=0 @)
2

Subtracting (2) from (1), we get

— 7, Z
27, -7)=1 [—‘—QJ
4 5

277 (7, - z,) -z
1~ %2/ 2 T4
— =4 | A [ Iz P =1z, =]
213 1%
27,2
122
= Z3=——
Z, + g

Td.a. lz)l=lz)l=lz}=1
Hence, the circumcentre of triangle is origin. Also, centroid (z,
+ z, + z,)/3 = 0, which coincides with the circumcentre. So the
triangle is equilateral. Since radius is 1, length of side is @ = /3.
Therefore, the area of the triangle is (\/37/4)112 = (3\/5/4) .

75. a.
-Dlzq) C(z3)

Alz1) B(zy)
Fig. 2.70

The first condition implies that (z, + z3)/2 =(z, + z,)/2, i.e., diagonals
AC and BD bisect each other. Hence, quadrilateral is a parallelogram.
The second condition implies that the angle between AD and AB is
90°. Hence the parallelogram is a rectangle.
76.b. Given that
- L
arg Lzl |-

oo

and

from which we can establish the following geometry.



z/z|

1900\ 21
! x

Fig. 2.71

From the diagram,
z
_— Zl

| =3,1z1=v9+1=4/10
z

77.b. Note thatz =3+ /3ilies on theline y= (1/4/3)xand 2,=2+3

+ 6i lies ontheliney = V3x.

Hence z = 5 + 5i will only lie on the bisector of z and z, i.e., y=x.
.‘Y )

y=x
L
SVen
6 G
30°
X
Fig. 2.72

| lz=3F+2 o1
8.8 log; | 1117 2312
1z=-3F+2 1
’—.——<__
111z-31-2 3
Bt-8) (t-1)<0(wherelz-31=1)
I<1z-31<8/3
Hence, 7 lies between the two concentric circles.
79.¢c. We have,

Ly

Lcos g - —l—sin 0

NoAN

x—2) +iy - D=1
where § = arg z.

1
~ (x—2)2+(y—1)2 =—2—|x—yl,
which is a parabola
80.a. We have,
lz-2+2i=1

= lz-@2-2)=1

Hence, z lies on a circle having centre at (2, —2) and radius 1. It is
evident from the figure that the required complex number z is given

by the point P. We find that OP makes an angle 7/4 with OX and

y

C
2.-2)

Fig. 2.73

Comp]ex Numbers 2.65

OP=0C—-CP=+22+2" —1=2/2-1
So, coordinates of P are [(2\/5 ~Dcos(r/4),
_ (242 ~Dsin(z /4], i-e., (2—1/42),~(2~1//2)). Hence,

e aP el

81. d. Given,
N S
" 2 +cosO +isind.
= Cos 19+isin9=§—2=3_2Z
b4 b4
= 1= I3l—2|z| [taking modulus]
z
z-3]
Izl 2

Hence, locus of z is a circle.

82. d. We have,

2nri 3@
e P =e q
r=0,1,...,p-1
m=0,1,...,g-1

This is possible iff r = m = 0 but for r = m = 0 we get 1 which is
not an imaginary number.

"~ 83.b. Let,

S=1+2a+3a+ - +no!
= aS=a+2a24+3%+ - +(n- Do + na"
On subtracting, we get
St-a)=1+[a+d+a']-na"
= l+____a(1—a”") —net”
-

n

1 a-a"  no
S= + 5=
I-a (Q-o)y 1-a
1 a-1 n n
= + >
l-a (l-a)y l-« -«

=

4
Iy

84. a. L+ia =z
1—ia
Bt
1+ia

= — =l
l—ia
4
—i

= (274 =1
a+i

= la-il=la+il
Therefore, a lies on the perpendicular bisector of i and —i, which is
real axis. Hence all the roots are real. - ’

85.b. For z # 1, the given equation can be written as

+1)
)
z—1
=e2k7ri/5

- zfl
z—-1

where k=-2,-1, 1, 2.
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If we denote this value of z by z,, then

eka/S +1

= S
k
) eka/S -1

ekm/S +e

ekm /5 _ e—km /5

=i cot [%),k:—z, -1,1,2

Therefore, roots of the equation are +i cot (7/5), i cot (2 /5) -

—kril5

86. a. We have,
logz+log 2 +log 22+ --- +logz"=0
= log(zz#z®-—-z%=0

n{n+1)
= log|lz ? ]:O

) nin+l)
- z * =1
2
= 7= ln(n+l)
2

= (Cos0°+isin0°)"*"

2
n(n+l)

= (cos 2mm + i sin 2mm) ,m=0,1,2,3, ...

= COS§

+isin—  m=0,1,2, ..
n(n+1) n(n+1)

87. d. The equation z"= (z + 1)” will have exactly n— 1 roots. We have,
LR
z ).

z+1

4

=1

= z+ 1=l

Therefore, ‘7z’ lies on the right bisector of the segment connecting
the points (0, 0) and (-1, 0). Thus Re(z/) = —1/2. Hence, roots are
collinear and will have their real parts equal to —1/2.

Hence sum of the real parts of roots is (—1/2)(n —1).

The roots are 1, —1/3,(=1/5-=(2/5)i{)and (-1/5 + (2/5)0).

Note that (—1/3, 0) and (1, 0) are equidistant from (1/3, /0) and
since it lies on the perpendicular bisector of AB, it will be equidis-
tant from A and B also.

’

y
(-1/5, +2/5)
4

X
(—1/3,0)1)

1/5 BZ/S
(_ s ) ¥

’

X

130 (1,0

Fig. 2.74

89.d.z"-1)=0:z-1)G@-2)(@-2)...(z-z,) M
Differentiating w.r.t. x, and then dividing by (1), we have
nz""! 1 1 1 1
=——+ + ot
"-1 z-1 z-z, z-z =2,

Putting z = 3, we get

n3 1 1 1 1

==+ + 4+t
3"-1 2 3-z 3-gz 3-2,,

1 1 1
= + oot
3-z 3-gz 3-2z,,

Multiple Correct Answers Type | 4

1.a,c.

B n3n—l __1—
-1 2

Clearly, we have to find it for real z. Let z = x. Then,

Ix —wl=lx - wi = lw—w

N2 . 2
o [xel] 432 '“‘E’-“'—‘El,:s:ﬁl:ii
2 4 2 2 2 2
= x=1,-2
2.a,b,c,d.
P(z)) O(z3)
S(z4) R(z3)

Fig. 2.75

- z -
a. PS||OR= arg| 8= |=0 = ——* s purely real
, = 23 L~ G

b.  Since diagonal bisect the angle

[z, -z, ] =

= amp = amp

2y 7 23— 2y

c. Diagonals of rthombus are perpendicular. Hence, (z, — z,)/(z, - z,)
is purely imaginary. :

d. Diagonals of rhombus are not equal. Hence, i z, -z, 1 # 1z, — z |
3.a,b,d.
Let z = a be a real root. Then,
A+ B +2Da+ (-1 +ia)=0
= (@+3a-1D+ila+2a)=0
= &*+3a-1=0anda =-a/2

= a*+12a+8=0
Letfla)=a*+ 12a + 8.

~ fi-1D)<0,/0)> 0, f(-2) <0, A1) >0and f3)> 0
Hence,ae (-1,0)orae (-2, 1) orae (-2,3).



4.b,c.

3 + 4]

4+ 4 z

Fig. .76

Clearly, the inscribed rectangle is a square. Let the adjacent vertex
be z. Then,

34+44i—(2) _ sizn2

_—= (by rotation about center)
(3G +4)—(4+40)

= 34 4i-z==i(-1)
= z=3+4i+xi=3+5ior3+3i
S.a,d. ‘
lz-3-4i] =5
B
A
~|z|=15
0
C
Fig. 2.77
Weé have,

lz,| = 15,1z, -3 —4il =5

Minimum value of Iz, — z,l is AB= OB - OA = 15 - 10 = 5. Maxi-
mum value of Iz, -zl is CA=0A + 0oC=10+15=25.

6.a,c.

Triangle ABC is equilateral. Hence,

=
=

24+ +(1 ==z +z(1 -+ ()1 -2)
3z2-2z+1=-7
4z2-2z+1=0

sum of roots =2

and product of roots is =

7.b,c.

Az) P Bz P2
Fig. 2.78

Let internal and external bisectors of ZAPB meet the line joining
Aand Bat P, and P, respectively. Hence,

AP P B=PAPB= 3:1 (internal division)
AP,P,B = PA:PB =3:1 (external division)

Thus, P, and P, are fixed points. Also,

T
4P PP=

Thus ‘P’ lies on a circle having P P, as its diameter. Clearly, B(z,)
lies inside this circle.

8.a,d.

Refer the figure, z lies on the point of intersection of the rays from
A and B. ZACB is aright angle and OBC is an equilateral triangle.
Hence, .

Complex Numbers

T ..
0C=a=>z=a(cos?+zsm?)

C
a
) 300 ” 600 ” 277.'/3
o) ! ) B(a, 0)
Fig. 2.79
9.a,c.
)" = @) =i, iw, iw?
where '
—1+-/3i
w=

2
Hence roots are i, (=3 =2, (3 =2 -

10. a, b, d.

¥-1l=@x-D@x-z)x-z) - (x—z,_)

n-1

x" =1

=(x-z)(x-2) - (x-z,_)
Putting x = @, we have

0, ifn=3k ke Z
ifn=3k+1lLkeZ

ifn=3k+2keZ

o" -1

n-1
{0 —2Z, )= = 1’
rl:[l( D=
1+ w,

11.a,d. .
If a is a real root, then
A+QB+Hat-3a-(m+=0
& +3a*-3a-m=0ando?-1=0
= a=1lor-1
a=l=m=1
a=-1=m=5

12. ¢, d.

We have,
2rx+1=(x-w)x-w?)

Since f(x) is divisible by x* + x + I, {iw) =0, fw?) =0, so
P(w®) + 00w’y =0 = P(1) + 0wQ(1)=0
P(0%) + 0?Q(0®) =0 = P(1) + 0*Q(1) =0

Solving (1) and (2), we obtain
P(H)=0and O(1)=0

2.67

o
@

Therefore, both P(x) and Q(x) are divisible by x — 1. Hence, P(x*)
and O(x*) are divisible by x* — | and so by x — 1 Since fix) = P(x)

+ xQ(xh), we get flx) is divisible by x — 1.
13. b, c.
amp(z,z,) =0 =>ampz +ampz,=0

amp z, =—amp z, = amp z,

H —_ R —_ —_7 — 2
Since Iz | = Iz,}, we get Iz | = 1z,|. S0, z, = 7,. Also, 2,2, = 2,2, = Izl

=1 because Izl = 1.
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14. a, b- ' Since OQ =1 and OP = 2, so sin(ZOPQ) = 1/2 and hence ZQPR
1 = n/3. Then ZPQR is equilateral. Also, OM L QR. Then from
= Z =1 ZOMQ, OM = 1/2. Hence MN = 1/2. Then centroid of ZPQR lies
onlzl=1.
1 As POR is an equilateral triangle, so orthocentre, circumcentre
= 1z]izl T and centroid will coincide. Now,
212, ¥2,| _ 1
1 I
= —-1<]| Z |- ﬁ <1
¢ = lz,+z,+zF=9
—- 2_
= ld <1z - 1<zl o (q+5,+2) G 4T, +7)=9
2
From lzI* — 1 >-lzl, we get .
22+l -120 ' - ﬂi+j_¥lq[i+_L+lJ=9
| I>—1+\/§ ' 0 v a n B)\a n 5
= A= 2 and
From Iz? — 1 <z, we get £QOR =120
1z~ -1 <0 : 17.a,d. 1212_322|: T2432-273
1-5 1++/5 5
< ¥7 = =
5 slzls 5 2) = |a -2l +2l=[a -3
From (1) and (2), we get > |a+z|=]z -3
- . lz. +z =1z —z]|
1-;\/—5_ <lzi< 1+2\/§ | 1 T4 174
I 1‘
J5-1 1445 % %
= |Zlmm = T 4 lzlmax =

= 4 lies on L bisector of 1 and -1

15.a, b, c. %,
Z'cos G+ 27 cos @ + - +zcosf _ +cosf =2 .

- . . . .
= -~ lies on imaginary axis

= -1 ..
= 2=lzjcosf +z57'cos O + - +z,c088 | +cosd] 2y
= 2<lzllcos B+ 1zI™ " Icos @1+ - + 1z llcos & |+ Icos @ | . . .
0 0 I 0 o n = =L is purely imaginary
Z.
. -1 2. <2
= 2=z M+l g+ Izl + ]
ichi isfi z T
which is clearly satisfied for Iz > [. If Iz} < 1, then . N arg( 4 J -+ 5
z
2<1+lg)+lz P+ -+ gl + -0 2
1 T
2< larg (z,) —arg(z)l = —
1=1Izyl 2
1 18. a, ¢, d.
= |ZOI>E Z’=Zem (1)
4 —~ict
) 7' =ze (2)
16.a, b, ¢, d.
2 27 2
777=7
= Z7,z,7" are in G.P.
Also,
0z2) P(z) ©
RS N Z 2 Z” 2
2l 4+ =1 =2cos2a
M z z
5 = 7?+7%=27cos 2a
| R(z3) = 7?+77=27Q2cos’a-1)
= 7?2+77+272=47" cos’a
= ?+77+277"=47 cos’a
= (I +7")? =47 cos’a
=

Fig. 2.80 Z+zi=2zcosa



19. a, c. If p = g, then equation becomes z* = 77 and it has infinite
number of solutions because any z € R will satisfy it. If p # g, let p
>g,then 2" =7".

Izl = Izl

= P dzFi-1)=0
= lzl=Oorlzl=1
zZl= 0=2z=0+i0
lZ= 1 =>z=¢"
= e(p+q)5[=1

= z= 11/([7+q)

Therefore, the number of solutions is p + g + 1.

20. a, b, d. .
2= 5 +12i,lz) = 4

lz,+ iz <lzl+1z|=13+4=17
lz)+ (1+ )z 2z} =11+l lz,)l
=13 — 42

min (Iz, + (1 +)z,) = 13- 4/2

4 . 4
L+— (Sl +— =441=5
Z; lzzl .
4 4
L +— |2l l——— =4_-1=3
z, Iz, 1
13
max 4 122 and min ' =?
Z, +— L +—
2 2
21.a,c¢.
p+g+r=a+bo+ca?
+ b+ cw + aw?
+ ¢ + aw + bw?
prg+r=(a+b+o)(l+w+w)=0 ‘ (1)

P, g, r lie on the circle Izl = 2, whose circumcentre is origin. Also,
(p + g + r)/3 = 0. Hence the cenroid coincides with circumcentre.
So, the triangle is equilateral. Now,

@P+qg+r?=0.

1 1
= p2+q2+r2=—2pqr[—+ —+.l:l
P q r

1 1
=2 + +
pqr[a+ba)+cw2 b+cw+aw’ c+aw+bwz}

1 1 1
=-2pq 2 2 + 2 + 2
0 (aw+bw +c) (b +c+aw) c+aw+bw

- 2pgr 1 1 1
=T L Ll
aw + bw* + cLo2 ® 1:] )

Complex Numbers 2.69
Hence,
PP+ +rP=2(pg+qr+rp)
22.a,b,c,d.

A(zy) P(z%)

B(z7) Czz) Q@Y R(z%)

Fig. 2.81

(1-A)z + Az,

a=-M+5=""02

Hence, z, divides the line joining A(z,) and B(z,) in the ratio A:(1 - A).
That means the given points are collinear. Also, the ratio /(1 — 1)
>0 (or 0 < 4 < 1) if z, divides the line joining z, and z, internally
and ph(1 - p) <0 (or 4 < O or > 1) if z/ divides the line joining Z}s
z, externally.

When A, p are complex numbers, where 1 = u, we have
Z,=(1 -MNz,+z,and z] = (1 - A)z/ + Az]. Comparing the value
of 1, we have

5% _ G-

7’ ’
-2 2,-2

o Al zé—zl: and arg| 5% —arg zé—zi
-z |%-12 7,-7 -2
AC_ PR d ZBAC = ZQPR
AB pPo ™" =<0

Hence, triangles ABC and PQR are similar.

23, a, d.
»]
2 4
— X
1 ‘ 3 f 5
Fig. 2.82
24, a, c.
Given,

=+ )=z =1z+ 1y
lZr=lz+ 1I"= 1zl =1z + 1
= lZ?=lz+ 1P
= X +y =(x+1)2+)% where z=x+ iy
1
= x=-=
2

Hence, z lies on the line x = —1/2. Hence sum of real parts of the
roots is —(n —1)/2 (since equation has 7 — 1 roots).
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25.a, b, d.

P(z)

Fig. 2.83

Since arg ((z - 1 — i)z} is the angle subtended by the chord
joining the points O and 1 + i at the circumference of the circle
Iz — 1l =1, so it is equal to —a/4. The line joining the points z =0 and
z = 2 + 0i is the diameter. '
z~-2
z

arg

=i7—r—
2

5 is purely imaginary

7 —
We have,
_
ZOPA = —
2
) 2-z T z— AP .
= arg == —=—1
0-z 2 b4 OP
Now in AOAP,
tan0=i}z
) oP
Thus.
LT it d
z
26.a,b,d.
2Z_i—m=> z—i—zlz+ll
z+1 212

This shows that the given equation will represent a circle, if m/2 # 1,
ie.,m#2.

27.a,d.
yl==23il =7
arg(z) = /6
P(z)
o
Fig. 2.84

CP=r,0C= 2\/3, ZCOP = /3
— CP=0Csin % =23 g =3

Thus, when r = 3, the circle touches the line. Hence, for two distinct
points of intersection 3 < r < 2+/3.

28. b, c.
We have,
1 1 1
—+—|=|———| =z, +z) =z, ~ 2}l
L, gl 1z z

Squaring both sides, we have

Iz, P+ 12,2 +2(27, + 5%,) =P +15,P-2(2% +32,) -

= 4(Z1 z, +E|zz) =0

Fig. 2.85

That is angle between z,, O and z, is a right angle, taken in order, as
shown in the above diagram. Now, the circumcentre of the above
diagram will lie on the line PQ as diameter and is represented by
C which is the centre of PQ, such that z = (zl +z,)/2, where z is the
affix of circumcentre.

29.a,c¢,d.
Choice (a) on simplification gives
I+x 1+x
= 5! 2
1+x 1+x

For x = 0.5, £0.5) > 1 which is out of range, Hence, (a) is not cor-
rect. From choice (b),
1-x ,1-x -
= —=*tI B
1+x  1+x
fix) and g(x) € (0, 1) if x € (0, 1). Hence, (b) is correct. From
choice (c),
1+ x

T 1+ x?

l—x

i
1+ x°

4

Hence, (¢) is not correct. From choice (d),
1+x .

Py 1

1+x

1-x

¢= 1+x7
Hence, (d) is not correct.

30. a, b, c.
Let z = x + iy where x, y satisfy the given equation. Hence,

F+y) -y =175
= x%+y?=25and x> y* =7 (as all other possibilities will
give non-integral solutions)

Hence, possible values of z will be 4 + 3i, 4 —3i, <4 + 3i and 4 - 3i.
Clearly, it will form a rectangle having length of the diagonal 10.

¥

—4+3i/\ 4+3i

Fig. 2.86



From th.e diagram, options (a), (b), (c) are correct.

31.a,b.
|z| =»
A(zo) P(2)
Fig. 2.87

oar=2

£ — =3

z2—2 . L

= 1is purely imaginary

0

7—2,  Z—7Z
_,__0+TO=O

=
Zo 2y
= i+—_Z—=2
%, 2
= Re z =1
2
From (1),

2y +72=21zg P=2r?

32.b., c. z, and z, are the roots of the equation 22 ~az+ b =0. Hence,

7, +2z,=a,zz,=b
Now,
Iz, ¥z <lzf+ 1zl

= Iz +gl=lad<l+1=2  (olgl=lzgi=1)

¥y
6 -6, 2+
)
62 . . Zy
o
L
- y 91 01 ‘; 92
Fig. 2.88

1
= arg(a) = E[arg(zz) +arg(z,)]

Also,
arg(b) = arg(z,z,) = arg(z,) + arg(z,)
= 2argla) = arg(h)

33.a,b, d. Given,

R o o

a c
b al =0
c b

Complex Numbers  2.71

= dA+b+c*-3abc=0

= (@a+b+c)(@+b+ct-ab-bc—ca)=0

= %(a+b+c)[(a—b)2+(b——c)2+(c—a)2]=0

= (a-bY+b-cf+(c-aP=0

= a=b=c [wa+b+c#0,z,#0, . Izl=a#0eic]

B /XA z
(22) 9}/\ (z1)

o
26 /
C(z3)

Fig. 2.89

¢y ;
Hence, OA = OB = OC, where O is the origin and A, B, C are the
points representing z,, z, and z,, respectively. Therefore, O is cir-
cumcentre of ZABC. Now,

%,

arg (i’— J: £BOC ®

=2/BAC=2arg (—Z3 ~4 } (ih)
2~

) 2
= arg (23 —4 J [+ ZBOC =2/BAC)
4 —3

Hence,

2
arg(ﬁ)wg[@_—zl]
2, =4

Also, centroid is (z, + z, + z,)/3. Since HG:GO = 2:1 (where His
orthocentre and G is centroid), then orthocentre is z, + z, + z, (by
section formula). When triangle is equilateral centroid coincides
with circumcentre; hence z, +z, +z, =0.

Also, the area for equilateral triangle is (\/5 /4)I*, where L

is length of side. Since radius is lz)l, L = \/§ tz |, hence area is

AR
34, a, ¢, d.
@)
D
>
B(=3 +2i)

A(5—4i)
~ Fig.2.90
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% —(=3+24) :Qem/z -
,—-(5—-4i) AD

= 2, +3-2i=iz-5i-4
= z0=;2—5i
= RadiusAD =15 -4i - (-2 - 5i)I
' =17+
=50 =5\2

Length of arc = %(perimeter of circle)

= %(27: X 542)

s
-7

35.a, c,d.

Let z = ¢ be a real root. Then,
ac*+c+a=0 . 6))

Putting a = p + ig, we have
w+ig)ct*+c+p—ig=0

= pl+c+p=0andgc®—qg=0=c=<1
DH=axl+a=0

Also,
lel=1

(v g#0)

36.a, b,c, d.

512 = (3 -2i) =£(3-20)
J=5-12i = (2 -31) =+ 2 - 3)

= z=5-12i +-5-12i

=—1-6,-5+5,5-5, 1 +i
Therefore, principal values of arg z are —37/4, 37/4, — n/4, /4.

Reasoning Type '7?:‘:

1. a. arg(zz,) =2z = arg(z,) + arg(z,) = 2x = arg(z)) = arg(z,) = 7,
as principal arguments are from —x to 7.

Hence both the complex numbers are purely real. Hence both the
statements are true and statement 2 is correct explanation of state-
ment 1.

2.¢c. X +xX2+x=x(P+x+1)=x(x—o)(x—w?)
Now fix) = (x + 1)" — x" — 1 is divisible by x*> + x> + x. Then
f(0) =0, flw) =0 f(w?) =0. Now,
fO=0+1)-0-1=0
floy=@+1)y - -l=Co?) - -1=~ (0" + "+ 1)
=0 (as nis not a multiple of 3)
Similarly, we have flw?) = 0.

Hence statement 1 is correct but statement 2 is false.

3. a. First, let the two complex numbers be conjugate of
each other. Let complex numbers be z, = x + iy and z, = x

= iy. Then, z, + z, = (x + iy) + (x = ix) = 2x, which is real and
7,2, = (x +iy) (x —iy) =4 — 2 y* = x* + ), which is real.
Conversely, let z, and z, be two complex numbers such that their
sum z, + z, and product zz, both are real. Let z = x, + iy, and z, = x,
+ iy,. Then, ‘
7+, =(x +x) + iy, +y,) and z;z, = (x x5, — y,y,) + i(x,y,
+xy)
. Now, z, + z, and z,z, are real. Hence,

b +b,=0andab,+ab =0 [ zisreal = Im(z) = 0]
= b,=-bandab,+ab =0

=-b, and —alb1 tab =0

=-b and (a,~a)b =0

=-b anda,—a =0

=—banda,=aq,
= z,=a,+ib,=a —ib,
Hence, z, and z, are conjugate of each other. Hence, statement 2 is
true.

Also in statement 1, @ = @ and b = b, then a and b are real.
Thus, z, + z, and z,z, are real. So,
z,=1,

= arg(zz,) =arg(zz)) =arg (|z|) =0
Hence, statement 1 is correct and statement 2 is correct explana-
tion of statement 1.

x+l=1
x

4d.
= x*-x+1=0
X =—w, —w?

Now for x = —w,
p ="+ —

Similarly for x = —w* P=-1.Forn> 1,

2" =4k

2%'= 2% = (16)* = a number with last digit 6
= g=6+1=7
Hence,p+g=—-1+7=6.

5.d. ,
Y
z1tzy
B(z:) |22
A(z)
X x’
o
Y
Fig. 2.91

From the diagram when Iz, — z,| = Iz, + z,l, OAB is right-angled tri-
angle. Hence orthocentre is 0.



6.d. Statement 2 is true as it is the definition of an ellipse. State-
ment 1 is false as distance between 1 and 8 is 7 butlz— 1l + iz — 8l =
5 < 7. Hence no such z exists.

7.d. Iz, +z,+zl=lz —a+z,—btz,—c+(a+b+o)l

Sz —al+lz,-bl+lz,—cl+la+b+cl
<2la+b+d
Hence, |z, + 2, + z,| is less than 2la + b + .

8. b. Fourth roots of unity are -1, 1, — i and i.

2+g+Z+z;=0andz +z,+2,+2,=0

9.a. Ifrootsofax?+bx+c¢=0,0<a<b<c, are non-real, then they
will be the conjugate of each other. Hence,

7, =2z, =lzl=lz)l
Now,

c
2z, =—>1=zP>1
1~2 a t

= !zll > 1
= lzl>1

10. a. We have,
az? +bz+c=0 ' 1)

and z,, z, [roots of (1)] are such that Im (z,z,) # 0. So, z, and z,
are not conjugate of each other. That is complex roots of (1) are
not conjugate of each other, which implies that coefficients a, b, ¢
cannot all be real. Hence, at least one of a, b, c is imaginary.

11. b. We have, _

 Letx=(cos 8+isin )"
= %= (cos B+ isin 6)°
= x°—(cos30+isin36)=0
= Product of roots = cos 30 + i sin 38
Also product of roots of the equation x° —1=01is I. Hence statement
2 is true. But it is not correct explanation of statement 1.

12. b. Since Iz | =lz,l = Iz,], circumcentre of A is origin

3 +2,+2,

Also =0

Centroid concide with circumcentre
= A s equilateral

Az)

B(z)) C(z3)

z3+1z3

Fig. 2.92

L+ 23 _

arg 7 t2-2z —arg| 2| —2 :
3= 2, B0

Tt _

Z3 _ZZ
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(z, + z,)/2 is the mid-point of side BC. Clearly, line joining A and
mid-point of BC will be perpendicular to side BC. Thus,
Zs + 2 _

a_rg_z_.__z

i1

BT 2

Hence, statement 2 is also true. However, it does not explain state-
ment 1.

13. a. Suppose there exists a complex number z which satisfies the
given equation and is such that Izl < 1. Then,

F4z+2=0=2=g+z= 2=l +2
="' 2<If+ 1zl = 2 < 2, because Izl < 1

But 2 < 2 is not possible. Hence given equation cannot have a root z
such that Izl < 1. :

Z,+z
¢z + 7| =|—2
215
1
= |z,+zz| l-—— | =0
. |22,
= lzzl=1

Hence, statement 1 is true. However, it is not necessary that Iz | = Iz,
= 1. Hence, statement 2 is false.

Linked Comprehension Type i

For Problems 14
1.b,2.b,3.¢,4. c.

Sol. Given that

2 2
Iz, + 2, =1z

+lz,P?

»

2 2 - = — 2
= kgP+lIglf+zz,+zz2,=lzF +lz)

= zz7,+7.z,=0 M
Z % o -

= 42 =0 (dividing by z, 7.,)
Z, 2, C

—1 i 3 .Z_l = O (2)
L (%

From (1), z, z, is purely imaginary. From (2), z,/z, is purely imagi-
nary. Hence,

z, 7 r
arg | =~ |=+ — = ar —ar =+ —
g (Zz) 2 g(z)) — arg(z,) >

Also, i(z,/z,) is purely real. Hence its possible arguments are 0 and .

For Problems 5-8
5.a,6.d,7.¢,8.d.
Sol.
- 1-isinf _ (I-isin@)1—icosh)
I+icos@ (I1+icos@)(1—icos@)
_ (1 ~sinfcosB)—i(cosO +sin )
- (1+ cos’ 0)
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If =z is purely real, then
cos @+sinf=0
or

tanf=-1
s
O=nr——,nel
= 4 n

If z is purely imaginary, I — sin 8 cos 8 = 0 or sin § cos § =
which is not possible.

|1-ising| _ 1+sin’6
[1+icos@| J1+cos?0
If Izl = 1, then

Izl =

00529=sin26=>tan29=1=>0=mt:l:%,nel

We have,
_1f —(cos8+sinB)
arg(z) = tan” | —————
. (1-sinBcosB)
Now,
arg(z) = 4
—(cosf+sinf) _

(1-sin@cos8) B
cos® 8 + sin? @ + 2sin 6 cos &

[

=1 + sin?f cos?d — 2 sin f.cos 8

1 +4 sin 8 cos 8= 1 + sinf cos?d
sin?@ cos?’0 — 4 sinf cos §=0
sin @ cos B(sin cos 8 —4) =0
sin@cos 8=0 (&N
O=0C2n+ror@=@An-1)n/2,nel

Gl

1,

sin @ cos 8 = 4 is not possible)

(" —os 8 —sinf > 0)

For Problems 9-11
9.a,10.d,11.d.

Sol.

9. Let z, (purely imaginary) be a root of the given equation. Then,
z,=-12,
and
a2+ bz +¢=0
= azt +bz +c=0
— azl+bz+c=0
= Ezf—l;z]+5=0 (asz,=-z,)
Now Egs. (1) and (2) must have one common root.
(ca - acy* = (bC + cb) (~ab ~ ab)
Let z, and z, be two purely imaginary roots. Then,
7,=-2,2,=-1,
Now,
a?+bz+c=0

= azl+bz+c=0

Q
&N
+
S
N|
+
(oY
I
o

Q
N
]
ol
&
+
>}
1l
(o]

8))

@

1)

2

Equations (1) and (2) must be identical as their roots are same.
b ¢

b ¢

= ac=Ec,a5+Eb=0andbE+Ec-—‘-0

1 Q”Q

Hence, aC is purely real and ab and be are purely imaginary.
Let z, (purely real) be a root of the given equation. Then,
7,=2,
and
azi+bz +c=0 ¢

= a7’ + bz, +¢ =0
= azl+bz,+c=0 7
= azi+bz,+c=0 1))
Now (1) and (2) must have one common root. Hence,

(ca — at)* = (bc — cb)(ab ~ ab)

For Problems 12-14

12.¢,13. b, 14. d.

Sol. az + b7 +¢ =0 L
= az+bz+c=0 2)

Eliminating z from (1) and (2), we get
_ aa-be '
ERRTYISPT:
If lal # |bl, then z represents one point on the Argand plane. If lal =
1bl and ac # bc, then no such z exists. Adding (1) and (2),
@+b)Z+@+b)z+(c+8)=0
This is of the form A7 + Az + B =0, where B = ¢ + € is real.
Hence locus of z is a straight line.

For Problems 15-17
15.a,16.b,17. c.

7=—A% \//12;1

Case I:

When —1 < A< 1, we have
MP<1=1-1<0

z=—Axifl-A  orx=—4 y=+y1- 22

= y=l-Forx+y?=1

Case II:

A>1=12-1>0

2= AxJA% =1l orx=-AxVAi-1,y=0
Roots are (- 1 + VA2 ~1, 0), (- 1 — ¥A2—1, 0). One root lies

inside the unit circle and the other root lies outside the unit circle.

Case I1I:
When 4 is very large, then
1=—A-VJA -1 =-2
z=—A+yJA* -1 = (~A+V22-DEA=VA2 =D
(~A—+A2-1)

1 1

a—JA -1 2A



For Problems 18-20

18.d,19. c, 20.c.

Sol. We have,

az +z+1=0 (1)
= az? +z+1=0 (taking conjugate of both sides)
=>VEZZ—Z+1=O (2)

[since z is purely imaginary z = - z]

Eliminating z from (1) and (2) by cross-multiplication rule,

— 2 —_
@—ay +2a+d)=0= [222 ]+ £
: . 2 2
-aY (a+a
= _(a - )+( ]:O = —sin?f+cos =0
2i 2
= cos O=sin*f 3)
Now,

Ry =28 =322+ 3(1 + cos Ox +5

Fix) =3x—6x+3(1 + cos 0)
Its discrirninant is .

36 —36(1 + cos ) =—36 cos § =—36sin” § <0
= f(x)>0VxeR .

Hence, f(x) is increasing V x € R. Also, f0) =5, then f{x) = 0 has one
negative root. Now,

cos 20 =cos § = 1 -2 sin?f =cos §
= 1—2cos8=cosf
= cos@=1/3
which has four roots for 8 € [0, 4x].

For Problems 21-23

21.a,22. b, 23.b.

Sol.

y/
P(z)
x 6 _ > x’
o] -0
R
0@
¥y
Fig. 2.93
We have,
4
fzl=|—| <lz——|=2
z F4
o _o<i- 2 <
|z 1

= IP+2Izl-4>0andlz?-21d-4<0
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= (z+172-520and (zl—1)?<5
= (d+1+v5) (2 +1-+5=0

and (zl— 1++/5) x (- 1-/5)<0

o l<-3-lorld>v5-1andv5-1<kd<~5+1

= \/g—lslzIS\/g+1

Hence, the least modulus is \/g — 1 and the greatest modulus is
J5 + 1. Also,

|zl=x/§+1=>% =\/§—1
z

Now, ’
_ 4z
|Z|2 .

NEES

Hence, 4/z lies in the direction of Z°

4
72—
z

= PR =2 (given)

We have,
" OP=+5+1and OR=+5-1

OP? +OR* - PR?
20P-OR

= cos20=

_ G r5-n-4
2(5-1)

20=0,2n
=0,
= zis purely real

Ly

=. z=i(«/g+ 1)
Similarly for izl = J5-1,wehavez =+ (\/g -1

For Problems 24-26
24, a, 25. ¢, 26. b.

Sol. BM=y-0=-1(x-1)
x+y=1

u—1=t+i(l-t)

u=2t+2it (1 -1
x=2tand y=21-1)
y=x(1-x/2)

2y =2x — x*

= (x-12= —Z(y—%)

which is a parabola. Its axis is x = 1, L.e., z + z =2 and directrix is
y=1,ie,z—-z2=2i
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For Problems 27-29
27. 22,28. b, 29. c.

Sol. 27.
C(z3)
1(z4)
()4 B(zo)
D(Zl +22J
2
Fig. 2.94
ABXAC AB AC
L0740 _AB AC
Y 7R
za8=2 sac- 8
2 2
i0
=4 _ 1z, -zl =
4 —3 |Z4 -z {
and
i0
-y _lz —,le 0}
2474 IZ4 -3 |
Multiplying,
T4 BT Iz, =z, Iz, -z
2,72 2% lz, =z, | 1z, — 7|
= (-2 z—Z')'= AB><2AC o
(z, —z,) IA

28. From (1),

(Z2 _Z])(Z3 7_21) =2 & 2 £ ( AB=2AD)
(2, -2, A )\ aD

(7]
= (5,72)(@—z)=(,—z)2 coszg sec 0
=(z,~2) (cos @+ 1)secd

29. Keeping in mind that tan 6 = CD/AD and tan 6/2 = ID/BD, We

have,
721 +2z Zl+ZZ
_utn '13_—2_ r
2 _ o'z
z _Zl+z2 z _ZI+ZZ
1 2 ] 2

1)

and
z+z _aty
Z4—¥ 2 2 i
_ZI+ZZ 7 +2,
25 5 T
2
22,-z~2z _ID i~
- 4T _ 2 2)
H—Z BD

Multiplying (1) and (2), we have

22,-2,-222,—2,—2, _CD ID
7,—2, 7,7 AD BD

6
= (Z2 B Z|)2 tan ¢ tan E = _(ZI +3, 223) (Zl +z,~ 224)

For Problems 30-32
30.d,31.¢,32.c.

Sol.
30, ZBOD=2/BAD=A
LCOD=2/CAD=A

Alz))
| z I =2
B(z3) Clzz)

D(z4)

Fig. 2.95
% e, RERpL (From rotation about the point ‘O’)
4y 2y .

= Z=z7,

31. Clearly, OD bisects ZBAC of isosceles triangle BOC.
Thus angle between segments OD and BC is 7/2.

arg it =z
2,1 2

32. See theory.

Matrix-Match Type FESEEa.

la—r,s;b—p,q;r—t;d—ut.

a.If ab > 0, then either a, b both are positive or both a, b are nega-

tive. Hence z = a + ib lies in either first or third quadrant, then argu-

ment of z is tan™' b/a or —x + tan"! bla.

b. If ab < 0, then a and b have opposite signs, then z lies in either
second or fourth quadrant, then argument of z is —tan™' b/a or z —
tan™' Ib/al or tan™' bla.
c. Ifa*+ b =0, thena = b =0, so z = 0 + {0 whose argument is not
defined.



d. If ab = 0, then either @ = 0 or b = 0 or both are 0, then argument

is 0 or /2 or not defined.

2.a—>s;b —»r;e—p;d—q.
a.z~-1=0=>2=1=cos0+isin0=z=(cos 0+ isin Q)"
=cos0+;i sin0

b.z2+1 =0=>z=—1=cos w +isin x = z = (cosx + i sinz)"™

[ ... T
=CcOS— +1SsIn—
4 4

174
. T .. T .. T
c.iz“+1=0=>z“=z=cosz +zsm5 =>z=(cos—é-+zsm5J

T A (2
= cos— +1isin—
8 8

. T .. I
d.iz*-1 =O=>z“=—z=cos; —LSIHE

.a—>q;b—os;c—p;d—r.
alz-ll=lz—d
Hence it lies on the perpendicular bisector of the line joining (1, 0)
and (0, 1) which is a straight line passing through the origin.

b. lz+Zl+lz-71=2
= kl+ly=t

Hence, z lies on a square.
c. Let z = x +iy. Then,

lz+zl=lz-7l
= 2l =125yl
= Ixl=lyl
= x==£y

Hence, the locus of z is a pair of straight lines.

d. Let Z = 2/z. Then,

2f_2 2
=1
This shows that Z lies on a circle with centre at the origin and

7= =2 -
Izl 1
radius 2 units.

4-a—>P,l';b—+P,q,l',t;C—>Psl',S;d—’P,q’l',S,t-

Dizq) Clz3)

Ak \ B(z;)

Fig. 2.96
In parallelogram, the mid-points of diagonals coincide

2 +% _,+2,
2 2
-2,=2,-2,

= I
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Also in parallelogram, AB||CD. Hence,

arg(ﬁ}o
2,12,

-2
-z,

= is purely real

In rectangle, adjacent sides are perpendicular. Hence,
41—z 4
arg| A% |-
3= 2 2
475
L3720

= is purely imaginary

Also in rectangle,
AC=BD =z, - z}=lz, -z,

In rhombus,

ACLBD=34"5%

Zz -2

is purely imaginary

S.a—p,q;b—p,q,r,st;c—r,s;d—p,q.

a  lz—2il+lz—Til=kisellipseif k>17i - 2ilork>5

3
3
b, 12273 chs 22023 L ans 1o s 23
13z -2 Z_Z* 2
3

¢. lz—31-lz—4il=kishyperbola,if k<3 -4il = 0<k<5

kK _ _
d. Iz—(3+4i)l=%laz+az+bl

E:Iaf+ﬁz+b|
5 213+4il

This is hyperbolaif k/S> 1 = k> 5.

= lz-C@+4)l=

6.a—s;b—q;c—pjd—r.

a x*-x+1=0

1+£i3
x=

2
=—w,— w?
1Y LY
= (xn + _n] = (—1)2" [[z)" +_”‘]
X 6]
— (Cl)" + a)Zn)Z (1)
Lo
Cl)" 0)371
Now,
1- w3n
1+wn+w2n= =0 forn753p
l-o"

"+ w*=-1forn+#3p

=2forn=3p

5 ) 1 2—8
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b. In the expression, = 343 + 3(a + bi)1 =98
.. 4 = a+ib=21
[.1+cos.6+zsm9} = g=2landb=0
sin @ + i (1 + cos ) = a+b=21 ]
nurnerator is _ 3.(1) Wehavex=@-@-20orx+2=0- @&

Squaring, ** + dx + 4= @ + ¢F-20°= ¥ + @-2=-3

1 +cos@+isinf@=2cos 2[cosg+isin2}
: 2 2 2 = *+4x+7=0

=9 cos [ 012 Dividing x* + 3x* + 2x> - 11x - 6 by x* + 4x + 7, we get
2 430+ 22 1lx—-6=+4x+ T (P -x-1)+1
and denominator is ' =0)(x*—-x-1D)+1=0+1=1
— i sin @+ i (1 + cos &) = i [conjugate of numerator] 4.(5) 2=81-b*+18bi
P 22 =729 + 243bi — 27b* - b o
=i2cos— e 2_ 3 3 2
2 2=7=243b-b*=18band 243 -b*=18=b =15
) ) 4 5.2) z+2z=0
N' 1 619/2 1 1o ( -
E=|— =7 a7 | = %€ = ==
D [ e i
Now Iz~ 4zi = 22
=cos 46 + i sin 46 = —7—4zi=7 (from (1))
n=4 _ = 2z=—4i '
¢. We know that if z = re®, then z = re ™. = z=—2i

6.3) (1+ri)*=s(1+1)
= 1+3ri+ 322+ PP =s(1+i)
= 1-32+iBr—r)y=s+si
= 1-3P=s=3r-r

. Hence, 1 -3r*=3r-1

27in = P-3F-3r+1=0

= sum of three roots is 3.

16 - =
— =7-4z=7"-4

B(Z)
Fig. 2.97 7.4) Wehave Iz* + —
Im(z) rsin@ = (z-2)(z+z7-49=0

Re(z) rcos®

=tan9=tan£=\/5—1
n

T Fid _ 6
= tan——:tan§=>n=8 v So, v = dx 434 O
! fx|
10 10 _—4
d. Z(V—w)(r—w2)=2(rz+r+l) :>,wc=|_)F = x=-42
r=1 r=1
=2 +Xr+10 Z:—\/E
. |Z|4=4
_10x11x21 10x11
- 6 - 2 +10 8.(9) Letz=a+ bi.
=450 = P =a+b.
1 (1o Nowz+lzl=2+8i
= S—O{Z(r—m)(r—(oz)}=9 = a+bi+ Va*+b> =2+8i
r=1

= g+ a*+b* =2,b=8

Integer Type : ; : : = a+Ja>+64 =2

= @ +64=02-ay=a’-4a+4,

¥ 2411 3-4i 50+25i ) = 4a=-60,a=-15.
LA x=—73= — X - = =2+ ' 2y =2 4 =289
x> 3+4i 3-4i 25 Thus, a? + =225+ 64=2
2.(7) We have ool = Na*+b% =289 =17
¥ -y =98 9.1) Letz=a+ib

= (x—y) +3xy(x—y)=98i Givenlzl =2 => @+ b =4=a,be [-2,2]
= -343i + 3(a + ib)(7i) = 98i :
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(a+)+ib 14.3)1z-2-2i1<1
Now w= —"—

T (a-D+ib’ 7
(a+1) +b° | 02) @
a*+b*+2a+1  [5+2a ‘ e X

Na2+6?-2a+1  N5-2a

4 .

i, = 3";— =3 (whena=2) . Fig. 2.98

denotes the region inside a circle with centre (2, 2) and radius
5-4 1 is1

Wy, = 5~ =3 (Whena=-2) iz + 4= 12i (2 - 20)]

Hence, required product is 1. = 2 Iz~ 2i
=2lz-2il

10.(4)= 1 +cos O+ isin 8 i Iz — 2il = distance of z from P(0, 2)
()= sin 8 + i (1 4+ cos ) Hence, maximum value is 3.

. 15.(5)13z+9— 7il =13z + 6 — 3)) + 3 — 4
i4 1+ cos 8+isin @ <Bz+6-3il+13 -4
isin @+ i* (1+cos 6)

=3lz+2-1+5
U o o | =20 :
2c0s” - +i2sin=cos— " 16.(5)Z, = (8 sin 6+ 7 cos6) + i (sin 6+ 4 cosb)
i 2 cos? 9_ i2singcos2 Z, = (sin 8+ 4 cosb) + i (8 sin 6+ 4 cosb)
L 2 2 2 Hence, Z =x+iyand Z,=y + ix
0 9 4 where x = (8 sin 8+ 7 cos6) and y = (sin 8+ 4 cos6)
COSE+ ismz Z:Z,=(xy —xy) +i(x* +y) = i+yh=a+ib
= 6 .. 6 = a=0b=x+y’
LCOSE_ zsmz Now, x2 + y* = (8 sin 8+ 7 cos6)* + (sin 6+ 4 cosé)’

¢ » = 65 sin?@ + 65 cos?0 + 120 sin 8. cos8
\:(COSQ-{-I'SH]QJ } ' =65 + 60 sin 20
2 2 : = 7,2, =125
17.9DA=1+20° -2 @B+ DX+ (5 —-4Ddx + 20*=0
Let the real root of equation be &

1

=c058§+ isin8—2— =cos40+isin40=n=4

112 +2+22+22+72+1=0 Then (1 +2i) &8 =23 +i) 02+ (5 -4i) a+2a*=0
= (2 @+z+ D+ (@ +z+1)=0 equating imaginary part zero, we get
= Z+z+DNE@+1)=0 208 -202-40=0
. z=1i,—1, o, a”. Foreach, Izl = 1 = oro(of—a-2)=0

12.(5) Roots are 20, (2 + 30), (2 + 307), (2 - & - &) = a=0ora=-12

Now equating real part zero
0? - 602+ Sa+2a*=0

2 + 3wand 2 + 3@ are conjugate to each other.
2w is complex root, then other root must be 2a” (as complex

roots occur in conjugate pair) a=0=a=0
2 — @— & =2 - (-1) = 3 which is real. a=-1=a=+J6
Hence least degree of the polynomial is 5. a=2=a= iﬁ
13.(6)We have la+ bl = 1 ' = T’ =OF + (V6 +(=6) +(+3) + (3 =18
= law+bP=1
= (ad+b) =1 18.(6) Letz=x+iy
= d+ab (W+o)+b° =1 E=zZ7+(z=3)zZ—-3)+(z—6i)(z +6i)
= al-ab+b =1 =327 -3z+2)+9+6(z—-7)i+36
= (a-bP+ab=1 (1) =302 +y?) - 6x—-12y+45
when (@ —b)>=0and ab = | then (1, 1); (-1, -1) =3[x% +y*-2x—4y + 15]
when (@ - b2 = 1 and ab = 0 then (0, 1); (1, 0); (0, -1); (-1, 0) =3[(x- 1P+ (y—-2)*+ 10]

Hence there are 6 ordered pairs o E =30whenx=1andy=2



. 2.80 Algebra

Archives

Subjective Type

1 - 1
1—cos@+2isin® 2sin’0/2+4isin 6/2 cosf/2

_ 1 sin@/2 —2icos6/2
25sin0/2| (sin@/2 + 2icos®/2)(sin /2 —2icos 0/2) |

= 25in0/2 sin?6/2+4cos? /2

_ 1 2sinf /2 —4icosf/2
2sin@/2 1—c_osB+4+4cosG

1 sin@/2-2icos6/2
sin6/2 5+3cos@

1 + —2cot8/2 ;
5+3cos0 5+3cos6 /.,
2. As f and y are the complex cube roots of unity, therefore let f =
and y = w? so that @ + @? + 1 =0 and @* = 1. Then,

1 [sin9/2—2i cos8/2 }

xyz = (a + b) (aew + bw?) (aw® + bw)
=(a + b) (°w® + abo* + abw® + V®*)
=(a + b) (@ + abw + abw’ + b?) (Using ®=1)
=(a + b) (@ + ablw + @) + b?)

=(a+b)(a®—ab +b?) (Using @ + w?*=—1)

=a’ + b
3. Given,
. +ib
x+iy= -
c+id
2 a+ib
= (x+iy) = 1
( y) c+id M
2| ta+ib
= |x+i =
( y) c+id
+i
- |x+zy|4: a .lb
c+id
X 2 +b2
= 2+y)= s

4. Given that » is an odd integer >3 and » is not a multiple of 3.
Let,
pE)=@x+1)y—x"-1
and
qx)=x+x*+x
=x(x*+x+1)
= x(x — w)(x — %)
where o and w? are cube roots of unity. Clearly, 0, w, w® are zeros
of the polynomial g(x). Now,
pO=1"-0-1=0

Hence, 0 is a zero of p(x).
plw)y=(w+1y-w' -1
=) -—w' -1
=— (0 +w"+1) [~ nis odd)]
=0 [ 0"+ w*+1=0if n # 3m]
. Therefore, w is a zero of p(x). Also,
pl@d)= (@ + 1)~ (@ - 1
=(w)y -o*-1
=—w'-o"-1
=— (1 +w"+ 0™
=0 [for n # 3m]
Hence, »? is a zero of p(x).

Since 0, w, w?* are zeros of p(x), hence x, x —w, x — w? are
factors of p(x). Hence, x (x — @) (x — @?) is a factor of p(x), i.e, ¥’
+ x? + x is a factor of p(x).

(1+i)x—2i+(2—3i)y+i _
3+i 3-1i
= (@A+20)x—6i-2+(9-THy+3i-1=10
= (dx+9y—-3)+Q2x—Ty=3)i=10i
= 4x+9y—3=0and2x-T7y—-3=10
On solving, we getx=3,y=-1.

. Az), B(z,), C(z,) are the vertices of an equilateral triangle.

Hence,
2 2 2
442,12 =L T L4 T 4G

Now,

2
(2, +5,+2) = g +2+2 +228,+23,%+22)

=3 + 2 +2)

We also have,

+2z,+ o . .
Z,= En_ZTv_Z_s (as centroid will coincide with circumcentre)

2 2
= 7 +z,+2z, =37

. We know that if z , z,, z, form an equilateral triangle, then

AT =22, 2% T 4

Putting z, = 0, we get

2 2
7, 2, =22,

= zZ+z2-22,=0




Let the vertices of the triangle be A(z), B(iz), C(z + iz). We know
that iz is obtained by rotating OA through an angle 90°. Also point
z + iz can be obtained by completing the parallelogram two of
whose adjacent sides are OA and OB. From Argand diagram, it
is clear that

Area of AABC = Area of AOAB

1
= 3 XOAXOB [ itisright angled at point O]
l .
=—|zjX|iz
i
=3k
2
9. B(Zz)
C(z3) Alz1)
Fig. 2.100
Applying rotation about point C,
27 iz (N
31— 2
Applying rotation about point B,
LQ-" % _ J2e™4 )
i~ 2
Applying rotation about point 4,
274 =\/§'e—i7[/4 (3)
23 - Zl

Multiplying (2) and (3), we get
(z, =20z, — z,) =2
‘ (23— 2,0z, — 2))
(@ - Zz)z =-22-2)(z,- )
=2z,-2) (,-2)
10.

z

D

10+60

4+6i
Fig. 2.101

-z T
arg = —
-2 4
Locus of z is major arc whose centre is at z,. Applying rotation at
z,, we have

% —(10+6i) _12)—(10+6i)| %
= e
Zg—(4+6i) lzp—(4+60)]
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z, —(10+6i) =
Zp — (4 +60)
= z,-10-6i=iz,—4i+6
= z,=7+9
Thus centre is at 7 + 9i and z is any point on the arc.
Hence, Iz — (7 + 99) = 110 + 6i — (7 + 9i)l = 34/2.
11. Dividing throughout by i, we get
2-i?+iz+1=0
Z2@-D+i(z—)=0asl=—7
z-D@+i)=0
z=iorz?=—1i
ld=lt=1orl=1zl=1-il=1
lzZl=1
Hence, in either case Izl = 1.

LBy

12. Let z = Izle®® and w = wle’, Now,
Iz — wl =1z + Iwl — zw — Zw
= (Izl — wi)? + 2lzlwl — 1Zllwlei@-D — |zllwle it -5

= (I — wl)? + Izliwl(2 - 2cos(z — B))

A a2

< (IzI—le)2+4sin2(a2 ﬁj Cold<1,wl<1)
2

< iz — Wiy + 4[0‘7_/3]

= (Izl — Wi)? + 4(a — B)?

[ sin 6 < @ for 8 (0, n/2))

= (lzl - le)-2 + (arg z — arg w)?

13. Let z = x + iy. Then,

7 =iz
= x-—iy=i(x*—y*+ 2ixy)
= x—iy=ix>—y)—2xy
= x(1+2y)=0 ' ¢))
and

2=y +y=0 2
From (1), x =0 or y = — 1/2. From (2), whenx =0, y = 0, 1 and
wheny=-1/2,x=+ (\/5 /2) . For non-zero complex number z,

V3 i B

14. Given that z, is the reflection of z, through the line
bz +bz=c (D

Fig. 2.102
Therefore, for any arbitrary point z on the line, we must have
z=zl=lz—z)

= le—zP=lz-2zP
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2 2 N 2 2 = -
= P +lz P2z -zz=F+1z,}f -z, -2z,
= (,-7)1+(5,—2)7=lz,P -z P (H
Comparing (1) with (2), we have

= = 2 - 12

b=z,—z andc=lz,P -z}

= Th+zh=7(,-2)+5,E-T)=lP-lF=c
15. B(z3)

Az)

(0]
Fig. 2.103

Let z, and z, be roots of the equation z* + pz + ¢ = 0. Then,
T
Also,

i:eio = ZZ :Zlem
9
= z(l+e")=-p,Ze’=¢q

- D~
ZZ = e 1/ = -
= (1+€%
= p*=qe?(1+e"+2e%
=qle™®+ e+ 2)
=qg(2cos 8+2)

0
=44 cos? —
7 2

16.  Given that z and w are two complex numbers. To prove
ZPw—wlz=z-wez=worzw =1
First let us consider
ZPw—wlz=z-w 6]

= zZ(1+wP)=w(l+I1zP

_1+l1zF

z
= — = ateal number
w 1+Iwl

= 7w =W @
Again from Eq. (1),
Zw-wwz=z—w
2(zw-1)-w(wz-1)=0
2zw =1 —wzw—-1)=0 [Using Eq. (2)]
= (@w-D(E-w)=0
= w=lorz=w

Conversely if z = w, then L.H.S. of (1) is IwP w — wl*> w = 0 and
R.H.S. of (1) is w — w = 0. Therefore, Eq. (1) holds. Also, if wz=1,
then wz = 1. L.H.S. of (1) is Zzw — wwz = zzw — wwz = R.H.S. Hence
proved.

17. 74-7-77+1=0
= @-DE-1=0
= z=(1)"%or ()" 1
where p and g are distinct prime numbers. Hence both the equations

will have distinct roots and as z # 01, both will be simultaneously
zero for any value of z given by Eq. (1). Also, '

I-af
l+a+o?+ -+ 1= ———

(a#1)

or

_
1+a+a2+---+a‘1=—1 @ (a#1)
-«
Because of (1), either a” = 1 or a? = 1 but not both simultaneously
as p and g are distinct primes.

18. Given that Iz | < 1 <z,l. Now,

1-27
— %
375

= l-zz,)<lz —z)}

= ll-zz,P<lz~zF

= (1 —z,Ez)(m)< (2 —zz)(z,—zz)

= (1-2%)(1-72)<(z -2) (5 - 2)

= 1-27, -3, +3%3255 <33~ 4L+ 5L,
= 1+Izllzlzzlz<lzl“l2+lzzl2
= (I-zHU-Iz)<0
which is obviously true as

lz)<1<lz)

= lzP<1l<lzP
| 2

= (I-izP»>0and (1-1z) <0

19. Ya, 2 =1(wherelal<2)

r=1
= az+al+al+ - +a =1
= laz+az+ai+ - +a =1 (1)
= l=lg z+aZ+az+ - +a 2l
<laz +lazt+ - +la z'l
= la Iz Ha I+ la Iz + - + la i

<2[zd+1zP +1zP + --- + 1z1"]

|t
=2[lzll——llzzl’l’”}

= 2zd-lzi*">1 -zl

(v la) <2,V rand iz’ = Izl")

(v 1-lzl>0asld <1/3)



o st
2 2

= |I>l+glz
47373

In+ 1

1
= ld= =
473

which is a contradiction. Hence, there exists no such complex
number.

20.

we

72— 0
z—f

= k—a=klz-pl

=k

3

Let points A, B and P represent complex numbers a, 8 and z,
respectively. Then,

lz—al=klz-pl
Therefore, z is the complex number whose distance from A is &
times its distance from B, i.e.,

PA =k PB

Hence, P divides AB in the ratio 4:1 internally or externally
(at P"). Then,

k ' -
p=[*BE%) g prof KB
k+1 k-1
Now through PP’ there can pass a number of circles, but with
given data we can find radius and centre of that circle for which

PP'is diameter. Hence the centre is the mid-point of PP’, and is
given by

[kﬁ+a+kﬁ—a]

k+1 k-1
2
_KB+ko—kB-o+k*B-ka+kp -
' 20k%-1) ’
_KB-a
k-1
_a-kp
To-?
) [
Radius = 5 |PP/|

_llkB+a kB-a
21 k+1 k-1
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l}k2ﬁ+ka—kﬁ—a—k2B+ka—kB+cx|
2| -1 |
_ kla- Bt
T

21. The given circle is Iz — 1l = V2 where z, = 1 is the centre and
V2 is radius of the circle. z, is one of the vertices of the square
inscribed in the given circle.

i
\

(2+i3)

4!

Fig. 2.105

Clearly, z, can be obtained by rotating z, by an angle of 90° in
anticlockwise sense about centre 5 Thus,

7,—z,=(z, —z) €™
= g~ 1=Q+iK3-1)i
= g=i-V3+1
= zz=(1—\/§)+i

Now z,, is mid-point of z, and z, and z, and z,

7, + 2z 2+i\/_3—+z3
L=z, = 2 =]
2 2
= z3=—i\/§
and
4 +z, (1—\/?_,)+i+z4 .
=z, =
2 2
= 24=(x/§+1)-i

2. Letu= —— =z=1- -
-2 U

=1

|z1=1=>=’1—l
U

= lu-1l=lul
locus of u is perpendicular bisector of line segment joining 0
and 1
. T . .
= maximum arg u approaches £} but will not attain. -

2i(x+ iy) 2i (x +iy)

23, z= = -
1—(x+ iy 1= (2 = y? + 2ixy)

Using | —x?=3?
2ix - 2y 1
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Objective Type
Fill in the blanks
1. Let,

. X X .
sin = + cos— +i tan x
2 2

Z:
1+ 2isin =
2

.X x . L. X
sin = +cos — +itanx || 1 —2isin —
2 2 2

1+ 2isin> || 1= 2isin =
2 2

. X x X . .2 X X X
sin = +cos—+2sin=tan x |+i| tanx—2sin® —~—2sin-cos~
2 2 2 2 2 2

L2 X
1+4sin?=

Now,
Im(z) = 0 (as z is real)

= tanx—ZSin£ sin£+cosf =0
2 2 2

= ¥ _2gin? (x/2) - 2sin(x/2)cos(x/2) =0
cosx

_, Sinx —(1-cos x)—sin x=0
cos x

= sinx[ ! —1]—[1—cosx]=0
cos x

COos x

= (1-cos x) [smx —1]:0
— cosx=1l=x=2nzortanx=1=>x=nn+nld,ne VA

2. laz, - bz,I* + bz, + az,l’
=aiz P + b? Izl - 2ab Re(z, Z,) + bz P+ a’ |z, + 2ab
x Re (z,2,)
=(@+b) (2P + 1z,
3. Asz,=a+i,z,=1+biandz,= 0 from an equilateral triangle,
therefore
lz,—z) = lz,-z,)= lz, -z,

= la+il=Il+bil=la-1)+i(l-b)}
= @+l=1+P=(a~-1)P+1-b)
= A=b=a+b-2a-2b+1
= a=b Cra,b>0.:.a#-b) OF
and
b*-2a-2b+1=0 2)
Solving a* - 2a — 2a +1 = 0, we get
a-4a+1=0
a=4i22\/§=21\/§
ButO<a,b<1.

a=2-+3 andb=2-3

D(L+19) Ce)
Fig. 2.106
Rotating DM about M by an angle 90°, we have

2-Q-) _ _lz=@-di =3
(+H-@2-i 1d+H-@2-Dl

2-@Q-0)_ 1
“tv2i 2

L= 2z=(—i—2)+(4—2i)or(i+2)+(4—2i)

= z=1—iior3—i
2 2

. Letz, 2, z,be the vertices A, B and C, respectively, of equilateral

AABC, inscribed in a circle Izl = 2 with centre (0, 0) and radius =
2.Givenz, =1+ i\/g.

A (z1)

B C
(=2) =)
Fig. 2.107
Rotating OA about O by an angle 2z/3, we have
2r
z-0 iz-0I i

T+iB—0 N+id3-01"

o 7=(+ i\/g)(cos%t +isin ZT”)

- z= (1+i\/§)[ ~%ii[3—]

_axif3R  ariBa-iv3)
2 2

= z= 1—1\/—3- or -2

= z=

6. S=12-0)2-0)+2B-0)3-w?)+ -+ (n-1)(n-w)n—o?

Here,
T,=(n-D)n-o)n-o?)
=n’-1

s = 3w 1)

n=2



I
=
=
)
D
—
N—
¥_/N
i
=

22 +2n+ 1) —4n
4

ln(rL3 +2n° + 1 —-4)
4

il

% n[n - 1] [nz +3n+ 4]

1]

True or false
1. Letz =x+1iy. Then
1Nz =1 <xandO0 <y (by definition)
-z _ 1—(.\'+iy)
1+ 2 1+ (x + iy)

A+x) —iy
A+x) - iy

_ (d=x)-iy
T (1+x) +iy

1-x* - y? _hl-x+1+x)

A+ 4y QA+t 4y
_ l—xz—y2 B 2iy
_(1+x)2+y2 (1+x)2+y2
Now,
2 2
1=z g 1ox oy < ig
1+ 7 1+ 172 +y? (d+x)% +y?

= 1-x>-»"<0and 2y <0
= X+y*>landy>0
which is true as x > | and y > 0. Therefore, the given statement is
true, Vz e C.
2. Aslz| = Iz = Iz}, therefore, 2, %y, 2, are equidistant from origin.

A(z)

B(zy) C(z)
Fig. 2.108

Hence O is circumcentre of AABC. But according to the question,
AABC is equilateral and we know that in an equilateral triangle cir-
cumcnetre and centroid coincide. Hence, centroid of AABC is 0.
Hence,

:1+32+23=0
3

= z,+z,+3=0
Therefore, the statement is true.
3. If Z,, 2,5 2, are in A.P., then (z,+z)2 = z,- 50, 2, is mid-point of

line joining z, and z,. Hence, z,, Z, 2, lie on a straight line. Hence,
given statement is false.

Complex Numbers 2.85

4. See the theory of cube roots of unity. The given statement is true.

Multiple choice questions with one correct answer

3
Lb. [L‘IJ =1
0
x—1

= — =1, 0,0

= x=-1,1-2w, 1 -2w?

. . 32 .
2 g L+i_ (1+4) _l-ivoi
I—i (1-=i)(1+14) 2

Now i" = 1. Hence, the smallest positive integral value of  should
be 4.

3.a. Weknow thatlz—z | =1z~ z,l. Then locus of z is the line, which
is a perpendicular bisector of line segment Joining z and z,.
Hence,

Z=Xx+1y
= lz-5i=lz +5il
Therefore, z remains equidistant from z,=5iand z, = ~ 5i. Hence,
z lies on perpendicular bisector of line segment Joining z, and z,
which is clearly the real axis or y = 0.

Alternative solution:
z—51
z+5i

= lx+iy-5i=I+iy+5i

= k+@-5il=kk++5i

= F+@-5=x2+y+35)

= F4+y—10y+25=x+y"+ 10y + 25
= 20y=0

= y=0

4.b. Z=[£+ij+(ﬁ_ij
2 2 2 2

5 5
A 4 T ..
— | COS—+iIsin— +| cOS——isin—
[ 6 6] ( 6 6)
St .. 5m Se .. 5w
= | COS—+IsSIn— | +| COS——{SIn—
6 6 6 6

= 2c055—n
6

-
= Re(z)<0andIm(z)=0
Alternative solution:

71=7+73
where
5
N
2 2
= zisreal
= Im(z)=0
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lz~4l<lz -2l
l(x —4) + iyl < I(x - 2) + iyl
-4 +y’<(x=2+)
—8x+16<-4x+4
4x-12>0
x>3
Re(z) > 3

lwl =1

1—-iz

“ =1
o) :

11 —izl=lz~il
iz + i =1z -

R

lz+il=lz—1l

Hence, z is equidistant from (0, —1) and (0, 1). So, z lies on per-
pendicular bisector of (0, —1) and (0, 1). i.e., x-axis, and y = 0.
Therefore, z lies on real axis.

. b. If vertices of a parallelogram are z,, z,, Z,, Z,, then as diagonals

bisect each other as given,
3+t% itz
2 2
=45+57451

. d. Let z =sinx +1icos 2x; z, = cos x — i sin 2x. Then

=3,
=> sinx—1icos2x=cosx—isin2x
sin x = cos x and cos 2x = sin 2x
= tanx=1landtan2x=1

n bia
= x= — andx= —
4 8

which is not possible. Hence, there is no value of x.

9. b (1+w)=A+Bw
= (-0 =A+Bow (v l+w+0'=0)
= -—w*=A+Bw
= -w'=A+Bow Cow*=1)
= l+w=A+Bw
= A=1,B=1
10. d. We have,
lzl=lwland arg z=r—arg w
Let @ = re™. Then
7= rei[r[—(l)
= z=re™ e = (re’) (cos r + i sin w)
=@ (-1)=-w
11.c. We have,
2 =lz - iwl 2zl + ol (v lz, + 2l Szl +1z,))
. k4 lwl =2 (1)
But given that Iz} < 1 and lw! < 1. Hence,
= ld+lwl<2 (i)
From (i) and (ii),
lZb=lwl =1
Also,

Iz +iwl =1z i |
= lz-(-iw)=lz~iw|
Hence, z lies on perpendicular bisector of the line segment joining
(~iw) and (i@), which is a real axis, as (—iw) and (i) are conju-
gate to each other. For z, Im(z) = 0. If z = x, then

12.d.  (+D" +A+2) +(1+0) + A+

= [(1 +i)" (- z) ] + [(1 i) + (1= i)
[+ + @i |+ [(1+ i+ ()]
= [purely real number] + [purely real number]

Hence, n, and n, are any integers.
13.c. E=4+5(w)* + 3(w)*s
=4+ 50w + 30?
=14+20+31+o+w?

L+ (=1 + iV3)
NEY

14. a. arg(-z) —arg(z) = arg =
z

=arg(-l)=n
15. a. Izl =izl = Iz, (given)
Now,
Zl=l=kl=1= 33 =1
Similarly,
5 =125, =1

Now,

I 1 1
2 %, %

-1

= lz+7,+7 =1
= 'zl+zz+z3‘=1

= Iz +z,+zl=1
16. d. Let,
z=(1)" = (cos 2k + i sin 2km)""
2km

T ..
+isin— ,k=0,1,2, ..
n n

2k ), . . (2k%;
| = €08 +isin
n n
2kym ) . {2k
cos +isin| ——
n n

be the two values of z such that they subtend angle of 90° at origin.
Then,

2k 2k
n n
As k, and k, are integers and k, # k,, therefore n =4m, me Z.

-z _1-if3

7% 2

[ZI_ZBJ ]_i\/gJ
= arg =arg
Z, — 2, 2

Hence, the angle between z, - z, and z, — z, is 60°. Also,

1-iv3

2

=CosS on=1

Let

~N
1l

and

%

= i% = 4k, —k,)==xn

17. c.

7%
z, -z,




= Iz — z,)=lz, -z

Hence, the triangle with vertices z,, z, and z, is isosceles with verti-
cal angle 60°. Hence rest of the two angles should also be 60° each.
Therefore, the required triangle is an equilateral triangle.

18. b. . lz,I="12. Therefore, z, lies on a circle with centre (0,
0) and radius 12 units. As Iz2 ~-3-4il=5,s0 z, lies on a circle
with centre (3, 4) and radius 5 units.

Fig. 2.109

From the above figure it is clear that Iz, - z,), i.e., distance between
z, and z, will be minimum when they lie at A and B, respectively,
i.e., ondiagram as shown. Then Iz, - z,| = AB = 0A - OB = 12 - 2(5)
=2. As it is the minimum value, we must have Iz, -z, > 2.

19.2. 0= 2%
z+1
1+w

= I= —
1-w
Now,
lzl=1
l+ow|
1—w

= lo+ll=lo-1l
Therefore, w is equidistant from (1, 0) and (-1, 0) and hence must
lie on perpendicular bisector of line segment joining (1, 0) and
(-1, 0), i.e., imaginary axis. Hence, w is purely imaginary, i.e.,
Re(w) =0.
20‘ b. (1 + COZ)” = (1 + a)-'L)n
ES (—CU)" = (l + C())" = (_wZ)n
= o"=1
Hence, the least positive value of 7 is 3.
21. a. Here we observe that
PA=AQ=AR=2

Fig. 2.110
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Therefore, PRQ is an arc of a circle with centre at A and radius 2.
Shaded region is outer (exterior) part of the sector APRQA.

Hence, for any point x on arc PRQ, we should have

lz~(Di=2
and for shaded region,
z+11>2 €Y
Also,
PN 2 V2
tanf=s —=—————=—=
AN (\2-1)-(-1) 2
= O=n/4

and by symmetry, arg(z + 1) varies from —/4 to 7/4 as it moves
from Q to P on arc QRP. Hence, for shaded region, we also have

—mf4 < arg(z + 1) < w/4
or

larg(z + 1)l < n/4 2)
Combining (i) and (ii), we find that (a) is the correct option.

22. b. Given that a, b, ¢ are integers not all equal, » is cube root of

unity # 1. Then
4 +b(—1+21\/§ ]+C[—1—21\/§]

(Za—b—c}”[b\/g—cx/g]

2 2

la + baw + ca’l =

%\/(2a ~b-c) +3(b—c)’

%«/4512 +b2 + ¢ —4ab +2bc — dac +3b* +3¢* - 6be

x/a2 +b+c*—ab—be—ca

= \/%[(a—b)z +(b—c) +(c-a)]

R.H.S. will be minmum when a = b = ¢, but we cannot take a = b
= ¢ as per the question. Hence, the minimum value is obtained when
any two are zero and third is a minimum magnitude integer, i.e., 1.
Thus b = ¢ =0, a =1 gives us the minimum value of 1.

23.b. If a, b, c and u, v, w are complex numbers representing the
vertices of two triangles such that they are similar, then

or

a—c¢ _ U—w
a-b u —v -
24.¢. Letz, = Izl (cos &, + i sin ) and z, = Iz,| (cos &, + i sin §,).
Also,
Iz, + z,l = Iz | + Iz,
= lz, +zP=(zl+Iz))
= Iz P+, +2Re(z,z,) = Iz P + 1z, + 2Iz liz,}
= Re(zz,) =2l llz,)
= 2lgliz,lcos(d, - 8,) = 2Iz lIz,|
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= cos(f -0,)=1
= 0-6,=0
= argz,—argz,=0
25. d. Letz =cos (2a/7) + i sin (22/7). Then by De Moivre’s theorem,
we have
‘ 2rk . . 2;k
78 = cos—— +isin —
7 7

Now,
6 2 6 2
E(Sin 2—7;& —icos %kj = 2(—i)[cos%k+isin2k7n]

k=1

6
= (=) Y 2*
k=l
(1=
= —

1l

|

~.
e
— e
gl
SHOW
—

[Using 2’ = cos 2z + i sin 2z = 1]

-pli=2
ofi]

=
26. d. We have,
(1 + o~ 0= (-w* - w?)’
= (=2) (@)
=-128w"
=-128w?

(" +ir7) = Yt (1+d)

b
~

27.b.

It
—_——
[
+
o~
=
~

=i-lasi®={

28. d. Taking -3/ common from C,, we get

6i 1 1
3i|4 -1 -l =0 (= C,=C)
20 i i

= x=0,y=0
29.b. Operating R, — R, + R, + R, we get

3 0 0
1 -1-0? o =3~ -o’-v']
1 0 e
=3(-1-2w)
=3(w? - w)

=3w(w-1)

30. d. Since (w—wz)/(1—z) is purely real, therefore

[

W—wZ w—wzZ
= — =

1-zZ -z
= W-WI—WI+WZ=w-—WwZ—WwZ+wz
= w-w=(w-wlzl
= lzP=1 (- w=a+ifand f+#0)
= k=1

Also given z #1. Therefore, the required setis {z:lzZl = 1, z # 1}.

31.d. OP=0A+AP

&
4
B{\ Z
N3
A w4
0
Fig. 2.111

Rotating OA by an angle 45° in anticlockwise direction to get OP,
we have

%=0_ l—leg"" (where tan 4 = 4/3)

-0 Izl -
= ;z,;/?=§(cos(9 +isin@)

]

-0 (3. .4
em—M—S "5—+l§

= 7, =(3+4)™*

32.d. Given Izl = 1 and z # 1. To find locus of @ = z/(1 - z%). We
have,

(Cll=l=lzP=1=z2z=1)

which is a purely imaginary number. Therfore, @ must lie on
y-axis.
33.d.

Fig. 2.112
7, = (1+20)



zlE(6+5i) .
2,= (—6+7i)

3.a. Z(Z7+ 7)) =350
Puting z = x + iy, we have
2+ YD -y) =175
2+ yHEP=-y)=5%x5x%x7
X+y?=25
and
X-y2=7
(as other combinations give non-integral values of x and y)
x=+x4,y=+3(x,ye I)
Hence, area i~ 8 X 6 =48 sq. units.

Multiple choice questions with one or more than one correct answer
1l.a,b,c.
We have, .
zl=lzl=1=a+b =+ =1 (1)
and '
Re(z, z,)=0=Re{(a+ib)(c-id)} =0=ac+bd=0 (2)
Now from (1) and (2),

2.2
ac

2

A2+bP=1=>d+ =l=ad=4 3

Also,

c2+d2=]=>~cz+ab2 =l=p=¢ )
o | = A+ =y +b =1

o) = b +d =Ja* +b* =1

[From (1) and (4)}

and

" [From (1) and (4)]

Further,
Re (w,®,) = Ref(a + ic) (b - id)}
=ab+cd
ac®
=ab+ [_TJ [From (2)]
= “b_; -0 [From@)]
Also,
Im(e,@,) be —ad =bc - a _4e =M =Sazx1 £0
- b b b

lw!=1,lw,)=1and Re(w,®,) =0

2.a,d.Letz]=a+ib,a>0andbe Ryz,=c+id,d<0,ce R

Given,

Iz} =1z,)
= ad+b=c+d
= d-d=d-p (D
Now,

4 +z, (a+c)+i(b+d)

a-z (a=c)+ib—d)

Complex Numbers 2.89

_ (@ =)+’ —d")+il(a-)(b+d)—(a+c)(b—d)]
(a-c)* +(b-d)

which is a purely imaginary number or zeroincasea+ c=b+d =0.

3.a,¢,d.
Givenz=(1-1z +1z,
=0z
T a-n+1

= zdivides the line segment joining z, and z;in ration (1=0:1
internallyas 0 << 1

= z, 7, and z, are collinear.
= arg(z—-z)=arg(z,~2)
-7, _1—%4
e
2y — % ZH— 4
- -7 Z-% o
L=y Ry
P(z)
AG) i B(z)
AP +PB=AB
= lz—zl+lz-z =z -2z
Comprehension
Y
ANBNC §: \
\ \\
A\ o) .
11 ’
x+y:J_2_

Fig. 2.113

1. b. A is the set of points on and above the line y = 1 in the Argand
plane. B is the set of points on the circle (x - 2)> + (y = 1)* =9

and
C=Re(l - z=Re((1 -0 x+iy)
= x+y=\/§

Hence A m B m C has only one point of intersection.

2. ¢. The points (-1, 1) and (5, 1) are the extremities of a diameter of
the given circle. Hence,
lz+1-iP+1z-5-i*=36
3. d. lizl - wll <1z — wl and 1z — wi is the distance between z and w.
Here, z is fixed. Hence distance between z and w would be maxi-
mum for diametrically opposite points. Therefore,

lz—wl<6
= -6<lizl-lwl<6
= B<lzd-wl+3<9

Matrix-match type

a—q

z
——+i
lzl

—_— =

,2#0
Izl

: .l_
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2
£ is unimodular complex number 1 @ o
ot o o =zl z+0> 1 |=0
and lies on perpendicular bisector of i and —i :
| 1 Z+ @
z
= m:i1:>z=illzl = 77=0

z =0 is only solution.
2.(5) 1z-3-2i1<2
= 7 lies on or inside the circle radius 2 and centre (3, 2)

= zisreal number = Im (z) =0.
bop
lz+4l+1z-41=10
z lies on an ellipse whose focus are (4,0) and (—4,0) and length
S C(3,2)
of major axis is 10

= 2ae=8and2a=10=> e =4/5 1
Re()l < 5.
cop,t (0,0) B(3,0)
lot=2 = w=2(cos @+isin ) A(3-5/2)
= 7= x+iy= 2(cosO+isin@)—%(cos@—isine)
2 2 .
= icos9+i£sin0::;~ al 5 2 T =1 Fig. 2.114
2 2 3/2°  (5/2) 27-6+5i
s 914 9 16 4 =2z -3+ 5/l ,, 7
= e AT T s 25 T = 2(minimum distance of any point on the circle to the
' point (3, — 5/2)
d—q,t ' =2(5/2)=5
loh=1=>x+iy=cos §+isin6+cos O—isin @ 3.(0) The expression may not attain integral value for all a,
x+iy=2cos 0 ' b, c
Re(x) < 1, Im(z) = 0. If we consider a = b = ¢, then
y=a(l+o+e)=a(l+i~3)
Integer type - z=a(1+a)2+a))=a(1+i«/§)
1. (D Il + Iy + 1z12 = Olal? + 4lal? + 4 lal? = 17lal?
o= eiZﬂ/}

. IxP+lyP+1zP 17
z+ a) @ R I S
lalP +16P +1cP? 3

o z+o® 1 |=0 o ; , o
2 Note: However if @ = %™, then the value of the
@ 1 z+ FEn . i ARie &
expression = 3. T '

Applying (C—>C +C,+C)



