3. Complex Numbers

* A number of the form a + ib, where a and b are real numbers and i =}/ —1, is defined as a complex number.

¢ For the complex numbers z = a + ib, a is called the real part (denoted by Re z) and b is called the imaginary part
(denoted by Im z) of the complex number z.

Example: For the complex number 7 — _TE + J'I_'E, Rez = _TS and Im > — I_'E

e Two complex numbers z; = a + ib and z, = ¢ + id are equal if a = c and b = d.

¢ Modulus of a Complex Number

The modulus of a complex number z = a + ib, is denoted by Izl, and is defined as the non-negative real number

1.152_,_@2,16., z =paz+t?2.
Example 1: If z =2 — 3/, then 2“ =y (2)2 + (—3:12 =13

¢ Conjugate of Complex Number

The conjugate of a complex number z = a + ib, is denoted by 2 , and is defined as the complex number a — ib, i.c.,
Z=a-—ib,

Example 2: Find the conjugate of = —ESJ .
Solution: We have
2

3451

2 3-51
3450 % 3-5i

2(3-=-5nN
(3)2-(5i) 2
2(3-5/)
g-25 2

_ 6—10i g
T a+25 (" - l)

2 s 3 5i
3+5ils 17 j2 17

Thus, the conjugate of

e Properties of modulus and conjugate of complex numbers:
For any three complex numbers z, z{, z,

o 2 t=—=or zZ=|z|°
||

o |Z1Z2|=|Z21]lZ2]


LENOVO
Typewritten text
3. Complex Numbers


£1

32

S}

|
I
1£2 =
1. E5

1I , provided |27| = 0

(o]

]
[

122

1EE2

15

O O
P rg

¢ Addition of complex numbers
Two complex numbers z; = a + ib and z) = ¢ + id can be added as,
z1tzp=(a+ib)+(ctidy=(a+c)+i(b+d)

e Properties of addition of complex numbers:
o Closure Law: Sum of two complex numbers is a complex number. In fact, for two complex numbers z| and

zp, such that zy = a + ib and zp = ¢ + id, we obtain z| + zp = (a + ¢) + i(b + d).
o Commutative Law: For two complex numbers z| and z7,

z1tzp=zpt2z1.

o Associative Law: For any three complex numbers z1, zp and z3,

(z1+2p)tz3=21 +(2p +23).

o Existence of Additive Identity: There exists a complex number 0 + i0 (denoted by 0), called the additive
identity or zero complex number, such that for every complex number z, z + 0 = z.

o Existence of Additive Inverse: For every complex number z = a+ ib, there exists a complex number —a + i(—
b) [denoted by —z], called the additive inverse or negative of z, such that z + (-z) = 0.

¢ Subtraction of complex numbers

Given any two complex numbers z{, and z, the difference z| — z5 is defined as

z1-22 =21+ (-22).

e Multiplication of complex numbers:

Two complex numbers z; = a + ib and z, = ¢ + id can be multiplied as,
z1 zp = (ac - bd) + i(ad + bc)

e Properties of multiplication of complex numbers:
o Closure law: The product of two complex numbers is a complex number.

In fact, for two complex numbers z{ and zp, such that z{ = a + ib and zp = ¢ + id, we obtain z| zp = (ac - bd) +
i(ad + bc).

o Commutative Law: For any two complex numbers z| and z), z1zp = z9z].
o Associative Law: For any three complex numbers z{, zp and z3,

(z122) 23 = 21 (2223).

o Existence of Multiplicative Identity: There exist a complex number 1 + i 0 (denoted as 1), called the
multiplicative identity, such that for every complex numbers z, z.1 = z.

o Existence of Multiplicative Inverse: For every non-zero complex number z=a +ib (a # 0, b # (), we have
the complex number



= + j—2 (denoted by zl or z 1), called the multiplicative inverse of z, such that 251 = ].

a‘+b? at+b?

Example: The multiplicative inverse of the complex number z =2 — 3i can be found as,
>—1_ 2 e d (—3) cclop oy
@2+ (-3 " (2P+(-32 13 13

o Distributive Law: For any three complex numbers z1, zp and z3,
= 21 (22 t23) =z122 + 2123
" (21T 22) 23 = 2123 + 2223
¢ Division of Complex Numbers

Given any two complex number z;| and z,, where 77 = (, the quotient 5—21 is defined as j—; =z 12—12
Example: For z| =1 +i and zp = 2 — 3, the quotient 5—21 can be found as,

21 _ _1i
£ 2—3i

2 - (—3)
+ i
(224 Lo )2 o b )

¢ Property of Complex Numbers
o Forany integerk, j4k — 1 j4k+1_; ;ak+2 _ 1 jak+3_

o If a and b are negative real numbers, then
DeMoivre's Theorem

o Ifn is any integer, then cos 0 + i sin On= cos nO + i sin nf
e Ifp, g€ Z and g# 0, then cos 6 + i sin Opg= cos 2kn + pBq + i sin 2kn + pbq , where k=0, 1, 2, ...,q-1

Important results :

cos 0 +1 sinB-n=cos nb - 1 sin no

cos 0 - 1 sin On=cos nO - i sin no

1cos 0 +1 sin O=cos 0 +1 sin O-1=cos 0 -1 sin O

sin O + 1 cos On#sin nO + 1 cos no

cos 01 + isin O1cos 62 + isin 62cos 63 + isin 03...cos On + isin On= cos 61 + 62 + 63+...+6n + 1 sin 61 + 62 + 63+...+6n

Square root of a complex number
Let z=a + ib be a complex numbers. Then its square root is

z=tz+Rez2 +iz-Rez2, ifImz>0



z=tz+ Rez2 -iz-Rez2, ifImz<0

e Argand plan: Each complex number represents a unique point on Argand plane. An Argand plane is shown in the
following figure.

Y
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Here, x-axis is known as the real axis and y-axis is known as the imaginary axis.

¢ Complex Number on Argand plane: The complex number z = a + ib can be represented on an Argand plane as

Jl\

r ¥
In this figure,
. OP = ya? +5% = |
.Thus, the modulus of a complex number z = a + ib is the distance between the point P(x, ) and the origin O.

Conjugate of Complex Number on Argand plane:
The conjugate of a complex number z=a + ib is =
—b) on the Argand plane as

= 4 — ik Z and Z can be represented by the points P(a, b) and Q(a,



P, b)

Qi ~)

L Y

Thus, on the Argand plane, the conjugate of a complex number is the mirror image of the complex number with respect
to the real axis.

¢ Polar representation of Complex Numbers

The polar form of the complex number z = x + iy, is e 6+ sin E'j] where f = y x2 4 FQ (modulus of z) and

cos 8= %, gjirr B TV (0 is known as the argument of z).

The value of 0 is such that —t < 0 <&, which is called the principle argument of z.

Example 2: Represent the complex number 7 = ./E — [ 2 in polar form.

Solution: 7 = ﬁ — J'ﬁ
Let ﬁ:rcos g and —fE:r sin B8
By squaring and adding them, we have

2+ 2=r2(cos2 8+ sin? E')

=ri=4
Thus,
=2 L
22
P A R 1":
sme—T—E—smpﬂ—E)
—om_m_Jm
=0=2T1 3 5
Thus, the required polar form is 2 (CDS % +sin %) .

¢ Solutions of the quadratic equation when D <0.

The solutions of the quadratic equation ax? +bx+c=0,wherea,b,c ER, 3= 0are given by

x=_r}%ﬁ,where D =b%—4ac <0

Example: Solve 2x% + 3ix +2 =0

Solution: Here a =2, b=3iand c =2



D =b%-4ac

=[302—4x2x2

=—-9-16
=25 <0

_ —b=y/D

= 2a
oy —3ixy—25

- 2% 2

o =3EE50
= K= 7

3i+51 _ —3i-5i

= N = ; or x -

—2i — _ Bi
R O 5
=uc=—; or x=—2i

Cube roots of unity

+ . % . I
The roots 1, @, »* are called cube roots of unity. Also, e and ;4 can be written as 5

Properties of cube roots of unity:

4 2n-1)7
i

The roots I ;2__:_ "I
y €

L
Il " h .
“,e",..,e " arethen roots of unity.

If S5
.

i then the n' roots of unity will be represented as 1, a, az, o

Properties of 1™ roots of unity:

Sum of the roots, 1+ w + @?=0
Product of the roots, 1 X @ x w?=w=1

Representation of cube roots of unity on Argand plane:
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Important Identities:

a4y =(x-yo)(x-yo')

Xyt = (x+yo)(x+ po’ )

¥ =y = (x=y)(x-yo)(x-yo’)

4t =(xry)(x +_1=mj{.‘r+ ..Ir'ﬂ’:}

Ny r -z =(xty+ 3}{»‘” yor -+ zo }[x +yo'+ :m}
n'™ root of unity

Sum of n'? roots of unity, 14 +a” +...+a" =0
Product of n' roots of unity, 1 x o x o®x ... x o/ "1 =(-1)" "1

l+o+a2+ .. .+~ Dr=0iff H.C.F (r, n) = 1



