Binomial Theorem

7.01 Introduction :

Ancient indian mathematicians were aware of expansion of expression (« + )" Pingal gave a graphical
form of expansion of coefficient three centuries B.C., which is called as Meruprastara . In 16th centuary Vamveli

also found the coefficient of (¢ +5)",n < 7 . Inthe starting of 17th centuary Aatreya gave the information about
the coefticient upto index 10.
French mathematician B. Pascal: gave to find the coefficients of binomial expansion in the form of triangle.
This array of numbers known as Pascal's Triangle. Which is following as
Pascal's Triangle
Index Coefficients
n=|

n=2 \ll/

1

. NNy
NN
Yo S NNt

n=>5 10 10 5

1 \-/ \./ \.-/ \;{\/
N \u/ \./\{\/\/

n=7 !

In the Pascal's Triangle each row is bourided by 1 on both sides. Any entry, except the first and
last, in a row is the sum of two entries in the preceding row, one on the immediate left and other on the
immediate right.

7.02 Binomial expression :

An algebric expression containing two terms is known as binomial expression or only binomial. The terms

may be positive or negative signs.

Example :

(i) x+a,wherexisfirst term and a the second term
(ii) x? -9 etc.

Binomial theorem :

The expansion of any index of a binomial expression is done in the form of a series using a formula that
formula is called as binomial theorem.
Binomial coefficient :

The coefficient of various index of x in the expansion of binomial expression (x +«)" arecalledas Binomial
coefficients.

[131]



7.03 Binomial theorem for positive index :
(xt+a) ="C; x"+"C, 2" a+"C, "0 +iust"C x""a" i ¥ "C A"
Proof : The proof'is obtained by applying principle of mathematical induction
(x+a)] =x+a="'Cyx'+'C x"a (D
(JHwar):=Jf:+f:‘.a'x+ar2 |
=30 %+ 0 o e e’ (2)
It is clear from (1) and (2) that the theorem is true for n=1 & 2. Let it be true for n=m

m—1 " m—2 m—r __r nm

then (x+a)" ="C,x"+"C x"la+"C,x"a’ +..+"C x""a" +..+"C,a" (3)

! m

multiplying both sides by (x+a)

(x +a)(x+a)" =(x+ car)[ G BN o B R s R R L L SIS s z?m]

ni+l -+ - i = e 5 cauge =
(x+a) = x[’”( Fo a0 Ll E T I o SN O - i TR o a’”]+

2 m=r

o 2 I L S I i A +,..,+"'("ma'"]

=1

a m (‘1“ xl’” + ”?('\'] x
=me _m+1 (Mo e R 'm(w L me m=1_2
=¥ 1 - ] 2 p)%
5 3 9y i g —r .
_+_(m(3 _+_f.=1(2)xm » +““+( me ! +Ji?(}IF1)xlif r+l N m(,m o]

e mer il
G+"G =",

m(wz i m(-rl _ m+l(-12 .

e e m+1e
S 7 ="

o +1 1 +1
m( s — I (m+| — JJ?(’D — m ('[’] — 1

m+1 ' . - =
(.\' + (i’) - m+1( : _\‘m+1 4 m+1( I Ma + nH—l( r2 M IHE B

m+1(-rr xm——r+1ar o+ m+l(-1m+l am+1 (4)
Thus from (4) it is proved that the theorem is true for #=m + 1 also. Therfore, by principle of mathematical
induction, the theorem is true for every positive integer 1.

1

n = N > 2 2 "o - r -
(x+a) ="Cyx"+"Cx"'a+"C,x"’a’ +..+"C . x""a" +..+"C, a"

7.04 Various important forms of binomial theorem :

(x+ a)” =x"+"C,x"la+"C,x"’a’ +..+"C x""a" +..+a" (D)
substituting (—«) in place ofa in (1)

(x—a)” =t M0 e+ 0, A e = (—l)" "Cox"a"+ .+ (—1)” a’ (2)
interchanging @ and x in (1)

(a+x)' =a"+"Cia"'x+"C,a"*x* + .. +"C,a""x" + ..+ x" (3)

substituting (—x) in place of xin (3)
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(a=x)"=a"-"Ca"'x+"C,a"*x* +..+(=1) a" "x" +.+(-1)"x" 4)
putting x=l and a=xin(1)

(1+x)" =1+"C,x+"C, x> +..+"C, x" + ..+ x" (5)
putting x=1and a=-xin (1)

(1-x)"=1-"C,x+"C,x* —...+(-1) "C . x" +..+(-1)" »" (6)

Illustrative Examples
Example 1 : Expand (2x + 3.1')5 using Binomial Theorem.
Solution : Here first term = 2x, second term =3y, andn=75
(2x+3y)" =(2x)" +°C, (2x)' (3¥)+°C, (2x)’ (3y)" +°C, (2x)’ (B3y)* +°C, (2x)(32) " +(3¥)°

3 2 b

=(2x) +5(2x)" (3¥)+10(2x)’ (3») +10(2x)" (3¥) +5(2x)(3»)" +(3¥)

=32x" +240x"y + 720x"y* +1080x"y* + 810xy* +243)° .

4
1
Example 2 : Expand [2-\‘ h ;] using Binomial Theorem.

Solution : [2X+l]+ =(2x)" +%C, (2x) [%}L Gy (2x) (%j 1 (2x)[lj J{lT

X X X

=@+ (1o (] (3] (5

= 16x* +3207 424 + 5 4 %
X X

. —5 =S

Example 3 : Evaluate (1 +5) +(1-+/5) .

Solution :  (1+45 )5 =1+°C(V3) +°G (V5 )2 + 5(_'_:;(\.--’5)3 +7C,(~5 )4 +(+5 )5

= 1+ 5+/5 + 50 + 50~/5 + 125 + 254/5 (1)
and (1-+5) = 1-°C(5) +°G(+5) =G(5) +7C4(+5) = (+5)

=1-55+50-505 + 125 - 25./5 (2)
adding (1) and (2)

(145) +(1=5) = 2[1+50 + 125]
= 2[176] = 352
Example 4: Evaluate (10-1) using Binomial Theorem.

Solution : (10-1) =(10+-1)

=(10)"+°C, (10)" (-1)+°C, (10) (-1)" +°C,(10)" (1) +°C, (10) (-1)" +(-1)°
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=100000 + 5000+ 100 +1+-005+-00001 =105101-00501
Example 5: Inthe expansionof (x + «)" ifAis sum of odd terms and B the sum of even terms then prove

that :

(i) (xz - az)” = A2 - B?,

(i) (x+a)" —(x—a)" =44B

Solution : (i)(x +a)" = x" +"C,x"'a +"C "2 + "G ad + O et v vad”
— |:—‘_n 4 n(-w: —‘,n—: a] + n(-\-4 xn—-l {_{4 + :| + |:n(-~l xn—] a+ n(-v3 xn—.'* (’(3 +. :|
=[ sum of odd terms ] + [ sum of even terms ]
= A+B (1)
sumlarly (_\' = a)” - 4- B (2)
multiplying (1) and (2),

(x+ a)” (,\'fa)” =(A+B)(A-B)

o [(x +a)(x —a)]" = 4? - B2 or (¥*-a?) =4~ B
@ Awin (s ~(v-a)” =[(+a) | -[(x-a)' ]
= [(x+a)” +(x—a)"][(x+a)” ~(x —a)”]

=[(4+B)+(A-B)][(4+B)-(4-B)|=[24][2B] =448

Exercise 7.1
Expand the following ( 1 to 5 ) of each expression :

_ 6
3 . E_i . i+l 6 4 i— 2
1. (2-x) = 3. i 4. (3x+2y) 2. 7 %

Expand the following ( 6 to 9 ) using Binomial Theorem :

6.  (96) 7. (101)* B (99)° 9. (1-1)°

10.  Using Binomial Theorem, indicate which number is larger (l‘l)“m“ or 1000.

11. Find (a+b)* —(a—b)* . Using its value, evaluate (\E+\E)4 —(\F—\E)J' :

7.05 General term in binomial Expansion :
In the expansion (r+ 1) term is called as the general term and represented by 7', ,

ie. T

iy e =T r
a1 = G x

o

Putting =0, 1, 2, 3, ....... we can find the first, second, third and fourth term .... etc. which can be written
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Similarly 7; ="}, x”

[2 — I]‘("l xn—-la

Some important knowledge about binomial expansion when index is positive integers.

(1)  The total number of terms in the expansion of (x + ¢ )" is one more then the index i.e. if the index is n then

the expansion will have (r7+ 1) terms.
(i)  Powers of the first quantity 'x' go on decreasing by 1 whereas the powers of the second quantity 'a' is
increased by 1, in the successive terms. The sum of powers of x and @ equal to power of binomial.

7.06 Middle term in the expansion of (x+a)"

1.  Iftheindex 12is even then expansion will have odd terms, therefore it will have one middle terms i.e.

_ n n+2 (n+1)+1
middle term =15 +1|= 5 = ) " term

Number of terms i exp ansion+1

= “term
2

2.  Iftheindex nis odd then expansion will have even terms, therefore it will have two middle terms i.e.

+ 1

. n n+1 n+3
middle term = | —— t term or Ty 1]=|"— | *term

7.07 Coefficient of special power x™ in binomial expansion

) ) b n
If v comesinthe 7, term of the expansion [ﬂ.\"‘” g
X

p
‘ n=r h
_nger [ P N N A np=r( p+g)
then 7., ="C,(ax ) [i\_q] ="C.a"" (b)) ¥

Find term using calculating the value of rusing np — r(p + ¢) = m ;r isalwaysa positive integer

Thus the coefficient of x™is  "C' "' (+b)

If the term independent of x is to be found out then

np-r(p+q)=0 pa P
[}'Jrff

7.08 Number of terms in the expansion of (a+b+c)"
(a+b+c)" = [(a+b) +c:|”
=(a+b)" +"C (a+b)" " c+"Cy(a+b) " +. . +c"
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number of terms in the expansion (¢ + 5 + ¢ )’
=(n+1)term +nterm + (n—1)term + ...+ 1 term

(n+1)(n+2)

=, terms. [By Sum of A P. series]

Iustrative Examples
a b s
Example 6 : Find the middle term in the Expansion of ( 5" 3 ]

8
; : ; 1 b)Y .
Solution :  The number of terms in the expansion [; =3 ] is=8+1=9 (odd)

) n+2 8+2
. the middle term = — = e St term

i (EI [_z_;j* 8765 [(_fT[f_}T _70a*h*  35a’b*
& U7 3 1234'2)3) " 16-81 648

‘ . ‘ 1368, @0=1) o o
Example 7: Prove that in the expansion of (1 + x)*" the middle term : 2%
!
. ) . . 2n+ 2
Solution : -+ 2n 1s even number then the middle term is [ 5 ),
ie. (n+1)"term
(n+1) term =17, =2"C, x"
(2;1)! " [(2;?)(2;?—l)(En—2),,,,,6,5,4,3,2,1].\"T
=X =
n! nl n! nl
2012\ 25 — 2 s 4.2 — 12—
:[(_n)(_n _),,,,,6,4,_][(213 l)(_n 3).,,,.5,3,11‘-”
nlnl
(@) [s(n-1)(n-2)....3.21][ (2n-1)(2n~-3).... 5.3.1]
a n! nl x"
Nl (2n=1)(25 - 5
:(_) n,[(_n l)(_n 3),,,,L,3,ljx”
n! n!
2)'11.3.5.....(2n-3)(2n -1 1.35......(2n-1
NOJLEESNC ) WL S C ISV
n! n!

15
. . . 17 . . 1
Example 8 : Find the coefficient of x™'7 in the expansion of (-\‘4 5 )
X

Solution : Let, x '7.7.,, then

= 5-r " 15~ GO=4 _I. 4 } ) - )
1. ="C,(x*) [_L] =1¢, ()™ ((x)) =5C (-1 (x)°7 )
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The index of x should be -17
60 -7r =-17
Tr=7T= r=11
putting the value of r in (1) we have the coefficient of
15.14.13.12
1234

x—l'}' sy 15(-1”(_1)11: _15(_‘4 iy pa _1363_

g 1%
Example 9 : Find the term independent of x in the expansion of [1\" + }

Solution : let the (» + 1)th termis independent of x

o . 2\ I B _— 9-r , \I8-2r | & 9-2r §—3r
=) (5] =00 @ e @

For independent term of'x, the index of x is zero
18 -3r=0 or r==0

9.4 sav0-12 9.8.7 1 21
Term independent of x = 15 = ')((,(2_}) 12 - i =

Example 10 : In the expansion of (1+ x)m if the ratio of coefficients of 77 terms and (s7+ 1) terms are 1: 2 then

find 2.
Solution : T, =%C,_ x"! M
L= 20(1? x! (2)
T, 2(1(‘”_1 N

According to question, Sy
};:+I ( n 2

20!
n—1)1(20-n+1)!
. CEIESE
(1)1 (20-n)!

() (20-n)! 1

25 (n—1)1 (21-n)! 2

n(n—1)1(20-n) 1

- (n—1)! (21-n)(20-n)! "~ 2
n 1

e - 2
Simplifying, n=17.

Exercise 7.2

1.  Find the marked term in the following bionomial expansion.
12
3y

p 17 X - i X
(i) In5thterm(a + 2.\*") (ii) In9th term( s ] (iii) In 6 thterm [ —“%
\ y X WX rs

[ et

-
L
(5]
—
b=l
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2. Find the coefficient of ;

13

8
. ; I s I

(i) x77 inexpansion of(m” g ) (ii) x* in expansion of( + —-]
; o X

_ ) p 10
(iii) x* in expansion of (a — bx? )

3.  Find the term independent of x in the following expansion of :

g (—i) Gi [Ifxi]m,bo

4.  Find the middle terms in the following expansion of :

(@) [" +2y ) (u)[w—i]g
(i) [H \l ) (iv) (3.\- ~ %)IS

; . . , , 1 )
5. Show that the coefficient of middle term in the expansion of (1 + x)" is 53 2

12

1.3.5..... n ;
where nis a even positive integer. If #21s odd then coefficient of both middle term will be 246 (n+1) i

11
6.  Ifthe coefficient of x” and x ™ in the expansion of (ﬂ-\‘ + ;] are equal then prove that: ab — 1 = 0.

7. Ifthe coefficient of 5th, 6th and 7th term in the expansion of (1 + )" are in A.P. then find the value of 7.

8. The second, third and fourth terms in the binomial expansion (x + ¢)" are 240, 720 and 1080, respec-
tively. Find x, @ and n.

9.  The coefficients of three consecutive terms in the expansion of (1+ )" are inthe ratio 1 : 7 : 42. Find the
value of 2.

10. Find a positive value of m for which the coefficient of x* in the expansion (] + x)"” is6

7.09 Properties of binomial coefficients :

In the expansion of (1 + x)" . The coefficient of x for various powersare "C',"C,,"C,....,"C, . Theyare

02

also represented by C,C,,(,,..C ie.

Hence,(1+x) =Cy+Cx+C,x" +C,x* +...+ C X" [from section 7.04]
(i) Putting x=1 we have
(1+41)' =C,+C,+C, +C, +..+C, =  2'=C,+C+C,+C,+..+C, (1)
(i) Putting x=-1 we have
(1-1)'=C,-C,+C,-C;+..+(-1)"C, = 0=C,—C,+C,-C,+..+(-1)"C, ()
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adding (1) and (2)

2(Co+C,+C, +..)=2" = Cy+C,4+C +. =2
again subracting (2) from (1)

2(C,+C+Cs+..)=2" =  C+C+C+..=2""
therefore, from (3) and (4)

Co+C+C,+..=C,+C,+C, +...=2""

Illustrative Examples
Example 11 : Evaluate 'C, +*°C, + *'C, +...+ *'C,,
Solution :  Since "C,+"C,+ "C,+..+"C, =2"
putting #=201in (1)

20 20, 20 20~ 2
'C, +C,+7C, +..+7C,, =2

Il

or 1+ 2|.\( 'l + 2:|(-'2 4 & :ll(v - 22|J

20

or Zr.|(‘]+2c|(-2+:i|(‘;+m+2<|(-20:2:r.|_]
Example12: If C,,C,,C,,....., (’ are bionmial coefficients then find value of
Co+2C,+3.C, +....+(n+1)-C,
Solution : Given expression is
=C,+2C,+3.C, +...+(n+1)C,

=(C,+C,+C,+...+C ) +(C,+2C, +3.C, +...nC))

I
&2
+
=
My
+
&)
.
2 b
+
(F8]
IS
+
=
—~
L
I
N
+
.=, 3
—
—
+
N
—
—
p—
o -
. -~
|
s
S
+
+
—
=
—
L

I

Example 13 : Prove that C, +2.C, +3.C, +....+nC, =n2"".

Solution : LHS. ¢, +2.C, +3.(5+

B 4596 4 3.0 e TE

. 2'1?(172' 1) N 371?(}? - 1)1()? -2) N
v 21

—n|:l+(n—l)+(”_1)2('”_2)+ ..... +l}

tnl

[139]
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=n["IC +"7C + "G+ 4 "I,y |= 2 =RHLS.

Example 14 : In the expansion of (1+ x)" if the bionomial coefficients are ', C,C,,.....,C

n

then prove

that.
. (vl (--1" C'v” 2!:—] _l
Co+—+—=+.. . +—2=
2 3 n+1 n+1
Solution : L H.S.
i . e
=Co+ L+ =24 ... d
2 3 n+1
:”(‘ + H(I + H(rz J?( s
L 3 n+1
_ i n n(n -1) 1
2 3.2 T n+l
1 [ . n+n (n+Dnln-1 (n+Dnln-1(n-2
B PR (R O RV G BN GV etV I DY
n+l| 2 3! 41
l [ n - 7 ~ ? ¥ - n
=— _t +1)¢ ; +t:+ll(2 o ;+1a(% 4 (n+1) &\ e " +|(”+l}
_ | : (n+]J( _+_tn+lJ{ +tn+lj( +tn+lj( + _‘_n+|(”+1 tn+ll( ]
n+1L
[ adding & substracting """ ]
1 i 1 . 2”+1 _]
= —— @y - e, = -RHS.
n+1 n+1

Example 15 : Inthe expansion of (1+x)" if the bionomial coefficients are C,,C,,(,,....,C, then prove

that.
) 2n)!
CZ+CE+Ci+.... +('j:( ),
(nt)
Solution :  (1+x)"=C,+Cx+Cx®+. . +C,x" (1)

and (x +1)" = Cpx" + Cd"™ ' + "% +.....+C, (2)
multiplying (1) and (2)

N ; = 3 ; S S 4
(1+x)" = ((0 # G+ G ¥ +(,,x”)((0x” + Cx" 4+ G 24 ,,)

" inboth sides, we have

comparing the coefficients of x’
! 21!

P I Y, 2 , 2 2 2 2 _ 2nl _ 2n!
C,=C +C7 +Ci+..... +C; & G+aG+G+.... +(n_n,”1_(n')2

Exercise 7.3

M

1. Intheexpansionof (1+ x)" ifthebionomial coefficientsare C;,.C\.C,...... ¢, thenfind the value of,

n
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D 3¢ +%G+%G+...+3G (i) °C, +°C,+°C,+°C,
In the expansion of (1+ x)" if the bionomial coefficients are €. C}.C,...... C, thenProve that

n

2. Co+3.C+5C, +...+(2n+1)C,=(n+1)2"

GGt 6+, b BC. 4C, = (2n)
3. ol 1“3 P At =2 ”_(H—Z)!(H+2)!

4. Cy+2C,+4C, +6C, +.....+2nC, =1+n2"

oy .“ 1\ - +l "
5, l+(_—] l+(_—-' 1+(—-‘ ,,,,,, 1+ G, :(” )
(‘IJ (‘l (‘2 (117—1 'H!

. 6, . 2 3 2
6.  In the expansion of (1 +x— 2,\‘2) is given by 1+ a;x + a,x” +ax+.....+ap,x'? | then prove that :

7.10 Binomial theorem for rational index :

In a bionomial term if the index is fractional or negative, expansion is only possible if the first term of
binomial is 1 and the second termis less then one. i.e. we always expand the Binomial as (1 + x)" where xis
always less than 1i.e. —1 <x <1 . Inthis condition the formula for the Binomial is
n(n—1 nn=1)n-2

( ).\"2 + ( )( ) .\'3+,,,
! 3! rl
Here the terms are infinite. i.e. the terms in expansion are infinite, this 1s called as binomial series.

(1+x) = 1+nx+

"
2 : i 7 X . .
In the expansion of (x + ¢ )" if x is less then @ then (% + q )= ﬂ”[ 1+ 5 ) and if the value of @ is less then

i
. “ _\n ; a
x then we expand by converting into the form (¥ + a) = x ”( 1+ )
v

General Term for the Expansion :
o n(n—=1)(n=2)....(n—r+1) i

+1
! rl

Note : When nis fractional or negative then (" is meaningless thus coefficients of different terms should not be

written like this "¢, "¢, instead it should belike the one given below.

7.11 Some important expansions :

n(n—l) 4

rr(n=1)(n=2).....(n=-r+1) ,

(1-x) =l-met———=x ot (-1) e X+ (1)
n 1 2 AT | =] i
(1+x) :l—zax+”(2—T).V'+..,+(—l) n(n+]_)(,r:-'+2)' Sl L o )
r!
i 1) , 2)...... " —
(l—:r) :1+nr+n(2—!+)x“+ ,,,,, +”(”+l)(”+ ) 47 l)x'+ ,,,,, 3)

! r!
In(2) and (3) putting n=1, 2, 3
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1 - 3 ;
=]l x4 " Fon X Fo

(1-x)

(1+x) - T +(=1)" x" +.....

(1+%)7 =1-2x+3x2 =4 +....+(=1) (r+1)x +.....
(1=%)7 =14+ 2x+3%> +4X° + ..+ (F+1)x +.....

(1+x)” =1-3x+6x* —10x" +....+(-1 )W ,,,,,

(r+1)(r+2)

(1-x)" =14+3x+6x° +10x° +..... X+

[lustrative Examples

Example 16 : Expand (1+ .v)': * up to first four terms.

. _ A 3(3 _4q 33 _q\[3.9
Solution : (1+x)*% =1+ 2(x)+ 22 )xz + 2 ¢ )5 ) s T
2 21 3!
3x 31 > 31 [ l) 1 3
=1+ + == =X+ === |=x"+
2 222 22 2)6
I
5 {@ Hooes

Example 17 : Expand (2+ 33‘-)_4 up to four terms

33
Solution :  (2+3x) " =2 [H%}

Sl S S R R
:%{1_4[%}%[%12_%[6[%T+ ,,,,, }:%{l—Ger?x:—%xR—k ,,,,, }

Example 18 : Find the general term in the expansion of (1- 2:5)'l .

2

Solution :  The general term in the expansion of (] — x)"

nn+1)(n+2).....(n+r-1) ,
r+1 = _' . X
7
In the given binomial 7=1/2 and 2xis there in place ofx therefore the general term in the expansion of

(1-2x)"?% willbe




Example 19: Find the coefficient of X" in the expansion of (1+ .\*)5 s
Solution : The general term in the expansion of (1 + A—)S 2

;(;—1)(;—2).,,..(;—;-+1)x,_

(r+1)thterm= 1
r!

_ . -3 53357 . (2r—=T)
coefticient of " = (—1) g : £ )

_ 1+3%)
Example 20 : Find the coefficient of x" in the expansion of ﬁ !

. (l+3x): _ Y A~ 2 2 3
Solution : W%Hh) (1-2x) " =(1+6x+9x7)(1+2x +4x" +8x +.

=1+(6+2)x+(9+12+4)x" +(18+24+8)x" +.....

coefficient of x> = (18 + 24+ 8)=50

; 1/2 a2
Solution :  Given expansion (\l +2x+ 3.\-3+,,,,) = [(l - x) 2] =(1-x)

° =1 —
(r+1)thtermof (1-x)" = =

. o4 1.2.3.4
coefficient of x* = (-1)* . =1

then prove that

Example22: If y=3x+6x’+10x°+
y 14 , 147
24 .

—y —y
3 32l 3 3l

Solution : Adding 1 to both the sides in the given expansion

L+ y = 1+3x+6x% +10x>+..... or (H‘}'):(lf:c)_3
Therefore (1-x)=(l +y) 3
_1)(—1_ DL —1_7
:1+[_ljv+( )( 3 )1-":-4-( )( 3 )( 3 —) v
3) 2! ’ 3! ’

(-1)(-2)(-3)...... (—1—;~+1)x,_:(_1)_



y 14 , 147 ,
V== +
3~ 352 331

o [y_14 147
or 13 e Tamye v

vy 14 , 147

x==————y +——y
2 3 3221  3°31

Example 23 : Prove that

l-x+x*=x*+. . o)(l+x+x*+x° +. .0)=(1+x* +x* +..0
( I )=( )

Solution : - (132)™ = I—p 4+ P40

and (1-x)" = l+x+x>+x+ . =

L.H.S. :(l—x+x: —3 +,,,'x,-)(l+x+x3 4% +,,.,3c-)

=(1+x)" (1-x)" =(1-#*)"

=1+x*+x*+..0= RHS.

Exercise 7.4
1.  Expand the following expansion up to four terms :

1/2

@ (14227 i) [1 - ;] (i) (3-2x°) (iv)

2. Find the required terms in following expansion :
(i) (1-3x)""?, -4thterm (ii) (1+x)"?,-7hterm
(iii) (1 + 2x )_1 2 -8thterm

3.  Find the general term in the expansion of :

2

@ (a" -2) (ii) (1-2x)"? (i) (1 — )77

4. If x < 3 then find the coefficient of x° inthe expansion of( 3—x )_8

h

Find the coefficient of +* in the expansion of (a + 2bx> )_‘

’ , ’ , 1+ 3x2
6.  Find the coefficient of x'” in the expansion of ( 5 )3
I —x

7. Find the coefficient of x"in the expansion of (l— 2x+3x7 —4x* +.... )” If v = 5 and #=1 thenfind the
value of binomial.

2
8. Provethat (1+x+x*+x*+...) =1+2x+3x%+.....

9.  Prove that (l T8 & .1‘3+,.,)(l +3F bR’ +) = (1 F2K 32 +.,.)2

. z . . . ..
10. Ifx=2y+3)°+4)y*+.... then express v in terms of increasing indices of x.
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7.12 Applications of binomial theorem :
Hlustrative Examples

Example 24 : Find the value of (1- 003)“1 upto three places of decimal.

Solution :  (1-003)" =(1+-003)’

=1+4(:003)+ 23 (003)" +... 140124

4x3
2!
=1-012 (neglecting the higher powers)
Example 25: Ifxis so small that its squares and higher powers are neglected then prove that

1+2x) +(16+3x)""* 297
(1+2x) +( )
(1-x)° 327

(1+2x)+(16+3x)"*

)

Solution : Given expression =

C(1+2x) P21+ )"

(1-x)

{H ;(2x)+ at _2!(2"5): +,.}+2{1+ i[?;}r ;(_;2!—1)[?2:]3 +}
- (1-x)

_[1+3(@)]+2[1+5(G) ]
(1-x)

:[(l+x)+2[l+2—zﬂ(l—x]_:

35
= il Y3
[3+ 23 x](lJr-,\ +...)

[neglecting x* and higher powers of x ]

35 . 5
=3+ rlkd ox (neglecting x~ and higher powers of x)

Example 26 : Find the value of (1 26)l * upto 5 places of decimals.

Solution :  (126) " =(126) ' =(125+1) " =(5+1)

:5[1+5L_:]l ; :S{H%[%}L l(;l)[si] o }
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:5+3 > Tt =5+-01333—-000035+..... =5+-01330=5-01330
) Ox5

Example 27 : Ifp and ¢ are almost equal then prove that
(n+)p+(n-1)g (p e
(Jr—l);)+(;r+l)g_ q

Solution : Since p and ¢ are almost equal thenlet p =g+ /i, where /s very small quantity whose square
and higher powers can be neglected.

LHS - (n+1) p+(n-1)gq _ (n+1)(g+h)+(n-1)q
(n=-D)p+(n+l)g (n=1)(g+h)+(n+l)g

ng+q+nh+h+ng—q 2ng+nh+h

ng—q+nh—h+ng+q 2ng+nh—nh

2]}{} —}—(”-{-l)h 3 (2}?q)|:] + |H:-:r]q|hj|
2nq+(}r— l)h B (2»'?(])[1+ (-1 Ifrj|

2ng

1

_ l+(n+l)f'? ]+(n—l)h

2ng || 2ng

(n+1)h ] _1 (n=1)h |
2ng || 2ng

=1+

[neglecting higher powers of /1 ]

]+(n+l)h_(n—l)h

2ng 2ng
=1+ L (n+l—n+l):l+i(2):l+i_
2ng 2ng nyg
1/'n 1/n 1/'n
) qg+h h
q q q
1
=l E =L.H.S. [neglecting higher powers of /1 ]

Exercise 7.5
_ 2ny

s1
X -y 2 .
(7’);; =1 , where »~ and higher powers are
(x +¥) %

[146]

1.  Ifvisveryless as compared to x then prove that




neglected.
2.  Find the value of'the following expressions, x is so small that its square and higher powers are neglected.

&

(9+2x)l (3_+4x) 1_2x+(1+3x)“ (]+§x)_4\}l6—3x

i B i il 273
@ (l+x)J () 3+x++4—x ) (8+x)
3. Evaluate:
(i) /30 upto 4 places of decimal. (ii) (1- 03)] * upto 4 places of decimal.
1
(iii) m upto 4 places of decimal. (iv) cuberoot of 126 upto 5 places of decimal.
4.  Ifxisapproximately equal to I, then prove that
Ml -
) mx L (i) mh bhx _
m—n sl i 1-x

h

If p and ¢ are almost equal then prove that :
1'3
§+25 )4
p+2q q
7.13 Sum of series by binomial theorem :
To find the sum of a binomial series, its terms are compered with the corresponding terms of the below
given series

(1+ ,\‘)” =1l+nx+

n{n-1) , n(n-=-1)(n-2) |,
( ).\‘“+ ( )( )\+
2 3!
Firstly the terms are arranged as first term being 1 and second term as x, where |x| < 1 and the series

should be in the ascending powers of x .
Now comparing the second and third terms with standard binomial expansion and get two equation is
and x and putting the values in standard binomial to find the sum.

Ilustrative Examples

- . 1.3 135
Example 28 : Find the value of series 1+ Z+— + +

48 4812
Solution :  Given series l+i+£+ = +
4 48 4812
i n(n-1) , n{n-1)(n-=-2) |
Standard series (1+ x) =1+nx+ ( )x“+ ( )( )x' o
2! 3!
comparing the terms of series
nx=1/4 (1)
n(n-1) , 13
T2 Y T4 2)
equation (2) by the square of equation (1)
nln-10x* 13, o (n-1) 1344 (n-1) 3
_ 4 _ L34 _
20 A as) = 2.0 48 o« 1

=3n=n-1—=on=-1/2
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by substituting the value of7z in equation (1)

( l) 1 1
— X = = X = —
2 4 2

. sumofthe terms = (1+x)" =[1-1] "2 [£] = [2]l = 3

28 T _¥Ee. |
e —t
3.6(2)° 3.69(2)

2 1
Example 29 : Find the value of l+§,5+

(§]

D 258 1
==t —t
3.6 (2) 3.6.9 (2)

n(n-1)

Standard series (1+x)" =1+nx+ —x

Solution :  Series 1+

(SSH ]
| —

On comparing the terms of series

21
=2, (1)
n(n—l)xz 25 1

21 3.6 (2) )
Dividing (2) by the square of equation (1)
n(n-1) x* 25 1 322° n(n-1)  2.53.2.3.
2l “mWE T A6 (aF 2hd = 21, 3.612:2:2.2
(n=1) 5 i
or ——— =5 2n-2=5» = n=-2/3
by putting the value of » in equation (1) we have —2/3x=2/3.1/2=x=-1/2
. the sum of the series = (1+x)" = [ N =& B :(2): ’ (4)"
' 2 2
; 5 3.7
Example 30 : Find the value of 2+——+ —+ ...
21.3 31.3°
y ; 3 5.7
Solution :  Series | + 1 + + g s
213 31:3
5 8 1 _l ]
Standard series (1 +x) =14+ nx + n(n:z! ) 2
On comparing the terms of series
nx =1 (D)
n(in-1) | 5
(7-1) . _ @)

2! Zlx%3
Dividing (2) by the square of equation (1)

n(n—])x: 5
21 n*x? 21x 3
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(n—1)
:> —
n

=5m=3n-3=2n=-3 - H=——

L
(\8]

by putting the value of 2 in equation (1) we have

=(1+x)" :[1—%] - :[éj () =(27)"

13 135 13587
1 ks
36 3069 36812

1.3.5

3

6 3.69
S _al o L LHES
Y 3 36 369

Example 31: If x= éJr +... , then prove that X’ +2x—2=0

Soluti 1+\f*l+]+l
olution : 2 373

(]

oo,
2!

Standard series (1+x)" =1+nx+
comparing the terms of series
(1)

n(n—1) 2=
2!
Dividing (2) by the square of equation (1)

3 @)

v, 2
n(n—1)x 1.3
= .l
... e
20 mk® 3.6

(n-1) L

.

] _l
'J“J:%('” )_T:“'.?n—n—[

6 n

Ly | W

= 20 . n

= 2n=—1=>n=-1/2
by putting the value of 7 in equation (1)
| 1 2

—_— Y= —= X = —-—
- -
2 2

-1/2
2 1
therefore R H.S. = (1 +x)" = (] - :) = (:
2 |

-

(x+l):«/§:>(.\‘+l =3

X’ +2x+1=3

U

x1+2x-2=0

U

" 1) n(n+1) 1Y
Example 32 : Provethat : X" =1+n 1—; = 1—; +
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+M[l_1]1,,,

21 x

5

Standard series (1+ V)" =1+my+

Solution : RHS. =1+i?[l

n(m-—1) 2
2!

my = n( 1- l )
x
H(H-i—l)[l 1]:
X

2!
\2

)

comparing the terms

m (m—l) P
21

Dividing (2) by the square of equation (1)

m(m — 1)y? _n(n+1) (:1* .

232 2
2l m%) 2! nz(l—{_)
(m—1) (n+1)
= = = = mn—n=mn+m
m n

putting the value of »7 in equation (1)

pen{1- 1)y (121
I

Exercise 7.6

- sumof'the series = (1 + »)" = {1 - ( 1-

Find the sum of infinite series

21 251 11 14 1
. 433 36 2. l+— —+— —+ ..
bl ol 34 36 4°
1 14 . 147 11 13(1) 135
4, =) + s L1 L3(1)
10 1020 10.20.30 =t = e
Prove that (Q. 6-8)
1 13 135 . D
B =1 e ~ af 1 14
6. \/_ +23 +2! ) 24 31 ‘ 2(, 7 .\/: 5[1 10— l
3)" 1 14 1 147 1
5 5| =Vhgtmurbas et
- 212N 1233
o pyol 13,135, 1 | ., ?
. =336 e g b g
" 3 36 369 , then provethat > +2y-2=0

10.

+n(n+l)[

21

l—x]: 3
1+ x
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Prove that (1+x)" =2 {1 -

(1)

()

= m=-n

1.3.5 1
st —t.
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10.

11.

12.
13.

Miscellaneous Exercise 7
- 12
The number of terms in the expansion of (\_ +b—\‘) is
(A) 11 (B) 13 (C) 10 (D) 14.
1 8

7th terms in the expansion of( 5 +£'r') is

i ; = 7 g 2 5 8 2
(A) *c5(L)(a) (B) *Cy(1) .a (©) *C,(3) (a) D) *C, (3)’ (a)-

Middle term in the expansion of (¢ — x)* is

(A) 56a°° (B) —56a°x° (C) 70a*x* (D) —70a*x* .

9
: ; I g
Constant term in the expansion 0f(2-\” + ] is
33X

(A) fifth (B) fourth (C) sixth (D) seventh.

General term in the expansion of (x + @) is

(RO 2T o B)*C. "0 ) )"e, . Sat

n=r n=r

12
. . . 1Y".
The term independent of x in the expansion of (2.\‘2 ~ ) 1S

(A) 264 (B) —264 (C) 7920 (D) -7920

-17

15
' ; ; 1 ‘
The coefficient of x™'/ in the expansion of ( xt - —3) 1S

%
(A) 1365 (B)-1365 (C) 3003 (D)—-3003
[fthe coeflicient of (27 + 4)thand (r — 2)th terms in the expansion of (1 + x)'"* are equal then find the

value of r :
(A)S (B)o6 (C)7 (D)8

n+3

If inthe expansions of (¢ + )" and (a + ) ratio of second and third and fourth terms are equal then

the value of n will be :
(A)S (B)o (€)3 (D)4

2n

Ifthe coefficient of 3rd and (r + 2 )th term in the expansion of (| + x)*" are equal then :

(A) n=2r B)yn=2r-1 Cyn=2r+1 (Dyn=r+1

5 10
Find the term independent of x in the expansion of (23(‘ -1 x’x) ‘

200 200

Find the number of terms after simplifying (X + @)™ +(x—a)™ .

If ¢,.c.c,...c, are the coefficients of terms of (1 + x)” thenfind the value of ¢, +c¢, +c¢,...
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14. Find thevalueof C, +" C, +" C,+..+" C,,
a X o
15. Find the middle term in the expansion of [— e E]
X
16.  Find the coefficients of x° inthe expansion of (1 + 2x)°(1 — x)’
17.  Ifinthe expansion of (] + x)z” the coefficients second, third and fourth terms are in A.P. then prove that
2n° —9n+7=0
s s : X 2
18. Using binomial theorem expand [l + 5 —] X #E0
X
r [ Important Points } 1
1. Ifnis positive integer index, then number of terms in expansion of (x + a)" is (n + 1) and
(x+a) ="Cox™ +7C, " o+ "C X" 20t +... .+ "C. 2" d +... . ¥ C, 0"
2. Generalterm 7., ="C,. x""d"
n n+2
3. Ifnmiseventhenthe middle term = (E * 1) = [ ) )“’ term
n+1 n+3
If n is odd then the middle term ( T) " term and ( > }h term
4. Binomial theorem for nay index
(I+x) =1+nx+ i T L) 5. Hm= lﬂ)l(” =) X,
! 21
In this number of terms is infinite.
nn=1)(n-2).... n—r+1) |
5. General termof series (1 + x)'=17,, = ( ) )! ( )x‘
r!
6. (l + x)*” =l—nx+ n(n = l) x? = nin + l)(” + 2) O+
21 3!
7. (1-x)" =1+nx+ n(n+1) » + n(n+1)(n +2) >+,
21 3!
8. (l+x)'=l-x+x?— .. +H-12"+...
9, (l—x)—l =l+x+x2+x°+ +x 4+
10. (1+x)2 =1=2x+3x% =4x+....+(=1) (r + 1)x" +.....
11. (l*.r)ﬁ2 =1+2% +3%% +4x% 4. s +(r+ Dx"+.....
12, (14 %) = 1-3x 462 = 103+ +(-1) L+ 1)2(" 2




= +1)(r+2
13. (1-x)" =1+3x+6x% +10>+,...+ (PR lIr 2)

2
Answers
Exercise 7.1
L, 32 40 20 5 X’ gt Dt 5.5 OO0 8§ 3 ]
1. 8—12x+6x" —x 2, ———+—-5x +=x - 3} =t T e T
T X 8 32 729 8l 27 27 3% &
N - . x 6x° 15x 9 a a
4. 81x* +216x°y +216x%y* +96x° +16y*. 5. w——+—-20+4+15—-6—5+—
a a o X X X
6. 884736 7. 104060401 8. 9509900499 9. 1.771516 10. (1.1)"™ is greater

11. 8ab(a” + 6:);104\/5
Exercise 7.2

2 ] e 4 e s aj e e %
L () 7C,a" 163" (i) 32476952 (i) —63x* 2. (i) =56 (ii) 6435 (iii) ~120a"h’
x"‘ L

3. (i) 495 (ii) 405 (i) = (iv) 252 4.() 2 @a 21 i

. (1) (11) (111) 1 (v)-2 (i) 20x° y * (i) 16 a . (i) ()2

. —6435x3%x27 6435x3" x2°

(1v) = 5 5 7. 7or 14 8. x=2.a=3.n=5

X X
9, n=55 10. m=4

Exercise 7.3
. () (2)' -1 or2ss (i) (2)" or 128
Exercise 7.4

3 .3
1. (i) 1-2x% +3x* — 42 1— -
(i) 1-2x7 +327 —dx (i) 32 128
l 4 2 20 4, 320 1 2 6 5, 4
ey — |4+ —x 4 x4 x . ] ) =~ 2 _ T 3
(iii) (3)2.-3[ 0" Ts1t T2187" J () \..-"5[1 5T st T a5t }
N -5 ¢ —42L o
2 (1) 3 X (ii) 1024 (iii)
4 (37— 5 A 2 R (7 i ol 1) L
3. (i)_Z Lidioio(3r D)‘ '\. i (ii) 3 (27 ) o
3" r! a’? rl
= ; 88
(i) p(p+q)p+2q)..{p+(r-1)q} x B oo 5. —80a~%°
rl q (3)
v2n(2n+1)(2n+2).....2n+r-1) 4 L 35 4@ 3
6. 66 7. (=1) = s 10, Sw ~sattran
Exercise 7.5
56 2 27 305
- 2 sy = ol o —_— = X
2. (i) 9+ 5 X (ii) 3 + 30 X (iin) [ 96 ]
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3. (i) 5.4775 (i) 1.0099 (i) 0.4964 (iv) 5.01333
Exercise 7.6

L@ @) @t a7 5273

Miscellaneous Exercise 7

1. A 2.C 3. C 4. B 5. A 6. C 7. B
8. B 9. A 10. A 11. —-8064 12. 101 13,01 14, 2°° -1
15. 252 16. 171 18. EJri+£+g—4x+x—:+x—3+£+€

X X X X 2 2 16
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