
CHAPTER XIX.

INEQUALITIES.

245. Any quantity a is said to be greater than another
quantity b when a -b is positive; thus 2 is greater than -3,
because 2 - (- 3), or 5 is positive. Also b is said to be less
than a when b- a is negative; thus -5 is less than -2, because
— 5— (— 2), or - 3 is negative.

In accordance with this definition, zero must be regarded as
greater than any negative quantity.

In the present chapter we shall suppose (unless the contrary
is directly stated) that the letters always denote real and positive
quantities.

246. If a > b, then it is evident that

a +

c

> b + c

;

a — c > b — c
;

ac > be

;

a b

that is, an inequality will still hold after each side has been
increased, diminished, multiplied, or divided by the same positive
quantity.

247. If a-ob,
by adding c to each side,

a>b+ c;

which shews that in an inequality any term may be transposed
from one side to the other if its sign be changed.

If a > b, then evidently b < a

;

that is, if the sides of an inequality be transposed, the sign of
inequality must be reversed.
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If a > b, then a - b is positive, and b-a is negative; that
is, — a — (— b) is negative, and therefore

— a < — b
;

hence, if the signs of all the terms of an inequality be changed,
the sign of inequality must be reversed.

Again, if a > b, then —a < — b, and therefore

— ac < — be

;

that is, if the sides of an inequality be multiplied by the same
negative quantity, the sign of inequality must be reversed.

248. If a.>b,, a. > boi a^>b.,, a >b , it is clear

that

a
l

+ a
2
+ a

3
+...+ am > 6, + b^+b

a
+ ... + bm ;

and a
:
a

2
a,--' a

,n
>hAK-'- b

,>r

249. If a>b, and if p, q are positive integers, then ^/a>^Jb,11 V V

or a 1 > b9
; and therefore a'

1 > b' ; that is, a'
1 > b'\ where n is any

positive quantity.

Further, — < =-
; that is a~ n < b~".

250. The square of every real quantity is positive, and
therefore greater than zero. Thus (a - b)

2
is positive

;

. . a2 — 2ab + b
2 > ;

.
•

. a2 + b
2 > 2ab.

Similarly -—^ > Jxy ;

that is, the arithmetic mean of tivo positive quantities is greater

than their geometric mean.

The inequality becomes an equality when the quantities are

equal.

251. The results of the preceding article will be found very

useful, especially in the case of inequalities in which the letters

are involved symmetrically.

H. H. A. li
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Example 1. If a, b, c denote positive quantities, prove that

a2 + b2+c2 >bc + ca + ab;

and 2 (a3 + b3+ c3)>bc (b + c) + ca(c + a) + ab (a + b).

For &2 + c2 >2bc (1);

c2 + a2 >2c«;

a2 + b2 >2al);

whence by addition a2 + b2 + c2> be + ca + a&.

It may be noticed that this result is true for any real values of a, b, c.

Again, from (1) b2 -bc + c2 >bc (2);

.-. b3 + c3 >bc(b+c) (3).

By writing down the two similar inequalities and adding, we obtain

2 (a3 + b3 + c3)

>

be (b + c) + ca [c + a) + ab{a+b).

It should be observed that (3) is obtained from (2) by introducing the
factor b + c, and that if this factor be negative the inequality (3) will no
longer hold.

Example 2. If x may have any real value find which is the greater,

.r
3 +l or x2+ x.

x3 +l- (x2 + x) =x3 -

x

2 - (x - 1)

= (x2 -l)(x-l)

= (.r-l) 2
(* + l).

Now [x - l)2 is positive, hence

x3 + 1 > or < x2 + x

according as x + 1 is positive or negative; that is, according as x > or < - 1.

If x— - 1, the inequality becomes an equality.

252. Let a and b be two positive quantities, $ their sum
and P their product ; then from the identity

4a6 = (a + bf - (a - b)\

we have

iP = S2 - (a - b)
2
, and S2 = ±P+(a- b)

2
.

Hence, if S is given, P is greatest when a — b\ and if P is

given, S is least when
a= b;

that is, if the sum of two positive quantities is given, their product
is greatest when they are equal ; and if the product of two positive

quantities is given, their sum is least when they are equal.
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253. To find the greatest value of a product the sum of whose

factors is constant.

Let there be n factors a, b, c, ... k, and suppose that their

sum is constant and equal to s.

Consider the product abc ... k, and suppose that a and b are

any two unequal factors. If we replace the two unequal factors

Tii ii> a + b a + b , , .. ,

a, b by the two equal factors —— ,
-— — the product is increased

while the sum remains unaltered ; hence so long as the product

contains two unequal factors it can be increased tvithout altering

the sum of the factors ; therefore the product is greatest when all

the factors are equal. In this case the value of each of the n
s /s\"

factors is -
, and the greatest value of the product is ( -

) ,n \nj

/a + b + c + ... +k\

\ n )

or
\n/ '

a + b + c+ ... +k\"

Cor. If «, b, c, ... k are uneqiud,

/a + b + c + ... +k\ n
7 7

( ) > abc ... k
;

\ n J
that is,

a + b + c+ ... + k

n
> (abc ... k)".

By an extension of the meaning of the terms arithmetic mean
and geometric mean this result is usually quoted as follows

:

the arithmetic mean of any number of positive quantities is greater

than the geometric mean.

Example. Shew that (lr + 2r + S r + . . . + nr)
n > nn

(
\nY ;

where r is any real quantity.

c .
lr + 2r+Zr + +nr 1

Since >(l r .2 r .3 r «r)' 1

;

n

.'. (
)
>l r .2r .3 r nr , that is, >(|»)

r
;

whence wo obtain the result required.

14—2
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254. To find the greatest value q/'a
mb"cp . . . when a + b + c + ...

is constant; m, n, p, ... being positive integers.

Since m, n, p,... are constants, the expression ambn
cp ... will

be greatest when (
—

) (-) (
- ) ... is greatest. But this last& \mj \nj \pj

&

expression is the product of m + n +p + ... factors whose sum is

m ( — )+ n (—) + p ( — ) + .. ., or a + b + c + . . ., and therefore con-
\mj \nj * \pj

stant. Hence ambn
c
p
... will be greatest when the factors

a o c

ni n p

are all equal, that is, when

a b c a + b + c +

m n p m+n+p +

Thus the greatest value is

/a + b + c+ ...\
M4*4*+"

mmnn

pp
. . . (

)

Example. Find the greatest value of (a + x) s (a -a:) 4 for any real value
of x numerically less than a.

The given expression is greatest when
(
——

J
( —j— j is greatest ; but

the sum of the factors of this expression is 3 ( —^-
J
+ 4 I —^— ) , or 2a;

hence {a + x) 3 (a - x)* is greatest when —^— = —^— , or x= - - .

63
. 84

Thus the greatest value is
*

a7
.

255. The determination of maximum and minimum values

may often be more simply effected by the solution of a quad-
ratic equation than by the foregoing methods. Instances of

this have already occurred in Chap. ix. ; we add a further

illustration.

Example. Divide an odd integer into two integral parts whose product
is a maximum.

Denote the integer by 2/i + 1 ; the two parts by x and 2n + 1 - x ; and
the product by y ; then (2n + 1) x - x*= y ; whence

2x = (2n + 1) ± V^h + I)2-^ ;
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but the quantity under the radical must be positive, and therefore y cannot11
be greater than - (2/t + l) 2

, or n'
2 + n + -

; and since y is integral its greatest

value must be n- + n\ in which case x =n+ 1, or n ; thus the two parts are n
and n+1.

256. Sometimes we may use the following method.

Example. Find the minimum value of '
—

' — '

.

c + x

Put c+x=y ; then

.. . (a-c + y){b-c + y)the expression = ^-^ -

y

_ (a - c) (b - c)
+y+a-c+b-c

(
a ~ C

Jy

b ~ C)

-^yy + a-c + b-c +2j(a-c)(b-c) .

Hence the expression is a minimum when the square term is zero ; that

is when y=J(a -c)(b- c).

Thus the minimum value is

a-c + b-c + 2 *J(a - c) (b - c)

;

and the corresponding value of x is */(« - c) {b - c) -c.

EXAMPLES. XIX. a.

1. Prove that (ab + xy) (ax+ by) > 4abxy.

2. Prove that (b + c) (c+ a) (a+ b) > 8abc.

3. Shew that the sum of any real positive quantity and its

reciprocal is never less than 2.

4. If a2+ b2= l, and x2+y2 = l, shew that ax+ by<\.

5. If « 2 + 62+ c2 =l, and x2 +y2+ z2= l, shew that
ax + by+ cz < 1.

6. If a > b, shew that aabb > abba, and loe - < losr =
.

7. Shew that (.r
2^ +y

2z + z2x) (xy2 +yz2+ zx2) > D.'-'-V -
2
.

8. Find which is the greater 3«62 or aP+263
.

9. Prove that a36 + ab3 < «4 + 64
.

10. Prove that 6abc < be (b+ c) + ca(c+ a) + ab (a + b).

11. Shew that b 2
c°-+ c2a2+ a2b2 > abc (a + b + c).
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12. Which is the greater x3 or x2+x+ 2 for positive values of x%

13. Shew that x3 + lSa2x > hax*+ 9a3
, if x > a.

14. Find the greatest value of x in order that 7x2+ 11 may be

greater than x^+ Hx.

15. Find the minimum value of x2 - 12#+40, and the maximum
value of 24? - 8 - 9x2

.

16. Shew that
( \nf

> »• and 2 . 4 . 6. . . 2?i< (w+ l)n .

17. Shew that (x+y+ ,s)
3 > 27^^.

18. Shew that n* > 1 . 3 . 5 . . .(2n - 1 ).

19. If ?i be a positive integer greater than 2, shew that

2 ft >l+?iV2,7_1
.

21. Shew that

(1) (x+y +z)3 > 27 (y+z- x) (z+ x - y) (x+y - z).

(2) xyz>(y+z-x)(z+ x-y)(x+y-z).

22. Find the maximum value of (7 - x)A
(2 + #)

5 when # lies between
7 and - 2.

no T7- v xu • •
1 f (5 + x)(2 + x)

23. Find the minimum value of =-*-* .

1+*

*257. To prove that if a and b are positive and unequal,

am+bm /a + b\m
"

.— >
(
——

) ,
except when m xs a positive properjraction.

We have a1
" + 6

m = f -y- +
-^-J

+ ( -^
g-J

; and

since —~— is less than —— , we may expand each of these
L -

expressions in ascending powers of —— . [Art. 184.]
2

a" + 6
m /a + b\

m m (m - 1) (a + b\"—- fa - b\*
•'•"~2~ =

v~2-J
+

1.2 \~r) \~r)
m (m - \)(m - 2)(m-3) fa + bV"-

4

fa - b\
4

+
1.2.3.4 "A 2 J 12 j

+ '"
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(1) If m is a positive integer, or any negative quantity,

all the terms on the right are positive, and therefore

a" + b'
n

fa + b
s

= >
fa + 6V"

\2~) '

(2) If m is positive and less than 1, all the terms on
the right after the first are negative, and therefore

am + b
m

fa + fr—--— <
fa + b\

m

(3) If on > 1 and positive, put m = - where n < 1 ; then
76

i i i

+ b
m
\
m fd" + b 7l

\
Hfa

m + b
m
\
m fan + b n

\
n

{-2 ) = (-2-) ;

1 1 1

'a
m + b

m
\
m

(a*)
m + (b»)

H

, /ox—o— > o i
]jy (

2
)

i

> + b'"\"
1 a + b
> —~

—

.*. —=— >
fi-7

Hence the proposition is established. If m = 0, or 1, the

inequality becomes an equality.

*25&. If there are n 'positive quantities a, b, c, ...k, then

am+bm + cm + ... + km /a + b + c+...+k
> )

n \ n

unless m & rt positive properfraction.

Suppose on to have any value not lying between and 1.

Consider the expression am + b
m + c"

1 + ... + k"\ and suppose

that a and b are unequal ; if we replace a and b by the two equal

.... a + b a + b .. , „ ,
7quantities —— ,

—- , the value or a + + c+...+fc remains un-
_i -j

altered, but the value of a"
1 + b

m + c
m + ... + k'" is diminished, since
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Hence so long as any two of the quantities a, b, c,...&are unequal
the expression am + b

m + c
m + ... + km can be diminished without

altering the value of a + b + c + ...+k; and therefore the value
of a"

1 + b'
n + c

m + . . . + km will be least when all the quantities

a, b, c,...k are equal. In this case each of the quantities is equal

a + b + c + ... + k
to ;

n

and the value of am + b
m + c

m + ... +km then becomes

fa + b + c + . . . + k\m
n

{ » )
•

Hence when a, b, c,...k are unequal,

fa + b + c + ... + k\ mam + b
m
+ c

n +...+le
m

/a + b + c+ ...+fc>
n

If ?n lies between and 1 we may in a similar manner prove
that the sign of inequality in the above result must be reversed.

The proposition may be stated verbally as follows :

The arithmetic mean of the mth powers of n positive quantities

is greater than the mth power of their arithmetic mean in all cases

except when m lies between and 1.

*259. If a and h
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*2G0. To prove that 'I±^- /lh V
X

/I +
>

i-x' v i-y 5

if'x and y are properfractions and ])ositive, and x > y.

x /l+xFor .71±f >flr< //g* |

,. 1 . 1 + a 1 1 + yaccording as -lo<?-n > or < - log
l-x y °l-2/'

But S^lzS" 2^ +? + ?+•••)» tAAM^

and Ilog^2(l + !\
2/

& 1-2/ \ 3 5 7
'

1 . 1 4- a; 1 . \+y
- log > - log -—-

,

x * l-x y ° 1 -
y

'

and thus the proposition is proved.

•261. To prove that (1 + x),+x (1 -x) 1_x >l, if x<l, and to

777 , k /a + b\ a+b

d i'
<luce that aabD > ( _

J

Denote (1 +jb)
1+* (1 -a)

1- * by P; then

logP = (l+a)log(l + x) + (l -aj)log(l-a;)

= x {log (1 +x)- log (1 - x)) + log (1 + x) + log (l—x)

r\ I **s JO \ _ / *C i// SI/ \
= 2x^ +

3
+ ^ + ...)-2^ + 1 + -

6
+ ...)

--. / •*/ JC Jit \

Hence log P is positive, and therefore P> 1

;

that is, (1 +*)
1 + r

(l -*)'-'>!.
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f9

In this result put x = —
, where u> z ; then

u
Z Z

sY +w/, z\ l ~u

{
1 +

u) ^-i) %1
;

'u + z\y-^Y->r>rl .

\ u J \ u J

.'. (u + z)
u+*(u-z)u- z>u2u

.

Now put u + z = a, u — z = b, so that w = ———
;

(TJ

* EXAMPLES. XIX. b.

1. Shew that 27 (a4+ &4+ c4) > (a+ b+ c)\

2. Shew that n (n+ l)3 < 8 (l 3 + 23 + 33+ ... + n3
).

3. Shew that the sum of the mih powers of the first n even num-
bers is greater than n (n+ l)m, if m > 1.

4. If a and /3 are positive quantities, and a > /3, shew that

(-SM-jr-
Hence shew that if n > 1 the value of ( 1 + -

) lies between 2 and

2-718...

5. If a, b, c are in descending order of magnitude, shew that

/a+ c\ a
^. fb+ c\ b

\a-c) \b-cj

'a+ b + c+...+k\ a + b + c + -- + ,i

6. Shew that (
a '

~ v
'

v ~

) < aabb<*. . .>&*.

7. Prove that - log (1 + am) < - log (1 + an), if m > n.
lib Ih

8. If ii is a positive integer and x < 1, shew that

1 _ #n + 1 J _ A.n

<
?&+

1

n
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9. If a, b, c are in H. P. and »> 1, shew that n n
-\-cn > 2bn.

10. Find the maximum value of x3 (4a - .r)
5 if x is positive and less

i i

than 4a; and the maximum value of x*(\—xf when x i.s a proper
fraction.

11. If x is positive, shew that log (1 +.r) < x and
1+.?;

"

12. If x+ y + z=l, shew that the least value of - -\ h- is i)

:

x y z

and that (1 - x) (1 - y) (1 - z) > 8xyz.

13. Shew that (a+b+c+d) (a3+ 63+ c3+ a73) > (a2+ 6*+ c2+ cl2f.

14. Shew that the expressions

a(a-b)(a-c) + b (b- c) (b-a) + c (c-a) (c - b)

and cfi{a-b)(a-c) + b2 (b-c){b-a) + c2 (c-a){c-b)

arc both positive.

15. Shew that (xm +y
m

)
n < (.t'

n+yn
)
MI

, if m > n.

fa 4-h\ a + b

16. Shew that abfr < (^p) .

17. If at, 6, c denote the sides of a triangle, shew that

(1

)

a2 (p-q)(p- r) + b2 (q - r) (q -p) + c2 (r -p) (r - q)

cannot be negative; p, q, r being any real quantities;

(2) ah/z+ b2zx+ c2xy cannot be positive, if x+y+ z= 0.

18. Shew that [1 j3 15 \2n-l > (\n)n

19. If a,b,c, d, are p positive integers, whose sum is equal

to n, shew that the least value of

\a\bJ±\ cL » (|g)
P" r

(|g+ 1 )
r
>

where q is the quotient and r the remainder when n is divided by £>.


