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PROBABILITY Definition of Probability

Deterministic Experiment Versus
Random Experiment

An experiment whose outcome is completely predictable is
called deterministic experiment.

An experiment whose outcome cannot be predicted with
certainty is called random experiment. Tossing of a coin or
tossing of a die are examples of random experiment.

Sample Space ((2)
The entire set of all possible outcomes of a random experi-

ment is called sample space.
For tossing of a coin experiment,

Q=A{T, H}
For tossing of a die experiment,

Q=1{1,2,3,4,5,6}

Event

Any subset of the sample space Q is called an event.

If a random experiment has total ‘n’ outcomes, there
exists a 2" possible subset of n outcomes. Thus, 2" possible
events exists.

If 4 is an event in the sample space Q of a random experi-
ment, if the random experiment is performed ‘»’ times and
event 4 occurred n, times, the probability of event 4 is
defined by

PA)= Lt 24

n—ee N

Axioms of Probability
1. P(A)=0
2. P(Q)=1and P(p)=0
3. If events 4 and B are mutually exclusive, that is,
there exist no common elements in 4 and B, then

P(AUB) = P(A) + P(B).

Conditional Probability P(A/B)

P(A4/B) is the probability of occurrence of event A after the
occurrence of event B.

IfA> B, P(4/B)=1

If A c B P(4/B) 2P(A)

IfAnNB=O P(4/B)=0

For example, if a fair die is tossed P(2/even number) is
given by the probability of occurrence of two provided, an
even number has occurred. The probability of 2 after occur-
rence of {2, 4, 6} is 1/3.



3.708 | Part il  Unit 7 ¢ Communication

Joint Probability P(A, B)
P(4,B) is the probability of occurrence of both 4 and B.

If ASB
P(4, B) = P(B)

If ANB=Q
P(4,B)=0

P(4, B)=P(B, A).
Bayer’s Rule

P(A, B) = P(A/B) P(B)
P(B, A) = P(B/A) P(A)
<. P(4/B) P(B) = P(BIA)P(A)

Repeated Trials

In experiment with sample space Q is repeated # times, the
sample space of the entire experiment is the Cartesian prod-
uct of Q with itself ‘n’ times.

i.e., Q=QxQx..XQ

If the tossing of the coin experiment is repeated three times,
the new sample space would be

(T, H} x {T, H} x {T, H} = {TTT, TTH, THT, THH, HTT,
HTH, HHT, HHH.

If the original experiment has ‘k’ outcomes, the ‘n’ times
repeated experiment will have &" outcomes.

Binomial Density Function

In a random experiment, if the probability of occurrence of
an event ‘A’ is P, if the experiment is performed n times,
then

P{*A" occurs K times} = " kP* (1)

In a random experiment, if 4, 4,, ... A are mutually exclu-
sive events, if P(4,) =P, P(4,) =P,,...P(4,)=P,
[P, +P,+ ...+ P, =1]. Let the experiment performed ‘n’
times.

P{A4, occurs K| times, 4, occurs K, times, ..... 4 occurs

. n!
K =n—k —k,—k times} =

Probability

The concept of probability occurs naturally when we think
the possible outcomes of an experiment. There are three
kinds of event possible:

1. Mutually Exclusive Events: Two possible outcomes
of an experiment are defined as being mutually
exclusive if the occurrence of one outcome makes
impossible the occurrence of the other event.

If for two events 4, and A, probabilities are P(4,) and
P(4,), then the probability of occurrence of either 4,
or A, is given by

P(4, or 4,) = P(4,) + P(4,)

Let us consider the following example.
If we ask the probability of either 1 or 2? Then, we

1
can say that probability of either even is — and since

one having occurred, the other one cannot take place.
Therefore, it is a mutually exclusive event.

1 1 1
Thus, the probability of 1 or 2 is g+ 5 = 3

. Joint probability of Related and Independent

Events:

Suppose we have two experiments 4 and B with
outcomes A, 4,... and B, B,...

The probability of joint occurrence is P(Aj, B,), if we
have a situation in which the outcome of the second
experiment is conditional on the outcome of the first
experiment. Then, the probability of the outcome
B,, given that Aj is known to have occurred is called
conditional probability (P(Bk/Aj).

Let N. be the number of times 4. occurs with or
without B,, N, the number of times B, occurs with
or without Aj, and Ny the number of times of joint
occurrence. Then,

Nj _Ny/N _ P(4;,B;)

POAI=3 =N, N = Py M
P(4;,B
or P(Aj/Bk) = ;(ka)k) 2)

From Equation (1) and (2),

P(Aj/Bk) P(B,)=P(B,/A4 j) P4 j) = P(Aj, B)
P(4;)
P(B;)

or P(4;/By) = P(By/4;) 3)
Equation (3) is Bayes’ Theorem.

Therefore, we can say that a single experiment
whose outcome is characterized by two events is
known as Bayes’ theorem.

. Statistical Independence:

If Aj and B, are the possible outcomes of two
successive experiments or the joint outcome of a single
experiment and if the probability of the occurrence of
the outcome B, does not depend on outcome Aj, then
the outcomes Aj and B, are independent.

P(B/4)) = P(B,)
P(4;, B) = P(4)) P(B,)

CDF (Cumulative Distribution Function): The
cumulative distribution function associated with
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a random variable that is defined as the probability
that the outcome of an experiment will be one of the
outcomes for which X(A) < x, where x is any given
number. The probability will depend on the number
x and also on X(A).

CDF is denoted by F(x) = P[X(A) < x] and F(x) is
always having value.

0<Fx)<1

Now, F(—eo) includes no possible events and F(eo)
includes all possible events.

Let us consider the following example.

We throw two dice showing numbers 1 to 6, then
there are 36 possible events.

Let i = number on 1st dice

and j = number on 2nd dice

Now, we are interested to know the sum of the
numbers appearing on the dice. Then, the random
variable function N(Aij) is defined as

n=N(Aij) =i+j, then N(Aij) = N(Aji) is started from

n=2ton=12

P(1)=0, P(2)=P(12) = %

2 3
PR)=P(11)= 5. P4)=P(10)= =

4 5
P(5)=P09) = 36 P(6) = P(8) = 6

6
P(7)= 36

Now, we are interested to know the CDF for n = 4,
then F(4) = P[N(Aij) <4)=P(n < 4)

F4)=P(1)+P2)+PQ3)+P4)

2 3 6 1
t—t—t—=—=—
36 36 36 36 6

RANDOM VARIABLE

Random variable is a function that maps the experimental
outcomes to a real line.

The domain of a random variable is the experimental
outcome and the range is the real number.

If x is the random variable,

XE) - R

For example, if Q= {TT, HT, HH, TH}

RV X = number of heads, then X(77) = 0, X(TH) = 1
XHD) =1, X(HH)=2.

X converted the experimental outcome into real line.

For a given experiment, any number of random variables
can be defined based on the requirement.

Standard Random Variable

To standardize a random variable, we subtract the expected
value u from each value of the random variable can assume.
It shifts all of the values so that the expected value u is cen-
tred at the origin.

Random Process

To determine the probabilities of the various possible out-
comes of an experiment, it is necessary to repeat the experi-
ment many times.

To determine the statistic of noise, there are two meth-
ods: First, we can make repeated measurements of the noise
voltage output of a single noise source.

Second, we can make simultaneous measurements of the
output of a very large collection of statistically identical
noise sources.

Therefore, the average determined by the second method
is called ensemble average. The average determined by the
first method is called time average.

The ensemble average or statistical average both are
same. Therefore, it can be expressed as

E[n}(t)]=ni(0)
When time average is expressed as <n’(t)>:

1. Stationary Process: When the statistical characteris-
tics of the sample function do not change with time,
the random process is known as stationary process.

2. Ergodic Process: A process X(t) is said to be ergodic, if
time average is same as ensemble average, that is, <x(t)>

= E[X(t)] =m

and it is called ergodic autocorrelation, if <x(t) x(z +
T)> = E[X(t) X(t + 1] = R (7).

3. White Noise Process: A random process X(t) is said
to be white noise process, when its PSD G(f) = n/2 is
constant over entire frequency spectrum and mean is
assumed to be zero.

Autocorrelation R(T) = g 6(1)

Band-limited white noise: Band-limited white noise
has similar flat spectrum as white noise has but only
over the pass band of frequencies only.

4. Bandpass random process: If a random process
x(t) can be expressed in terms of in-phase and in-
quadrature components, then it is called bandpass
random process.

X(t) = x,(t) cos (27.1) +x(t) sin (27f.0)

Probability Density Function

If x is a random variable, the probability density function

[ (X) is defined by the probability that the random variable X

takes a particular value of X.
J(x)=pX=x)
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Properties of £, (x):<NL>
1. f(x)=0
2. |7 fiodx=1
(total area under probability density function is one)
b
3. pla<x<b)= J‘ Sr(x)dx
Examples of piobability density function.

Uniform Density Function
Random variable X is said to have uniform density, if

f(x)— forxe(a b)
=0 for x¢ (a, b)
f(X) B
b-a
| a b X

1
Total area under fX (x)=(b—-a) m

Gaussian Density Function
If X is a random variable with Gaussian density function,

(x-n)
e 202

where u is the mean of RV X and & is the variance of X.

(X)

]
Vo

Properties of Gaussian density function
1. Gaussian density function is symmetric with respect
to mean u.
2. Gaussian density is maxm}um at x = u. The maximum

value of probability is .
\2mo

3. Gaussian density curve becomes sharper if the
variance is less. If the variance is zero, the random
variable becomes a constant or deterministic.

(%)

> 62
N> o
|
;

| N x

2 2
01>0 2

—(x u)2 —(x u)2

= J. 27:0 2

4 J

5. Atx=u+3.160, the Gau551an density decays 99% of
its maximum value.

6. Gaussian density is also referred as normal density. A
Gaussian random variable with mean x and variance
o is denoted by N(u, 0).

7.1f Y =x + x, + ... + x_, the probability density
function of Y approaches Gaussian density, if #—oco
and x, x,, ... x, may have any density. This theorem
is called central limit theorem.

27r0

Rayleigh Density Function
If x is a random variable with Rayleigh density function:
x2

X
fe)=—5 e20?
O

where o2 is the variance of x.

(X)

Properties of Rayleigh density
1. The envelope of a noise or fading channel is modelled
as a Rayleigh density function.
2. The Rayleigh density function is maximum at x = ©.

The maximum value of density is

1
ove
Poisson density

X is said to be Poisson random variable with mean A, if

et Ak
K!

P{x=k} =
where K=0,1,2, ....

Probability Distribution Function

Probability distribution function of a random variable X is
defined as

F.(x)=PX<x)

~ | fwa

F (x) is the total probability that random variable takes up
to x. Properties of F (x) are as follows:

1. F (x) is non-decreasing function
2. F(=2)=0,F(<)=1
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3. f(0) = —di;ix)

b
4. [ £.(x)dx=F,(b)-Fy(a)

5. if x is uniform density RV

Fx(X)
1

a b X

6. If x is a Gaussian density RV
F (u)=0.5
For any ‘@’
F(u-ay=P
Fu+a)=1-P

Function of a Random Variable

If random variable Y is a function of X
Y = g(x) and probability density of X is f,(x), then f{(y)
is given by

N S
&@_Zﬂ@wx%

where N is the number of roots of the equation y = g(x).

1
For example, if x is uniform density, f,(x) = 3 xe (2,5)

=0else
X Y
) Y=3x+2 ") =2
To find out £,(y)
y=3x+2
o,
dx
y=2
x==——1 only one root for every y
AC))
K= dyldx
1
231!
3 9
1

f0)=" ye 8,17

=0 else.

Joint Probability Density Function

If X and Y are two random variables, and the joint probabil-
ity density function f, y(x, y) is the probability with which X
takes the value of x and Y takes the value of y.

Properties of f,_(x, y)

1.

2.

3.

f)= | fyoy)dy
£0)= | fo(xy)d

]? ]? fxy(X,y)dxdyzl

IfRV’s Xand Y are independent, that is, the occurrence
X does not depend on Y and vice versa, then

Sy ¥) = £, () [,

. If X, X,,... X are n random variables, the n'h order

probability density function is defined by f, .,
> Xp,....x,) is the probability that X|, X,... X
takes the values of x|, x,, .... x,, respectively.

f;(l,XZ,A..Axn-l('xl"XZ" Xy )

fx, Xy X5 X, (xl 5 X5 Xy 15Xy )dxn

é'—:g

. From nth order probability density function, we can

obtain the pdf of (n — 1) order or less by integrating
with respect to the required random variables.
Joint probability distribution function is defined by

Fyy(x, ) =P(X<x, Y<y)

Properties of Fy, (x, y)
(1) ny(°°’ ) =1
ny(x, o0) = Fx(x)
ny(°°s y) = Fy(Y)
X Y
(i) FyyOo)= | [ for Gy deldy!

(iii) If Xand Y are two independent random variables,
Fiy(x,y) = Fy(x) Fy(y)

d*Fyy )

(iv) £ Xy(xa y)= dx dy

Bayes’ rule for joint probability density is given by

Sy 1) = foy () 3 (¥)
where f ,(x/y) is conditional probability of x given
specific y’.
We know
fXY(x> ») :fY,X 0, x)
Thus,
fxy(X/y) fy(Y) :fy/x(y/x) fx(x)~

The Bayes’ rule can be extended for any nth order
joint density function.
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FwxxzWXy:2) = fiy sy 2(Wx.2) fy y 7(:0:2)
=Sy 2 WXy :2) Sy 7 (X19.2) fyy 7(0:2)
= fwixy 2V :2) Sy 7502y, (V12)f 7 (2)
If two random variables X and Y are independent
SxeyX1y) = f5(X).
Thus, fy v(x.y) = fn Qe (V) = K (Y)-

For two random variables X and 7, if fi,(x,y) is
the probability of a point (x, y) is two-dimensional
plane, then

Fy y(x,,y,) = total probability of shaded area in the
following diagram.

7

F(x,) is the total probability under the area

(1, y1)

mﬁ'

X1 X

Fy(y,) is total probability under area
y

Yi

o

The total probability in the given shaded area is given by

y
(x1,)2) (X2,)2)

7

(x1,y1)

ny(xl’yl) -

)

ny(xzayz) + ny(xz,yl) - ny(xpyz) =

R

J _[ Sxy (x, y)dxdy .

XN
Sum of Random Variables
If X[, X
S (), fo(%)... an(x) ifY=X,+X,+...X,

The pdf of Y is given by fY(y) j; 1(x) sz(x)
*f1n(X), i.€., the pdf of Y is convolution of all pdfs.

.x_ are independent random variable with pdf

Central Limit Theorem

If X,, X,,...X, are any random variables with finite mean
and variance, the sum

X, +X,+....+ X will approach Gaussian density func-
tion if n — oo

Expectation (Statistical Average)

If x is a random variable with pdf f,(x), the statistical aver-
age of x is given by

o

E@) = [ xfi(0dr,
E(x) is called mean of X = u_.

Properties of Expectation

If ‘¢’ is a constant

1. E(c)=c
2. E(cx) =cEX)
3. E(aX+bY)=aEX)+ bE(Y)

nth Moment of X
The nth moment of X is given by

EQm = [ " fu(x)dx iftn=2.
E(X?) is called mean square value.

nth Central Moment
E((X—pu )" is called nth central moment of RV X,

that is, nth moment around the mean z_.
E(X—p)= [ (x=)" fe(x)dx
if n :'2°°
E((x — )% is called variance of RV X = ¢,
0.2 = E((x — 1)?)
=E(x*+ u2=2u)
= E() + B ) ~ B,
=E(?) +u2—2u E(x)
=E(x?) + ,uX2 -2 ,uX2
= E(x?) — u?
ie.,

O-XZ — E(xZ) _ quz

If mean u = 0, variance = mean square value.
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Expectation of a Function of RV

IfY=g(X)
E(Y)=E(g(X)) is given by

[ 20 f.(x)
E@gX)) =~ .
Correlation between Two RV’s X and Y

The correlation between two RV’s X and Y is denoted by
Ry and it is defined by

Ry =EXY)= [ [ xy fur (x,y)dxdy

Ry, indicates the dependence between two random vari-
ables X and Y.
If two random variables X and Y are independent

fXY (xa ») :fx(x)fy(y)
Thus,

XY x-nyY(X,y)dXdy

=

Il
g =38
'85.8

oo

=]° [ %3 £x () fy () dxdy

= Hy Hy
If Ry, =0, the two RV’s X'and Y are called orthogonal.

Covariance of RV’s X and Y
Covariance between two RVs is defined by

Cxy = E[(X = p)(Y — 11y)]
=E[XY - 1Y — X + py py]
= E(XY) - Hy Hy

=Ryy = Uy Hy

If s, or uy, or both = 0, then
Ryy = Cxy

If Cyy = 0, then random variables X and Y are called
uncorrected.
If X and Y are independent, Ry, = it iy, Thus, Cy, = 0.
Independence is a superior condition to the uncorrelated-
ness of two random variables X and Y.

Correlation Coefficient

_ Cw

Py =
XY 0y Oy

where 0y and o, are standard deviations of RV’s X and Y.

Properties of Correlation Coefficient

1. pyy is in the range of [0, 1].

2. pyy =0 means X and Y are uncorrelated.

3. pyy =1means X and Y are completely
dependent, for example, ¥ =2x + 3
Y can be completely defined in terms of X,
then pyy = 1.

4. Correlation coefficient indicates the dependence of
one RV on another.

Solved Examples

Example 1

The variance of random variable X is ¢2 . Then, the
variance of a random variable K2X is (where K is a constant).

(A) o'zx (B) K(sz
©) k2?02, D) k4 o4,
Solution

Var(X) = E(X?) - 12, = 02,
Var(K?X) = E(K*X?) — (K*1,)?
=(E(X?) - 1) K*= K4 o2,

Example 2

For a random variable X, f (x) is shown in the following

figure.
1 Fx(x)

1/6

1 ]

) 0 4
The mean and variance of X, respectively, are

8 8
W L3 B2 (O L3 (D) 2.3
Solution

oo

Mean = E(X) = J- x fi(x)dx

—oo

4
1
.—d
_J;X 6X

Variance = E(x?) — 11,2

EQX) = [ x? fi(x) dx

4 3 4
= sz ldx =l|:x—} =4
% 6 613],

Variance=4—-1=3
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Example 3
Two independent random variables X and Y are uniformly
distributed in the interval [—1,1]. The probability min[.X, Y]

is less than % is

A3 BE CZ D1
w5 B ©g (D) 3

Solution

Considering X and Y are uniformly distributed, (X, Y) may take
any point in the undermentioned square with equal probability.
y

-

P |:min(X ,Y) <%] = total probability under undermen-

tioned area.
1

)
W77

-1

P| min(X, Y)<l 12025 15
2 4 16

Example 4

During transmission over a communication channel, bit
error occurs independently with probability ‘P’. If a block
of n bits are transmitted, the probability of at least one bit is
in error equal to

(A) (1-P)" (B) P
C) 1-(1-P)y D) 1-pP"
Solution

The probability of at least one error
A =1 — probability of no errors

=1-"¢,(1-P)" =1—(1 - Py

Example 5

The output of a communication channel is a random vari-
able ‘V” with probability density function shown in the fol-
lowing figure. The mean square value of ‘V” is

(V)
LK
o/lo —>V
(A) 50 (B) 100 (C) 200 (D) 10

Solution
Total area under f,(V) = 1

Lok =1
2
|
K= -
5
fo(V)y=aV
|
at V=10£,(V)= ¢
110
5 = a
oL
4750

E) = [V2f,0)av

—oo

10

]

1 1 10
v —var- L [y
” < _[V dv

10
1[4
=—|Z-| =50

Example 6

Consider two independent random variables X and Y with
identical distributions. The variables X and Y take values 0,

11 1
1, and 2 with probabilities 5 gandg , respectively.

The value of the condition of probability P(X + ¥ = 3/X —

Y=1)

©:  ©2
6 12

1 1
w3 ®

Solution
PX+Y=3/X-Y=1)=P(2, 1)/(1,0), (2, 1)) = probability
of (2, 1) after the occurrence of either (1, 0), or (2, 1)

| —

(SNl IO
| =
ENGE

W | =
W | —

RANDOM PROCEss X(t, &)

A random process is a random variable that is also a
function of time. A random process can be seen as a col-
lection of time function depending on the outcome of an
experiment.
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The random process at any particular time ¢, is X (¢,) is a
random variable.

T
1

Each of the above four time functions corresponds to a par-

ticular experimental outcome &;. At any time ¢, the value of

a random process depends on experimental outcome.
Examples of random process are as follows:

1. A, cos(2rf t + @), where @ is an RV.
2. rcos(2xf t), where r is an RV.

In general random process, X(t, &) have the density function
Iy (t)(x), which is a function of time.

Mean of Random Process

My = Elx(#)]

=T x fr(x3t;)dx

Wide-sense Stationary Random Process

A random process is called WSS process, if its first-order
density function is independent of time and its second-order
density function depends only on the difference between the
time.

L f(xst)=f, (x;tj) Jor all £, and f
2. f(xy, x5 8, tj) =[x, X L+ T, 4+ 7)

Autocorrelation of a WSS Process

Ry(t,, £) = E[x(t) x(1)]

X1 fy (X1, X038, 1 ) dxy dxy

Il
g ——38
é'—-g

Properties of WSS process 1If the process x(t) is a WSS

1. mean = constant

2. Autocorrelation depends only on difference of time
between two samples #, and ¢,
ie., E[x(t) x(tj)] = E(x(t, + ) x(zj + A1 =Ry (t, - tj) =
Ry(t)
Any process satisfying the above two properties is a
WSS process.

Stationary Process

A random process x(t) is stationary if the joint density
of any set of random variables obtained by observing the

random process x(t) is invariant with respect to the location
of origin =0
ie.,

S Xge X5 E byt ) =
S, Xy x5t + 1,8+ 1,...8, + 7) forany n and 7.

For stationary process, the joint density only depends on
relative positions of the time and does not depend on the
shift or distance from origin ¢ = 0.

WSS process satisfies stationary process condition for
n =1 and 2, but the stationary process satisfies abovemen-
tioned condition for all values of ‘n’.

Thus, the condition for stationary process is stronger
than WSS. This means all stationary processes are WSS but
all WSS processes may not be stationary.

Properties of Autocorrelation 1f X(t) is a stationary process
and Ry (1) is the autocorrelation of X(t), then

1. R (1) = R(-7), i.e., aufocorrelation is an
function.

2. R(0)=zR (1)

3. R (0) = R(x(t) x(t + 0))

= E(x*(t)) = mean square value

4. IfR (V) =R ((t+ T) for any T}, then R,(7) is periodic.

5. The autocorrelation value R (1) indicates the
dependence of two samples of random process x(t)
taken at a distance 7.

6. IfR (1) =0 for 7> a, the process is called a dependent
process for a dependent process, x(¢,) and x(¢,+ a + 0)
are uncorrelated for a positive value of §, provided
E(x(t))=0.

cven

Power Spectral Density

For a stationary process x(t), the power spectral density S, (f)
is defined by the Fourier transform of its autocorrelation
function.

R (7) = S:(/f)

where S () indicates the amount of power contained in x(t)
with respect to frequency.

Properties of power spectral density
1. S(H=0
2. For a real-valued random process

S(H =S8,/

3. S(f)= J R.(1)e?7 /T 47

Ry = [ S.(Ne /T df

If we substitute 7= 0 in the abovementioned equation

R(0)= [ S.(/)df
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Total power in

X = [ S.(f)df =R.(0)=E(x*(2)

If u_= 0, total power = o° .

Gaussian Process
A process X(t) is Gaussian, if every sample of X(t) is a
Gaussian density random variable and any linear combina-
tion of X(t) is a Gaussian random variable.

For any function g(t), and for any time T;

T

_[ g(1)x(¢)dt is a Gaussian random variable.
0

Additive white Gaussian Noise Process
(AWGN)
A random process W(t) is called AWGN if

1. w(t) is a Gaussian process, that is, any sample of
w(t) or any linear combination of w(t) should have
Gaussian density.

2. Ew(t))=0

3. The power spectral density of w(t) should be uniform
throughout the entire frequency.
ie.,

Su(f)

Ny/2

4. The autocorrelation of w(t) is given by
R (1) = % (1)
[Fourier transform S_(f)]
Ru()

%s(r)

0

If we take two samples of AWGN at two different
times ¢, and L they are uncorrelated and independent.

Transmission of a Random Process
through a Linear System

If A(t) is the impulse response of the system and H(f) is the
transfer function of the system, the parameters of ¥(t) are
given by

h(t)
X(® H ) Y
Wx My
Rx() Ru(t)
Sx(f) known Sy(h
cxz Oy
My = ly.H(0)

Ry(T) = Ry(T) * h(T) * h(-7)
Sy(f) = Sx(f)|H(f)|2

o= [ S(OH| df

If AWGN with spectral density N /2 is passed through ideal
LPF with BW W Hz

x(t) ILPF )
BW =W
No
S(h 2
f
H(h .
-w w ;f
Sy(D) = Sy(h).[H(DI
N o
Sv(f) >
" w
E(Pv)= | Sy(fdf
= area under S, (f) =2W. A;” =WN,,

Being X(t) is AWGN E(x(t)) =0
Thus, E[Y(1)] =0

o 0y? = E(YA(1)) = N W watts
Ry (1) = Sy (D)
“. Ry(t)=WN, Sin C (2W7)

Now

2w ow |l 2w 2w 2w

Ry(t)=0att =
2w
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If we take two samples of output of LPFE, which are separated

) n
by a distance of E then the two samples are uncorrelated
w

and independent.

Example 7

The power spectral density of a real process X(t) for positive
frequencies is shown in the following figure. The value of
E[X%(t)] is

10 A103(f-9000)
2
B
| 8K 9K 10K f
(A) 8,000  (B) 4,000  (C) 8,020 (D) 4,010
Solution

E(x*(t)) = area under power spectral density

Area under 6(f) =1

.. Area under power spectral density = 2(2,000 x 2 + 10)
=8,020

Example 8

X(t) is a stationary random process with autocorrelation
function. R (1) = exp(—7r72). This process is passed through
a system in the following figure.

X(®) ()

4
ot

The power spectral density to output process y(t) is

(A) 1+4mf) exp(-nf)  (B) (1-4mf) exp(-f)
(©) (1 +47) exp(-m) (D) (1 -47f) exp(-m)
Solution

If we convert the given relation into frequency domain

Y(f) = (1+27f) X(f)

Given
R(7) = exp(-77%)
R (1) & S (D)
Sy(f) = exp(-nf*)
‘We know

Sy(H) = Sy (f) (H(H)*
s Sy =exp(-nf) . (1 +47 f)

REVISION OF SIGNALS AND SYSTEMS

Fourier Transform

Fourier transform converts the time domain signal into fre-
quency domain. For a signal x(t)

X( f)=]° x(t) e

—oo

Similarly, inverse Fourier transform converts the frequency
domain to time domain.

X(0= [ X(r)en™ df

Properties of Fourier transform
Ifx(t) = X(6)

=)

1. j x(t)dt=X(0)

-00

oo

[ x(f)df =x(0)
2. x(at);‘ﬁ)((g)
3. x(t—t) = e /2 X(f)

4. el x(r) = X(f~f)

dx(t) "
R X(f)

i X(f)
6. MHdt = —=242

lx() 2nf
7. X(t) = x(-f)

oo

s. [ xofar=["|x(f)f @

oo

9. x()*x, (1) = X, (DX,(D)

where x,(t)*x,(t) = | %(6)x,(t-7)de
10. If x(t) is real x(t) = X(f) = |X (f)|ePD
X(-f) = X(f) .. magnitude spectrum is an even

function.
B(-f) =—B(f) .. phase spectrum is an odd function.

Fourier Transform of important Signals
1. &t =1
= &)

!

2. Arect (
T

);‘ AT sinc(fT)

1
a+ j2nf
_1
a—j2nf

3. e u(t)y=

4. e"u(-t)=
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1
5. sgn(f) = —

nf

6. u(t) #%[5(f)+%j|

7. 2 = (1)

8. AT
= ATZsinc(fT)
-T o Tt
9. e =/
1
10. P = —jm sgn(f)

Hilbert Transform

If x(t) is the time domain signal, x(# £ 90) is called the
Hilbert transform of x(t).

2(t) =x(t £ 90)

:lJ'OO ﬂdﬂ[
T (t—1)

x(1)
=x(t)* 1
Tt
If we convert into frequency domain
x(f) =x(®).[-jsgn (D]
=—sgn(f) x(f)
x(f) = —jx(f) for />0

=jx(f) forx < 0

ie.,

Hilbert transform gives —90° phase shift for positive fre-
quencies of x(t) and gives 90° phase shift for negative fre-
quencies of x(t).

Inverse Hilbert Transform

x(1)

(t-7)

dt

x(t) =_;1 T

-co

A 1
=x(t)*——
& t

Properties of Hilbert transform

1. x(t) and x(¢) are orthogonal

oo

e, | (0 x (£)dt=0

-0o

2. x(t) and x(¢) have same spectrum

[;(f)=—jsgn(f)x(f) x(f)

=|x(f)|]

3. X(t)=—x(t)

Pre-envelope

If x(t) is a real valued signal, the pre-envelope of x(t) is
given by

x,() = x(t) + (1)

where x(¢) is the Hilbert transform.
If we convert into frequency domain

X, () = X(f) +/ [/sgn(f) X(D)]
= X(f) + sgn(f) X(f)
< X () =2X(f) for >0
=0forf<0

i.e., pre-envelope eliminates the negative frequency compo-
nents of x(t).

Complex Envelope

The complex envelope x(t) is defined as
X(t) = x, (t)e /27
XO=x,(+/)

By using the concept of complex envelope, we can convert
any bandpass signal into low pass signal.

ie.,

x(7 T X()
p ew & few O f
Let
x(f) T 2x(f)

/\

-w £ frw  h

4

(f 2x(f)

v

-w
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x, (1) = x(t) e/27/!

x(£)+ j x(1) = x(t) e/ 271

- x(t) =realof |:J~c(t)e12”f'c' :|

% () = imaginary of |:)~C(t)ej2n:ﬁ:’ :|

Any low pass signal, x (t) can be expressed as

£ (1) =x,(0) +x0(0)

where x,(t) and xQ(t) are low pass in phase of quadrature
components.
x(t) can be expressed as

x(t) = x; (1)cos(2mf.1) — xo (1) sin(27 f 1) .

Phase Delay and Group Delay

Acos(2 rft) AdlH(fo)l cos@nfet + B(fe))

H(f) = IH(H)le® |

x(t)cos(2rfct) X(t — tg)cos(2nfe(t —tp))

H(f) = (e

where t is the delay of the envelope and x(t) is called group
delay

- _—13B(f)

L=
2% 0f pepe

where T b is the delay of the carrier called phase delay.

-1

T =
P 2nf,

B

For a distortionless communication channel, phase delay
and group delay should be constant.

Example 9

The input to the channel is a bandpass signal. It is obtained
by linearly modulating a sinusoidal carrier with single tone
signal. The output of the channel due to this input is given by

3(t) = 10 cos(200¢ — 1075) cos(106 ¢ —2)

The group delay and phase delay in seconds of the channel,
respectively, are
(A) 50mns, 2 us
(C) 20ns, 50 us

(B) 50 ns, 20 us
(D) 20 ns, 5 us
Solution

If m(t) cos(27f¢) is the input to the channel, the output of
the channel can be given by

() =m(t—1,) cosRaf(t—1))
where t, is group delay and 1, is the phase delay.
In the given problem, y(t) can be written as

¥(t) = 10cos 200(¢ — 5 x 1078) . cos(10°(¢ — 2 x 107°)

Group delay =5 x 1078
Phase delay =2 x 107¢

Example 10
A modulated signal is given by s(t) = cos((w, + Aw)t)u(t).
where w_ > > Aw. The complex envelope of s(t) is given by
(A) exp(jA®Y) u(t) (B) cos(Awf) u(t)
(C) sin(Awr) u(t) (D) exp(ji(w, + Aw)t) u (t)
Solution

s(t) = cos((w, + Am)t) u(t)

= (cos(w,t) cos(Awt) — sin(w 7) sin(Awr)) u(t)
If s(t) = s,(t) cos2mf t — so(0) sin(27f 1)
Then, the complex envelope is given by
S (1) = 5,() +s(0)
S (t) = (cos(Awr) + jsin(Awr)) u(t)]= exp (A u (t)

Practice Problems |

Direction for questions 1 to 22: Select the correct alterna-
tive from the given choices.

1. Ifarandom variable X is uniform distributed with mean
3 and variance 2, the mean and variance of the random
variable 4X + 5 is
(A) 17,64
(C) 9,64

(B) 17,32
(D) 9,32

2. If a random variable X is uniformly distributed with
mean zero and variance 10, the probability P(X = 2) is
(A) 0.42 (B) 0.52 (C) 0.32 (D) 0.22

3. If two random variables X and Y are jointly Gaussian
with means 5 and 7, respectively, then probability den-
sity function of 2X + 3Y is
(A) Gaussian with mean 12
(B) non-Gaussian with mean 12
(C) Gaussian with mean 31
(D) non-Gaussian with mean 31

4. If a random variable X is uniformly distributed with
mean zero and variance 12, the value of f,(4) and £,(8),
respectively, are

11 1 11 1

W 1575 B 3500 © S (D) .0
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5.

10.

11.

If two random variables U and V are uniformly distrib-
uted in the range (-2, 2), the probability P(X+ 1> Y) is
(assume both the random variables are independent)
(A) 0.72 (B) 0.64 (C) 0.42 (D) 0.34

o (x-2)
The value je 8

—oco

dx is given by

(A) 2t (B) 221 () 1

1

D JRE—
D) n
If X is a Gaussian random variables with mean zero and
variance 10, the values of E(X?) and E(X?), respectively,
are
(A) 10,10 (B) 10,100
(©) 10,0 (D) 0,0

If the autocorrelation of a random process X(t) is given
by Ry(7) = e rt? , the power spectral density of X{(t)
is

1 -nf? 1 -nf?
A) —e 2 B) —e 4
(A) 3 (B) 3

- ,
©) e 4 (D) e/

If a random process X(t) is a Gaussian random process,

the probability density function of given random vari-
T

able ‘Y is given by ¥ = [sin(26) X (1) dt
0

(A) Gaussian forall 7'

(B) Gaussianfor T7<2 «

(C) non-Gaussian for all T

(D) non-Gaussian for 7<2 &

A random process X(t) is defined by X(t) = 10 cos
(1,000 7z + ¢), where ¢ is the random phase with uni-
form density function over (-7, 7). Then, Ry(7) is
given by (Consider X(t) is a WSS process)

(A) 100 cos(2,000 =T) (B) 100 cos(1,000 zT)
(C) 50 cos(2,000 77) (D) 50 cos (1,000 =T)

The relationship between two random process X(t) and
Y(t) is given in the following figure.

+ é Y(t)

+

X(t)

Delay

For low frequencies, the relationship between the power
spectral densities S, () and Sy(f) is given by

(A) 5,()=25,(f) (B) S,(H) =50
(©) S,(H=4S, (D (D) S,(H=0

12.

13.

14.

15.

16.

17.

The autocorrelation of a random process is given by R, (
T ) =sinc( 7). If the above process is passed through an
ideal low pass filter with bandwidth 1 Hz, the autocor-
relation of output of the low pass filter is

(A) sinc (T) (B) sinc? (T)

(C) sinc(27) (D) %sin c(2T)

. .. Ny .
An AWGN process with power spectral density —2 is

passed through an ideal low pass filter with bandwidth
1 kHz. The output of the filter is sampled at # = 1.2 ms
and 2.2 ms. The value of correlation between both the
samples at £ = 1.2 ms and 2.2 ms is

1
© =5

1
®) 1000 500

1
&) 1000

2000 (D) zero

A stationary Gaussian process X(t) with zero mean
is applied to a linear filter whose impulse response is
shown in the following figure. The mean of the output
process Y(t) is

h(t)

(A) 0

(B) infinity

(C) finite value

(D) given data is not adequate

A random process of mean 10 is passed through a system
whose impulse response is given in the following figure.

t
2 |
The mean of the output random process is
(A) 10 (B) 20 (C) 40 D) 5
Probability density function of a random variable X is
given in the following figure.

2
) 05

—_

-1 1 X

0.5
The probability _[ Jx(x/x20)dx is given by

025
(A) 0.75 (B) 0.5 (C) 0.40 (D) 0.25
Probability function of a random variable X is given in
the following figure.
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£(%) (A)
0.5 0-2
X
-1 1 10
The probability f, (x/|x| < 0.2) is (B) 1.0
(A) 5/(x) (B) 10 £(x)
(©) 257(x) D) 2/ 0.21-
18. A Gaussian distributed random variable ‘X’ is passed
through a system Y = sgn (X). The mean and variable 10 15
of the random variable X are 0 and 10, respectively.
F(0.2) is ©
(A) 0.2 (B) 0.4 (©) 0.5 D) 1.0 0.2

19. A random variable X is uniform distributed in the range
x € (2, 2). If X is passed through a square device with

characteristic y = x?, which of the following statements 10 1
are not true. A
(A) F(0)=0 (B) F(4)=1 (D) 1
(©) F2)=0.5 (D) F,(8)=1 1o
20. If random variables x and y are independent with
Gaussian density functions, The probability density 10 15 X

functions of x and y are as defined f, (x): N(1, 1) and fy
(y): N(2, 1). Two new random variables « and v defined

asunderu=x+yv=x-y. 22. Let w(t) is an additive white Gaussian noise with zero
The correlation coefficient between u and v is N,
(A) 0.25 (B) 0.4 (C) 0.60 D) 0 mean and power spectral density > the mean and
21. If the density function f,(x) of a random variable X is ) . L .
given in the following figure. Its distribution function variance of new random variable y = Fb j wi(t) dz is
F (x)is 0
0 @ o, o ®
0-2 2 T, 2
No No
C) 0, — D) 0, —
10 15 © 7, D) oT,
Practice Problems 2 (A) Ry(T) * A(t) (B) Ry(1) * h(t) * h(-1)
Direction for questions 1 to 22: Select the correct alterna- (©) Ry() * h(t) * () (D) Ry(0)* h(=1)
tive from the given choices. 3. The output power in the undermentioned circuit is
given by AWGN with S x (f) =

1. Iftwo random variables x and y are Gaussian and inde-

pendent with mean zero and unity variance, Two new Ideal
random variables defined as follows: No | d YO |\ pE e
2 at With BW
U=x+ y W
V=x-y
. . . 4 2,2 4 2,3
The correlation coefficient between u and v is (A) gNoﬂ' w (B) EN 07TW
A 1 B)0 (©) 05 (D) 0.25
. : 2 2,2 2 2,3
2. The autocorrelation functions of a random process X(t) © EN oTW (D) EN oW

is given by Ry (7). If the process X(t) is applied to
a filter with impulse response A(t), the autocorrelation = 4. Power spectral density of a random process X(t) is
function of the output process is given by mentioned as in the following figure.
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sx(f)
107
f
-2k -1k 0 1k 2k
The mean square value of the random process E(X2(t)) is
(A) 10 mW (B) 100 mW
(C) 20 mW (D) 50 mW

. X, X,,...X are independent random variables with finite
mean and variance. If a new random variable X is defined
as X = X, + X, +.... X. The density function of X is
approximated for sufficiently large value of 7 is

(A) Uniform (B) Poisson

(C) Rayleigh (D) Gaussian

. If two random variables X, and X, are independent with
probability density functions f, ,(x) and f, ,(x), the prob-
ability density function of X, + X, is given by

(A) (%) +/,(x)

(B) f11(¥)- fo(x)

(©) [ () * f5(x%)

(D) [ (%) + /(%) = (%) fo(x)

. Xand Y are independent random variables, which takes
the values 1, 2, and 3 with equal probability. The prob-
ability P(x+ Y>4/X - Y<0) is

B : C > D :
B ©F O3

. Probability density function of a random variable X is
given in the following figure.

2
(A) 3

(X)

4

The mean of the random variable X is

8 4 3
w3 ®2  ©3 O]

. Probability density function of random variable X is
mentioned as in the following figure.

K0 | 4

-2 2

The value of E(X°) is

8 16 32
(A 3 B) 3 © 35 (D) Zero

10. X is a Gaussian distributed random variable with mean

11.

12.

13.

14.

15.

2 and variance 5. If F (—4) = 0.06 and F (4) = 0.68, the

value of P(X>0) is

(A) 0.32 (B) 0.68 (C) 0.60 (D) 0.74

A random variable X is Gaussian distributed with
C(x=2)

fy(x)=Ke 18 . The value of k and the value of x

where the probability becomes approximately 0.01 %

are

1
(A) ﬁ ,—4.4 and 8.4
1

B ,—4.4and 8.4
®) 32w
1
© ﬁ ,—7.6and 11.6
1
(D) —7.6and 11.6

32’

A random variable X is having the undermentioned
probability density curve

x(x) a

—2a | 2a

The value of ‘a’ is given by

(A) 0.4 (B) 0.5 (©) 0.6 (D) 0.3

. .. Ny
A WGN process with spectral density 701s passed

through a low pass filter mentioned in the following
figure. The variance of output of the filter is

L
AWGN
X(t) R )
N,R
Ny.R Ny.R Ny.R 8L
@ = ® © == O

If the autocorrelation function of a random process X(t)
is given by Ry (7 ) = e‘2|T | . Power spectral density of
X(t) is

1 1
N e ®

1 2
© 4472 f? © 1+472 f2

A random process X(t) with autocorrelation Ry (7 ) =
4+ 3cos(100 7 ) is passed through a low pass filter with
characteristic



16.

17.

18.

19.
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i 3
="
) 15 /0017 The DC value at the output of the

filter is

(A) 6 B) 3 (©) 12 (D) 4

The autocorrelation function of a random process X(t)
is givenby Ry (7)=2+3 e |T| . The total power of the
random process is

(A) 2W (B) 4W ©) 5W (D) 13W
X(t) is AWGN noise with spectral density 1 uW/Hz. If
X|(t) and XQ(t) are in phase and quadrature components
of X(t), the spectral densities of in phase and quadrature
components, respectively, are

(A) 1uW/Hz, 1 uW/Hz

(B) 0.5 uW/Hz, 0.5 uW/Hz

(C) 2 uW/Hz, 2 uW/Hz

(D) 0.25 uW/Hz, 0.25 uW/Hz

X(t) is an AWGN with spectral density % CIfX(t) is

passed through a undermentioned system, the variance
of output random variable Y is

X(t) 1 7p Y
Tb ({d

No Mo No
@5 ® L ©ONL O

An AWGN process X(t) is passed through R—L low pass
filter with cut-off frequency f, = 1 and unity DC gain. If
N,

70 is spectral density of X(t), the autocorrelation func-

tion of output process is given by

1. Noise with uniform power spectral density of N,/
Hz is passed through a filter H(w) = 2exp(-jwt,) fol-
lowed by an ideal low pass filter of bandwidth B Hz.

The output noise power in Watts is [2005]
(A) 2N,B (B) 4N,B
(C) 8N,B (D) 16N,B

2. An output of a communication channel is a random
variable v with the probability density function as
shown in the figure. The mean square value of v is

[2005]
p(v)

K

0 Visit 4 v

(A) 4 (B) 6 (© 8 D)9

& =27 & —7
@A) S el ®) e
g
© ~ ®) “tele

20. Select the correct answer from the following
(A) The power spectral density s,(f) of a random pro-
cess X(t) is always positive
(B) s,(f) may be negative or positive
(C) s,(f)isnegative only at finite number of frequencies
(D) None of the above

21. Select the correct answer in respect to Gaussian pro-
cess X(t)

(i) Any linear combination of X(t) have Gaussian

_density ) )
(i) Any sample of Gaussian process X(t) will have

Gaussian density
(A) Only (i) (B) Only (ii)
(C) Both (i) and (ii) (C) Neither (i) nor (ii)
22. An additive white Gaussian process X(t) is passed
through an ideal bandpass filter of centre frequency
100 MHz and bandwidth 2 MHz. Let X (t) have a power

spectral density of A;” and the output of BPF is P(t).

The variance of P (t) is
(A) 10°N, (B) %
(C) 2x10°N, (D) N,

PRrevious YEARS’ QUESTIONS

Direction for questions 3 and 4:

A symmetric three-level mid-tread quantizer is to be
designed assuming equiprobable occurrence of all quan-
tization levels.

px)

Region 2 Region’ 3

3. If the input probability density function is divided
into three regions as shown in figure, the value of ‘a’
in the figure is [2005]

1 2 1 1
w3 ®3 ©5; O
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4. The quantization noise power for the quantization (A) first-order low pass R—L filter

region between —a apd +a in the figure is [2005] (B) first-order high pass R—C filter
4 9 5 2 (C) tuned L—C filter
(A) 31 (B) ©) 81 (D) 81 (D) series R—L—C filter

5. A uniformly distributed random variable x with prob- | 8- The parameters of the system obtained in 8 would be

ability density function [2006]
1 (A) first-order R—L low pass filter would have R = 4
Si(x) = —=(u(x+5)—u(x=5)) Q,L=1H
10 (B) first-order R—C high pass filter would have R = 4
Q C=025F

where u(.) is the unit step function is passed through
a transformation given in the figure. The probability
density function of the transformed random variable y (D) series R—L—C low pass filter would have R =1 €,
would be [2006] L=4H,and C=4F

y 9. If R(7) is the autocorrelation function of a real, wide-
sense stationary random process, then which of the
following is not true? [2007]
(A) R(71)=R(-7)

(B) |R(7)|<R(0)

(C) R(1)=-R(-7)

(D) The mean square value of the process is R(0).

(C) tuned L—C filter would have L=4H C=4F

n|=

-25 25 10. If S(f) is the power spectral density of a real, wide-

sense stationary random process, then which of the

A f,(»)= l(u(y +2.5)—u(y—2.5)) following is always true? [2007]
5 (A) S(0) = S(f) (B) ST%(Z f(; df =0
B =0.50 0.50(y -1 a
(B) /,(»)=0.58()+0.55(y—1) © SLp—s(h o °
©) f,(»)=0.258(y+2.5)+0.256(y —2.5)+
0.58(y) 11. A Hilbert transformer is a [2007]

(A) non-linear system
(C) time varying system

(B) non-causal system

(D) fy(Y) =0.250(Y +2.5)+0.258(Y —2.5)+ i
10 (D) low pass system

[u(y+2.5)—u(y—2.5)]
Direction for questions 12 and 13:

An input to a six-level quantizer has the probability density
function f{(x), as shown in the figure. Decision boundaries
of the quantizer are chosen so as to maximize the entropy
of the quantizer output. It is given that three consecutive
decision boundaries are ‘—1’, ‘0’, and ‘1°.

f(x)

6. A zero-mean white Gaussian noise is passed through
an ideal low pass filter of bandwidth 10 kHz. The
output is then uniformly sampled with sampling
period ¢ =0.03 ms. The samples so obtained would be

[2006]
(A) correlated
(B) statistically independent
(C) uncorrelated
(D) orthogonal

Direction for questions 7 and §8: l L ] -
The following two questions refer to wide-sense station- -5 -1 0 1 5
ary stochastic processes

12. The values of @ and b are as follows:
1 1

a=—and b=—

(A) 6 12

o . [2007]
7. It is desired to generate a stochastic process (as volt-

age process) with power spectral density.

16

16 + @?
By driving a linear time-Invariant system by zero

1 3
=—and b=—
B) a=3 40

S(w) = 1 1 1 1
© e 4an 16 (D) a 3an 24

mean white noise (as voltage process) with power 13.

spectral density being constant equal to 1. The system
that can perform the desired task could be:  [2006]

Assuming that the reconstruction levels of the quan-
tizer are the mid-points of the decision boundaries,
the ratio of signal power to quantization noise power
is [2007]



14.

15.
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A 12 B %

()9 ()3
76

(C)? (D) 28

The probability density function (PDF) of a random
variable X is as shown in the following figure.

1] PDF

- 0 T

The corresponding cumulative distribution function

(CDF) has the form [2008]
(A) 1__0} (B) 1’CDF
-1 0 1 -1 0 1 X
CDF CDF
© 11 (D) 1
1 0 1 X o [
1

A white noise process X(t) with two-sided power
spectral density 1 x 1071 W/Hz is input to a filter
whose magnitude squared response is shown in the
following figure. [2009]

2
X(H ] | H(P) | Yo

B —

f
_10kHz = 10 kHz

The power of the output process Y(t) is given by
(A) 5x107W (B) 1 x10°W
(C) 2x10°W (D) 1 x10°W

16. X(t) is a stationary process with the power spectral den-

X)) —

sity S (f) > 0 for all /. The process is passed through a
system, as shown in the following figure.

p d
O=r
\

— Y

Delay = 0.5ms

17.

18.

19.

20.

21.

22.

Let Sy(f) be the power spectral density of Y(t). Which
one of the following statements is correct?  [2010]
(A) Sy(f) >0 for all f

(B) Sy(f) =0 for [f{> 1 kHz

(C) S(f) =0 for f=nf, f,=2 kHz, n any integer

(D) S(f)=0 for f=(2n+ 1), f,= 1 kHz, n any integer
x(t) is a stationary random process with autocor-
relation function R (7) = exp(—z7?). This process is
passed through the system, as shown in the following
figure. The power spectral density of the output pro-
cess Y(7) is [2011]

H(f) = j2nf

\ 4

X(t)—p y(t)

(A) Arf + Dexp(-nf) (B) (4mf* — Dexp(-7f)
(©) @mf + Dexp(-nf) (D) (4mf* — l)exp(-7f)
The power spectral density of a real process X(t) for
positive frequencies is shown in the following figure.
The values of E[X?(¢)] and|E [X (t)]|, respectively,
are [2012]

Sk(o)

400 8(w —10%)
6

0 9 10 11 @(10%nad/s)

(A) 6,000/, 0

(B) 6,400/7, 0
(C) 6,400/m, 20/(7+2)

(D) 6,000/, 20/ (72

Consider two identically distributed zero mean
random variables U and V. Let the cumulative dis-
tribution functions of U and 2 V be F(x) and G(X),
respectively. Then, for all values of x [2013]
(A) Fx)-G(x)<0 B) Fx)-G(x)=0

(©) (Fx) - Gx)x<0 (D) (Fx) = G(x)x20
Let X be a real-valued random variable with £[X] and
E[X?] denoting the mean values of X and X2, respec-
tively. The relation which always holds trueis ~ [2014]
(A) (E[X])*> E[X°] (B) E[X°] = (E[X])?

(©) ELX’] = (E[X])? (D) E[X°] > (E[X])?

A fair coin is tossed repeatedly until a ‘Head’ appears
for the first time. Let L be the number of tosses to
get this first ‘Head’. The entropy H (L) in bits is
[2014]

The capacity of a band-limited additive white

Gaussian noise (AWGN) channel is given by C = W

log, (1 + %)bits per second (bps), where W is the
oW

channel bandwidth, P is the average power received,
and o is the one-sided power spectral density of the
AWGN.
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23.

24.

25.

26.

For a fixed % =1000, the channel capacity (in kbps)
c

with infinite bandwidth (W — o) is approximately

[2014]
(A) 1.44 (B) 1.08 (C) 0.72 (D) 0.36
The input to a 1-bit quantizer is a random variable X
with PDF f, (x) = 2™ for x > 0 and f,(x) = 0 for x <

0. For outputs to be of equal probability, the quantizer
threshold should be [2014]

The power spectral density of a real stationary ran-
1,

dom process X(t) is given by S (f)={— flsw
w
0,f]>w

The value of the expectation E |:7'L'X (HXx (t—%)}
w

is

[2014]

Let X(t) be a wide sense stationary (WSS) random
process with power spectral density S, (f). If Y(t) is
the process defined as Y(t) = X(2¢— 1), the power spec-
tral density Sy(f) is [2014]

A) S,(f)= %sx (% )emf
B) Sy(f)= %Sx (% )e—jﬂf/z
© S()=35x (f)

D) $/()=75x (g )e—fw

A real band-limited random process X(t) has two-
sided power spectral density

1076(3000— | /|y Watts/Hz for|f| < 3kHz

0 otherwise

Sx(f)={

where f'is the frequency expressed in Hz. The signal
x(t) modulates a carrier cos 16,000 1tz and the result-
ant signal is passed through an ideal bandpass filter of
unity gain with centre frequency of 8 kHz and band-
width of 2 kHz. The output power (in Watts) is .

[2014]

27.

28.

29.

30.

If calls arrive at a telephone exchange such that the
time of arrival of any call is independent of the time
of arrival of earlier or future calls, the probability
distribution function of the total number of calls in a
fixed time interval will be [2014]
(A) Poisson

(C) Exponential

(B) Gaussian

(D) Gamma

Consider a communication scheme where the binary

valued signal X satisfies P{X=+1} =0.75 and P{X =

—1} =0.25. The received signal Y =X+ Z, where Z is

a Gaussian random variable with zero mean and vari-

ance 0. The received signal Y is fed to the threshold

detector. The output of the threshold detector ¥ is:
Y>1

’ +1,
X =
-1, Y<7
To achieve a minimum probability of error

P{X # X}, the threshold T should be [2014]

(A) strictly positive

(B) zero

(C) strictly negative

(D) strictly positive, zero, or strictly negative depend-
ing on the nonzero value of 6°.

Consider a random process x(¢) = 3V(¢) — 8, where
V(?) is a zero mean stationary random process with
autocorrelation R (7) = 4¢>". The power in X(7) is

[2016]
A wide sense stationary random process X(f) passes
through the LTI system shown in the figure. If the
autocorrelation function of X(#) is Rx(?), then the
autocorrelation function Ry(t) of the output Y(¢) is
equal to [2016]

¢ +

<‘>_>Y( 7

X(0)

Delay=T,

(A) 2R (D +R (T—Ty) +R (1+T,)
(B) 2R (1)~ R _(t—T,) R (1+T,)
(C) 2R (1) +2R (1-2T,)
(D) 2R (1) - 2R (1-2T,)
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EXERCISES

Practice Problems |

1. B 2. C 3. C 4. D 5. A 6. B 7. C 8. B 9. A 10. D
11. C 12. A 13. D 14. A 15. B 16. D 17. A 18. C 19. C 20. D
21. D 22. D
Practice Problems 2

1. B 2. B 3.B 4. A 5.D 6. C 7. D 8. C 9. D 10. B
11. D 12. A 13. C 14. B 15. A 16. C 17. C 18. D 19. A 20. A
21. C 22. A
Previous Years’ Questions

1. B 2. C 3.B 4. A 5. B 6. B 7. A 8. A 9. C 10. B
11. B 12. A 13. D 14. C 15. B 16. D 17. A 18. B 19. C 20. B
21. 1.99t0 2.01 22. A 23. 0.34 t0 0.36 24. 39t04.1 25. C 26. 2.5 27. A

28. C 29. 100  30. B
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