CENTRE OF MASS AND
ROTATORY MOTION
OF A RIGID BODIES

System

A collection of particles, interacting with one
another, 1s termed as a system.

Centre of mass : The centre of mass of a
system of particles is defined in terms of a single
particle within the system, which moves in a
similar way in which a single particle having the
total mass of the system and subject to the same
external force would move.

Centre of mass for a ‘n’ particle system :
The centre of mass for a ‘n’ particle system 1s
defined by a position vector,

= mpry Meoly Mgty ... M,

R
. M




where M = m, + m,+ m,+ ...+ m, and

1
BT, Ta,....,T,, are the position vectors of ‘n’

particles of masses m,, m,, mg,, ...., m
respectively.

h

Hence, R - 18the weighted average of all

the position vectors rj,ry,...., 7, of the system of
‘n’ particles. If m,=m,=m,=..., m_, then
B n+ry+r+..+n,

cm
I

Centre of mass for a two particle system:
The centre of mass of two particle system of
masses m, and m, is defined by a position vector.

R (0= PO 0

m1+m2

where 7 (t) and r,(¢) are the position vectors

of the two particles at any instant .
If m, =m,, then

R (1) = 1 (2) + ro(f)
2
Hence, the centre of mass of a given two
particle system 1s a point defined mathematically
where if a point mass (exactly equal to the total




mass of the system) is supposed to be located,
the overall motion of the system can be described
with the help of this hypothetical point of mass.

Coordinates of the centre of mass :
Cartesian coordinates of the centre of mass are
given by,

r = — (mlxl + MoXo + ...+ mnxn)
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Rigid Body

A rigid body means a system of point masses
contained 1n a fixed a geometrical shape and size,



1.e., the distances between every pair of a particles
of a rigid body remain constant during its motion.

Centre of mass of a Rigid Body : The
common centre about which the constituent
particles of a rigid body execute internal
rotational motion, 1s the centre of mass of the
rigid body.

The position of the centre of mass is fixed
with respect to the body as a whole and 1t may or
may not lie within the body under consideration,
depending upon the shape of the body.

Torque : Torque can be defined as the
turning effect of a force about a given centre of
rotation. It can be obtained by the product of the
force and its level arm. 1.e.,

t=Fd

Torque can also be obtained by the product
of the radial distance of the point of application
of the force from the centre of rotation and the
tangential or angular component of the force. 1.e.,

t=r1F,

It is a vector quantity. Its SI unit are Nm.
Torque and power:

AW  1A0
Power (P) = A7 = v = T

Hence, power = Torque X angular velocity
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Angular velocity : Average angular velocity
of a particle 1s defined as the ratio of the angular
displacement to the time interval, 1.e.,

Average angular velocity

Angular displacement

time 1interval
0, —0; A6

o= ¢t At
Instantaneous angular velocity of the particle
1s given by
. AB db
®= lim =
At—0 At dit
Its ST unit is rad s— 1.
Also, Linear velocity = Radius of the circular
path X Angular velocity
or v=rwm
Angular Acceleration : The average angular
acceleration of a rotating body is defined as the
ratio of the change in the angular velocity to the
time interval 1.e.,
Average angular acceleration

change in angular
velocity

time 1nterval
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. Wy — )y Aw
or o = = —
log — 4 At

Instantaneous angular acceleration 1s given

by

_ g A0 _do d(@}_d_%
T a0 At T gt di\dt) dt?

SI unit of angular acceleration is rad s=1.

Also, linear acceleration = Radius of the
circular path X angular acceleration

or a = ra.

Angular Momentum (L) : Angular
momentum can be understand as the twisting or
turning effect linked with the momentum vector.
Due to this reason, angular momentum 1is
generally called as the moment of momentum,
just like as torque 1s called moment of force. It 1s
given as the product of linear momentum (p,) and
the lever arm for momentum () 1.e.,

L=r.p,=r.mv,=rm.ro=mrlo

dL

Also, 1= E

or torque = rate of change of angular
momentum.

Law of Conservation of Angular
Momentum : According to this law, if the total



external torque acting on a particle moving about

a fixed point vanishes, the angular momentum of

the particle about that point 1s conserved.
Areal velocity and Angular momentum:

AA

The ratio A7 gives the average rate of sweeping

out of the area in time At and is known as the
average areal velocity of the moving particle.

A
Also, AA = lr. Uy
At 2

1.e., the areal velocity of a moving particle 1s
equal to half the product of its radial distance
and the angular component of its velocity.

Also, L = Zm.ﬁ

At

1.e., the angular momentum of a moving
particle about a given point is equal to twice the
product of its mass and areal velocity about that
point.

Centripetal force : Centripetal force is that
external force due to which any particle moves
along a circle, the force always acts radially
inwards.

2

. mu
Centripetal force, F = —— = mro>



where, m = mass of the particle

v = linear velocity of the particle

o = angular velocity of the particle

r = radius of the circle along which
the particle moves.

Note :

(i)
(i1)
(iii)
(iv)

Centripetal force always acts on the particle
performing circular motion.

Without centripetal force there can be no
circular motion.

Its magnitude 1s constant but the direction
1s variable, therefore it 1s a variable force.

Centripetal force 1s always a real force. It
may be mechanical, electrical, magnetic ete.

Centrifugal Force : The pseudo force that

balances the centripetal force in uniform circular
motion i1s called centrifugal force.
Note:

(i)
(it)

(iii)

Centrifugal force always act on the centre.
It 1s directed always from the centre, along
the radius.

Although it 1s equal and opposite to
centripetal force, yet it 1s not the reaction
of centripetal force because reaction can’t
exist without action while centrifugal force
can exist without centripetal force.



Rotational Kinetic Energy:

) 1. 9
Rotational K. K. = Elm

Ifo=1,thenI=2Xrotational K.E.

Hence, the moment of inertia of a rigid body
about a given axis of rotation is numerically equal
to twice 1ts rotational kinetic energy, when the
body 1s rotating with unit angular velocity.

Moment of Inertia : Moment of inertia of a
particle about a fixed axis 1s defined as the
product of its mass and square of its distance
from the axis of rotation. 1.e.,

[=mr?

If a rigid body consists of a number of
particles of masses m,, my, m,, ...., m _distant r,,
Fgs T'gs -..ry I from the axis of rotation, then moment
of inertia of the rigid body about a fixed axis 1s
defined as the sum of the products of the masses
of all the particles of the body and the squares of
their respective distances from the axis of

rotation, 1.e.,

[ = MY + Mol + Mals + ...+ M1



Its ST units are kg m? and it is a scalar
quantity.

Axis of rotation

Note : Moment of inertia of a body depends
upon
(a) the mass of the body
(b) the position of the axis of rotation
(¢) the distribution of mass about the axis of
rotation.

Radius of gyration : The radius of gyration
of a body 1s the distance from the axis of rotation
of a point at which, if the total mass of the body 1s
supposed to be concentrated, its moment of
inertia about the axis will be the same as that
determined by the actual distribution of mass.

Hence, I = MK2, where K is the radius of
gyration.



e

Also, K = J

1.e., radius of gyration of a body about a given
axis of rotation 1s equal to the root mean square
distance of its individual particles about the
same axis of rotation.

It depends upon (a) the position and direction
of the axis of rotation, and (b) the distribution of
mass about the axis of rotation. Its SI unit is
metre (m).

Theorems on moment of inertia : There
are two basic theorem on moment of inertia.

(i) Theorem of parallel axis.
(ii) Theorem of perpendicular axis.

(i) Theorem of parallel axis :“The moment
of inertia of a plane lamina about any axis in 1ts
own plane 1s equal to the sum of its moment of
mertia about a parallel axis passing through its
centre of mass and the product of the mass of the
lamina and the square of the distance between
the two axes.”

e, = I,+Mr’
wherel, = moment of inertia of the plane
lamina about an axis passing
through 1s centre of mass.

I



I = moment of inertia of the plane
lamina about a parallel axis in
1ts own plane.

M mass of the plane lamina

r = distance between the two
parallel axes.

(ii) Theorem of perpendicular axes :“The
sum of the moments of inertia of a plane lamina
about any two mutually perpendicular axes in
its own plane, 1s equal to its moment of inertia
about a third axis which 1s perpendicular to the
plane and passes through the point of intersection
of the first two axes.”

1.e., IZ = Ix+IF

where I = moment of inertia of the plane

lamina about X-axis.

I moment of inertia of the plane

and I

lamina about Y-axis.
moment of inertia of the plane
lamina about Z-axis.

Conical pendulum : A mass suspended
from one end of a wire, other end of which is fixed,
forms a conical pendulum. If 1ts free end describes
a circle and the wire describes the surface of the
cone. 9

T cos6=mg TsinEl=mU

r



Kinetic Equations for rotational and linear
motion under constant acceleration

Rotational motion Linear motion
about fixed axis with constant
with constant acceleration (a)
acceleration (o)
Qi =2 i =5
dt dt
(i) o=o0,+at (11) v(t) =v(0)+ at

(it)) 0*=0y*+2a0-06) (i) v(H)*=v(0)*+
2alx(t) — x(0)]

(iv) 0=0,+,t+ éatz (iv) x(t) =x(0) +v(0)t +

1
E at?
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