Congruence and Inequalities of Triangles

7.1 Introduction

Earlier, we have studied about triangles and their properties. In this chapter, we will
study about the congruence rules of triangles and some other properties of triangles and
Inequalities in triangles.

7.2 Congruence of triangles

You have ever made several copies of your photograph of same size from a
photographer. Similarly, you have seen bangles of same size in the wrist of your mother
and seen postal stamps with same photo. Such figures are identical. If you choose any two
such figures out of these and placed upon each other, then they exactly coincide.

Do you know, in geometry these figures are known by which name? These are
called congruent figures. Congruent mean identically equal, i.e., figures with same shape
and same size.

Thus, two triangles are congruent if and only if one of them can be made to
uperpose on the other, so as to cover it exactly.

Axiom : (1)
Iftwo sides and one included angle of a triangle are equal to the corresponding two

sidesand included angle ofthe other triangle, then the two triangles arecongruent. (SAS rule
ofcongruence)

Theorem 7.1. Angle-Side-Angle Rule (ASA Rule)

Ittwo angles and the included side of one triangle are equal to the corresponding two
angles and the included side otthe othe triangle, then the triangles are congruent.

Given : ABC and DEF are two triangles, in which £ ABC =/DLF,
ZACEB =/ DFE and BC = BF
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Fig. 7.01

To prove : AABC=ADEF

Proof: Here, comparing the length of sides AF and DR of A ABC and A DEF | following
three conditions are possible :

(1) AB=DFK (W) AB<DFE (1) AR > DE

Condition (i): If AB=DE thenin A 4B and A DEI

AB = DE (Say)

ZABC =/ DEF (Given)

BC = Kk (Given)
Thus, A ABC and A DEF are congruent by Side-Angle Side rule.
e, AARBC = A DEF

Condition (ii) : When 4B < DE |, thentake a point Gonside DE suchthat AB = GE and
join G (Fig. 7.01)
For A ABC and AGEF
AB =GE (Say)
BC = EF (Given)
LABC = ZGEF (Given) [ LGEF = ZDEF|
1.e.,bySASmile A ABC= AGRF
Thus, L ACB=/GFE ...(1)
and ZACE=2DFE (Given) ...(2)
From (1) and (2) £GFE =D 1simpossible, unless (z/“and 12/ do not
coincide. It means points ( and 7 coincide.
AB=DE
Thus, by SAS rule,
AABC = A DEF,
Condition (iii) : When 4B > DI thenaccordingto Fig. 7.02 take a point G onside AB of
A ABC suchthat BG = £D
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Fig. 7.02
Here, according to condition (i), we can prove that point & will coincide point 4 1.e.,
AB = DE andby Side-Angle-Siderule, A ABC= A DRF.
Thus, inallthree condition, A 4ABC = A DIF. Hence proved.
Note : We know that the sum of three interior angles ofa triangle is 180° . Therefore, when
two angles of a triangle are equal to two angles of another triangle, then their third angles will
automatically by same. We will prove the tollowing corollary onthe basis of this law.
Corollary : Angle-Angle-Side Rule (AAS Rule)

If two angles and one side of one triangle are equal to the corresponding two angles
and one side of the other triangle, then the two triangles are congruent.

Given:In AABC and ADEF /L B=/FE:/ZA4=/D andsideB('=side LI

A D

B C ) I
Fig. 7.03
To prove : AABC=ADEF

Proof: We know that the sum ofthreenterior angles of a triangleis 180°

JA+/B+sC=180° ...(1)
LD+ LFE+ ZF =180° -.(2)
From (1) and (2) LA+ /4B+/£C=4D+/E+/F ...(3)
Giventhat ZRB=/F LA=2D
Thus, LO=/F [From (3)] (4
Now, in A ABC and A DEF
/B=/F (Given)
BC =EF (grven)
LO0=/F [From(4)]
By Angle-Side-Angle rule A ABC = A DEF. Hence proved
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[Mlustrative Examples
Example 1. In Fig. 7.04, C is the mid-point of AB , ZBCD=/ACE and

2 DAB =/ EBA thenshowthat: r N
(i) A PAC = A EBC
(i) DA = EB.

Sol : Given : InFig. 7.04,
AC=BC, ZDAB=/ZEBA and ZBCD=LACE A i E
To prove.: (i.) ADAC 5 A EB(__.‘ (i.i) DA_ =IB. Fig 7.04
Proof': Itis given that C, is the mid-point of side AB.
So, AC = BC D
and Z BCD = Z ACE (Given) . (2)
Adding £ DCE bothssides,

LBCD+ /2 DCE = £ ACE + A DCE
or LZECB=2DCA -.(3)
Now, in A DAC and A EBC

L DAC = Z ERC (Giventhat )

AC=BC [From(1)]

LDCA =2 KECB [From (3)]
By Angle-Side-Angle rule,

ADAC = AEBC
By the property of congruence, corresponding sides of two triangles are same.
Thus, PDA=ER Hence proved.
Example 2. In fig. 7.05, in a quadrilateral ABCD BC=A4D and
ZADC = ZBCD thenprovethat: D o
(i) AC=BD (i) ZACD=/CDB.
Sol: Accordingto Fig. 7.05, itis giventhat :

BC=AD and ZADC = ZBCD A B
Fig. 7.05

So,in AADC and ABCD
AD=BC  ((Given)
CD=CD  (Common side)
ZADC = ZBCH (Given)
So, by Side-Angle-Siderule, A ADC = A BCD
Since, corresponding sides and corresponding angles of congruent triangles are same.
Therefore, AC' =BD and LACD =2CDB. or LACD=/LCDB, Hence proved.

El
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Example 3. A5 is aline segment and line £ is its 41
perpendicular bisector. If £ isany pointon f , then =
show that P is equidistant from points 4 and 73

Sol.: AR i1salinesegmentand line ¢ passes throughthe
mid-point (" of AB (see tig. 7.06). We have to show that

PA=PB Forthis, think about A PCA and APCE 1t A c °
1sgiven that M
AC = BC (('1sthemid-point of AB) Fig. 7.06
/PCA=2/PCB=90°" (Given)
P =P (Commoen)
So, APCA = APCB (SASRule)
Therefore, P4 = PB (Corresponding sides of congruent triangles) Hence proved
Example 4. In Fig. 7.07, AE = EC and DE = BE then show that:
(i) AAED=ACEB (i) £A=/C. 4
Sol. : According Fig. 7.07, 1t 1s given that ¢
AE = RKC I
DE=BE ...1)
Now, for A AED and A BEC D
AE=FEC  (given) Fig 7.07 €

L AED = Z(CEB (vertically opposite angles)
DE=IB (given)
Therefore, by Side-Angle-Siderule A Ax) = ACER and their corresponding

angles ~/A=~-C 2D=/B Hence proved
Example5. In Fig, 7.08, AD = BC and BD=CA thenshow that:
(i ZADB = 2 BCA A B

(ii) £ DAB = ZCBA.
Sol. : InFig. 7.08 AD=B( and BD=CA
So,in A ABD and A ABC

: o 15}
AD = BC _ : .
BD=C4 } (Given) Fig. 7.08
AB=AB (Common)
So, by Side-Side-Side rule
AABD = A ABC
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So, corresponding angles
(1) LADB=2ZBCA () LDAB = ZCBA Hence proved
Exercise 7.1
1. In ABC and POR /A= /0 and /B= /R .  Whichsideof APOR should be

equal to the side AB of AAB(C , so that two triangles become congruent? Given
Teason to your answer,

2. Intriangles ABC and PQR /4=/0 and ZB=/R . Whichside of
APQOR shouldbeequal toside BCof A AB( ,sothat twotriangles are congurent?
(ive reason to your answer.

3. Iftwosidesand one angle ot a triangle is equal to the two sides and one angle of other
triangle, then two triangles should be congruent. Is this statement true? Why?

4. Iftwoanglesand one side of atriangle is equal to the two angles and one side of other
triangle then triangles sure should be congruent. Is this statement true? Why?

5.  Itisgiventhat A ABC = ARPQ .Is BC = OR true? Why?

6. ITAPOR=AEDIF  thenisthistrue PR = /2] ? Givenreason your answer.

7. Infig. 7.09, diagonal AC of quadrilateral ABCH | isthebisectorof 4 and (7
Provethat: 4B=A4AD and CB=CD.

8
ra)

Fig. 7.09

8. InFig. 7.10, inquadrilateral ADBC |, ~ ABC =~/ ABD and BC =BD ,then
provethat A ABC=A ABD.

C
D

Fig. 7.10
9. AccordingtoFig. 7.11 AB|| DC and AD||BC thenprovethat: A ADB = A CBD.
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D/ /C

d

a7 > /B
Fig. 7.11
10. InFig.712,1f AB || DC and I 1sthe mid-point of side AC , then provethat E isthe
mid-point of side B

A B
Fig. 7.12
7.3 Special Properties of Triangle
You have already studied about two conditions of congruence of triangles. Now, we
willuse thierresults to prove thetheoremsrelated to anisoscelestriangle and remaining
theorems of congruence of triangles.
7.4 lsosceles Triangle
A triangle with two equal sides 1s called an isosceles triangle.
Theorem 7.3 : If two sides of a triangle are equal, then their opposite angles are also
equal, A
or
In an isosceles triangle, angles opposite to equal sides are equal.
Given: A ABC isanisoscelestriangle
Where, AB=AC
D
Toprove: ~LB=2C Fig.7.13
Construction : Draw bisector AD of /£ A, which meets BC at D.
Proof:In A ABD and A ACD
AB=A4C (Given)
ZBAD = ZCAD  (Bycoenstruction)
AD = 4D (Commonside)
By Side Angle Side rule, A ABD = A ACD
Since, corresponding angles of congruent triangles are equal.
ZB=2C Hence proved.
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Theorem 7.4 : If two angles in a triangle are equal, then their opposite sides will
be also equal.
Given: A ABC inwhich £B=2C

Toprove: AB=AC
Construction : Draw AD, the bisector of £ BAC
Proof:In A ABD and A ACD
ZB=2C (Given)
AD=AD (commonside)
L BAD = ZCAD (by construction)

By Angle Side Angle rule,
AABD =A ACD

Thus, corresponding sides A8 = AC Hence proved.
Mlustrative Examples

Example 6. In AABC, the bisector AD of £ A, is perpendicular to side BC. Show

that AABC is an isosceles triangle. A

Sol: InAABD and AACD
LBAD = ZCAD (given that AD is bisector of £A4)
AD=AD (Common side)

ZADB = ZADC =90° (Given)

AABD = AACD (ByASArule) B 5 c
Therefore, A].3 = AC ‘ Fig 7.15
Thus, AABC is anisosceles triangle.

Example 7. According to Fig. 7.16, ABCD is asquare and ACDE is an equilateral
triangle, then prove that AE = BE, E
Sol : Given, 4BCD isasquareand A CDE is an equilateral triangle.
To prove : Ak =BE
Proof: A CDE isanequilateral triangle
Thus, CDO=DE=CE  ..(])
/DEC=/EDC=/DCE=60° ...(2)
and ABCD 1sasquare, 50
£ ADC =2 BCD =90°
Adding 2 EDC toboth sides
LADC+ 2 EDC =2BCH+ £ KD

{) (]

Fig. 7.16
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—  /EDA=/ECB ...(3)
Now,in A ADE and A BCE
AD=BC (sidesofsquare)
ZEDA=/ECB [From(3)]
DE=FEC  [From(1)]
By Side-Angle-Side rule A ADE = A BCE.
Thus, corresponding sides AE = BE Hence proved

Example 8. Prove that the medians, which bisects equal sides of an isosceles
triangle, are equal.

Sol. Given : InanIsosceles AABC', D and F are mid points of equal sides 4B and AC.
To prove: BE=CD
Proof: A ABC isanisoscelestriangle whose sides 4B and AC areequal.
AB=AC () A
and ~ ABC =/ ACB o 2)
and 1) and £ arethemid points of sides AB and AC .
Thus, DB=DA=EC=AE . (3)
Now, in ABCD and A BCE
BC =B(C {Common side) B c
/DBC = ZECB [From(2)] Fig. 7.17
BD=CE  [From(3)]

By Side-Angle-Siderule A BCD =A BCE

Corresponding sides will be equali.e.,

CD—BEor BE=CD Hence proved.
Example 9. In Fig. 7.18, AB=AC and D is a point in A
AABC such that /DBC=/DCB. Prove that AD bisects
ZBAC .

Sol. Given:In A ABC |, AB=AC and £ DBC =~ D(B.

To prove: AD isthebisectorof /BAC.

Le. L BAD=.,04D

Proof:In A BDC | ZDBC = ZDCE so their opposite sides will be
same.

Fig.7.18

CD=8D (D
Now,in A ABD and A ACD

BD=CD [From(1}]

AD=AD [Common side]

AB=AC (Given)
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By Side-Side-Siderule, A ABD =A ACD.
So, corresponding angles willbesame. 1.e., £ BAD = LCAD.,
Thus, AD is the bisector of /BAC Hence proved.

Example 10. If perpendiculars drawn from mid-point of a side of a triangle to the
other two sides are equal, then prove that triangle will be isosceles.

Sol. Given : /) isthe mid point of side BC of A4BC . 131~ and DI+ are the perpendiculars on

AC and AB respectively, and DE = DF. A

To prove: A4ABC isanisoscelestriangle,ie., AB=AC

Construction : Join AD » E

Proof:In A BDF and A CDE

Hypotenuse BD = Hypotenuse CD  (Given) B I o
/DIB=/DEC =90° Fig. 7.19

and  DF=DE (Given)

By Right Angle Hypotenuse Siderule
ABDE =z ACDE.

Thus, corresponding angles /B =~ and oppostie sides to two equal angles will be equal

1e., AB=AC. Hence proved
Example 11. In an isosceles triangle ABC , AB =AC and D,E, F are mid-points of
sides BC, AC and A3 , then prove that DE =DF.
Sol. : Accordingto Fig. 7.201in A ABC
AB=AC (D)

And D, E, ¥ arethe mid-points of sides BC, ACand AB
respectively
So,in A BDF and ACDE

B =CP |1 isthe mid-point of side BC' |

CE =BF [GivenAB = AC]

and £ B=2C | Angles opposite to equal sides are equal]
By Side-Angle-Side-rule

ABDF =z ACDE
Thus, or DE = DK Hence Proved
Example 12. In Fig. 7.21,ABC is a right-angled triangle, in which /B = 90°, such
that /BCA=2/BAC .Show that hypotenuseAC=2 BC.

Sol. Given : Anightangled ABC suchthat /B =90° and /B4 =2_/BAC
To prove : AC=2BC
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Construction : Produce CB upto D suchthat BC=BD and join AD A
Proof: Let /BAC =x, then /BCA =2 /BAC =2x.

Inright triangle ABC
ZBAC + ZBCA+ ZAB(C =180° c D
N X4 2x+90° =180° Fie 721
= 3x=180°-90°
= x=30°
/BCA=2x30° = 60° and /BAC =30° ..(1)
In AABC and AABD
BC=BD (By construction)
LABC = ZABD (Eachis 90°)
AB=AB [Common side]
o AABC = AABD (BySASrule)
= LOCAB = ZDAB
and AC=AD
Now ZBAC = ZBAD =30° [Using (1)]
i £A=2x30°=060°
and AC=AD
= 2 = /1 [Angles opp. to equal sides are equal]
= L0 =24D=060°
InAACD,
LA=2C=,D=60°
=  AA(CD isanequilateral triangle.
= AC=CD=AD .(2)
But BC=BD
. CD=BC+BD.
= CD=BC+BC
= (CD=2BC
= AC=2BC. [Using(2)] Hence Proved.
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Exercise 7.2
InFig. 7.22 A8 = ACand £ B =58°then find the value of £ 4
A

58°
B C
Fig.7.22

InFig. 7.23 4D=BD and £C =ZF thenprovethat BC = AL,
E C

D

A B
Fig. 7.23
IfAD is the median of an 1sosceles triangle ABC and £ A=120° and AB = AC,
then find the value of ~ ADB
Itthe bisector of any angle of a triangle also bisects the opposite side then prove that the
triangle isanisoscelestriangle.
InFig. 724, AB=ACand BE =CD ,thenprovethat: 4D = Ak,
A

B D 1
Fig. 7.24
E and F aretwo points on sides 4D and BC respectively of square ABCD, such that
AI'=BE . Showthat :
(i) «£BAI'=/ABE (ii) BF = AE
AD and BC are two equal perpendiculars on aline segment AB (seetig. 7.25). Show
that CD bisects line segment AB.




8.  Thebisectors ofangles B and C of anisoscelestriangle with AB=AC , intersect each
other at point O. Produce BO upto point M . Prove that : A/MOC = ZABC

9. Line £ bisectsangle Aand Bisany point online £ . BP and BQ are the perpendiculars
drawn on the sides ofangle A from point B (See Fig. 7.26)

Fig. 7.26

(i) AAPBz=AAQB
() BP=BQ itmeans point B is equidistant from the sides of 4.
11. InFig. 727 AC=AE,AB=ADand /BAD = ~/EAC . Showthat: BC=DE

D cC

Fig. 7.27
12.  Inright triangle ABC, angle C isright angle M is the mid-point ofhypotenuse AB Join

C to M and produceit upto D such that DM = CM. Joinpoint D and B (see fig. 7.28).
Showthat :

() AAMC=ABMD
(m)  ZDBC isarightangle
(i) ADBC=AACB

|
(v) CM=2AB
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7.5 Some other concepts for the Congruence of Triangles

If three angles of a triangle are equal to three angles of another triangle, then 1t is not
necessary that these two triangles are congruent.

Ifthree sides of triangle are equal to three sides of another triangle then according to
you whether these triangles be congruent? Definitely, they will be congruent. Now,
we prove this theorem by using obtained result.

Theorem 7.5 : Side, Side, Side-Rule(S S S Rule)

If three sides of a triangle are equal to the corresponding three sides of
other triangle, then two triangles are congruent.

Given : Corresponding sides of AABC and A )/ are same, /.e.,
AB — DIE:BC — I and AC = DI
To prove : AABC = ADEF

Fig. 7.29
Construction : Draw a line segment /(7 in the opposite side of A £/ such that

I —ABand /ARC = £ FEG Join (GE and 1
Proof: In A ABC and AGLF

AB - G (By construction)
£ ARC = £ GEF (By construction)
B(C — EF (Given)

By Side-Angle-Siderule, AABC = ADEF

So, corresponding angles and corresponding sides of congruent triangles are equal.

ZA=/G,AB=GF (1
Now, AB — E(5 (By construction, and A8 — DI (Given)
So G — DIY ~(2)

Similarly, AC' = GF from equation (1) and ACT — DF (Given)
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o GF — DF ..(3)
= In A ILD(, angles opposite to equal sides /5(7 and 1)/~ are same.

ZEDG = ZEGD - (4)
Smmilarly, in A F7)(;, angles opposite to equal sides GF and [DF are same.
ZGDEF = ZDGEF -(5)

Adding equations (4) and (5)
L EDG+ £ GDF — £ EGD — £ DGF

_— LD-2G .(6)
But from equation (1)

LA=2G A7)
From equation (6) and (7)

LA-LD .(8)

Thus, in A ABC and A DI

AB — DE (Given)

ZA=/D [From(8)]

AC=DF (Given)
By SAS rule.

A ABC = ADEF Hence Proved
Now, wetry to verity this theorem by the following activity

Construct two triangles each of which have sides 4 cm, 3.5 cmand 3 cm.

4cm 4 cimn

Fig. 7.30
Now cut them and place one of them on the other. What do you see? By keeping
equal sides in mind when we placed one upen the other triangle they cover each
other completely. This is possible only when two triangles are congruent.

It means two triangles are congruent.
You have already observed SAS rule of congruence. By SAS rule of congruence
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pair of equal angles may be between pair of corresponding sides. If not so, then two
triangles may not be congruent.

Let verify it by an activity.

Draw two right angled triangles in which each one of hypotenuse 1s 5 cm and a side
184 cm(See Fig. 7.31).

Scm Scm

|| []

4cnl . 4 cin
Fig. 7.31
Cut them and place one con the other such that equal sides coincide. If necessary,
rotate them. What do you see? You see, on placing one on the other, they exactly
cover each other so they are congruent. Repeat this activity by taking diftere of right
angled triangles. What do you see? You will see that if their hypotenuse and one pair
of side are equal, then two right angled triangles will be congruent.

Note that, in this condition right angle is not the angle included in the hypotenuse and
side.

In this way we conclude an important fact for right angled triangles which can be
proved by theorem.

Theorem 7.6. Right Hypotenuse Side Rule (RHS congruence rule) :
Two right triangles are congruent if and only if the hypotenuse and a side
of one triangle are equal to the hypotenuse and the corresponding side of
the other triangle.

Given : In two right triangles, ABC and /<"

B =/K=90°
Hypotenuse AC — hypotenuse 13/
and side AB — side DI
A D
90°
B & G E !
Fig. 7.32



To prove : AABC = ADEF
Construction : In A DLFE, produce I< upto G such that (77 — BC and join G to ).
Proof : Here, /DEF =90°

. and Z DEG = 90° e
Now, in A ABC and A DEG

AB — DE (Given)

BC — GE (By construction)

/£ ABC — £ DEC—90°  [From(i)]

By Side-Angle-Side rule, A ABC and A [3/:(7 are congruent. So, their corresponding
sides and corresponding angles will be equal.

. AC—-DG and £LC=24G ..(2)
But it is given that AC = DIF ..(3)
From equations (2) and (3),

DG — DF .. (4)
- In ADGF angles opposite to equal sides (/G — DF) will be equal

L G-LF .(5)
Fromequations (2)and(5), L C=<LF ... (6)
Now, in A ABC and A DEF

AB — DE (Given)

L C=/F [trom (6)]
and L ABC — £ DEF —90° (Given)
By Angle-Angle-Side rule,

AABC ~ ADEF Hence Proved

[ustrative Examples

Example 13. AB is a line segment and points Pand () are situated on the opposite
side of AB such that each of then is equidistant from 4 and B. (see fig. 7.33).
Show that line segment P is the perpendicular bisector of the line segment
AB.

Solution : Here, 724 — B and Q4 — (JF is given. We have to show that PQ | 4B and
PO bisects AB. Let P() interests line segment A5 at C.
You can see two congruent triangles in this figure? Let us take APAQ and APBQ).
AP = BP (Given)
AQ — BQ (Given)
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PQ = PQ (Common side)
. APOA = APBO (BySSS rule) // \\
So, / APQ = BPQ A\ c /B
In A PAC and A PR, we get
AP = BP (Given) \/
£ APC = /2 BPC (£ APQ= 2 BPQ hasbeen Q
proved) Fig. 7.33
PC =PC (Common side)
s APAC = APBC
and Z ACP= 2/ BCP
and AC=CB
Now, ZACP+ ZBCP =180° (Linear pair) A1)
So, 2 Z ACP=180°
or, Z ACP=90° {2)

From equations (1) and (2), we conclude that line /7 1s perpendicular bisector of A5.

Note that without proving congruence ot APAQ and APB(), we cannot show A
APQ — A BPQ, whereas AP — BP (given) PC — P(’ (common) and ~ PAC = £ PBC.

(Opposite angles of equal sides in A PAB). We obtained this by SSArule which is
not always acceptable for the congruence of triangles and angle 1s not (inchided) between
the equal sides. Let us take some other examples.

Example 14: Pis a point equidistant from two lines / and # intersecting at point A
(see fig 7.34). Show that line AP bisects the angle between them.

Solution : It 15 given that lines / and m intersect at A. Let PB | J and P | m.
It is given that PB — P( (- P 1s equidistant from /and #1.)
To Prove: £ PAB= 2 PAC
Proof: Now, in A PAB and A PAC
PB - PC (Given)
L PBA — ZPCA —90° (PB LI and PC 1 m)
P4 — P4 (Common hypotenuse)
) APAR = A PAC (ByRHSrule)
Theretore .~ PAB= /PAC Hence proved
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7.8.

Exercise 7.3
A ABC and A DB(C are two isosceles triangles on the same base B( such that
vertices A and 7 are situated on the same side of BC' (see Fig. 7.35). It AD 1s
extended to intersect BC at P, then show that A
(A ABD= A ACD
(ii)) A ABP = A ACP
(iit) AP bisects both £ Aand /D
(iv) APis the perpendicular bisector of line segment . c

BC. . P
Fig. 7.35

AD s an altitude of an 1sosceles triangle ABC in which 45 — AC.
Show that :

(1) AD bisects line segment B

(ii) A bisects £ A

Two sides AB and BC" and median AM of a A AB( are respectively equal to the
corresponding sides 77Q) and (R and median /A of other triangle (see Fig. 7.36).
Show that:

(i) AABM = APON
(if) A ABC = A POR

Fig. 7.36
BF and CF are two equal altitudes of a triangle A5C.. By using RHS rule of congru-
ence, prove that A AB(  is an 1sosceles triangle.

AR is anisosceles triangle in which AR — AC. By drawing 4P | B( , show that
ZB=sC
Inequalities of a triangle :

In the previous chapter, you have studied about scalene triangles, isosceles triangle
and equilateral triangle on the basis of sides of triangle and acute angled triangle,
right-angled triangle and obtuse-angled triangle on the basis of angles.

D1d you ever think that if measure of sides of triangle are change, then angles also
change and it angles of a triangle are change then measure of sides are also change
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Why?
Let us try to understand this by the following activity and theorems.

Theorem 7.7. If two sides of a triangle are unequal, then angle opposite to
longest side is greater than the angle opposite to smaller side.

Given ;| InAABC, AB = AC
To Prove ~/C>= /B

Construction : Draw line (D from vertex C such that
AC — AD.

Proof : AC' — A (By construction) y
.. Their opposite angles will be same.
L ACD — £ ADC B .
A1) Fig. 7.37
£ AD( 18 exterior angle of A BDC
. LADC = /B ..(2)
Fromequations (1)and (2) L ACD = LB ..(3)
From tigure LACB = L ACD (d)
Fromequations (3)and (4), LACB>/LACD > /B
= ZACB = /B
Thus, ZC>=/B Hence Proved
Theorem 7.8. (Converse of Theorem 7.7)

In a triangle, side opposite to greatest angle is greater than the side opposite to
smaller angle. A

Given: InAABC, /B> /C

To Prove: AC > AB

Proof : Following are the three possiblities

tor sides AC and AB of AABC. Out of them only one is Fig. 7.38

possible.

(VAC —AB

(i) AC £ AS, and

(i) AC =AB

Condition : (i) When AC=AB

IfAC —AF, thenin AABC, angles opposite to euqal sides will beequal e, £ 5B — ZC
which is impossible because it is given that /£ B = £

Thus, AC # AB
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Condition : (ii) When AC<AB
We know that angle opposite to longest side is greater.
s AC<AB — AB=>AC
— ZC>/ZB
Which 1s contradiction of given statement
) AC < AB
Condition : (iii) Since, AC is neither less than nor equal to AB
ACmust> AR

Hence, AC > ABistrue. Hence Proved
Theorem 7.9 : Sum of any twe sides of a triangle is greater than its third side.
Given : Atriangle ABC n
To Prove :
() AB BC = AC 4
(i) BC+ AC = AB
(i) AC+ AR = BC B
Construction : Produce B4 upto 1) such that AD = AC
Proof: InADC

AD — AC (By construction)

Angle opposite to equal sides will be equal.

Z ACD =/ ADC (1)
and ZBCD > £ ACD ..(2)
From equations (1) and (2)

L BCD » L ADC — 2 BDC

0 RD = BC [-- Side opposite to greater angle is longer]
Thus BD = BC

= BA ' AD = BC [+ BD-BA+AD]
= BA+AC>BC [+ AL — AC, by construction]
Similarly, we can prove that

AB+BC=>AC

BC  AC = AB Hence Proved

7.7. Lines and Perpendicular Distance from an External Point:

Distance between a line and 1ts external only point is equal to the length of
perpendicular drawn from that point on the line.
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Theorem 7.10. Ouf of the all line segments drawn from an external point to a
straight line (line segment), then the perpendicular line segment is the
shortest.

ABisaline and C is an external point not lying onit. (' 1 4R and ) is any point

on AF other than F.
To prove ([ < (D
Proof : In A CLD

L CldD — 90° [« CE L AR]
In ACED, £ CED - 90° ¢
L CDIS 1 £ CDE90°
= £ CDE< 2 CED
= Z CED = £ CDE < —
_— CD = CE 4D k b
i . ) Fig. 7.40
[Side opposite to greater angle 1s longer]

And Z DCE =2 £ CED
_— LCED = 2 DCE
_— CD = DI

It means out of all line segments drawn from an external point to a straight line, the

perpendicular line segment s the shortest. Hence proved

Hlustrative Examples

Example 15: In Fig. 7.41, AD is the median of AABC, then prove that AB +AC >

24D

Or

Prove that the sum of two sides of a triangle is more than twice the median
draw on third side. A
Sol : Given : A7) 1s the median of A ARC
To Prove : AB  AC =2 AD
Construction : According to figure, produce A7) upto

E D @

such that DI — AD . Join Cto £,
Proof : In A ADB and A EDC v

AD — DE (By construction) Fig. 7.41

BD — DC (Given)
LADB — Z EDC (Vertically opposite angles)
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— By Side Angle Side rule, AADB = AED(C

AB - CE
Now in, AACE
AC - CE = AE
— AC AB = AE [ CI — AB]
— AC - AB = 2 AD [ AR — 24D] Hence Proved

Example 16. IfABCD is a quadrilateral, then prove that ;
D ¥

(YAB+BC+CD+DA>2AC
(i)AB+BC+CD+DA>AC+BD
B

Solution : Given : According to figure 7.42, ABCD is A
Fig. 7.42

a quadrilateral.

To Prove : () AB  BC | CD 1 DA 2AC
(yAB — BC+ CD - DA = AC - BD
Construction : Join diagonals AC and B/
Proof : We know that the sum of two sides of a triangle is more than the third side. So

In A ABC, AB +BC > AC A1)
Tn A ADC, AD = DC = AC 2
In AABD, AB  AD »BD (3)
In ABCD, BC 1 CD = BD (D)

Adding (1) and (2), we get

AB+BC+AD+ CD=>2AC (1)
Again, adding (1), (2), (3) and (4), we get

20(AB + BC - AD — D(C)y = 2 (AC+ BD)

- AB+BC+AD+DC=>AC +BD (1) Hence Proved

Example 17 : In Fig. 7.43, O is any point in the interior of AABC, then prove that
AB+AC=> 0B+ OC y

Solution : Given : (s an interior point in AABC,

To Prove : AB+AC>0B+ OC D

Construction : Produce B8O, which meets AC at /).

Proof . We know that in atriangle, sum of two sides 1s more B _ C

than the third side. Fig. 743
InAABIY AB  AD = BD

= AB 1 AD =08 0D (1)
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Similarly, in A QCD,0OD 1+ DC = OC ~(2)
Adding (1) and (2), we get

Ul

AR+ AD+ OD-D(C = OB - 0D+ 0C
AB +(AD+DC) = OB + OC
AB  AC = OB OO Hence Proved

Important points

In this chapter, you have studied the following points.

l.

2
3
4

10.
11

13.
14.
15,

Two figures are congruent, if they have same size and same measure.
Two circles of same radius are congruent,

Two squares of same sides are congruent.
IfAAB(C and A POR are congruent under the correspondence 4 <> P, B <> (J
and (7 «» R, then in notation form, they are written as AABC = APQOR.

Iftwo sides and one included angle of one triangle are equal to the corresponding
two sides and included angle of other triangle, then two triangles are congruent.
(SAS rule of congruence)

Iftwo angles and included side of a triangle are equal to the corresponding two
angles and included side of other triangle, then the two triangles are congruent.
(ASA rule of congruence)

Iftwo angles and one side of a triangle are equal to the corresponding two angles
and one side of other triangle, then two triangles are congruent. (AAS rule of con-

gruence)
Angles opposite to equal sides of a triangle are equal.

Side opposite to equal angles of a triangle are equal.
Each angle of an equilateral triangle is 60°.

Ifthe three sides of a triangle are equal to corresponding three sides of other tri-
angle, then two triangles are congruent. (SSS rule of congruence)

‘If i two right triangles, hypotenuse and one side of a triangle are equal to hypot-
enuse and one side of other triangle, then two triangles are congruent. (RHS rule of
congruence)

In a triangle, angle opposite to longer side is greater.
In a triangle, side oposite to greater angle is longer.
In a triangle, sum of two sides 1s greater than the third side.
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Miscellaneous Exercise - 7

Multiple Choice Questions (1 to 16)

l.

12.

Which one of the tollowing is not the condition of congruence of triangles.

(a) SAS (b) ASA (c) SS4 (d) SSS
IfAR — QR BC — PRand CA = PQ, then :

(a) AABC = APQR (b) ACBA=APRQ

(c) ABAC = ARPQ (d) APOR = ABCA

InAABC, AB — AC and £ B — 50°, then £ ("is equal to

(a) 40° (b) 50° (c) 80° (d) 130°
InAABC, BC — ABand £ B — 80°, then ~/ A isequal to :

(a) 80° (b) 40° (c) 50° (d) 100°
InAPOR, ZR — ZP and QR =4cm and PR — 5 cm, then lenght of Q15
(a)4 cm (b)5cm (c)2cm (d)2.5¢cm
D is a point situated on side BC’ of A ABC, such that AD bisects ~BAC, then.
(a) BD—CD  (b)BA = BD (¢) BD = BA (d) CD = CA

Itisgiventhat AARC — AFDFEand AB —5cm, £B —40°%and £ 4 — 80°. Which
one of the following is true?

(a) DF =5 cm, £ F=60° (b) DF — Sem, £ E — 60°

(c) DE = Scm, £ E=60° (d) DE — Scm, £ D — 40°

Lenghts of two sides of a triangle are 5 cm and 1.5 cm. Following cannot be the
length of'its third side.

(a)3.6cm (by4.1 cm (c)3.8cm (d)3.4cm
InAPQPif £ R ZQ then
() OR = PR (b)Y PO = PR (c) PO = PR (d) OR = PR

In triangles ABC and POR, AR — AC, £ — ZP and £ B — Z{J. These triangles
are

(a) Isosceles but not congruent (b) Isosceles and congruent
(c) Congruent but not isosceles (d) Neither congruent nor isosceles

In triangles ABC and DEF AB— FD and £ A — £ D. Two triangles are congruent
by SAS tuleif:

() BC — LI4 (b)AC=DE (c)AC — LI (d) BC — Ilt
Inright triangle ABC it /(15 aright angle then longest side will be.
(a) AR (b) 5C
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13.

16.

17.
18.

19.

20.
21,

22,

23.

24,

25,

26,

27.

(c)CA (d) None of theite
Difference of two sides of a triangle to its third side is :

(a) More (b) same (c)less (d) half
If two sides of a triangle are unequal, then angle opposite to longest side1s
(a) Greater (b) smaller (c)equal (d) half
The perimeter of triangle is then sum of 1ts medians.

(a) More (b) Less (c) Equal (d) Half
The sum of three altitudes of triangles is its perimeter :

(a) more (b) equal (c) halt (d) less

IfimAABC, AB — AC and £ A = 60° then write the relation between BC and AC.
In Fig 7.44, write the relation between ABand AC.

1357 115°

Fig. 7.44
Inany triangle ABC, £ A » £/ Band £/ B / (, then what will be the smallest
side?

Find all the angles of an equilateral triangle.

P is any point lie on the bisector of £ ABC. Ifthrough P, a line is drawn parallel to
BA meets line BC at J then prove that A BP(J is an isosceles triangle.

ABC s aright angled triangle in which A5 — AC. Bisector of £ Ameets 5C at 1.
Prove that (" —2 AD.

AABC and A {5( are lie on the same base B( such that points A and /7 are on the
opposite side of BC, and AB=AC and DB =13, Show that 4/ is the perpen-
dicular bisector of B(-

ABC’1s anisosceles triangle, in which AC — BC. A1) and BF are altitudes on BC
and AC respectively. Prove that AL — BD.

Prove that sum of any two sides of a triangle is more than twice the corrosponding
median of third side.

L
Ina A ABC, D is the mid-point of side AC such that B — EA(--‘ Show that

Z AB( is aright angle.
In a right triangle prove that line segment joining the mid point of hypotenuse to its
opposite vertex is half of the hypotenuse.
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28.

29,

30.

35,

37.

InFig. 7.45, if AB— AC, then write the relation between ABand AD.

Fig. 7.45
AD s amedian of AARBC. Isit true that AB + BC + ('4 =24D. Give reason for
yOU answer.

M is any point on side BC of A ABC such that AA s the bisector of £ BAC. Ts it
true that perimeter of triangle 1s more than 2 AM? Give reason for your
answer.

Q is any point situated on side SK of A PSR such that PO — PR. Prove that : PS >
PO.

S 1s any point situated on side OR of A POR. Show that PO — QR + RP=2PS
D is any point situated on side AC of AABC, with AB = AC. Show that (') = BDD.
InFig. 7.46. /B / Aand £ D> /I, then prove that AlX = BD.

& I

b

Fig. 7.46
In AABC, AB = AC and ) 13 any point on side BC prove that 4B = AD.

Prove that sum of three sides of a triangle is more than the sum of its three medians.
[Hint: use example 1]

InFig. 7.47. O 1s theinterior point in a triangle, then prove that :

(BC+AB — AC) =2 (04 - OB - 0C)

A

Fig.7.47
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38. Provethat sum of'three altitudes of triangle 1s less then perimeter of triangle.
39.  Provethat difference of any two sides of any triangle is less than its third side.

40. Bisectorsof g and /( ofanisosecles triangle with AB = AC, intersect each
other at point O. show that adjacent 4 B¢ is equal to exterior /BOC.

41. InFig. 7.48 AD1sthebisector of ~RB4(" Provethat AB>BD.

A

D
Fig.7.48

Answer
Exercise 7.1
QR: These will be congruent by ASA
RP: These will be congruent by AAS
No, angle should be between the two sides.
No, sides should be corresponding,
No, BC should be equal to PQ

Yes, these are corresponding sides.

oW

&

Exercise 7.2
1. 64" 3. QQ®
Miscellaneous Exercise -7

1.C 2. B 3. B 4. C 5 A 6. B
7.B 8.D 9. B 10. A 11. B 12. A
13.C 14. A 15. A 16. D

17. BC<AC

18. AB>AC

19. AB

20. 00, 60, 60

28. AD>AB

29. Yes AB+BD>AD and AC+CD>AD
30. Yes AB+BM>AM and AC+CM=>AM
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