Chapter 13

Limits and Derivatives

Exercise 13.2
Question 1: Find the derivative of x> — 2 at x = 10.
Answer 1:

Let f(x) = x? — 2. Accordingly,

/ 1 f(10+h)—f(10)
f(10) = lim -

. [(10+h)2-2]-(10%2-2)

= lim [
h—0 h

—lim 10"+2.10.h+h"—2-10"+2
h—0 h

20h+h?
h

= }llincl)(ZO +h)=(20+0) =20
Thus, the derivative of x> — 2 at x = 10 is 20.
Question 2: Find the derivative of 99x at x = 100.

Answer 2:

Let f(x) = 99x. Accordingly,

f(1004+h)—f(100)
h

f'(100) = }11_13(1)

99(100+h)—99(100)
h

99x100+99h—99%x100




. 99h
= lim —
h-0 h

= }{1_1}(1)(99) =99

Thus, the derivative of 99x at x = 100 is 99.
Question 3: Find the derivative of x at x = 1.
Answer 3:

Let f(x) = x. Accordingly,

11N o FAFR=F (1)
f1) = lim——

. 1+h)-1
lm( )

. h
= lim -
h-0h

- ()

=1
Thus, the derivative of x at x =1 1s 1.

Question 4: Find the derivative of the following functions from first
principle.

(M) x3 - 27 (i) (x— 1) (x = 2)

vl 1 . x+1
(111)x—2 (lV)E

Answer 4:

(I) Let f(x) = x> — 27. Accordingly, from the first principle,

1o g FOHR)=F(0)
f'(x) = lim




. x3+h3+3x%2h+3xh%—x3
= lim
h—0 h

. h3+3x%2h+3xh?2
= lim
h-0 h

= }llirr(l)(hz + 3x2 + 3xh)

=04 3x% +0 = 3x?

(i1) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,

/ — pi fx+R)—f(x)
f'(x) = lim -
~ lim (x+h-1)(x+h—-2)—(x—-1)(x-2)
h—0 h

) X2+hx—2x+hx+hx%—-2h—x—h+2)—(x%-2x—x+2
= [im

h—0 h
— lim (hx+hx+h?-2h-h)

h—0 h

.  2hx+h%-3h
= lim —————
h—-0

= ’111_1}(1)(2x +h—3)

=(2x+0-3)
=2x—3
(iif) Let f (x) = —

Accordingly, from the first principle,

fx+h)—f(x)
h

f'0) = lim




1 'xz—(x+h)2]
h L x2(x+h)2

'xz—xz—hZ—th]
x2(x+h)2

1[-h%2-2hx
_xz(x+h)2]

= lim [ —h—2hx ]

h—0 Lx2(x+h)?
0-2x -2

T X102 x3

x+1

(IV) Let f(X) = 1

Accordingly, from the first principle,

ren e FOHR)=F ()
f'(x) = lim -

x+h+1 x+1

= lim {x+h—1_ﬁ}

h—0 h
1[(x-1)(x+h+1)—(x+1)(x+h-1)

(x—=1)(x+h-1)

1 '(x2+hx+x—x—h—1)—(x2+hx—x+x+h—1)]
(x—1)(x+h+1)

—2h ]
hL(x-1)(x+h—-1)

. -2

B ’lll_l}(l) [(x—l)(x+h—1)]

_ —2 )
(x—1)(x—-1)  (x—1)2

5100 x99

Question 5: For the function f(x) = +

xZ
— et = +x+1
100 99 2

Prove that f'(1) = 100f'(0)

Answer 5:




The given function is

fa) =%

100 99
99

100 o X2
f() —E‘Fg-l-'“-l-?-l-x-l-l

d x100 d x99 2 d d
_Ef() dx(100)+dx( )+ Tt (2)+E(x)+a(1)
On using theorem — (x") = nx™"!, we obtain

98
= flx )_100x A 140

=x99+x98+~-+x+1
=f'(x) =x? +x®B+ - +x+1
Atx =0

— £ (0) =1

Atx =1

=f'(D)=12+1%+ - +1+1=A+1++1+Digoterms =
1x100 =100

Thus, £'(1) = 100 x £1(0)

Question 6: Find the derivative of x™ + ax™ ™! + a?x™ 2 + --- +
a™ 1x + a"for some fixed real number a.

Answer 6:

Let
d
f'(x) = — (x" +ax™ 1+ a*x" %+ a™ lx +a")

L ow 4 . n-1 24 on-2y, .. .4 ,mn-1% nd
dx(x)+adx(x )+ a dx(x )+ -+ a dx(x)+a dx(l)

-1 we obtain

. d
On using —x" = nx
g dx




=f'x)=nx"1+an—-Dx" 2 +a*t(n—-2)x" 3+ - +av 1+
a™(0)

=nx"1+an—-Dx"?2+a’(n—-2)x"3+ -+ aq"?
Question 7: For some constants an a and b, find the derivative of
(i) (x —a) (x — b) (ii) (ax? + b)? (iii) %

Answer 7:

(1) Letf(x)=(x—a)(x—b)

f(x)=x?2—=(a+b)x+ab

f'() =+ (x? = (a+ b) + ab)

_d ooy a a

=—(x") = (a+b)—(x) +—(ab)

On using theorem % (x™) = nx*~1, we obtain

fl(x)=2x—(a+b)+0=2x—a—b
(ii) Let f(x) = (ax>+ b)?
f(x) = a?x* + 2abx?? + b?

' _4a 2.4 2 2y — 294 ¢ 4 )
f(x)—dx(ax + 2abx® + b°) = a dx(x)+2abdx(x)+

On using theorem %x" = nx™"1, we obtain
f'(x) = a?(4x3®) + 2ab(2x) + b2(0)
= 4a’x3 + 4abx
= 4ax(ax® + b)
X—a
(i) f(x) = b




£ =565)

x—b
By quotient rule,

d d
, _ (x=b)(x—a)-(x—a)(x-b)
f (X) - (x_b)z

_ (=b)(1)-(x-a)(1)
(x—b)2

__ Xx—b—x+a
(x—b)?
__a-b
(x=b)?

xM—qm

Question 8: Find the derivative of for some constant a.

Answer §:

e == (5=5)

xX—a

By quotient rule,

(x—a)%(x”—a")—(x”—a")d%(x—a)

FG0) = —

_ (x-a) (nx™"1-0)—(x™-a™)
(x—a)?

_ nxM—anx™1—xM+q"
(x-a)?

Question 9: Find the derivative of
: 3

(1) 2x — "

(i) (5x> +3x - 1) (x - 1)

(111) x-3 (5 + 3x)




(iv) x° (3 — 6x-9)
(v) x—4 (3 — 4x-5)

x2

2
(v1) x+1  3x-1

Answer 9:

(i) Let, f(x) = 2x -

1@ =g (2 -3)

=250 -%()

(if) Let £ (x) = (553 + 3x — 1) (x — 1)

By Leibnitz product rule,

f1@) = (5x3 +3x = 1) - (x — 1) + (x = 1) = (52 + 3x = 1)
=Gx3+3x—-1)(1Q) + (x —1)(5.3x>+3-0)
=(5x3+3x—1)+ (x —1)(15x% + 3)
=5x3+3x — 1+ 15x3 4+ 3x — 15x% — 3

= 20x315x2 + 6x — 4

(i) Let £ (x) = x= 3 (5 + 3%)

By Leibnitz product rule,

f1a0) =273 (5 +3x) + (5 +30) - (x %)

=x73(0+3) + (5+ 3x)(—3x7371)
=x733) + (5+3x)(=3x7%)




=3x73 —15x"% —9x~3

=—6x"3 —15x~*

(iv) Let £ (x) = x5 (3 — 6x-9)

By Leibnitz product rule,

f1a) =23 —6x7%) + (3 — 6x7%) == (x°)
=x°{0 — 6(=9)x 271} + (3 — 6x72)(5x*)
= x°(54x71%) + 15x* — 30x~°

=54x7° + 15x* — 30x~°

= 24x7° + 15x*

=15x* + i—g

(v) Let f (x) =x—4 (3 — 4x-5)

By Leibnitz product rule,

o) = x L (@3- a5 + (3 — 4 L (x )

=x"H0 —4(=5)x">"1} 4+ (3 —4x75)(—4)x~*1
=x"*(20x7°) + (3 — 4x7°)(—4x">)

=20x"10 —12x75 + 16x71°

=36x"10 —12x7°

12 36

5 1 10

x2

. 2
(Vl) Let f(X) = m — 31

Fe = () - (5m)




By quotient rule,

By quotient rule,

) = (+1) (D)~ 2 (x+1) B (Bx-1)e(x%) 2% 4=(3x-1)
frx) = (x+1)2 (3x—1)2

_ ((x+1)(0)—2(1)) _ ((3x—1)(2x)—(x2)(3))
(x+1)2 (3x+1)2

_ -2 _[6x2—2x—3x2]
(x+1)2 (3x—1)2

_ -2 _[3x2—2x2]
(x+1)2 (3x—1)2

-2 x(3x—2)

T (x+1)2 (3x—1)2

Question 10: Find the derivative of cos x from first principle.
Answer 10:

Let f (x) = cos x. Accordingly, from the first principle,

1N pe FOEFR)=F(2)
f(x) = lim -

cos(x+h)—cosx

= lim
h—0 h

. [cosxcosh—sinxsinh—cosx
= lim
h-o0 L h

. [—cosx(1—cos h)—sinxsinh
= lim
h-0lL h

. [—cosx(1—cosh)  sinxsinh
= lim -
h-olL h h

] 1-cosh . ] sinh
=-cosx [ lim — sinx lim
h-0 h h-0\ h




= - cosx(0) — sinx(1) [lim L-cosh Sinh ]

= Q0and lim—=1
h-0 h h-0 h

=-sinx

=f (x)=-sinx

Question 11: Find the derivative of the following functions:
(1) sin x cos x

(11) sec x

(111) 5 sec x + 4 cos x

(iv) cosec x

Answer 11:

(1) Let f (x) = sin x cos X.

Accordingly, from the first principle,

' . fx+h)—f (%)
f (x) lim .

sin(x+h)cos(x+h)—2sinxcosx

= lim
h—0 h

= hm [Zsm(x + h)cos(x + h) — sin2x]

= }{i_%ﬁ [sin2(x + h) — sin2x]

. 1 2x+2h+2x . 2x+2h—-2x
= lim —|2cos .Sin
h—-0 2h 2 2

o1 4x+2h ., 2h
= lim = |cos sin—
h-0h 2 2

= llrr(l) [cos(Zx + h)sinh]

sinh

= lim cos(2x + h).lim
h—-0 h—-0




=cos(2x+0).1

= C0S2 x

(i1) Let f (x) = sec x.

Accordingly, from the first principle,

] - f(x+h)—f(x)
fi(x) = lim=——

. sec(x+h)—sec x
= lim (x+h)
h—0

. 1 1 1
SCHe
h—-0 h Lcos(x+h) cosx

[cosx—cos(x+h)]

. 1
= lim -
cosxcos(x+h)

h—-0h

1 _—Zsin(x+§+h)sin(x_;c—h)]

1
JA1im -
cosx h—0 h cos(x+h)

= dim =
cosx h—0Qh cos(x+h)

1 1 -—Zsin(ZS:h)sin(g)]

1
cosx h—0  cos(x+h)
_ 1 .limSin,l(g).l' sin(zx;h)
cosx h_ (E) h=0 cos(x+h)

—

e

2

1 sinx

cosx ~ cosx

=secx tan x
(111) Let f (x) = 5 sec x + 4 cos x.

Accordingly, from the first principle,




1o g FOHR)=F(0)
f'(x) = lim -

— lim 5sec(x+h)+4cos(x+h)—[5secx+4cosx]
h—0 h

[sec(x+h)—secx] [cos(x+h)—cosx]

=51 4 i
R L

—5}111_)011[

1
cos(x+h) cosx

] + 4 11m 1 [cos(x + h) — cosx]

. 1 [cosx—cos(x+h)
=5 lim—
h—-0 h L cosxcos(x+h)

x+x+h x—x—h

.1 L
+ 4 }llng) - [cosxcosh — sinxsinh — cosx]
q

=—> lim= [_zsm( T i >] + 4 ;lzincl)% [—cosx(1 — cosh) —

cosx h—»0 h cos(x+h)

sinxsinh]

_ 5 lim 1 [—ZSin(zx;h)sm( h)

(1—cosh) .

cosx h—0h

+4[ cosx lim
cos(x+h) h—0
. ) sinh
sinx lim —

h—0 h

sin(222) 3

- lim ) + 4[(—cosx).(0) — (sinx).1]

COSX h—0 cos(x+h)

R S |

h—0 cos(x+h) h—>0

5 sinx ;
= ) .1 —4sinx
COSX COSX

= 5sec x tan x — 4sin x
(iv) Let f (x) = cosec x.

Accordingly, from the first principle,

' — pi Sx+R)—f(x)
f'(x) = lim -




1
= 1- — h —
lim [cosec(x + h) — cosecx]

. 1 1 1
= lim = |= — = ]
h—-0 h Lsin(x+h) sinx

[sinx—sin(x+h)

. 1
= lim — |— _
h L sin(x+h)sinx

1 -Zcos(xﬂzﬁh).sin(x_z_h)

sin(x+h)sinx

()

sin(x+h)sinx

—cos 2x+h.iiigz
5

h—0 sin(x+h)sinx

2x+h
2

my — 3
h—-0 \ sin(x+h)sinx

_( —cosx ) 1
sinxsinx/ "’

- cosec x cot x




