Chapter 2
Inverse Trigonometric Functions

Exercise 2.2

Q.1

Prove the following:

3 sin x = sin” (3x - 4x3)3,x € |3, ]
Answer:

Let x = sin 0 then sin''x = 0

We have,

R.H.S =sin"! (3x — 4x%)* = sin! (3 sin 0 — 4 sin’ 0)
Now, we know that,

sin 3x = 3sin x - 4 sin3x

Therefore,

= sin’!(sin (30))

=30

= 3sin"'x

=L.H.S

Hence Proved

Q.2

Prove the following:

3 cos'x =cos! (4x? - 3x),x € E, 1]

Answer:




Letx=cos 0

Then, Cos'=0

Now, R.H.S. = cos!(4x? - 3x)
= cos !(4cos°0 - 3cos 0)

= cos(cos’0)

=30

=3cos'x

= L.H.S.

Hence Proved

Q.3

Prove the following:
A
24

-1

2
tan™ =+ tan’! — = tan

Answer:

L.H.S. tan-1 24 tan-1 Z
11 24

2 7
_+_
=tan! 222+ [~ tan!x +tan' y = tan

1 x+y]

- 1-x
1 1124 y

48+77

_ -1 11X24
=tan" 45517

11X24

| 48+77
264—14

= tan




Hence Proved.

Q.4

Prove the following:

31

1 1
2 tan! =+ tan’! = =tan
2 7 17

Answer:

L.H.S.=2 tan % + tan™ %

1
= 1
= tan'! —2= + tan™! ;

1-(5)’

1 1
- +tan’! =
7

= tan’!

-1 x+J’]
1-xy

= [since, tan"'x + tan'ly = tan

Hence Proved.

Q.5

Write the following functions in the simplest form:

-1 \Y, 1+x2—1
X

tan ,X#0

Answer:




1
tan T,x;éo

Now, Put x =tan 0 = 0 =tan’'x

Vi+x2-1 tan-! (v1+tan92—1>
x

Therefore, tan™!
tanf

sec6-1 )
tané

1—cos@
! (5
a sin@

¥ Zsinzg
~ tan Zsingcosg
2 2

0
= tan’! (tan —)
2
1
—tan’'x
2

Therefore, tan’!

Q.6

Write the following functions in the simplest form:

Vi+x2-1
X

1
== tan"'x
2

a1
tan x2_1,|x| >1

Answer:

tan™! xi—l , x| >1

Let us take,
X =cosec 0 =0=cosec! x

[We have done this substitution on the bases of identity sec20 — 1 =
tan20]




1 1
Therefore, tan! —— = tan’! ———
’ Vx2-1 Vcosec20-1

Now we know that, cosec20 — 1 = cot20

Therefore,

1
= tan’! —= tan™! (tan 0) = 0 = cosec™! x

ot6
Q.7

Write the following functions in the simplest form:

1—cosx
( ) X<T
14+cosx

1+cosx

1—-cosx X
Hence, tan’! ( ) =3

Q.8

Write the following functions in the simplest form:




tan’! (—Cosx_smx), 0<x<Tm

cosx+sinx

Answer:

tan‘l ( cosx—sinx )
cosx+sinx

Dividing by cos X,
o [

1+smx

COoSsXx

1-tanx [
= tan™! ( ), [ =

1+tanx COoSX
— tan-l -1 . -1 -1 -1 (XY
=tan” —tan~ (tan x) [ tan™ x —tan” "y = tan ( )]

1+xy

As we know tan(mr/4) = 1

= tan’! (tan (g)) + tan’! (tan x)

=—-—X

1 {cosx—sinx
Hence, tan” ( —— | = — — Xx.
cosx+sinx 4
Q.9

Write the following functions in the simplest form:

Answer:

tan’!
a?-x

We will solve this problem on the bases of the identity 1 - sin20 = c0s26

So, for a’ - x?, we can substitute x =a sin 0 or x = a cos 0

Now, let us put x = a sin 0




Therefore,

tan'l X _ tan'l ( asin @ ) _ tan'l (a sin 0)
va2-x2 va2-a?sin? 6 acos 6

=tan! (tan 0) = 0 = sin™! (g)

Hence, tan’!

Q. 10

Write the following functions in the simplest form:

1 3a3x—x3} .-a a
tan {—a3—3ax2 ,a>0; = <x< NG

Answer:

3 3
tan'l {Ba X—x }

a3-3ax?

Putx=atan0 = §=tan9=tan'1§

3) — tap! (3a3.a tanQ—a3tan39)
a3-3a.a’tan?6

4 (3a3tan6—-a3tan36
= tan’!
a3-3a3tan?6

_ 3tanf—-tan®
" 1-3tan26

A tan39]




Find the values of each of the following:
-1 o—11
tan [Zcos (Zsm 2)]
Answer:
-1 -11
tan [Zcos (Zsm 2)]
We will solve the inner bracket first.
So, we will first find the principal value of sin’! %
We know that, sin'I% = %
Therefore,

tan”! [Zcos (Zsin‘1 %)] = tan"! [Zcos (2 X %)]

-t [ocos (2

17 .. 1
= tan’! [2 X —] [smce, cos (E) ==
2 3] 7 2

=tan’!1
= 1t/4

Hence,

The value of tan’! [Zcos (Zsin‘1 %)]

Q.12

Find the values of each of the following:
cot (tan"'a + cot™'a)
Answer:

cot (tan'a + cot 'a)




= cot (g) ) [ tan"lx + cot "1y = g]

Hence, the value of cot (tan"'a + cot'a) = 0

Q.13

Find the values of each of the following:

1l . 4 2x _q11-y?
tan—[sm 1 + cos 1—y],|x|<1,y=0
2 1+x2 1+y2

Answer:

1 .. 1 2x 1 1-y?
tan = [Sm 1 — 4 cos™t yz]
2 1+x 1+y

We will solve this problem by expressing sin26 and cos2 in terms of
tan 0

Now let us put, x = tan 0. Then we will have,
0 = tan'x

. 2x . 2tan@ . .
- sin’! = . =sin! (sin20) =2 0 =2 tan''x

+x2 1+tan?0

Now again, Let’s put, y = tan@. Then we will have,

@ = tan-ly

1-y? — sinl (1—tan2¢

= cos1 e ) = cos’! (cos2@) =20 =2tanly

1+tan?Q

Now,

2x 1 1-y?
1 — 4 cos™t yz]
14x 1+y

[ .. _
tan - [Sm
2
= tan % [2tan’! x + 2tan! y]

= tan [tan"! x + tan! y]




= tan [tan‘1 (x+y )]
1-xy

x+y

1-xy

Hence, the value of

1 2% 4 cos™t 1_y2] = XY
1-xy

1| . _
tan:—[Sln, > >
2 1+x 1+y

Q.14

Find the values of each of the following:

If sin (sin‘% + cos‘lx) = 1, then find the value of x
Answer:

Sin (sin‘% + cos‘lx) =1

= sin’! %Jr cos! x = sin-1 1

. 1 T . . T
= sin™! ot cos' x = = [Slnce, sin~11 = >

S | 1 T -1
=Sm " —-=——C0S X
5 2

. 1 . . . _ T
= sin™! == sin’! x, [smce, sin"x 4+ cos™x = E]

On comparing the co-efficient on both sides we get,
= X =

Q.15

Find the values of each of the expression
g (o 2T
Sin (sm . )

Answer:




. 4 (e 2T
Sin (Sm . )
(For sin™! (sin x) type of problem we have to always check whether the
angle is in the principal range or not. This angle must be in the principal

T T
range | — E,E]

So here, 2771 ¢ [—g,g]

. . 2T .
NOW, SlIl'1 (sm ?) can be written as,

. ., 2T
Sin’! (sm ?)
I | . T
=sin’ (sinm —

. A T T T
= sin’! (sm —) where — € [— —,—]
3 3 2’2

. . 2T i
Hence, sin’! (sm ?) =3.

Q.16

Find the values of each of the expression
tan™! (tan 3—”)
4
Answer:
tan™! (tan 3—n)
4

(For tan’! (tan x) type of problem we have to always check whether the

angle is in the principal range or not. This angle must be in the principal

T T
range.|— -, )

So here, %ﬂ ¢ [— g,g]




Now, tan™! (tan )can be written as,

tan™! (tan 3—”)
4

= tan’! [tan (n - %)]

= - tan-1 (tan Z) where —— E — = —] [since, tan (T — X) = - tanx

s

Hence, tan-1 (tan %n) = —=

4
Q.17

Find the values of each of the expression
. 13 _13
tan (sm 12+ cot™1 —)
5 2
Answer:

Let sin! (%) =ysosiny= % andy € (0, %), so all ratio of y are positive

and

Hence, cos y == and tany = 3 so tan’! G) =y
Also,

Cot! (%) = tan’! g as cot’! x = tan’! G)

So, tan (sin‘1 % + cot™! g)

3 2
= tan (tan‘1 ot tan~1 5)

= tan <tan_1 )




17 17
= tan (tan‘1 —) —
6 6

. 13 13\ 17
Hence, tan (sm 1; + cot 71 —) = —

2 6
Q.18

Find the values of each of the expression
Cos’! (cos %ﬂ) is equal to

7
A —
6

51
"6

T
"6

T
)

Answer:
7T
Cos’! (cos ?)

(For cos™!(cos x) type of problem we have to always check whether the
angle is in the principal range or not. This angle must be in the principal

range.[— %,%])

So here,

71 .
Now, cos™! (cos 5)can be written as,

71T
Cos’! (cos ?)

- cost[os ()




T T mw T .
= - cos’! (cos g) where - plis [— E’E]’ [since, cos (T + X) = - cos X]

T
=1 —cos’! (cos E) as cos-1(-x) = m — cos-1

_ 5w
6

7T
Hence, cos (cos ?)

Q.19

Find the values of each of the expression

Sin (g —sin~! (— %)) is equal to

1
"2
1
"3
1
"4
.

Answer:

: 1 : .
Sin’! (— —) = sin- (E) as sin! (x) = sin! x
1
2

VA
=——assm( )=
6

We all know that the principal value branch of sin! is [— g , %]




Q.20

Find the values of each of the expression
tan” V3 — cot! (—V3)

1s equal to

A. ¢

T
B. -3

C.0
D.2+3

Answer:

tan” V3 — cot! (—V3)
=tan! V3 — (m — cot71V/3)
=tan"' V3 +cot' V3 — 7




