5. Straight Line

e Slope of a line: If 0 is the inclination of a line / (the angle between positive x-axis and line /), then m =
tan 0 is called the slope or gradient of line /.
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o The slope of a line whose inclination is 90° is not defined. Hence, the slope of the vertical line, y-
axis is undefined.
o The slope of the horizontal line, x-axis is zero.

For example, the slope of a line making an angle of 135° with the positive direction of x-axis is m = tan
135° = tan (180° — 45°) = — tan45° = -1

¢ Slope of line passing through two given points:

The slope (m) of a non-vertical line passing through the points (x;, y;) and (x,, y») is given by
m= 2y

For example, the slope of the line joining the points (—1, 3) and (4, —2) is given by,
e PE VL, R B g
Ha—x] 4—(-1) 5

¢ Conditions for parallelism and perpendicularity of lines:

Suppose /; and /5 are non-vertical lines having slopes m; and m, respectively.

o [ is parallel to /7 if and only if m| = m) 1.e., their slopes are equal.
o [y is perpendicular to /5 if and only if mm) =—1 i.e., the product of their slopes is —1.

Example:

Find the slope of the line which makes an angle of 45° with a line of slope 3.
Solution:

Let m be the slope of the required line.
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¢ Collinearity of three points: Three points A, B and C are collinear if and only if slope of AB = slope of
BC

e The equation of a horizontal line at distance a from the x-axis is either y = a (above x-axis) or y =—a
(below x-axis).

e The equation of a vertical line at distance b from the y-axis is either x = b (right of y-axis) or x = —b (left of
y-axis).

¢ Point-slope form of the equation of a line

The point (x, y) lies on the line with slope m through the fixed point (x(, y() if and only if its coordinates
satisfy the equation. This means y —yg = m (x — x().

Example:Find the equation of the line passing through (4, 5) and making an angle of 120° with the positive
direction of x-axis?

Solution:Slope of the line, M =tan 120° = tan lBDD—BDE‘) = —tan 60®= — /=

Equation of the required line is,

y—5=—y3(x=4)
=)y —5= —3x+ 43
= /3% +y— [5+4 3)=0
e Two-point form of the equation of a line
The equation of the line passing through the points (x1, ¥1) and (x2, y7) is given by

y—y1= —E:E (x—x1)

Example: Find the equation of the line passing through the points (-5, 2) and (1, 6).
Solution: Equation of the line passing through points (-5, 2) and (1, 6) is



~2= 525 (x~(~9)

1-(—5])
=y —2=2(x+5)
:y—2=%ﬁ+ﬂ

=3y—6=2x+10
=2x—3r+16=0

e Slope-intercept form of a line
o The equation of the line, with slope m, which makes y-intercept c is given by y = mx + c.
o The equation of the line, with slope m, which makes x-intercept d is given by y =m (x — d).

Example:
Find the equation of the line which cuts off an intercept 5 on the x-axis and makes an angle of 30° with the y-

axis.

Solution:
-
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Slope of the line, m = tan 60° = ﬁ
OB=5

Intercept on the x-axis, ¢ = —-OB = -5 and tan 60° = —S‘E
Equation of the required line is = '@X * [ B 5@.

¢ General equation of line

Any equation of the form Ax + By + C =0, where 4 and B are not zero simultaneously is called the general
linear equation or general equation of line.
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Example:
Find the slope and the y-intercept of the line , 3y =—16
Solution: '

The equation of the given line can be rewrittenas » . 3. 16—
Here, =2, B=-3and C= I6. e



Slope of the line = —

Intercept on the y-axis = —

¢ Intercept form
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The equation of the line making intercepts a and b on x-axis and y-axis respectively is a g :
Example:
If a line passes through (3, 2) and cuts off intercepts on the axes in such a way that the product of the
intercepts is 24, then find the equation of the line.
Solution:
The equation of a line in intercept form is
§+§:1.mu
Where, a and b are the intercepts on x and y axes respectively.
Since the line passes through (3, 2), we obtain
3,2
a + b 1
=3b+2a =ab

=za+3b=24 _.(Z) (Since product of intercepts is given as 24)
Now,

(2a — 3b)% = 24ab
= (24]2 —24(24) [From equation (2)]
=0

i ANED i)

On adding equations (2) and (3), we obtain

da=24=a=6
S3b=2a=2x6=12
=bh=4
Hence, from (1), the required equation of line is
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e
=4y +6y =24
=Z2y+3y =12

¢ Normal form of the equation of a line

The equation of the line at normal distance p from the origin and angle @, which the normal makes with the
positive direction of the x-axis is given by xcos & + ysinl) =p

Example: Reduce the equation * ~ @ —6=01 normal form and hence find the length of perpendicular to
the line from the origin. Also find angle between the normal and positive direction of the x-axis.

Solution: The given equation is * ~ @ sl

=x—y3 =6 (1)

On dividing (1) by J(ﬁ)E.F { — ,‘@)2 =y1+3= V’Zl: 2, we obtain
1, V2

2
X3 r=3




= x cos 300°+ysin 300° =3 ... (2)
On comparing equation (2) with ¥ cos@ +ysin W = p we obtain w = 300° and p =3

Therefore, the length of perpendicular to the line from the origin is 3 units and the angle between the normal
and the positive x-axis is 300°.

Parametric form

The equation of a line in parametric form is x-x1cosf=y-y1sinf=r.
Also, from the above equation, we get:
x-x1=rcosf and y-y1= rsinf.. x=x1+rcosf and y=y1+ rsinf

Thus, the coordinates of any point on the line at a distance » from the given point (x1,y1) are
x1 +r1cosh, yl +rsinf.

e Angle between two lines: An acute angle, 0, between line /1 and /9 with slopes m| and my respectively

is given by
E' ma—my I:I
ta ‘ 1+myma | 1 2 )

Example 1:Two lines AB and CB, intersect at point B. The coordinates of end points are A(—4, —3), B(0, 5),
and C(10, 5). Find the measures of angles between AB and CB.

Solution: Let the angle between the lines AB and BC be 6.
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Slope of line '&‘E_—D—(—!lj = =2

Slope of line BC = =2=2 =0

18=0
We know that the angle between two lines with slopes m; and m, is given by tan 6= ‘%‘
Therefore, tan & = ‘%| =2
= 0= tan_1(2).

Point of Intersection of Two Intersecting Lines

e Ifalxtbly=cl and a2x+b2y=c2 are two intersecting lines, then the coordinates of their point of
intersection are

clb2-c2blalb2-a2bl,alc2-a2clalb2-a2bl, where alb2-a2bl #O0.

e Three or more distinct lines are said to be concurrent if they pass through a common point, and the point
of intersection is called the point of concurrence.



o Ifthe three lines alx+bly+c1=0 ,a2x+b2y+c2=0 and a3x+b3y+c3=0 are concurrent, then alb2c3-b3c2-
bla2c3-a3c2+cla2b3-a3b2=0.

¢ Distance of a Point From a Line

The perpendicular distance (d) of a line Ax + By + C =0 from a point (x, y1) 1s
B | AX1+E}?1+C|

[42+ 62

Example: Find the distance of point (1, —2) from the line 8x — 6y — 12 = 0.

Solution:On comparing the equation of the given line i.e., 8x — 6y — 12 = 0 with 4x + By + C =0, we obtain
A=8,B=-6,C=-12

The distance (d) of point (1, —2) from line 8x — 6y —12=01s

_ |Axy+By Q) |BXLH(—6)(=2)+(~12)| _ |8+12-12| _ g
Y AZ+52 Y8462 ¥100 A

e Distance between parallel lines

d
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The distance (d) between two parallel lines i.e., Ax + By + C1 = 0 and Ax + By + Cp = 0 is given by,
4 =J€1€
y 4%+B2

Example: Find the distance between the lines 4x + 3y =11 and 4x + 3y = 8.
Solution: The given lines are 4x + 3y —11=0and 4x +3y—-8=0

Slope of the line 4% *+ 3 =11=0s —2.

Slope of the line 4x +3y -8 =0 1s —%.

Since the slopes of the given lines are equal, the lines are parallel.
Here,4=4,B=3,C;=-11and C2=-8
—-11-(—-8)

o

Distance between the lines = = ‘ ~11+8
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Family of Lines

If u=alx+bly+cl=0 and v=a2x+b2y+c2=0 are two intersecting lines, then the equation u + Av =0
represents a family of lines, each passing through the point of intersection of the lines # = 0 and v = 0, where 4 is
a parameter.



