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Topic-1: Continuity

I MCQs with One Correct. Answer

The function fix) = [x]* — [x?] (where [y] is the greatest

integer less than or equal to y), is discontinuous at
[1999 - 2 Marks]

(a) all integers

(b) allintegers except 0 and 1

(c) allintegers except 0

(d) allintegers except 1

=
The function flx) = [x] cos{ IJ 7, [.] denotes the

greatest integer function, is discontinuous at [19958]
(a) Allx (b) All integer points
(c) Nox (d) xwhichisnotaninteger

i Fill in the Blanks

= X
i

Let f{x)=[x] sin [[r i ijJ , where [¢] denotes the greatest
integer function. The domain of f'is... and the points of

discontinuity of fin the domain are...., (1996 - 2 Marks)

03220 e
Letfd g tnvas s

k, ihx =72

L

If fix) is continuous for all x, then k= ..........
[1981 - 2 Marks]

MCQs with One or More Than One Correct

Let [x] be the greatest integer less than or equals to x.
Then, at which of the following point(s) the function

f(x)= x cos(n(x + [x])) is discontinuous? [Ady. 2017]

(a) x=-1 (by x=0

c) x=1 (d x=2

For every pair of continuous functions f; g : [0, 1] — R such

that max | f(x):x ;[(1.]71': =max {g(x):x E[O.l]}- , the
[Adv. 2014]

@) (f(e))*+3f(c)=(g(c))*+3glc) for somec e [0,1]

(b)  (f(c)?+f(c)="(g(c))*+3g(c) for some ¢ < [0.1]

© (f(0)*+3f(c)=(g(c))*+g(c) for somec e [0,1]

() (f(e))>=(g(c))* for somec e [0, 1]

For every integer n, let a, and b, be real numbers. Let

function f: IR — IR be given by [2012]

correct statement(s) is (are):

£(x) Ju” +sinmx, for xe[2n2n+1]
x)=
=t [b”+coszrrx. for A‘E(EH—I,ZH]

for all integers n. If f is continuous, then which of the
following hold(s) forall n ?

@ a,,- b”__] =0 ) a,-b.=1

n_ b.ﬂr-l = (d) L hu e==1

The following functions are continuous on (0, 7 ).

[1991 - 2 Marks]

(c) a

0
3in
{ 1 O<x<s—
&) L, =
| . - 27
|2sin—Xx, —<X<m
|
xsinx, O<x< ;
@ & J s
FLY - ik
—sin(r+x), —<x<mw
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9. Iff(r)= %x- 1, then on the interval [0, 7] [1989 - 2 Marks]

(a) tan [f{x)] and 1/f{x) are both continuous
(b) tan [fix)] and 1/f{x) are both discontinuous

(¢) tan[fix)]and 7~ (x) are both continuous
(d) tan [Ax)] is continuous but 1/Ax) is not.

&Y 10

{1+ |sinx |y&/sinxl . 263<x<0
10. Let f(x)=| b s xmD
etanzx,-’ta.rﬁx : OCI‘(E

6

[1994 - 4 Marks]
Determine @ and b such that f{x) is continuous at x =0

l1-cosdx
2

11. Let f(x)=1a,

x<0

x=0 [1990 - 4 Marks]

e

Ry
16+x —4

Determine the value of a, if possible, so that the function
is continuous at x = 0

12. Find the values of a and b so that the function

x+a+2sinx, 0<x<m/4
f(xX)={2xcotx +b. n/4<x<n/2
acos2x—bsinx, m/2<x<n

is continuous for 0< x < 1. [1989 - 2 Marks]

13. Let f(x) be a continuous and £ (x) be a discontinuous
function. prove that f(x) + g (x) is a discontinuous function.
[1987 - 2 Marks]

l+x,0<x<2

[1983 - 2 Marks]
3-x,2<x<3

14, Let f(x):{

Determine the form of g(x) = f( fix)) and hence find the
points of discontinuity of g, if any

IS, Letf(x+y)=/(x)+/ () for all x and y. If the function f{x)
is continuous at x = 0, then show that 7 (x) is continuous at
allx. [1981 - 2 Marks]

Topic-2: Differentiability

1. Letf(x) be a continuously differentiable function
on the interval (0, o) such that /(1) =2 and
tim 0 -x"01(0) _

=1 for each x> 0. Then, for all x>

t—x 3‘9 xg
0, f(x) is equal to [Ady, 2024|
31 10 9 130
——— —.._+_
® 1 W Tt
-9 10 13 9%,
—+ —+—x
© et T
2 T
x7|lcos—|, x=#0 3
2 Letf(x)= x ,X€Rthen fis [2012]
0, x=0

(a) differentiablebothatx=0andatx=2

(b) differentiable at x = 0 but not differentiable at x =2
(c) not differentiable at x = 0 but differentiable at x =2
(d) differentiable neither atx=0noratx=2

3. Letgx)=

(x-1"

; 0<x <2, mand n are integers,
logcos™(x—1) e

m#0, n>0,and let p be the left hand derivative of [x 1|

atx=1.If lim g(x)=p, then [2008]
x=1"

(@ n=1,m=1 (b) n=1,m=-1

(©) n=2,m=2 (d n>2,m=n

4. Let f(x) be differentiable on the interval (0, o) such that

21 -x21 ()

f(1)=1,and lim =1for each x > 0. Then

t—x =%
Jf(x)is [2007 - 3 marks]|
1 252 -1 44
@® 3x-4 3 ® 3. 3
= S 1
() % P (d) .
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If f (x) is continuous and differentiable function and
f(1/m)=0 v n=land n < L then [2005S]
(a) fix)=0,x (0, 1]

(b) 0)=0,7(0)=0

(c) A0)=0=£7(0), x=(0,1]

(d) f10) = 0 and '(0) need not to be zero

The function given by y= fixi — 1| is differentiable for 2il
real numbers except the points [2005S]
(a) {0,1-1} (b) =1 (© 1 @ -1

The domain of the derivative of the function

tan ! x iflx'sl

fx)=1 [2002S]

(lewl) 1f[x‘,>l

@ R-{0} (®) R-{1}

(©) R—{-1} (d) R—{-1,1}

Which of the following functions is differentizble 2t r =07

(@) cos(lx|)+ x| (®) cos(x)-id  [2001S]

© sin (x)+ (@) sin () ~ i

Letf: R — R be a function defined by f(x) = max {x,x}.

The set ofall points where f(x) is NOT differentiable is
[2001S]

@ L1} (b {-10} (o {0,1} (d){-1,0,1}

The left-hand derivative of f{x) = [x] sin(n x) atx=k, kan

integer, is [20018]
@ Dfk-1m () (-1~ '(k-1)n

© (1)¥n @ =1k

The function f (x) = (x2 —1) | x? - 3x+2|+cos(| x]) is
NOT differentiable at [1999 - 2 Marks]|
(@ -1 (b) 0 © 1 d 2

Let [.] denote the greatest integer function and
fx)=[tan? x], then: [1993 - 1 Mark]

(a) i:ﬂ 0f(x) does not exist
(b) f(x)is continuous at x=0

(c) f(x)isnot differentiableatx=0

@ "O=1
Let f: R — R be a differentiable function and £ (1) = 4.

f(x)
Then the value of lim

x—l 4
@ 87 ® 4/ (1) @ 20 @ f@
If fla)=2, f'(a)=1, gla)=~1, g'(a)=2, then the

—2—tdf is [1990 - 2 Marks]

X—-

value of lim EX(@=8@f() ;¢ (1983 1 Mark]

X—ra X—d

2

(d) none of these

(a) -5
(c) 5

825
15.  Forareal number y, et [y] denotes the greatest integer less

than or equal 0y : Then the fimction f(x) =M
1+[xP
s [1981 - 2 Marks]

(2) discontinuous at some x

(®) continuous at all x. but the derivative f” (x) does not
exist for some x

(€) 7 (x) exists for all x, but the second derivative /” (x)
does not exist for some x

(d) f(x)exisssforallx

Let the fimctions f (- Ll)>Randg:(-1,1)> (-1, 1
be defined by
f(x)=2x-1]+|2x+1] and g(x)=x[x],
where [x] denotes the greatest integer less than or equal to
x. Let fog:(-LL1)> R be the composite function
defined by ( f 0 gXx) = f(g(x)). Suppose c is the number
of points in the interval (-1, 1) at which fog is NOT
continuous, and suppose d is the number of points in the
interval (1, 1) at which f o g is NOT differentiable. Then
the value of c +dis [Adv. 2020]
17. Let f:R— Rand g:R— Rbe respectively given by

f(x)=|x|+1and g(x)=x2+1. Define h: R — R by

Qaf]

_ max {f(x).g (x]} if x<0,
min {f g(x} if x>0.

The number of points at which /4(x) is not differentiable is
[Adv.2014]
18. Letf:[l,00) — [2,0 ) be a differentiable function such

X
that f(1)=2.1f 6[ f(t)dt = 3xf (x) - x° forall x>1, then
1

the value of /(2)is [2011]

19. Let fix) = x | x |. The set of points where f{x) is twice

differentiableis................... {1992 - 2 Marks]|
(x=1)*sin x| ifx=l
20. Letfix)= (x-1)
—1, fx=1

bea real-valued function. Then the set of points where f{x)
is not differentiableis......... [1981 - 2 Marks]
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b

" MCQs with One or More Than One Correet

LetS=(0, DU (1,2)U(3,4)and T= {0, 1,2, 3} . Then
which of the following statements is(are) true? [Ady. 2023]
(@) There are infinitely many functions from S to T

(b) Thereare infinitely many strictly increasing functions
fromStoT

The number of continuous functions from S to T is at
most 120

Every continuous function from S to T is
differentiable

Let £:(0, 1) > R be the function defined as f(x) =

(c)
(d)
[4x]

2
1 1 ]
[ X - ZJ (x = E] » Where [x] denotes the greatest integer

less than or equal to x. Then which of the following
statements is(are) true? [Adv. 2023]
(a) The function f'is discontinuous exactly at one point
in(0.1)

There is exactly one point in (0,1) at which the
function fis continuous but NOT differentiable
The function fis NOT differentiable at more than
three points in (0,1)

(b)

(c)

(d) The minimum value of the function fis _5—:‘

Let the function f:E—R be defined by

f{_x}:xs —_rzﬁ—[.r—l}sinx and let g:E—> R be an
arbitrary function. Let fg:R— R be the product

function defined by (fg)(x)= f(x)g(x). Then which of
the following statements is/are TRUE? [Adv. 2020]
(a) Ifgis continuous at x = 1, then fg is differentiable at

x=1
(b) Iffgis differentiable at x = 1, then g is continuous at
P |
(c) Ifgisdifferentiable atx= 1, then fg is differentiable at
x=1
(d) Iffgis differentiable atx= 1, then g is differentiable at
x=1
Let f:R— R given by [Ady. 2019]
X +5x* 410x° +10x2 +3x 41, x<0:
xt=x+1, 0<x<l:
_ff.\_]‘ _2.33_4 2+? _.§ < .
| 3 X X x 3 1<x <3
10 x=3

(x—2)log,(x—2)— x+?

Then which of the following options is/are correct ?

3
Lh

(a) f"hasalocal maximum atx= |
(b) fisincreasing on (—x0, 0)

(c) f"isNOT differentiableat x=1
(d) fis onto

Let f:R—R and g:R— R be two non-constant
differentiable functions. If

F(x)= (V8N o1y forall xeR,
and f(1)=g(2)=1, then which of the following
statement (s) is (are) TRUE ? [Adv. 2018]
(@) f(2)<l-log,2 (b) f(2)>1-log,2

(c) g()>1-log,2 (d) g(l)<l-log,2

T 0 A [—%,2}—) Rand g: {-%.ZJ—HRbe functions

defined by f(x) = [x*-3] and g(x) = |x| f(x) + [4x=T7 | f(x),
where [y] denotes the greatest integer less than or equal
toyfory e R. Then [Adv. 2016]

1

(a) 1 is discontinuous exactly at three points in [ 3 2:|
1

(b) f is discontinuous exactly at four points in L 2
1

() gisNOT differentiable exactly at four pointsin [ = 2)
1

(d) gisNOT differentiable exactlyat five points in 0 2

Leta,b eRandf: R — R be defined by

£(x)=a cos (]x*—x]) + b [x] sin (|jx7 +x]).

Then fis {Adv. 2016]

(a) differentiable at x=0 if a=0 and b=1

(b) differentiable at x=1 ifa=1 and b=0

(c) NOT differentiable at x=0if a=1 b=0

(d) NOT differentiable at x=1 ifa=1 and b=1

Letg : R — R be a differentiable function with £2(0)=0,

- 0

£(0)=0and g\(1) % 0. Let £(x) = {] | 8C»¥*

0, x=0
and h(x)=eM forall x ¢ R . Let (foh)(x) denote f{A(x)) and
(hof)(x) denote h(fx)). Then which ofthe following is (are)
true? [Adv. 2015]
(a) fisdifferentiableatx=0
(b) 4 is differentiable at x =0
(c) foh is differentiable at x =0
(d) hofis differentiable at x=0
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29. Iff(x)={—cosx , —E‘:xsﬂ.l}xm [2011]
x-1 D<x<1
inx 3 x>1

{a) f(x)iscontinuousatx= -;
(b) f(x)isnot differentiable atx=0
(c) f(x)isdifferentiable atx=1

3
(d) f(x)isdifferentiableatx=—-

30. Letf:R—Rbeafunctionsuch that f(x+y)= f(x)+ f(v),
v x, v € R If f(x)is differentiable at x = 0, then [2011]
(a) f(x)isdifferentiable only in a finite interval containing

zero

(b) f(x)is continuous ¥ x € R

(c) f'(x)isconstant ¥ x € R
(d) f(x)isdifferentiable except at finitely many points.
31. Iffix)=min {I,x% 2%}, then [2006 - 5M.—1]
(a) f{x)is continuous ¥ x € R
(b) flx) is continuous and differentiable everywhere.
(c) fix) is not differentiable at two points
(d) fix) is not differentiable at one point
32. Let A(x)=min {x, x?}, for every real number of x, Then
[1998 - 2 Marks]
(a) h iscontinuous for all x
(b) his differentiable for all x
(c) A'(x)=1,forallx>1
(d) #is not differentiable at two values of x.
33. The function flx)=max {(1-x). (1 +x).2}, x £(—o, ») is
(a) continuous at all points [1995]
(b) differentiable at all points
(c) differentiable at all points exceptatx=1and x=—1
(d) continuous at all points except at x = 1 and x = -1,
where it is discontinuous

Al
m—,

34 Letotr)=xftshee =) "0 -t
0, =0
(a) gis differentiable but g' is not continuous  [1994]
(b) gis differentiable while fis not
(c) both fand g are differentiable
(d) g isdifferentiable and g' is continuous
0,
35. Let f(x)= { 5 then for all x [1994]
X X2

(a) f'is differentiable
(c) f'1is continuous

(b) fisdifferentiable
(d) fis continuous

827

| x=3]|, x=1

36. Thefunctionfix)=14 x* 3x 13 is
e x<1
4 2 4

[1988 - 2 Marks]
(b) differentiable atx=1
(d) differentiable atx= 3.

(a) continousatx=1
(c) continousatx =3

37. The set ofall points where the function f{x) = (I+Tx ) is
differentiable, is [1987 - 2 Marks]
(@ (—=.x) (b) [0,0)
(€) (—=.0)u(0,x) (d) (0,0)

(e) None

38. Let [x] denote the greatest integer less than or equal to x.
Iff{x) = [xsin nx], then fix)is [1986 - 2 Marks]
(a) continuousatx=0 (b) continuousin(-1,0)
(c) differentiableatx=1 (d) differentiablein(-1,1)
(e) none of these

39. The function f(x)=1+|sinx|is
(a) continuous nowhere
(b) continuous everywhere
(c) differentiable nowhere
(d) not differentiable at x=0
(e) not differentiable at infinite number of points.

40. If f(x)=x(vx =v/x+1), then- [1985 - 2 Marks]
(a) f(x)iscontinuous but not differentiable at x=0
(b) f(x)is differentiable at x=10
(¢) f(x)isnot differentiable atx =0
(d) none of these
41. If x+|y|=2y.then yasa function of x is [1984 - 3 Marks]|
(a) defined for all real x
(b) continuous atx=0
(c) differentiable forall x

[1986 - 2 Marks]

d h th f’i—if
(d) such that = orx<0

&) 7 Match the Following
42, Letf:R—>Randg:R— Rbe

Ll
x|x|sm[—), x=0
f(x)= % and
0, x=0

1-2x {}stl,
2

g(x) =
0, otherwise.

Let a, b, ¢, d € R. Define the function 2: R — R by
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h(x)= af(.x)+b{g(x)+g[%—xna»c{x—g[_rn

+dg(x),xeR
Match each entry in List-I to the correct entry in List-11.
List-1 List-TI
(P) Ifa=0,b=1,c=0,and (1) A is one-one.
d=0, then
Q) Ifa=1,b=0,c=0,and (2) his onto.
d=0,then

T
—

43. Letﬁ:R%R,fz:(—g— :

o) fl{x)=sin{ I—e""'},
'S'i’f' if x£0
@) f()={tan 'z
1 Ha=0

‘Mathematics

R) Ifa=0,b=0,c=1,and (3) hisdifferentiable on R
d =0, then
(S) Ifa=0,b=0,c=0,and

d=1then

(4) therange ofhis [0, 1]

(5) therange ofhis {0,1}.

The correct option is [Ady. 2024]
@ P)—=E) Q-0 ®K-=01) ©O)->@2)
®) P)-=06) Q-2 ®-@) ©)-0)
© ®)-0) Q-0 ®R-=>2) ©6)—=@
d ®)-@) Q-2 ®R—=>1) -3

x
)—*Rf;: (—1, e? —2] —>Randf, : R —> Rbe functions defined by ~ [Adv.2018)

: A : ; : T
, where the inverse trigonometric function tan~! x assumes values in [_EE] )

(i) f; (x)=[sin (log, (x + 2))], where, for ¢ € R, [] denotes the greatest integer less than or equaltos,

2 sin(ix) if x=0

(V) fy()= {

0  ifx=0
LIST-1
P.  The function f] is L
Q. The function f; is 2
R The function f; is 3.
S.  The function f, is 4.

The correct option is:
(a) P52, Q>3 R>1;: S54
) P54, Q052 R>1: S>3

LIST-1I

NOT continuous at x =0

continuous at x =0 and NOT differentiable at x =0

differentiable at x= 0 and its derivative is NOT continuous at x =0
differentiable at x = 0 and its derivative is continuous atx=0

(b) P>4:Q—>1; R>2; S>3
(d P>2:Q—>1; R—>4; S>3

_ ; _ o || if x<o0,
4. Let fi:R—>R, f>:[0,0)>R. f3:R—> R and f3:R—[0,0)be defined by £, (x)=
e if x=0;
sinx if x<0, H(A(x) if x<0,
£ =x2% f2(%) ={ : . and fy(x)= Adv. 2014
: L See ¥ AH(A()-1 i x>0, [ I
List-1 List-IT
P. fis 1. Onto but not one-one
Q fiis 2. Neither continuous nor one-one
R fof is 3. Differentiable but not one-one
5 fis 4. Continuous and one-one

(a) P—>3;Q—>1; R>4; S—H2
(c) P-3Q—-1; R>2; S5—>4

() P>1; Q—3; R—>4; S—2
(d P>1; Q=3 Ro>2: S—»4
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45.

46.

48.

49.

B29

In the following [x] denotes the greatest integer less than or equal to x.

Match the functions in Column I with the properties in Column 11 and indicate your answer by darkening the appropriate

bubbles in the 4 x 4 matrix given in the ORS.

Column |
(A) x|x]|

® x|
© x+[x]
@) |x-1|+|x+1]|

{2007 - 6 marks]

+ Column I1
)
@
)
(s)

continuousin (-1, 1)
differentiable in (-1, 1)

strictly increasing in (-1, 1)
not differentiable at least at one pointin (-1, 1)

In this questions there are entries in columns I and I1. Each entry in column I is related to exactly one entry in column I1. Write
the correct letter from column II against the entry number in column I in your answer book.

Column |
(A) sin( 7 [x])
B) sin(z(x-{x])

BRI TP
(L

o SR (Nt A R
If f(x=y)= f(x)-g(»)-f(») g(x) and

g(x—y)=g(x)-g(y)- f(x)- f(y) forall x, yeR.
Ifright hand derivative at x =0 exists for f{x). Find derivative
of g(x)atx=0 [2005 - 4 Marks]

1
Ifjc| < 3 and f(x) is a differentiable function at x = 0 given

bsin'l(ﬁxj ; —i<x<0
2 2
1
by f(x)=]1 2 , x=0
ax/2
£ = ; O{xcl
x 2
Find the value of ‘a’ and prove that 64 b2 =4 — 2
{2004 - 4 Marks]|

If a function f:[—2a, 2a]— R is an odd function such

that fix) = fi2a — x) for x €[a, 24] and the left hand

derivative at x = a is 0 then find the left hand derivative at
[2003 - 2 Marks]

PR
Let f Ahe LI A0 [2002 - 5 Marks]
= an =23 ¥IATKS
==t it x50
x+1 if x<0
g(x)= 9 : where ¢ and b are
x-D2+b if x>0,

non-negative real numbers. Determine the composite
function g o f. If (g o f) (x) is continuous for all real x,
determine the values of a and b. Further, for these values of
a and b, is g o fdifferentiable at x = 07 Justify your answer.

(p)
(q)
(r)

b5

54.

55.

57

[1992 - 2 Marks]
Column 11
differentiable everywhere
nowhere differentiable
not differentiable at 1 and — |

Leta € R. Prove that a function f: R — R is differentiable
at a if and only if there is a function g : R — R which is
continuous at a and satisfies fix) — )= g(x) (x — ) for all
xeR. [2001 - 5 Marks]

Determine the values ofx for which the following function
fails to be continuous or differentiable: [1997 - 5 Marks]

1-=x, x<l1

Sx)=90=x)2-x), 1<x<2 Justify your answer.
3-x, x>2

Let/‘[x; y] - J(x) -;f(y) for all real x and y. If 7'(0)

exists and equals - 1 and f(0) =1, find /(2).

[1995- 5 Marks]
A function f: R — R satisfies the equation f(x <) =f(x)
S forallx, yin R and f(x) =0 for any x in R. Let the
function be differentiable at x =0 and f* (0) =2. Show that
f/(x)=2f(x) for all x in R. Hence, determine f(x).

[1990 - 4 Marks]

Draw a graph ofthe functiony=[x]+/1-x. _1<y<3.

Determine the points, if any. where this function is not
differentiable. J1989 - 4 Marks]

Let f(x) be a function satisfying the condition f(—x)=f(x)
for all realx. If /' (0) exists. find its value. [1987 - 2 Marks|
Let f(x) be defined in the mterval [-2. 2] such that

-L-2<x<0

x—-10<x<2

f(x)={

and g(x)=7(|x|)+|f(x)|
Test the differentiability of g(x) in (- 2, 2). [1986 - 5 Marks]
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3 2 60. Find the derivative of
58. Let f(x)=x"—x"+x+1 and

x—1
max{f(:);0<r<x}, 0<sx<l1 [1985 - 5 Marks] e, when r ]
_J2x" =Tx+5

g(x)=3-x 1<x<2 flx) = '

; = : ey : > = when x=1
Discuss the continuity and differentiability of the function 3
g(x) in the interval (0, 2). ate=1 [1979]

2
z 0<x<l
59. Let f(x)=1 2 [1983 - 2 Marks]

252 -3Jc+5,1£x£2

Discuss the continuity of f, f" and /" on [ 0, 2].

Topic-3: Chain Rule of Differentiation, Differentiation of Explicit & Implicit
Functions, Parametric & Composite Functions, Logarithmic & Exponential
Functions, Inverse Functions, Differentiation by Trigonometric Substitution

MCQs with One Correct Ans e -
: 5. Ifthe function f(x)=x>+e2 and g (x)=/" (x), then the

1. Ifyisa function ofxand log (x +y)—2xy =0, then the value

of ' (0) is equal to : [20045] vieoig U [2009)
(@ 1 () -1 (© 2 (d 0 o TR TE 5, PR 11 Nty 2 [ P oY,
£ 4 FillintheBlanks X
2. Ify=(sinx)®* then % is equal to [1994] i
¥
f. xe¥'=y in = — =
@ (sinx)™* (1 +seck log di 7} [fxe” =y +sin*x, then atx=0, Gy
(b) tan x (sinx)**~'.cosx [1996 - 1 Mark|
- 2 3
E Gl T % IO~ [5 =2 and g = MU 0 2= o B
(d) tanx (sin x) : x>20 [1990 - 2 Marks]
3. There exist a function f(x), satisfying /(0)= 1, /'(0)=—1,
f(x)>0forallx,and [1982 - 2 Marks] ( 1
@ f"()>0forallx 8. The derivative of SEC_ILZ 5 IJ with respect to
(b) —1<"(x)<0forallx ey
(©) -2<f"(x)<-1 forall f-.
¥ Al NI X2 s T S T [1986 - 2 Marks]
(d) f"(x)<-2forallx 2

9. Iffix)=log (Inx), thenf'(x)atx=eiS.....ccorecrrrr...
[1985 - 2 Marks]

R i {tan"l[ sinf D Sl & g % 10. If f(x), g, (x), h.(x) ,r=1,2,3 are polynomials in x
\Jcos28 4 4 such thatf(a) =g (a)=h(a),r=1,2,3
Bhen e value of — 2 (£(8)) is [2011] A HE  AE)
d(tanB)

and F(x)= g (x) gz(x) 2. (x) | then F'(x)atx=ais
h(x) h(x) h(x)
[1985 - 2 Marks]




Continuity and Differentiability

2x-1 = ay

1ELATE ‘r‘=f[ ] and fx)=sinx“. then —=
x*+1 7 dx

.................... {1982 - 2 Marks]

12. Thederivative of an even function is always an odd function.
(1983 - 1 Mark]
&) 6 MOQs with One or More Than One Correct

13. Forany positive integer n. definef,, : (0, ) — Ras

( 1
Ll+(x+ Dlx+j-1)

g Zﬁzl tan™! } for all

x €(0,20).

Here, the inverse trigonometric function tan~! xassumes

> TG 3E
valuesin| ——,— |.
[ 2 2]

Then, which of the following statement(s) is (are) TRUE?

[Adv. 2018]
@ >3-

) D5 (147 O) sec® (f;(0) =10

tan’ U} (0))=55

(c) Forany fixed positive integer n, lim tan (f, (x))= L
X—¥o0 n

(d) Forany fixed positive integer n, lim sec®(f, (x))=1

X—»00
14. Forevery twice differentiable function f : R —[-2. 2] with
(f(0)? +(f'(0))> =85, which of the following
statement(s) is (are) TRUE? [Ady. 2018]

(@) There exist r,5s € R, where r <s, such that f'is one-
one on the open interval (r, 5)

(b) There exists x; € (—4.0) such that | f'(x5)[=1

(c) lim f(x)=1

X—x

(d) There exists o €(—4,4) such that f(o)+ /"(c)=0
and f'(a)#0

I5. Letf: R > R,g: R > Randh: R > R be
differentiable functions such that fix)=x3 + 3x+2, g(fix)) =

xandh (g(g(x)))=xforallx € R.Then [Ady. 2016]

831
@) g'(?.):% (b) h(1)=666
(c) hO)=16 (d) h(g(3))=36

16. Let f(x)=2+ cos.x for all real x.

STATEMENT -1 : For each real ¢, there exists a point ¢ in

[#, t + 7] such that /'(c) = 0 because

STATEMENT -2 : {f)=ft + 2x) for cach real 1.

12007 -3 marks|

(a) Statement-1 is True, Statement-2 is True; Statement-2
is a correct explanation for Statement-1

(b) Statement-1 is True, Statement-2 is True; Statement-2
is NOT a correct explanation for Statement-1

(c) Statement-1 is True, Statement-2 is False

(d) Statement-1 is False, Statement-2 is True.

;g,j 10 Subjective Problems

ax? bx ¢

- - +1
(x—a)(x=b)(x—¢c) (x=b)(x-¢c) x-¢ '
prove that

e 1[ a b c ]
—=— + +
¥ xNa—-x b—-x c-—-x'"

18. Find s atx=—1, when
dx

il
s1n.\2x] S % sec_'

17. iy =

[1998 - 8 Marksj

(2x) + 2" tan (In(x+2)) =0
[1991 - 4 Marks]

(sin ¥)

19. Ifx=secp —cos @ and y = sec” 0 — cos” 0, then show

R e
that (x> +4) [a") =n?()* +4) [1989-2 Marks]
20. If o be a repeated root of a quadratic equation f{x) = 0 and
A(x), B(x)y and C(x) be polynomials of degree 3, 4 and 5
A(x) B(x) C(x)
Ala) Bla) C(a) | js
A'(a) B'(a) ClYo)

respectively, then show that
divisible by f{x), where prime denotes the derivatives.
[1984 - 4 Marks]
ol dy
21. Lety=e"""% 4(tan x)*. Find Z [1981 - 2 Marks]

Sx
3(1-x)

2% Given y= +cos? (2x+1) ;Find % (1980]
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Topic-4: Differentiation of Infinite Series, Successive Differentiation, nth
e Derivative of Some Standard Functions, Leibnitz’s Theorem, Rolle’s Theorem,
‘v—_l_:]‘ Lagrange’s Mean Value Theorem

1.

Let g (x) = log f(x) where f(x) is twice differentibie positive
function on (0, oo ) such that /(x + 1) = x £ (x). Then, for
N=1.2:F =0 [2008]

P 1
=+ —
© { 9 25 (2N+I}2}

d) 451+—+ L—r :
) 9 25 (2N +1)?
2
% & : equals [2007 -3 marks]
ay?
(a2))" (&) (@)™
® ) o 2 &)
(a2y) aﬁv)_z (a2 ( dy) 3
FE T e 3E
3. Iffix)isatwice differentiable function and given that
S)=1;/2)=4,f3)=9, then [20055]
(@) fMx)=2for v xe(1,3)
(b) f"(x)=/"(x)=5 for somex € (2, 3)
(¢) fMx)=3fory xe(2,3)
(d) f"(x)=2forsomex e(1,3)
4, Ifx’+3y?*=1then [2000]
@ »w"-20"7+1=0 ®) »w"+(Y+1=0

th

© W'HOP-1=0 @ p'+20)2+1=0
Let f(x) be a quadratic expression which is positive for all
thereal values of x. Ifg(x) = f(x) + f'(x) + f"(x), then for any

realx, [1990 - 2 Marks]
@ gx)<0 (b)) gx)>0
© g®=0 @ g(x)>0

6. If y®=P(x), a polynomial of degree 3, then
(1988 - 2 Marks|

@ P"(x)+P(x»
(¢) Plx)P''(x)

7. For a polynomial g(x) with real coefficients, let m_ denote
the number of distinct real roots of g(x). Suppose S is the
set of polynomials with real coefficients defined by

(b) P'x)P"(x)

(d) a constant

Inieger Value Answer/ No

S= {(x2 —l}z(an + a1x+a2x2 +a3x3):aﬂ,a|,a2,a3 eR}.

For a polynomial £, let /" and " denote its first and second
order derivatives, respectively. Then the minimum possible

value of (m_r +mpv), where f €8S, is [Adv 2019]

;g} (i MCQs with One or More Than One Correct

8.  LetS be the set of all twice differentiable functions f

2

d-f
from R toR such that o
2

For f € S, let X, be the number of points xe(—1,1) for

which f (x) = x. Then which of the following statements

is(are) true? [Adv. 2023]

(a) There exists a function f € S such that f X=0

(b) For every function f € S, we have Xe<2

(c) There exists a function f e S such that X=2

(d) There does NOT exist any function fin S such that X
=1

9. Letf: (0, t) > R be a twice differentiable function such that

lim f(x)sint— f(f)sinx

[—x

(x)>0 forall x e (1, 1).

=sin?x for all x € (0, ).
—x

If f(.gJ = _-l% , then which of the following statement(s)
is (are) TRUE?

o 1525

4
) f (-¥}<%-x2 for all x & (0, 7)

[Ady, 2018]

(¢) There exists o € (0, m) such that 7 (a))=0

sl o IS
(d) f[EJﬂ‘"[E)—O
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(b) Statement- 1 is True, Statement - 2 is True; Statement - 2
is NOT a correct explaination for Statement - |

Let fand g be real valued functions defined on interval ©
(=1, 1) such that g” (x) is continuous, g(0)= 0. g'(0)=0,

Statement - 1 is True, Statement - 2 is False

(d) Statement - 1 is False
£"(0)#0,and f(x) =g (x) sinx ,:;;9’} 10 ‘Subjecti

i

Statement - 2 is True

STATEMENT-1: 1M [o()cotx—g(0) coscox]=/"(0)and 11 Letfbe a twice differentiable function such that
(%) =—f(x),and ['(x)= g(x),

STATEMENT -2 : f(0)=g(0) [2008]
2
(a) Statement- 1 is True, Statement - 2 is True; Statement - 2 h(x)=[f 1 +[g(x))
is a correct explanation for Statement - 1 Find A(10)if A(5)=11 [1982 - 3 Marks]

? Answer Key

Topic~1 : Continuity

L. @ 270 3. I-{-1014. () 5 (acd 6 (ad 7. (bd) 8. o9 O
Topic-2 : Differentiability

L&, 2® 3. (© 4. (@) 5 0 6 @ 7@ £ 9 @ 1806
.. 12. b 13. (3 14. ) 15. (d) 16. @4 17. 3 18. (6 19. R—{0}

20. (0) 21 (acd) 22. (ab) 23. (ag)

24. (acd) 25. (bc) 26. (be) 27. (ab) 28. (ad) 29. (abed) 30. (be) 31. (ad) 32. (acd)
33. (ac) 34. (ab) 35 (bed) 36. (abc)37. (@) 38. (abd)39. (bde)40. (b) 41. (abd)

42. () 43. (@ 44. (d) 45. (A)-p.q.r: (B)-p.s:(C)-s.r: (D)p.q 46. (A)p:(B)r

Topic-3 : Chain Rule of Differentiation, Differentiation of Explicit & Implicit Functions,
Parametric & Composite Functions, Logarithmic & Exponential Functions, Inverse Functions,
Differentiation by Trigonometric Substitution

dy

g _=] ¥ =
1. (a) 2. (a 3. @ W" (1) 5 @ 6. ! 7. gx)=—4
8. = T 9 ! 10. 0) 1 2+2x_2xzsm' (h_lf 120 13. (d) 14. (abd
dv vt i . (O T 3 . True . (d) . (a,bd)

15. (bc) 16. (b)

Topic-4 : Differentiation of Infinite Series, Successive Differentiation, nth Derivative of Some
Standard Functions, Leibnitz’s Theorem, Rolle’s Theorem, Lagrange’s Mean Value Theorem

g 7@ 3. (d 4. ® 5 (® 6. () 7. (5000 8 (abc) 9 (bed) 10. (a)




Hints & Solutions

ﬁ Topic-1: Continuity

E—_J

1. (d) Wehave f(x) = [x]* - [%]

Atx=10,
LHL-= Jim f(-h) = lim ((-h]* ~[(-h)*])
h-+0 h—0
= lim ((=1)* —[#? = lim (1-0) =1
F:]—rﬂ)(( [ ]) ( )
RHL.= hm,f(h)_hm( & [hz])L lim (0—0)= 0
h—=0 h—0
LHL. # RHL.
[ (x) is not continuous at x = 0.
Atx=1

LHL.= lim f(1-k) = lim ([1 —hP? -[Q —m?]J
h—0 h—0

= lim(0-0)=0
h—0
RHL.= hm,f(l+h}—]1m[[l+h] r[umﬁ])
h—0
= lim (1-1)=0

h—0
fM=1P-N13=1-1=0
. LHL.=RHL. =f(1)
f(x) is continuous at x = |,
C!earl» f (x) is not continuous at other integral points.

_W
= Iﬂ:

When x is not an integer, both the functions [x] and

2. @ f(x)=[x]e

2x-1) .
COSL |7 are continuous.
2 |

=

fix)is continuous on all non integral points.
For x=nel
: ; 2x-1
LHL= lim f(x)= lim [x]cos{ ]TE
x—n x—n

( i}cos[zn_ljw 0
= (5 — e
2

RUL - lim f(x)= Iim_[x}cus[zxz_l]n

x—n" ran
2n-1
- ncos( 2 ]TE:{)
2
Also f () = n cos @n-hm _ 0

Thus LHL = RHL = f(x)
J is continuous at all integral point.
Hence, f is continuous everywhere.
3. Clearly the given function is not defined for those values of x for
which [x + 1] =0.
ie, 0 <x+l1s]l = —I<x=<1
Required domain is R — [-1, 0)

We know that [x] is discontinuous at all integral value of x and
£ n e ; :
$in| —— | is discontinuous for [x + 1] =0

[x+1]

=20<x+1<l=—-1<x<0
ie., [~1,0)
Also domain of f=R —[1,0)
Hence points of discontinuity of /* in their domain
=1-{-1, 0}
f{x) will be continuous at x = 2, if
3 2
PE - x +x"—=16x+20
lim f(x)=f(2) = lim . =¥
x—2 x—2 (x-2)

2.
R o (=2)7(x+5) _ lim(x+5) =7
x—=2  (x— 2)2 x—>2
(a, ¢,d) Given:f(x)=ux cos (n(x + [x]))
Let x = n be any integer not equal to zero.
Then lim x cos(n (x + [x])) = n cos(n(n +n— 1))

=ncos(2n—1)r=-n
and im x cos(n (x + [x])) = n cos(n(n + [n])) =n cos 2nm =n
X—n

LHL = RHL

= fis discontinuous at x=-1, 1, 2

At x=0,LHL = RHL = 0 = f{0)

. T'is continuous at x = 0.
(a, d) Let fand g be maximum at ¢, and ¢, respectively,
¢, ¢ €[0,1]
Then, f(c,) = glc,)
Let hi(x) = f(x) — (r)
Then, h(c,) = flc ) —gle) >0
and hicy) = fley) - gle;) <0

" h(x) = 0 has atleast one root in [cy. 5]

i.e._}"f ) = glc) for ¢ € [¢), ¢5],
which show:, that options (a) and (d) are correct.

a, +sinmx, xe[2n,2n+1]
b, d) Given: f(x)=
& 0) G4 b, +cosmx, xe(2n-1.2n)
"+ f'is continuous for all n
* Atx=2n, LHL = RHL =1 (2n)
= b, + cos 2nn = a, + sin 2nn = a, +sin 2nn
= b,*1=a, =a,- b, =1, . option (b)is correct.
Alsoatx=2n+1,LHL=RHL=f(2n + 1)
= lima, +sinx(2n+1-h)
h—0
= ]lmb teosnZn+1-h)=a, +sin(2n+ 1)n
h—0

=a.=b o =l=a e b =<1
i opmm (c) 1s incorrect.
=a,  —b,=-1, .. option (d) is correct.

(b,e) On (0, n)
(a) f(x)=tanx
We know that tan x is discontinuous at x =

) fx)= I:rsm[g dt
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8134

1
= f'(x)=xsin [—) , which exists on (0, 7)
x

[ (x) is differentiable, on (0, nt), therefore it is continuous

on (0, ).
1 ,0<x<3n/4
&) J)= ZSin%t- JAdnld<x<nm

3n
Clearly f (x) may or may not be continuous at x = T but it is

T
continuous on (0, 7) except at x = T

3
LHL = nmf[f‘h]— lim1=1

x—0

9\ 4

RHL.= lim f[3—n+ h] = lim 2sin
h—0" \ 4 x—0

- lim 2sin[3+ﬁ)=2sinf =1
6 9 6

h—0

Also f[:%n] =]

:LHL=RHL=fGﬂ

3n
.. f(x) is continuous at x = —4* and hence it is continuous on (0,
)
xsinx JO0<x<n/2

@ fx=3r . T
—sin(n+x) ,—<x<nx
2 2
Clearly f (x) may or may not be continuous at
T
x= E but it is continuous on (0, 7) except at x = /2.

- bys
NJ=WZLHL=hmf{_"]
h—0 2

=t 5-4)sin3 )<

RHL. = lim f[E+ J
h—0" \2

. T
sin—=

22
sin [It S h]
h—)D 2

T, [ TE] -n . ®
= Zsin| el e =
2 2 2 2 2

Thus, LHL.#RHL., .. f(x) is not continuous on (0, 7).

s

In MIH

X
k) fx=7 -1

[x :
= :—l =-1,if0<x<2

ftan(-1), 0<x<2
tan| f(x) =J
/e [0.2<x<nm
The function tan [/ (x)] is discontinuous at x = 2.
I i 2

_flx)= x=2

Also the function is

=2

10.

11.

12.

Mathematics

discontinuous at x = 2.

1
Thus both the given functions tan [/ (x)] as well as m are

discontinuous on the interval [0, n].

Now, /i) =y = x=7() = %—1 = y=2(c+1)
It

2 (x + 1) is continuous on [0, xt]

a

(1+ | sin x [)/sm £ <x<0
Given: f(x)= , x=0
tan 2x
emnl‘l’ ¢ 0{x{£
6
Is continuous at x = 0
lim f(0—h)= f(0)= lim f(0+h)
h—0 h—0

[

Now, lim f(0—h) = lim[l+|sin(~k) |JSRCA)
h—0 h—0

lim —1ug{l+sm h)

- inhlsinh —
i}u_;r}}[l+smh] =  hs0sinh —pt

tan2h
and lim f(0+ /)= lim etan3h
h—0 h—=0

im f02h 3k 2 2
—eh—0 2h tan3h 3 _ 3
Also f(0) =
2 2
ea:bzeg = a=3andb=e3
1-cos4x
e ,x<0
Given: f(x)=4a x=0

VX
——— R
J16++/x -4

Since f'(x) is continuous at x = 0,
»  LHLat(x=0)=/(0)

-1 1 —cos4(0-h) . l—-cosdh
=lm————=g=lim———=
=0 (0—h)2 RN 2
= lim M. 4=a=8=a
h—0 442
Given :

x+a2sinx ,0£x<%

n T

x)=<2xcotx+b ,—<x<—
f(x) 7 5

acos2x—bsinx ,%<x£n:

is continuous for 0 < x < m.

’ bl ™
f(x) must be continuous at x = :‘-andx = 3
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13.

14.

15.

B135

im f (”J
i (x)=f|=
= 11'1_:1_ X I l\_..‘,
= -
&)

-

: ) 2w
= hmfti—hJ—Tcoiz-t-b

h—0
= limLE-hJ+avEIjmsin[£-h}=E+b
h—0\ 4 h—0 4 2
= %+a=1+b = a—b=§ )
T
Also, lim f{r}=f[—]
7] 2
x| —
\2

= lim_f[£+hJ:2,EcotE+b
h—0" \2 2502

= lim acosZ(E+h] ~—bsin[£+h] =5
h—0 Z 2

Wt
= acosn-bmnE:b = —a-b=b
= a+2b=0 ..(id)
e 2 T |
On solving (i) and (ii), we get @ = gandb T

Let k& (x)=7(x)+ g (x) be continuous.
> g@M=hx-f&) ‘ _
Now, h (x) and f (x) both are continuous functions.

. h (x) = f(x) must also be continuous. But it contradicts the
given statement that g(x) is discontinuous. Therefore our
assumption that f(x) + g (x) a continous function is wrong and
hence f (x) + g (x) is discontinuous.

1+x, 0<x<2
f{x}_[S—x, 2w x=3

145 0<r(x)<2
debm [3—f(>0 2< f()<3

Now 0<x<2=1<x+1<3
=1< f(x)<3
2<xL3=-3<—x<-2
=20<3-x<1=0<f(¥) <l
=20<x<1=1< f(x)<2
1<x£L2=2< f(x) <3
2<x <3305 ()<l
24x 0<x<l1
= f(f(x)=i2—x 1<x<2
4—x 2<x<3
Atx=1,RHL. =limg(l+h)=lim2-(1+4)=1
h—0 h—0
g(1) =3, .. discontinuous at x = 1
Atx=2,RHL. = lim g(2+h)=lim4-(2+h) =2
h—0 h—0

g(2) =0, .. discontinuous at x =2
Given : f(x+ ) =f(x)+ 1) +x, ¥
As f(x) is continuous at x = 0, we have
LHL = RHL = (0)

e

lz_:‘]

1.

= lim f(0-h)= lim £(0+h) = £(0)
h—0 h—0
= f(0)+ lim f(=h)= f(0)+ lim f(h)= 1(0)
h—0 h—0
= lim /()= lim /() =0 )

Now let x = a be any arbitrary point then at x = a,
LHL = lim f(a—h)= lim[f(a)+ f(-h)]
h—0 h—0

=f lim f(-h)=
(a) + h_mf( )=f(a)
Similarly, RHL. = ;}im fla+h)= f(a)

lim f(a—h)= lim f(a+h)= f(a)

h—}[}f h—0 f f
Hence, f is continuous at x = a. Since a is any arbitrary point,
f is continuous ¥ x € R.

[using (1)]

Topic-2: Differentiability

10 10
S | - +
() Given that, lim _i(_xa!__.%_f.g_) =1
t—>x 1 —x

By L-Hospital Rule

9 _ prenl0
i 10O S ) =~ ' Ox " _
—x 9{8
= 10x°f(x) - f(x) x!0=9x8

= [~ [ ==
* X

1

10
= ot e
Feel ®

.. Solution is

= lim —h = lim A
h—0 h h—0

T
cos—
h

= () x some finite value=0



Bl136
h? ccnsi
v 1 Geni= 10N - o —h‘
W0)H)=1 = lim
iR hTD —h =0 —h
=lim - A {:C'SE = () x some finite value = 0
h—0 h

£0%)=f(07) -~ fis differentiable atx =0

2+h)-f(2
Now f'(2+)=}],1'_%&_hw

bl
COS —

(2+h)? =

cosi‘—él
2+h

= lim '
h—0 h

o (2+h) [cos 2:—}‘) 4.  (a)
h—0 h

(2+h)2sin(fr L]

h—0 h

=1 et
h—>0 h wh 2(2+h)
[2(2+th
f(2-n)-1(2)

(2-h)°
= lim
h—0 —h
5 n
= -(2-h) COS(ZT) 5 o
h—0 ~h
2 _ k) s E__“_)
2 lim( ) Sm(z =K
h—0 h
sin[i_mh }
. (2-4) 2(2-h) —nth
lim X X
22-h)) ==

w f(2%)# £1(27), .. f is not differentiable at x = 2.
3. (¢) '~ p=left hand derivative of [x—1jatx=1 = p=-1
Now lim g(x)=p  where
st

(x-1"

e = 3
logcos™(x—1)

m, n are integers,m #0,n>0

Mathematics

= n
g P
x=1* logcos™ (x—1)
n

=1

= lim
h—=0logcos

n
— lim BN,
h—0 m(log cosh)
nh" " cosh =
h—0 m(—sinh)

. nh"2cosh
::'hm—-——«-—M - =] =n=2andm=2
EwETy

m h =
(using LH rule)

= -1 (using LH rule)

h
Given : f'(x) is differentiable on (0, =0) such that

2 2
Py =1astim L X O

—rx =X

=1 foreachx>0

= lim 2tf(x}—l'2f'(x‘) =i

t—x il

2 1
= 26/0-21'@=1=['0-Zf@=-7

X

(using L' H rule)

(Linear differential equation) Integrating factor,

2
,_.,..dx i 2 1
e-[ x =e21ogx=e10glfx ==
5 '3

: 1 [ 1 ] 1
Solution : e el AR e
ution : f(x) 2 I 3 3

X X
Jitx) 1 1
_2_3—3+C :f(x)=cx2+§

X
fay=1,
1
I=e¢+ 5 = ¢=2/3
3ot i
=
3 3x
Given : f(x) is a continuous and differentiable function and
f[l}=0,VnzlandnEI

n

0= j(-:;] =0

RHL.=0,
f(0)= 0 for f(x) to be continuous.

e 1l SW=FO) o SR
R 50, kb
=0 (using £(0) = 0 and £(0%) = 0)

SO)=0,1"(0)=0
Graph of y = | | x | = 1] is as follows :
y

(0, 1)

1,00 O (1, 0)

The graph has sharp turnings at x = — 1, 0. Therefore given
function is not differentiable at x =1, 0, 1.
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tan”' x, if | x| <1
@ /@~ —;—{|:c|—l), if [x]>1

-;v{—x~l}, if x<-1

= fw=qa

E(x—l), if x>1

Clearly LHL. at (x=—1)= lim f(-=1-A)=0
h—0

if -1sx<1

RHL at(x=-1)= lim f(-1+h)
h—0

= limtan"'(~1+h)=3n/4
h—0

Atx=-1,LHL. #RHL.

[f(x) is discontinuous at x = — 1

Also we can prove in the same way, that f(x) is discontinuous

atx=1

/" (x) can not be found for x =

+1

Hence, domainof f'(x)=R-{-1,1}

(d) Let us test each of four options :

COSx—x,
(a) f(x)=005|xl+[x|={cosi,,i

-sinx—1, x<0

S ®=\_sinx+1, x20

Atx=0,LHD=-1,RHD =1
f(x) is not differentiable.

COSX+ X,

(b) flx)=cos|x|-|x|= COSX—X,

f(x) is not differentiable at x =

x<0
x=20

x<0
x20

0

i —sinx— 0
@ fo=sm sl il osh

f(x) is not differentiable at x =

0

: —-sinx+x, x<0
(@ f(x)=s=H|xF—Ix|=| e

ren = J—cosx+1, x<0
e { cosx—1, x=0
Atx=0,LHD=0,RHD = 0
S (x) is differentiable at x = 0.
@ f(x) = max. {x "}

Tl x<=-1
x3; -1£x<0

& X 0<x<1
.r3; x21

Graph of f(x) = max {x, x°} is as shown with solid lines.

10.

11.

543 21 | A
(-1,-1 1 4
B L

-3+

4y
‘We know that a continuous function f'(x) is not differentiable
at x = g if graphically it takes a sharp turn at x = a.
Since, in the graph there are sharp tumsatx=—1,0, 1;
. f(x) is not differentiable at x =— 1, 0, 1.

LHD = lim M

® atx=k h—0 h (k 3 mtegcr}
- it [k]sinkm—[k —h]sin(k — h)m
h—0 h
. —(k=1)sin(k—h
= lim ( Jain ) [*wsinkn=0]
h=>0 h
_ tim —(k—1)sin(kn — hm)
h—0 h
~(k=D)(-)*sinhn
= lim X T
h=0 hr
[+ sin(kn—8)=(-1)*"sin0 ]
=qk-1)(1F
@ Si = —X, ifx<0
s 1x X ifx>0

| =3x+2|=|G-1)G-2)|

(x=1)(x-2), if x<1
—d(x-D@2-x), if 1<x<2

(x=1)(x-2), if x>2

and cos (—0) =cosB => cos|x|=cosx
(2 =1)(x=1)(x—2)+cosx, if x<1

£ = -2 ~1)(x=1)(x—2)+cosx, if 1< x<2

(% =1)(x=1)(x—2)+cosx, if x=2

This function may or may not be differentiable at x = | and x =2

but is differentiable at all points except atx=1 andx = 2.
Let us check the differentiability at x = 1 and x = 2.

Lf'(1)= {%[(x?' -Dx-D(x-2)+ cosx]}

=—ginl
x=]

=—sn 1
x=1

Rf'(1)= {%[~(x2 -Dix=-D(x=-2)+ cosx]}

Lf'(1)=Rf'(1)
f is differentiable at x = 1,

Lf'(2)= {de—{—(xz -Di{x-D(x—-2)+ cosx]}

=-3-sin2

x=2
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d
RE' (2) = {-—((xz——l){x—l}(x—2)+ cos.t]} 1
dx x=2 |2x+l|+|2x+3|,xe(—l,——jl
=3 —sin2 2
Lf'(2) $d1Rfffl(2] 1
.. f is not differentiable at x = 2. e
12, ® fO) ==t |2x+ll+|2x+3|,xe[ 2,0}
tan x is an increasing function for — <x< > 7 ne)= 1
§ 4 4 |2x—]|+|2x+l],xe(0,—}
& 3 :
tan | = | < tanx<tan |
4 4 |2x-—1|+|2x+l[,xe(—l-,l}
= —-1l<tanx<| =>0<tan*x<1 2
= [tan?x]=0
lim f(x) = lim[tan® x] =0, f(0)
x—0 x—0 :
Z. f(x) is continuous at x =0 2 1
13. (a) f:R—> Risa differentiable function and f(1)=4 , X € =1,
: f(x) 2¢ : 1 8 1
Ilmjl ——dt=lim| — 4x+4xe(—-0
x—>144  x-1 x>l x—1 < 2
= = = (fog)(x)= 4 |
T L limM.lim( f(x)+4) 2,x 6[0,—]
=] x=1 x—=l x— x—l 2
= lim f\(x).lim(f(x)+4) (1 ]
x—l x=»] 4I, X6 —,l
=/').FQ)+H=81'(1) [+ f(D=4]
i @ tm g(x)f(a)—gl(a) f(x)
xX—ra Xx—da ¥y

_ 1. 8la+h)f(a)-g(a)f(a+h)
hh—TO h - /2 /

lim glath) fla)-gla) f(a)+gla) f(a)—gla) f(a+h)

7 I T 1 |
h—0 h £ -1 =4 Ya 1 :
lim f(a)[g(um—g(a)}_ lim g(a)[ftﬁh)—f(a)} ]
= h-0 h h=0 h ¥
=fla)g(a-g@f'(@=2x2-(-)x1=5 = flg(x)) is discontinuous at x = 0.
e=1
15, @) Given:f()= w . 1
1+[x] 0, x e[—l,E]
Clearly [x — n] is an integer whatever be the value of x. 1
n[x — 7] is an integral multiple of . 4 xe [—5,0]
Consequently tan (n [x —n]) =0, ¥V x. Now, (fog)(x) = 1 :
Also 1+ [x]? # 0 for any x. 0, x G[O,EJ
Sx)=0.
Hence, f (x) is constant function and therefore, it is continuous 4 x e[l 1)
and differentiable any number of times, that is f'(x), / '(x), f ; :
"(x),... all exist for every x, their value being 0 at every point x. 2oy
Hence, out of all the alternatives only (d) is correct, 5 fle() is non-differentiable st x = —=,0,—
16. (4) Given that fix)=2x— 1|+ 2x + 1| 2 2
. d=3

and g(x) = x — [x] = {x}
(fog)(x) = 2{x} — 1| + [2{x} + 1|

Hence,c+d=4

17. (3) f(x)=|x|+1={
g)=x2+1

x+1, x20

—x+1, x<0
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19.

20.

21.
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ya

y =g

y=1

From graph, it is clear that there are 3 points at which A(x)
is not differentiable.

© 6 fodr =33 ()~
On differentiating, we get 6/ (x) = 3 f(x) + 3xf"(x) - 32

1 1
= fl)- ;f(x)=x, IF= =

1
Solution is f (). — = Ji.dx= x+te

L f =P+ ex

But f(1)=2=c=1, . fEX)=x*+x

= f(2)=4+2=6

Note : Putting x = 1 in given integral equation, we get

1
f(1)= 7 while given /(1) = 2.

3
Data given in the question is inconsistent.
We have,
—xz, x<0
fx)=x|xlEq
x“,x20
2x,x<0 -2, x<0
1 x e n x —_
S1® {2.\:3:20 =2 ") {Z,xzﬂ

Thus f" (x) exists at each point exceptat x =0
. fi(x)is twice differentiable on R — {0}.

e U
Given : f(x)= (x=1) Sm—x—l [xhx=1
2 3y

Since | x | is not differentiable at x = 0

=1

el
o= 1)2 smﬁ—l x| is not differentiable at x = 0.

At all other values of x, f(x) is differentiable.

Required set of points is {0}.
(a, ¢, d) Let domain and codomain of function y = f{x) are
S and T respectively.
(a) There are infinitely many elements in domain sets S
and four elements in codomain set T.
So, there are infinitely many function from S to T.
Hence, option (a) in correct
(b) If number of elements in domain is greater than
number of elements in co-domain, then number of strictly
increasing function is zero. Hence, option (b) is incorrect.
(c) Since, every subset (0, 1), (1, 2), (3, 4) has four
choices.
. Maximum number of continuous functions
=4x4x4=64[ - 64<120]

22,

23,

Hence, option (c) is correct.
(d) Since, every continuous function is piece wise
constant functions. f(x) = 0, so, f{x) is differentiable.

Hence option (d) 1s correct

0 :0{x<l
4

2
[x—i] [x—l] ;lixc—l-
4 2/ 4 2

(a,b) f{x) = 5 2
2(7{—-—1-) (x——l—);lﬂx<g
4 /=2 4
2
3[){-1} [X—IJ;ESX{I
4 2/ 4
(3= (3+)
f 3 =landf 3 -
L4J 8 L4J 16
So, f{x) is discontinuous at x = 5 only and
0 ;0<x<—

--f'(’— ple f'(3 ) f'r
e tlafile i)
f(x) is non-differentiable at x = %and %and minimum

3 1
values of f{x) occur at X = E whose values is —43—2

(a,¢) Letf: R — R is defined by f(x) = (o + sinx) (x— 1)
Then, f1") =f17) =f(1)=0

Let (f2) : R — R is defined by (f2) (x) = f(x).g(x)

Let fg(x) = h(x) = fix).g(x) then h : R - R

W (x)=f"(x)g(x) + f(x) g'(x)

If g is differentiable at x = 1

H(L)=f"(1g(1)+ 0, [ f(1)=0]

= if g(x) is differentiable then A(x) is also differentiabe (true)

=  if g(x) is defferentiable at x = 1, then fg is also differentiable
atx=1

If g(x) is continous at x = 1, then g(17) = g(17) = g(1)

h’(l+)= lim h(]+h)—fl(1}
0" h

h’(l+)= i f(L+h)g(1+h)-
h—0* h

0 )20
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24,

N fli=R)el=h)-
(i )1;,1_1_,113*']( )i )

2 r(e(t)

= hix) = fix).g(x) is differentiable at x = 1 (True)
So, if g is continous at x = 1, then /& is differentiable at x = 1,
—h
option (b) (d) h’([*)z M h(1+h)-h(1)
h—0" ~h
Y o F(1+h)g(1+h) 5
H(I"|= lim ——2=2 2 - £(])g(1
( ) st h ( )g( ]
N f1-h)g(1-h) :
W17 )= lim ——=2 = /(])g(1
( } h—0" ~h () ( )

= g(1MH=gl)
So, it does not mean that if /& is differentiable at x = 1, then gis
continous or differentiable at x = |

(a, ¢, d)
(8 +5x* 4107 +10x2 +5x +1)—2x , x<0
x2~2x%xx+é+i— ., 0<sx<«1 25
f(x)=
zx3—4l’2+7){—§ sl =l
0
(x-2)loge(x—2)—x+l? » x23
r(.Jr-r-l)S-ZJr 3=
2
(x~—é—} +% 0<x<l
§x3—4x2+7x—% , dExe3
10
(x-Z)]oge(x~2}—x+€- s
For x=0, fix)=1 26.

For x<0, fix)=@x+1y°-2x
It decreases to —oo,
Ax) € (oo, 1] for x<0
1
For x=3, fix)= -3*
For x =3, flx)increases to =

fix) e [%,GOJ for x=3

On combining the two fix) e R = [ is onto.
option (d) is correct.

sanyten] | x<0
= 2x~-1 .0<x<1
flx)= 5
Ax=2) =1 ,1<x<3
log,(x—2) Y

Lf"(1)=2, Rf"(1)=-4, = " is not differentiable at x = 1
option (c) is correct.
Forx<0 , fix)=5(x+1* -1

V4
1 1
Now, f'(x)=0 = (x+ 1)*= i x=—li[~]

5
1 1/4
= f is changing its nature at x = -] — (g)
£ is not increasing on (~w, 0) .. option (b) is incorrect.
1) 2x-1 ,0<x<1
(x) =
2(x-2)*-1,1<x<3

From its graph /'(x) has local maxima at x =1.
a4
1,1

O/
(0, -1

option (a) is correct.
(b, ¢) Given : f'(x)= e(ﬁ”‘g(’”}-g’(x) VxeR
> e O () =t gl(x)
Integrating both sides, we get
V) BB o —e~f(X) L o800 _ ¢
—e~f) -8 = f(2) | o8(2)
[ f(D)=g(2)=1]

= e'® +e &) =Z = e T (E and ¢ & ~<.E

€ € €

/(3.1)
Wi

(2.-1)

—]
w el pe8) o _o~f@) ol

= —f(2)<In2-1 and —g(l)<In2-1

= f(2)>1-In2 and g(l)>1-In2
(-3, -1/2<x<1
-2, 1£x<«.5

®.9 f)=[x*-3]=[x*]-3=1-1, VZ<x<\B
0, B=zx<2
1, x=2

1= ——0
2 +——0
=3

Clearly, f{x) is discontinuous at 4 points. Option (b) is correct,
and g(x) = [x| flx) + [4x - 7| Ax)

= (I + [4x - 7)) flx)

= (b + [4x = 7)) [x* - 3]
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[(—x—4x—T)-3), —1/2<x<0 o (21
(x—4x+7)=3), 0<x<lI st SeEs
(x—4x+7)(=2), 1<x<V2 LK(0)= -1, RK(0) = 1

h is not differentiable at 0
={ @-4x+7%=1), VZ<x<\B Foh(x) = flhto) = F )
(x—4x+7)0), 3<x<7/4 gle™) if x<0
(x+4x—7)0), 7/14<x<2 =+ g if x=0
(x+4x-T7)1), x=2 gle®) if x>0
15x+21, —1/2<x<0 e LCeN
9x-21, 0<zx<l Bl o
"Th()] = 0 , x=0
- 6x—14, 1<x<2 ik % :
cg(x) =4 g'(e™)e* )
R £ ] A O
g =0, 2 If! #Rf'
0, V<x<2 Jfoh is not differentiable at x’: 0.
5x—17, = ) S~ F0
¥ =
J\'ZI hoﬁx) l S :0
Pdir Loy — lim MO~ H O k)
i —0 k
/ i ey
x'e | > X k—0 k .k—>0 |g(—k}| k

1
S
=]
S
&
(3%

'w
L

xo=o[ - '(0) = 0=> Tim 858 _ iy 8K oj

37
S /a h(f . kk—w hk k=0 k
—12- (0+k)) - h(f(0))
= RI(0)) = .
i g(k) (k)
Clearly, g(x) is not differentiable at 4 points, when _ lim e‘ ’ elg - Ig(k)l =
x€(=1/2,2). k50 K ko g (k)|

' ; : Lh'(f(0))=Rh'(f (0
+~ Dption {c) 5 cor;e(:t. . hof gdltgemnm%(ag )x =0.
27. (a,b) f{ix)=acos(jx’ —x]) + b |x| sin (x> + x|)
(a) Ifa=0,b=1 20,
= f{x)=x|sin [x* + x|
=X sin ()(3 + x)
Which is differentiable ew:ry where.
(M), (c) fa=1,b=0 = fix) = cos (jx3 - x|) = cos(x® - x) and RHL= lim —cosx =gand f(j] =0
Which is differentiable every where nt 2
(d) Whena=1,b=1, f(x)=cos(x? - x) + x sin (x* + x) S n
Which is differentiable at x = 1
Hence only options (a) and (b) are the correct options.

. T
(a, b, ¢, d) Atx=—3, AL - Ilm_—_vc—5 Ay

T
X
2

. LHL=RHL = f(?)

g(x) S O £ , x<0
28. (a,d) flv)= ]x} 0 » x=0 . f(x) is continuous at x = ’%
0 2=0 g ., x>0 Atatx =0,1/(0)=sin 0 =0 and RF'((0)=1-0= 1
-g'(x) , x<0 o Lf'(0) = Rf(0)
el 35 - fis not differentiable at x = 0
'@ LS Atx=1,Lf'(1)=Rf(1)
gi(x) ., x>0 - fis differentiable at x = 1.

Lf ' (0)=—g(0)=0 and Rf '(0)=g(0)=0
[fis differentiable at x = 0

My=n fE 2

;
e

=
Atx = —2- . f(x) = — cos x, which is differentiable.

X 0_ Hence, all four options are correct.

30. (b,c) Given: f(x+y)=f()+f() ¥ xy eR
. On putting x =y =0, we get /(0) = 0
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. fx+h)-f(x 1 |
Also f'(x)= lim M = —cos(—] 5 2xsin(—], which exists for Vx = 0.
h—0 h x X
- f(h) . 8(x)-g(0)
= im——_ ry= = = 0y= hm=2——=-~
oo h SO =k@y)=>f@)=k+c Mg =%
But:f{ﬂ.)=0=_>c=0, s @) =k xzsin(lfx]—(] ‘ N
Which is continuous ¥ x e R . =lim—————— = limxsin| —|=0
x—0 x=0 x—0 X

Also f'(x) = k, a constant.
31. (a, d) From graph, f (x) is continuous everywhere but not
differentiable at x = 1 as there is sharp tums in the graph at

x=1.
¥
*
-\‘_
‘-«._v\ y
X' d” X
0
|
¥=feh ¥
32. (a, ¢, d) From the figure it is clear that
% if x<0
hm=4x%,  if0<x<l
o if x 21
y=x
Y4 3
: P/ y=x
3 l{ L)
(0, 0) X

From the graph it is clear that / is continuous forall x € R,
h'(x)=1 forallx > 1 and / is not differentiable at x = 0 and
1 as there are sharp turns at x = 0 and 1.

33. (a0 yau
y=2/y=l+x

y=l—x\

L2 ] ~T1.2)

0 %
From graph it is clear that f (x) is continuous

every where and also differentiable everywhere except at x
=1 and - 1.

2sin[lj x#0
M. @bg@=1" ")
0 X =0

1 ALEL
Ifx#0,g'(x)=x%cos (1) [——2) + 2xsin—
x X

1 |
S —cos[;]+2xsm;,x¢0

0, =0

RN .
Atx =0, cos (— 1s not continuous, therefore g’ (x) is not

x
continuous at x = 0.
o)
=—sin| —|,
X
. 5x<=0 0, x<0
385 (el S0y = {xz,x =0 L= {Z.r,.rz 0
Clearly f' (x) may or may not be exists at x =0 but it exists
WV x exceptatx = 0.

Now Lf"(0)=0= Rf'(0)= fis differentiable at x = 0
S %)

; 1
0—{—x)sm(——]
Atx=0,Lf'= lim — %
x—0 X
which does not exist.
/fis not differentiable at x = 0.

Thus, /* (x) is diffeventjiable for all values of x and hence it
is continuous also for all values of x.

From graph of /' (x), it is clear that ' (x) is continuous but
not differentiable at x = 0 as there is sharp turns at x =0 in

the graph.

| x—3] e |
36. (@be) /() =1x® 3x I3

———+t—  x<l

4. {254

2 I 13

——— ,x<1

4 12

={3-x 1£x<3
x—3 X

Lf'(1)=1 and Rf'(1)=—1.

L LT () =R
Hence, f'is differentiable at x = 1 and therefore continuous
at
x=1
Now, Lf'(3)=—1and Rf'(3) =1

Lf'(3) = Rf'(3)
Hence, f'is not differentiable at x = 3
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Continuity and Differentiability

Now, LHL.= lim f(3—h)= lim[3—-(3-4)]=0 Continuity at x = 0
o h—30 LHL= lim £(0—h) = lim(~h/3)=0
RHL.= lim f(3+h)= lim[3+h-3]=0 h—0 h—0
h—0 h—0

and f(3)=0, . LHL=RHL=/(3) EHL s }E’_",},f(o"""}:jlj',},”:o

Hence, fis continuous at x = 3 £(0)=0
X 0 *  LHL=RHL=f(0)
XL el 7 .~ f(x) is continuous at x = 0
37. (@) flo= P o Differentiability at x = 0
T X Lf'=1/3;Rf'=1
Clearly f (x) may or may not be differentiable at x = 0 but f As Lf'#Rf" = f(x) is not differentiable at x = 0
(x) differentiable at each pair in (—00, o0) except at x = 0
3 ' 1}! = Butforx<0,%=%
—==—=0
—M) = (0 )
= tm LT Trk 1
h—0 —h h—0 —h x|x|sin— ; x=#0
h 0 42. (¢) Given thatf{x)= A 2
0 - f(0 s R 0 =
IO iy ©
h—0 h A0  h 1
Lf'(0)=Rf'(0) = fis differcntiable at x = 0 s 1
Thus, f is differentiable in (- =, ). anid g(x)= I-2x ; 0s<x< 5
38. (abd)If—1< x< I,thenO0<xsinnx<1/2 0 : otherwise

fx)=[xsnnx]=0

Also f(x)=[xsinnx]=—1,when 1 <x<1+h

Thus f(x) is constant and equal to 0 in the closed interval [~ 1, 1]

and so f(x) is continuous and differentiable in the open interval 3 g(
1

1 TE Uﬁl—xs-l—
= 2 2

0 ; otherwise

At x = 1, f(x) is clearly discontinuous, since

S(1-0)=0, f(1+0)=-1 and f(x) is non-differentiable at x = 1.
39. (b,d,e) Graph of f(x) = 1 + | sin x | is as follows : 1
Ya 2x 7 0=€x< <

WW 0 ; otherwise

1
Sl  — T T 1 I ; 0Sx<—
3w 2t = © x 2n Ix * Now, g(x)+g[*2~-x)= 2
0 ; otherwise

'y (P) Leta=0,b=1,c=0,d=0

From graph it is clear that function is continuous every where
but not differentiable at integral multiples of 7 because at these

1
points curve has sharp tumnings. g 1 I ; 0<x=<-—
..h(x):g(x)+g[—-*.rJ= 2
0. O fO=x x-VJx+l) 2
(0-m)[NVO-h—JO-h+1]-0
0

0 : otherwise

RF(0)= }!im ; Hence range of h(x) is {0, 1}
5 =
Q) Leta=1,6=0,c=0,d=0
- ;}inbw—h~\/~}:+l] =t0=l=~1 -
_)
x|x|sin— ; xz0
: (l}+h][\?0+h—uf0+h+l]—0 h(x)= f(x)= ol x
Rf'(0y= lim 5 =
h—0 h 0 ; x=0
= lim VA —Jh+1=-1
h—=0 o L2
Since Lf " (0) = Rf" (0) el S
. fis differentiable at x = 0. RHD= lim ——=—=0
41. (a,b,d) Given:x+|y|=2y x=0 X
Ify<Othenx-y=2y
= y=x3=x<0 —.rZSinl—O
Ify=0thenx=0.1fy> 0 thenx +y =2y _ lim X =
= y=x=>x>0 LHD—.K—NJ X
xt3 , x<0 Hence h(x) is differentiable on R

JE=r=lx - x50 R) Leta=0,b=0,c=1,d=0
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43,

1
Ix=1 ; Osxs—
h(x)=x—g(x) =1~ i
0 ; otherwise
= h(x)isONTO

(S) Leta=0,b=0,c=0,d=1

1
1-2x : O0=x=—
h(x)=g(x)= 2

0 ;. otherwise

N =

Range of h(x)is [0, 1]

sin\'lwe_hz—o
h

g sinVl-e” smx‘l—

g JI

- J]

which does not exit.
.. for (P), (2) is correct,

@ @ f'(0)=lim
h—0

< e Si”:lJ
h—bUh | x-0 X

x—=0| tan " x

fim lsin xi ]x’
x—0 ]x' tarl x X
lim[]xlxw]zlimlf-l [ lim — zlJ
x—0 X | x»0x x> tan ! x
which does not exist, so for Q, (1) is correet,
(iii) lim f3(x) = lim [sin(log, (x+ 2))]
x—0 x—0

(ii) lun fZ (x)= lim ]i—lsm—x|—

if X 30=>(x+2)>2 = log.(x+2)—»log, 2<1
= 0 < limsin(log, (x +2) <sin1
x—0

= lim [sin(log, (x+2))] =0
x—0

fi(x)=0 Vxe[-1,e%2-2)
= f3(x)=0 Vxe(-Le"2-2)

= f%(x)=0 Vxe(-1e"2-2)
for (R), (4) is correct.
(iv) lu'n f};(‘x)— lim (xz sin — ] ] lim x? (sin l] =0
x—=0 X x—0 X

h? sin(lj_o ;
WO = tim— b hsin(—J =0
x—0 h x—0 4

'4(x}=—cosi+2xsini, x#0
X X

: 1
—lim cos—

lim f;(x) = lim [—cosl +2x sin l} =
x—=0 x—0 X X x>0 X

which does not exist
So for (S), (3) is correct.

2
4. @) P): ﬂ;(x):{xz;

Hy

Range of f, = [O,oo
- fy 1s onto,
From graph f; is not one one.
sinx, x<0
3): x)=
f3[ ) {x, x20

¥y

)
VO

i

From graph fis differentiable but not one one.

2.
b
RQ): f,0; (x)={x S

e*, x>0




Continuity and Differentiability
J«*/

From graph £,0f; is neither continuous nor one one.

5@y f5(x)= Poxe [0,@0)

1

=]
=Y

It is continuous and one one.
45. A->(p.q0;B—(ps); C—o(s1;D—(pq

-x2,if x<0
(A) y=x|x|=
S e |

Graph is as follows :

v
7
From graph, y = x| x| is continuous in (- 1, 1) (p)

differentiable in (- 1, 1) (@
and strictly increasing in (-1, 1), (r)

T v=x, ifx<0
Y=aflX|=
: Jx,  ifx>0

= )*=-x x <0 [where y can take only + ve values]

(B)

andy?=x, x20
Graph is as follows :

y 46.

y

From graph y =, /| x |is continuous in (— 1, 1)  (p)

B145
and not differentiable at x = 0 (s)
x=1, -1=x<0
(C) y=x+[x]=1x, 0<x<l
x+1, 1€x<2

Graph of y = x + [x] is as follows :

¥

y'

From graph, y=x+[x] is neither continuous, nor
differentiable at x = 0 and hence in (- 1, 1). (s)

Also it is strictly increasing in (- 1, 1) (r)
—2x, x<—1
D)y y=|x-1|+|x+1=12, -1<x<1
2x, x=1
Graph of function is as follows :
St oofion, a5
2
=1
x4 ; t > x
g 1
-+-1
+ -2
v

y
From graph, y = f(x) is continuous (p) and differentiable (q)
in (— 1, 1) but not strictly increasing in (- 1, 1).
A= () B—(r)

(A)sin(t[x])=0, V x e R
.. Differentiable everywhere.
= (A) = (p) 3
(B) sin ( (x — [x])) = £ (x)
xif0<x<l
We know that x—[x]=4x-Lifl<x<2
x=2if2<x<3
It’s graph is, as shown in figure, which is discontinuous at
Y XEZ
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AL,

Clearly x — [x] and hence sin (7 (x — [x])) is not differentiable ¥
xez
B)—>r :
47.  Given: f(x—y)=[(x).g(0) -1 ()-g(x)
Put y = x and we get f[0) =0
put y = 0 and we get g(0) = 1
f(0+h)— f(0)

RHD.of f(x): f' (0%) = ;ll—% ‘ .

(h € R™ and tending to zero)
S(0)g(—h) —g(0) f(=h) - f(0)

= lim
h—0 h

) limﬂ: f(0T)=L.H.D (1)
h—0 h

and LH.D. of f (x) : f '(07)

—lim JO=BZSO _ poty—rED
Hence from (i) and (ii) we get /"' (0) is exist. So it is finite.
Put y = x in given condition
8lx—y) = g(x).g() + f (x).S ()
= g(0) =g’(0) + /()
= gx) +/%0) =1 = gx) = 1 -/
On diff. w.rt.x, we get
2g(x).g'(x) + 2fx) f'(x) = 0 = g(0) = 0
[Note : g is differentiable at zero because fis diff. at 0 and g%(x)
= 1-2(0)]
48. Given : f(x) is differentiable at x = 0.
.~ fi(x) will also be continuous at x =0

ah
3 .oew =1 ]
= lim f(0+h)= f(0) = lim =—
=0 h—0 2
ah
. el -1 a 1
= lim X—=— => a=1
-0 ah 2 2
2
Since f(x) is differentiable at x = 0,
Lf'(0) = Rf" (0)
lim SO-h)-1(0) _ lim J(O+h)-£(0)
h—0 —h 70 h
h
bsin_l[ﬂ]—% e
= lim = lim 2
h—0 —h h—0 h
h
2 _om
=lim 2 270 (= fom)
A0 2h° 0
b e
e (Y
2
= lim 2 [using LH rule]
h—0 =1

49.

50.

51.

Mathematics

= =— = 64bh2=4-¢2
2 8
TS
Given that f': [- 2a, 2a ] — R is an odd function,
f(=x)=~(x)
Lf'atx=ais 0.
o i L@ f@
h—0 —h
L jim f@=D=1(@) _
-0 h
Lf' (- a) is given by
lim f(=a—h)- f(-a) B8 ~fla+h)+ f(a)
h—0 —h h—>0 —h
[fx)=-1(]

0

0 ()

. Jla+h)- f(a)
= lipg 2t 2N .
oy -®
Now, for x € [a, 2a], f(x)=f(2a —x)
. fla+h)=fQa-a—h=f(a—h)

Substiting this values in equation (ii), we get
Lfl(_a) = llm f(a_h)_f(a) -0
h—0 h

[using equation (i)]

) f(x)+1, if f(x)<0

o] (X) =

£ () =12 +b, if f(x)>0
x+a-+l, if x<—a

=1 (x+a-1+b if-a<x<0
(Ix=1]-1D%+b, ifx>0

As gof (x) is continuous at x = — g
gof (-a) = gof (-a*) = gofi-a")
=>1+b=1+b=1=b=0
Also, gof (x) is continuous at x = 0
= gofl0) = gofl0") = gofl0")
=b=b=(@-1P+b=a=1

x+2 ifx<-1
Hence, gof (x) = X2, if-1<x<0
dx=1=1, lifz>0

In the geighbourhood of x=0, gof(x) = x2, which is differentiable
atx=0.
(I) Given : g is continuous at o and

f(x)=fla)=g(x)x—0a),VxeR
= Since g is continuous at x = «
wd gy = LS @

X—o

xll_r’na g(x) = g(a)



Continuity and Differentiability

. f(x)-fla)

= lim—m—
X—L X—a

= "' (a) exists and is equal to g (a).

(IT) f(x) is differentiable at x = o (Given)

=gla) = fYa)=gla)

lim M = [ (o) exists and is finite.
X xX—a
S (x) - fla) 28
Let us define. g(x) = —ar
[ (@), r=a

Then, f(x)—fa)=(x—-a)g(x), ¥V x= a.

Now for continuity of g (x) at x =«

lim g(x) = % = F8)=5{e)

lim
T 1
g is continuous at x = a.
I—x, x<l
(I—-x)2-x),1=x=2
3-x,x>2

It is clear that the function f'is continuous and differentiable at all
points except possibility at x = 1 and x = 2.
Continuity atx =1 :

LHL. = lim[1-(1-h)]= lim h=0
h—0 h—0

Given : f(x) =

RHL. = lim[I-(1+A)][2-(1+A)] =0
h—0

and f(1)=0, - LHL.=RHL.=f(1)=0
Hence, f'is continuous at x = 1
Differentiability at x = 1.
Lf'(1) = lim fA=-m-f) _ lim (a-(1-mn-0 el
h—0 —h h—0 ~h
S+ - £
—0 h
e (=R Q)0 SR
h—0 h h—0 h
L (1) =R (1)
f is differentiable at x = 1
Continuity at x = 2 ;

LHL = lim{1-Q2-h)2- 2] =0

and Rf‘(l}:;

and RHL = lim[3-(2+4A)]=1
h—0

LHL.# RHL,; . f is not continuous at
x = 2 and hence f cannot be differentiable at x = 2.
- Jfis continuous and differentiable at all points except at x = 2.

Given - f[‘“;—“] 2 f{x);f(-"} -G0)
On putting y = 0 in (i), we get
x |
f[EJ = E[f[x]+l] [ fO)=1]
f@=2 j[;‘J -1 ) (i)

fix+h)-f(x)

Nuw, f'(_x)z Lt
h—0 h

55.
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1| f(2x)+ f(2h)
= i:{:ﬂ;[__.—hz = | (ﬂ] [using (i)]
2 -D+2f(h)-1) s
= [i— =
: _foh{ 5 F (I)] [using (if)]

1 f(h)-f(0)
= Jf - =t 2 SR () =1
h{:oh[f{h) =2 p [ f(0)=1]
=f'O)=-1[.f'(0)=-1]
On integrating both sides w.r.t. x, we get
f({x)=—x+c. On putting x = 0, we get
JO=c=1[+ f(0)=0] S f=1-x
= f@)=1-2=—1
SE+N=f@ fO), V x,y R
Hence, forx=y =0, f(0+0)=£(0) f(0)
= fO=FOF = fO0)=1 [+ f() # 0,foranyx]
Again /' (0) = 2
e f(0+h}—f{0):2 = fim L QS B)-S0) _

0 h h—0 h :
o i SOV
h—0 h
= mf®l, &  rro-n
=0 &

Now, f'(x)= ;ﬂw

_ i fOIB-® f(x)[f(”}"]
h h—0

h—0 h
e | SO =1
=y (x)hhglo [T} = () =F(x).2 [using eq. (i)]
Also, 40 =2
f(x)

On integrating both sides with respect to x, we get
log |[f(x)| =2x+¢

At x=0,logf(0)=¢c = e=logl=0

= lglf®[=2x =  fl)=é

Given:y=[x] +|1-x|, -1<x<3

(-1+1-x

O+ —x

1-1+x

2—-1+x

[3=1+x

,—1<x<0
,0<x<l1
, I€x<2
1 25Xx<3

SR

=% y=1

-1£x<0
0<x<l1
isx=2
2<x<3
x=3

R e T T
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56.

7.

RS B s e

From graph we can say that given functions is not differentiable
atx=0,1,2,3.

Given : f(x) is a function satisfying

f(=x)=f(x),VxeR

Also ' (0) exists

= f'(0)=Rf 0) Lf (0)

Now, Rf'(0)= Lf'

T f(0+h)-f(0) _ i LO=B) - £(0)
h—0 h h—0 —h

= ¥ S()-1(0) _ lim S(=h)=£(0)
h—0 h h—0 —h

=i f(k]—f(0)= I S(h)—1(0)
h—=0 h h—0 —h

e M_} =0

h—0 h

= 1im IB=TO _4 = r10)=0

h—0 h
. =1 —2=x<{
L x=1 O x=7

and g@=r(x|+]fx]

Here g(x) involves | x |and | x~1| and |- 1| =1

Therefore, we should divide the given interval [-2, 2] into the
following intervals.

1, I, Iy
- 2,0) [0. 1) [1,2]
x=-ve + ve + ve
|x|=-x x x
fx)=-1 x—1 x—1
fllxph=-1 =x-1 =x-1
If@l=1-1| |x—1] lx—1]
=1 =—(x-1) =x-1

.. Using above, we get
gx) =flx|+|f()]
-1+1=0in/[
x=1-(x-1)=01in/,
X—=l+x-1=2(x-1) in/;
Hence, g (x) is defined as follows :

0, -2<x<l1
g(x) = ;

2(x-1), 1£x<2
Lg'(1)=0;Rg'(1)=2

*. g(x) is not differentiable at x = 1.

=glx) =

58.

59.

60.

Mathematics
Here, flx) =x* —x2 + x + 1

= f'(x)=3x%— 2x + 1 which is positive ¥ x € R
Hence, f(x) is strictly increasing in (0, 2)
max {f(t)}, 0<t<x,0<x<l
glx)=
3-x, l<x<2

As flx) is increasing function
So,max {f{N}.0<r<x,0<x<1=fx)

3 2
g(x)={x —x"+x+1
3—1x,

Clearly g(1)=g(1)=g(1") =2
Hence, g(x) is continuous for all x € [0, 2]

0<x<]
I<x<2

D<x<l
-1 lcx<?2

; 3x% = 2x +1
Also, & (x)=

Atx=1,LHD.=2,but RHD. =-1
Thus g(x) is not differentiable of x = 1
xZ

! 0<x<l
Given : f(x)= 2
- 2x2—3x+%,1£x52

Clearly f (x) may or may not be continuous at x = 1 but it is
continuous everywhere on [0, 2] except at x = 1

2
= Atx=1, Lf'= Exl:l;R_{"=4x 1-3=1

= [is differentiable and hence continuous at x = 1
[f(x) is continuous on [0, 2]

e x,0<x<l
FOYEY o3 teipes

Atx=1,
lim f'(x)= hm f 1-

x=»1"

lim f'(x)= hmf(1+k)= lim4(1+h)-3=1
+ h—0 h=>0

x—l
fl)y=4-3=1

Thus lim f'(x) = llm S = 1)
x—1”
flis contmuous atx =1
Hence, f ' is continuous on [0, 2]
I ,02x<1
e R
Clearly f " (x) is discontinuous at x = 1,
[f" (x) is discontinuous on [0, 2].
x—1

)= lim(1-k) =1
h—0

TR T x#l
Given : f(x)= le =7x+5

3
@)= hrn

=il

f(1+fr) S

1+h-1 +1 h
2_ 3
e 2(1+h)" =71+ h)+5
h—0 h

e
W | =

=
_ g 207 —3h

h—0

=
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Continuity and Differentiability

s Ao
=lim28=3 3. _gyp - 2
h—>0  h h—>03(2h - 3)
Topic-3: Chain Rule of Differentiation, Differentiation of

Explicit & Implicit Functions, Parametric & Composite

Functions, Logarithmic & Exponential Functions, Inverse
E-"J Functions, Differentiation by Trigonometric Substitution

+

L | =

-2/9

1. (a) Given:log(x+y)=2xy
Clearly, when x = 0 then y = 1
On differentiating w.r.t. x, we get

1
[1+QJ= 2y+ Sxay

x+y dx dx
1
S T 1
dy x+y =2
—="— = y(0)= ——=1
dc . __1 0-1
x+y

[ whenx=0,theny=1]

2. @ y=(sinx)™* = logy = tan x.logsin x
On differentiating w.r.t. x, we get

1d P
—l=sec2xlogs:nx+ta.nm -
ydx sinx

.COS X

tan x

= Z_y = (sin x) “"*[1+ sec? xlogsin x]
X

3. (a) f(x)=e™is one such function.
Here f(0)=1,/'(0)=-1,f(x)> 0,V x.
f'®)>0Vx

4 s 1| sinB n
) 1 sm[tan (m

( i ) 4 S
= sin sin_'L—ﬂg—J *; tan 1£=sm L : s
\sin® 8 +cos 20 Y X" +y

o |« ~1(8inG
~ sm[sm [COSB]:I =tan O
4O _,
dtan®
5. @ Given: f(x)=x>+¢""? and g(x)= f~'(x)

therefore we should have gof(x)=x

gU(x)=x = g(®+e?)=x
On differentiating both sides w.rt. x, we get
1
g’(x3 &2 ).(3):2 + ex‘{z.E] =1
= gl werityn 1

1
3x? +ex£2.—

Forx=0,weget g'(1)=2
6. Given:xe¥=y+sin’x
Differentiating both sides w. r.to x, we get

) d :
e? .l+xexy[y+xay] =%+2$1nxcosx

dy dy _

On putting x=0,weget 14+0=—"24+0 = 2 =1
dx dx

8.

10.

S =|x-2|
= g@=f(fx)=|f(x)-2]|for x>20
=||x=2|=2|=|x=2-2|for x>20
=|x—4|=x-4forx>20

gx=1= g(x)=-4

Imtz¢=secfl(2 3 J = u=cos'(2?-1)=2cos! x
x° =1
and v=\1']—~x2
du -2 dv =k
— and —=
dx 1-x? dx 1-x2
du -2

du E f—xz 2 du =

- —
dv dv =% x dv x-——l
iR 2

Given that, f (x) = log,(In x) = loi%)_x)
e

X : xlog, x— L log, (log, x)
X

£y = e :
1 (log, x)
—[1-log,(log, x)]
=
(log, x)?
1
- ;[l-loge(logee)] é[l—logel] 1 1
A (og oP 0 cAgE L LD,
Six) fr(x) [
Given that Fi(x)=|g;(x) go(x) g3(x) )

h(x) hix) ()

where f(x), g (x), h(x), r=1, 2, 3, are polynominals in x and
hence differentiable and

Sa@)=gla)=hla),r=1,2,3 oo (i)
On differentiating equation (i) with respect to x, we get

A® L® £
F'ix)={ gi(x) g(x) g3(x)
W(x) h(x) Bx)

LX) L) @] (A LK) fix)
+Hei(x) g3(x) ()| + g () g(x) g(x)
h(x) h(x) )| |[A(x) B&) kx)
N@) fi(a) fia)
= Fla)=|g(a) gi(a) gs(a)
hy(a) hy (a) hy(a)
h@) fa) fi@| |fi@) fia) fila)

+ gi(a) gia) g3(a)|+|g(a) g(a) g3(a)
h(a) hy(a) h(a)| |h(a) h3(a) hi(a)
F*(a)=D, + D, + D,

Using equation (ii) and the property of determinants that

D=0,iftw0rowsinDamidentica],wcgetD]=D2=D3=0
F' (@)=0.
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i Givens y= f[ 2x—1] Py it (¢) If we consider f(x)= sin(wf}gx) then f (x) satisfies the
. . - 2 L} o]
X" +1 given condition [£(0)]* +[f(0)F =1
dy 2x-1) d (2x-1 ; ! ;
—=f sl But lim (sin Jggx) does not exist
dr © \x? 1) dx\x? 41 X—®
" : o (c) is false.
{sm[ = _I] ]-[20‘ T ‘“J (@ Letus consider g(x) = [f0] +[f'(x)]’
37+l (x" +1) By Lagrange’s Mean Value theorem | f{x)|<1
2+2x-2x% [Zx—lf Also [fix{)|<2 as f(x) e[-2,2]
= sin
(xz +])2 211 g(x)<5,  for x;€(-4,0)
s i Similarly g(x,)<5, for x, €(0,4)
12. (True) Consider g(x) =£(T)+2-—f{—tl . which is an even Also  g(0)=85 -
Bt Hence g(x) has maxima in (x), x,) say at o such that
AN g(a)=0 and g(a)=285
g'(x)=ﬂx)—2‘f—(L"—]I =h(x), let
gie)=0 = 2f(a)f"(a)+ 21" (a)f " (a) =0

13.

14.

Now A(=3)= ﬁ_—”z‘—fix—’ =—h(x),

<. h is an odd function.
Hence, derivative of an even function is an odd function.

_Xi sl ey S Sp
(1] fn(x)“gm [I+(x+j)(?€+j"lJ

_ 3 a1 D =G+ )
" L+ (x+ j)(x+ j—-1)

j:
n

_ D ltan~'(x+ j)—tan ! (x+ j~1)]
j=I

= f®=tan'(x+n)-tan"! (x)

J = fi(x) = 1 :

el g n )
5 1+ x(n +x) I+ (x+n)*  1+x?
and £ (0) = tan"!(n), .. tan®(tan""'n) = n?

Here X = 0 is not in the given domain, i.e., x & (0, x).
Options (a) & (b) are not correct options.

(¢) lim tan(f,(x))= lim (_L_]:
X—»0 I+ x(n+x)

X—0
' 2 = lim 1+ tan’(f, (x
(d) Jir::osec () (£ (x))

=1+ lim tan’(f, (x))=1
X—»a0

(a,b, d)
()  f(x) being twice differentiable, itis continuous but can’t be
constant throughout the domain.

Hence we can find x € (r,5) such that f(x) is one one.
" (a) is true.

(b) By Lagrange’s Mean Value theorem for f(x) in [-4, 0],
there exists

Xp E(*4,0) such that f'(XOJ = %)‘_;(f%
£(0)-f(-4)
4
- 2<f(x)<2, & —4<f(0)—f(-4)<4

= [f(x)[<1, - (b)istrue.

= |f(xp)|=

15.

16.

= 2f'(o)[fla)+"(c)] =0

If £'(a) = 0=> g(ar) =[f(c)]? and [F(@)] <4
g(a) =85 (is not possible.)

= f(a)+f"(a)=0 for ot (x;,x5) €(—4,4)
Hence, (d) is true.

(b, ©) Given : fix) =x>+3x+ 2 = f'(x) = 3x2+ 3
s f0)=2,f(1)=6,f2)= 16, f(3) = 38, f(6) = 236
Also given g(f(x)) = x => g(2) = 0, g(6) = 1, g(16) = 2,
g(3,8)=3,2(236)=6

(@) g(fx)=x= g (fx). f'x)=1
Forg'(2), fx)=2 = x=0
On putting x = 0, we get g'(f (0)) £'(0) = 1

1
=¢@2)= 3
(®)  h(glg(x))=x= h'(g(g(x)). g'(2(x). g(x)=1
For h'(1), we need g (g(x)) = 1
=g(x)=6=>x=236
On putting x = 236, we get

1
|
=N EO g6 g@36)
1
=M= g(ww) g ((6))
=f(1)f'(6)=6x111=666
(©) hlglex)]=x
Forh(0),g(g(x))=0= gx)=2=x=16
On putting x = 16, we get
h(g(g(16)) =16 = h(0) = 16
(d)  hlg(g(x))]=x
For h(g(3)), we need g(x) =3 = x = 38
On putting x = 38, we get
h [2(2(38))] = 38 = h (g(3)) =38
(b) Given that f (x) = 2 + cos x which is continuous and
differentiable every where,
Alsof'(x)=—sinx, . f'(@X)=0 = x=nn
= Thereexistsc e [1, ¢+ n] for £ € R such that
fe)=0
. Statement-1 is true,

Also f (x) being periodic of period 27, statement-2 is true,
but statement-2 is not a correct explanation of statement-
Ie
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ax’ bx c
y= i -+
(x—a)(x=b)x-c) (x-b)x—c) x—c

17. +1

ax® bx x
= + +
(x—a)x—-b)(x—c) (x=b)x—c) x-c

ax? [ b ) ]
= - +1
(x—a)(x-b)x-¢c) \x-b x—c

2
ax” x2

e a b —)-B—0)

( a J X P
——, +1 =
x—a (x-b)(x-¢c) (x—a)x—b)x-¢c)
Taking log on both sides, we get
logy=3logx—log(x—a)—log(x—5b)-log(x—c)

' 2 o 1 1 1 - 1

y
¥y x x—-a x-b x-c

b e

a b ¢
= + +
x(a=-x) x(b-x) x(c-x)

1{ a b c :I
=— + +
xla-x b-x c-x

w(Z)

18. (siny) +Tsec'l(zx) +2%an [In (x+ 2)]=0 ... (D)

Put x =— 1, in equation (i), we get

w(-3)

(sin ») +7sec'1(—2) +27tan [ln (- 1+2)]=0

= (siny)"+£(2"]+ltan0=0
25342

= sin y=——, whenx=-1 ...(ii)

s

%)
.
Let u =(siny)
Taking In on both sides; we get

[T :
Inu = sm(?] Insin y
Differentiating both sides with respect to x, we get
1 du no(nx]l e dy.[m]
——=—cos| — | Insi cot y—=sin| —
e i e W

u dx
. [ X
ww (D)
=N e
& (siny)

% Er:a:as[E]lnsin +sin(£]cm d_y
2 Ao ¥ a1 | -

Now differentiating equation (i), we get
7 ks
4 ain y)sm(ﬂ B o
ax 2 oxax?-1

2

2
d
Now (X2+4)[£y] = (secB+cosB)”.

+2%(In 2) tan [ (In (x + 2)]
+2% sec?[In(x +2)}L= 0
x+2

< [m:
(B
= (siny) Ecos ? Insin ¥

: (m] dy}
+sin| — |cot y—
2 dx
NE)
+———+ 2" In2tan(In(x + 2))
2x/4x? -1
nx 2
L2 sec [In(x+2)] _ 0 [using ()]
x+2
Atx=—1and siny=——, we get
n
o A
5 o5
b1 3 dx x=-1
V3 1
+ +0+27"' =0
-2V3
o 2 [dy) I 'Hl
2 Vo -3 = rat—=0
\/5\'(3_! dx x=—1 2 2
J8) L
dx x=-1

Given : x=sec 0 - cos 0, y=sec" 0 — cos" 0

d
= d—gzsecetan9+sin9
= sec 0 tan O + tan B cos O = tan 0 (sec O + cos 0)

d o
and d—g:nsec" 19secOtan—ncos™ ! B(—sin0)

= ntanB(sec” B+ cos” 0)
ﬂ
dy _ 4 _ntanB(sec” 8+cos” B)

de  dx  tanB(secB+cosH)
do

= dy _ n(sec” 8 +cos” B) @

dx (secB+cos0)
Now x* +4 = (sec 8 — cos 0)> +4
=sec’ B+ cost0—2secBcos O +4
=sec” 0 + cos? 0 + 2 = (sec O + cos 0 )? (i)
andy? +4 =sec" O —cos” 8 ) + 4
= sec?” B + cos?" 6 — 2 sec” O cos” B + 4
=sec 2" 0 +cos 2" 0 + 2 = (sec” O + cos” 0)° ...(iif)

=n’(y* +4)

» n*(sec” 0+ cos” 0)°

(secB +cos 9)2
[using (i) and (ii)]
= n? (sec” O + cos” 0)

2
= (2 +4)[%’] —2 R+ 4) [From (ii)]
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A(x) B(x) C(x)
20. Let F(x)=|A(a) B(a) C(a)
A(a) B(a) C'(a)

kD)

Since « is a repeated root of quadratic equation

S&®)=0

We must have f(x) = k (x — a)? ; where k is a non- zero real

number.
Put x = o on both sides of equation (i);

A(a) B(a) C(o)
F(a)=| A(a) B(a) C(a)
A'(a) B'(w) Cla)

[ R, and R, are identical]

(x — a) is a factor of F (x)
Differentiating equation (i) w.r. to x, we

we get

=0

get

4(x) B'(x) C'(x)
F'(x)=|A4(a) B(@) C(w)
A'(a) BYa) C'a)
Putting x = a, we get
A'(a) B'a) Ca)
Flla)=| A(a) B(a) C(a)|=0
A'(0) B(a) Cla)
[ R, and R, are identical]

= (x—a)is a factor of F'(x).
= (x—a)? is a factor of F(x).
F (x) is divisible by f (x).

o
21. Given: y=¢** 4 (tanx)*

Here y is the sum of two functions and
base as well as power are functions of x.
use logarithmic differentiation.

L
Let y= wu+v, where u=e Mt
d du dv :
—y=—-+—— -(1)
dx dx dx
£t 0 |
Now, S _ jrsinx .—d-(xsinx-”)
dx
xsinx®

=& . [3x%. cos x> + sin 1)
Now v = (tan x)* = log v =x log tan x

Now, differentiating the both sides with
1 av 1 2

——=X.——.5eC
tanx

2x

dv ¥
dx (i Lian

+log tan

in the second function
Therefore, here we will

and v= (tan x)*

respect to x, then

x+1.logtan x

;

Now substituting the value of %and % in (i), we get

dy
dx

+(tan x)*

od
— = ™" [sinx> + 3x° cos x°]

[ onuns]
- +log tan x
sin 2x

22.

] x 2
G b= * 2x+1
iven: y 31~x| cos“(2x+1)
[Clearly y is not defined at x = 1]
+c052(2x+1), x<l
3(1-x)
= y=
3(x_l)+¢:osz{2.vc+l), x>1
((1=x)=x(=D))
2 Lﬂ—xz(ﬁJ-zmmxu), x<l1
dy |3\ (1-x)
=& s )
gtﬂz—xj—zsinmnz), x>
3\ (x-1
5 ’
= 2—251n(4x+2), x<1
dy |3(1-x)
or —_=
dx

————T-Esin(4x+2),x>]
3(x-1)

Topic-4: Differentiation of Infinite Series, Successive
Differentiation, nth Derivative of Some Standard

ﬁ Functions, Leibnitz's Theorem, Rolle's Theorem,

E_J

1.

Lagrange’s Mean Value Theorem

(a) Given:g(x]=logf[x}:>g(x+1)=logf(x+l:|
= ght)=logxf(x) [ fE+D)=xf(x)
= glx+ 1) = logx + log f(x) = g(x + 1) — g(x) = log(x)
1 1 I
=5 g(X+1)-g(ﬂ=;:~ g"(—f+l}—g"(1)=-é
)

1
On putting, x = x — E , we get

; 1)_ ( 1] e s
= g[x+2 g\ x 2 ( 1]2 (21—1)2
x_
Onputtingx=1,2,3 ..., N we get
M T L ;
g 5—8 5 =—“17 (1)
(o) %
2 8k, 32
()-e(3)-%
23
1 9=

|
ST O N,
e 2 T N

On adding all the above equations, we get

"[Nq.l] "[I] _41+-I—+L+ +—l——
& 3% Al 3% SR A

(11}

-..(iii)
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d*x d (dx) d |{ de)| dx
@ ——=—]=|= =]x=
d*y dy\ dy) dx\dy) dy
[
- 3 S GRN TL
| ”ﬂ;‘] dy (aa-\z dx? [ﬂ)
\dr) || \EJ dx

(2)” £

d\‘J d?

(d) Letus consider the function g (x) = f(x) — x2
suchthat g (1)=f(1)-12=1-1=0
g@)=f2)-22=4-4=0
g(3)=,(3)-32=9-9=0

Since f'(x) is twice differentiable, therefore we can say g (x) is
continuous and differentiable everywhere and

g)=g@)=g(3)=0
By Rolle's theorem, g’ (c) = 0 for some ¢ (1,2) and
g'(d)=0 for some d €(2,3)
Again by Rolle's theorem,
g2"(e)=0 for some e e(c,d) = e €(1,3)
= f"e)-2=0 o [f"(e)=2 forsome x (1,3)
f"(x)=2 for some x €(1,3)

(b) x2+y2=]=>2x+2)y’=0:x+){v'=(}

= 14"+ =02 " +()’ +1=0
(b) Letf(x)=ax’+hbx+c and f(x)>0,V xR

L a>0andD<0
= a>0andb’—4dac<0 ... ()
Now, g (x) =f@+ @D+f"(x)

=a+bx+c4+2ax+b+2a
=axt+Q2a+b)x+(2a+b+c)

Here, D =Q2a+bP—4a2a+b+c)
=4q* + b* + 4ab — 8a® — 4ab — dac
=bh?—4a* —4ac=— 4a® + b* - dac
= (—ve) + (—ve) = —ve [using (i)]

Also from (i), a > 0

g(x)>0, VxeR

(¢) Given: y* = P (x), where P(x) is a polynomial of degree 3
and hence thrice differentiable.

»2-Pw .0

Again differentiating with respect to x, we get
2 2

2[@J +2y L2 - pry)

dx d*

f 2 2

= [P {xj] +2592 _ pyny [using (i)]
2y dx?

. =L
= 4392 e (PP
dx*

3

= 4342 PP PR [ 2=p o)
S Li's P()P*(x)~~[P'(x)]
B dxz 2
d ( 3 dzy\
Again on differentiating w.r. to x, we get ELY EJ

= P(x)P(x)+ P"(x)P'(x) - P'(x)P"(x) = P"(x)P(x)
(5.00) g(x) = (= — 1 h(x); h(x) = @y + ayx + ap® + apd
= f)=f-1)=0
= f(x) has two roots x=1andx=-1
= gl(x)hasatleast 3 roots x=1,x=-1 andx=«
Then by Rolle's theorem
=ga)=0,ae(-1,1)
g(1=g'(-1)= 0= g'(x) = 0 has atleast 3 root,
= g"(x) = 0 will have at leeast 2 root, say B.y such that
Then by Rolle's theorem
—-1<B<a<y<l
So, min(mf.) =2 and we find (m; + m;,) =5
(a, b, ¢) Given, S = Set of twice differentiable functions f:
R—>R
o
o >0in(-1,1)

Graph 'f' is Concave upward.
Number of sdlutions of f(x) = x — x,

©) 7_1 :

= Graph of y = f(x) can intersect graph of y = x at atmost
two points = 0 < x;<2
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S e w im f(x)sm:—f(t)smx Sl (d) Here, f"(x)=-2cosx +xsinx
t—x —-X .
. n
—f(Dsi f’(EJ=Eand f(f) =% f"[E]-i-f(—]:G
= lim f(x)mt] TSN e B it L i) 2) 2 gy 2 2
t—x
5 ) Won 10. (a) We havef(x)= g(x) sin x
= f(x)cosx —f'(x)sinx =sin“x = f1x) =g(x)sinx+ g(x) cos x
f'(x)sin x —f(x)cos x = f0)=g0)x0+g0)=g(0) [ g0)=0]
= 3 =1 Statement 2 is correct.
e f'(x) - £'(0)
x —
" L P e, SAth bl
sinx sinx
e g(x)cosx + g'(x)sinx — g(0)
Put X =— x50 X
= i & _ lim EX)cosx —g(0) + i & ()sinx
£=_—£+C A f[—]:——— x—0 x x—0 X
L 6 6 12 ) ©
2 = fin SR G
x—0 x Xﬂl-{ x—=0
=B P . x
Sh Hireiuss it = ¢c=0=flx)=—xsinx =
12 12 o g(x)co§x g0 2'0)
i -t 1 x—=0 sin x
o {3 .
4) 42 — lim [g(x)cot(x) — g(0)cosecx]+ 0
(b) f(x)=-xsinx s
2 i tx—g(0
SiNX > X ———Vx & (0,m) oz xl_I)DD[g(I)CO Bkt )cosecx]
6 Statement 1 is also true and statement 2 is a correct
) . 5 X 9 x4 explanation for statement 1.
PR SR s AL 1. Given: f is twice differentiable such that
() f'(x)=-sinx—xcosx S @) =-f() and f 1) = gx)

Now f(x)=0= tanx =—x
‘. There exist o €(0, ) for which f(c)=0

i

h(x)=[F (P + [g @)
= hx)=2f"+2gg'=2f (x) g(x) + 2g(x)" (x)

[ g&) =) = 2" ) ="
=2 g@+2eM) (-fx) [ f"®=-1 ]
=2f() g () -2f(x) g (x) =0

h'(x)=0, forallx = J is a constant function

h(®=11 = hQA0)=11.
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