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Eudoxus

The origin of the integral calculus goes back
to the early period of development of
mathematics and it is related to the method of
exhaustion developed by the mathematicians
of ancient Greece. This method arose in the
solution of problems on calculating areas and
volumes of solid bodies etc. In this sense, the
method of exhaustion can be regarded as an
early method of integration.

The greatest development of method of
exhaustion in the early period was obtained in
the works of Eudoxus (440 B.C) and
Archimedes (300 B.C.)

Conclusively, the fundamental concepts and

theory and integral calculus and primarily its
relationship with differential calculus were
developed in the work of P.de Fermat, I.
Newton and G.Leibnitz at the end of 17"
century A.D.




Indefinite Integral

Introduction

A function ¢(x) is called a primitive or an antiderivative of a function f(x) if ¢'(x)= f(x).

5 5
X7 . s
For example, e is a primitive of x* because di(%J =x*
X

Let ¢(x) be a primitive of a function f(x) and let c be any constant.

Then Of'—x[<z5(x>+c]=¢'(x)=f(x) [ ¢(0) = F(0)]

= ¢(X)+c is also a primitive of f(x).
Thus, if a function f(x) possesses a primitive, then it possesses infinitely many primitives
which are contained in the expression ¢(x)+c, where c is a constant.

5 5 5
X

X X e
For example e + 2, . 1 etc. are primitives of x*.

Woic QA If F(x) and F,(x) are two antiderivatives of a function f (x) on an interval [a, b],

then the difference between them is a constant.

5.1 Definition

Let f(x) be a function. Then the collection of all its primitives is called the indefinite integral

of f(x) and is denoted by J.f(x)dx.

Thus, di(¢(x)+c) = f(x) :>If(x)dx =¢(X)+cC
X
where ¢(x) is primitive of f(x) and c is an arbitrary constant known as the constant of
integration.
Here .[ is the integral sign, f(x) is the integrand, x is the variable of integration and dx is

the element of integration.

The process of finding an indefinite integral of a given function is called integration of the
function.
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It follows from the above discussion that integrating a function f(x) means finding a

function ¢(x) such that dd_x(¢(x)): f(x).

5.2 Comparison between Differentiation and Integration

(1) Differentiation and integration both are operations on functions and each gives rise to a
function.

(2) Each function is not differentiable or integrable.

(3) The derivative of a function, if it exists, is unique. The integral of a function, if it exists,
is not unique.

(4) The derivative of a polynomial function decreases its degree by 1, but the integral of a
polynomial function increases its degree by 1.

(5) The derivative has a geometrical meaning, namely, the slope of the tangent to a curve at
a point on it. The integral has also a geometrical meaning, namely, the area of some region.

(6) The derivative is used in obtaining some physical quantities like velocity, acceleration
etc. of a particle. The integral is used in obtaining some physical quantities like centre of mass,
momentum etc.

(7) Differentiation and integration are inverse of each other.

5.3 Properties of Integrals

(1) The differentiation of an integral is the integrand itself or the process of differentiation

and integration neutralize each other, i.e., di[jf(x)dx]z f(x).
X

(2) The integral of the product of a constant and a function is equal to the product of the

constant and the integral of the function, i.e., J.cf(x)dx = CI f(x)dx.

(3) Integral of the sum or difference of two functions is equal to the sum or difference of
their integrals, i.e., j{fl(x)i f,(x)}dx = jfl(x)dx + j f,(x)dx

In the general form,
j{k1 00 2K, F 002k, (X) ... dx = klj f, (x)dx + kzj f, (x)dx % kgj £, (X)dX £ ......

5.4 Fundamental Integration Formulae

n+1

X d Xn+1
1) (i) | x"dx = +c,n=-1 - — =x" ii) |dx =x+c
()(1)-[ n+1 dx(n+1J ( )J. "

n+l
(iii) I%dx:Z\/;Jrc, (iv) j(ax L b) dx = é (axn++bi +c
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(2) (D) Jldx =log| x| +C -.-i(log| X[) _1 (ii) j ! dx =1(Iog| ax+b| +c
X dx X ax+b a
d
e*dx =e* +c v —(E")=¢"
3) | €
a* d( a*
a‘dx = +C v —_— =a"
(4) I log, a dx (Ioge aj
. d .
(5) jsm Xdx =—CcosX +cC - —(=co0s X) = sin X
dx
. d , .
(6) J.cosxdx =sinXx+cC - —(sin xX) = cos X
dx
(7) J.seczxdx=tanx+c i(tan X) = sec? x
dx
(8) Icoseczxdx:—cotx+c di(—cotx)=cosec2x
X
(9) .[secxtan Xdx =secx +c di(sec X) = sec x tan x
X
(10) J. cosec X cot X dx = —COsec X +C di(—cosec X) = cosec X cot x
X
(11) J.tan xdx =—log| cos x| +c =log | sec x| +c di(log COos X) = —tan x
X
(12) J.cotxdx =log| sin x| +¢ =—log| cosec x| +c di(log sin x) = cot x
X

(13) Isecx dx =log | sec x +tan x| +c = log tan(%+§j+c dilog(sec X + tan x) = sec x
X

X d
(14) jcosecxdx =log| cosec x —cot x| +c = log tan§+c &(Iog| cosec X —cot x|) = cosec x

dx

(15)j . =sin x+c=—-cost x+C ._~i(5in4 X) = — _, 9 (cos x) = ——2
V1-x dx 1-x? dx 1-x?
(16) .[—dx —sint X ye——cost X 4 d(sinlx)zl ,i(cos‘li N
Ja? —x2 a a dx a) Ja?_x? dx a a% —x
1 =tan ' x+c=—cot x+c w —(tan ! x) =
a7 I1+x2 dx( ) 1+x?
d a -1
,—(cot™ x) =
dx( ) 1+x2

X 1 X -1 X _
(18)j 2d ~==tan" =+c=—cot™ = +c o LlantX) 2 2a . At X _ a
a® +x a a a a dx a‘ +x dx a

a +X
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_ - d _ 1 -
=sec' X +C=—cosec 'x +¢ v —(sectX) = —— 1(cosec‘lx)z !

dx
(19) | — _—
J‘x\/xz—l dx xyx? -1 dX xvVx? -1

1 X -1 1 X X -
=ZsectZ+c=—cosect = +c d [Sec—lsza i(cosec‘l - -2
2
XV X

dx
X"’X —a a a a a dX a 2_a2 X a X Xz_a

|Nd¢ : 1 In any of the fundamental integration formulae, if x is replaced by ax + b, then the
same formulae is applicable but we must divide by coefficient of x or derivative of

(ax + b) i.e., a. In general, if J.f(x)dx =g¢(X)+cC, thenJ‘ flax +b)dx = £¢(ax +b)+c
a

Jsin(ax +b)dx = _—1cos(ax +b)+c, jsec(ax +b)dx = 1 log | sec(ax +b)+ tan(ax +b)| +c etc.
a a

Some more results:

X—a
(1)_[ =—coth —+c——log +c, when x >a
a 2a X+a
1 1 a+x
(ii) I X = =tanh ! —+c——|og +Cc, when x<a

a? —x?2 a a 2a a—Xx

(iii) '[\/xzd% log{| x +vVx?—-a?|} +c=cosh" ( j+c

(iv) jd—leog{| x +x% +a? [} +°=Sinhl(ij+c
Jx? +a? "
(V) Imdx Z%Xm+%a2 Sin—l(ij_{_c
a
(vi) Iﬁdx:%xm_%az log{ x +m}+czgxm_%az COSh‘l[ngrc
i) [V v e 0x = Sola v Lt gl i e} o= Sl v 2t X
a

Important Tips

@ The signum function has an antiderivative on any interval which doesn't contain the point x = 0, and does not
possess an anti-derivative on any interval which contains the point.

@ The antiderivative of every odd function is an even function and vice-versa

(X +1)2

Example: 1
P x(x2 +1)

dx is equal to [MP PET 2003]

_1X

(a) log, x (b) log, x + 2tan (c) log, 21 . (d) log,{x(x? +1)}
x? +

Solution: (b)

(x +1)° dX_J‘x2+1+2xd _J‘ x? +1

> =|\———d = 2—dx+2J‘+ X =J.d—x+2J. o =log, x +2tan"* x
X(x“ +1) X((x* +1) X(X“ +1) X(X* +1) 1

X x2 +
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Example: 2 J‘ax +hx’ +c

———,—dx equalsto

b c b c b c
a) alog x +—+—=+k b) alogx+——-——=+k (c) alogx ——-——=+k
(@) alogx+—7+— (b) alogx+———5+k () alogx——-—

3 2
Solution: (¢) |I= de:j 3+%+£4 dx :alogx—g—%Jrk
X x x? x X 3x
Example: 3 jl+x+\/x+x2 y
: STATNRT R Gy =
\/;+\/1+x
() %\/1+x +C (b) %(l+x)3’2+c (c) vJi1+x+c
Solution: (b) J'1+x+ X+X .[ 1+XLlJrXM/;]ch =J.\/1+xdx:£(l+x)3’2+c
IX +41+x (\/;+\/1+x) 3
Example: 4 I(sin“ x —cos* x)dx =
COS 2X sm 2X sin 2x
a) ———+¢C b) - +C ¢
(a) 5 (b) — (© 5
Solution: (b) j(sin“ x —cos? x)dx :J.(sin2 x —cos 2 x)(sin? x + cos % x)dx
= .[(sinz x —cos? x)dx = —J-(cos2 X —sin? x)dx = —J'cos 2xdx = _Slg 2

(a) 8(sin g —C0S %j +C

Example: 5

X
(b) [S|n§+cos§j +C (©)

1( X xj
sin=—cos = |+¢C
8

Solution: (a)

J‘ . X X —cosx/8 sinx/8
=||sin—+cos — |dx = +
8 8 1/8 1/8

X X
=8| sin——-cos — |+¢C
[ 8 8j

5.5 Integration by Substitution

J.’l+sm dx = \/ sm +cos j (Zsm— cos— dx —I‘ sm—+cos—

(c) None of these

[EAMCET 2003]

(d) 20+x>*"%+c

[Rajasthan PET 2003]

Cos 2X

(d) 2

[Karnataka CET 2003]

(d) 8 cosi—sini +C
8 8

(1) When integrand is a function i.e., I flp(x)] @' (x)dx =

Here, we put ¢(x) =t, so that ¢'(x)dx =dt and in that case the integrand is reduced to J.f(t)dt.

In this method, the integrand is broken into two factors so that one factor can be expressed in

terms of the function whose differential coefficient is the second factor.
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dx .
Example: 6 I— = [Rajasthan PET 2002]
2Jx (1 + x)
(a) %tan’l(\/;)+c (b) tan'(Wx)+c (©) 2tan'(Wx)+c (d) None of these
Solution: (b) I—J-d—x put Jx =t = de =dt
| 2Jx (L +x) 2Jx

dt
|=J. 2:tan’lt+c=tan’1\/;+c
1+t

(2) When integrand is the product of two factors such that one is the derivative of the

others i.e., | = J. f'(x). f(x).dx

In this case we put f(x)=t and convert it into a standard integral.

Example: 7  For any natural number m I(x3m +x 2 x™M)(2x%™ +3x™ +6)™Mdx, (x> 0) = [IIT 2002]
e m
3m 2m my m 3m 2m mym+1
(a) @x=" +3x" +6x™M) ) @x=" +3x" +6x™M)
6(m +1) 6(m +1)
ne m
3m 2m my m _ 3m 2m mymal
© C(@x7" +3x7" +6x™M) ) (2x°" +3x" +6x™)
6(m +1) 6(m +1)
Solution: (a) |I= J.(xgr”‘1 +x2M e x ™ y@2x 3™ +3x 2™ +6x ™)™ dx

Put 2x3™ +3x%™ +6x™ =t = 6m(x>" + x2™ T 4+ x™ )dx = dt
i+1
I:J.i'fllmdtzitm fo= L _gmenim o
6m 6m %u 6(m +1)

Again put the value of t, then we get option (a).

2 -1,3
Example: 8 IXtan—Gde is equal to
1+x
-1,,3 1 -1 ,,332 1 -1 ,,332 1 -1 ,,3y2
(a) tan " (x°)+c (b) E(tan X) +¢ () —E(tan X) +¢ (d) E(tan X) +¢

Solution: (b) Put tantx3 =t

2 2 -1,,3y2
1+x° 1+x°® 3 3 32 6
Example: 9 J.X_351/XZ dx =k5* +¢, then k is
1 ) L
a) - b) —2log5 I d
@) 2log5 (b) 9 () iog5 (d) 035

Solution: (a) Put x?2=t = -2x2dx=dt = x3dx &
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t p—
v|‘x’351”2dx =—1J‘5‘dt 1S - 5 ¢ on comparing, k =— 1
2 2 log, 5 2log, 5 2log, 5

(3) Integral of a function of the form f(ax +b): Here we put ax +b =t and convert it into

standard integral. Obviously if J.f(x)dx = ¢(x), then, If(ax +b)dx = iqﬁ(ax +b)+c

Example: 10 J.tan(3x —5)sec(3x —5)dx = [MP PET 1988]
(a) sec(3x—-5)+c (b) %sec(Sx -5)+c¢ (c) tan(3x-5)+c (d) None of these
Solution: (b) - Isec xtan xdx =secx +¢

. Isec(3x —b)tan(3x —5)dx = sec(3x =5) +c

(4) If integral of a function of the form %dx =log[ f(x)]+c¢
X

Example: 11 j e 23|n2x2 5 dx is equal to [MNR 1987; Rajasthan PET
a“sin® x+b“cos‘ x
1991]
1 2 qin? 2 2 1 2 qin? 2 2
(a) ———log(a®sin“x +b“cos” x)+c (b) ———log(a®sin“x +b“cos” x)+¢
b —a a“-b
(c) log(a?sin® x —b%cos?® x) +¢ (d) None of these

Solution: (b) Put a’sin?x+b%cos?x=t = (a%.2sinxcos x —b2.2cos xsinx)dx =dt = sin2x(@> —b?)dx =dt

sin2x 1 dt 1 .
dx = I—:—Io t+c = log(a®sin? x + b%cos? x)+¢c

Iazsin2x+bzcoszx @*-b%Jt a?-b? g a? —b? « )

Example: 12 Il dx - = [Rajasthan PET 1990, 94; MP PET 1991; Roorkee 1977; SCRA 1999]
+e
(a) log(l+e*) (b) —log(l+e7™) (c) —log(1-e™) (d) log(e™ +e7)
. dx e % x “x dt X
Solution: (b) I=J-—:J‘ dx ,Pute™ +1=t = —e dx=dt:1:—I—:—logt =—log(l+e™)
1+e* e +1 t

Example: 13 The value of the integral I — X 4 is equal to
1+ xtanx

(a) log| xcosx+sinx| +c (b) log| cosx+x| + ¢ (c) log| cos x+xsinx| +¢ (d) None of these

X COS X
X =J.—dx

Solution: (c¢) -
COS X + X sin X

|=J.;d
1+ xtan x
Put (cos x + xsinx) =t = (—sinx + x cos x + sin x)dx = dt = xcos x dx = dt

dt .
| = T:Iog| t| +c =log| cos x +x sin x| +¢c



Indefinite Integral 251

n+l
(5) If integral of a function of the form, I[f(x)] f(x)dx = % +c [n=-1]
J’_
Example: 14 J-X 1+x%dx = [MP PET 1989]
1+2x? 1
(@) +c (b) Vi+x? +c (©) 3@+x%)*%+c (@ Z@+x?)*%+c
V1+x2 3

3/2
Solution: (d) Put 1+x% =t = 2xdx =dt, .[x\/1+x dx = jtl’zdt ; e =%(1+x2)3’2+c

3/2
Example: 15 I\/Z +sin3x.cos 3xdx = [IIT 1976]
(a) 5\/2+sin3x +C (b) %(2+sin 32 +c (o) %(2+sin 32 +¢ () §(2+sin 32 +¢

Solution: (d) Put (2+sin3x)=t = 3cos3xdx =dt

3/2
I\/2+sin3x.cos3xdx:%.[\/¥dt =%,t_+c =§.(2+sin3x)3’2+c,

3/2
. . X
(6) If the integral of a function of the form, I \/Q dx =2, f(x)+c
Example: 16 J.ﬂ dx [MP PET 2002; Rajasthan PET 1985, 88; Bihar CEE 1974]
sin X . cos X
2 2
(a) 2ysecx +c (b) 2Jtanx +c (c) +C (d) +C
Jtan x Jsec x
Jtan x tan x sin X . sec x sec x
Solution: (b) J._—dx = J. dx = - dx
SIn X.COS X Jtan x.sin x cos x vtan x sin x cos x w/
Put t=tan x = dt =sec? xdx, then it reduces to, I—dt 2t12 4 ¢ = 2tan x +¢
XS
Example: 17 ——dx [1IT 1975, 85]
V1+x3
2 33\3/2 2 3\3/2 2 3\1/2
(a) =@+x°)y"“+c (b)) —(@+xX°)"“+=@Q+x°)y"“+c
9 9 3
(©) §(1+ x3)3/2 —%(l+ 32 4c (d) None of these

dt

Solution: dx . Put 1+x3 =t = 3x%dx =dt = x%dx = —

3
© I dx_J' X
Vi+x3 V1+x3
) 1 e _2 3322 3\1/2
_EITdt_EI[\/{ ﬁ]d [ 2\/—}+c_9(1+x) S e

3/2

(7) Standard substitutions

Integrand form Substitution

i 1 X =asind, x =acoséd
(i) az_xz, ,az_xz ’
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(ii) 2 X =atan & or x =asinhéd
x?+a?, ———, x’+a
x? +a?
iii X =asec d or x =acoshéd
(iii) / x2_g?
\/ —ar
(iv) X a+x 1 x =atan? @
. AJX@+x), ——
a+x \ x Jx@+x)
(v) X a—x 1 X =asin? g
, JXx@-x), ———
a-x X JXx@-x)
(vi) X X —a 1 X =asec’ @
, , JX(X—-a), ———
X—a X JX(x —a)
(vii) \/a—x \/a+x X =acos 20
a+x Va-x
(viii | [x —¢ X =acos’ @+ fsin® 6
) Ty V-0, 5>a)
Example: 18 J‘(Zdﬁ is equal to [Rajasthan PET 2000]
a” + X
X X 1 d f th
(a) (a2+X2)1/2 +c aZ(aZ JrXZ)l/Z +c aZ(aZ JrXZ)l/Z +c ( ) Noneo these

Solution: (b)

Example: 19

Solution: (d)

| = dx
- (a2+X2)3/2
Put x =atand = dx =asec?0do

asec’0do _j asec’0do 1 J‘seczede
3/2 T

@ +a’tan?6) al(sec?0)®?  a?l) sec?o
= == J. do :iJ.cosedG: I:izsin6'+c: ;/ +
secd a? a a?(x? +a?)t'?
J. i;_zdx: [IIT 1971]

(a) sin’lx—% 1-x2+C (b) sin’1x+% 1-x2+C () sintx=v1-x2+C (d) sin?tx+V1-x%+C

1 _ .
Put x =cos 24, then 8 = —cos 1 x = dx =-2sin260d6é
2

=—2j [1=0520 Gino0do = | =—2J‘\/25in2 012c0s2 0.5in 20.40
1+ cos 20

= I:—thanH.ZSinecosedH :I:—Z.stinzeda = |:—2J'(1—cosze)d9 - |:—2{9—S'”22‘9}+c1

= 1=-20+sin20+C, = l=-cos ' x+v1-x*+C, = I:—%+sin’1x+\/1—x2 +C,

= l=sintx+v1-x% +C [where czcl—%]
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Trick : Rationalization of denominator and put 1—Xx 2 =2,

5.6 Integration by Parts

(1) When integrand involves more than one type of functions : We may solve such
integrals by a rule which is known as integration by parts. We know that,

d dv du
—@UV)=u—+Vv— = d(uv) =udv +vdu d (uv) = | udv + | vdu
L )=u = dw) = [d@)=Judv+|

If u and v are two functions of x, then J.liI\IIIdX :ujv dx —j{g—u .jvdx}dx i.e., the integral of the
X

product of two functions = (First function) x (Integral of second function) - Integral of
{(Differentiation of first function) x (Integral of second function)}

Integration with the help of above rule is called integration by parts. Before applying this rule
proper choice of first and second function is necessary. Normally we use the following methods :

(i) In the product of two functions, one of the function is not directly integrable (i.e.,
log| x|, sin™ x,cos ' x,tan ! x ...... etc), then we take it as the first function and the remaining
function is taken as the second function.

(ii) If there is no other function, then unity is taken as the second function e.g. In the

integration of J.sin 2 x dx,J.Iog xdx,1 is taken as the second function.

(iii) If both of the function are directly integrable then the first function is chosen in such a
way that the derivative of the function thus obtained under integral sign is easily integrable.

Usually, we use the following preference order for the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, exponential). This rule is simply called as “I LATE”.

Important Tips

n,ax

X'e n

_gln—l

- If I, :.[x”.eaxdx, then I, =

e If |, =J.(Iogx)dx,then I, =xlogx —x

_[.t _ (log x)*  (log x)*
e If |, _J-mdx, then |, =log(log x)+log x + 2.2)) + 36)) Foarerrrens v e

&« If I, :I(Iog x)"dx ; then I, = x(log x)" -n.1,_;

= Successive integration by parts can be performed when one of the functions is x" (n is positive integer) which will
be successively differentiated and the other is either of the following sinax,cosax,e®,e™ (x +a)" which will be

successively integrated.
@ Chain rule : J'u NVAX =UV, —U'Vy +U"V5 —U"Vy + s e, + ()" u ()" ju” .v, dx Where u" stands for n'"

differential coefficient of u and v, stands for n'" integral of v.
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Example: 20 If | = J-(Iog x)" dx, then I, +nl,_, = [Karnataka CET 2003]

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

(a)

21

(a)

22

(d)

23

()

24

()

(a) x(log x)" (b) (xlogx)" (c) (logx)™* (d) n(log x)"
l, = J'(Iog X)"dx, = J'(Iog x)"tdx
Now |, = I(Iog x)".1dx =(logx)".x —n J(Iog x)”’l.%. xdx =(logx)".x — nJ.(Iog x)"dx
I, =x(logx)" =nl,; .. 1, +nl,_; =x(logx)"
If Ix sinxdx=-xcos x + A, then A= [MP PET 1992, 2000; Rajasthan PET 1997]
(a) sinx +constant (b) cos x + constant (c) Constant (d) None of these
Since J'xsinxdx =—XC0S X +A = —XCO0S X +5in X +constant = —x cos X + A
Equating it, we get A =sinx +constant
J.X sec? xdx = [Rajasthan PET 1996, 2003; MP PET 1987, 97]

2
(a) tanx+logcos x +c (b) X7sec2x+logcosx+c () xtan x + log sec x + ¢ (d)

jxsecz xdx = xtan X—Itan xdx =xtanx + log(cos x)+¢

j[f(x)g"(x)— f"(x)g(x)]dx is equal to [MP PET 2001]
(a) gf((xx)) ) FRM-fRFK (© fOIFE-FRx (@ g+ FEIX)

j[f(x)g"(x)— £(x) g(x)]dx = jf(x)g"(x)dx - j £(x) g(x)dx

= [f(X)g'(X)—If'(X)g'(X)dX]—[g(X)f'(X)—Ig'(x)f'(x)dX] =f)g'(x)-f(x)a(x)

sin Vx —cos L V/x
dx is equal to [IIT 1983; WBJEE 1992]
I5|n’1f+cos X d
(2) 2[2x-1)sint VX + JXA-x)]-x +¢ () 2[2x -1)sint VX — JXA-x)]+ X +¢
T T
(©) %[(Zx —1)sin "t Vx +4/x@1 - x)]— X+C (d) None of these

J‘sm ~Vx —cos l‘/_ _2 Usm LX dx — J.cos’lx/;dx} [':sin’l X +cos’l\/;=%}

sin VX +cos 1\/_

Now we solve first and second expressions separately. For first expression, J‘sin‘l Jx dx

Put x=sin’0 = cos20=1-2x = dx =sin20do

j@.sinZ@dG:_ngszg+%J‘c0326d0 =ﬂ+s'r‘;9+c1 (ZXZ 1)sn’l\/_+—,/x(1 X) + ¢,

For second expression, J.cos"l Jx dx
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Put x=cos?80 = dx =—2cos@sinddo =—sin20do

J'COS_lx/;dX = —Ie.sin 20dg = 20520 COZS 20 _ Sm429 +C,

Therefore, | = E[@{sin’l Jx —cos x4+ x(1 - x)} +C
T

I =E(2x —l)sin’l&—@.%h/xa—x)bc o2 [(2x ~1)sin™? \/;+,/x(l—x)]—x +C
T

T

2
X “dx
Example: 25 I —_—— = [MNR 1989; Rajasthan PET
(x sin X + cos x)
2000]
Sin X + C0S X X Sin X — oS X Sin X — X COS X
_ b))y ———— (c) ——MM (d) None of these
X sin X + cos X X Sin X + cos X X sin X + cos X
. . . . . x 2dx X €OS X X
Solution: (c) Differentiation of xsinx +cosx is xcosx. Then, | =I - 5 =J. - >
(x sin X + cos Xx) (xsin X + cos x)- COS X

Integrate by parts, [ J.tizdt = —ﬂ

-1 X 1 cos X.1—x(-sinx) -1 X 2
= - . + - . > X = Il=— . + | sec“ x dx
(xsinx +cos x) \ cos x (x sin x + cos x) COS“ X X SiN X +COS X COS X
| = -1 X +sinx I_—x+xsin2x+sinxcosx I_sinxt:osx—x(l—sinzx)_sinx—xcosx
XSINX +COSX COSX  COS X (x sin x +cos Xx)cos x (x sin X + cos x)cos X X Sin X + €0S X

(2) Integral is of the form Iex{f(x)+ f'(x)jdx : If the integral is of the form J.e"{f(x)+ f'(x)}dx,

then by breaking this integral into two integrals integrate one integral by parts and keeping
other integral as it is, by doing so, we get

(i) jeX[f(x)+ f'(x)]dx = e* f(x)+c

(ii) jemx [mf (x) + f'(x)]dx = e™ f(x)+¢

(iii) [e™ [f(x)+ f'(")}jx _eT

m m
Example: 26 jex(l—cot X + cot 2 x)dx [MP PET 2002]
(a) e*cotx+c (b) e*cosec x +c¢ (c) —-e*cotx+c (d) e*cosec x +c¢

Solution: (c) J.ex (cosec 2 x —cot x)dx = Ie X[—cot X + cosec 2x] = —e* cot X + ¢

1o si
Example: 27 I ex[ Slndex [Rajasthan PET 2000]
1-cos x
(a) —eXtanX 4 ¢ (b) —eXcotX 4 ¢ () —lextan£+c (d) lexcot£+c
2 2 2 2 2 2
X X
1-sinx 1 ZSInEcosE 1 X X
Solution: (b) . = Vi x = = cosec? E_COtE
—cosx 25in2E ZsinzE
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sjeX 1-sinx dx = [eX L cosec2 X —cot X ax = —eX cot X 4c
2 2 2 2

1-—cos x
2tan1x 2
Example: 28 J‘%dx = [WB JEE 1998]
+
(a) xe® X 4¢ (b) xe2® X ¢ (0) 2xe®™ X 4¢ (d) None of these
Solution: (b) Put tan x =t = = dx~ct
+X

ezmn’1)<(l+x)2
ool =Il—2dx =Ie2‘(1+tan t)dt =J.e2‘(sec2 t+ 2tan t)dt
+X

2t 2t
| :J.e2t sec? tdt +2{tant%—jsec2 t.%dt} =1 :J.e2t sec?tdt +e? tant—J‘e2t sec?tdt+c

l=e’tant+c = l=xe’™ *.ic
X
Example: 29 %dx is equal to [Karnataka CET 2000]
(x+4)
X X X
(a) — +c (b) =—+c © —+c (@) ——+c
4 X+3 (x+4) (x+4)

X

. (x +3)e* (X +4 -1)* (x +4)* e e* e
Solution: S dx = | ——dx = | =———dx - dx = dx — d
olution: (2) Ay arap o eay I(x+4)2 " j(x+4) " I(x+4)2 "

e* e* e* e*
= +I 2dx —I 2dx+c= +C
(x+4) (x+4) (x+4) X+4

(3) Integral is of the form [x f'(x)+ f(x)]dx : If the integral is of the form

J.[x f'(x)+ f(x)]dx then by breaking this integral into two integrals, integrate one integral by parts

and keeping other integral as it is, by doing so, we get, J.[x f'(x)+ f(x)]dx = x f(x)+c
Example: 30 If di f(x)=xcosx +sinx and f(0)=2, then f(x)= [MP PET 1989]
X
(a) xsinx (b) xcosx+sinx+2 (c) xsinx+2 (d) xcosx+2
Solution: (c) dix f(x)=xcosx +sinx = f(x)= J.(x cos X +sinx)dx = xsinx +¢
Since f(0)=2 =c=2, .. f(x)=xsinx+2
X +sinx
Example: 31 dx = [Roorkee 1980; AMU 1997; UPSEAT 1999]
1+cos x
(a) —xtanx/2+c (b) xtanx/2+c (c) xtanx+c (d) %xtanx+c
. X +sinx 1 2 X X 1 xtanx/2 X X X
Solution: (b) dx = —Ixsec —dx +Itan —iX ==—— — J.tan —dx + J.tan —dx =xtan—+¢c
1+cos x 2 2 2 2 1/2 2 2 2

x_1 X +2$inx/2 _ X+sinx
2 2

. . . d X X
Trick : By inspection, —{x tan — + c} =xsec’ = +tan — = > =
dx 2 2 cos“x/2 cosx/2 1+ cos x

Hence the result.

(4) Integrals of the form Iea"sin bxdx ,Ieaxcos bx dx
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WMW : To evaluate J.eaX sinbxdx or J.e""X cosbx dx, proceed as follows

(i) Put the given integral equal to I.
(ii) Integrate by parts, taking e* as the first function.

(iii) Again, integrate by parts taking e® as the first function. This will involve I.
(iv) Transpose and collect terms involving I and then obtain the value of I.

Let |=jeaxsinbxdx. Then I=J.eax.sinbxdx=—ea".COSbX—J.aeax. —cosbx dx
I I b b

— _ ax ai .
~Leo coshx +Ejeax.cosbxdx _“Lea cosby + 2| E-SINDX —Iae""x.—SIan dx
bJ I b b b b

-1 a . a’ ) -1 a ) a’
=——e* . coshx +—2eax.smbx ——zjeax.5|n bxdx =—e™.coshx + = e*.sinbx - — 1
b b b b b b

a2 ax ax
l+1.— =—(asinbx —bcoshx) = 1= asinbx —bcosbx)+c
b? b2( ) a2+b2( )
ax eax b
Thus, Ieax sinbx = ——— (asinbx —bcoshx)+c =—— sin(bx —tan ™ =) +¢
a +b aZ +b2 a
ax eax b
Similarly Ieax.cosbx dx = —— (acosbx +bsinbx)+c =—cos(bx—tan‘l—]+c
a‘+b a2+b2 a

. ax . ax . b
ofe : O |e®.sin(bx +c)dx = € asin(bx +c)—bcos(bx +c)[+k =e—sm bx +c¢ —tan‘l[—j +k
Wete: 00 fesintox +cyax = s fasintox ) -beostox + ok =2 [( )—tan 1 2

jeax. cos(bx + c)dx = Ze—bz [acos(bx + ¢) + b sin(bx +¢)]+ k = e—cos{(bx +¢)—tan ‘1(9ﬂ +k
a? + a

va? +b?

Important Tips

ax ax
- Jx e sin(bx +c)dx = —o—[asin(bx + ) — b cos(bx + )]~ ————[(a? ~b?)sinbx (b +¢) — 2ab cos bx (bx +¢)|+ k
a“+b @ +b°)
ax
- jx 6™ cos(bx +C)dx =—o— [acos(bx +¢)+ b sin(bx +¢)] - ——— [(a% —b?)cos(bx +c)+ 2ab sin(bx + ¢)] +k
a“+b @ +b9)
X
& jax.sin(bx +c)dx = %[(Iog a)sin(bx +c)—bcos(bx + c)]+ k
(loga) +b
X
@ Jax .cos(bx +c)dx = %[(Iog a)cos(bx + c)+bsin(ox +c)]+ k
(loga)” +b
Example: 32 If Ie *sinxdx = %e ¥.a+c, then a= [MP PET 1989,99; Rajasthan PET 1985; IIT 1978]
(a) sinx —cos x (b) cos x —sinx (c) tanx+¢c (d) None of these
Solution: (a) e*sinxdx = ———(.sinx-1.cos X)+¢C = El—(sin X —CO0S X)+C
1% +1° 2

Clearly a = (sinx —cos x)
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Example: 33 If u= .[eax cos bx dx andv =J'eaX sinbx dx, then @® +b?)u? +v?) =

(a) 2™ (b) (@2 +b2)e2 (c) e (d) @2 -b2)e2
Solution: (c) u :J.eax cosbxdx =e¥ sin bx bJ‘ F bx dx = sbin bx —%v

=bu+av=e*sinbx .. i)

Similarly, bv —au=-e®cosbx .. (ii)

Squaring (i) and (ii) and adding. We get, (@° +b?) u? +v?)=e?*

5.7 Evaluation of the Various forms of Integrals by use of Standard Results

(1) Integral of the form I—b where ax? +bx + ¢ can not be resolved into factors.
ax“ +bx+c

(2) Integral of the form IL;qu.
ax” +bx +c

(3) Integral of the form .[

dx
vax? +bx +c¢

pX +q
(4) Integral of the form | —————dx.
‘[\/ ax? +bx +c¢
(5) Integral of the form J‘de, where f(x) is a polynomial of degree 2 or greater
ax® +bx +c
than 2.
x? +1 1 .
(6) Integral of the form (i) j—dx, (i1) I—dx, where k is any
XT+kxe+1 X" +kxc+1
constant
(7) Integral of the form I\/axz +bx +cdx (8) Integral of the form

J.(px +q)Vax? +bx + ¢ dx

(9) Integral of the form I dx
PJQ
(1) Integrals of the form j d—x where ax’? +bx +¢ can not be resolved into
ax? +bx +c

factors.

2 2 2 2
We have, ax2+bx+c:a[x2+9.x+E =a[x+£j | e =a[x+£] _[h=dac
a a 2a 4a’* a 2a 4a*

Case (i) : When b%? —4ac>0
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] dx 1 dx dx
“J.aX2+bX+C=gJ. 2 2’ formsz_az
L. D) _[Vb® -dac
2a 2a
L b? - 4ac

1 1 2a 2a 1 |2ax+b Vb? —4ac|
= = log +C =

a , Vb’ —4ac b vb*-4ac 4ac ‘2ax+b+\/b2 4ac‘

" 2a 2a 2a
Case (ii) : When b? —4ac<0
dx 1 dx
Iax2+bx+c=gj. 2 2’ {formjx +a? }
b j Vdac—b?
X+— | +|———
2a 2a

N tan* —X+£ +C -2 tan _2ax+b +cC

a y4ac—b? Vadac-b? Vadac—b? Vadac-b?

2a 2a
Working rule for evaluating I d—x : To evaluate this form of integrals proceed as
ax? +bx +c¢

follows :
(i) Make the coefficient of x? unity by taking ‘a’ common from ax? + bx +c.

(ii) Express the terms containing x? and x in the form of a perfect square by adding and
subtracting the square of half of the coefficient of x.

(iii) Put the linear expression in x equal to t and express the integrals in terms of t.
dx dx
r I >—— Or I 5 > standard
x? +a’ X —a a‘ —x

form. After using the standard formulae, express the results in terms of x.

(iv) The resultant integrand will be either in I

Example: 34 I— [Rajasthan PET 1997]
2x2 +x +1
1 4 4x+1 1 4 4x+1 1 4 4x+1
(a) —=tan +C (b) —=tan +c (c) —tan +C (d)
J7 [ N ] 27 [ V7 j 2 ( V7 ]
Solution: (d) I:lj.d—x = I:EJ-
2 2 2

dx
)

-1 4t H—Z +c = I—itan‘1 ax+li e
2° 7 W7 14) J7 J7

Example: 35 I _ZLX_dx equals
sin“ X +4sinx+5

(a) tan'(sinx)+c (b) tanY(sinx +2)+c (c) tan'(sinx +1)+c (d) None of these
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Solution: (b) I =J. cos X dx :J' COS X

sin?x +4sinx +5 (sinx +2)* +1

Put sinx+2=t = cos xdx =dt

dt -1 “1fai
I= I 5 =tan " t+c=tan "(sihnx+2)+c.
t°+1

— PX*9  4x : The integration of the function _PX*a 4

ax? +bx +c ax® +bx +c
effected by breaking px + g into two parts such that one part is the differential coefficient of the

(2) Integral of the form I

denominator and the other part is a constant.
If M and N are two constants, then we express pX +q as

PX +( =Mdi(ax2+bx+c)+N =M.(2ax +b)+ N =(2aM)x + Mb+ N .
X

Comparing the coefficients of x and constant terms on both sides, we have, p=2aM =M = ZL
a
and q=Mb+N =N =q—|v|b=q—2£b.
a
Thus, M and N are known. Hence, the given integral is
P cax+b)+|q-Pb
I pX +(q 2a 2a
——————dX =I 5 dx
ax“ +bx+c ax“ +bx+c
_ P zaxtbh g, +(q —ﬂbjjzd—x =P log| ax? +bx +¢| +(q —ﬂbjjzd—xw
2a7 ax“ +bx+c 2a ax“ +bx+c 2a 2a ax“+bx+c
The integral on R.H.S. can be evaluated by the method discussed in previous section.
. X +q p 2 (2aqg - bp) 4 2ax+b
i) If b? —4ac<0, then p—dx =—log| ax‘ + bx + ¢| + ———tan " ——— +Kk
@ '[aX2+bX+C 2a 0 | av4ac —b? Vaac -b®
(ii) If b? —4ac > 0, then
j&dx _ P log| ax? +bx + ¢ +224=PP) 1 28X +D - Vb® —4ac |
ax? +bx +c 2a 2avb? —4ac | 2ax+b++vh? —4ac
. 2sin 26 —cos 6 B
Example: 36 .[6 —cos?6—4sing 46=
(a) 2log| sin®@—4sin@+5| +7tan " (sin@ —2)+c (b) 2log| sin® @ —4sin@+5| ~7tan " (sin@ —2)+c

(c) —2log| sin?@—4sin@+5]| +7tan *(sind - 2)+c (d) —2log| sin?@—4sin@+5| —7tan*(sind-2)+c

(4sin@ —1)cos &

Solution: (a) |= J' 22sin00s 0)=0s0 5 ., | d6
6 —(1—sin’@)—4sind sin29—4sing+5
Put sind=t=cosddd=dt, .. I :JZM—_l
t°—-4t+5

Let 4t—1:M%(t2—4t+5)+N = 4t-1=MQ2t-4)+N
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22t -4)+7

Comparing the coefficient of t and constant terms on both side, then M =2, N=7 ..1I :j 7 ateE
—4t+

= 1-2f A [ rat :I:2Iog|t2—4t+5|+7J.d—t2
?-4t+5 ) -4at+5 (-2 +1

= I =2log| t* —4t+5| +7tan*(t—2)+c =2log| sin® @ —4sin@+5| +7 tan *(sind —2)+ ¢

(3) Integral of the form I : To evaluate this form of integrals proceed as

dx
vax? +bx +¢

follows :

(i) Make the coefficient of x? unity by taking +a common from+ax? +bx +c.
Then, j dx
> b

d—x_ij—
- :
vax® +bx +c Ja /x +—x+£

a a

(ii) Put X2+ 2 + & by the method of completing the square in the form, VA?-X? or
a

VX?+A? or YX%—-A? where, X is a linear function of x and A is a constant.

(iii) After this, use any of the following standard formulae according to the case under

consideration

=log| x +Vx* +a’ =log| x +Vx* —a?| +c.

| +¢ and jd—x
Vx? —a?

dx 1 sin 2ax +b Lk

+bx+c +-a Jb? —4ac

j—dx =sin‘l(ij+c = j—dx
va? —x? a Vx? +a?
|No7t¢ QA If a<0, b?-4ac>0, then I\/ ;
ax

dx 1 . 2ax +b
QIf a>0, b?-4ac<0, then | ——— =——sinh | —— | +k
'[\/ax2+bx+c Ja | V4ac-b? |
QIf a>0, b>—-4ac>0 Id—xzicosh’llax—m+k
Jax2 +bx+c  +a vb? —4ac
dx
Example: 37 ————— equals [EAMCET 1996]
IVZ—BX—XZ

(a) tanl[2‘7%3J+c (b) secl(%Jﬂz (©) sinl[sz/i??’]+c (@ 0051[2‘7%3]+c

Solution: (¢) I=

v T
RS

Put x+3/2=t = dx =dt
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I J\/[\/;’jzﬁ :sinl[\/%/2]+c :sinl[z‘);%sjﬂ:

2
Example: 38 J‘d—x:
VxZ—4x+2
(a) log| x—2+vx?+2—-4x]| +c (b) log| x—2-vx?+2—-4x]| +c
(c) log| x —2+vx?+2+4x]| +c (d) log| x—2—-vx%+2+4x]| +c

Solution: (a)

IfJ‘ dx :Hfjc dt
V(x—2)% -2 iz - (/2)?
Put x—2=t =dx=dt = I=log| t+Vt?-2|+c = I=log| x —2+vVx2 —4x+2| +C

PX +4q

vax? +bx +c

PX +Q = Mdi(ax2 +bx+¢)+N = px+0q=M(Qax +b)+ N
X

(4) Integral of the form I dx : To evaluate this form of integrals, first we write,

Where M and N are constants.
By equating the coefficients of x and constant terms on both sides, we get

p=2aM=M=""and q=bM+N =N =q—22
2a 2a

In this way, the integral breaks up into two parts given by

J- PX +q P 2ax + b _ 2ax+b +(q j 1, 41, (say)
A T A 1 21
Vvax? +bx+c 2 vax? +bx +¢ vax? +bx +¢
p 2ax+b
Now, |, =
' 2aJ.\/ax +bx+c
Putting ax? +bx + ¢ = (2ax + b)dx = dt, we have,

:th—uzdtzﬂ
2a 2a’

2
+c,=PVax? rox+c+C,
a

L
1
2

and |, is calculated as in the previous section.

E! _opx+q P [ 7 o~ 2aq bp
3 = —+Jax° +bx+c+
Vax? +bx+c a I

vax? +bx +c

5-2x
Example: 39 I
V6 +x —x2
(a) 2 6+X—X2—4sin’l(%j+c (b) 2v6+x—x2 +4sin~ ( X5 1] +c

(© —2\/6+x—x2—4sin’1(%j+c (d) —2v6+x—x2 +4sin” ( X5 1] c
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5-2x

V6 +x —x2

Let 5—2x:M%(6+x—x2)+N — 52X = M(1—2x)+ N

Solution: (b) |= _[

Equating the coefficients of x and constant terms on both sides, we get
2=2M=M=1and 5=M+N=N=5-1=4 .. 5-2x=(1-2x)+4

Ll-2x)+4 J‘ 1-2x J‘ dx

Hence, I:J.—dx = | ———d+4| —— =1, +41,, (say)
V6 +x —x2 V6 +x —x? V6 +x —x?

Now, I1:J. 1-2x
V6 +x —x?

Putting 6+x—x2=t=(1-2x)dx =dt, we have,

_2\/_+Cl_2 6+x-x*+C, and I, =

| = I dx :J' dx
‘/— J6 4+ x - x? J6—(x2 —x)

dx dx du 1
Izj =j - =‘[ - where,u:x—z
\/e_[xz_m]ﬂ s (1 5) e
4) 4 4 2 2
:sin‘l( u J+C2_sm - Z[X—l] +CZ:sin‘1(2X_lj+C2
5/2 5 2 5

g I=I1+4I2=2\/6+x—x2+4sin’l(%j+c (where, C = C, +4C,)

Example: 40 I X2 equals
Vx2-2x+4

(2) Vx®-2x+4 +3sinh” {(X 1)} (b) VX2 -2x+4 —3sinh~ {(X )} +e
3 g

(c) Vvx°—-2x+4 +3cosh™ {(X 1)} (d) Vx2-2x+4 —3cosh™ {(X ):I
V3 73

Solution: (a) -[ X+2 J. x+2 dx—J. —1+3 J dX+JL
[\2 _ox +4 \/( 3)2 \/(x 1) + \/_)2 \/x -2x+4 X =12 +(/3) 2
Put x? —2x +4 =t? in the first expression =2(x —1)dx = 2tdt
= (x—1)dx =tdt

J‘ X+2 7J.td_t+3'|. dx
VX2 -2x +4 t (x —1)? + (/3)?
I X+2 =Vx? -2x+4 +35inh1‘:x—_1}+c

Vx? —2x+4 V3
(5) Integrals of the form I L;)dx, where f(x) is a polynomial of degree 2 or greater
ax® +bx +c

than 2:
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To evaluate the integrals of the above form, divide the numerator by the denominator. Then,

the integrals take the form given by

10 oy RO

_ Z—dx
ax? +bx +c ax‘ +bx+c

where, Q(x) is a polynomial and R(x) is a linear polynomial in x.

Then, we have de IQ(x)dx +J.&dx
ax® +bx +c ax“ +bx+c

The integrals on R.H.S. can be obtained by the methods discussed earlier.

Example:

Solution:

Example:

Solution:

41

(a)

42

()

x3 +8)(x 1)

> dx equals. [Rajasthan PET 1989]
X°—2X+4
3 2 3 2
(a) [%J+[XT]—2X+C (b) x®+x2-2x+c (©) ww (d) None of these
8 1 2 _ 3 2
Jw (X+2)(X2 2x +4)(x 1) =I(X+2)(X—1)dx =I(x2+x—2)dx =X X oxse
X°—2x+4 X —-2x+4 3 2
2
The value ofJ- —3x +5X+6dx is
X% +3x+2
(a) x?+3x+4In| x®+3x+2| +12Inx+;+c () x+3x%2+4In| x+1] -12In(x +2)+¢
X +
(© (x2 +3x)+8 In | X+12 +C (d) None of these
x+2)
2x% -3x2 +5x+6
.[ 5 dx
X°+3x+2

B ~ 8x (2X+3)dx
‘J.((ZXJFS) X2 +3X+2]dx I(2X+3) 4J.x T3x+2 J.(X+1)(X+2)

_12J' dx
X+2

(x? +3x)—4In(x +1)—4In(x +2)+121n X*;
X+

+C

= x2-3x+8In(x+1)-16In(x +2)+¢c = (x* —3x)+81n [ +1|2
x+2)
x? +1 1 .
(6) Integrals of the form .[—dx and I—dx : To evaluate the integral
x* +kx? +1 x4 +kx? +1

of the form

I= J. X" +1 dx , proceed as follows
x4 +kx? +1
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(i) Divide the numerator and denominator by x? to get | = J-—dex.
X2 +k+-—
X

(ii) Put X—£=t2(1+%)dxzdt and x? +i2—2=t2 = x? +i2:t2 +2.

X X X X
Then, the given integral reduces to the form | = Itzdﬁ which can be integrand as usual.
+2+
(iii) To evaluate | = J'de we divide the numerator and denominator by x° and get
X® +kx® +
11
X 2
I = 1 dx
X2 4k +
X

2

Then, we put x+£=t:>[1—i2jdx:dt and x2+i2+2:t2 SN N )
X X X X

Thus, we have t = J‘L which can be evaluated as usual.

t2-2+k

Important Tips

2

2 2 _
& Algebraictwins:J. 24X dx:J.XllJrldXJrJAX4 1dX

x®+1 x® +1 X" +1
2 2 2
2o =[S o[, [ 2 [
Xt +1 X" +1 X" +1 x* +1+kx x" +1+kx?)
x2+1 x?2 2

We know the result of |, :I 7
X

dx and I, :I 4_1dx, soforj i( dx and for If—x,we can use the result of
X" +1 x®+1 X*+1

+1

I +1 I, -1
1l pg il

. . . dx +5si +
« Trigonometric twins: J.\/tanxdx, IVCOthx,I — dx - J' - ' J‘ Sinx 005 X
(sin® x +cos” x) sin” x +cos” X a+bsinxcos
2_
Example: 43 j %dx:
XT+Xx°+1

(a) —|Og|:x+—§+l:|+c (b) _| g|:—xj':i+c (C) |Og|: §+1:|+C (d) —l g|: X+1:|+C
24

+1 X+1 +1 X+1
1-= 1- X+2-1 ) ,
2 2 _ _
Solution: (d) X dx = X dx = l|Og—X +C =£|OQ—X tl-x +C :llo X ZX+2 x+1 +C
X2 +1+X 2 X2 +xX+1

2 1
X2 +1+- 1 [)H_l] 1 2 x+;+l 2
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Example: 44 J.\/tan xdx =

1 4f tanx -1 1 tan x —v2tan x +1
(a) tan +2

— log +cC
J2 J2tan x V2 tan X ++/2 tan x +1

«/5 tan x ++/2 tan x +1

_1[ tan x—lJ 1 tan x —v2tan x +1
2

(b) %tan (\/2 o log +C
(c) |OQ(M]+C
J2tan x
(d) None of these
Solution: (a) Let | =Ide

Putting +tan x =t = tan x = t>, we have sec? xdx = 2tdt = (1 + tan? x)dx = 2tdt

e, (L+t")dx = 2tdt = dx = 2t4dt
1+t
2t 2 +1)+@t* -1 t? +1 t? -1
1= [Vanxax = [ 4dt—J. a - [ dt = [t [t
1+t 1+t? tt +1 tt+1 " +1
1+i2 —iz 1+—2 1—%
t t t t
= dt + dt = dt + dt
2 1 2 1 1)? 1)?
t e t T (t—fj +2 (t+7] -2
t t

Again putting t- % =u= (1 + tizjdt =du in the first integral and t+ % =v= [1 - tiz]dt =dv in the

second integral, we have,

I I & L Iog—v_‘/E +c
u +(\/_) VZ—\/E)2 J2 V2 ) 2d2 Tv+a2
1 1
T L IOg”T‘EH 1 a1 |t2—tﬁ+1|
J2 J2 | 242 ”?*‘E 2 /2 |t +t\/5+1|
—itan‘l tan x -1 |tanx—\/2t x+1|
J2 J2tan x 2\/_ |tanx+J2tanx+1|
Example: 45 I(V tan X ++/cot X )dx [IIT 1989; Roorkee 1984; Karnataka CET 1991; Pb. CET
19971
(a) \/Etan‘l[‘/tan x\/—z\/cot X J*C ) \/Etan‘{‘/tan x\/%\/cot X J*C

(d) None of these

_1| +/tan x ++/cot x
(c) tan — 5 +c
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Solution: (a) I= J‘(\/tan_x+M)dx

2t

1+t o

Put tan x =t?> = sec?xdx =2tdt = dx =

2
o+ +2-2

1 2t (1+—12j [1+—12jdt
1=I(t+—j.—4dt :ZI—tdt :2jt—
t) 1+t 1
t t
(t_ij
t

1 1 dp 2 a p -1
Put t-—=p :>[1+—]dt:dp :I =~ tan'——+c =42 tan +C
t t? o2+ [2f V2 J2 V2
_ﬁtan1EVtanx—VCotx +c
- V2

(7) Integrals of the forms J.\/ax2 +bx +cdx : To evaluate this form of integrals, express

ax’ +bx +c¢ in the form a[(x +a)’ + ,82] by the method of completing the square and apply the
standard result discussed in the above section according to the case as may be.

. JaxZ 1bx1c (2ax +b)vax® +bx+c 4ac-b? dx
oZe.EIIax +bx +c dx = + j
4a 8a Jax? +bx +c¢

Example: 46 J.\/x2+8x +12 dx [CBSE 1999]
(a) %(x+4)\/x2 +8x+12 +2log| x +4 +x? +8x+12 | +c¢
(b) %(x+4)\/x2 +8X+12 -210g] X +4 +x% +8x +12 |+ ¢

(€) (x+4)Vx® +8x+12 +log| X +4 +x* +8x+12 |+cC
(d) (X +4)Vx2+8x+12 —log| X +4 +x% +8x +12 | +¢C
Solution: (b) Let |=I\/X2+8X+12 dx:J‘ (x2 +8x+16)—4 dx

=I (X +4)2 —22dx =IJt2—22dx =IJI2—22dt. (putting x +4 = t = dx = dt)
:%t t2 - 22 —%.22 log| t +vt2 — 22| +c =%(x+4),/(x+4)2—4 —2log| X +4+(x +4) —4] +c

:%(x+4)\/x2+8x+12—2I0g|x+4+\/x2+8x+12|+c.
Example: 47 I2ax—x2dx=

(a) %(x—a)\IZax—x2 +%a2 sin’l[E}rc (b) %(x—a)\IZax—x2 —%az sin’l(x_aj+c
a a

(©) %(x—a)\/z.elx—x2 +%a2 cos’l(ﬂj+c (d) %(X—&)\/Z&X—Xz —%az cos’l(x_aj+c
a a
Solution: (a) J‘\/Zaxfx2 dx =J‘\/a27a2+2axfx2 dx :J‘\/azf(xszax +a?) dx =J‘,/a2—(x—a)2 dx
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:%(x—a)\IZax—x2 +%a2 sint X2
a

(8) Integrals of the form I(px +q)vax? +bx +cdx : To evaluate this form of integral,
proceed as follows:
(i) First express (px +Q) as px+q = Mdi(ax2 +bx+c)+ N = px +q=M(2ax +b)+ N
X

Where, M and N are constant.

(ii) Compare the coefficients of x and constant terms on both sides, will get
p=2aM=M=="and q=Mb+N=N=q-Mb=q--"b.
2a 2a

(iii) Now, write the given integral as

j(px+q)\/ax2 +bx +cdx =%I(2ax+b)\/ax2 +bx +c dx +(q —2—pab]'|‘w/ax2 +bx +c¢ dx

:Z—IZIIl +(q—2—2bjlz, (say).

(iv) To evaluate I, put ax’ +bx +c =t and to evaluate I,, follows the method discussed in (7)

Example: 48 I(Zx +3Wx% +4x+3dx =
(@) log| (x +2)+ (/X% +4x +3)| +c (b) log| (X +2)+ (/X% +4X +3)| +c

(c) log| (x —2)+(\/x2 +4x+3)| +C (d) None of these
Solution: (d) Let 2x+3= Mdi(x2 +4x+3)+N = 2x+3=M(@2x+4)+N
X

Equating the coefficients of x and constant terms on both sides, we get
2=2M=>M-=1 and 3=4M+N =>N=3-4x1=-1
L 2x+3=(2x+4)-1

Hence, I=J‘[(2x+4)fl]\/x2+4x+3dx =I(2x+4)Vx2+4x+3dfo‘,/x2+4x+3 dx =1, —1,,(say)
Now, II:I(2x+4),/x2+4x+3 dx

Putting x? +4x +3 =t = (2x + 4)dx = dt, we have

3/2
I1=J‘t“2dt=t—+c1 =§(x2+4x+3)3/2+c1 Iz=J‘,lx2+4x+3dx=J‘,/(x+2)2712dx
:%(x+2),/(x+2)2—12—%.lzlog‘x+2+,l(x+2)2—12 +c2=%(x+2)\/x2+4x+ —%Iog‘x+2+,lx2+4x+3
2 1
=11, :E(xz+4x+3)3’2—[5(x+2)\/x2+4x+ —%Iog‘x+2+\/x2+4x+3u+c, (where, c=c, —¢,),

+C,

Example: 49 J.(ZX—5) Vx2—4x+3 dx = [CBSE 1995]
(a) log| x—2+Vx?%—4x+3]| +c (0) log| x—2—-+x? —4x+3] +¢
(c) log| x +2+vx2 —4x+3]| +cC (d) None of these

Solution: (d) Let 2x-5= Mdi(x2—4x+3)+N = 2x-5=M@2x-4)+N
X
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Equating the coefficients of x and constant terms on both sides, we get
2=2M = M=1

S5=4M+N =>N=4M-5=-1

Hence, I=J.{(2x—4)—1}\/x2—4x+3dx = I=I(2x—4)Vx2—4x+3dx—J.\/xz—4x+3dx I =1, -1, (say)
I1:J.(2x—4)\/x2—4x+3dx 2

:E(x2—4x+3)3’2+cl IZ:J\/xz—4x+3dx :I\/xz—4x+4—4+3dx
=J‘,/(x72)2712 - 1,-1

;(X—Z)\/xz—4x+3 _?1.12 Iog{(x—2)+\/x2—4x+3}
:%(X—Z)\/X2—4X+3 %Iog[(x—2)+\/x2—4x+3}+c2,Therefore =11,

I:%(xz—4x+3)3’2+%(—2)\/x2—4x+ —%Iog[(x—2)+\/x2—4x+3}+c

(Where c =c; +c,)

(9) Integrals of the form I Pd—x\/6 , (Where P and Q and linear or quadratic expressions in

x): To evaluate such types of integrals, we have following substitutions according to the nature
of expressions of Pand Q in x :

(i) When Q is linear and P is linear or quadratic, we put Q =t?2.

(ii) When P is linear and Q is quadratic, we put P = 1
(iii) When both P and Q are quadratic, we put x = l

dx
Example: 50 J—:
P (x—-3)Vx+1

[Pb. CET 1991]

1 VX +1+42 1 VX +1+42 1 VX +1-2
(a) =logj ———+c¢ (b) =logl —————|+¢ (c) =logl ————|+c (d) None of these
2 [\/x+1—2] 2 [\/x+1—2] 2 [\/x+1+2]

Solution: (c) Put x+1=t> = dx =2tdt

'[ dx :I 22tdt ( Xx+1l=t’=x=t>-1 :>x—3:t2—4)
(x—=3Wx+1 J (> -4x
:2.[L :2.ilog(t72j+c=llog yx+1-21...

t2 -22 2.2 t+2 2 Ix+1+2

5.8 Integrals of the form Ig—x and j s—x
a+b cos x a+bsin x

To evaluate such form of integrals, proceed as follows:

1-tan2 X 2tan >
(1) Put cosx =—§ and sinx = o
1+tan? > 1+tan2E

(2) Replace 1+ tan? %in the numerator by sec? X
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(3) Put tan % =t so that %sec2 %dx =dt.

(4) Now, evaluate the integral obtained which will be of the formj.% by the method
at® +ht+c
discussed earlier.
. dx
) | ————
I a+bcos x
Case I: When a>b, then '[ = 2 tan ﬂtan Xlie
a+bcosx a2 —p? a+b 2
1 \/b—atan§+\/b+a
Case II: When a<b, then I b — log i +cC
a+bcosx  h? 4 \/b—atana—\/b+a
1 X
Case III: When a="b, then j— =—tan—+cC.
a+bcosx a
i) | ———
(11) -[a+b5|n X
2 atan X +b
Case I: When a® >b? ora>0 and a>b, thenI tan ! 2 +cC

a+bsmx a? —p? [a2 _p?

b? —a?

X
atan —
1 ( 2

log
a+bS|nx o -a (atang+b)+m

Case II: When a® <b?, then I +c

Case III: When a2 =b?
In this case, either b=a or b=-a

-1 1
(a) When b =a, then j—:—cot Z+£ +C¢==[tanx —secx]+c
a+bsinx a 4 2 a
(b) When b = —a, then j—=5tan X e,
a+bsinx a 4 2
Example: 51 Im = [Rajasthan PET 1997]
1 tan(x /2) J7 1 tan(x/2)+\/_
(a) —=log —————— (b) —=log| ———————
J7 {tan(x/2)+\/_J J7 [tan(x/Z) \/_J
1 J7 +tan(x /1 2) 1 J7 —tan(x 1 2)
—log| —— |+¢ d) —=log ————— |[+¢
© J7 g[«/?tan(x/Z)J+ @ J7 [\/7+tan(x/2) "
dx 1 \/b—atan£+\/b+a 1 tan£+«/7
Solution: (b) If b >a then, J = log 2 +¢ = I =—log 2 +C

a+tboosx \fp2 _ 52 \/b—atan%—\/bJra V7 tan%—ﬁ
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Example: 52 If d)f —tan| X +a +b, then
1+sinx 2

[Roorkee 1979]

T -
a) a=—, b=3 b) a=—, b=3
(a) 2 (b) .
(c) a:%, b = arbitrary constant () a:_4—”, b = arbitrary constant
Solution: (d) If a=b, then JAd—X_:_lcot Lo X
a+bsinx a 4 2

J‘ dx T X T T X T X X

—— =-cot| —+—| = —tan| = ———-— +c=—tan|———|+Cc = tan +c
1+sinx 4 2 2 4 2 2

Hence a=_4—” and b= arbitrary constant.

Example: 53 J. d—x =
5+ 4 cos x

[Roorkee1983; Rajasthan PET 1990, 97]

(a) —tan‘l(—tanx +C (b) Lian [ Lanx |+c (©) Zian [ Lean X)c (d) ltan‘l[ltani +c
3 3 3 3 3 3 2 3 3 2
Solution: (¢) If a>b, then I dx = 2t AR an X e
a+bcos x a? _p?

a+b 2
Jd—ngtan‘l LinX +c.
5+4cosx 3 3 2

5.9 Integrals of the form j dx — I - dx
a+bcos x +csinx Jasinx +bcos x
(1) Integral of the form .[ dx

——: To evaluate such integrals, we put b =rcosa
a+bcos x +csinx
and c=rsina.

So that, r? =b?+c? and ¢ =tan™

c . | _J' dx :j dx
b a+r(cosacosx +sinasinx) < a+rcos(x —a)
Again, Put x —a=t = dx =dt, we have Iz'[ dt

a+rcost
Which can be evaluated by the method discussed earlier.

(2) Integral of the form I - dxb : To evaluate this type of integrals we substitute
asin x + b cos x

a=rcosd, b=rsind and so r=+va% +b?, a=tan‘19
a
dx 1

So, .[— = —jd—x = EJ.cosec(x + a)dx
asinx +bcosx rYsin(x+a) r

X «
tan| =+~ || =
5+3)

1
==log
r

log

tan (i + 1 tan * Ej
2 2 a

+cC
a’ +b?
. . 1-tan®x/2
|No¢t¢ : U The integral of the above form can be evaluated by using cos X = taniv/2 and
+tan” x
. 2tan x /2
sin x

Tl+tanZx/2°
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Important Tips

@ If a>b, a® >b® +c?, thenJ. dx (ab)tanx/2+c]+k

2 1
- = tan
a+bcosx+csinx \[q2_p2_ 2 JaZ b2

at+beosx+csinx \Jp2 4 c2 g2 @-b)tanx/2+c+b? +¢c? —a?

' 2 2 2
e If a>b, a2<b2+cz,thenj o = ! Iog{(a—b)tanx/2+c— b-+c -2 :|+k
a

- Ifa<b, J' -1 log (b -a)tanx /2 —c—b? +c? —a? Tk
a+bcosx+csmx \/b2+c -a? (b—a)tanx/2—c+b? +c? —a?
Example: 54 J. —_— [BIT Ranhi 1990; Rajasthan PET 1990, 97, 99; Karnataka CET
sin X + €os X

1999]

(a) logtan(z/8+x/2)+c (b) logtan(z/8—x/2)+c

() %Iog tan(z/8+x/2)+c (d) None of these

2

Solution: (¢)

J‘ dx - J‘ sec?x /2
2tan x /2 +17tan2x/2 2tan x/2+1—tan?x /2
1+tan?x/2 1+tan?x/2

Put tanx/2 =t :%seclez dx =dt

|=2I dt :2.[ dt
2t+1-t? 2—(t% -2t+1)

. |=2j |J§+t 1| L g[(\/" D+tan x /2][V2-1]
W2)? - (t-1)? 2J_ |J_—t+1| 72 W2t x /22 -1]
1 tan;z/8+tanx/2 1
= |l=—=log Iog(J_ D+c = l=—logtan(z/8 +x/2)+c
72 01—z —Danxi2 A2 2 !
where ¢ :—Iog(«/E—l)+c
2
1 dx 1
Trick : | =—I =—I_— :—J.cosec (/4 +x)dx
V2 L ginx+ L cosx J2 I sin(z/ 4 +x) V2
V2 V2
1
=——logtan(z /8 +x/2)+cC.
J2
dx
Example: 55 1_cosx—sinx [EAMCET 2002]
X X X X
(a) log 1+cot5 +cC (b) log 1—tan§ +cC (c) log 1—cot5 +cC (d) log 1+tan5 +C
. . dx
Solution: (¢) Given Izj.—_
1-cos x —sinx
I_J‘ dx :>I_J' sec’ x /2. dx
_(1-tan®x/2)  2tanx/2 1+tan?x/2-1+tan?x/2-2tan x /2
@A+tan®x/2) 1+tan?x/2
_J‘ sec’® x /2. dx J‘1/2.sec2x/2.dx
2tan?x/2-2tan x /2 tan®x/2—tanx/2
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Put tanx/2=t — Loec?x/2.dx = dt therefore I:J. dt :I:I dt
2 t? -t tt-1)
:j—l+idtzlz e
t t-1 t—1 t
t-1 tanx/2-1

I =log(t-1)—logt+c = I =log +c = l=log +¢ = I=log[l—cotx/2|+c

tan x/2

1

Example: 56 The antiderivative of f(x)= -
3+5sinx +3cos x

whose graph passes through the point (0,0) is

(a) %(log

5 1
1-—tanx/2 b) =|lo

5 1
1+—tanx/2 = lo
+3 D(C) 5( g

1+§cot x/ZD (d) None of these

Solution: (b)

2
o sec” x/2dx :llog(Stanx/2+3)+c :%Iog +C

y:.'.(3+55inx+3cosx): 10tanx/2+6 5
Passes through (0,0)

2tanx/2+1
3

..¢=0 then y:%Iog

1+Etanx/2‘.
3

5.10 Integrals of the
,_ ¥ dx f dx ( dx [ dx ¥ dx \
FOT ) a v beos 2x ') a +bsin?x ' J asin®x + boos 2x 'J (@sinx + beos x)2 ' J a + bsin?x + ccos 2x ‘

To evaluate the above forms of integrals proceed as follows:
(1) Divide both the numerator and denominator by cos? x.
(2) Replace sec’ x in the denominator, if any by (1 +tan? x).
(3) Put tan x =t = sec? xdx =dt.

(4) Now, evaluate the integral thus obtained, by the method discussed earlier.

Example: 57 J.d—xz = [Roorkee 1989; CBSE PMT 1992; DCE 2001]
1+3sin” x
(a) %tan *1(3 tan 2 X)+¢C (b) %tan *1(2 tan x) + ¢ ©) tanfl(tan X)+¢ (d) None of these
2 2
Solution: (b) J‘ 2590 X dx - J‘ sec? x dzx
sec” X +3tan” x 1+4tan x

Put 2tanx =t

sec? x dx _a
2

1+12

dx
45sin? x +5c¢0s? X

:.I:lj. d _Lintire = I:ltan’l(ZIanx)+c.
2 2 2

Example: 58 J. [AISSE 1986; CBSE PMT 1992]

1 4 2tanx 1 4| tan x 1 4 2tan x
——tan c b) —tan c ——tan c (d) N f th
@ & [@J ®F [@J © 3% (@J (d) None of these

2 Put 2tan x =t
Solution: (¢) J.M [ J

4tan? x+5 2sec? x dx = dt
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J‘ _ 1 tanl[ZtanX}Lc
t +(«/_)2 25 J5

dx
Example: 59 j—z [MP PET 1994]
(2sinx + cos x)

1 1 1 1 1 1
a) —| — b) =log(2tanx +1)+c c) ———+¢C d) ——|——|+¢
(@) 2(2tanx+1] (b) 2 « ) © 2 +cot x @ Z(Ztanx—lj
2
Solution: (c) I _ dx . :J‘ _ dx . :J'cosec xd>2<
(25sin x +cos x) Sin“ x(2 + cot x) (2 +cot x)
Put (2+cotx)=t = —cosec’xdx =dt = _—czjtzlﬂ: -1
t t 2+cotx
Example: 60 J-COSXdX =
€os 3x
1 Iogl+\/§tanxJrC ) —1 1+J§tanx
2J3  1-+3tanx ZJ_ 1—\/§tanx
(o) itan‘l(\/gtan X)+¢C (d) None of these
Je
Solution: (a) Let |I= J'mdx = I#dx
cos 3x 4c0s” x —3cos X
Dividing the numerator and denominator by cos® x, we have I =I4dz—xg
COS“ X —
i+'[
J' dt J' dt J' 11 J3 |1+J_t|
=—. log +Cc=
13t31t23 3, 1 1 |1J_|
-t V3 [V3
I- |1+\/_tanx|
|1 «/_tanx|
dx
Example: 61 j — - >— equals
4sin“ X +45sinx.cos X +5¢0s“ x

(a) tan ‘{tan X +%j +C (b) %tan ‘{tan X +%) +C (c) 4tan ‘{tan X +%) +C¢  (d) None of these

2 2
Solution: (b) Izj — : dx _ :I 2SE‘C X dx zij' sec xd);
4sin“ X +4sinx.cos X +5¢0s“ X 4tan” x +5+4tan x 4 1
tanx +—| +1
2
1

dt =—tantt+c =1 =ljtan’l tan x + = +c.
1 4 4 2

Put tanx+%:t = sec?xdx =dt ==

asinx+b COSX _ J~asinx+bcos X+q

.11 Integrals of the form
> 8 J.csinx+d COS X csinx +dcosx +r

asinx +bcos x
c sinx +d cos X

(1) Integrals of the form_[ dx : Such rational functions of sin x and cos x may

be integrated by expressing the numerator of the integrand as follows:
Numerator = M (Diff. of denominator)+N (Denominator)
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i.e., asinx+bcosx =M di(csin X +d cos x)+ N(c sin x +d cos x)
X

The arbitary constants M and N are determined by comparing the coefficients of sinx and
cosx from two sides of the above identity. Then, the given integral is
in X + X M X —d sin x)+ N(c sin x + X X —d sin x
I:jas_ b cos dx :j (ccos ds_ )+ N(cs d cos )dx :MICC_OS ds dx+NIldx
csin x +d cos x csin x +d cos x csin x +d cos x
=M log| csin x +d cos x| +Nx +c.

asinx + bcosx +q dx
csinX +dcosX +r
express the numerator as follows: Numerator = M(Denominat or) + N(Different iation of denominato r)+ P

i.e.,(csin x +bcosx +qg)=M(csinx +dcos x +r)+ N(ccos x —d sin x)+ P.
where M, N, P are constants to be determined by comparing the coefficients of sin x,cosx and

(2) Integrals of the form I : To evaluate this type of integrals, we

constant term on both sides.

jas!nx +bcosx +q dx =Ide N Nleff.ofden_omlnato M ix +_[ _ dx
csinx +dcosx +r Denominato r csinx —dcosx +r
= Mx + Nlog | Denominato r| + PI - dx .
csinx +dcosx +r
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Important Tips

log| ccos x +d sinx| +c .

- J‘acosx+bsinx _ac+hd +ad—bc
ccos X +d sin x c2+d? " c?+4d?

Example: 62

Solution: (a)

Example: 63

Solution: (b)

3¢0s X +3sin x d
4 sin x +5cos x
27 27

X = [EAMCET 1991]

a —x——Io 4sinx +5cos x)+c¢ b —x+—|0 4sinx +5c0s X)+cC

(a) YRR o ) (b) il o )
27

(c) Hx—4—log(4smx—5cos X)+cC (d) None of these

3cosx+3sinx:Md—(4sinx+5cosx)+ N(4 sin x + 5 cos x)
X

= 3cos X +3sinx =M(4 cos x —5sinx)+ N(4 sin x + 5 cos x)

= Comparing the coefficient of sinx and cos x on both sides.
-3 27

= -5M+4N=3 and 4M+5N=3 = M=— N=—
41 41

j(4cosx—55in x)+£(4sinx+5cos X)
|=.["'1 4l dx = I=

27 de{ﬁj 4cosx—55|nxdX

4 sinx +5cos x 41 41 )J 4sinx +5cos x

27
= | :—x——log(4 sinx +5cos x)+c.

41 41
J— = [CBSE 1992; PB 1993; HB 1994]

1+ cot x
1 1 .
(a) —x+ Iog| sin X +cos x| +¢ (b) EX_EIO(‘” sin X + cos x| +c
(c) 71x + —=log| sin x +cos x| +c (d) None of these
dx dx sin x
Here, I:I :J. :.[ - dx
1+cot x 1+COSX Sin X + Cos X
sin x

Let sinx=M di(sin X +c0s x)+ N(sin x +cos x) = sinx = M(cos x —sin x)+ N(sin x + cos x)
X
Comparing the coefficients of sin X and cosX of both the sides, we have 1=-M+N and 0 =M + N

Solving these equations, we have M :_71and N :%

. 1 . 1, .
sin x :_E(COS X —sin x)+5(sm X +€0S X)

_—l(cos X —sin x)+£(sinx + COS X)
2 1J‘cosx—sinxdX

Hence,l:j dx =—-=|—
sin X +cos X

1 1 . 1
- —J'ldx =—=—log| sin X + oS X| + =X +C.
sin X + €os X 2 2 2 2

5.12 Integration of Rational Functions by using Partial Fractions

f(x)

(1) Proper rational functions: Functions of the form @ where f(x) and g(x) are

polynomial and g(x) # 0, are called rational functions of x.

If degree of f(x)is less than degree of g(x), then 900

fx)

is called a proper rational function.
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(2) Improper rational function : If degree of f(x) is greater than or equal to degree of g(x),

then % is called an improper rational function and every improper rational function can be
g(x
transformed to a proper rational function by dividing the numerator by the denominator.

3

X . . . .
For example, ER is an improper rational function and can be expressed as
X —=5x+

(x+ 5)+—129X —30 , which is the sum of a polynomial (x +5) and a proper function —igx —30 .
X*—5X+6 X°—5Xx+6
(3) Partial fractions: Any proper rational function can be broken up into a group of
different rational fractions, each having a simple factor of the denominator of the original
rational function. Each such fraction is called a partial fraction.
f(x)

If by some process, we can break a given rational function )
g(x

into different fractions,

whose denominators are the factors of g(x), then the process of obtaining them is called the

resolution or decomposition of ﬂ into its partial fractions.
X

Depending on the nature of the factors of the denominator, the following cases arise.

Case I: When the denominator consists of non-repeated linear factors: To each linear
factor (x —a) occurring once in the denominator of a proper fraction, there corresponds a single

partial fraction of the form , where A is a constant to be determined.

X—a
Case II: When the denominator consists of linear factors, some repeated: To each linear
factor (x—-a) occurring r times in the denominator of a proper rational function, there
corresponds a sum of r partial fractions of the form.

Where A's are constants to be determined. Of course, A, is not equal to zero.

Case III: When the denominator consists of quadratic factors: To each irreducible non
repeated quadratic factor ax®? +bx+c, there corresponds a partial fraction of the form

Ax + B

— where A and B are constants to be determined.
ax‘ +bx+c

To each irreducible quadratic factor ax® +bx +c¢ occurring r times in the denominator of a
proper rational fraction there corresponds a sum of r partial fractions of the form

A X+ B, N A, X+ B, A X+ B,

ax? +bx+c (ax? +bx +c)? (ax? +bx +c)"
Where, A's and B's are constants to be determined.
(4) General methods of finding the constants
(1) In the given proper fraction, first of all factorize the denominator.
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(ii) Express the given proper fraction into its partial fractions according to rules given above
and multiply both the sides by the denominator of the given fraction.

(iii) Equate the coefficients of like powers of x in the resulting identity and solve the
equations so obtained simultaneously to find the various constant is short method. Sometimes,
we substitute particular values of the variable x in the identity obtained after clearing of
fractions to find some or all the constants. For non-repeated linear factors, the values of x used
as those for which the denominator of the corresponding partial fractions become zero.

MD If the given fraction is improper, then before finding partial fractions, the given
fraction must be expressed as sum of a polynomial and a proper fraction by division.
(5) Special cases: Some times a suitable substitution transform the given function to a
rational fraction which can be integrated by breaking it into partial fractions.

COS X

E le: 6 dx = Roork
xampie: 64 (@ +sinx)(2 +sin x) [Roorkee 1979]
2 +sinx
log[( +si 2 +si b) lo +c
(a) log[@+sinx)(2+sinx)]+c (b) g[1+sinx}
() Iog{1+s'_nx}+c (d) None of these
2 +sinx

Solution: (¢) Putsinx =t = cos xdx =dt

€os X dx dt 1 t+1
(1+sinx)(2+sinx):j(l+t)(2+t):J[m t+2}dt = log(t+1) 'og(Hz)H_IOQ[ 2}”

[1+sin x}
=log - +C
2+sinx
3x+1
Example: 65 J.f = [Pb. CET 1996]
x=-2(x+2)
5 X +2 7 -2 7
—lo + +c b) — +c
() 16 gx—2 4(x - 2) () gx+2 4(x - 2)
(o) EIog x=2 7 +C (d) None of these
5 X+2| 4(x-2)
Solution: (b) We have, 3X2+1 = A + B >+ ¢
xX-2(x+2) (xX-2) (x-2° x+2)
3x+1=AKX-2)(Xx+2)+BXx+2)+C(x-2?* . (i)
Putting x =2and - 2 successively in equation (i), we get B = % C= %
Now, we put x=0 and get A= %
J.# '[ I _5 dx -3 og( - )—lL— log(x +2)+c
x=2)°(x+2) " 16 -2 4 (x—2)? 16 X+2 4 (x-2) 16
5 X=2 7
=—Iog - +c
16 X+2| 4(x-2)
X“+1
Example: 66 jz—dx = [MP PET 19991]
X(x° -1)
x?-1 x? -1 X
(a) log +C (b) —log +cC (c) log 1 +cC (d) -log 5 +C
X



Solution: (a)

Example: 67

Solution: (d)

Example: 68

Solution: (a)

Example: 69

Solution: (b)
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2

I:J( 22X —l]dx = I=log(x? -1)—logx +¢ = I=log> “Lc.
Xx“-1 X
2x2 +3 x -1 L x )
If J—dx:alog +btan™| — |+c then values of a and b are [Rajasthan PET 2000]
(X2 —1)(x2 +4) x+1 2
(a) 1, -1 (b) -1, 1 (c) 1/2,-1/2 (d) 1/2,1/2
Put x% =y
2x*+3  2y+3 y+3 _ A B
(2 -D(x*+4) (-1 +4) y-Dy+4 -1 ¢+4
2y +3=A(y+4)+ By -1
Comparing the coefficient of y and constant terms
= A+B=2 and 4A-B=3
A=1 and B=1
1l 1
I = de+J. 1 dx = I=I 1 dx + —dx = :—IogX ‘ T RAN
y-1 y+4 x% -1 x% +4 x+1] 2 2
a:l and b:l
2 2
4
X
j—zdx = [Roorkee 1986]
x-1)(x“+1
2 -1 _ 2 -1
(a) x(x+2)+log(xfl)_log(x +1) tan X+c (b) x(x+2)+log(x 1)+Iog(x +1) tan X+c
2 2 4 2 2 2 4 2
_ 2 -1
() x(x2+2)+log(; 1)+Iog(>; +1)+tan2 X+C (d) None of these

(X +1)(x —1)(x? +1) d+
(X —1)(x2+1)

x* x* -1 1 d
.[(x BT _I(x D™ +I (X—1) (< +1) I(x—l)(x2 1)

X2

d 1 1 .
jm :7+X+|:E Iog(x_l)_ZIOg(Xz +1)_Etan ! X}+c

j(x+1)dx+

2 -1
_ X(X+2)+ log(x -1) log(x"+1) tan™" x ‘e
2 2 4 2

Itan¢+tan ¢ dg
1+tan’g

(a) —Iog| 1+tang| +—= Iog| tan? ¢ —tan ¢ +1] +%tan‘1(2tan¢_l}rc

NE)
1

(b) —Iog|1+tan¢|+ log| tan® ¢ — tan¢+1|+—tan‘1(2tan¢_lj+c

1 l+tan® ¢
(c) 3Io [—tan p J

V3 V3

(d) None of these

Let |:de¢zjw -

I_J'tanqﬁseczgzﬁ
1+tan3¢ 1+tan3¢

d
1+tang ¢

tdt
Putting tan¢ =t = sec?¢d¢ = dt, we have, |:J- t - :I -
1+t @+ -t+1t°)

f— A
A+)@A-t+t%) 1+t
= t=Al-t+t?)+Bt+C)AL +1)

Bt+C
1-t+t?
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Putting t = -1 in equation (i), we get, -1=A1+1+1)=> A= —%

Comparing the coefficients of t? and constant terms on both the sides of equation (i) we get

O=A+B:B=—A=% and 0:A+C:>C=—A=%

_ t _ 111 tsl
' (1+t)(1—t+t2) 3'1+r 3 1-t+t?
Hence, | = - 1 2t+1 _ J'22t+2 fo_ L 1 (2;[_1)+3dt
3 1+t 3 t°—-t+1 3 1+t 6 t—t+1 3J1+t 6J t°-t+1
1 2t-1 _ 1 2t-1
T3l iet ejt o1l .[t “t+1 3 1+t 6J.t—t+1 Ej(t 1j2+3

1
t—=

:—llog| 1+t +1|og| t2—t+1] L2 a2 =—1|og| 1+t +l|og| t2—t+1] +liant 22t e
3 6 23 J3 3 6 3 J3
2

1 1 1. (2tang-1
=—Zlog| 1+tang| +=log| tan?p—tan g +1| +——tan | L= |+ ¢
3 6 J3 J3

dx
Example: 70 J.— = [Roorkee 1979; Pb. CET 1991; Rajasthan PET 1998; Karnataka CET
x(x" +1)
1996]
n n _ n n
(a) iIog X +C (b) nIogX +1+c (c) —1Iog X +C (d) —nlogX +1+c
n ~x"+1 n x"+1 n
. d n-1
Solution: (a) Let | :J. nx =J- nX - dx
x(x" +1) x"(x" +1)
Putting x" =t=nx""dx =dt, we have
=— = — ———|dt, by resolving into partial fractions
.[t(t+1) J[ t+J (by & P )
1 1 n
:l[logt—log(t+1)]+c ==—log|—{+c==log +C.
n n t+1 "1

5.13 Integration of Trigonometric Functions
(1) Integral of the form J.sinmxcos”xdx: (i) To evaluate the integrals of the form

| = Isinm x cos" xdx, where m and n are rational numbers.

(a) Substitute sinx =t, if n is odd;
(b) Substitute cos x = t, if m is odd;
(c) Substitute tanx =t, if m +n is a negative even integer; and

(d) Substitute cotx =t, if %(n —1) is an integer.

(e) If m and n are rational numbers and (m+Tn—2j is a negative integer, then substitution

cosx =t or tanx =t is found suitable.
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(ii) Integrals of the form IR(sin X,c0s X)dx, where R is a rational function of sinx and cos x, are

transformed into integrals of a rational function by the substitution tang =t,where —7 <X <.
This is the so called universal substitution. Sometimes it is more convenient to make the

substitution cot % =t for 0 < x < 2.

The above substitution enables us to integrate any function of the form R(sinx,cos x).
However, in practice, it sometimes leads to extremely complex rational function. In some cases,
the integral can be simplified by:

(a) Substituting sinx =t, if the integral is of the form IR(sin X)Cos x dx.

(b) Substituting cosx =t, if the integral is of the form JR(cos X)sin x dx.

dt

1+1%’

(d) Substituting cosx =t, if R(-sin X, cos X) = —R(sin x, c0s X)

(c) Substituting tan x = ¢, i.e., dx = if the integral is dependent only on tan x.

(e) Substituting sin x =t, if R(sin x,—cos x) = —R(sin X, cos Xx)
(f) Substituting tan x =t, if R(-sin x,—cos x) = —R(sin x, cos X)

Important Tips

& To evaluate integrals of the form J.sinmx cos nx dx, Isin mx .sinnx dx,J.cos mx.cosnx dx and Icos mx .sinnx dx, we use the
following trigonometrical identities.

sinmx .cos nx = %[sin(m —n)Xx +sin(m +n)x] = cosmx .sinnx = %[sin(m +n)x —sin(m —n)x]

. . 1 1
sinmx.sinnx = E[cos(m —n)x —cos(m +n)x] = cosmx.cosnx = E[cos(m —n)x + cos(m + n)x]

Example: 71 J.sin3 X cos2x dx [Pb. CET 1992; EAMCET 1996]
2 3 5 3 . 5 .3 . 5 . 3
(ay So87x _cos’x (by &% ©s® (o) Sn°_sin® (@ S sin®
5 3 5 5 3 5 3
Solution: (a) |I= Isin X(1—cos? x)cos? x dx

5 t3

. t 5 x 3 x
Put cosx=t = —sinxdx =dt = Iz—j(tz—t4)dt=€—?+c:cos _ s

5 3

+C.

Example: 72 Id—e =
) sind.cos® @

(a) logtan@+tan? 6 +c (b) log tan 6’—%tan2 0+c (¢) log tan H+%tan2 @+c  (d)None of these

2 2 2
Solution: () J‘ de J'sec 6de  [sec”H(L+tan” H)do

singcos® e J sinfcosd tan0do
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2
Put t=tan @ = dt =sec’ 6déo then it reduces to = Ilit dt = J.GJr tjdt
t2 1, 5
= Iogt+?+c = Iogtan¢9+5tan 0 +c.
sin® 2x
Example: 73 I : dx = [Karnataka CET 1999]
c0s> 2x
(a) tan? x+c (b) tan4x+c (c) tan*2x+x+c (@ %tan42x+c
. . sin® 2x . . . sin® 2x 1 3 )
Solution: (d) Given, | :j ;—_—dx . The given equation may be written as I 0 = J.tan 2X.sec” 2x dx.
€os” 2X C0s” 2X C0S“ 2X
Put tan2x =t and 2sec? 2xdx =dt
4 4
I =ljt3dt Ut 2x
2 8 8
Example: 74 If | :J‘smnx dx, where n>1, then |, -1, =
sin x
2 2 2 2 .
(a) cos(n —1)x (b) ——sin(n—1)x (c) —cosnx (d) —sinnx
(n-1) n-1 n n
Solution: (b) |, :js'_” X
sin x
L, :J'sm(r?—Z)x = 1 -1, :J‘smnx —_sm(n—2)x dx :J‘Z(:os(n fl)x.smx dx
sin x sin x sin x
2sin(n —1)x
In - In—2 =T
(n-1)

(2) Reduction formulae for special cases

ion-1
—cosx.sin"*x n-=1¢ . ..
+ IS|n”2xdx
n

n

(i) jsinn x dx =
sin x cos" ! x
n

(ii) _[cos" x dx = 41 ;1 -[cos"’2 x dx

tan"* x B
(iii) Itan” X dx =ﬁ—jtan“ 2x dx

(iv) _[cot" X dx = n_—_llcot”‘1 X —jcot"‘2 X dx

jsmp 2 x.cos? x dx

.[sm X.c0s%2 x dx

(V) jsec“ x dx = 0 ! ) [sec”‘2 X.tan x +(n — Z)I sec" %x dx]
(vi) jcosec”x dx = oD [— cosec" ?x.cot x +(n — 2)j cosec"?x dx]
ra g+l p-1
(vii) Isinp x cost x dx = — o X.COS7 X
p+q p +q
sap+L gq-1
(viii) Isinp x cos? x dx = oM X.C0S° X
p+q p +q
X (2n-3)

. dx
(1) I (x2 +K)"  k@n—-2)(x2 +k)"!

k(2n—2)-[(x +k)"t
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1 sin™?

m—1"cos™* x

; sin" x
« Reduction formulae for g ., = I—m
’ cos” X

X (-1 |
(m _1)' (n-2,m-2)

dx is lpmy =

Example: 75 J.tan 50do = [EAMCET 1993]
4 2 4 2
() tan4 0 tan 6+Iogsec€+c (b) y_tan 6—Iogsec€+c
4 2
(o) y—mﬂom sec 8| +c (d) None of these
4 4 2 4 2
Solution: (c) ItanS 0do =1y = tn 0 _ I, = tan4 o_ tan2 4 I, = tan4 4 —Mﬂogl sec 6] +c.
Example: 76 Icosec“x dx [Rajasthan PET 2002]
cot® x tan® x cot® x tan® x
(a) cotx +——+cC (b) tanx+ +C (c) cotx— +C (d) —-tanx———+c¢
. 4 2 2 2 2 2 (cot X)3
Solution: (¢) Icosec X dx = Icosec X(L+cot” x)dx = Icosec X dx +Icot X cosec “xdx =-cot X +——>—+c.
Example: 77 Integrate Isins X dx
(a) i sin8x _8 sin6x +28 sin4dx _56 sin2x +35x 4¢
27 8 6 4
) L 3 sin8x +8 sin6x 428 sin4x +56 sin 2x 35y
27 8 6 4
© sm88x _8 sm66x +28 sm44x _56 sin 2x +35x 4¢C

(d) None of these

Solution: (a) Let cosx +isinx =y ; then

2C0S X :y+1,2cosnx =y" +in = 2isinx :y—l,Zisinnx =y" -
y y y

results)

(Remember as the standard

8
Thus 2%i®sin® x :[y—lj =(y8 +i8j—8[y6 +i6]+28[y4 +i4j—56[y2 +i2J+70
y y y y y

=2c0s 8X —16 cos 6x +56 cos 4x —112 cos 2x + 70

Thus sin® x =2i7(cos 8x —8cos6X + 28 cos 4x —56 cos 3x + 35),

1
2’

5.14 Integration of Hyperbolic Functions

sin 2x

sin 8x 3 56

8

sin 6x
+
6

sin4x_
4

8 28

and Jsinsxdx: +35x}+c

(1) Isinh xdx =coshx +c
(3) J-sechzxdx=tanhx+c

(5) jsechx tan hx dx = —sechx +c¢

(2) .[cos hx dx =sinhx +c¢
1) J-cosec hZx dx = —cothx +¢

(6) jcosec hx cothdx = —cosechx +c¢
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Example: 78 Jcos - (%) dx = [Rajasthan PET 2002]

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

(b)

79

(a)

80

(d)

81

(a)

82

(9]

83

(a) xsectx+cosh™x+c (b) xsectx—cosh™x+c

-1

(c) cosh™x—xsectx+c (d) None of these

a1 _ _ 1 _ _
J.cos 1(—jdx :J-sec Lxdx =xsec 1X—J'—XdX =xsectx—coshx +c.
X

xvx? -1

€oS X —sin x

dx equals [Rajasthan PET 1996]
Vsin2x
(a) cosh™(sinx +cos x)+c¢ (b) sinh™(sinx +cos x)+c¢
(c) —cosh™(sinx +cos x)+c¢ (d) —sinh™(sinx +cos x)+¢

COS X —sin X _ [ cosx—sinx COS X —sin x

=" Tdx = dx :J.
+sin 2x V1+sin2x -1 J(cos x +sinx)? —1

| = dx

Put cos x +sinx =t = (cos x —sinx)dx =dt :>I =cosh*t+c =cosh™(sin x +cos x) +c.

dt
Jt2 -1
J.sin h~txdx equals [Rajasthan PET 1996]
(a) xcosh™*x—vx?+1+c (b) xcosh*x+vx%+1+c
() xsinh™x++vx%+1+c (d) xsinh™x-vx2+1+c

Jsinh’lx.ldx =xsinh’1x—J. xdx =xsinh?x—v1+x2 +c.

1
V1+x2

J‘ e'+a . _
e’ -a
(a) cosh™(e*/a)+sect(e*/a)+c (b) [EJ[cosh‘l(eX/a)+sec‘1(exla)]+c
a
1 —1/aX% 17X
(c) EEJ[COSh (e*/a)+sec™(e /a)]+c (d) None of these

J'fe iz J‘ e¥+a J'\/ezx_ dX+IJ62xa_ dx _J.\/(e e/a;a X+J.\/(EX/:)212 dx

Pute—:t:e—dx:dt:'[ at +'[
a a \/t

J.(eud);*)2 -

(a) tanhx+c (b) %tan hx +¢ (c) %tan hx +c¢ (d) None of these

=cosh™(e* /a)+sec (e*/a)+c.

dt
tWt2 -1

J' _1 4 .dx
e +e)? 4@ +e)?

:lj.sechzxdx “Linhx+c.
4 4

J‘ tan x
V1-tan?x
(a) cosh™(v/2 cos x)+¢ (b) —cosh™ (/2 cos x)+¢ (c) L cos W2 cos x)+¢ (d) L cos h(/2 cos x)+¢

V2 V2



Indefinite Integral 283

tan x dx

Solution: (d) J' sin x dx :J‘ sinx dx
I V2

1-tan?x IJcoszx—sinzx cos?x -1

Put \/Ecosx:t:—\/asinxdx =dt

-1 dt -1
| :_J'— = —cosh*(J2cosx +c).
2l V2

Example: 84 Isinxsinhxdx =

(a) %(eX -e)+c (b) %[sinxcoshx—cosxsinhx]+c
() %[sin x cos hx + cos x cos hx]+ ¢ (d) None of these
Solution: (b) I|= Isin xsinhx dx = —sinhx cos x + Icos hx cos x dx = sinhx cos x +[cos hx sinx — Isin hx sin x dx]

1 . .
I = E[smxcos X —c0s x sinhx] +c.

5.15 Integral of the type f[x,(ax +b)™™ (ax +b)™'" ] where f is a rational function

and m,,n,,m,,n, are Integers
To evaluate such type of integral, we transform it into an integral of rational function by

putting (ax +b)=t°, where s is the least common multiple (L.C.M.) of the numbers n,,n,.
Integrals of the form Ixm(a +bx ")Pdx

Case I : If pe N (Natural number). We expand the integral with the help of binomial
theorem and integrate.

Example: 85 Evaluate Ix1’3(2+x1/2)dx

(a) 3x‘”3+%x7/3+c (b) x‘”3+%x5’3+c (©) 3x‘”3+§x5’3+c (d) 3x4/3+$x7’3+i—jx1“6+c

Solution: (d) I:Ix1’3(2+x1’2)2dx

Since P is natural number,

ax43 73 4 yle 3 24
C =3x4/3 42718 % 116

+ + + +c.
4/3 7/3 11/6 7 11

[ =le’3(4+x+4x1’2)dx =J.(4x1’3 +x43 4 4x3Cydx =

Case II: If p € I” (i.e. negative integer). Write x =t*, where k is the L.C.M. of denominator of
m and n.

Example: 86 Evaluate jx‘2’3(1+x2/3)‘1dx

(a) 3tant(x'?)+c (b) 3tantx+c (©) 3tan(x?'®*)+c¢ (d) None of these
Solution: (a) If we substitute x =t° (as we know P e negative integer)

- Let x =t*, where k is L.C.M. of denominator m and n.

3t’dt
t2(1+12)

s x =13 =dx =3t%dt or Izj 3J. 2dt1 =3tan *()+c = I =3tan 1 (x3)+c.
t°+
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m+1
n

Case III: If is an integer and p e fraction put (a+bx")=t", where k is the denominator of

the fraction p.

Example: 87 Evaluate Ix‘2’3(1+x1’3)1’2dx
(@) 20+x*3)?3 +c (1) 20+x3P 2 4¢ (©) 2@+x3/3®2 ¢ (d) 2@ +x2%)?"% 4 ¢
Solution: (b) If we substitute 1=x*'3 =t?then, 3Lmdx =dt
X

Izjt'eltdt =6J.t2dt =2t +c or 1=21+x"3)%% ¢

m+1
n

n

, where k is the

Case IV: If ( + Pj is an integer and P efraction. We put (a+bx")=t".x

denominator of the fraction P.

Example: 88 Evaluate Ix‘11(1+x4)‘1’2dx

5 3 4 3
() %(t5+t3+t)+c (b) l{t—%ﬂ}rc (©) l|:t—+%+t}+c (d) None of these

2|5 2| 4
1
where t = l+—4
X

Solution: (b) Here (m:l + Pj = {ﬁ"'l:} =-3

4 2

If we substitute then

1 -4 dx dx
14')(_4:t2 and X—de =2tdt = | :Ix11(1+x4)“2 :jxll.x2(1+1/x4)l/2
B dx _l2tdt _ 1 2 2 _—1 4 2 -1 t5 2t
=g al e =) € D= [ -2t = - S

where t = 1+i
\’ N

5.16 Integrals using Euler's substitution

Integrals of the form I f(x),y/(@x? +bx +c)dx are calculated with the aid of one of the there Euler

substitution:

(1) Yax® +bx +c=t+x+/a, if a>0.
(2) Vax? +bx +c=tx ++/c, if ¢ >0.
(3) vax? +bc+c=(x —a)t, if ax? +bx +c=a(x —a)(x — f), i.e., if x is real root of (ax? +bx +c).

Nolz : Q The Euler substitution often lead to rather some calculations, therefore they should
be applied only when it is difficult to find another method for calculating the given

integral.
Example: 89 Evaluate jd—x
X+Vx%—x+1

(a) 2log,| t| —%Ioge|t—1| —%Ioge|t+l|+ ‘e (b) 2Ioge|t|+%loge|t—1|+%loge|t+l|+

+c
t+1) (t+1)



Solution: (a)

Example: 90

Solution: (a)
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(c) 2log,| t| —%Ioge| t-1| +%Ioge| t+1] +(t3 +c¢ (d) None of these

+1)
VX2 —x+1+1

X

Where t=

Since here ¢ =1, we can apply the second Euler substitution.
Vx? —x+1=tx-1
Hence (2t—-1)x =(t?> -1)x?; x =%
2 j—
nax 2 20D A X+ X? —x+1 =1
(t? —1) t—1
— 2 —
:.I:'[ dx :_[ 2t2 + 2t szt
x+yx?—x+1 9 =D+
Using partial fractions, we have,
-2t?+2t-2 A B C
———=—+——+ t—
tt-Dt+1)° t t-1 (t+1) (t+1)
We get A=2,B=1/2,C=-3/2,D=-3.

or (—2t+2t—2)= At —1)(t+1)* + B(t+1)* + C(t —1)(t + 1)t + Dt.

3 dt 1 3
Hence I:ZI I —— ——3 ———=2lo t| —=lo t-1| -—lo t+1] + +C
t-1 2J(@t+1) (t+1)? 91 tl 2 O | | 2 O | | t+1)
4 2_
{Where t:w
X

Evaluate JL

JTx-10 —x?)®
(a) _—2(_—5+2tj+c (b) Z(i—Zt]+c (©) _—1[E+2tj+c (d) None of these

9\t 9 t 9 Ut

/ _ _y?2

where t:w
X=2

In this case a<0 and c¢<0. Therefore neither (I) nor (II) Euler substitution is applicable. But the
quadratic 7x—10 —x? has real roots a =2, 5 =5.

. We use the (III) i.e., v7x—10-x2 = /(x —2)5 - x) = (x —2)t

where (5-x)=(x-2)t?or 5+2t? = x(1+1?)

2 2 N
:5+2t =>xX-2t= 5+2t2 -2 t:—3t2, .'.dx:—ﬁz2
1+12 1+t 1+t L+t%)
5+ 2t 6t
X dx 1+t '(1+t2)20|t —6(5+2t2 _-2(5 2[5
Hence, I=I :J‘ 3 = ——at ( Jdt——[—+2t}+c
W7x—-10 -x?)* ( 3t j Card 9 t
1+t2

x dx -5 V7x-10 —x?
+2t |+cC, where t=———
J.(,/?x 10 — x )3 [ j X2

5.17 Some Integrals which can not be Found
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Any function continuous on interval (a, b) has an antiderivative in that interval. In other words,
there exists a function F(x) such that F'(x) = f(x).

However not every antiderivative F(x), even when it exists is expressible in closed form in

terms of elementary functions such as polynomials, trigonometric, logarithmic, exponential etc.
function. Then we say that such antiderivatives or integrals "can not be found." Some typical

examples are:
2
X

. dx .. X2
i) Ilog " (ii) Ie dx (iii) .[1+ 5 dx
(iv) [¥1+x2dx V) [V1+x*dx (vi) v1-k?2sin? x dx
.. X2 ey SN X . COS X
(vii) Ie dx (viii) I " dx (ix) I " dx
(x) j Jsin x dx (xi) j sin(x 2)dx (xii) jcos(x?-’)dx (xiii) jxtanxdx

etc.
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