In earlier cases, we considered every object as point mass. Even the finite size objects are
considered as point mass to understand their motion.

An extended body (any finite size body) is a system of particles. Hence, now we will
consider the motion of system. To understand the motion of a system (extended body),
we will understand the concept of centre of mass of a system of particles.

SYSTEM OF PARTICLES
AND ROTATIONAL
MOTION

| TOPIC 1| N2 CHAPTER CHECKLIST
Centre of Mass and Rotational Motion * Rigid Body

s Centre of Mass
* Linear Momentum of a

RIGID BODY System of Particles

Ideally, a body is said o be a rigid body when it has a perfectly definite shape * Torque and Angular

and size. The distance berween all pairs of particles of such a body do not change Momentum

while applying any force on ir, * Equilibrium of a Rigid Body
e.g. A wheel can be considered as rigid body by ignoring a little change in * Centre of Gravity

its shape. T

* Moment of Inertia
Kinds of Motion of a Rigid Body * Rolling Motion

A rigid body can possess pure translational mortion, pure rotational motion ora

combination of both these motions. Let us explore these kinds of morions

one by one.

Pure Translational Motion

This type of motion in which every particle of the body moves through the same
linear distance in a str:;ight line and in a given time interval is known as pure
translational motion.
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In pure translational motion, at any instant of tme all

pﬂrtil:lcs of the bcldy have the same vclacir_r,',

In pure translational motion, all the pan:iclcs of bud}r are
moving along parallel paths.

L]

Translational motion of a block
down an inclined plana

Rotational Motion (Fixed Axis of Rotation)

In pure rotational motion, every particle of the rigid body
moves in circles of different radii abour a fixed line, which is
known as axis of rotation. c.g.

(i) Consider an oscillating fan as shown in figure. When
the fan rotates, the particle A revolves in a circle of
radius ; and particle B revolves in a arcle of radius
;. Hence, the axis moves side wise, and these points

are fixed.

A rotating ceiling fan with the particles
A and B moving in circular pachs

(1) The following figure shows the rotational motion of
a rigid hud}' about a fixed axis, i.e. z-axis.

A rigid body rotating about the zaxis

The body is in xyp-plane. Let P, be a particle of the ngid
bﬂd}' arhitmrily chosen at a distance n from the fixed axis,
L.c. Z-axis.

The particle P, describes a circle of radius 5, with its centre
C, on the fixed axis and the circle lies in a planc,
perpendicular to the axis.

The another particle P, of the body describes a circle of
radius s with centre ar C, |}rin5 on the same z-axis and lies
in a plane perpendicular to the axis of rotation.

The circles described by P, and P, may lie in different
planes, both these planes are perpendicular to the fixed axis.
For any particle on the axis of rotadon like P,r=0.
Therefore, such a particlt remains stationary, while the
body rotates.

Some of the examples of pure rotation about an axis are
given as,

A pottc:r’s wheel, a giant wheel in a circus, a mcn'y-go-mund
ciC.
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* In pure rotational motion, the plane of the circle in which any
particle moves, is always perpendicular to the fixed adis of
rotation and has its centre on the axis.

+ The particle on the axis of rotation remains stationary.

Precession

In precession, one end of axis of rotation is fixed and other
end rotates abour a circular path.

Z -

¥
A spinning top is in precession

(i) The point of contact of the top with gmund is fixed.
The axis of rotation of the top ar any instant passes
through the point of contact.

(11) We mustl}r deal with the case of fixed axis, so if not
stated rotation will be about the fixed axis.

(111) Oscillaﬁng table fan is also an mmplc nfprcccssian.

Combination of Translational

and Rotational Motions

A rigid hn-dy may have a ralling moton, which is a
combination of rotation and translarion.

c.g. Consider a cylinder rolls down an inclined plane, its
mortion is the combinarion of rorarion abour a fixed axis
and rranslarion.



When the cylinder shifts from top to
bottom, the points P, P, P, P; on this
cylinder have different velocities at a
particular instant of time. But if the
cylinder were to roll without slipping,
the velocity of point of contact B would
be zero at any instant of time.

P‘
Py

]
A cylinder rolling
down

In rnlling motion, I'_H:ICI.:F 15 rotating alung

a fixed line, an axis of roration and thar axis of rotadon is
in tran.slatcrj' motion. Hence, the motion of a rig,i:d bod}'
in some way is cither a pure translation or a combination
of translation and rotation.

In general, motion of a rigid body is a combination of
translation and rotation. As in case of our base ball bar.

¥

X

oly H
Base ball bat neither in pure translation
nor in pure rotation but in the combination

Mote

The motion of a rigid body which is not pivoted or fixed in some
way is either pure translational or a combination of translational
and rotational. The motion of a rigid body which is pivoted or fixed
in some way is pure rotation.

CENTRE OF MASS

The centre of mass of a body or a system of bodies is the
point which moves as though all of the mass were
concentrated there and all external forces were applied to it.
Hence, a point at which the entire mass of the body or
system of bodies is supposed to be concentrated is known

as [].'.I.C centre l}f mass.

For a System of Two Particles

Let the distances of the two particles be x, and x,
respectively from origin O. Letm, and m, be their masses.
The centre of mass of the system is that point Cwhich is at
a distance x ¢y from O, where x ¢y is given by

my Xt M,

x =
M
ji|.+j:2

"X, +m2.r2]

[CCﬂtIC of mass, xy = v

where, M =m, +m, = total mass of system.

Hence, the centre of mass of a two particles system is such that
the product of total mass of the system and the position vector
of centre of mass is equal to sum of the products of masses of the
two particles and their respective position vectors.
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System of two particles

Xy can be regarded as the mass-weighted mean of x; and
x5. If the two particles have the same mass m; = m, =m, then
mxytmxy  xpta;

2m 2

Thus, for two partich:s of l:qual mass, the centre of mass lies

Xom =

cxactl}r miclmy berween them.

EXAMPLE |1] A Two Body System
Two bodies of masses 1 kg and 2 kg are located at (1, 2) and
(=13), respectively. Calculate the coordinates of the centre
of mass.
Sol Given, m =1kg, m, =2kg
x,=lm, x,=—1m
y=2m, y;=3m

_myxpmx, 1x1+2x-1

X

m, +m, 1+2
1-2 1 —033
3 3
and y =m.y.+m2y2=1x2+2><3
oM m; +m, 1+2
2+6 B8
== _=_=12hf
3 3

Thus, the coordinates of centre of mass are (—0.33, 266).
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The centre of mass of a system of two particles lies on the straight line
joining the wo particles.

For a System of  Particles

Suppose a system of n particles having masses
Py, My, M3, .., M, OCCUPYING x-coordinates
Ky K30 K5yeens Xyo

¥

System of » particles



ie. xcy = x-coordinates of centre of mass of system
_ myxy tmax,t M3y teetomx,

my gty et

n
_E mx;
i=1

¥

I

Centre of mass, x-,; =

Consider three particles of masses m;,m, and m; are lying
at points (x, ¥, ), (x5, ¥5) and (3, ¥3)s rcspcctivcly. Then,
the centre of mass of the system of these three particles lies
at a point whose coordinates (X, V) are given b}'

oy + mgx, + 3 Xy

m|+m3+m3

_mytmyyatomsys
"y +m2+m3

and ¥

For the pa.rticlc.s of l:qual mass m = my =my = m;, then
nxy + mx,y + e Xy +x,t oy

X =
m+m+m 3
_myytmyytmyy it yatoys
and V= =
m+m+m 3

If p:-l.n:iclcs are distributed in three-dimensional space, then
the centre of mass has 3-coordinates, which are

1 n n
x —— X moX., =YX m.y.
oM T e o T Fowm M o iYi
1 ]
and z = ¥ m.z.
M M i=1 i |
where, M =m + ma+---= Z m; is the total mass of the

system. The index 7 runs f'I'DI'I{I=ll to a1, m; is the mass of the
ith particlt and the position of the ith pa.rticlc is given b}f
{-rj:l _]"js zg'}-

EXAMPLE |2| An Equilateral Triangle

Three masses 3 kg, 4 kgand 5 kg are located at the corners
of an equilateral triangle of side 1m , then what are the
coordinates of centre of mass of this system.

Sol. Suppose the equilateral triangle lies in the xy-plane with
mass 3 kg ar the origin.

Let(x, y)be the coordinates of centre of mass.

Omyl—05 m—|mz

2
Clearly, AB = \[[OB) —(0A)? = ’{1}2 _[IE] = %m

Now, x, =0 x,=1m, x;, =04 =0.5m
my =3kg m,=4kg m; =5kg

oo My 4y, +mgxy

m.+m2+m3
_3X0+4 X1+5%05
3+4+5

= E =054 m
12

_ W3
Again, 3, =0y, =0, y3 = AB=—,
_my, may, + gy,

my + my + My

N

IX0+4x0+5 K[T]

Thus, the coordinate of centre of mass are
(0.54 m, 036 m).

EXAMPLE |3| Centre of Mass of Six Particles

Six particles are placed at different points of a square as
shown in the figure. Find the centre of mass for the system
of six particles.

m 2m m
al2 = a2
a a
a2 _ af?
m Zm m

Sol First of all consider a coordinate system for the given
system of particles.

Y
2m
m . ma, a)
10.a) /2, a)

a a

m :gmn X
, m
(0.0) w0 (a.0)
Now, apply the formula for the X-component of centre

of mass.

Zmxal2+2mxal/l2+mxa+mxa
Xem =

m+2m+m+m+2m+m

Em 2

_4ma _a



Now, apply the formula for the ¥-component of centre
of mass.
mxa+2mxa+m=xa 4ma a
Yo = ===
Em Bm 2
So, the coordinates of centre of mass should be written as

(e You)=(£:2]

Relation between Position Vectors of
Particles and Centre of Mass

We can also define centre of mass in terms of vector. Let r;
be the position vector of the sth particle and R be the
position vector of the centre of mass, then

K = rz-i + J":‘i + zr-k

and R=1E+_}'}+zﬂ

n
L mr;
Position vector of the centre of mass, R = &=L
m

If the origin of the frame of reference is considered at the
centre of mass, then

So, Eomr; =

Centre of Mass of Rigid Continuous Bodies
For a real bo-d}r which is a condnuous distribution of
matter, point masses are then differential mass elements dm
and centre of mass is defined as

Xom < %I" dm, ycu = %JJ"{’”

oy = %szm

where, M is total mass of that real bc-cl}f.

If we choose the origin of coordinates axes at centre of mass
then,

[xdm={ ydm=[zdm=0

M Position of the Centre of Mass in the
Absence of External Force

In the absence of an external force, the position of the centre of
mass of a stationary system does not change. However, if under
the influence of external forces, the position of different
particles of masses my, m,, My, ... changes by AR, Ar,,... then
shift in the position vector of the centre of mass is given by
n
Aty = AR + A +..+ AL, ’_:E'I:T,-Ar,-
T + My + .+ T, Sm

EXAMPLE |4| Particles at the Corner of a Square
If four particles of mass 1kg, 2kg, 3kg and 4kg are placed
at the four vertices A, B, € and I of square of side 1m. Find

the position of the centre of mass of the particle.
¥

m,=4kg Ma=3kg

.
my=1kg '™ m.,=2kg

Sol. Observing the figure,
¥

M 40, 1)4-=--=-====- 4 m(1,1)

N ——

x
Mz(1,0)

Coordinates of my, x;, =0, ¥, =0
Coordinates of m,, x; =1 y, =0
Coordinates of My, Xy =1 yy =1

m1mrg] a

Coordinates of my, x, =0, y, =1
mx, +m,x, +myxg +mx,

You = m, +m, +my +m,
_ (10} +(2) (1) + (3) (1) + (4) (0}
1 +2+3+4
=i=0.5 m
10
Now, yoy = m Y, LY+ MY+ MY

ny +H"!2 +H“!3 + m,
_ (10} + (2) (0) + (3) (1) + (4) (1)
1 +2+3+4

=l= 07 m
10

Thus, centre of mass is located at (0.5m, 0.7m).

Centre of Mass of a Uniform Thin Rod
Let us cans_idq a qntirm thin rod {‘IB of mass Ma_nd lcngth

L. The rod is held along x-axis with irs end A at the origin,
where x = y =0, as shown in figure. Suppose the element is
placed side by side of length dx at distance i.e. x from the
origin.

¥

—_— B
ol L, 0
Calculation of centre of mass of a uniform thin rod

Alfo,0)




Then, mass of element dm = %z{r

Let (xy» ¥ ) be the coordinates of centre of mass of thin
rod from origin. Then,

L

1 L 1 prL M 11'2 I

x =—| xdm=— |y == =2

CM M.[ﬂ M-[ﬂx[ L] I 2 , 2
L
Centre of mass, xen =E

and .}'fM:lIJ"dm:ﬂ [~ y =0for thin rod]

’ M

Yam =0

Thus, it means that the centre of mass of thin rod AR lies at

L
point (E , {]) i.e. centre between its ends A and B. Thus, the

centre of mass coincides with geometric centre.

MOTION OF CENTRE OF MASS

As already defined for a system of n particles, we can relate
position vector of centre of mass and that of individual
MASSes a5
M -1y = oy +myr, + myTy + e tm L
Differentiating with respect to time, we get
d d

M-—rpyy=m —rn+my—r+---+m, —r1,

At ddr dt dr

As masses are constants and nnl}r position vectors are
variables

=M vy =myv tmyvytmyvy +--tm,v

So, |Velocity about centre of mass, v -, =

where, v= j, rate of change of position vector is velocity.
t

Again differentiating the result, we get

But, m;a; is the resultant force on the sth parti:clc, S0
Magy =F +F,+F; +---+F,

or Ma = an,m ... (1)

where, F o oo =Fy +F3+F; +---+F, is net force of all
external forces that act on the system.

From the expression (i), it is clear that the centre of mass of
a system of particles moves as if whole mass of the system
was concentrated at the centre of mass and all the external
forces were applitd at that point.

Internal forces are action-reaction pairs and hence, cancels
out and only vector sum of external forces remains.
e.g. If a rocket explodes in its path and fragment flies in all
directions.
Parabolic path of

the projectile
Explosion  Path of CM of

:k‘-_}._\fmgmarm
R

ol Xy X
Projectile motion of a rocket

As cxplmiun forces are internal to the system, thv:].-r did not
contribute to motion of centre of mass and centre of mass of
rocket follows same parabﬂlic trajectory that rocket would

have followed if it would not be E[P]ﬂded.

So, motion of centre of mass of a system or object is not
affected by any of internal forces or they occur always on
action-reaction pairs and so their net contribution to
acceleration of centre of mass is zero.

Mote

The franslational motion of extended bodies could be understand
with the help of the motion of cenfre of mass of the system, by
considering that the total mass of the system is concentrated on the
centre of mass and as all the external forces are acting at the centre
of mass.

LINEAR MOMENTUM OF A

d d d d SYSTEM OF PARTICLES

M—w =, —V, + M, —V,+ i, —V

CM 1 1 2 2

dr dr dr e’
d

+eedomy, E'ﬁ"”
As rate of change of velocity is acceleration, we write
i

T d

Magqy =ma; +mya,+---+m,a

"

i

"o
n
% mrgag;

1
M

. i
So, | Acceleration about centre of mass, a oy =

For a system of n particles, total linear momentum is vector
sum of lincar momenta of individual partich:s. Where linear
momentum of an individual pcarticlc is pmcluct of its mass

and velocity (p = ).

So, linear momentum of system is

P=pitpP2tpst...+p,

or  p=mvytmavytmyvy +occtmvy ... 1)
From the concept of centre of mass, we know that

MVt vyt myvy e b v, =M Vi ...(i)



From Egs. (i) and (ii), we get

[ Total linear momentum, p=M VCM] coodnn)

Thus, the total momentum of a system anarticlts is cqual
to the pmduct of the total mass and 1!.I’f:lq:n-::'1l"=,r of its centre of
mass.

Newton’'s Second Law for System of Particles
Now, differentiaring Eq. (iii) with respect to time, we get

d d
R 2 M Ve
d
or ?l: = M% Vewm i M is constant]
or $=Mﬁcu .. 1v)
dt

From centre of mass concept, we know

MA -, = net external force vl

From Egs. (iv) and (v), we get

Net external foree, F,,, = —J e vi)

Above EXPression represents Newton's second law for system
of particles. Here, p is net momentum of the system and F,,,
is the net external force applied on the system.

Conservation of Linear Momentum
for System of particles

If external force is not acting on the system of partich:s,
A
F., =0,then =0
dt

or rate of change of momentum is zero, i.c. momentum of
system remains constant.

So, Pinicial = Pinal» if Fop = -+« (vii)
Above expression represents the law of conservation of linear
momentum for system of particles.

If mass of the system is constant, then

MV~ = constant [=F_ =10

exi
Vo = constant oL lvinn)

Eq. (viii) shows that if the mass of system of pa.rticlcs 15
constant and if net external force on the system is zero, then
the velocit}' of centre of mass of the system will remain

constant.

The vector equation ?F =0 or p = constant is cquiv:lll:nt to
e

three equations, p, =C, P, =, and P =C_,r,

where p,, P, and p_ are the components of the total
linear momentum vector p along x, y and z-axes
rcspcctivcl}r C.Cy and C’; are constants.

EXAMPLE |5| Enjoying the Ride of a Trolley
A child sits stationary at one end of a long trolley moving
uniformly with a speed v on smooth horizontal floor. If
child gets up and runs about on the trolley in any manner,
what is the speed of CM of the (trolley + child) system?
[NCERT)
Sol When the child gers up and runs abour on the trolley, he is
exerring an internal foree on the trolley-child system.

Thus, no external force acts on the system. So, centre of
mass is not accelerated. Hence, centre of mass of
trolley-child system remains same as before, i.e.r.

EXAMPLE |6| Acceleration of the Position Vectors
If two particles of masses m; =2 kg and m,=3 kg have
position vectors 1, = t +2 tzj + 2tk and

L= i+ 2r3j‘ +5k respectively, then the position vector
of r; and r is in metres and time is in seconds. Calculate

the welocity and acceleration of centre of mass of two
particles system.

Sol Here, m, = 2kg, m, =3 kg and position vectors
n=ti+25+ 2tk
and r=i+2¢]+5k

Now, velocity of first particle, v, = .:Iil: 5l
t

=%{ri+2rﬁ+2rﬂ)

=it+41] +2k
Velocity of second particle,
d
2= E{fz}

d - - - -
=E{i+213i+5k}=612j

= Velocity of centre of mass of two particles system is

Czx(i+arj+2zk)+3x(at’))
2+3

Czi+(@+18t)j+ak
5
3.
lz [sr+18.r} + kJm!s
5
Now, acceleration of first pa.m:Ie.

d d - - - -
=— =—{(i+4r) +2k)=4;
.Ifi'{vl} dfil | ] 1




Acceleration of second particle
_d
ar
. Acceleration of centre of mass of two particles system

is caleulated as

mya, + m,a,

a

d - .
= —(61%)=12tj
(vy) d'.r{ i) ]

Acm =
m, + my

_204 +3021)
243

[{s+ 36 1) :] 2
ﬂcM -— 5 I EI'L!S

TORQUE AND ANGULAR
MOMENTUM

The two ph}’sical quantitics rorque and a.ﬂgular momentum
are to be discussed as vecror products of two vectors.

Moment of Force (Torque)

Torque is also known as moment of force or couple. When
a force acts on a particle, the particle does not merely move
in the direction of the force bur it also turns abour some
point.

So, we can define the torque fora particlc abour a point as
the vector pm-duct ufpositiun vector of the point where the
force acts and with the force itself. Let us consider a pﬂrticlc
P and force F acting on it.

Let the position vector of point of applicatinn of force
about ) is r.

Particle showing torque, position
vector and force

From figure, the torque T acting on the particle relative to

the fixed point O Is a vector quanticy and is defined as

The magnitude of torque || is
T=rFsin0
= Frsin B
1= Fr, = Fb (from figure)
Here, r; is the perpendicular distance of the line of action
of F from the point O.

Magnitude of torque can also be described as
T=rFsnf
T=rF
Here, F| is the component of F in the direction
perpendicular to r.

Note
Torque could be zero (t = O), if
r=0 or Fed or O=0180°

In Sl system, torque is expressed in Newion-metre (N-m), it has
same dimensions as that of workdone. Dimensions of torque are

[ML2T2).
According to vector product, torque is perpendicular to the
planc of r and F as shown below.

F4

Plane showing torque
perpendicular to force

If the body is rotating counterclockwise, then the torque is
taken positive otherwise negative.

EXAMPLE |7| Finding the Torque
Find the torque of a force 7i +3j—5k about the origin.
The force acts on a particle whose position vector is
i-j+k [NCERT]
Sol Given, position vector
r=i-j+k
Force, F=7i+ Si —5k

Torque, T="7

=(5-3)i—(-5-7)] +(3+ )k = 2i +12j +10k

Angular Momentum of a Particle

Angular momentum (L) can be defined as moment of
linear momentum about a point.

The angular momentum of a partic|c of mass m maoving
with vcln-city v {ha\ring a linear momentum p=mv) about a

point (0 is defined b}' the ﬁ:ollcwing vector pracluct.
L=rxp

or [ﬂngu]ar momentum, L = m (r X v) ]




L s angular momentum of pﬂrticlc about point .

r is position vector of the pﬂrticlc about point 0.
|

N

P\\

A particle moving about a point O

Magnitude of angular momentum depends on the position
of point () and is given by L = mursin 6

where, © = angle between rand v

L can be represented asL =rpsinB =rp |

where, p1 (psinB) is the CoOmponcnt of pina direction
pcrpcndicular tor.

and

where, r; is the perpendicular distance of the linear

L= prsint = pr,

momentum vector (p) from origin.

EXAMPLE |8| Revolving Electron in an Atom
In a hydrogen atom, electron revolves in a circular orbit of
radius 0.53 A with a velocity of 2.2 x 10° m /s with an angle

30°. If the mass of electron is 9 x 107! kg. Find its angular
momentum.

Sol Given, r=0534=053x10"m
m=9x10"kg, v=22x10"m/s,

B=30"L="7
L = mvrsinB
=9x107" % 22x10° x 053 %107 x 5in30°

= 5247 %107 kg-m” /s

Relation between Torque
and Angular Momentum

As angular momentum,
L=rxporL=m(rxv)
Differentiating with respect to time,

dL 4

—=—mir®xv)

dr  dr

dL [d’r a‘v)

or —=m| —Xv+rx—

ddt At dr
[from pmduct rule of differentiarion]
dr

—=vandvxv=0
dt

g dL xn‘v
. dt _m(r dr

dv

But o = a = acceleration
=mirxa)=(rxma)=rxF
As T=rxF

[Ratc of changc of angu]a.r momentum, % = T}

Above equation gives Newton’s second law of motion in
angular form, rate of change of angular momentum is
equal to the torque applied.

Torque and Angular Momentum

for a System of Particles

For a system of Parl:iclts ora rigicl bod}r with pz-pa.rticlcs, the
total angular momentum of the system is the vector sum of
the angular momenta of the individual particles.

L=L,+L,+L;+--+L, =XL;
i=l
Dil:f‘crcntiat'[ng the above expression with time,
= AL,

dr  i=1 4t

n dL .
But £ * is the net torgue on the system so, ? =T ut
3 '

i=1 i

Above expression shows Newton's second law for system of
particles which state that the net external torque T, acting
on a system of particles is equal to the fime rate of change of
the system’s total angular momentum L.

For ith part'u:lc, the torque is given by

T=r; XF,

The force F; on the sth particle is the vector sum of external
forces 1;'2-“t acting on the particle and the internal forces

total torque is given b}'
T=27,=2n5XF; =T + Tine

where, T =% xF,™ and 1,,=Yr1 xF,™
i i

According to Newton's third law of motion, T, =0, then

T, =T

n

T=X1;

dL
[Rau: of changc of angular momentuim, ? =T,
I

Thus, the time rate of the total angular momentum of a
system of particles about a point is equal to the sum of the
external torques acting on the system taken about the

same point.



Relation between Angular Momentum
and Moment of Inertia
For a rigid body (about an fixed axis),
L =sum of angular momenta of all particles
= MV + MoVl + ...
=mfes mrie+ ... [
=R+ mary + mgrs 4 Jw
i.e. L= lw

«

v = arl

Conservation of Angular Momentum

4L
As, T= T . for the rigid body which can be treated as a
I

system of p-particles. If ¢

L
=0, then — =1, that means
dr

L = constant with time.

Hence, without any external torque, angular momentum
of a system of particles remain constant. This is known as
the conservation of angular momentum.

If Tee =0 = | Ly =Lgaa

If L is constant, then its all three Components will also be

constant.
L, = constant, L} = constant, [ = constant

Applications of Law of Conservation of
Angular Momentum

+ A circus acrobat performs beats involving spin by
bringing her arms and lcgs closer o her bad}f or
vice-versd. On bringing the arms and lcg; closer to the
bocl)r, her moment of inertia I decreases, hence angulﬂr
'\-'c:lrl:.-cit],r ) increases. The same principh: is applicd by ice
skater or a ballet dancer.

+ All helicopters are provided with two propellers. If there
were only one propeller, the helicopter would rotate itself
in opposite direction.

« A diver p-chcrms somersaults by jumping from a high
diving board keeping his legs and arms out stretched first
and then curling his body. On doing so, the moment of
inertia { of his body decreases. As angular momentum
remains constant, therefore, angular velocity @ of his
body increases. He, then, performs somersaults. As the
diver is abour to touch the surface of warer, he strerches
out his limbs.

EXAMPLE |9| Angular Momentum of an Object

At a certain time, a 0.25 kg object has a position vector
r=2i-2k m. At that instant, its welocity is
V= —5§+5f:m,"s and the force acting on itisF = 4]’ N.

(i) What is the angular momentum of the ohject about the
origin?

(ii) What is torque on it?
Sol Angular momentum. L=r X p=r X mv=m(r xv)

i j ok
MNow, rxv=| 2 0D -2
-5 0 5
=i[(0%5) = (0% —2)) = j[(2x 5) = (- 2% —35)]
+k[2x0-(0x—5)]

=0
So, angular momentum of particle is zero.
ij ok
and T= torque=rxF=|2 0 -2 =8 +8k Nem
04 0

EXAMPLE |10| A Freely Rotating Body

A door is hinged at one end and is free to rotate about a

vertical axis. Does its weight cause any torque about its

[NCERT Exemplar]
¥

axis? Give reason for your answer.
Sol Astorque=rxF

That means torque
produced by forceisina
plane perpendicular to
plane containing r and F.

Hinges

So, if door is in xy-plane,
torque produced by

weight is in * z-direction.
It is never about an axis passing through y-direction.

EQUILIBRIUM OF
A RIGID BODY

A ri.gid bcd‘y is said to be in cquili]:rrium, if both of its linear
momentum and angular momentum are not changing
with time.

z ‘Weight of door

Thus, equilibrium body does not possess linear acceleration
or angular acceleration.
This means,
(1) The total force, iL.e. the vector sum of all forces acring
on the ngid body is zero.

F,+F,+-+F, = £ F. =0
i=l

If the total force acting on the bc-cl}f is zero, then the
linear momentum of body remains constant, so body
must be in translatory equilibrium.

The above equations can be written in scalar form as

1=l i=l i={

where, F,_, F,

iy ﬂ.ﬂd Ffz arc x, y :lIld Z-'EDITIPCHE‘HES GF

force F;.



(it} The total torque, i.e. the vector sum of all torques
acring on the body must be zero.

T +Ta+Ty+dT, = ELT,-:{]
f=

The above equartion can be written in scalar form as

E.T"x =[},, ETJ').=
i=0 i=0

"
and Xt =
1=l
where, T, T . and T are x, y and z-components of
torque T ;.
Mote

Raotational equilibrium condition remaing valid for any origin.
A body may remain in partial equilibrionm as well. It
means that body may remain only in translational
equilibrium or only in rotational equilibrium.
(it} The sum of the components of the torques along any

axis perpendicular to the plane of the forces must be zero.

Rotational Equilibrium Only

If the net torque acting on the rigid body is zero but net
force is non-zero, then rigid body is in rotational
equilibrium only.

P I O I Q
- L

!

A rod under rotational equilibrium

l

T

Two equal forces are acting at the ends of a rod. In this case,
the net torque produced by two forces will be zero, but net
force is non-zero. It means thar rigid body will have zero
angular acceleration but non-zero linear acceleration.

Translational Equilibrium Only

If the ner force acting on the rigid body is zero butr net
torque is non-zero, then rigid body is in translational
equilibrium only.

F
P 1 o 1 |
- |

Q
F
A rod under translational equilibrium

Two equal and opposite forces are acting art the ends of a
rod. In this case the net force is zero, bur both the forces
will produce a non-zero torque. It means that rigid body
will have zero linear accelerarion but non-zero angular
acceleration.

COUPLE

A pair of equal and opposite forces with parallel lines of
action are known as a couple. A couple produces rotarion
without translarion.

Equal and
opposite forces

Let a couple with forces =F and F acting at A and B points
with position vectors r, and r, with respect to some origin 0.

The moment of couple = total torque
=1 X(=F)+r, xF
=1y XF=r xF=(r, =1, ) xF

[Mnmcﬂt of couple = AB x F]

By triangle law, r, + AB=r,
Sa, AB=r,—-1

So, moment of couple is independent of origin.

Principle of Moment

When an object is in rorational equilibrium, then algebraic
sum of all torques acting on it is zero. Clockwise torques are
taken negative and anri-clockwise rorques are taken
positive.

e.g. Consider a rod of negligible mass is provided at some
point like a see-saw or a lever. Pivot of lever is called
fulcrum.

Fi Fa

R

j{'ﬁ—Fulcer I
I-—d1 t

A fulerum point in a rod

For translational equilibrium,

LF=0or R=F =F,=0
For rotational equilibrium, £1 =0 or Fid, = F,d, =0
In case of levers, F, is called load, 4, is load arm, F, is called
effort, 4, is effort arm.
As, Fid, = F,d,=0 or Fd, =F,d,
or load x load arm = efforr % effort arm.

This is called principle of moment for a lever.

Also, [Mmchanicnl advanrtage, % = j_z]
2 1




F,
The ratio -;’- is called mechanical advantage (MA).

2

Mechanical advantage greater than one is usually required
as this means a small effort is required to lift a large load.

CENTRE OF GRAVITY

If a body is supported on a point such that total
gravitational torque about this point is zero, then this point

is called centre of gravity of the body.

Calculation of centre of gravity supported at a point

As, total gravitational torque about centre of gravity (CG) is
zero.
Then, ‘tg=i2::lt,-=2r,»><mg=g-2m,»r,-=0

[if ¢ = constant]
So, Zmr;=0 [Ag #0]...()
Above equation shows that with centre of gravity as origin,

Im;r; =0

If r is position vector of centre of mass = —;7 ~Zm -,

If centre of mass lies at origin

O=mr +myry +--+m,r,

WL S, =00 (i)
So, centre of gravity coincides with centre of mass ifg
is constant. But, above statement is not true for very large
ubj:cts asg will vary and CG does not coincide with CM.
Note

+ CM and CG are two different concepts. For small bodies, g will

= be constant at all points on the body.

N]ﬂ Centre of Gravity of a Body having
L
Irreqular Shape

If we suspended the body from a point say P, the vertical line
through P passes through centre of gravity. Then, suspend the

body through other point Q.
The intersection of vertical lines gives centre of gravity.

EXAMPLE |11| A Non-uniform Rod

A non-uniform bar of weight w is suspended at rest by two
strings of negligible weight as shown,

/o)

w

Angles made by strings with vertical are 36.9° and

53.1°, respectively. The bar is 2 m long. Calculate the

distance x of the centre of gravity of bar from its left end.
[INCERT]

Sol. Bar is in equilibrium, so the total of forces and torque
acting on it must be zero.

= ZF=0
and It=0
Let, T, and T, are tensions in strings as shown

Tin sT2
Then, force components are

T1cos 64 Tocos s
E

T1sinfy <——=

wwl

w

»T5sinB;

As, sum of vertical components is zero

Tycos B, + T, cos B, —w=0 A1)
Sum of horizontal components is zero,
= T, sin@ =T, sinb, L. A1)
Sum of torques must be zero, (taking torque about left
hand corner.)

w-x=T,cos 8, x4
T, sin 8,
sin B,

Substituting in Eq. (i), we get

A1)
From Eq. (ii), T, =

T, =wsin 8, fsinB, cos B, + cos B, sin B
So, substituting for T, in Eq. (iii), we get
L-sinf; cos B,

x:
sinB, cos B, + cos B, sin B,

sinfl, cos B,

sin (8, + 0,)

Here, L=2m,B, =365,0,=531"

So, B, +0, =90°

So, x = 2 % sin 36.9° ¥ cos 53.1°
=220m



EXAMPLE |12 Analyse the Height of Large Objects
Centre of gravity of a body on the earth coincides with its
centre of mass for a small object and for a large object, it
may not.
What is qualitative meaning of small and large in this
regard? For which of the following two of them coincides, a
building, a pond, a lake, a mountain. [NCERT Exemplar|
Sol Centre of mass and centre of gravity are two different
concepts. But if g does not vary from one part of body to
other than CG and CM coincides.
S0, when vertical height of the object is very small
compared to radius of earth, we call object small,
otherwise we call it extended. In above context, building

and pond are small objects and a deep lake and a
mountain are large extended objects.

EXAMPLE |13| Non-concurrent Forces

The vector sum of a system of non-collinear forces acting
on a rigid body is given to be non-zero. If vector sum of all
the torgues due to this system of forces about a certain
point is found to be zero, does this means that it is
necessarily zero about any arbitrary point.

N [NCERT Exemplar]
Sol Giventhat X F, =0

¥C

Sum of torques about a point O,
Z=*F =0
Then, sum of torques about any other point A is
It=Ep-a)x FF=EZnF -ZaxF
Clearly, second term is non-zero. Hence, sum of torques
about any other point may not be zero.

[

Fi F3

TOPIC PRACTICE1 |

OBJECTIVE Type Questions

I. Forn particles in a space, the suitable expression
for the x-coordinate of the centre of mass of the

system is
@) Em;x, () Im;x, © Em,y, @ Zmz,
m, M M M

Here, M is the total mass of the system.

Sol  (b) For system of n- particles in space, the centre of mass
of such a system is at (X, ¥, Z), where
X< Zmx; y= Zmyy; and Z = Em;z;
M M M

Sol

Here, M = Em; is the total mass of the system. The
index j runs from 1 to n.

m; — Mass of the ith particle and position of ith
particle is{x;, y;,2, )
2 Which of the following points is the likely
position of the centre of mass of the system

shown in figure? [NCERT Exemplar]

Hollow sphere

Sand
(a) A (b) B (c) C (d) D

Sol.  (c) Centre of mass of a system lies towards the part of the
system, having bigger mass. In the above diagram, lower
part is heavier, hence CM of the system lies below the

horizontal diameter.

3. A body is rotating with angular velocity
w=(3i —4j— k). The linear velocity of a point
having position vectorr = (5i — 6]+ 6k) is
(a) 6i +2j -3k (b) —18i - 23j+ 2k
(c) =30i —23j+ 2k (d) 6i - 2j + 8k

Sol (c)Here, =3 —4j—k. r =5i—6j + 6k

. -

i j ok
As v=wmxr=|3 —-4 -1
5 -6 6

= i(~24 - 6) + j(~5—18) + k(—15+ 20)
= —30i — 23 + 2k

4. Newton's second law for rotational motion of a

system of particles can be represented as
(Lis the angular momentum for a system of

particles)
dL

{a} :;l:= Teut [h} ? Text

L L
{Cl E=Teu (d} I=Tlul + Ten
(c) Newton's second law for rotational motion is

T=Tem = I

In the game of see-saw, what A B
should be the displacement of My Ms

boy B from right edge to keep
the see-saw in equilibrium?
(M, =40 kg, M, =60 kg) —2m 2m—

(a) %m (b) 1 m (©) Em (d) Zero



Sol.  (c) For the equilibrium, M, g xr, = M,g x x

(40 % 10) X 2 = (60 X 10) x

XSsS=—=-—m

o |
w e

So.60kgboyhastobedisplaced=2—4;=§m

VERY SHORT ANSWER Type Questions

6. Should there necessarily be any mass at centre

of mass of system?
Sol.

7. Iscentre of mass a reality?
Sol.

No, the centre of mass of a ring lies at its centre.

external force.

8. Inwhich case centre of mass of a body lie
outside it? Give one example.

If geometrical centre of a body lies
outside it, then centre of mass of body
lies outside the body.

Centre of mass of a L-shaped lamina
lies outside it on the line of symmetry.

Sol.

9. Acricket bat is cut through its centre of mass

into two parts as shown

Cutting section—| CM

Then, state whether both parts are of same

No, the centre of mass of a system is a hypothetical point
which acts as a single mass particle of the system for an

1L

Sol.

12.
Sol.
3.
Sol.

14.

Sol.

Find centre of mass of a triangular lamina.

[NCERT]
For any planar solid, centre of mass always lies at its
geometrical centre.

Geometrical centre of a triangle is intersection point of
its media.

So, for any given triangular lamina

AR

Centre of mass is at its centroid, point of intersection is
media.

If no external torque act on a body, will its
angular velocity remain conserved?

No, angular velocity is not conserved but angular
momentum is conserved.

Which component of linear momentum does
not contribute to angular momentum?

The radial component of linear momentum does not
contribute to angular momentum.

If net torque on a rigid body is zero, does its
linear momentum necessary remain
conserved?

I'he linear momentum remain conserved if the net force on
the system is zero.

15. What happens to the moment of force about a
point, if the line of action of the force moves
towards the point?

Sol. Moment of force

= force % the perpendicular distance of the line of
action of force from the axis of rotation.

Sol.

10.

Sol.

mass or not. Also, give reason.

Centre of mass of a body lies towards region of heavier
mass. 5o, if bat is cut through its centre of mass, both
parts are not of equal masses.

(n —1) equal point masses each of mass m are

placed at the vertices of a regular n-polygon. The
vacant vertex has a position vector a with respect
to the centre of the polygon. Find the position
vector of centre of mass, [NCERT Exemplar]
Suppose, b be the position vector of centre of mass of
regular n-polygon.
As(n —1)equal point masses each of mass m are placed at
{n—1)vertices of regular polygon, therefore

{—" 1) mb + ma =0 =2(n—-1)mb+ma=0
(n—1+1)m

—da
(n—1)

=5 b=

Hence, the moment of force abour a point decreases if the
line of acrion of the force moves rowards thar point.

16. The vector sum of a system of non-collinear
forces acting on a rigid body is given to be
non-zero. If the vector sum of all the torques
due to the system of forces about a certain
point is found to be zero, does this mean that it
is necessarily zero about any arbitrary point?

[NCERT]
Sol. No, givenZF, #0
The sum of torques about a certain point O
;rj k4 Fi =0
The sum of torques about any other point 0.
I(g —a)xF=EgxF-axXIF

Here, the second term need not vanish.



17.

Sol.

18.

Sol.

19.

Sol.

20.

Sol.

21.

Sol.

22,

Sol.

23.

Sol.

24.

Sol.

When is a body lying in a gravitation field in
stable equilibrium?
A body in a gravitation field will be in stable equilibrium,

if the vertical line through its centre of gravity passes
through the base of the body.

Is centre of mass and centre of gravity body
always coincide?

Mo, if the body is large such that g varies from one point
to another, then centre of gravity is offset from centre of
mass.

But for small bodies, centre of mass and centre of gravity
lies at their geometrical centres.

Does the centre of mass of a solid necessarily lie
within the body? If not, give an example.

No, the centre of mass of L-shaped rod lies in the region
outside of rod.

A faulty balance with unequal arms has its
beam horizontal. Are the weights of the two
pans equal?

They are of unequal mass. Their masses are in the inverse
ratio of the arms of the balance.

When a labourer cuts down a tree, he makes a
cut on the side facing the direction in which he
wants it to fall. Why?

The weight of tree exerts a torque about the point where
the cut is made. This causes rotation of the tree about
the cut.

Why a wrench of longer arm is preferred in
comparison to a wrench of shorter arm?

The torque applied on the nut by the wrench is equal to
the force multiplied by the perpendicular distance from
the axis of rotation. Hence, to increase torque a wrench
of longer arm is preferred.

Why in hand driven grinding machine, handle
is put near the circumference of the stone or
wheel?

For a given force, torgue can be increased if the

perpendicular distance of the point of application of the
force from the axis of rotation is increased.

Hence, the handle put near the circumference produces
maximum torque.
The bottom of a ship is made heavy. Why?

The bottom of a ship is made heavy so that its centre of
gravity remains low. This ensures the stability of its
equilibrium.

SHORT ANSWER Type Questions

25.

Sol.

g

Sol

A metre stick is balanced on a knife edge at its
centre. When two coins, each of mass 5 g are
put one on top of the other at the 12 cm mark,
the stick is found to be balanced at 45.0 cm.

What is the mass of the metre stick 7 [NCERT]
Let total mass of the metre stick be M kg.
A paem B
1]
,"! 12 cm 45cm 50 cm 100 f
c b/N |E
10g Mg

Distance between mid-point E and new centre of
gravity ( DE),

=50-45=5cm
Distance between 12 cm mark and new centre of gravity
(coy,

=45-12=33cm
From principle of moments in equilibrium,

MxDE=(2x5)=xCD
Mx5=10x33 or M =66g

Mass of the metre stick is 66 g.
In HCl molecule, separation of nuclei of the two
atoms is about 1.27A (1A =107'°m). Find the
centre of mass of molecule given that a chlorine
atom is about 35.5 times massive than a
hydrogen atom.

[NCERT)
Mass of an atom is concentrated at its nucleus, they can
be treated as point masses.

We take nucleus of hydrogen atom at origin and nucleus

of chlorine atom on x-axis.

where, —

m, = mass of hydrogen =1

my = mass of chlorine = 355 HT CM D}é"'
X =0 x, =127 A 1.27 A—

As the system is symmetrical about x-axis, its centre of

mass lies on x-axis.

_myxy +mox, 1% 0+ 35.5% 1.27

1+ 355

XM

X

Using Xema

H‘I] + H‘Iz
=1.235 A
=1.235% 107" m (from origin)

So, centre of mass of HCl molecule is nearly 1.235 A from
the H-nucleus on the line joining H and C1 nuclei.



27. Does angular momentum of a body in
translatory motion is zero?

Sol.  Angular momentum of a body is measured with respect
to certain origin.

m e

So, a body in translatory motion can have angular
momentum.

It will be zero, if origin lies on the line of motion of
particle.

LONG ANSWER Type I Questions

28. Give the location of the centre of mass of a
(i) sphere
(ii) eylinder
(iii) ring and
(iv) cube each of uniform mass density.
Does the centre of mass of a body necessarily
lie inside the body? [NCERT]
Sol (i) Centre of mass of a sphere lies at its geometrical
centre.

(ii) Centre of mass of a eylinder lies at its geometrical centre,
i.e. at the mid-point of its axis of symmetry.
(iii) Centre of mass of a ring lies at its geometrical centre.
(iv) Centre of mass of a cube lies at its geometrical centre,
Le. at the point of intersection of its diagonals.
Mo, it is not necessary that centre of mass of a body lie
inside it, because in some cases such as a ring, a hollow

cylinder, a hollow sphere and a hollow cube centre of
mass lies outside.

29. Figure shows momentum versus time graph for
a particle moving along x-axis. In which region,
force on the particle is large. Why?

P

3
245~

1

P ot
i 2 3 45 617
. dp
Sol. Net force is given by F = -
I

Also, rate of change of momentum = slope of graph.
As from graph, slope AB= slope CD
And slope (BC) = slope (DE) =0

5o, force acting on the particle is equal in regions AB
and CDand in regions BC and DE (which is zero).

30. Find components along ¥, y and z-axes of the
angular momentum L of a particle whose
position vector is r and momentum is p with
components p,, p, and p,. Show if the particle
moves only in xy -plane, the angular

momentum has only a z-component.  [NCERT]

Sel. Angular momentum of a particle is | = r x p

Z

X

Let, r = xi+ }ri +z I..;, where (x, y, _z}js tllue lcta"tinn of
particle at some instant andp = p i + p_j + p_k, is the
linear momentum of particle at that instant.

Then, angular momentum of particle is given by

i ]k
L=rxp=|x y z
Py Py P

fliﬁ,-y—Py-zl—iipz-r—p,-z}
+tkip,-x—p.-y)..0)

So, components of angular momentum along x, y and

z-axes are
Ly =p:y-py2
Ly=p.x—p,z

and L, = p,x— p,y respectively

Now, if particle is confined to xy-plane, then
r=xi+yi = z=0
and P=pii+p,i = p, =0
Substituting in Eq. (i), we get
L=kipx-p.y)
So, angular momentum only has a z-component.
As angular momentum is cross-product of r and p.
. It is always perpendicular to plane containing r and p.
31. Two cylindrical hollow drums of radii g and 2R,
and of a common height h, are rotating with
angular velocities w (anti-clockwise) and w
(clockwise), respectively.
Their axes, fixed are parallel and in a horizontal
plane separated by (3R + 8). They are now
brought in contact (& — 0).
(i) Show the frictional forces just after contact.

(ii) Identify forces and torques external to the
system just after contact.

(iii) What would be the ratio of final angular

velocities when friction ceases?
[NCERT Exemplar]



Sol. (i) - Fr
R 2R
Velocities at the
point of contact
F F

F ]FEFCE on beft drum (upward)
F j Forca on right drum (dowmward)

(ii) F* =F = F* where F and F" are external forces

through support.
Fu=0
External torque = F % 3R, anti-clockwise.
(i) Let ®, and @, be final angular velocities
(anti-clockwise and clockwise respectively).
Finally, there will be no friction.
F
E

FF
Hence, Ry = 2R, . .

32. Anparticle on a rotating disc have initial and
final angular positions are
(i) - 2rad, + 6rad (ii) —4rad, —Srad
(iii) 6 rad, — 2rad,
In which case, particle undergoes a negative
displacement.

Sol (i) Angular displacement is
AB =0, —6,=6—(-2)=8rad
{ji}ﬂ.ﬂ=ﬂf—ﬂi=—3rnd —(—4rad)=-4rad
(1) AB = - 2rad—(+6 rad) = —8rad

B y==6rad
o] B y=="2ra

In cases (ii) and (iii), angular displacement is negative.
33. Aparticle of mass m is projected from origin O
with speed u at an angle 8 with positive x-axis.

Find the angular momentum of particle at
any time r about O before the particle strikes
the ground again.

Sol

34.

Sol

Let particle is at P at any instant t and its position vector isr.

Then, r=xi+yj
where, x=ucost-t

1
and _'|,l=:.:si.r1l'£l-l'—Egt2

and if v = velocity vector of particle at that instant.

Then, r=xi+ _}I;
where, x =ucosf.t
1
and y=usinB_f—E gt?
and if v = velocity vector of particle at that instant.
¥
P
v
S
0 : "
Then, v= v:i + \'yi
where, v_=ucosf
and v, = usinB — gt
S0, r ={un:osB}ri+[{usm9}-t—lg12]i
2
and v=ucusﬂi+{usinﬁ—gr}i
So, L = angular momentum of parricle
=pm(r xv)
i j k

=m|ucosBt (usillﬂ—lgr)f ]
2

ucosB (usin® — gt) i]

1 -
=-— Em (ucosB) _g:z.ln
So, angular momentum is along z-axis.

A car of weight 1800 kg. The distance between
its front and back axles is 1.8 m. Its centre of
gravity is 1.05 m behind the front axle.
Determine the force exerted by the level ground

on each front wheel and each back wheel.
[NCERT Exemplar|

'-'f.}": Moment of forces about centre of gravity is

always zero.
Total mass of the car = 1800 kg

Let m and (900 — m) kg be the masses of each front wheel
and each back wheel, respectively.

Distance of centre of gravity from the front axle =1.05m

oo Distance of centre of gravity from the back axle
=1.E80- 1.05=075m



Taking torque about centre of gravity,
m % 1.05 = (900 — m) x 0.75

or 1.05 m+ 0.75 m= 900 x 0.75
or 1.80 m =900 0.75
or ms= _gun 2% 0TS =375 kg

1.80
o (900 — m) = 900 — 375 =525 kg
. Weight of each front wheel (w, ) =m, g
w, =375 x98=36T5 N
Force exerted by the level ground on each front wheel.

= force exerted by each front wheel on the level ground

{w,)=3673 N
Weight of each back wheel (w, )= m.g
w, =525 X 98=5145 N

rgrsinﬁ " lrzdﬂ-p
03 2

1 5
L <r'pdo

1 2 4 T, 2r e |
=X ; r -pL sinBd0 _ ?L sinBd0

2
j:de

1, r:
3 p-[ do
= 2r

%[— cos @)} _

(cos T — cosOP)

(615 (n-8)

=4rfin

.. Force exerted by the level ground on each back wheel.

= force exerted by each back wheel on level ground
(w,)=5145N.

LONG ANSWER Type II Questions

35.

Sol.

Find position of centre of mass of a
semicircular disc of radius r.

As semicircular disc is symmetrical about its one of
diameter, we take axes as shown. So, now we only have
to caleulate Yy, - As, Xy is zero by symmetry and
choice of origin).

Y
A
B
(1]
0| X
Axis of symmectry CM lies on this
m
MNow, Yiu = -
dm
From our text, MYy =I ydm
1 ydm
Yeu = —Iyd'm= I
M jdm

Mow, for a small element OAB, as element is small and it
can be treated as a triangle so,

Area of sector OAB = l * rx rdf
2

Height of triangle = r
Base of triangle = AB = rdf

So, its mass dm = lridﬂ P
2

-]

2
As centre of mass of a triangle is at a distance uf; from

its vertex (at centroid, intersection of medians). So,
2 .

¥ = —rsinf (location of CM of small sector AOB).
3

[NCERT Exemplar]

4r
So, CM of disc is at a distance of — from its centre on
its axis of symmetry. "

36.

A disc of radius R is removed from a dise of
radius 2R as shown.

Find centre of mass of above disc with hole.
[NCERT]
Sol  First consider the composite plate,

how 1o be removed = R

x-coordinate of centre of mass of composite plate is given
myxy + MyXy
by xgyy = ———
my + my



37.

Sol

where,

m; = mass of disc of radius 2R

x; = position of centre of mass of disc with hole

m, = mass of part removed of radius R

x, = position of centre of mass of part removed.
Now, as centre of mass of composite plate is at origin,
S0

ey = 0= m X, + m, X,
my + m,

or myx; + maXxy =0

Now, we are finding x;.

S, Y
ml
Now, m,_ denm:ty ® volume of portion 2
m, density > volume of portion 1
_ thickness x area of portion 2
thickness x area of portion 1
m, _A nR* 1
= =2 = —_—=- 38.
m Ay m2R)" -nR° 3
Also, x, = — R, (negative sign is w.r.t. coordinate axes)
Hence, X, =—ﬂ-:vr2
ny
=— l{_ R)= 1p
3 3
So, centre of mass located at [1 =l Ry= U) point.
3
Two particles each of mass m and speed vitravel Sol

in opposite direction along parallel lines,
separated by a distance d. Show that vector
angular momentum of the two particles system
is same whatever be the point about which

angular momentum is taken. [NCERT]

A sketch of system of particles at any instant is shown.
Let, O be the origin chosen.

d—

Then, angular momentum of particle at A is
Iy =0A % p=0A x mv
=m(0A % v)
and angular momentum of particle at B is
I, =0Bx p=0B x(-mv)

=—-m(OB x v)
So, total angular momentum of the system of particles is
L=1,+1,

=m(OA Xv)—m(OB xv)
=m(OAXv—OBxv)
=m(OA - OB) x v

=m(BA)x v
{As, BA = position vector of A — position vector of B}
Above expression is independent of choice of origin.

This is true even when particles are not in a straight
line.

Li=1,+1,=m(0OA xv—OB x v)

=m(BA)x v
Which is same as previous result. So, angular
momentum of system is independent of choice of
origin.
A beam of uniform cross-section and uniform
mass-density of mass 20 kg is supported at
ends. Amass of 5 kg is placed at a distance of
L/5 m from one of its end. If beam is L m long,
what are reactions of supports?
37 In dealing with problems of equilibrium of a
¥ rigid body (ke beam in this question), first of
all draw a free body diagram of the system,

indicating all of the forces acting on the
system.

In given case, our system looks like

Forces involved are (i) weight of beam =F, =mg
(ii) weight of mass placed over beam =F, = m.g
(ii) Reactions of supports F; and F; which we have to
found.

Free body diagram of our system is

F3 Fa

F2=m2g F1 =mg
L L I

In static equilibrium problem, calculation involves the
following equations
Sum of all vertical (or vertical component of) forces is
zero, L F, =0
Sum of all horizontal forces or horizontal components of
forces is zero, AF, =0
Sum of all torques is zero.

Zt=0



You may take signs as

All forces along + y-direction are positive.

All forces along + x-direction are positive.

All forces along — y-direction are negative.

All forces along —x-direction are negative.

All anti-clockwise torques are positive.

All elockwise torques are negative.

In given problem, as the beam is in equilibrium,

EFy =0

or Fy+F,—-F,—F =0

or Fo+Fy—mug—mg=0 i)
EFy =0

As there is no horizontal force involved here so, this does
not give any equation.

and Zx=0

Let us choose rotation axis through right hand corner of
beam.

Sum of all torques is
I—‘zx%L+f‘1 x%—ﬁxjﬁu

(no torque due to force F,)
From above equation,

2F,+F —F=0
5
or i m,g+mg—F, =0 -1}
5

When all the equations are formed, solve them like
linear simultaneous equations to get desired results.

In given problem, from Eq. (ii) we get

4
F3=;ng+ mg

=%x5x1u+2ﬂxm

=20%12=240N

m, = 20kg
and m, =5kg

g=10m/s*
Substituting value of Fy, m, and m, in Eq. (i). we get
240+ F,—5x10-20=10=0
ar F, =50+ 200 —240
F,=10N

S0, support reactions are 240 N on left support and 10 N
on right support.

39. Asshown in the figure, the two sides of a step
ladder B4 and C4 are 1.6 m long and hinged at 4
Arope DE, 0.05 m is tied half way up. A weight
40 kg is suspended from a point F, 1.2 m from B

along the ladder BA. Assuming the floor to be
frictionless and neglecting the weight of the
ladder, find the tension in the rope and forces
exerted by the floor on the ladder.

(Take, g =98m/s%) [NCERT]

B8 C

Sol  Different forces acting on the system are
(i} Normal reaction of the floor at point B, Ny acting in
vertically upward direction.
(ii) Normal reaction of the floor at point C. Nacting in
vertically upward direction.
(iii) Weight at point F, acting vertically downward.
(iv) Tensions in the string as the ladder will have a
tendency to slide at point Band point C (as the floor is
frictionless) so, at both points D and E the string will

be stretched in outward direction, therefore the
tensions at both points will be along inward.

B

Given, length of each side of ladder
AB=AC=1.6m

Let the sides of the ladder subtend an angle 8 with the
horizontal and forces exerted by the floor on the ladder
at points Band C be Ny and N, respectively.
Length of the rope (DE)=05m

Weight suspended (w) =40 kg-f

=40x9.8=392N

Distance (BF)=12 m

s Distance (AF )= AB— BF=16—12=04m



ZABC = ZADE = ZACB = ZAFD =8
Let A’ be the mid-point of the rope

0.5
DA’ = = 0.25m

1 1
DF’ = FH’=—R4'=EX1].25= 0.125m

2
For translational equilibrium of the step ladder,
Ng+No=W
Ng+ N, =392 N A1)

Taking moment of forces about point A for side AB,
NgxBC'=Wx FA"+T x AA"
But BC* = ABcosB
and AA" = ADsinB
Ngx ABcosB =W x0.1254+ T x ADsinfl  __({ii)
But from ADFF’,

DF* _ 0125

cos B = ——= 03125
0.4

8 =728"°
cos B = cos T2.8° =0.3125
sinf = sin 72.8% = 0.9553
tanB = tan 728" = 3.2350
Substituting values in Eq. (ii), we get
Ny % 1L.6% 0.3125= (392 0.125)+ (T x 0.8x 0.9553)
or 0.5 Ny =0764T +49 i)

Now, taking moment of forces about point A, for side
AC.

N =2 CC"'=T x AA’
But CC* = AC cosf and AA" = AEsinf
Ne % ACcosB =T x AEsin®
N. %1.6x03125=T = 0.8x 0.9553
05N -=0T64 T L.iv)
Substituting value from Eq. (iv) in Eq. (iii), we get
05N, =05N- +49
05(Ng —N-)=49
LNy - No)=49
2
Ng—N- =098 ¥
Adding Eqgs. (i) and (v), we get
2N, =392 + 98 = 490
or Ngp=245N
From Eq. (i),
Ne=392-245N=14T N

FromEq(iv), T =oort47
0.764

=962 N

40.

Sol

From a uniform disc of radius R, a circular

. . R.
section of radius 7 is cut out. The centre of the

hole is at %fmm the centre of the original disc.

Locate the centre of gravity of the resulting flat
body. [NCERT]
Let mass per unit area of the disc be m.

*. Mass of the disc { M) = total area of disc x mass per
unit area = TR m.

Mass of the portion removed from the disc (M)

(2

nR? M

4 4

The centre of mass of the original disc is O and the
centre of mass of the removed part is O,and let centre
of mass of the remaining part be O,.

According to the question, figure can be drawn as

Here, o0, = =
2
The remaining portion of the disc can be considered as

a system of two masses M at Oand — M"=— J:—f at 0.

If the distance of the centre of mass of the remaining
part from the centre O is at a distance x, then

M:::ﬂ—M'xE —Mxi
‘= 2__4 2
M-M MM
4
MR 4 R
=——){_=__
B M

. R
Therefore, centre of mass of the remaining part is at —
[

to the left of centre (.



ser k] YOUR TOPICAL UNDERSTANDING

OBJECTIVE Type Questions

1. A system of particles is called a rigid body

when

(a) any two of particles of system may have
displacements in opposite directions under action
of a force.

(b) Any two of particles of system may have
velocities in opposite directions under action of a
force.

(c) Any two particles of system may have a non-zero
relative velocity.

(d) Any two of particles of system may have
displacements in same direction under action of a
force.

2. Forn-particles in a space, the suitable expression for
the position vector of centre of mass is

(a) i (b} m;r;

m
Em;r;

(c) M

@ 2
my
3 For which of the following does the centre of mass
lie putside the body? [NCERT Exemplar]
{a) A pencil
(b) A shotput
(c) A dice
(d) A bangle

4. Angular velocity vector is directed along
(a) the tangent to the circular path
(b) the inward radius
(c) the outward radius
(d) the axis of rotation

5. In translational equilibrium,

(@) § Fo =0
=1

(c) Both (a) and (b) are the necessary conditions for the
translational equilibrium

(d) Particle may be in equilibrium when (a) and (b) are
not fulfilled.

Answer

LE | 2@ | 3@ 4. (d) 5. (@

VERY SHORT ANSWER Type Questions
6. What is the basic difference between pure
translation motion and pure rotational motion?

7. Aball is moving with a velocity of 10 m/s. Suddenly,
it breaks into two equal parts. What will be the
speed of centre of mass of the system after
explosion? [Ans. 10 m/s]

8. A particle is moving on the x-axis with a linear
velocity of 2 m/s. What will be its angular
momentum about the origin? [Ans. zero]

SHORT ANSWER Type Questions
9. It is difficult to open the door by pushing it or
pulling it at the hinge. Why?
10. Which physical quantities are expressed by the
following:
(i) the rate of change of angular momentum?
(ii) moment of linear momentum?

1. If no external torque acts on a body, will its angular
velocity remains conserved?

12. Why is it easier to open a tap with two finger than
with one finger?

13. Can the couple acting on a rigid body produce
translatory motion?

14. Can be a body in translational motion have angular
momentum? Why?

15. If a body is rotating, is it necessarily being acted
upon by an external torque?
LONG ANSWER Type I Questions
|3 Marks)|
16. Locate the centre of mass of uniform triangular
lamina and a uniform cone.

17. Three identical spheres each of radius r and mass m
are placed touching each other on a horizontal floor.
Locate the position of centre of mass of the system.

¥
I_Ans. (r. E]J

18. Explain the concept of torque. Obtain an expression
for torque in polar coordinates.



LONG ANSWER Type 1l Questions
19. In given pulley mass system, mass m, =500 g,
m, = 460 g and the pulley has a radius of 5 cm.

When released from rest, heavier mass falls through
7.50 cm in 5 5. There is no slippage between pulley
and string.
(i) What is magnitude of acceleration of masses?
(ii) What is magnitude of pulley’s angular
acceleration?
[Ans.a=6x10"" m/s* o« =120 rad /5*)

| TOPIC 2|

20. Find the centre of mass for a solid cone of base
radius r and height h.

[Ans. At height E from the point O. O is at the centre
4
of the base of the cone]

21. A metal 13 bar 70 cm long and 4 kg in mass
supported on two knife edges placed 10 cm from
each end. A 6 kg weight is suspended at 30 cm from
one end. Find the reactions at the knife edges.
Assume the bar to be of uniform cross-section and
homogeneous. [Ans. 55 N and 43 N]

Moment of Inertia and Rolling Motion

MOMENT OF INERTIA

The property of a body by virtue of which it opposes the
torque tending to change its state of rest or of uniform
rotation about an axis is called rotational inertia or
moment of inertia.

To understand moment of inerta, let us consider a nigid
body rotaring abour a fixed axis. For a rotating rigid body,
kinetic energy is the sum of kinetic energies of individual
particles.

Rotation of a rigid body

So, kinetic energy of a rotating body,

1
.‘(=—mly]‘1+—mlu§+--~+—mnu:
d d
or K= —myv;
inl2

1 -
Substitutingy =rm, K =X E’"f’.‘zm_

where m; is the mass of particle, v; is the linear velocity.

As, the anguhr vch:rcity @ is same for all the pa.rticlr:s of rigid
. 1 (> 2 .
S0, K=—w" | X mr v}

2 i=l
The quantity £ {m,-rf-‘j'] depends on distribution of mass

around axis of rotation. This quantity is called moment of
inertia ().

1
[Kin:tic energy, K == Imz] ...{ii)

For translational motion, the kineric energy of a parti::lc of

m.usm:-l.ndspccduis
1

KE=—mp”
2

By comparing Eqs. (ii) and (iii), we can get that moment of

L..{11i)

inertia in the rotational :-1.n:-1|uguc of mass.
So, fora rotating b-ndy, its moment of inertia
I=Em ,-r;-z
im]

Hence, moment of inertia of a rigid bady abour a fixed axis
is defined as the sum of the products of the masses of the
p:-l.rlicl:s constiruting the b-ndy and the squares of their
respective distances from the axis of rotation.



«

Some Important Points about
Moment of Inertia

* Moment of inertia is a measure of rotational inertia and
it plays same role as played by mass in translational
mation.

= 3o, for a particle of mass m revolving in a path of radius
r. moment of inertia is / = mr?.

Particle revolving in a path

« [For a system of n particles, | = _Equrr.z
=

I
™

Number af particles revolving in a path

« [For continuous mass distributions, treating a
differentially small mass as a particle moment of inertia of
complete body

/= J'rzd'm

where, integral is taken for complete body.

A small particle in a rigid body to find
maoment of inertia of the whole body

* A heavy wheel called flywheel is attached to the shaft
of steam engine, automobile engine efc., because of its
large moment of inertia, the flywheel opposes the
sudden increase or decrease of the speed of the
vehicle. It allows a gradual change in the speed and
prevents jerky motion and hence ensure smooth ride of
pPaSSENEers.

* In a bicycle, bullock-cart efc., the moment of inerfia is
increased by concentrating most of the mass at the rim
of the wheel and connecting the rim to the axle through
the spokes.

Even after we stop paddling, the wheels of a bicycle
continue to rotate for sometime due to their large
moment of inertia.

Relation between Rotational Kinetic
Energy and Moment of Inertia

We have rotational kinetic energy
KE = % (Zmr?) w?

1

1
KE=—mp? =Emr1m2

For system of » particles, KE =% (X mr?) w*

But Smri=1

2

Therefore, rotational KE = Zi fw

1
When = 1, rotational K_E=Ef

ar [Mnmznt of inertia, / = 2 ¥ rorational KE]

Hence, the moment of inertia of a rigid body abour an axis of
rotation is numerically equal to twice the rotational kinetic
energy of the body when it is rotating with unit angular velocity
about thar axis.

EXAMPLE |1| Increasing the Revolution

An energy of 484 ] is spent in increasing the speed of a

flywheel from 60 rpm to 360 rpm. Calculate moment of inertia
of flywheel.

Sol Energy spent, W =484 ]
Initial speed, oy = 60 rpm = %x 2n = 2n radfs

360
Final speed, t, = 360 rpm = Ex 21 =127 rad/s
Moment of inertia, [ =7

1 1 ;
Energy spent, W = E, — E, = E:mﬁ _Emf

1 ; .
=E1[f12;r)2—{2n}4]= 701
484
= I= _ =07 kg-m®.
0%t

Radius of Gyration (K)

The radius of gyration of a body abour an axis may be defined as
the distance from the axis of a mass point whose mass is equal o
the mass of whole body and whose moment of inertia is equal o
the moment of inertia of the body abour the axis. When square of
radius of gyration is multiplied with the mass of the body, gives
the moment of inertia of the body abour the given axis.

I=MK?

M
where, K is radius of gyration of the body.

[R::dius of gyration, K = L]




If we consider a rotating body, then its moment of
inertia is
! =mmz +m;_r;_2 +m_=,;r32 +oeet mnrf

Let

My =M, =Wy == m, =,
Je
T Qm,
ﬂ"||1l )—n
Fa Omz
A rotating body with various masses
Then, [= mr]‘j' + mr}_‘j' + mr;' + -t mr:
=m {:r]z+r_,_2+r; +~~-+rn2}

and by definition of radius of gyration,
I=mK?

(.

Total mass

A rocating body
So, from Egs. (i) and (i), we get
MK? =m{r|2+r:,_2+-“+rn2]

m
or K2=E{r|1+rlz+---+rn2}

. A1)

. (i)

Kz=i{r|2+ r_-!l+-- -rnz} [as M = mmn]

e

z 2 2
rtry e tr
oF KZJ] 2 o

"

Hence, radius of gyration of a body about a given axis is equal
to root mean square distance of constituent pa.rticles from
the given axis,

Note
+ Factors on which radius of gyration of a body depend
+ Position and direction of the axis of rotation.
+ Distribution of mass about the axis of rotation.

EXAMPLE |2| Radius of Gyration when a number of
Masses having Rotation

Four masses are rotated about an axis as shown. Find radius
of gyration of the system. [NCERT]

Sol

Moment of inertia of a mass about axis

= mass [u:list.ance}l2

. Moments of inertia of masses are

I, = 2mr’
= I, =3m-r?

Iy = 2m-r*
= I,=mr

So, total moment of inertia of system of masses
=L+l +1+1, =8mr’

Total mass of system = 8m

If radins of gyration is K, then [ = MK*

2
or K2=L=Emr

M Bm
or K=r



Moment of Inertia in Some Standard Cases

Body Figure Moment of inertia K K3/ R?

Thin circular ring,

MR? R 1
radius R
. C;r) 1 ML2 L
Thin rod length, L % ) N
Circular disc, X vm? R 1
radius R 2 2 2

Hollow cylinder,

MR? R 1
radius R

M=

Solid sphere,
radius R

Solid cylindrical, MR? R
radius R p 2




KINETIC EQUATIONS OF
ROTATIONAL MOTION
ABOUT A FIXED AXIS

The three equations of linear motion are
()v=u+ar

1 5
(i) s=ut+—at”
2

ain 2 2
(ii1) v~ —u" =2as
where, the symbols have their usual meaning.

In the similar way, we can write equations of motion for
rotational motion such as

(i) 0=, + oz (ii)():u)(,wzlou2

(iii) @ =0 =20 (0 —=0,4)

where, 6, and ® are the initial angular displacement and
initial angular velocity of the body, respectively.

EXAMPLE |3| Angular Speed of Wheels
The angular speed of a motor wheel is increased from 1200
rpm to 3120 rpm in 16s.

(i) What is its angular acceleration, assuming the
acceleration to be uniform?

(ii) How many revolutions does the engine make during this

time? [NCERT]
Sol. (i) Given,
Initial revolution of the wheel, N, = 1200 rpm
Final revolution of the wheel, N = 3120 rpm
Time, t=16s
Angular acceleration, a=7?
Number of revolutions of the engine =?
2nN, 2mx1200
Initial angular speed, o)y = —% = ————
e b 60
= 4071 rad/s
N X
Final angular speed, o = C L ) [ 1047 rad/s
60 60
Angular acceleration, & = — %,
t
1047 — 40
o =————=4nrad/s’

16

(i) Now, evaluate the angular displacement of the motor
wheel because the number of revolutions of the wheel of
the engine is

[§]
N. = —
E o on

The angular displacement in time t is

1
El=m‘,a'+?3u2

0 =401 X 16 + % % 47 % (16)*=1152nrad

Determine the number of revolutions done by the wheel
of the engine in time, t =16s.
0 1152n

E=S—=

2n 2n
N =576
The revolutions per second can also be find out as
576
—=361ps
16

EXAMPLE |4| A Constant Angular Acceleration of a
Wheel
A wheel has a constant angular acceleration of

4.2 rad/s®. During a certain 8.05 s interval, it turns
through angle of 140 rad. Assuming that wheel started
from rest, how long it had been in motion before the
start of the 8.0 s?
Sol. Let @, = initial angular speed att =0

Then, angle turned at end of 8.0 s is 140°.

Using 0=yt + %(1!2
0 - Lar?
We have Wy = —f—

1402 (4.2) (8.0)

v 8.0

w, =0.7 rad/s
Now, using ® = @, + ¢t and taking o= 0.

We have, [=m_%=0—_%

o 4.2
0.7

=—-—=-0l6s
4.2

So, wheel starts from rest 0.16 s before.

DYNAMICS OF ROTATIONAL
MOTION ABOUT A FIXED AXIS

From the given table, we compare lincar motion and
rotational motion abour a fixed axis, i.c. z-axis.

Comparison of Translational and Rotational Motion

Pure translation Pure rotational

Position, x Angular position, &
. alx ’ ab
Velocity, v= — Angular velocity, w = —
ity v=— ng ity -
Acceleration, a = v Angular acceleration, o= o
it at
Masgs, m Rotational inertia, /




Pure translation Pure rotational

Mewton's second law,
F=ma

WDrkl:IDnE.W:chb[

Mewton's second law, T = la

Work done, W =_[n:m

Kinetic energy, K = %J’T‘J‘U’z Kinetic energy. K = %I‘mz

Power, P = Fv

Linear momentumn, p = mv

Power, P = tw

Angular momentum, L = fw

In case of rotatonal moton abour a fixed axis, we have

(1) We need to consider Dnl}' those forces thar lie in planc.s
pcrpcndicul:-l.r to the axis. The forces which are p:-l.r:-lllcl
to the axis of rotarion will give torques perpendicular
to axis. As the axis is fixed, we will ignore torques
pcrpcndicul:-l.r to the axis.

(11) We consider nnl}' those components of the position
vectors which are perpendicular to the axis of rotarion.
Components of position vectors a]nng the axis will
result in torques pcrpcndicular to axis and thus be
ignored.

Work Done by a Torque
Consider a rigid bo-d_v rotating about a fixed axis. Let R be
the force acting on a particle of the body at point P, with its

line of action in a planc p-crpcnclicular to the axis.

n

(a) The angular welocity vector
w s diracted along the fixed axis

(b)) Wiork done by a force acting
on a particha of a body
The particlc at P describes a circular path of radius n with
centre C on the axis, CP =r. At time At the point moves
to the position P; and displacement of the particle d's,.
Work done by the force on the partcle is given by

dW, =F,-ds, = Fds, cosh, = F, (rn,dB)sin
where, &, is the angle between F, and the tangent at P} and
o, is the angle berween F, and radius vector OP;
¢] + 0L 1= 9{]“.
Torque due w F, about the origin is given b}'

T, =0P, xF,

From Fig. (a) OF, =0OC + CP, but OC is along the axis,
therefore the torque rcsulting from it is excluded from our

consideration.

Now, the effective torque due to F, is given by
Tl = CP x F]
Ml =T 1 dﬂ

If there are more than one forces acting on the body, then

work done is given by
dW = (T, +T,+1T3+...)d0

=140 [Ty +T2+T3+...=1]
Dividing both sides b}«' dt, we get
dW ﬂ
dt ot
= Instantanecous power, P =TW

The above expression indicates instantaneous power.

Relation between Torque and Moment
of Inertia

The rotadonal kinetic energy of a rigid bocl)r is rcprcscntcd
by

KE =~
2

If the body has an angular acceleration ¢, its rotational
kinetic energy will be change.

We know P= i (KE)
ot

[rate of change of KE is momentum]|

a1l -
= — —f -
a’r(z m)
1 d .
—2.:" a!'rl:m )] [if I is constant]
:lj{zm)ﬁ
2 dr
et
P= =
o =]
T =1 [ P =1wm|

It 1s similar to the expression of Newton's second law for
translarional motion with constant mass.

[{ is constant]

EXAMPLE |5| Cord Wounded Round a Flywheel

A cord of negligible mass is wound round the rim of a
flywheel of mass 20 kg and radius 20 cm. A steady pull of
25 N is applied on the cord as shown in the figure. The
flywheel is mounted on a horizontal axle with frictionless
bearings.



(i) Compute angular
acceleration of the
flywheel.

(ii) Find the work done by the il 22::?\
pull, when 2 m of the cord is
unwound.

(iii) Find also the KE of the flywheel
at this point. Assume that the F=25N

flywheel starts from rest.
(iv) Compare the answers of parts (ii) and (iii).
Sol. (i) Torque, T=FR=25%0.20=5N-m
[ R=20cm=02m]

Moment of inertia, | = —— = ————— = 04 kg-m*

Angular acceleration, o = ; = % =125 rad &

(ii) Work done by the pull W = Fxs=25x2=50)
(iii) KE = -:;Jm’

o = 0p +200 =0+2x125%10

2
=0,0=—=10rad
[ oy = rad]

KE = L %04 %250 =50 ]
2

(iv) From parts (ii) and (iii), KE = W
. No loss of energy due to friction.

EXAMPLE |6| Work Done by a Rotor
To maintain a rotor at a uniform angular speed of
200rads™, an engine needs to transmit a torque of
180 N-m. What is the power required by engine? Assume
100% efficiency of engine.
Sol. Work done by torque in turning rotor by angle d0 is
= 1dO

So, power delivered by engine
P= Work done =_[Q
Time taken dt
[dt = time for turning by angle 46.]
or P=1w
So, power required =180 x 200= 36000 W
=36 kW [1 kW =1000 W]

ANGULAR MOMENTUM IN
CASE OF ROTATION ABOUT
A FIXED AXIS

The general expression for total angular momentum of a
system of particles is given by

L=Zr,Xp;=Z'r,»Xm,><v,

=1

n
=zriXmiX(er,~)

Using vector triple product, we get

L= i m[(r; - r)o=(r; - @)-r;]
=1

=3 mi[rllm-O] =X mir,'zu)
=1 =1

For any individual particle, the vectors of angular
momentum and angular velocity are not necessarily parallel.
In case of linear morion, linear momentum and linear
velocity vectors are always parallel to each other.

n
In z-axis, the moment of inertia / = X m, - r,2 and

=l

substituting in the above equation, we get
L=L =lok

Differentiating w.r.t. time, we get

d d A 2
ZL‘ -Z(](D)k (l)

...(i)

For rotation abour fixed axis, we have d:' =tk
't

From Egs. (i) and (ii), we have

%(I(D)=‘t ...(111)
If moment of inertia does not change with time, the Eq. (ii)
can be written as

ldw
—=1torlaa=1

EXAMPLE |7| A Rotating Table
A child stands at centre of a turntable with his arms out
stretched. The turntable is set rotating with an angular
speed of 40 rev/min.
(i) How much is the speed of child if he folds his hands
and thereby reduces his MI to 2/5 times of initial
value? Assume turntable is frictionless.

(ii) Show that child’s new kinetic energy of rotation is more
than the initial kinetic energy. How do you account for
this increase in kinetic energy? INCERT Exemplar]

Sol. (i) As no external torque is involved with child +
turntable system, so angular momentum of system
remains constant.
or Loy = 1 ;0
I, = initial angular momentum, I, @, = final
angular momentum

Here, y

2
o =40 rpm = l,:;!



Substituting, we get
2 5% 40
I x40= ;I. Xy OF g =T= 100 rpm

{ii) Initial KE =—[u? = %x I, = (40)*

x I, %1600 = 800 I,

b = .

) 1 1 2 y
Final KE = = [ ;i0; = =% = [, % (100
g I " 375 (100)

(%)

1 2
=Ex;x1, ® 100 x 100 = 2000 I;

Clearly, final KE > initial KE. This energy is obtained from
conversion of muscular work in KE. Muscular work has to
be done in folding of arms.

EXAMPLE |8| Conservation of Angular Momentum
A comet revolves around the Sun in a highly elliptical orbit
having a minimum distance of 7%x10"m and a maximum

distance of 1.4 x 10 m. If its speed while nearest to the sun is 60

kms ™", find its linear speed when situated farthest from the sun.
Sol  Let mass of comet be M and its angular speed be
when situated at a distance r from the Sun, then its angular
momentum L = [w= Mrfa

If v be the linear speed, then L = Mrfw= Mrv
In aceordance with conservation law of angular momentum,
we can write that mrv, = mrv,

nv, 7 % 10" %60

vy, =t = —————— =03 km /s or 300 m/s
¢ Fy 1.4x 10"

ROLLING MOTION

The rolling motion can be regarded as the combination of pure
rotation and pure translation. It is also one of the most common
motions observed in daily life.

e.g. The wheels of all vehicles running on a road having rolling
motion. The translational motion of a system of particles is the
motion of its centre of mass.

Po
Rolling motion of a disc on a level surface

Suppose the rolling motion (without slipping) of a
circular disc on a level surface. At any insaant, the point
of contact P, of the disc with the surface is ar rest (as
there is no slipping). Ifv 18 the velocity of centre of
mass which is the geometric centre C of the disc, then
the translational velocity of disc in v &, is parallel to
the level surface.

If the rotarion of disc is abour its symmetric axis, it
passes through C. Then, velocity v, at point P, of disc
is vecror sum of vy and v, which is linear velociry
on account of rotation.
The magnitude of linear velocity is

v =ra
The velocity v, is directed perpendicular to r. The
velocity v, of point P, as the resultant v, and v _.
At Py, the linear velocity v, due to rotation is direcred
opposite to the translational velocity vy, The
magnitude of v_ is P is R, where R is the radius of
the disc. As F is instantaneously ar rest. So,

Velocity of centre of mass, v ¢y = R

Thus, for the disc o roll without slipping, the
essential condition is v, = R,

At top of the disc, vy =vpy + Rw=2vy and is
directed parallel to the surface of level.

Kinetic Energy of a Rolling Body

The kinetic energy of a body rolling withour slipping
is the sum of kinetic energies of translational and
rotational morton.
. Toral KE of a rolling body
= Rorational KE + Translational KE
15 1 4
=—Jw" +—
2 5 L]

where v, is the velocity of centre of mass and [ is the
moment of inertia abour the symmetry axis of the
rolling body. If R is the radius and K is the radius of
gyration of the rolling body, then,
vepg = Ko

and I=mk?

1 1 vem 1

K= Emﬂém + Emﬁz[%]

==
L E
| I

1
Kinetic energy, K = Emvém[] +—




EXAMPLE |9]| A Solid Sphere on an Inclined Plane
A solid sphere rolls down two different inclined planes of
same height but different angles of inclination
(1) Will it reach the bottom with the same speed in each case?
(ii) Will it take longer to roll down one plane than the other?
(iii) If so, then which one? [NCERT Exemplar]

Sol (i) Yes, (ii) Yes, (iii) On

smaller inelination
(i) Let mass of sphere = m

Radius of sphere = r
Height of inclined plane
=h
Al top, total energy is potential energy = mgh
At bottom, the sphere has both rotational and
translational kinetic energies.
Hence, total energy at bottom of incline

1 '
=—mv® + =’
2 2
2 2
Here, I=;mr and v = rw
So, total energy at bottom

1 s 12 .
=—mirw) + =% =mr’ ®w
2 2 5

7 . 7
= — mrio’ = —mv’®

10 10
As sphere is not slipping, no energy is lost in rolling
down the plane

So, equating energy at bottom and at top

7 ’m
—mv - =mgh or v=_|—gh
10 mE 7 o

Hence, velocity of sphere depends only on height h
and acceleration due to gravity g So, velocity at
bottom is same in both cases.

{ii) When sphere rolls down the plane, forees acting on
sphere are as shown

As only foree down the plane is mg sin 0, acceleration
down the plane is g sin 8.

If 8, =8,

Then, gsinB, > gsin@, or a, >a

MNow, using v =u + at

; v
and takingu =0, v=al ort = —
a

. . 1
(iii) As v is same in both cases, t == Ag a, >a,,
a
soly >0,
Hence, sphere will take a longer time to reach the
bottom of inclined plane having smaller inclination.

| TOPIC PRACTICE 2|

OBJECTIVE Type Questions

1. The angular velocity of a wheel increases from
100 rps to 300 rps in 10 s. The number of
revolutions made during that time is
{a) 600 {b) 1500
{c) 1000 (d) 2000

Sol (d) Angular displacement 8 during time !, assuming
constant acceleration be
p = +uw,
2
100 + 300
=—x
2
= 2000 revolutions

10

2. If a girl rotating on a chair
bends her hand as shown in
figure the (neglecting
frictional force).

(a) Isiﬂ will reduce
(b) Iz will increase
(c) Wiy will reduce
(d) None of the above
Sol (a4) As there is no external torque, if the girl bends her

hands, her MI about the rotational axis will decrease. By
conservation of angular momentum,

if L = lin = constant, then wwill increase.

3. When a dise rotates with uniform angular
velocity, which of the following is not true?
[INCERT Exemplar]
(a) The sense of rotation remains same
(b) The orientation of the axis of rotation remains same
(c) The speed of rotation is non-zero and remains same
(d) The angular acceleration is zero

Sol (d) We know that angular acceleration

dw
o= - given w= constant
'y

where wis angular velocity of the disc

= e = — =}

Henece, angular acceleration is zero.

VERY SHORT ANSWER Type Questions
4. Why is moment of inertia also called rotational
inertia?
Sol The moment of inertia gives a measure of inertia in
rotational motion.

So, it is also called rotational inertia.



5.

Soel

6.

Sol

Sol

Sol

Sol

10.

Sol

11.

Soel

12.

Sol
13.

Sol

14.

Does the moment of inertia of a rigid body
change with the speed of rotation?

No, because the moment of inertia depends upon the axis
of rotation and distribution of mass.

Two solid spheres of the same mass are made of
metals of different densities. Which of them has a
larger moment of inertia about the diameter?
Why?

The sphere with smaller density will have larger radius
and hence larger moment of inertia.

In a flywheel, most of the mass is concentrated
at the rim. Explain why?

Concentration of mass at the rim increases the moment
of inertia and thereby brings uniform motion.
What is the moment of inertia of a sphere of

mass 20 kg and radius im about its diameter?

Moment of inertia of a sphere about its diameter,

2
1=2mrt=2x zux[l] =05 kg-m”*
5 5 4

Does the radius of gyration depend upon the
speed of rotation of the body?

No, it depends only on the distribution of mass of the
body.

About which axis would a uniform cube have a
minimum rotational inertia?

In a uniform cube, the mass is more concentrated about a
diagonal.

A constant torque of 120 N-m rotates its point of
action by an angle of 30° What is the work done
by the torque?

Work done by the torque, W =18

=120x[3uwa=2l]n_|
180

A ballet dancer stretches her hand out for
slowing down. Name the conservation obeyed.

This is based on the conservation of angular momentum.
A wheel of moment of inertia 50 kg-m? about its

own axis is revolving at a rate of 5 revolutions per
second. What is its angular momentum?

Here, I = 50kg-m”, @v=5 rps = 5% 27 rad/s
o Angular momentum L = lw= 50x 107 = 5007 -5
Can the mass of body be taken to be

concentrated at its centre of mass for the
purpose of calculating its rotational inertia?

Sol

15.

Sol

No, the moment of inertia greatly depends on the
distribution of mass about the axis of rotation.

If a cube is melted and is casted into a sphere,
does moment of inertia about an axis through
centre of mass increases or decreases.

Moment of inertia of a sphere is less than that of a cube
of same mass.

SHORT ANSWER Type Questions

16.

Sol.

17.

Sol.

18.

Sol

19.

Sol

20.

Sol.

A person is standing on a rotating table with
metal spheres in his hands. If he withdraw his
hands to his chest, what will be the effect on his
angular velocity?

When the person withdraws his hands to his chest, his
moment of inertia decreases. No external torque is

acting on the system. So, to conserve angular
momentum, the angular velocity increases.

Why does a solid sphere have smaller moment
of inertia than a hollow cylinder of same mass
and radius about an axis passing through their
axis of symmetry? [NCERT Exemplar]

All mass of a hollow cylinder lies at a distance R from
axis of rotation. Whereas in case of a sphere, most of
mass lies at a distance less than R from axis of rotation.
As moment of inertia is ZM, B, so sphere as a lower

value of moment of inertia.

Two boys of the same weight sit at the opposite
ends of a diameter of a rotating circular table.
What happens to the speed of rotation if they
move nearer to the axis of rotation?

The moment of inertia of the system (circular table +
two boys) decreases. To conserve angular momentum
(L = ko= constant), the speed of rotation of the circular
table inereases.

If ice on poles melts, then what is the change in
duration of day?

Molten ice from poles goes into ocean and so mass is
going away from axis of rotation. So, moment of inertia
of earth increases and to conserve angular momentum,
angular velocity (w) decreases. So, time period of
rotation increases (T = 2mfw). So, net effect of global
warming is increasing in the duration of day.

The speed of a whirl wind in a tornado is
alarmingly high. Why?

In a whirl wind, the air from nearby region gets
concentrated in a small space thereby decreasing the
value of moment of inertia considerably. Since,

In= constant, due to decrease in moment of inertia, the
angular speed becomes quite high.



21.

Sol

22,

Sol

Sol

A solid cylinder of mass 20 kg rotates about its
axis with angular speed of 100 rad/s. The radius
of eylinder is 0.25 m. What is KE of rotation of
cylinder? INCERT Exemplar|

M= 20kg, w=10rad/s, R=0.25m
Moment of inertia of eylinder about its own axis

1 . 1 . .
=2 MR = 2% 20 x (0.25)* = 0.625 kg-m?

Fotational KE = IE I

]E ® 0.625x (1002 = 3125 ]
If earth contracts to half its radius. What would
be the length of the day?

The moment of inertia [I = ;.‘.I}F ] of the earth about

its own axis will become one-fourth and so its angular
velocity will become four times (L = o= constant).
Hence, the time period will reduce to one-fourth

(T = 2mjw), i.e. & hours.

Explain how a cat is able to land on its feet after
a fall taking the advantage of principle of
conservation of angular momentum?

When a cat falls to ground from a height, it stretches its
body alongwith the tail so that its moment of inertia
becomes high. Since, o is to remain constant, the value
of angular speed wdecreases and therefore the cat is
able to land on the ground gently.

LONG ANSWER Type [ Questions

24.

Sol

25.

A rope of negligible mass is wound round a
hollow eylinder of mass 3 kg and radius 40 em.
What is angular acceleration of the eylinder, if
the rope is pulled with a force of 30 N? What is
linear acceleration of the rope? Assume no
slipping. [NCERT]

Torque on cylinder, T= force ® radius
=30x04= 12 N-m
Moment of inertia of hollow cylinder about its axis

I'= MR® =3 x (0.4)* = 0.48 kg-m®

T
Also, = = 11=T

o= £= 25 2
0.458

Linear acceleration of rope

Torques of equal magnitude are applied to a
hollow eylinder and a solid sphere, both having
the same mass and radius. The cylinder is free

Sol.

26.

Sol

to rotate about its standard axis of symmetry
and the sphere is free to rotate about an axis
passing through its centre. Which of the two
will acquire a greater angular speed after a
given time? INCERT)
=3 Moment of inertia of the hollow cylinder about its
V' axis of symmetry.
1 -
Moment of inertia gf the solid sphere about its
[ =EMR2

2

diameter,

Let M and R be the mass and radius of the solid sphere
and hollow cylinder.

Let torque T of equal magnitude be applied on hollow
cylinder and solid sphere. The angular accelerations
produced in it are ¢, and @ ,, respectively.

kS t=lLo, and T=Im,

Therefore,

Loy = I,
EMRz
o @ s 2
o, I, MR 5
or o, =%|:t1 = 15w, i)

Let after time t, &y and w, be the angular speeds of the
hollow cylinder and solid sphere, respectively.

y oy = oy, + ol -}
iy, =0y + ol =y + 250 ..{ii)
From Eqgs. (ii) and (iii), we get uy, > oy

and

Therefore, solid sphere will acquire a greater angular
speed after a given time.

A wheel in uniform motion about an axis
passing through its centre and perpendicular to
its plane is considered to be in mechanical
(translational and rotational) equilibrium
because no net external torque is required to
sustain its motion.

However, the particles that constitute the wheel
to experience a centripetal acceleration
towards the centre. How do you reconcile this
fact with the wheel begin in equilibrium?

How would you set a half wheel into uniform
motion about an axis passing through the
centre of mass of the wheel and perpendicular
to its plane? Will you require external forces to
sustain the motion? [NCERT Exemplar]

The centripetal acceleration in a wheel arise due to the
internal elastic forees which in pairs cancel each other.
So the system remains in equilibrium during rolling.
In a half wheel, the system is not symmetrical so,
direction of angular momentum does not coincide with
the direction of angular velocity and hence an external
torque is required to maintain the rotation.



27. Asolid eylinder of mass 20 kg rotates about its
axis with angular speed (100 rad/s). The radius
of cylinder is 0.25 m. What is the kinetic energy
associated with the rotation of the cylinder?
What is the magnitude of angular momentum
of the cylinder about its axis? [NCERT]

1 F
Sol Moment of inertia of cylinder about its axis = EJ‘H‘RJ
M = mass, R = radius
1 4
=3 20 (0.25) kg-m”*

=0.625 kg-m*
Kinetic energy of rotating cylinder
1.2 1 2
=3 i =Efﬂ.625} (100)* ]
=3125]
Angular momentum of cylinder about its own axis
= = 0.625 = 100
=625 kg-m"fs

28. Ahoop of radius 2 m weighs 100 kg. It rolls
along a horizontal floor so that its centre of
mass has a speed of 20 em/s. How much work
has to be done to stop it? INCERT Exemplar]

Sol Moment of inertia of hoop about its centre
I= MR*
and energy of loop = translational kinetic energy of CM
and rotational kinetic energy about axis through CM.

1 2 13 3 v
== mvoy +— I'=mR and w=—
7 Mem F 3 [ R]
1 2 1 2 vf—..; z
= —Mvoy +— mR™ x ——=mv
5 VoM + 3 I oM
Work done is stopping the hoop
= total KE of loop

= mvgyy =100% (0.2 =4]

29. Abullet of mass 10 g and speed 500 m/s is fired
into a door and gets embedded exactly at the
centre of the door. The door is 1.0 m wide and
weight 12 kg. It is hinged at one end and rotates
about a vertical axis practically without friction.
Find the angular speed of the door just after the
bullet embeds into it. [NCERT]

Sol Given, mass of bullet (m)=10g = 0.01 kg
Speed of bullet (v) = 500 m/s
Width of the door (I)=1.0m
Mass of the door (M)=12 kg

As bullet gets embedded exactly at the centre of the door,
therefore its distance from the hinged end of the door,

F=

ba | =

1
==m
2
Angular momentum transferred by the bullet to the door,
1
L=mvxr=001x 5ﬂ0x5=2.5_ls
Moment of inertia of the door about the vertical axis at

2 2
one of its end, I=£=m=4kgvrn

But angular momentum, L = Jw

25
25=4xmw=—=0625rad/s
4

30. Auniform circular dise of radius R is rolling on
a horizontal surface. Determine the tangential
velocity at

(i) upper most point  (ii) at centre of mass
(iti) at point of contact

Sol Rolling is a combination of pure rotation and translation

V= fin V=rm
v=0 v
v
Wi (Rotation) (Trarlation)
V=2
V=/w
v=0
{Rolling)

So, tangential velocity

(i} of uppermost point is 2 ro.
(ii) of centre of mass is rin.
(iii) of point of contact is zero.

31. Auniform disc of radius R is resting on a table
on its rim. The coefficient of friction between
disc and table is p (figure). Now, the disc is
pulled with a force F as shown in the figure.
What is the maximum value of F for which the

dise rolls without slipping?

[NCERT Exemplar]

Sol Let the acceleration of the centre of mass of disc be a, then
Ma=F—f
The angular acceleration of the disc iso = a/R (if there
is no sliding).

Then, []EMRz]n:t=Rf = Ma=2f

Thus, [ = Ff3. Since, there is no sliding.
= fEpmg = F =3uMy



32. Acylinder of mass 10 kg and radius 15 cm is
rolling perfectly on a plane of inclination 30°.
The coefficient of static friction,n, =0.25
(i} How much is the force of friction acting on
the cylinder?
(ii) What is the work done against friction during
rolling?
(iii) If the inclination 8 of the plane is increased, at
what value of 8 does the cylinder begin to
skid and not roll perfectly? [NCERT]

Sol. Given. mass of the cylinder, m =10 kg
Radius, r=15em =0.15m
Inclination of plane, 8 = 30°
Coefficient of static friction, g, =0.25
(i) Force of friction acting on the cylinder on the inclined

1 1
plane, F =§mgsinﬂ=5xll]x9.3x sin 30°

=ixlﬂx9.3xi=16.3N
3 2

(ii) Force of friction acts perpendicular to the direction of
displacement.
s Work done against friction during rolling

W = Fs cos 90° =0

(iii) For rolling without slipping,

=tan®
h=3
or tan@=3pu=3x025=075= tan 36°54"
or B =36°54" =37°

33. Explain why friction is necessary to make the
disc in figure rolling in the direction indicated.

(i) Give the direction of frictional force at B and
the sense of frictional torque before perfect

rolling begins.
(if) What is the force of friction after perfect
rolling begins? [NCERT]

Sol To roll a dise, one require a linear veloeity which can be
provided only by a tangential foree. As frietional force is
the only tangential force in this case, so it is necessary
for the rolling of the disc. Initially, friction will be
kinetic.

(i) As frictional force at Bopposes the angular velocity of
B. 5o, frictional force is in the forward direction, the
sense of frictional torque is such as to oppose the
angular motion and produce some linear motion, so

that the condition of pure rolling (v, = Rw) should
be fulfilled.

(ii) After pure rolling starts there will be no need of
friction, so friction force will become zero.

LONG ANSWER Type I1 Questions

34. Asoliddiscanda ring, both of radius 10 cm are
placed on a horizontal table simultaneously,
with initial angular speed equal to 10x rads™.

Which of the two will start to roll earlier? The
coefficient of kinetic friction is p, =0.27 [NCERT]

(737 In case of pure rotation without translation, the
¥ wvelocity of centre of mass is zero. The friction
reduces the speed at the point of contact and as
such accelerates the centre of mass till the
velocity of centre of mass becomes equal to
v =Aw and the instantaneous velocity at the
contact point becomes zero.
Sol  Thus, the force of friction p, mg produces an
aceeleration a in the centre of mass. So, the equation of
motion for centre of mass is

W mg = ma .1}
The torque due to force of friction is p, mg = R It
produces angular retardation given by

M, mgR = — Ia - {ii}
Rolling begins when v = Rw
But v=0+at =gt ... {iii)
[from Eq. (i), a = p, g]
and w=uy +ar = oy —w: [using Eq. (ii)]
or 1:13*—%; = %: —M
R I R I
¥ ]
or .I'I*_g[]+ﬂ =iy, or I=L
R I mR
Mg HT
For a disc, I = mR* /2
(= Ry, _ 010 107 —053 s
Iy Ix02x 98
For a ring, | = mR*
= R, _ 0.10 10m —080s

2 2x02x98

Thus, the dise begins to roll earlier than the ring.

35. Two discs of moment of inertia I, and I, (about
their axes normal to plane of disc and passing
through centre) are rotating with angular
speeds wy and w, are brought into contact face
to face with their axes coinciding.

(i) What is angular speed of two discs system?
(ii) Show that the kinetic energy of combined
system is less than the sum of initial kinetic
energies of the two discs.
(iti) How do you account for loss of energy?
[NCERT]



Sol Let w be the final angular velocity of two discs system.

(i) According te conservation of angular momentum, we
get
Total initial angular momentum = Final angular
momentum

=  Im + o, =0 +1,)w

Iy + 1,
. P L Rt
I +1,

(ii) Initial KE of dise = K, + K, =]EI]mf +%11m§
1 4
Final KE of disc system =EH[ + 1) o

1+ 1o, ]2

1
=—(I,+I,)-
2{1 ﬂ[ I, +1,

Loss of KE = Initial KE — Final KE
1 1 3

=|—=1I +— I,
(2 1'”f 9 2 J]

2
_l”[ +1,)- Ly + I,
2 I +1,

1
Tl +1,)

23 42 2
+ Lo, — Loy — L — 21 Loy,

(Lo + I Leg - 21 Loy,)

(I + LI,w, + 1 T,up

1

AL+ 1)
1 ; ;
= LI, -(0f + o - 200
2”1_'_1,2}:2{1 oy — 2oy, )
LI, 2
=——(uy —m
2(1, +1,) (o — )
As above quantity is positive, so a loss of energy
OCCUrS

(iii) When 2 discs come in contact, they rub against each
other till both reach same energy.

36. A man stands on a rotating platform with his
arms stretched horizontally holding a 5 kg
weight in each hand. The angular speed of the
platform is 30 rpm. The man then brings his
arms close to his body with the distance of each
weight from the axis changing from 90 em to
20 em. The moment of inertia of the man

together with the platform may be taken to be
constant and equal to 7.6 kg-m®.
(i) What is his new angular speed? (Neglect
friction)
(ii) Is kinetic energy conserved in the process? If
not, from where does the change come

about? [NCERT]
Sol (i) Moment of inertia of man and platform system
I, =7.6 kg-m®

Change in moment of inertia of man and platform
system when he stretches his hands to a distance of
90 cm = 2% mrt = 2% 5 % (0.9)°

= &.1 kg-m*

I,=I+81=76+81 =157 kg-m”

Initial angular velocity, w = 30 rpm
Initial angular momentum of system,

L, = I =157 kg-m* x 30 rpm
When man folds his hands to a distanee of 20 cm,
Moment of inertia of man = 2 % mr® = 2 x5 % (0.2F

= 0.4 kg-m*

So, final moment of inertia of man and platform
system

=76+ 04= 8 kg-m®

Final angular momentum of system
Le=1Ipmp=8xwyg
Equating initial and final values

LJ = LI
15.7 = 30
= e = ———
&
= 58.88 rpm

(ii) KE is not conserved in process.

Konal > Kipigial
Musecular work done by the man in folding his arms is
converted into KE.

37. Asolid cylinder rolls up an inclined plane of
angle of inclination 30°. At the bottom of
inclined plane, the CM of cylinder has a speed
of 5m/s.

(i) How far will the cylinder go up the plane?
[NCERT]|
(ii) How long it will take to return to the bottom?

Sol (i) Energy at point A =]E mv” +]E iy

2]

| :}—ﬁmfﬁ
30 C

A

f— = —




38.

Sol

1 3 v
where, I = = mr® and w= —
2 r

) 1 5 1 1 vt

S0, energy atpnmtﬁ.=—mv‘: +Ex—mrz x—

-

and energy at point B = mgh

Equating we get, Emu“ = mygh
4

3 2 2
or ﬁ=—L=—x—=l_91m
4 g 4 98
(ii) In A ABC, A= —— h
sin
1.91
or =—=382m
0.5

So, cylinder rolls a direction of 3.52 m up the incline.

A disc of radius R is rotating with an angular
speed w, about a horizontal axis. It is placed on
a horizontal table. The coefficient of kinetic
friction is .

(i) What was the velocity of its centre of mass
before being brought in contact with the
table?

(ii) What happens to the linear velocity of a point
on its rim when placed in contact with the
table?

(iii) What happens to the linear speed of the centre
of mass when disc is placed in contact with the
table?

(iv) Which force is responsible for the effects in
(ii) and (iii)?
{v) What condition should be satisfied for rolling
to begin?
(wi) Calculate the time taken for the rolling to
begin. INCERT Exemplar]
(i) Before the dise is brought in contact with table, it is
only rotating about its horizontal axis. So, its centre of
mass is at rest, Le vy =0

(ii) When rim is placed in contact with the table, then its
linear velocity at any point on the rim of dise will
reduce due to kinetic friction.

(iii) If rotating dise is placed in contact with the table, its
centre of mass acquires some velocity (which was
zero before contact) due to kinetic friction. 5o, linear
velocity of CM will increase.

(iv) Kinetic friction.

(v) Rolling will begin when vy = Rw.

(vi) Acceleration produced in ecentre of mass due to

friction oy =

Angular aceeleration produced by the torque due to

friction. o= % = %ER

Viow =gy T gyl

= Vem = Ml
and w= iy ol = uj=u.'|,—!'w:+gR:
For rolling without slipping,
You _ o _ HemgR '

R I
= Wegt _ pgmgR

R I

Ruy

=

2
w1+

39. Prove the result that the velocity v of translation

of a rolling body (like a ring, dise, cylinder or
sphere) at the bottom of an inclined plane of a
. N 2gh
height h is givenby v’ = ——=———
ghthisg YV = KR
using dynamical consideration (i.e.by
consideration of forces and torques). Note Kis
the radius of gyration of the body about its
symmetry axis and R is the radius of the body.

The body starts from rest at the top of the
plane. [NCERT]

Sol Let a body of mass M and radius R is rolling down a
plane inclined at an angle 8 with the horizontal and
forces acting on the body are also shown in figure.

Let a be the downward aceeleration of the body. The
equations of motion for the body can be written as

N—-MgeosB=0
F=Ma= Mgsin - f

f,T
h

As the force of friction f provides the necessary torgue
for rolling, so

T=fxR=lt= A{Kz[%]

2

K
or f=M—a
R
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Sol

where, K is the radius of gyration of the body about its

axis of rotation. Clearly,
2

Ma= Mgsinf — MK—-.::
R

=& sin B

(1+ K*/R)
Let h be height of the inclined plane and s the distance
travelled by the body down the plane. The velocity v
attained by the body at the bottom of the inclined plane

can be obtained as follows

v? —u® = 2as

oar

or v2—02=2-—gsu:ﬂz "5
1+ K°/R")

or u2=2—gh ﬂ=si.r1EI
1+K%/R* 5

or v= —23:' S
{1+ K°/R")

Obtain an expression for linear acceleration of
a cylinder rolling down an inclined plane and
hence find the condition for the cylinder to roll
down the inclined plane without slipping.
When a cylinder rolls down on an inclined plane, then
forces involved are

(i) Weight mg (ii) Normal reaction N (iii) Friction f

From free body diagram,
N-mgcosB=0
or N=mgcosH

Also, if a = acceleration of centre of mass down the
plane, then

Fo=ma=mgsin® - f A1)
As friction produces torque necessary for rotation,
t=li=fR
e Ia

=3 =

R R
Substituting for fin Eq. (i), we get

[.-.a =%]

_ in B Ia
ma = mg sin _F

= a=pgsinf -

For cylinder, [ = 3 mR*
2

a
a=ygsinf ——
£ 2
= 3—d=gsi.nﬂ
2
- o £ 1
3

and from Eq. (i), the value of friction is
f=mgsinB — ma

= mgsinf — Em_gs.in f
3
. myg sin B
3 4
If p, = coefficient of static friction, then

i 1
== 0or =—tanf
M, N e, 3

-~ For perfect rolling, p, = % tan @

SN NT YOUR TOPICAL UNDERSTANDING

OBJECTIVE Type Questions

1.

2.

One solid sphere 4 and another hollow sphere B
are of same mass and same outer radius. Their
moments of inertia about their diameters are
respectively, I ; and Iz such that

(a) Iy =1y (b) Iy>1y

(c) I, <1, {d) None of these

In pure rotation,
{a) all particles of the body move in a
straight line
(b} all particles of body move in concentric
circles

(c) all particles of body move in non-concentric

circles

(d) all particles of body have same speed

3. Sphere is in pure accelerated rolling motion in
the figure shown,




Choose the correct option.
(a) The direction of f, is upwards
(b) The direction of f, is downwards
(c) The direction of gravitational force is
upwards
(d) The direction of normal reaction is
downwards

4. Amerry-go-round, made of a ring-like
platform of radius R and mass M, is revolving
with angular speed w. A person of mass M is
standing on it. At one instant, the person

jumps off the round, radially away from the
centre of the round (as seen from the round).

The speed of the round of afterwards is

[NCERT Exemplar]
(@)2w (b) w
1]
(e)= d)o
) . (
Answer
L | 20 | 2@ | 4@ |

VERY SHORT ANSWER Type Question

5. On which factors, moment of inertia of a rigid body
depends?

SHORT ANSWER Type Question

6. A horizontal disc rotating about a vertical axis
perpendicular to its plane and passing through
centre makes 180 rpm. A small lump of wet mud of
mass 10 g falls on disc lightly and sticks to it at a
distance of 8 cm from its axis. If now the disc with
mud makes 150 rpm only, calculate the moment of
inertia of the disc.

[Ans. I =32x% 107 kg-m?®]

7. Describe moment of inertia. Give two examples
about how to find moment of inertia. Hence,
describe radius of gyration.

8. Give three illustrations to show that moment of
inertia is the rotational analogue of mass.

LONG ANSWER Type I Questions

9.

10.

12

13.

Write three egquations of motion for the rotational
motion about a fixed axis.

Prove the relation t = Ju, for a rigid body rotating
about a fixed axis.

A disc is rolling on a horizontal floor with an angular
speed w and translation speed v. What fraction of
total kinetic energy is rotational kinetic energy?

A diver bends his body while jumping in the
swimming pool, due to this his angular speed
increases. On which law, this incidence is based
upon?

A body is in pure rolling on a horizontal road. What
will be the net velocity of the uppermost point of that
rolling body? The radius of rolling body is R and its

angular velocity about axis passing through centre of
mass is . [Ans. 2R w)

LONG ANSWER Type Il Questions

14.

15.

16.

A sphere is rolling on a moving plank as shown in the
above figure. What will be the velocity of centre of
mass of the sphere? [Ans. (v + Rw)

——

T

A uniform disc of radius R and mass m is resting on
table on its rim. The coefficient of friction between
rim and table is p. Now, disc is pulled with force F.
What is the maximum value of F for which the disc
rolls without slipping? [Ans. F___ = 3umg]

A cylinder is released from rest from the top of an
incline of inclination 0 and length [. If the cylinder
rolls without slipping. What will be its speed when it

reaches the bottom? I n ]
I.Ans. v= ;g!’sinEIJ



SUMMARY

A body is said to be a rigid body when it has a perfectly
definite shape and size. The distance between all pairs
of particles of such a body do not change while
applying any force on it.

The centre of mass of a body or a system of bodies is

the point which moves as through all of the mass were
concentrated there and all external forces were

applied to it.
For a system of n-particles, the centre of mass is given

]
Y myx;
My +MoXy +.. 4+ Mm%, &S
by xoa = =

My + My +._+mMn ¥my

Ifin a two particles system, paricles of masses m, and
m, are moving with velocities v, and v, |, respectively,
then welocity of the centre of mass is given by
Vo = My +MsVs
My + My

If acceleration of the paricles are & and &
respectively, then acceleration of the centre of mass is

i Myd + My ds

iven = —
given by ac, P
The centre of mass of an object need not to lie within
the object.

The turning effect of a force about the axis of rotation is

called moment of force or torgue due to the force.
Torque = Force = its perpendicular

distance from the axis of rotation.

The moment of linear momentum is called angular

momentum. It is denoted by T.

Angular momentum ()= lingar momentum ( )= its

perpendicular distance from the axis of rotation (r )

The rate of change of angular momentum of a system

of particles about a fixed point is equal to the total

external torque acting on the system about that paint.
o

T = —
ratl
dt

For translational equilibrium of a rigid body, the
viector sum of all the forces acting on a rigid body must
be zero.

n
= R+hE+. . +F=YF=0
=1

For rotational equilibrium, the vector sum of torques
of all the forces acting on the rigid body about the
reference point must be zero.

n
e T +T 4 ___+Tn=2'l'|. =0
i=1

The moment of couple is equal to the product of either
of the forces and the perpendicular distance, called
the arm of the couple, between their lines of action.
Moment of couple = Force x Arm of the couple
ar T=Fd
In rotational equilibrivm, Clockwise moment

= Anti-clockwise moment
ar Foxdy =F =xd;
Or load xload arm = efiort = effort arm
The moment of inertia of a body about a given axis is
equal to the sum of the products of the masses of its

constituent particles and the square of their respeclive
distances from the axis of rotation.

Maoment of inertia of a body is given by
[

I=my i +my & +myrd + .= ¥ m#?
=1

Its unit is kg-rm? and its dimensional formula is (ML )
Moment of inertia, | = 2 x Rotational KE

i1 = MK®
Radius of gyration, K = Jg

d of particles of equal masses,

i.e. radius of gyration is equal to the root mean square
distance of the particles from the axis of rotation.
Angular momentum = Moment of ineftia = Angular
velocity ie. L=1,

or Torgue = Moment of inertia x Angular acceleration,
e L=1,

Rolling maotion is very commaon in daily life. Mation of
wheels of all modes of transportation is rolling motion.
In fact, rolling motion is a combination of translation
and rotation.



CHAPTER
PRACTICE

OBJECTIVE Type Questions

I. The centre of mass of a system of two particles
divides the distance between them.
(a) Ininverse ratio of square of masses of particles
(b) In direct ratio of square of masses of particles
(c) Ininverse ratio of masses of particles
(d) In direct ratio of masses of particles

2. Aprojectile is fired at an angle and it was
following a parabolic path. Suddenly, it
explodes into fragments. Choose the correct
option regarding this situation.

Path of the CM
of fragments

ol x
(a) Due to explosion CM shifts upwards
(b) Due to explosion CM shifts downwards
(c) Due to explosion CM traces its path back to origin
(d) CM continues to move along same parabolic path

3. For rotational equilibrium,
n "
(a) _2‘ Fm( =0 (b) Z‘ Thet =0
= =

(c) Both (a) and (b) are the necessary conditions for the
rotational equilibrium

(d) Both (a) and (b) are not necessary for rotational
equilibrium

4. When acrobat bends his body (assume no
external torque)

(a) 1 oba decreases

(b) I oba INCreases

(€) Oyob INCreases

(d) Both (a) and (¢) )

5. Adrum of radius R and mass M rolls down
without slipping along an inclined plane of
angle 0. The frictional force

(a) converts translational energy into rotational energy
(b) dissipates energy as heat

(c) decreases the rotational motion

(d) decreases the rotational and translational motion

Lo
[

—t) [

ASSERTION AND REASON

Direction (Q. Nos. 6-13) In the following questions, rwo
statements are given- one labelled Assertion (A) and the other
labelled Reason (R). Select the correct answer to these questions
[from the codes (a), (b), (c) and (d) as given below

10.

1.

12

(a) Both Assertion and Reason are true and Reason is
the correct explanation of Assertion,

(b) Both Assertion and Reason are true but Reason is
not the correct explanation of Assertion.

(c) Assertion is true but Reason is false.

(d) Assertion is false but Reason is true.

. Assertion The CM of a body must lie on the body.

Reason The CM of a body lie at the geomeltric
centre of body.

. Assertion The motion of the CM describes the

translational part of the motion.

Reason Translational motion always means
straight line motion.

. Assertion At the centre of earth, a body has

centre of mass, but no centre of gravity.

Reason Acceleration due to gravity is zero at the
centre of earth.

. Assertion Inertia and moment of inertia are

same quantities.

Reason Inertia represents the capacity of a body
to oppose its state of motion of rest,

Assertion Moment of inertia of a particle is
same, whatever be the axis of rotation.

Reason Moment of inertia depends on mass and
distance of the particle from the axis of rotation.

Assertion A particle moving on a straight line
with a uniform velocity, its angular momentum is
constant.

Reason The angular momentum is zero when
particle moves with a uniform velocity.

Assertion For a system of particles under central
force field, the total angular momentum is
conserved.

Reason The torque acting on such a system is
zero.



without rolling, then all bodies reach the bottom following rigid body?
simultaneously. 12 em

Reason Acceleration of all bodies are equal and
independent of the shape.

CASE BASED QUESTIONS

Directions (QQ. Nos. 14-15) These questions are case study
based questions. Attempt any 4 sub-parts from each question.

dem

(a) (6,3) (b) (6.6)
(c) (6,1.5) (d) (1.5,3)

14. The Centre of Gravity 15. Torque and Centre of Gravity

The centre of gravity of a rigid body is a point
through which the total weight of the body act.
Centre of gravity can lie within the body or not.
For small objects, centre of mass always
coincides with centre of gravity. But in case of
large bodies whose dimensions are comparable
to the size of earth, centre of mass and centre of
gravity will be at different locations.

In the given figure, balancing of a cardboard on

the tip of a pencil is done. The point of support, G
is the centre of gravity.

R

mzg
(i) Ifthe ¥, . is zero on the cardboard, it
means
(a) R=Mg (b) m, g=Mg
{c) myg= Mg (d) R=m, /g

(ii) Choose the correct option.
(@) Ty, about CG=0
(b) T, about CG =0
(c) Net tduetom, g m,g---m, gabout CG=0
(d) All of the above
(iii) The centre of gravity and the centre of mass
of a body coincide when
(a) gis negligible {(b) gis variable
(c) gis constant (d) giszero

(iv) If value of g varies, the centre of gravity and
the centre of mass will
{a) coincide
{(b) not coincide
(c) become same physical quantities
(d) None of the above

Torque is also known as moment of force or
couple. When a force acts on a particle, the
particle does not merely move in the direction
of the force but it also turns about some point.
So, we can define the torque for a particle about a
point as the vector product of position vector of
the point where the force acts and with the force
itself. In the given figure, balancing of a
cardboard on the tip of a pencil is done. The

point of support, G is the centre of gravity.

(i) Ifthe ¥, ., is zero on the cardboard, it

means
(a) R=Mg (b) m, g=Mg
(c) myg= Mg (d) R=m, /g

(ii) Choose the correct option.
(@) 7, about CG=0
(b) T, about CG=0
{c) Net tdue tomyg myg - m,gabout CG=0
(d) All of the above
(iii) The centre of gravity and the centre of mass
of a body coincide when
(a) gis negligible (b} g is variable
(c) gis constant (d) giszero

(iv) If value of g varies, the centre of gravity and
the centre of mass will
(a) coincide
{(b) not coincide
(c) become same physical quantities
(d) None of the above



(v) Abody lying in a gravitational field is in stable
equilibrium, if
(a) vertical line through CG passes from top
(b) horizontal line through CG passes from top
(c) vertical line through CG passes from base
(d) horizontal line through CG passes from base

Answer
() 2. (o) 3. (b) 4. (d) 5 (3
6. (d) 7. (@ 8. (a) 9. (d) 10. (d)
1. (© 12. () 13, (@
4. () @ (i) (d) (i) (c) (iv) (b) v) (0
15. () @ (i) (d) (i) () (iv) (b) ) ()

VERY SHORT ANSWER Type Questions

16.
17.

18.
19.

20.
21.

22.

23.
24.

25.

What is the significance of centre of mass?

Three point masses of 1kg, 2kg and 3 kg lie at
(1, 2),(0, -1) and (2, - 3), respectively. Calculate the
coordinates of the centre of mass of the

system. [Ans. 76, - 3/2|

What is the condition for precession?

Find the value of torque if F = (4i - 10]) N and
r=(-5i-3jm [Ans. 62 k N-m]
What is couple?

An automobile engine develops 100 kW when
rotating at a speed of 1800 rpm. Find the torque
produced. [Ans. 531 N-m]

State conservation of angular momentum theorem
for a rigid body.

How to define rolling motion?

If the value of acceleration due to gravity (g) varies,
will the centre of mass and centre of gravity
coincide?

Write one example of conservation of angular
momentum theorem.

SHORT ANSWER Type Questions

26.

27.

If two point masses are placed at (+ 2m), and (-2 m),

is it necessary that the centre of mass of system
must lie at origin? [Ans, No]

Write two differences between centre of mass and
centre of gravity.

28.

29.

State Newton's second law for rotational
motion of a rigid body about a fixed axis.

A fan of moment of inertia is 0.6 kg-m? is

to be run upto a working speed of 0.5 rps.

What is the angular momentum of the fan?
[Ans 1.9 kg-m/s]

LONG ANSWER Type I Questions

30.

31

32.

33.

34.

Moment of inertia of a thin rod of length /
about an axis passing through its one end
and perpendicular to its length is MR?/3.
Find the value of radius of gyration for the
given scenario. [Ans. K = F/\f3)

How to find kinetic energy of a rolling
body?

A lay falls from the first floor of a building,.
He saw a pile of wool on the ground. He
has a bag in his hand. Can he save himself
with the help of that bag?

Derive the relation between angular
momentum and moment of inertia for a
rigid body rotating about a fixed axis.

Write three practical applications of
conservation of angular momentum for a
rigid body.

LONG ANSWER Type II Questions

35.

36.

37.

Derive expressions for (i) Linear
momentum, (ii) Newton’s second law and
(iii) Conservation of linear momentum for
the system of particles.

Give location of centre of mass of (i) a
sphere, (ii) cylinder, (iii) ring and (iv) a
cube, each of uniform mass density. Does
the centre of mass of a body necessarily lie
inside the body?

Torques of equal magnitude are applied to
a hollow cylinder and a solid sphere, both
having same masses and radii. The
cylinder is free to rotate about its standard
axis of symmetry and sphere is free to
rotate about an axis passing through its
centre. Which of the two will acquire a
greater angular speed after a given time?





