Chapter 5

Continuity and Differentiability

Exercise 5.1

Q. 1

Prove that the function f (x) =5x — 3 is continuous at x =0, at x =—3
and at x = 3.

Answer:

The given function is f(x) = 5x -3
Atx=0,f(0)=5x0-3=-3

lim f(x) =lim(5x—3)= 5x0-3=-3
x—0 x—0

Thus, lim £(x) = £(0)

Therefore, fis continuous at x =0

Atx=-3,f(-3)=5%x(-3)-3=-18

lim f(x) =1lim(5x —3)=5x%x(-3)-3=-18
X—

x—3
Thus, lim f (x) = f(=3)

X—
Therefore, fis continuous at x = -3
Atx=5f(5)=5x5-3=22
lim f(x) = lim(5x —3)=5x5-3=22
x—5 x—5

Thus,

Therefore, fis continuous at x =5
Q. 2 Examine the continuity of the function f(x) = 2x?— 1 at x = 3.

Answer:




The given function is f(x) =2x? — 1
Atx=3,fx)=f(3)=2x%x32-1=17
Left hand limit (LHL):

Right hand limit(RHL):

As, LHL= RHL = f(3)

Therefore, fis continuous at x =3
Q.3A

Examine the following functions for continuity.
f(x)=x-5

Answer:

a) The given function is f(x) =x — 5

We know that f is defined at every real number k and its value at k is k —
5.

We can see that lirrll f (x) = lirr’l (x —5)=k-5=1(k)
xX— xX—
Thus, linllc f (x)=1(k)
X —

Therefore, fis continuous at every real number and thus, it is continuous
function.

Q.3B

Examine the following functions for continuity.
1

f(X) = E

Answer:

: .. 1
The given function is f (x) = X F 5

For any real number k # 5, we get,




1 1
;ekf(x) _;ekx—S (g—s)k—s

Also, £ (k) = — (Ask #5)

Thus, lim f(x) = f (k)

Therefore, fis continuous at point in the domain of f and thus, it is
continuous function.

Q.3C

Examine the following functions for continuity.

x%-25
x+5

f(x)=
Answer:

x%-25

x+5

The given function is f (x) = X#5

For any real number k # 5, we get,

2_ —
lim £(x) = lim 222 = lim &2 — jim (x — 5) = (k- 5)

x=k x—>k x+5 x—=k x+5 x=k

Also, (k) = lim m = lim (k — 5) = (k- 5)(ask #5)
xX—

x—k

Thus, chll’)lllc f(x)=1(k)

Therefore, fis continuous at point in the domain of f and thus, it is
continuous function.

Q.3D
Examine the following functions for continuity.
f(x)=|x-3]

Answer:




—x,0 fx<5
—5,i fx=5

The given function is f (x) =[x — 5| = {

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases 1.ee, k<5,ork=5o0rk>5
Now, Case I: k<5

Then, f(k) =5 -k

chi_I)IIl{f(x) = )lcigllc(S —x) =5-k=1(k)

Thus, lim f(x) = f (k)

Hence, f is continuous at all real number less than 5.
Case II: k=5
Then, f(k)=f(5)=5-5=0

lim f(x) = llm(5 —-x)=5-5=0

X—57

lim+f(x) = lim(S—x)=5—5=O

= lim f(x) = llm L f(x) = f(k)

x>k~
Hence, f is continuous at x = 5.
Case III: k> 5
Then, f(k) =k -5
chi_I)IIl(f(x) = }cigllc(x —5)=k-5=1k)

Thus, lim f(x) = f (k)

Hence, fis continuous at all real number greater than 5.

Therefore, fis a continuous function.




Q. 4

Prove that the function f (x) = x" is continuous at X =n, where n is a
positive integer.

Answer:
It is given that function f (x) = x"

We can see that fis defined at all positive integers, n and the value of f
at n is n™,

=lim f(n) = lim(x™) =n"
X—-n xX—-n

Thus, 3161_1)1711 fx)=fmn

Therefore, fis continuous at x =n, where n is a positive integer.

Q.5

Is the function f defined by f (x) = {

x, i fx<1

: _ a0
5,i fx> 1n Continuous at x = 0? At

x=1? At x=2?
Answer:

It is given that f (x) = {356: i ;ii i

Case . x=0

We can see that fis defined at 0 and its value at 0 is 0.
LHL

lim = lim f(0 — h)

x—0~ h—-0

=]lim—-h =0
h—-0

RHL




lim = lim f(0 + h)

x—07t h—0

=limh=0
h—-0

LHL = RHL = f(0) Hence, f is continuous at x = 0.
Case II: x =1

We can see that fis defined at 1 and its value at 1 is 1.
Forx <1

f(x) = x Hence, LHL:

lim f(x)=lim x =1

x->1" xX—-1"

For x > 11(x) = Stherefore, RHL
lim, f(x) = lim, (5) =5

= lim f(x) # lim, f(x)

x-1"

Hence, f 1s not continuous at x = 1.

Case III: x =2

As,

We can see that fis defined at 2 and its value at 2 is 5
LHL:

lim = lim f(2 — h)

X—2~ h—-0

=]lim5=5
h—-0

here f (2-h)=5,ash— 0= 2-h — 2RHL:
lim =1im(2 + h)

x—2T  h-o0

=]lim5=5
h—-0




LHL =RHL = f(2)
here f(2+h)=5,ash—>0=>2+h—>2

Hence, f is continuous at x = 2.

Q.6

Find all points of discontinuity of f, where fis defined by

2x+3,i fx <2
F() = { —3,iifx 2

Answer:

The given function is f (x) = {;;C -l__ g: Ll]Z );é ;

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases 1.e., k <2,ork=2ork>2
Now, Case I: k<2

Then, f(k) =2k +3

}Cl_r)r}( f(x) = }CiE}C(Zx + 3) =2k + 3=1(k)

Thus, lim f(x) = f (k)

Hence, f is continuous at all real number less than 2.
Case II: k=2
lim f(x) = llm 1 (2x+ 3)=2x2+3=7

xX—=2"

lim f(x) = llm L (2x —3)=2x2-3=1

x—-271

= lim_f (k) # lim, f(k) = f(k)

x—->k~

Hence, f is not continuous at x = 2.




Case III: k>2

Then, f(k) =2k -3

lim f(x) =lim(2x — 3) = 2k—-3 =f(k)
x—k x—k

Thus, lim f(x) = f(k)

xX—
Hence, fis continuous at all real number greater than 2.
Therefore, x =2 is the only point of discontinuity of f.
Q.7
Find all points of discontinuity of f, where fis defined by

|x|+ 3,i fx< —3
fx)=4—-2xif—3<x<3
6x+ 2,1 fx=3

Answer:

|x| + 3,1 fx< -3
The given function is f (x) =4 —2x,i f—3 <x < 3
6x +2,i fx=3

The function fis defined at all points of the real line.

Let k be the point on a real line.

Then, we have 5 cases 1.e., k<-3,k=-3,-3<k<3, k=3o0ork>3
Now, Case I: k< -3

Then, f(k) =-k + 3

chl_r>r’lc f(x) = )lciilllc(—x + 3) = -k + 3= (k)

Thus, lim f(x) = f (k)

Hence, f is continuous at all real number x < -3.




Case II: k=-3
f(-3)=-(-3)+3=6
lim f(x) = xLiI_n3_(—x +3)=-(3)+3=6

xX—->-3"

lim, f(x) = lim (=2x)=-2x(-3)=6
x—>-3% x—-3
= lm f(x) = lim, f(x) = (k)
Hence, f is continuous at x = -3.
Case III: -3 <k<3

Then, f(k) =-2k
lim f(x) = lim(—2x) = -2k = f(k)
x—k x—k

Thus, lim f(x) = £ (k)

Hence, f is continuous in (-3,3).

Case IV: k=3

lim f(x) = lim (—2x) =-2x(3)=-6
x—3 x—3

xlirggrf(x) = xlir5§1+(6x+ 2) =6x3+2=20

= lim f(x) # lim, f(x)

x>k~
Hence, f 1s not continuous at x = 3.
Case V: k>3

Then, f(k) =6k +2

Jlcl_r>r,1c f(x) = )1(1{)1}1{(6x + 2) = 6k + 2= f(k)

Thus, lim £(x) = f(k)

Hence, f is continuous at all real number x < 3.




Therefore, x = 3 1s the only point of discontinuity of f.

Q.8
Find all points of discontinuity of f, where fis defined by

[x] .
£ (%) :{7,1 fx+0
0,i fx=20

Answer:

Ixl

The given function is f (x) = { L fx#0
O,i fx: 0

We know that ifx > 0
= x| =-xand x>0
= X| =x

So, we can rewrite the given function as:

Pl 1,ifx<0
fx)y=9%., *

H=X=1ifx>0

X

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases 1.e., k <0, ork =0 or k >0.
Now, Case I: k< 0

Then, f(k) =-1

lim f(x) = lim(=1) =-1=f(k)

Thus, lim f(x) = f (k)

Hence, f is continuous at all real number less than 0.




Case II: k=0
lim f(x) = lim (—=1)=-1
x->0" x—>0"

g /00 = D =

= lim f(x) # lim_f(x) = f(k)
x—k x—k*t

Hence, f 1s not continuous at x = 0.

Case III: k>0

Then, f(k) =1

lim f(x) =lim(1) = 1 =f(k)

x—k x—k

Thus, lim £(x) = £ (k)

Hence, f is continuous at all real number greater than 1.
Therefore, x = 0 1s the only point of discontinuity of f.

Q.9
Find all points of discontinuity of f, where f is defined by

x .,
£0) ={m,lfx< 0
—1,i fx= 0

Answer:
X

L fx<O0
The given function is f (x) = { |x| /
—1,i fx=0

We know that if x <0
= x| = x

So, we can rewrite the given function as:




f(x)={

= f(x) = -1 forall x e R

Let k be the point on a real line.

Then, f(k) =-1

lim £ (k) = Jim (1) = -1= (K

Thus, chlir,l( f(x) = f(k)

Therefore, the given function is a continuous function.
Q.10

Find all points of discontinuity of f, where fis defined by

x+1,i fx=0

fx) :{xz +1,i fx< 0

Answer:

x+1,i fx=0
x24+1,i fx<0

The given function is f (x) = {

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases 1.e., k <1,ork=1ork>1
Now, Case I: k< 1

Then, f(k) =k>+ 1

}Cl_r)r}( f(x) = }Ciil}c(xz + 1) =k + 1=1f(k)

Thus, lim f(x) = f (k)

Hence, f 1s continuous at all real number less than 1.




CaseII: k=1

Then, f(k)=f(1)=1+1=2

lim f(x) = lim (x> +1)=12+1=2
x-1" x—-1"

. 1 41—
xll)r{l+f(x) xh_)r£1+(x +1)=1+1=2
= lm f(x) = lim, f(x) = (k)
Hence, f 1s continuous at x = 1.

Case III: k> 1

Then, f(k) =k + 1
lim f (x) =lim(x +1)=k+ 1=1(k)
x—k x—k

Thus, lim f(x) = f (k)
xX—
Hence, f is continuous at all real number greater than 1.

Q.11
Find all points of discontinuity of f, where fis defined by

f(X):{x3—3,ifo2
x2+1,i fx> 2

Answer:

x3 —3,i fx< 2
x2+1,i fx> 2

The given function is f (x) = {

The function fis defined at all points of the real line.
Let k be the point on a real line.
Then, we have 3 cases 1.e., k<2,ork=2ork>2

Now, Case I: k<2




Then, f(k) =k*-3
lim f(x) = lim(x3 = 3) = k3 - 3=f(k)
x—k x—k

Thus, chlir’lc fx) = f(k)

Hence, f is continuous at all real number less than 2.
Case II: k=2

Then, f(k)=f(2)=23-3=5

Jim £ (x) = xlirgl_(x3 —3)=23-3=5

. — T 2 _ 2+ _
xll)rszrf(x) xllggr(x +1)=22+1=5

= lm f(x) = lim, f(x) = f(k)

x>k~
Hence, f 1s continuous at x = 2.

Case III: k> 2

Then, flk)=22+1=5

Jl}_r)rllc f(x) = chig}c(xz +1)=22+1=5=1(k)

Thus, lim £ (x) = f (k)

Hence, f is continuous at all real number greater than 2.

Q.12
Find all points of discontinuity of f, where fis defined by

x10—1,i fx<1
x2,i fx>1

f(X)={

Answer:

x10—1,i fx<1

The given function 1s f ={
stven i ®) x2,i fx>1




The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases i.e., k<1l,ork=1ork>1
Now,

Case L k<1

Then, f(k) =k -1

chl_r}}( f(x) = plcig}c(xlo —1) =k 1=Af(k)

Thus, lim £ (%) = (k)

Hence, f 1s continuous at all real number less than 1.

Case II: k=1
Then, f(k)=f(1)=11-1=0

lim f(x) = xli_)lgl_(xlo —1)=110-1=0

x->1"

lim f(x) = lim (x*)=12=1

x—-17t x—1%
- i) # g, 79
Hence, f 1s not continuous at x = 1.
Case III: k>1
Then, f(k)=12=1
lim f(x) = lim(x?) =12=1=f(k)
x—k x—k
Thus, lim f(x) = f (k)
X—
Hence, fis continuous at all real number greater than 1.

Therefore, x = 1 is the only point of discontinuity of f.




Q.13

Is the function defined by f(x) = {

x+5ifx<1

. a continuous function?
x—510fx>1

Answer:

The given function is f (x) = {i i g:i ;ﬁi 1

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases 1.e., k<1l,ork=1ork>1
Now,

Case L k<1

Then, f(k)=k+5

chi_l)l?(f(x) = )lcigllc(x + 5)=k+5=1(k)

Thus, lim f(x) = f(k)

Hence, f is continuous at all real number less than 1.
Case II: k=1

Then, f(k)=f(1)=1+5=6

xllnf_f(x) = xli_)nll_(x+ 5)=1+5=6

Jim FG) = Jim e =)= 1-5 =4

- JimfG) # lim, F )

Hence, f is not continuous at x = 1.

Case III: k>1
Then, f(k) =k -5




lim f(x) =lim(x —5)=k-5
x—k x—k

Thus, lim f(x) = f (k)

Hence, f is continuous at all real number greater than 1.
Therefore, x = 1 1s the only point of discontinuity of f.

Q. 14

Discuss the continuity of the function f, where f is defined by

3if0<x<1
f(x)=44ifl<x<3
50 3<x<10

Answer:

30 0<x<1
The given function is f(x) =4 4i fl <x <3
503<x<10

The function fis defined at all points of the interval [0,10].

Let k be the point in the interval [0,10].

Then, we have 5 cases 1.e.,, 0<k<1,k=1,1<k<3,k=30r3<k<
10.

Now, Case I: 0<k <1

Then, f(k) =3

lim f(x) = lim(3) = 3= f(k)

Thus, lim f(x) = f(k)

Hence, f 1s continuous in the interval [0,10).

Case II: k=1




f(1)=3
NORNUIORE
Jim, /) = Jim (4) =4

= lim f(x) # lim, f(x)

x—k~

Hence, f 1s not continuous at x = 1.
Case III: 1 <k<3

Then, f(k) =4

lim f(x) = lim(4) = 4 = f(k)
Thus, lim f(x) = f (k)

Hence, f 1s continuous in (1, 3).

Case IV: k=3
lim f(x) = lim (4) =4

x—-37 x—-37

lim, f(x) = lim (5) =5

x—3 x—3
= Jim £ # Jim, £ )

Hence, f 1s not continuous at x = 3.
Case V:3<k<10

Then, f(k) =5

lim £(x) = lim (5) = 5 = (k)

Thus, lim f (x) = f(k)

Hence, f is continuous at all points of the interval (3, 10].

Therefore, x = 1 and 3 are the points of discontinuity of f.




Q.15
Discuss the continuity of the function f, where f is defined by

2x,1 fx<0
fx)=40i f0<x<1
4xi fx> 1

Answer:

2x,i fx<0
The given function isf (x)={0i 0 <x <1
4xi fx> 1

The function fis defined at all points of the real line.
Then, we have 5 cases 1.e., k<0,k=0,0<k<1,k=1ork<1.
Now, Case I: k<0

Then, f(k) =2k

}Cl_r)?( f(x)= 31}1)1}1{ (2x) = 2k= f(k)

Thus, lim f(x) = f (k)

Hence, f 1s continuous at all points x, s.t. x <0.
Case II. k=0

£(0)=0

lim f(x) = 11m 1 (2x)=2%x0=0

x—>0"

lim f(x) = lim (0)=0

x—17t x—-1t

= lm f(x) = lim, f(x) = f(k)

x—-k~
Hence, f is continuous at x = 0.

Case III: 0<k<1




Then, f(k) =0
lim £ (x) = lim (0) = 0 = f(k)

Thus, lim f(x) = f(k)

Hence, f 1s continuous in (0, 1).
Case IV: k=1

Then f(k) =f(1)=0

Jim £G) = Jim (=0
im0 = Jim (42) = 41 =4

= lim f(x) # lim, f(x)

x—>k~

Hence, f 1s not continuous at x = 1.
Case V: k<1

Then, f(k) =4k

chl_r>r’1c f(x) = }CILI}C (4x) = 4k = f(k)

Thus, lim f(x) = f(k)

X —
Hence, f is continuous at all points x, s.t. x > 1.
Therefore, x = 1 is the only point of discontinuity of f.

Q. 16

—-2,1 fx< -1
f(x)={2x,if<x<1
2,i fx>1

Discuss the continuity of the function f, where f is defined by

Answer:




—2,i fx< -1
The given function is f (x) ={2x,i f<x <1
2,i fx>1

The function fis defined at all points of the real line.

Then, we have 5 cases i.e., k<-1,k=-1,-1<k<1l,k=1ork>1.
Now, Case I: k<0

Then, f(k) =-2

lim f(x) = lim f(x) = -2 =1 (k)

Thus, lim £(x) = £ (k)

Hence, f is continuous at all points x, s.t. x <-1.
Case II: k=-1
flky=f(=1)=-2

lim f(x) = ngll_(—Z) =-2

x->-1"

lim, f(x) = lim, (22) =2 % (-1)= -2
= lm f(x) = lim, f(x) = f(k)
Hence, f is continuous at x = -1.

Case III: -1 <k<1

Then, f(k) =2k

lim f(x) = lim(-2) = 2k = f(k)

Thus, lim f(x) = f (k)

Hence, f 1s continuous in (-1, 1).




Case IV: k=1

Then f(k)=f(1)=2x1=2

lim f(x) = linll_(Zx) =2x1=2
X—>

x-1"
Jim /00 = lim (@) =2
= lm f(x) = lim f(x) = f(x)
Hence, f 1s continuous at x = 1.
Case V: k>1
Then, f(k) =2
lim f(x) = lim(2) =2 =f(k)
x—k x—k
Thus, lim f(x) = f(k)

x—

Hence, f is continuous at all points x, s.t. x > 1.

Therefore, fis continuous at all points of the real line.

Q.17

Find the relationship between a and b so that the function f defined by
_fax+1,i fx< 3. : B
f(x)= {bx +3,i fx>3 1s continuous at x = 3.

Answer:

ax+1,i fx<3
bx + 3,i fx> 3

It is given function is f(x) = {

It is given that fis continuous at x = 3, then, we get,
lim f(x) = lim_f(x) =f3) ... (1)
x—3~ x—3%

And




lim f(x) = 11m 1 (ax+1)=3a+1

xX—->3"

lim f(x) = 11m L (bx +3)=3b+ 1

x—3%
f(3)=3a+1

Thus, from (1), we get,
3a+1=3b+3=3a+1
= 3a+1=3b+ 1

= 3a=3b+

=>a=b+

: . 2
Therefore, the required the relation isa=b + e

Q.18
For what value of A is the function defined by f (x) =

Continuous at x = 0? What about continuity at x

{A(xz —2x),i fx<0
4x +1,i fx> 0
=1?

Answer:

A(x? —2x),i fx<0

It 1s given that f (x) z{ 4x +1,i fx> 0

It is given that fis continuous at x = 0, then, we get,

lim f(x) = llm f(x)=1(0)

x—-0"
And

. 1 2 — T 2 _
,}L%l- f(x) = xll)rgl_(/l(x 2x)) xll)rgl_(/l(o 2%x0))=0

lim f(x) = llm(4x+1) 4x0+1=1

x—-0%




« lim () # lim, £(x)

x—>0"
Thus, there is no value of for which fis continuous at x =0
f(l)=4x+1=4x1+1=5
lim(4x+1)=4x1+1=5

x—1
Then, lim £ (x) = f (1)
X—
Hence, for any values of, f'is continuous at x =1

Q. 19

Show that the function defined by g(x) = x — [x] is discontinuous at all
integral points. Here [x] denotes the greatest integer less than or equal to
X.

Answer:

It is given that g(x) = x — [X]

We know that g is defined at all integral points.
Let k be ant integer.

Then,

glk)=k-[-k] =k+k=2k

Jim g(k) = lim_(x - [x])

lim (x) = lim [x]=k—-(k-1)=1
x—-k x—-k~

And

Jim, g(x) = lim, (x — [x])
xll,%l+(x) — le1}1{1+ [x]=k—-k=0

L lim f(x) # lim, £(x)




Therefore, g is discontinuous at all integral points.

Q. 20 Is the function defined by f (x) = x? — sin x + 5 continuous at x =
m?

Answer:
It is given that f(x) =x?>—sinx + 5

We know that fis defined at x ==

So, at x =,
f(x)=f(n)=n?-sinn+5=n2-0+5=n2+5

Now, lim f(x) = lim f(x? — sinx + 5)
X—T X—T

Let putx=mn+h
If x = m, then we know that k — 0
~ lim f(x) = lim(x? — sinx + 5)

X—T X—>T

= Ilcl_r)r(l)f[(n + k)? — sin(mw + k) + 5]

_ 2 _
}lcl_r)r(l)f(n + k) llm sin(m + k) + }lcl_r)ré 5

=(m+0)- llrr(l)[sm mcosk + cosmsink]+5

=qn2-limsinmcosk —limcosmsink +5
k-0 k-0

= 112 — sin tcos0 — cos msin0 + 5
—O0x1(-1)x0+5
= 7'52 +5

Thus, lim f(x) f (1)

Therefore, the function fis continuous at x = 7.

Q. 21 Discuss the continuity of the following functions:




(a) f(x) =sin X + cos X

(b) f (x) =sin x — cos x

(c) f(x) =sin X. cos X

Answer:

We know that g and k are two continuous functions, then,
gtk g—kand g k are also continuous.

First we have to prove that g(x) = sin x and k(x) = cos x are continuous
functions.

Now, let g(x) = sin x

We know that g(x) = sin x is defined for every real number.
Let h be a real number. Now, put x =h + k

So,ifx >hand k — 0

g(h) =sin h

lim g(x) = lim sinx
x—h x—h

= limsin(h + k)

x—0

= ling[sin hcos k + cos hsink]
X

= sinhcos0 + coshsin0
=sinh+0

=sin h

Thus, lirrill g(x) = g(h)
X —

Therefore, g is a continuous function ... (1)

Now, let k(x) = cos x




We know that k(x) = cos x is defined for every real number.
Let h be a real number. Now, put x =h + k

So,ifx >hand k — 0

Now k (h) =cos h

lim k(x) = lim cos x
x—h x—h

= 1161_1)1(1) cos(h + k)

= lim|[ci shcos k — sinh sink]

X0
= coshcos0 - sinhsin0
=cosh-0

=cos h

Thus, lim k(x) = k (h)
x—h

Therefore, k is a continuous function ... (2)

So, from (1) and (2), we get,

(a) f(x) = g(x) + k(x) = sin x + cos X is a continuous function.
(b) f(x) = g(x) - k(x) = sin x — cos x is a continuous function.
(c) f(x) = g(x) x k(x) = sin x X cos X is a continuous function.

Q. 22 Discuss the continuity of the cosine, cosecant, secant and
cotangent functions.

Answer:
We know that if g and h are two continuous functions, then,

(1)

h(x)

) g (x) # 0 is continuous

| : :
(i1) Y g (x) # 0 is continuous




(1i1) ﬁ, g (x) # 0 1s continuous

So, first we have to prove that g(x) = sin x and h(x) = cos x are
continuous functions.

Let g(x) =sin x

We know that g(x) = sin x is defined for every real number.
Let h be a real number. Now, put x =k + h

So,if x > kand h— 0

g(k) = sink

3161_1)1]!1C g(x) = chl_l)lllc sin x

= }lll_rg sin(k + h)

= Iliirrfl) [sin k cos h + cos k sin h]

= sinkcos0 + cosksin0

=sink + 0

= sink

Thus, lim g(x) = gk)

Therefore, g is a continuous function ... (1)

Let h(x) =cos x

We know that h(x) = cos x is defined for every real number.
Let k be a real number. Now, put x =k + h

So,if x > kand h— 0

h(k) = sink

lim h(x) = lim cos x
x—-k x—k




= 1111—r>rc1) cos(k + h)

— Illir%[cos k cos h — sin k sin h]

= coskcos0 - sinksin0
=cosk-0
=cos k

Thus, lim h(x) = h(k)
X—

Therefore, g is a continuous function ... (2)

So, from (1) and (2), we get,

1. ) .
Cosec x = o SInx #+ 0 1s continuous

= cosec X, # nir (n € Z) 0 1s continuous

Thus, cosecant is continuous except at X =np, (n € Z)

1 . )
Sec x = Toog COS X # 0 1s continuous

s . .
=sex X, X# (2n+ 1) 5 (n € Z) is continuous
. . T
Thus, secant is continuous except atx = (2n+ 1) o (neZ)
COSX . . .
Cotx = e SIX # 0 1s continuous

=cot X, X #nm (n € Z) 0 is continuous

Thus, cotangent is continuous except at x =np, (n € Z)

Q.23
sin x

Find all points of discontinuity of f, where f (x) ={ x 't fx <0
x+1,i fx=0

Answer:




sin x

It is given thatf(x)={ /<0
x+1,i fx=>0

We know that f is defined at all points of the real line.

Let k be a real number.

Case I: k<0,

sin k

Then f(k) = .

lim f(x) — lim (sinx) _ sin k

x—k x—k \ X k
= lim £(x) = f (k)

Thus, f is continuous at all points x that is x < 0.
Case II: k>0,

Then f(k) =c+1

lim f(x) =lim(x+1)=k+1
x—k x—k
=lim (x) = f (k)
x—k
Thus, f is continuous at all points x that is x > 0.

Case lIl: k=0
Then f(k) =f(0)=0+1=1

lim f () = lim (2F) =1

x->0" x—-0" X

lim f(x) = 9}1%1+(x +1)=1

x—0t

= lim f(x) = xlin,}rf (x) = f (x)

x—k~

Hence, f is continuous at x = 0.

Therefore, fis continuous at all points of the real line




L1,
x?sin=,i fx #0 |
x is a

0,i fx=20

Q. 24 Determine if f defined by f (x) = {

continuous function?

Answer:

2 cin L
It is given that f (x) ={ xS L fx #0
0,i fx=20
We know that f is defined at all points of the real line.
Let k be a real number.

Case . k #0,
Then f(k) = k2 sin ~

. . 1 1
lim f (x) = lim (xz sin —) = k2 sin -
x—-k x—-k x k

~lim f (x) = f(k)
x—k
Thus, f is continuous at all points x that is x # 0.

Case I k=0

Then f(k) =£(0)=0
. I P 2 . l — T 2 . l
xlirgl_ f (%) xll)rgl_ (x sin x) Jl:_r)r(g (x sin x)

We know that -1 <x<1,x#0

L1
=>x2<x?sin-<0
X

) 2 1) _

:»)lcl_r)rcl)(x smx) 0

= lim f(x)=0
x—->0"

Similarly, xli)r(r)grf (x) = xlil})l_'_ (xz sin i) = chl_l’)l(l) (xz sin i) =0




Jim £ () =£(0)= lim, f (x)

Therefore, fis continuous at x = 0.
Therefore, fhas no point of discontinuity.

Q. 26 Find the values of k so that the function f is continuous at the
indicated point in Exercises 26 to 29.

k cosx

— fxi—
f(x)= atx =

D fy= T
3,i fx = »

Answer:

kcosx ifx ;t
m—2x '

It is given that f(x) = at X
3, fx ==

2

2

.. . . . . T
Also, it is given that function f is continuous at x = >

So, if f'is defined at x = g and if the value of the f at x = equals the limit
of Zfatx =1
2 2

We can see that fis defined at x =§ and f (g) =3

k cosx

Now, let put x = g + h

k . kcos )
Then, x—>——h—>0 lim f (x) = lim, COSx—llm#
x—)E x—)E m—2Xx h—-0 TL'—Z(E'Fh)

—11m
2 h->0 —2h




iy f @) = £ (5)

x—>—

Therefore, the value ofk is 6.

Q. 27 Find the values of k so that the function f is continuous at the
indicated point in Exercises 26 to 29.

x2,i fx< 2
f(x) = atx = 2
3,i fx > 2

Answer:

x2,i fx< 2
It is given that f (x) = atx = 2
3,0 fx > 2

Also, it is given that function f is continuous at x = 2,

So, if f'is defined at x = 2 and if the value of the f at x = 2 equals the
limit of fat x =2.

We can see that fis defined at x =2 and
f(2)=k (2)?=4k
lim f(x) = lim, f(x) = f(2)

xX—2"

= lim (kx?) = llm L(3)

x—2"
=> k x22=3=4k
= 4k =3 =4k

= 4k=13




: . 3
Therefore, the required value of k is "

Q. 28 Find the values of k so that the function f is continuous at the
indicated point in Exercises 26 to 29.

kx+1,ifx <m

. atax=m
cosx,i fx>m

f(X)={

Answer:

kx+1,ifx <m

. atx=m
cosxifx>m

It is given that f (x) = {

Also, it is given that function f is continuous at x =Kk,

So, if f'is defined at x =p and if the value of the f at x = k equals the
limit of fat x = k.

We can see that fis defined at x =p and
f(m) =km + 1
lim f (x) = lim f (x) = f ()

X—TT

X—TT

= lim (kx + 1) = lim (cosx) =kn + 1

X—>TT X—TT
> kn+1=cost=kr +1

>kn+1=-1=kn+1

2
>k=—-
T

2

Therefore, the required value of k is -

Q.29

Find the values of k so that the function f is continuous at the indicated
point in Exercises 26 to 29.




kx +1,i fx<5
f(X):{Sx—S i;x> 5atx=5

Answer:

kx +1,i fx<5

_5,i fx> 53X

It is given that f (x) = {

Also, it is given that function f is continuous at x =5,

So, if f'is defined at x =5 and if the value of the f at x = 5 equals the
limit of fat x = 5.

We can see that fis defined at x =5 and
f5)=kx+1=5k+1
lim f(x) = llm f(x) = f (m)

X~

= lim (kx+ 1) = llm L (3x —5)=5k+1

x5~
= 5k+1=15-5=5k+1
= 5k+1=10

= 5k=9

9
:)k:—
5

: .9
Therefore, the required value of k is o

Q. 30
Find the values of a and b such that the function defined by

51 fx<?2
f(x)=3ax+b,i f2 < x <10 is a continuous function.
21,i fx = 10

Answer:




51 fx<2
It is given functionis f(x)=Jax + b,i f2 < x < 10
21,i fx=10

We know that the given function fis defined at all points of the real line.

Thus, f is continuous at x = 2, we get,
lim £ (o) = lim £ () =f @)

= xl_igl_(S) = xli)nzlJr(ax +b)=5
=>5=2a+b=35

=>2a+b=5...(1)

Thus, f is continuous at x = 10, we get,

Jim_f(x) = lim f () = £(10)

= lim (ax+b) = li111(1)+(21)=21
X —

x—10"

= 10a+b=21=21

= 10a+b=21... (2)

On subtracting eq. (1) from eq. (2), we get,
8a=16

>a=2

Thus, putting a =2 in eq. (1), we get,
2x2+b=5

=4+b=35

=>b=1

Therefore, the values of a and b for which fis a continuous function are
2 and 1 resp.




Q.31

Show that the function defined by f (x) = cos (x?) is a continuous
function.

Answer:
It is given function is f(x) = cos (x?)

This function fis defined for every real number and f can be written as
the composition of two function as,

f= goh, where, g(x) = cos x and h(x) = x?

First we have to prove that g(x) = cos x and h(x) = x* are continuous
functions.

We know that g is defined for every real number.
Let k be a real number.

Then, g(k) =cos k

Now, put x=k +h

If x >k, thenh — 0

)lcl_I)IIlcg (k) = )lCI_I)I}( CoS X

= }ll_r)r(l) cos(k + h)

= }lin(l) cos[cos k cos h — sin k sin h]

=lim cosk cosh — limsinksinh
h—-0 h—-0

= coskcos0O — sinksin0
=coskx1—-sinx0
=cos k

~1lim g(x) = g(k)




Thus, g(x) = cos x is continuous function.
Now, h(x) = x2

So, h is defined for every real number.
Let ¢ be a real number, then h(c) = ¢?

limh(x) = lim x?
X—C X—>C

limA(x) = h(c)

Therefore, h is a continuous function.

We know that for real valued functions g and h,

Such that (fog) is continuous at c.

Therefore, f(x) = (goh)(x) = cos(x?) is a continuous function.

Q.32

Show that the function defined by f (x) =] cos x| is a continuous
function.

Answer:
It is given that f(x) = |cos x|

The given function fis defined for real number and f can be written as
the composition of two functions, as

f = goh, where g(x) = x| and h(x) = cos x

First we have to prove that g(x) = |x| and h(x) = cos x are continuous
functions.

g(x) = [x| can be written as

(—x, i fx<0
g(x)_{x,ifxzo

Now, g is defined for all real number.




Let k be a real number.

Case : If k<O,

Then g(k) = -k

And }Clllllc gx) = glci_l)l}((—x) =-k

Thus, lim g(x) = g (k)
X—

Therefore, g is continuous at all points x, 1.e., x> 0
CaseII: If k>0,
Then g(k) =k and

iy 9(5) = i~k

Thus, lim g(x) = g (k)
X—
Therefore, g is continuous at all points x, 1.e., X < 0.
Case IIl: If k=0,
Then, g(k) =g (0)=0
lim g(x) = lim (—=x) =0

x—=0" x—>0"

lim g(x) = lim (x)=0

x—07t x—0Tt

= lim g(x) = lim g(x) =g (0)
Therefore, g is continuous at x = (

From the above 3 cases, we get that g is continuous at all points.
h(x) = cos x

We know that h is defined for every real number.

Let k be a real number.




Now, put x=k+h
If x -k, thenh—0

lim h(x) = lim cos x
x—-k x—k

= }111_1)1(1) cos(k + h)

= Iliim cos[cos k cos h — sin k sin h]

-0

= Illirr(l) coskcosh — limsinksinh
%

h-0
= coskcosO — sinksin(

=coskx1—-sinx0

=cos k

«~ lim h(k) = h (k)
x—k

Thus, h(x) = cos x is continuous function.

We know that for real valued functions g and h, such that (goh) is
defined at k, if g is continuous at k and if fis continuous at g(k),

Then (fog) is continuous at k.

Therefore, f(x) = (gof)(x) = g(h(x)) = g (cos x) = |cos X| is a continuous
function.

Q. 33 Examine that sin | x| is a continuous function.
Answer:
It is given that f(x) = sin [x|

The given function fis defined for real number and f can be written as
the composition of two functions, as

f= goh, where g(x) = x| and h(x) = sin x




First we have to prove that g(x) = [x| and h(x) = sin x are continuous
functions.

g(x) = [x| can be written as

(—x,ifx<O0
g(x)_{x,ifx =0

Now, g is defined for all real number.
Let k be a real number.

Case : If k<O,

Then g(k) = -k

And }CILrllc g(x) = Jlci_r>r,1c(—x) = —k
Thus, chl_r}r}c gx) =g (k)

Therefore, g is continuous at all points x, 1.e., x >0
Case II: If k>0,
Then g(k) =k and
i 9(2) = limx =
Thus, lim g (x) = g (k)
X—
Therefore, g is continuous at all points x, 1.e., x < 0.
Case III: If k=0,
Then, g(k) =g (0)=0
lim g(x) = lim (—=x) =0
x—0 x—0
Jim g(x) = lim (x) =0

s~ lim g(x) = xllrglJr g(x) =g (0)

x—-0"




Therefore, g is continuous at x =0

From the above 3 cases, we get that g is continuous at all points.
h(x) = sin x

We know that h is defined for every real number.

Let k be a real number.

Now, put x=k +h

If x >k, thenh — 0

lim h(x) = lim sinx
x—-k x—k

= lim sin(k + h)
h—0

= }ling[sin k cos h + cos ksin h |

=lim sink cos h+ lim cosk sin h
h—-0 h—-0

= sinkcos(0 + cosksin0

= sink

316151‘c h(x) = g(k)

Thus, h(x) = cos x is continuous function.

We know that for real valued functions g and h, such that (goh) is
defined at k, if g 1s continuous at k and if fis continuous at g(k),

Then (fog) is continuous at k.

Therefore, f(x) = (gof)(x) = g(h(x)) = g (sin x) = [sin x| is a continuous
function.

Q.34
Find all the points of discontinuity of f defined by f(x) =| x| — | x + 1|.




Answer:
It is given that f(x) = x| - |x + 1|

The given function fis defined for real number and f can be written as
the composition of two functions, as

f= goh, where g(x) = [x| and h(x) =[x + 1|
Then, f=g-h

First we have to prove that g(x) = |x| and h(x) = [x + 1| are continuous
functions.

g(x) = [x| can be written as

(—x,ifx<O0
g(X)_{x,ifxzo

Now, g is defined for all real number.
Let k be a real number.

Case : If k<O,

Then g(k) = -k

And chilrllcg (x) = chiilllc(—x) = —k
Thus, lim g (x) =g (k)

Therefore, g is continuous at all points x, 1.e., x>0
Case II: If k> 0,

Then g(k) =k and

limg(x) =limx=k

x—k x—k

Thus, lim g (x) = g (k)
X—

Therefore, g is continuous at all points x, 1.e., x < 0.




Case III: If k=0,

Then, g(k) =g (0)=0

lim g(x) = lim (—x) =0
x—0

x-0"

Ji 93 = lig (0 =0

xll)rgl_ gx) = le%‘+(’“) =0
Therefore, g is continuous at x =0

From the above 3 cases, we get that g is continuous at all points.

g(x) =[x + 1| can be written as

(—(x+1)ifxr< -1
g(x)—{ x+1,i fx =-—1

Now, h 1s defined for all real number.

Let k be a real number.

Case I If k<-1,

Then h(k) =-(k + 1)

And lim h(x) = chi_r>r11<[—(x + D] =—-(k+1)
Thus, chlir}c h(x) = h (k)

Therefore, h is continuous at all points x, 1.e., x < -1
Case II: If k> -1,

Then h(k) =k + 1 and

3161_1)111{ h(x) = )lcigllc(x +1)=k+1

Thus, 31611)111{ h(x) = h(k)

Therefore, h is continuous at all points x, i.e., x > -1.




Case III: If k=-1,

Then, h(k)=h (-1)=-1+1=0

lim h(x) = linll_[—(x +1)]=-(10+1)=0
X—>

x->1"

lim h(x) = lirgl+(x +1)=(-1+1)=0
xX—

x—1t

xh_)n?_ h(x) = xll_>r£1+ h(x)=h(-1)

Therefore, g is continuous at x = -1
From the above 3 cases, we get that h is continuous at all points.
Hence, g and h are continuous function.

Therefore, f= g — h is also a continuous function.




Exercise 5.2

Q. 1 Differentiate the functions with respect to x. sin (x> + 5)
Answer:

Given: sin (x? +5)

Let y =sin (x> +5)

_4y _

A (2
- dxsm(x +5)

— cos (x2 + 5). % sin (x2 + 5)

= cos (x2+ 5). [;—x (x)? + % (5)]

=cos (x> +5). 2x +0)

= cos (x% + 5). (2x)

= 2x.cos (x2 +5)

Q. 2 Differentiate the functions with respect to X. cos (sin x)
Answer:

Given: cos (sin Xx)

Let y = cos (sin x)

_y_ 4 -
= o (cos (sin x))

L d , .
= - sin (sin X). = (sin x)

= -sin (sin x). Cos x
= -C0S X. sin (sin Xx)
Q. 3 Differentiate the functions with respect to x. sin (ax + b)

Answer:




Given: sin (ax + b)
Let y =sin (ax + b)

_y_d
Bl (sin (ax + b))

=cos (ax +b). i (ax + b)

= cos (ax +b). (= (ax+ <= (b))
= cos (ax +b). (a+ 0)

=cos (ax +b). (a)

=a. cos (ax +b)

Q.4

Differentiate the functions with respect to x.
Sec (tan(v/x))

Answer:

Given: sec (tan(Vx))

Let y= sec (tan(\x))

- Z_i’ = % (s ec(tan(ﬁ)))

= sec (tan (v/x)). tan (tan (v/x)) (% (tan \/E))

= sec (tan (v/x)). tan (tan (v/x)). Sec? (\/E).% (Vx)

1

= sec (tan (v/x)).tan (tan (v/x)).sec? (\/E)).2 5

1

= ) (sec (tan (v/x)).tan (tan (vx)).sec? (vVx))

Q. SDifferentiate the functions with respect to x.




sin(ax+b)
cos(cx+d)

Answer:

_ sin(ax+b)
" cos(cx+d)

Given

__sin(ax+b)
cos(cx+ad)

_dy d (sin(ax+b))
dx  dx cos(cx+do

Lety

2

We know that - (E) _ vdw)-ud(®)
dx \v

4

_ [cos(cx+d).d(sin(ax+b))—sin (ax+b).d(cos(cx+d))]
[cos(cx+d)]?

_ [cos(cx+d).(cos(ax+Db)).d(ax+b)—sin(ax+b).(— sin(cx+d)d(cx+d)]
[cos(cx+d]?

_ [cos(cx+d).(cos(ax+Db)).(a)—sin (ax+b).(—sin(cx+d)(c)]
[cos(cx+d)]?

_ [acos(cx+d)cos(ax+b)] . [csin(cx+d)sin(ax+b)
[cos(cx+d)]? [cos(cx+d)]?

_ [a cos(ax+b)] [c sin(cx+d)sin(ax +b)]
[cos(cx+d)] [cos(cx+d)]]cos (cx+d)]

=acos (ax + b) sec (cx +d) + ¢ sin (ax + b) tan (cx + d) sec (cx + d)
Q. 6 Differentiate the functions with respect to x.

cos x3. sin? (x°)

Answer:

Given: cos x3. sin? (x°)

Let y = cos x3. sin? (x°)

_y =

d
@ _ 2 3qin2 (45
ol (cos x3.sin? (x°))




We know that, 2—3; (wv)y=u.dw) +v.d(@

d d
€os x° .~ sin (x°) + sin? (x°). ™ (cos x°)

= cos 2. 2 sin (). (= sinx®) ) + sin2 (). (sin ). (=x?)

= cos 2. 2 sin (x9). Cos (x9) (<= %) + sin2 (x%). (-sin ). (3:%)
= cosx3.2sin(x°). cos(x’) (5x*) + sin2(x%). (-sinx?). (3x?)

= 10x*.cosx3.sin(x°). cos (x°) - (3x?). sin2 (x°). (sinx3)

Q. 8 Differentiate the functions with respect to x.

cos(v/x)

Answer:
Given: cos Vx
Let y = cos Vx

=2~ 2 (cosx)

dx dx

= — sin (\/}) (%\/E)
= — sin (Vx). % (x_%)

= — sin (ﬁ)%

_sin(Vx)
2Vx

Q. 9 Prove that the function f given by f (x) =| x — 1|, x € R is not
differentiable at x = 1.

Answer:

Given: f(x)=[x-1|, x ER




because a function f is differentiable at a point x=c in its domain if both
its limits as:

lim [f (c+h)—f(c)] and lim [f (c+h)—f(c)]
h—-0~ h h-0%t h

are finite and equal.

Now, to check the differentiability of the given function at x=1,

Let we consider the left hand limit of function f at x=1

lim [f(1+h)—f(1)]
h—-0~ h

= lim [[1+A—1]—[1-1]]

— lim [[n]-0]
h-0- h

= lim [=h] because, {h <0 = | -h}
h-0 h

Now, let we consider the right hand limit of function f at x=1

= lim, [£(1+R) = £(1)]
= lim,[11+ A= 1] = |1~ 1]

= lim,[|] — 0]

—_ 1 m —
_hllfgl+ - because, {h>0 = |hj= h}

=1

Because, left hand limit is not equal to right hand limit of function f at
x=1, so f 1s not differentiable at x=1.

Q. 10 Prove that the greatest integer function defined by f (x) =[x], 0 <x
<3 is not differentiable at x=1 and x = 2.

Answer:




Given: f(x) =[x], 0 <x <3
because a function f is differentiable at a point x=c in its domain if both
its limits as:

lim [f(c+h)—f(c)] and lim [f (c+h)—f(c)]
h—0~ h h—-ot

are finite and equal.

Now, to check the differentiability of the given function at x=1,

Let we consider the left-hand limit of function f at x=1

_ iy SO
h—-0" h

. [1+h|—|1]
h-0~ h

. [1+h-1-1]

lim
h-0~ h

= lim 2= because, {h<0=> |hj= -h}
h—0 h
1

= — — = 00
0

Let we consider the right hand limit of function f at x=1

lim [f(1+h)—f(1)]
h-o0t h

B T i BV
h—-0%t h

im B

Because, left hand limit 1s not equal to right hand limit of function f at
x=1, so f 1s not differentiable at x=1.

Let we consider the left hand limit of function f at x=2




= lim [f 2+h)—f(2)]
h—-0~ h

h—-0" h
— lim [2+h—-1-2]
h-0" h

. h+1-2
im [ ]

Now, let we consider the right hand limit of function fat x=2

= lim [f(2+h)-f(2)]
h—-o0t h

_ 1 2=
h—-ot h

im 222

Because, left hand limit is not equal to right hand limit of function f at
x=2, so f 1s not differentiable at x=2.




Exercise 5.3

Q. In Find dy /dx in the following:
2x +3y=sinx

Answer:

It is given that 2x + 3y =sin x

Differentiating both sides w.r.t. x, we get,
_a a — 4 g
= (2x) + = By) = e (sin x)
—2+3% = cosx

dx

dy
=3—=cosx — 2
dx

_dy cosx—2

dx 3
Q. 2 Find dy/dx in the following:

2x+3y=siny
Answer:
It is given that 2x + 3y =sin y

Differentiating both sides w.r.t. X, we get,

_a a _ a4
=— (2x) + . By) = — (sin y)

d d
=2+3—y=cosy—y
dx dx

=2= (cosy—S)Z—z

_ay 2
dx (cosy-3)

Q. 3 Find dy/dx in the following:




ax + by> =cosy
Answer:
It is given that ax + by? = cos y

Differentiating both sides w.r.t. X, we get,

a 2y = &
-, (@ +by?) =——(cos y)

== (@) + == (by?) === (cos )
=a+b () = (cos )
=a+b><2yz—z= —sinyz—z

= (2by +siny) 2 =—a

_ay —-a
dx (2by+siny

Q. 4 Find dy/dx in the following:
xyty =tanx +y

Answer:

It is given that xy + y> =tan x + y

Differentiating both sides w.r.t. x, we get,
4 LS
— oy %) = — (tanx + )

d d d dy
= + = (H3)=— + =
dx (xy ) dx ()/ ) dx (tan x) dx

dy dy] dy dy
[y dx (x) T X dx Y dx sec dx

d d dy
=y. 1 +x—y+2y—y=sec2x+—
dx dx dx




_ ay _ _
=(x+2y—1) ™ sec2 —y

_dy _ sec®x-y

dx  (x+2y-1)
Q. 5 Find dy/dx in the following:
x2+xy+3y?=100
Answer:
It is given that x* + xy + 2= 100

Differentiating both sides w.r.t. X, we get,

4 2 2y — 4
o, @ Ty +y%) =——(100)

= O+ () + - (A =0

_ L 4y 4y _
_2X+[ydx(x)+x dx]+2ydx 0

_ dy 4y _
—2x-|—y.1+xdx+2ydx 0

=2x+y+(x+2y)z—z=0

_ay 2x+y

B dx x+2y

Q. 6 Find dy/dx in the following:

X3+ x%y+xp?+ )3 =81

Answer:

It is given that x3 + x2y +x? + )3 =81
Differentiating both sides w.r.t. x, we get,

P 243y = &
0+ x%y +2 4 %) = —(81)

I N N, N P N
dx(x)+dx(xY)+dx(xy)+dx(Y) 0




— 2.2 a2 2 4 2 4 a2 ) 4y _
3x_|_[ydx(x)+x dx]+[y dx(x)-l_xdx(y )]"‘3}’ dx_O

3y 2y] , [.2 W), 424y _
3x +[y.2x+x dx]+[y.1+x.2y.dx]+3y ™ 0
= (2 + 2+ 39%) D4 (322 + 2y +)2) = 0

dy —(3x2 +2xy +y2)

dx  (x2+ 2xy + 3y2)

Q.7
Find dy/dx in the following:

Sin2 y +CosXy =m
Answer:
It is given that sin2 y + cosxy =m

Differentiating both sides w.r.t. x, we get,

d . _d
— (sin2y + cos xy) = — (1)

: d . d d
=251nycosyﬁ— sin xy [ya(x)+xﬁ]

. dy . dy
—231nycosy;— sinxy [y.1+xa]—0
=2sinycosyd—y—ysinxy—xsinxyd—y=0

dx dx

. . dy .

=(2sinycosy—x s1nxy)a=ysmxy

. . dy .
= (sin2y — x sin xy) oy sinxy
dy ysinxy

dx (siy—xsinxy)

Q.8
Find dy/dx in the following:




sin2 x + cos2 y=1
Answer:
It is given that sin2 x + cos2 y =1

Differentiating both sides w.r.t. x, we get,
d , . _d
= (sin2x + cos2y) = ™ (1)
— 2 (sin2x) + < (cos2x) = 0
— (sin2x) ™ (cos2x)
sin . —— (sin X) cos y. — (cos y)
=2sinxcosx+2cosy (- siny).z—z=0

= sin 2x—sin2yz—z=0

_dy _ sim®x

B dx Si Ry

Q.9
Find dy/dx in the following:

it (-2
y 1+x2
Answer:
Let x =tan A

then, A = tan'lx
_dA 1
DX  1+x2
2tan A )
1+tan?A

y = sin’! (

2tan A ]

also, we know [sin 24 = >
1+tan<A

And =y = sin’! (sin 2A)




[by chain rule[

- dx 142
Q.10
Find dy/dx in the following:

= tan! (3x_x3) _lcx<—
y—H 1-3x2/7 V3 V3
Answer:

It is given that:

y = tan’! (3x—x3)
1—-3x2

Assumption: Let x = tan 0, putting it in y, we get,

3tan6—¢an39)
1-3tan?0

y = tan’! (

3tan x— tan3x

1-3tan?x

we know by the formula that, tan 3x =

Putting this in y, we get, y = tan-!(tan30)
y = 3(tan"'x)

: .y : d 3
Differentiating both sides, we get, = = >
dx 1+x

Q. 11 Find dy/dx in the following:

1-x2

y =cos™! (1 ),0<x<1

+x2
Answer:

It is given that,

y = cos’! (1_x2)

1+x2




1—x
=COSy~=
YT I
1—tan2% 1—x2

1+tan2% -

1+x2
On comparing both sides, we get,
tan = x

2

Now, differentiating both sides, we get,

see? (3) 2 (3) = 2 @

y ., ldy
=sec?=X-— =
2 2dx

_dy 2

dx seczg

_dy 2

dx 1+tan2§

_dy 2
dx  1+x2
2

Q. 12 Find dy/dx in the following: y = sin’! (

1+x2

Answer:

2
It is given that y = sin™! (1 z )

+x2

1—x2

1+x2

=(1+x?)siny=1-x?

=siny=

=(1+siny)x*=1-siny

_ o _ 1l-siny

1+siny




Now, we can change the numerator and the denominator,
1=sin2§+c052§

We know that we can write, and

Sin y =2 sin Y Cos?
2 2

Therefore, by applying the formula: (a + b)? = a?> + b2+ 2ab and (a - b)?
= a? + b?- 2ab, we get,

2

Y _gi Z)

(cos2 sinZ i
y -Z)
(cosz+51n2

Y_ciny
COS2 S >

X T Ty Y
cosz+sinz

Dividing the numerator and denominator by cos (y/2), we get,

—tanZ
1-tan

Y
1+tan2

Now, we know that:

tan A—tan B
tan (A —B) =
1+tan A.tan B

)

Now, differentiating both sides, we get,

200 = o (an (5 -3))

d ([
<a(-2)
dx \4 2

1dy
2dx




. dy . -2
dx  14+x2

Q.13
Find dy/dx in the following:

2x
= ‘1 J—

y = oS (1+x2), 1<x<1

Answer:

It is given that y = cos™! ( 2x )

14+x2

2x

TSy T

Differentiating both sides w.r.t. x, we get,

2y d o 4 2
dy _ (14x ).dx(Zx) 2%~ (1+x%)
dx (1+4x2)2

-Sin y

dy (1+x?)x2-2x.2x
=./1—cos?y— =
y dx (1+x2)2

- - () e

_ \/(1—x2)2—4x2d_y _ —2(1-x?)

(14+x2)2  dx  (1+x2)2

_|@-x2)2dy -2(1-x2)
(1+x2)2dx  (1+x2)2
_1-x?dy _ -2(1-x?)
1+x2 dx  (1+x2)2
_ay . -2

dx  1+x2

Q. 14 Find dy/dx in the following:




y = sin’! (2xV1—x2),—%<x <%

Answer:

It is given that y = sin! (2xv1 — x2)
=sin y=2xV1 —x2

Differentiating both sides w.r.t. x, we get,

COSyd—y=2[xi(\/1——x2)+\/1——x2d_y]
m——Z[ 1+ x?2

\/ 1- (2T —x%)" 2 = "‘2_,:_1;"2

[1—2x2
\/1—3(:2

= J1—4x%(1 - xZ)j—z =2

1-2x2

V1-x2

(-2 =2

_dy 2
dx - \/1—x2

Q. 15 Find dy/dx in the following:

1 1

= -1 i—

y = see (2x2+1)’0 <X < V2
Answer:;

1
L — el
It is given that y = sec ( 2 +1)
1

S T e

=cos y=2x*+1

=2x>=1+cosy




=2x2=2 cos2 %

o y
=X=COS—
2

Differentiating w.r.t. x, we get,

0= & cos)

dx




Exercise 5.4

ex

Q. 1 Differentiate the following w.r.t. x:

sinx

Answer:

ex

Lety=

sin x

By using the quotient rule, we get

cod e xd
d_y _ smxdx(e )—e dx(sm x)
dx SiTtx

__ sinx.e¥—e*.(cosx)
siTtx

_ e*(sinx—cosx)
SiTtx

Q. 2 Differentiate the following w.r.t. x:

sinl

e X

Lety = esin ' x
Now, by using the chain rule, we get,

dy d ;o1

= _ 2 (eSlTL x)

dx dx

=27 _ eszn
dx

1 od .4
x.dx(SLn X)

dy
Thus, — =
dx 1-x

Q. 3 Differentiate the following w.r.t. x:




Answer:
Lety= e*’

So, by using the chain rule, we get,

ay _ a . x3
—dx(e )

Q. 4 Differentiate the following w.r.t. x:
sin (tan™! e¥)

Answer:

Let y = sin (tan'! e¥)

So, by using chain rule, we get

dy

d
= — T« -1 ax
= ax [sin (tan'! )]

d
= cos (tan™! e'X).a (tan'! eX)

1 a

= cos (tan’! %), ———.
( ) 14+(e™%)2 " dx

(™)

_ cos(tan"le™¥)
1+e~2%

d
e-X—~ (-x)

e *cos(tan~le™¥)

= (=1)

1+e~2%

—e ¥cos(tan"le™)
1+e~2%

Q. 5 Differentiate the following w.r.t. x:




log (cos €¥)
Answer:
Let y = log (cos €¥)

So, by using the chain rule, we get,

v _ 4 x
= 1 (log (cos €¥))
1 d
= . (cose™)
__1 . xy 4 ox
Cosex.( sine ).dx(e )

— si X
_ sin e x

coseX '

= —e”*tan e*

Q. 6 Differentiate the following w.r.t. x:
e¥ +e* 4+ e¥

Answer:

Let y= e* + e 4 o+ X

=%(ex +e¥ 4.t exs)

— L)+ L () + L () + L () +L ()

—e* 4 X 2x 4+ X . 3x2 + X' 4x3 4 e*° . 5x*

—e* + 2xe*” + 3x2e* 4 4x3e*" 4+ 5xte*’

Q. 7 Differentiate the following w.r.t. x:

e‘/’—‘,x>0

Answer:




Lety=\/e*/’_‘

Then, 2= e¥*

Now, differentiating both sides we get,

_dy _ eV
dx 4V xeVx
Q. 8 Differentiate the following w.r.t. x:

log (log X)) X > 1

Answer:

let y =log(logx)
So, by using chain rule, we get,

ay _a
2 = 2 (log (log x))

2 (logx)

" logx dx

1 1

" logx ' x

1

xlog x

Q. 9 Differentiate the following w.r.t. x:




COosXx x>0

logx’

Answer:

__cosx

Let y , x>0

B logx
So, by using the quotient rule, we get,

d d
ay _ a(cos x)xlog x—cos xxa(log X)

dx (log x)?
. 1
—sin xlog x—cos XX

(log x)?

_ —[xlogx.sinx+cos x]

x(log x)2
Q. 10 Differentiate the following w.r.t. x:
cos (logx+¢¥), x>0
Answer:
Let y = cos (logx + ¢¥)

So, by using chain rule, we get,

—sin(log x + ex).% (logx + e*)

= —sin(logx + e*. [% (log x) + % (ex)]

= —sin(logx + e*). (i + ex)

=_ G + ex) sin(log x + e*)




Exercise 5.5

Q. 1 Differentiate the functions given in w.r.t. X.
COS X. €OS 2x. oS 3x

Answer:

Given: cos x. cos 2x. cos 3x

Let y= cos x. cos 2x. cos 3x

Taking log on both sides, we get

log y=log (cos x. cos 2x. cos 3x)

=log y =log (cos x) + log (cos 2x) + log (cos 3x)

Now, differentiate both sides with respect to x

% (logy) = ilog(cos x) + ilog(cos 2x) + i (log cos 3x)

L2 (cos x) + — (cos 2x) +

cosx dx cos2x dx

— (cos 3x)

cos3x dx

sinx sin2x d sin3x d
|- 2 (2x) -

£ (30|

cosx cos2x dx cos3x dx

= — C0S X.CO0Ss 2x. cos 3x[tan x + tan 2x (2) + tan 3x(3)]

— C€OS X. €0S 2x.cos 3x[tan x + 2 tan 2x + 3 tan 3x]

Q. 2 Differentiate the functions given in w.r.t. X.

(lOg X) COS X
Answer:
Given: (log x) cos~¥

Let y = (log x) cos~




Taking log on both sides, we get
log y = log (log x) cos~
=log y = cos x. log (log x)

Now, differentiate both sides with respect to x

d d
— (logy) = = [cos x.log(log x)]

1dy
y dx

d d
= cos x.—— (log(logx)) + log(log x). — (cosx)

_4y _ a4 —si
==Y [cos X logx" ax (logx) +log(logx). (— sin x)]

4 (log x) ¥ [cos X —— i + log(log x). (— sin x)]

dx logx

d_y . (10g x)cosx [ COSX

dx_

— (sinx).log(log x)]

x.log x
Q. 4 Differentiate the functions given in w.r.t. x.
§X _ Dsinx

Answer:

Given: x* — 2sinx

Let y= x*— 2sinx

Lety=u-v

= u=xxand v=2siny

For,u=x*

Taking log on both sides, we get

logu=Ilog x*

=log u=x. log(x)

Now, differentiate both sides with respect to x




= (log u) =— [x log(x)]

:l% = . —(logx) + log x. —(x)

=Z—z =u [x.;+ log x. (1)]

Z—u = x*(1+ logx)

For, v=2sin x

Taking log on both sides, we get
log v =log 2sin~

=log v =sin x. log (2)

Now, differentiate both sides with respect to x

=— (log V) = [sm x.log(2)]

_1dv
vdx

dv _
== v[log 2. (cos x)]

dv ;
== 25X cos xlog 2

= log 2 — (sm X)

Because, y=u-v

_dy du dv

dx  dx dx
dy/dx = x* (1 + logx) - 2sinx.cosx.log2
Q. 5 Differentiate the functions given in w.r.t. x.
(x+3)2 (x+4)3. (x +5)*
Answer:

Given: (x +3)% (x +4)3. (x + 5)*




Let y= (x +3)% (x +4)3. (x + 5)*

Taking log on both sides, we get

log y=1log ((x + 3)% (x + 4)3. (x + 5)%)

=log y =log (x +3)>*+ log (x + 4)3 + log (x + 5)*
=log y=2.log (x +3)+ 3.log (x + 4) + 4.log (x + 5)*

Now, differentiate both sides with respect to x

= % (logy) = i (2.1og(x + 3)) + i (3.log(x + 4)) + i (4.1og(x +
5))
NS

1 d 1 d
.x+3.dx(x + 3)+ 3@;(.% +4) +4ma(x +5)

_ay [2+3+4]
dx yx+3 x+4 x+5

_ d_y . 2 3 4 [2(x+4) (x+5)+3(x+3)(x+5)+4(x+3) (x+4)
dx (e +3)%(x +4)*(x +5) [ (x+3) (x+4) (x+5)

:Z_zz (X+3)1(x+4)2(x+5)3[2(x2+9x+20)+3(x2+8x+

15) + 4(x? + 7x + 12)]
=(x+3)(x+4)*(x+5)O9x*>+ 70x + 133)

Q. 6 Differentiate the functions given in w.r.t. x.
1\*¥ 1

(x + —) + x(1+x)
X

Answer:

Given: (x + i)x + x(1+%)

Let y= (x + i)x + x(1+9_1€)

Also, Lety=u-+v




=u (x + i)x and v = x(lﬁ)
for, u = (x + i)x

Taking log on both sides, we get

X

logu=log (x +§)

=logu=x. 10g(x+i)

Now, differentiate both sides with respect to x

% (logu) = % [x. log (x + i)]

=%—Z—Z=x.%(log(x+§))+log(x+i).%(x)

~ Aoy _x'(xil)'%(xJ’i) +log(x+§)]

X

du
=—=Uu TN . | T
dx
_du
dx

1+7)

Taking log on both sides, we get

1

log v=1log x(1+x)




=logv=(1+i).logx

Now, differentiate both sides with respect to x

=i(logv) = i[(1 +l).logx]

_1dv

v dx logx—(1+ ) (1+§)_%(logX)
=d—Z=v[logx.(0—;_2)+(1+i)'i]
1) :_ logx_l_(l_l_i)]

x2 x  x2

2

Dr- logx+x+1]

X

2

[x+1-log x]
x

Because, y=u+v

dy du dv
= ="—4—
dx dx dx

== (4 2) () r0m (x )] £ U ]

dx x x2+1 x

Q. 7 Differentiate the functions given in w.r.t. x.
(log x) X+ x logx

Answer:

Given: (log x) * + x logx

Let y= (log x) x + x log

Lety=u+v

= u=(log x) *and v = x log~

For,u= (logx) *




Taking log on both sides, we get

log u=log (log x) *

=log u=x.log (log(x))

Now, differentiate both sides with respect to x

— (log u) = [x log(log x)]

_l_2_ —log(log x)) + log(log x) - (x)

u dx
v _ [ = (logx) + log(log x). (1)]

dx "logx dx

au _ x| * 1
ol (logx) [logx.x + log(log x).(l_]

x) x [1+10g(log x).(logx)
log x

_du
dx
d

= (logx)* 1 [1 + logx.log(log x)]

For, v = x logx

Taking log on both sides, we get

log v =log (x log x)

=log v=1og x. log x

Now, differentiate both sides with respect to x

= (logv) = +-[(logx)?]

=lﬂ = 2. logx—(logx)

vdx
log x
=—=v[2. g ]
dx X

dv log x
=— = yxlogx [Z.L]
dx X




dv _
= — = z_xlogx 1.10gx
dx

Because, y=u+v

_dy du  dv
dx o dx dx

= Z—z = (logx)* 1 [1 + log x.log(log x)] + 2.x'°8%71 Jog x
Q. 8 Differentiate the functions given in w.r.t. x.
(sin x) *+ sin"! Vx

Answer:

Given: (sinx)* +sinlvx

Let y= (sinx)* + si nly/x

Lety=u+v

=u=(sinx)*and v=sinlVx

for, u= (sinx)*

Taking log on both sides, we get

log u=log (sinx)*

Now, differentiate both sides with respect to x
=— (log u) = [x log(sin x)

= ld—u = X. —log(sm x)) + log(sin X) - (x)

udx

_qu u [x (sm x) + log(sin x). (1)]

sin x dx

d . :
_ ﬁ = (sinx)* [Slex .cos x + log(sin x). (1)]

d . :
— ﬁ = (sinx)* [x.cot x + log sin x]




for, v=sinl/x

Now, differentiate both sides with respect to x

=Z—z=;—x[siﬁ1\/7]
_dv_ 1 i(\/;)

dx m'dx

_dv 1 1
T ax vi-x 2(Vx)
_av
" dx
1
2Vx—x

Because, y=u+v

_dy du dv
dx o dx dx

=Z—y = (sinx)* [x.cotx + logsinx] +

x 2Vx—x
Q. 9 Differentiate the functions given in w.r.t. x.
x S X+ (sin x) cos¥

Answer:

Given: x 8" ¥+ (sin x) ©0s¥

Let y= x $"* + (sin x) cos*

Lety=u+v

= u=x"*and v = (sin x) °os*

For, u = x sinx

Taking log on both sides, we get

log u =log (x sin x)

=log u = sin x.log(x)




Now, differentiate both sides with respect to x

—(logu) = [smx log x

1du
== = sin x. —(logx) + log x. —(smx)

du .
- =u [smx.— + log x. cosx]

[sm X

= Z—Z = (x)Sin¥ + log x. cos x]
For, v = (sin x) cos*

Taking log on both sides, we get
log v =log (sin x) ¢os*

=log v = cos x. log (sin x)

Now, differentiate both sides with respect to x

— (log V) = [cos x.log(sin x)]
_ldv _ a - in 3 =
= = cosx.— log(sm x) + logsin x. ™ (cos x)

v 1 d . . .
=V [cos X (sinx) + log(sin x).(— sin x)]

d
dx
% = (sin x) 0¥ [%.cos x + logsinx. (— sin x)]
dy
dx

== (sin x)°%* [cot x. cos x — sin x.log sin x]|Because, y=u+v

_dy du  dv
dx  dx = dx
dy i

- 2r _ (x)smx
dx

sin x.log sin x]

[Smx + log x. cos x] + (sin x)€°5* [cot x. cos x —

Q. 10 Differentiate the functions given in w.r.t. X.




X

Answer:

2
xcosx 4 x“+1

Given: x >
x2-1

2
xcosx | x“+1

Let y= x )
Lety=u+v

2
x“+1
XCOSX and v =

=u=X
x2-1

for, u = x*€0s*

Taking log on both sides, we get
log u=log x*¢°5%
=log u=x. cos x.log

Now, differentiate both sides with respect to x

d d
- (logu) = — [x. cos x.log x]

du d d d
——— = cosxlog x.—— (x) + x.logx. — (cosx) + x.cos x.— (log x)

:Z_:‘ =u [cos x.logx + x.log x(— sinx) + x.cos x. G)]

_du
dx
_dy _
_a_

= xXcosx[

cos x.log x — x.log x. sin x + cos x]

xXCOSX[

cos x(1 + log x) — x.log x. sin x]

x%+1
Taking log on both sides, we get

log v=1log (x2+1)

x%-1




= logv=1log (x> +1)—log (x> — 1)

Now, differentiate both sides with respect to x
% (logv) = i [log(x2 + 1) —log(x? —1)]

_( 2)_

- x2+1 dx

[ 241°

x2+1) 2x(x? —1)—2x(x +1)
x2-1/"

2= (59 [

_dy _ [ —4x
dx  Lx2-1)2]

(x2+1)(x2-1)

Because, y=u+v
_dy _du dv
dx  dx dx

_ay _ . xcosx — ' . —
== =x [cos x(1 + log x) — x.log x. sin x] [(xz_l)z]

Q. 11 Differentiate the functions given in w.r.t. X.

1
(x cos x)* + (x sin x)x

Answer:
Given: (x cosx)* + (x sin x)alc
Let y= (x cos x)* + (x sin x)i
Lety=u+v
1

=u= (xcosx)*and v= (xsinx)x

for, u= (x cos x)*




Taking log on both sides, we get
logu=1log (x cosx) ~

=log u=x. log (x cos x)

= logu=x (log x + log (cos x))

= logu = x (log x) +x (log (cos x))

Now, differentiate both sides with respect to x

=22 (10g x) = [x log(x)] + [x log(cos x)]

_1du

= {x — (logx) + logx — (x)} {x. o (logcos x) +

udx

log cos x. T (x)}

[{xi + log x. (1)} + { Colsx x (cos x) + log cos x. (1)}]

Taking log on both sides, we get

1
log v =1og (x sin x)x

Now, differentiate both sides with respect to x

i (log V) = % E (log x)] + % E.log(sin x)]

ij—i {1.%(log x) + logx.%(i)} + {i.%(logsin x) +
log sin x.i (i)}
Y=y [E.%(logx) + logx.%(ﬁ)} + {i.%(logsinx} +

dx

log sin x. % (i)}]

= Z—z = (x sin x)a_lc [{xiz (1- logx)} + { Co.sx . _logszin x}]

xX.s1n x X




dy . 1
dx (e sin x)x [ x2 X x2

[1-logx = cotx logsinx
e

d } 1 r1-log x+x cotx—logsin x
- d—y = (x sin x)x £ £ ]
x |

x2

1r .
dy . = [1+x cot x—log(x.sin x
dx ( S1 )x 2 B¢ )

X

dy du dv

dx o dx dx

d

— ﬁ = (xcos x)* [1 — x.tan x + log(x. cos x)] +

1+x cotx—log(x.sin x)

_ 1
(x sin x)x [ =
Q. 12 Find dy/dx of the functions.
x+yr=1
Answer:
Given: ¥ +)y* =1
Let =0 +y*=1
Letu=x"and v=)*

Then, >u+v=1

_du dv
dx dx

=0

For,u=xy

Taking log on both sides, we get
Log u=logxy

=log u =y.log(x)

Now, differentiate both sides with respect to x

— % (logu) = % [y.log(x)]




_1du
udx

Z—Z =u [yi + log x. (Z—z)]

g )
x "\dx

= {y.< (logx) +log x.—- ()}

Taking log on both sides, we get
Log v =log y*
=log v =x.log(y)

Now, differentiate both sides with respect to x

=— (log V) = — [x log(y)]

_1dv

o {x —(logy) + log y. —x}

:Z—Z = v[x.l-ﬁ'l'logy' (ﬁ)]

du
because, — + — =0
dx dx

y dy x dy —
S0, xy[;+logx. (E)] + y* [;'E-l_ logy] =0
= (xYlogx +xyx_1)-j—z + (yx?™' + y*logy) = 0

x-1) ay _
d

= (xY1ogx + xy —(yx¥ 1 +y*logy)

_dy _ (yx¥ t+y*logy)
dx (Y log x+xy*—1)

Q. 13 Find dy/dx of the functions.




P=x

Answer:

Given: )¥ = x”

Taking log on both sides, we get
log yx =log x¥

=>x logy=ylogx

Now, differentiate both sides with respect to x

L logy +1logy. = x = y. = logx + log x. =
x——logy +logy.——x =y.—logx + logx.—y

1 dy — oyt y
X +logy.(1) = y.~ +logx.—~

x dy dy 1

—.——logx.——=y.-—1lo

y dx g dx yx 8y
__ y—xlogy
o X

_dy (x—ylogx) __ y—xlogy
dx y - X

:ﬂ_z@jﬁﬁ)
x—ylogx

dx  x
Q. 14 Find dy/dx of the functions.
(cos x) ¥ =(cos y)*

Answer:

Given: (cos x)Y = (cosy) x
Taking log on both sides, we get
log (cos x)” =log (cos y) *

=y log (cos x) =x log (cos y)

Now, differentiate both sides with respect to x




d d d d
y. alog(cos x) + log(cos x).ay = x.alog(cos y) + log cos Yo X

1 d
cosx dx

log(cos y). %

d
"cosy dx

=Y. (cos x) + log(cos x).z—z =X (cosy) +

Y dy _ x ool dy
= Cosx.( sinx) + log(cos x).dx = Cosy.( smy).dx +

log(cos y). (1)

_dy (x.sin y
dx \ cosy

sin x

+ log(cos x)) = y. + log(cos y)

COoS X

- Z_z (x tan x + log(cos x)) = y.tan x + log(cos y)

_dy (y.tan x+log(cos y))
dx

~ \X.tan x+log(cos x)
Q. 15 Find dy/dx of the functions.
Xy =e &=y
Answer:
Given: xy =¢ =)
Taking log on both sides, we get
log (xy) =log (e (x - y))
= logx +logy=(x-y)loge
= logx +logy=(x-y).1
= logx +logy=(x-y)

Now, differentiate both sides with respect to x

d d d d
alogx +alogy =_X—_y




Q. 16 Find the derivative of the function given by f(x) = (1 +x) (1 + x?)
(1 +x%) (1 +x®) and hence find f' (1).

Answer:

Given: f(x)=(1+x) (1 +x%) (1 +x*) (1 +x8)

Taking log on both sides, we get

log f(x) =log (1 +x) +log (1 + x?) +1log (1 +x* +1log (1 +x¥)

Now, differentiate both sides with respect to x

4 -1 4 2y, 4 4

— log f(x) = dxlog(l +x) + — log(1 +x*) + — log(1 +x*) +
ilog(l + x®)

- —— L [f ()]

f(x) dx
_ 1
1+x dx

x®)

— P (x) = f(x) = .(2%) 8]

14x 1+ 27

2x 4x3
2 + 4
1+x 1+x 1+x

=) = A+0)A+xDA+xH(1 + x8)[
8x
1+x3]

2(1) 4(1)3
1+1 1+1 1+(1)%

/G0 = (L + DA+ 1)L+ 1D +1%) [

8(1)7 ]
1+(1)8




=f'(1) = @@)(2)©2) E+ §+ 3 +§]

1+2+4+8]

- (1) = 16|

rw=16()
= £'(1) = 120

Q. 17 Differentiate (x> — 5x + 8) (x* + 7x + 9) in three ways mentioned
below:

(1) by using product rule

(11) by expanding the product to obtain a single polynomial.

(i11) by logarithmic differentiation.

Do they all give the same answer?

Answer:

Given: (x> —5x+8)(x* + 7x+9)

Lety=(x*—-5x+8)(x*+7x+9)

(1) By applying product rule differentiate both sides with respect to x

Z—z=d—y(x2—5x+8)(x3+7x+9)

=d—y—(x +7x+9)—(x —5x+8) + (x? —5x+8)—(x +

7x +9)

=Z—y—(x +7x+9).(2x —5)+ (x*—5x+8).(3x*+ 7)

=d—= 2x* + 14x%+ 18x — 5x3 —35x — 45 + 3x* 4+ 7x2% — 15x3 —

X

35x + 24x% + 56

— Y = 5% — 20x3 4+ 45x2 —52x + 11 ..... (1)

dx_




(11) by expanding the product to obtain a single polynomial
y=(x2-5x+8) (X3 +7x+9)

y=x°+ Tx3 4+ 9x? - 5x* —35x% - 45x + 8x* + S6x + 72
y=x-5x*+15x3 -26x2+ 11x+ 72

Now, differentiate both sides with respect to x

ay _ d o 5y_ 4 e 4y, 4 3y_ 4 2y 4 4
= (x°) — (5x )+dx (15x3) — (26x )+dx(11x)+

5x*—20x3 4+ 45x2—52x+ 11 ... (2)
(i11) by logarithmic differentiation
y=(x*-5x+8)(x*+ 7x+9)
Taking log on both sides, we get
logy =log ((x* —5x+8) (x* + 7x + 9))
logy =log (x2 — 5x+ 8) +log (x3+ 7x + 9)
Now, differentiate both sides with respect to x
Z—Z(log y) = ilog(x2 —5x+8) + %log(x?’ +7x+9)

1 d

3
(x3+7x+9) "dx Ge? +7x +

_1a N I o
_ydx (y) - [(x2—5x+8)'dx (x 5x +8) +

9|

144 = [(; (2x = 5) + o —.(3x7 + 7|

y dx x%2—-5x+8) (x3+7x+

[ (2x—5) (3x2%+7)
(x2—5x+8)  (x3+7x+9)

[(2x—5)(x3 +7x+9)+(3x%+7)(x? —5x+9)]
(x2-5x48)(x3+7x+9)




~ L) = l2x4+14x2+18x—5x3—35x—45+3x4—15x3+24x2+7x2—35x+56]
ax Y’ =Y (x -5x+8)(x +7x+9)

5x%—20x3 —45x2 —52x+11]
(x2-5x+8)(x3+7x49)

=%(y) = (x?—-5x+8)(x3+ 7x +9).[
=2 = 5x* — 20x% + 45x% — 52x + 11.....(3)

From equation (i), (i1) and (ii1), we can say that value of given function
after differentiating by all the three methods is same.

Q. 18 If u, v and w are functions of x, then show that

d du dv dw
—(wv.w)=—v.wH+u—.w+uv.—
dx dx dx dx

in two ways — first by repeated application of product rule, second by
logarithmic differentiation.

Answer:

d du dv dw
To prove: —(w.v.w) = —v.w+ u.—.w + U. v.—
dx dx dx dx

Let y=u. v. w=u. (v. W)

(a) by applying product rule differentiate both sides with respect to x

av _ du a
= (v.w).dx +u.—(v.w)

=Z—i’ = (U'W)'Z_Z + u. [v.i (w) + W-% (V)]

_dy _ du aw av
== (v.w).dx + (u.v). Tt (u.w.).dx

(b) Taking log on both sides, we get
as, y=u. v. w

logy =1log (u.v. w)
logy=1logu+logv+logw

Now, differentiate both sides with respect to x




d

d d d
. (logy) = alogu +Elogv +alogw

1 d 1 d 1 d 1 d
;a(y) = Za(u)i';a(v) +;a(W)

_dy()_ [1 du+1 dv+1 dw
dxy _yu'dx v dx w dx
[1 du+1dv 1 dw]

o

u dx vdx dx

dv dw
— 4+ Uuv.—

du
W.—+ u.w.
dx dx dx

From equation (i), (i1) and (iii), we can say that value of given function
after differentiating by all the three methods is same.




Exercise 5.6

Q. 1 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

x = 2at?, y = at*
Answer:

It is given that
x = 2at?, y = at*
So, now

dx _ d(2at?)

__d(at®)
Tdt

a(t*)

=a
dat

=ad4.t3

Therefore, form equation (1) and (2). we get

ay 3
d_y_£_4at_t2
= &=

dx 4at

dy .
Hence, the value of s t2




Q. 2 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

x=acos0,y=bcos0
Answer:

It is given that
x=acos0,y=bcosH

Then, we have

dx _ d(acos )
a6~ de

= a(-sinf)

dy _ d( cosf8)
e de
b (-sin 0)

From equation (1) and (2), we get

d
d_y_i;_—bsine_b

dx dx —

== —asing® Z
do

dy . b
Hence, the value of 18-

Q. 3 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

X =sin t, y = cos 2t
Answer:
It is given that

X =sin t,y = cos 2t




Then, we have
dx _ d(sint)

So, equation (1) and (2), we get

dy .
dy G _ —2sin2t
dx Todx T cost
dt
__—2.2sintcost

= o , Since sin2t = 2sintcost

= -4sint

dy . .
Hence, the value of .18 -4sint

Q. 4 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

X =4t, y =4/t
Answer:

It is given that

4
x=4t,y= -
Then, we have
dx _ d(at)




Therefore, from equation (1) and (2), we get

d LA — 1

y dt t - 4si

— = Fr=—=—=-4sI1nt

dx ax 4 t2
dt

1

dy . -
Hence, the value of 52

Q. 5 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

X =c0s 0 — cos 20, y =sin 0 — sin 26
Answer:

It is given that

X =cos 0 — cos 20, y = sin 6 — sin 20

Then, we have

ax _ d(cos8—cos20)

a6 e

__d(cos8) d(cos20)
ae aeo

= -sin 0 — (-2s1n20)

= 2s1n20 — sin 0

dy _ d(sin 6 —sin 0)

o de

__d(sin@) d(sin@)
do dae

= cos 0 — 2cos20

From equation (1) and (2), we get,

dy
dy 4 _ cosf-2cos26
dx 7 2sin26-sin@
de




dy . cos@-2cos26
Hence, the value of — 1s — :
dx 2sin20-sin 6

Q. 6 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

x=a(B—-sinB),y=a(l + cos0)
Answer:

It is given that
x=a(0—sin0),y=a (1l + cos0)
Then, we have

dx _ a [d(@) __d(sin 9)]
ae de de

= a(1-cos0)

dy _ [d(l) __d(cos 9)]
ao de ae

=a [0 + (-sin 0)]

From equation (1) and (2), we get

dy :
dy 49 _ —asin6
dx & a(l—cos0)
de

-2 sing cos2
2 2

dy . 6
Hence, the value of .18 —cot 5




Q. 8 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

X=a (cost +logtan§) y=asint
Answer:

It is given that

X=a (cost +logtan§) y=asint
Then, we have

dx _ a [d(cos t) + d(logtan%) ]

dt dt dt

tanE dt

= a[—sint+ —F

) t d
—sint + cot;.sec2 y )]

1

. cos;
—sint + £ X

X 1
. t N
sin~  cos 2= 2

2

2 sinﬁcosE
2 2

- L
—sint + ]

'1—si1?t]

| sint




From equation (1) and (2), we get
d

dy d_)t: __acost

E — dx — ( coszt)
dt sint

. sint

cost

=tan t
dy .
Hence, the value of 1S tan t

Q. 9 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

x=asec O, y=btan0
Answer:

It is given that

X
=asecO,y=Dbtan 0

Then, we have
dx d(sec 6
ax _ . ( )
ao ae

=asec Otan O

dy _ bd(tan 0)
ao de

= bsec20
From equation (1) and (2), we get,

d
dy d_39’ _ bsec?0
dx - dx —

== asec Otan @
do

b
=Zsec6 cot @




bcos@
acosfsin @
1

sin 6

b
== cosect

dy .
Hence, the value of L, s cos ect

Q. 10 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

x=a(cos0+0sin0),y=a(sin0O —0cos 0)
Answer:

It is given that
x=a(cosO+0sin0),y=a(sin0O — 0 cos 0)

Then, we have

dx _ [d(cos 0) n d (8 sin 9)]

ao do do

0d(sinf) . . d(6)

=a[—sm9+ 70 +sm9¥

=a[-sin 0+ 0 cos 6 + sin 0]

=a0cosH
dy _ [d(sin 0) _ d(6 cos 9)]
e de de

=a [cos 6 — {—ed(;((;s ) + cos 6 %}]

=a[cos 6+ 0 sin 60— cos 0]
=afsinb

From (1) and (2) we get,




=tan 0

dy .
Hence, the value of ﬁ 1stan 0

Q. 11 If x and y are connected parametrically by the equations given in
without eliminating the parameter, Find dy/dx.

s o—1 -1 dy y
If, x =iy =y acs" ' show that —~ = — =

Answer:

It is given that

. - - 1 . 1
X = ,/asin‘lt:x — (aSlnlt)Z — = g5t t
1cos_lt

1
. . -1 —14N\5
Similarly, y =+ a¢®® * = y(acos f)z =y =az
Let us consider,
o Lsimte
X =Qz

Taking Log on both sides, we get

10gx=§sin‘1tloga

xloga

E = V12 " (1)




Now, Consider

1 _
y= q2°S 1t

Taking Log on both sides, we get

logy =%cos ~1tloga

1 dy 1 d(cos™1t)
Therefore, —.— = -loga.—————
y dt 2

dy_—
dx_

Therefore, L.H.S. = R.H.S.

Hence Proved




Exercise 5.7

Q. 1 Find the second order derivatives of the function
x?+3x+2

Answer:

Let us take y= x> + 3x + 2

Now,

ay _ d(x?) N d(3x) " d(2)
dx dx dx dx

=2x +3

Therefore,

d?y _ d(2x+3) _ d(2x) + d(3)
dx2  dx  dx dx

=2+0

=2

Q. 2 Find the second order derivatives of the function
20

Answer:

Let us take y = x?°

Now,

dy _ d(x*9)
dx - dx

=20x!°

Therefore,

d?y  d(ox'?) dx1?)
= =20———=
dx dx dx




=20 x 19 x xI8

=380 x!8

Q. 3 Find the second order derivatives of the function
X. COS X

Answer:

: Let us take y= x. cos X

Now,
dy  d(xcosx)

dx dx

d(x d(cosx
=cosx£+x ( )
dx dx

= cosx.l + x (-sin x)
= COS X —X SIn X
Therefore,

d%y _ d(cosx—xsinx)
dx? dx

__d(cosx) d(x sin x)
dx dx

d(x) d(sin x)]

—sinx — [sinx.g + x. ™
= -sin X — (sin X + X €OS X)

= - (X cos X + 2sinx)

Q. 4 Find the second order derivatives of the function
log x

Answer:

Let us take y = logx




Now,

dy _ d(logx) 1

dx dx X

Therefore,

ay _a() _(_1

dx? dx x?

Q. 5 Find the second order derivatives of the function
x3 log x

Answer:

Let us take y = x> log x

Now,

dy d(x® log x)
dx dx

(x3) x3.d(logx)
dx

= log x.
= 10gx.3x2 + x3.1/x
=logx .3x?+ x?
=x%(1 + 3logx)
Therefore,

d?y _ d[x?(1+3logx)]
dx? dx

+ 2 d(1+3logx)

—(1+3logx) .

=(1+ 3 logx). 2X+X2.;

= 2x + 6xlogx + 3x
= 5x + 6xlogx




=x (5 + 6logx)

Q. 6 Find the second order derivatives of the function
e* sin 5x

Answer:

Let us take y = e* sin 5x

Now,

dy _ d(e”sin5x)
dx dx

d(e”)

. d(sin 5x
= sin 5x. ix d(sin 5%)

dx

. d(5x)
=sin 5x.e* + e*. cos 5x. o

+ x

= eXsindSx+e*cos5x.5
= e* (sin5x + 5c0s5x)

d%y _ d[e*(sin 5x+5 cos 5x)]
dx? dx

(ex )

d(sin 5x+5 cos 5x)
dx

= (sin 5x + 5 cos 5x). + e*.

(Sx)]

= (sin 5x + 5 cos 5x)e* + e [cos 5x, 289 5(—sin 5x).

= ¢* (sin5x + 5c0s85x) + X (5c0s85x — 253in5x)

=¢* (10cos5x — 24sin5x)

=2¢e* (5cos5x — 12sin5x)

Q. 7 Find the second order derivatives of the function
ef* cos 3x

Answer:

Let us take y = e cos 3x




Now,

dy _ d(e®* cos3x)
dx dx

d(e®®) 4 obx d (cos 3x)
dx dx

d .
=cos 3X. e“ﬂ% + e%*. (- sin 3x).

= cos 3x.

d(3x)

= 6e6xc0s3x - 3e6xsin3x

d%y _ d[6e°* cos3x—3e5%sin 3x]
dx? dx

d (e®% cos 3x) 3 d(e®* sin 3x)
’ dx ' dx

d(eGX)

=6.[6€%* cos 3x — 3e®* sin 3x] — 3 [sin 3x.7 + %%

d(sin 3x)]
dx

= 36e%*cos3x — 18e%sin3x -3[sin3x.e%*.6 + e%*.cos3x.3]
= 36e%cos3x — 18ef*sin3x — 18e*sin3x -9ef*cos3x

= 27e%*cos3x -36e*sin3x

= 9e%% (3cos3x — 4sin3x)

Q. 8 Find the second order derivatives of the function
tan~! x

Answer:

Let us take y =tan! x Now,

dy d(tan™1) 1
dx dx T 1+x2

azy _ 4|57
dx? dx

_dea)™t o 2y d(1+x%)
== = (—=1).(1 + x2). —




—-2x
= < 2% T Gy

Q. 9 Find the second order derivatives of the function
log (log x)

Answer:

Let us take y =log (log x)

Now,

dy d[log(logx)]
E B dx

1 d(logx) 1
Clogx” dx  xlogx

= (x log x)!

d?y _dx logx)_1
dx? dx

=(-1). (xlog x)‘z.&zgx)

d(x) d(log x)
(xlog x)2 [logx TX ]

[logx 1+ x. ]

(xlog x)2

_ —(1+logx)
(xlog x)?

Q. 10 Find the second order derivatives of the function
sin (log x)

Answer:

Let us take y = sin (log x)

Now,




dy _ d[sin(logx)]

dx dx

. d(logx)
= cos (log x). e
_ cos(logx)

X

Then

d2y B d(cos(icogx))

dx2 dx

x.d[cos(l 0gx)]
dx

—cos(log x).%

2

X

x.[— sin(log x) .%]—cos(log x).1

x2

—xsin(log x).i.cos(log x)
2

X

__ —sin(logx)+cos(log x)
o 2

X

2
Q. 11Ify=5cosx—3 sinx,provethat%+y= 0

Answer:
It is given that y =5 cos x — 3 sin x

Now, on differentiating we get,

dy _ d[5cosx—3sinx]

dx dx
__d(5cosx) d(3sinx)
B dx B dx
__5d(cos5x) 3d(sin x)
B dx B dx




= 5(-sin x) — 3(cos x)
= -(5sinx + cos X)
Then,

d?y __d(=(5sin x+cosx))
dx? dx

——|[s.

d(sin x)
dx

13 d(cos x)]
x

d
= - [5cosx +3(-sin x)]
= -[5cosx-3sinx]

=-y

Therefore,

2
d—y+y=0

dx?

Hence Proved.

Q. 12 If y = cos™! x, Find d?y/dx? in terms of y alone.
Answer:

It is given that y = cos™! x

Now,

d d -1 -1 _
_y= (cos )= =_(1_x2)
dx dx 1-x

1
2

Therefore,

1
_d(-(1-x%) 2)




dzy .
dx2

Now it is given that y = cos™! x
= X=COS Y

Now putting the value of x in equation (1), we get

dzy __ —cosy

- 3
dx? J1-cos?y

—cosy
- 3
JSsirty

_ —COSy _ —cCosy 1

(siny)3  siny “siny

d2
=d—y = —coty.cosecy

2
Q. 13 If y =3 cos (log x) + 4 sin (log x), show that x2 y, + xy1 +y=0
Answer:

It is given that y =3 cos (log x) + 4 sin (log x)

Now, on differentiating we get,

dy _ d(3 cos(log x))+4 sin (log x))

dx dx

_3 d(cos(logx)) 14 d(sin(logx))
dx dx

=3. [— sin(log x). d(log x)] + 4. [cos (log x).

d(log x)]

__ —3sin(logx) n 4cos(logx) 4 cos(logx)—3sin(logx)
x x x

Again differentiating we get,

4 cos(log x)—3sin(log x)
a?y _ 4( x )
dx? dx




__ x{4cos(logx)-3sin(log x)} —{4cos(log x)-3 sin(log x)}(x)’

x2

_ x[-4sin(logx).(log x)r—3 cos (log x).(log x)r]—4 cos(log x)+3 sin(log x)

x2

__ —4sin(log x)—3 cos(logx)—4 cos(logx)+3 sin(log x)
2

X

__ —sin(logx)—7 cos(logx)
2

X

Therefore,

X2y, + Xy +y

— 52 (—sin(logx)x—27 cos(logx)) 1y (4 cos(logx);3 sin(logx)) n

3 cos(logx) + 4 sin(log x)

= -sin(logx) — 7cos(logx) + 4cos(logx) — 3sin(logx) + 3cos(logx) +
4sin(logx)

=0
So, x*y2 + xy1 +y=0
Hence Proved

Q. 14

d%y dy
If y = Ae™ + BenX, showthatw—(m+n);+mny =0

Answer:
According to given equation, we have,
y = Ae™ + Be™

dy d(Ae™*+Be™)
Then, — =
dx dx

d(e™X) LB d(e™)

dx dx

=A.




d(mx) +B.e nxd(nx)
dx dx

= Ame™ + Bne™

=Ae™ ——=

Now, on again differentiating we get,
d%y _ d(Ame™ +Bne™)
dx? dx
d mx d nx
~ Am 2D 4 gy <;x )

R d(nx)
dx

d (mx)

= Am.e™ ——=+ Bn

= Am?e™ + Bn?e™
d2

O. d 2

= Am?e™ + Bn?e™ — (m + n) (Ame™ + Bne™) + mn (Ae™ + Be™)

—(m +n)—+mny

= Am?e™ + Bn?e™- Am?e™ - Bmne™ -Amne™ - Bn?e™ + Amne™ +
Bmne™
=0

d2

=——5—(m +n)—+mny—0

Hence Proved

2
Q. 15 If y = 500¢™ + 600e 7, show that 372’ = 49y,

Answer:
According to given equation, we have,

y =500e7™ + 600e7x

dy _ d(500e’*+600e~7%)
dx dx

( 7")

d( 7x)

=500. + 600.———




= 500.7* 272 } 600.e~7x L2
27T .

dx
=3500e7* - 4200e7%

Now, on again differentiating we get,

d%y _ d(3500e’*-4200e”7%)
dx2 dx
d e7x d(e—7x)
) _ 4200
dx dx

=3500 7% L:‘) — 42500e"7%

=3500.

d
dx(—7x)

= 7x3500.¢7 + 7x4200.¢7%
= 49x500e7* + 49x600e-7%
= 49(500¢"™ + 600e7%)

2
..u=49y

" dx?

Hence Proved

Q. 16IfeYy (x+ 1)=1, show that=
Answer:

It is given that

e (xt1)=1

x+1

Now, taking logarithm on both the sides we get,

y=10gL

x+1

On differentiating both sides, we get,




1
v _ (35
dx o (x T 1) dx

1 -1

:(X+1) — =

T (x+1)2 x+1

Again, on differentiating we get,

1
_ a(55)
dx
dzy) _ 1
dx2) — (x+1)2

. dzy . 1
dx2  (x+1)2

. d?y _ (dy)2
dx?2  \dx

Hence Proved

Q. 17 If y = (tan"! x)?, show that (x> + 1)?2y, +2x (x> + 1) y; =2

Answer:

: It is given that

y = (tan™! x)?

On differentiating we get,

dy _ d[(tan_lx)z]
dx dx

d [tan _1x]
dx

=2 tan! x

1
=2 tan'!x >
1+x

d
=(1+XZ)£=2tan'1x

Again differentiating, we get,




dzy dy 1
n &y ay _
(1+x7 dx? + Zxdx =2 (1+x2)

d?y dy
- o2 47Y 2y _
(1 +x2) dx2+2x(1+x )dx 2

So, (1+x%)2y2 + 2x(1+x2) y; =2

dzy

here 4y and
W = —_— [
> Y1 dx y2 dx?

Hence Proved




Exercise 5.8

Q. 1 Verify Rolle’s theorem for the function f (x) = x> +2x — 8, x € [- 4,
2].

Answer:

The given function is f (x) =x? + 2x — 8 and x € [-4, 2].
By Rolle’s Theorem, for a function f: [a, b] — R, if

(a) fis continuous on [a, b]

(b) f is differentiable on (a, b)

(c) f(a) = f(b)

Then there exists some c in (a, b) such that £ '(c) = 0.

As f(x) = x> + 2x — 8 is a polynomial function,

(a) f(x) is continuous in [-4, 2]

(b) f(x) =2x+2

So, f(x) 1s differentiable in (-4, 2).
(c)f(a)=f(-4)=(-4)>+2(-4)-8=16-8-8=16-16=0
fb)=f2)=2)?>+22)-8=4+4-8=8-8=0
Hence, f(a) = f(b).

= There is a point ¢ € (-4, 2) where f'(c) =0.

f(x) = x> +2x — 8

f(x)=2x+2

f(c)=0

= f(c)=2c+2=0

=2¢c =-2




=c=-2/2
= ¢ =-1 where c=-1 € (-4, 2)
Hence, Rolle’s Theorem 1s verified.

Q. 2 Examine if Rolle’s theorem is applicable to any of the following
functions. Can you say something about the converse of Rolle’s theorem
from these examples?

(1) f(x)=[x] forx € [5,9]

(11) f (x) =[x] forx € [- 2, 2]

(i) f (x) =x*>— 1 for x € [1, 2]

Answer:

By Rolle’s Theorem, for a function f: [a, b] — R, if
(a) fis continuous on [a, b]

(b) f is differentiable on (a, b)

(c) f(a) = f(b)

Then there exists some c in (a, b) such that £ '(c) = 0.

If a function does not satisfy any of the above conditions, then Rolle’s
Theorem is not applicable.

(1) f(x)=[x] forx € [5,9]

As the given function is a greatest integer function,
(a) f(x) is not continuous in [35, 9]

(b) Let y be an integer such that y € (5, 9)

f +h)-f () — lim [y +h]-[y] _
h h-0" h

Left hand limit of f(x) at x = y:hlirgl_

y—1-y . -1
= lim — = o0
h-0" h h-0— h

lim




Right hand limit of f(x) atx =y:

lim fO+N-r ) _ lim y+hl-[y] _ lim 2= = 1lim 2= 0

h-ot h h—o0t h h—-0t h h—0t h

Since, left and right hand limits of f(x) at x =y is not equal, f(X) is not
differentiable at x=y.

So, f(x) 1s not differentiable in [5, 9]

(c) fla)=1(5)=[5]=5

flb) =£(9)=[9]1=9

f(a) # f(b)

Here, f(x) does not satisfy the conditions of Rolle’s Theorem.
Rolle’s Theorem is not applicable for f(x) = [x] for x € [5, 9].
(1) f (x) =[x] forx € [- 2, 2]

As the given function is a greatest integer function,

(a) f(x) 1s not continuous in [-2, 2]

(b) Let y be an integer such thaty € (-2, 2)

Left hand limit of f(x) at x =y:

h—-0~ h h—-0~ h h—-0~

Right hand limit of f(x) at x = y:

h-0t h h-ot h h-o0t h

Since, left and right hand limits of f(x) at x =y 1s not equal, f(x) is not
differentiable at x =y.

So, f(x) 1s not differentiable in (-2, 2)
(c) fla)=f(-2)=[-2] =-2




flb) =1 (2)=[2]=2

f(a) # f(b)

Here, f(x) does not satisfy the conditions of Rolle’s Theorem.
Rolle’s Theorem is not applicable for f(x) = [x] for x € [-2, 2].
(iii) f (x) =x*>— 1 for x € [1, 2]

As the given function is a polynomial function,

(a) f(x) 1s continuous in [1, 2]

(b) f'(x) = 2x

So, f(x) is differentiable in [1, 2]

) fla=f(1)=12-1=1-1=0
flb)y=f(2)=22-1=4-1=3

f(a) # f(b)

Here, f(x) does not satisfy a condition of Rolle’s Theorem.

Rolle’s Theorem is not applicable for f(x) = x> -1 forx € [1, 2].

Q.3

If f: [ 5, 5] — R is a differentiable function and if f'(x) does not vanish
anywhere, then prove that f(— 5) # £ (5).

Answer:

Given: f: [-5, 5] — R is a differentiable function.

Mean Value Theorem states that for a function f: [a, b] — R, if
(a)f is continuous on [a, b]

(b)f 1s differentiable on (a, b)

Then there exists some ¢ € (a, b) such that




We know that a differentiable function is a continuous function.
So,

(a) f1s continuous on [-5, 5]

(b) f is differentiable on (-5, 5)

~ By Mean Value Theorem, there exists ¢ € (-5, 5) such that

f(B)=f(=5)
5—(-5)

= f (¢c)=
= 10f(c)=1(5) —f(-5)

It is given that f'(x) does not vanish anywhere.
“f(e)#0

10 f'(c) #0

£(5)—£(-5)+#0

£(5) #£(-5)

Hence proved.

By Mean Value Theorem, it is proved that f(5) # f(-5).

Q. 4 Verify Mean Value Theorem, if f (x) = x> — 4x — 3 in the interval [a,
b], where a=1 and b =4.

Answer:

Given: f(x) =x?—4x — 3 in the interval [1, 4]

Mean Value Theorem states that for a function f: [a, b] — R, if
(a)f is continuous on [a, b]
(b)f 1s differentiable on (a, b)

Then there exists some ¢ € (a, b) such that f ‘ (c) = fb)=7(a)

b—a

As f(x) 1s a polynomial function,




(a) f(x) is continuous in [1, 4]
(b) f(x) =2x—4
So, f(x) is differentiable in (1, 4).

CfD)=f(@) _ fF@-f)
o b—a - 4—-1

f(4)=42—4(4)-3=16-16-3=-3
F(1)=12-4(1)~3=1-4-3=26

_f@-f() _ -3-(-6) _3
4-1  4-1 3

= There is a point ¢ € (1, 4) such that f'(c) =1
= f(c)=1

=2c-4=1

= 2¢c=1+4=5

= ¢ =15/2 where ¢ € (1,4)

=1

The Mean Value Theorem is verified for the given f(x).

Q. 5 Verify Mean Value Theorem, if f (x) = x3 — 5x? — 3x in the interval
[a, b], where a=1 and b =3. Find all ¢ € (1, 3) for which f'(c) =0.

Answer:

Given: f(x) = x3— 5x?— 3x in the interval [1, 3]

Mean Value Theorem states that for a function f: [a, b] — R, if
(a)f is continuous on [a, b]

(b)f 1s differentiable on (a, b)

Then there exists some ¢ € (a, b) such that f ‘ (¢) = f0)-f(@)

b—a

As f(x) is a polynomial function,




(a) f(x) 1s continuous in [1, 3]
(b) f(x) =3x2 - 10x-3
So, f(x) 1s differentiable in (1, 3).

CfB)—f(a) _ FB)-F(1)
o b—a - 3—-1

£(3)=33-53)2-3(3)=27-45-9=27
F(1)=13-5(12-3(1)=1-5-3=-7

N f@-fQ@) _ -27-(=7) _ -20
3-1 3-1 0

= There is a point ¢ € (1, 4) such that f'(c) =-10
= f'(c) =-10

= 3¢2—10c-3=-10

= 3¢2—10c+7 =0

= 3¢*-3¢c—-T7¢c+7=0
=>3c(c—-1)-7(c-1)=0
=>(c—-1)Bc-7)=0

= c=1,7/3 where c=7/3 € (1,3)

The Mean Value Theorem is verified for the given f(x) and ¢ =7/3 € (1,
3) is the only point for which f'(c) = 0.

=—-10

Q. 6 Examine the applicability of Mean Value Theorem for all three
functions given in the above exercise 2.

Answer:
Mean Value Theorem states that for a function f: [a, b] — R, if
(a) fis continuous on [a, b]

(b) f is differentiable on (a, b)




Then there exists some ¢ € (a, b) such that f* (c) = e :Z(a)

If a function does not satisfy any of the above conditions, then Mean
Value Theorem is not applicable.

(1) f (x) =[x] forx € [5, 9]

As the given function is a greatest integer function,
(a)f(x) is not continuous in [5, 9]

(b) Let y be an integer such that y € (5, 9)

Left hand limit of f(x) at x =y:

lim fO+N-fO) _ lim y+hl-[y] _ lim
h—-0~ h h—-0~ h h—-0~

Right hand limit of f(x) atx =y:

: h)— : h]- : - :
llmf(y+)f(y)=hm[y+][y]=hmu= m2=0
h—-ot h h-ot h h—-0t h h—0t h

Since, left and right hand limits of f(x) at x=y 1s not equal, f(x) is not
differentiable at x=y.

So, f(x) 1s not differentiable in [5, 9].

Here, f(x) does not satisfy the conditions of Mean Value Theorem.
Mean Value Theorem is not applicable for f(x) = [x] for x € [5, 9].
(i) f (x) = [x] forx € [- 2, 2]

As the given function is a greatest integer function,

(a)f(x) is not continuous in [-2, 2]

(b) Let y be an integer such thaty € (-2, 2)

Left hand limit of f(x) at x =y:

h—-0" h h—-0~ h




Right hand limit of f(x) atx =y:

lim fO+N-r ) _ lim y+hl-[y] _ lim 2= = 1lim 2= 0

h-ot h h—o0t h h—-0t h h—0t h

Since, left and right hand limits of f(x) at x=y is not equal, f(X) is not
differentiable at x=y.

So, f(x) is not differentiable in (-2, 2)

Here, f(x) does not satisfy the conditions of Mean Value Theorem.
Mean Value Theorem is not applicable for f(x) = [x] for x € [-2, 2].
(11) f(x) =x2 — 1 forx € [1, 2]

As the given function is a polynomial function,

(a) f(x) 1s continuous in [1, 2]

(b) f'(x) = 2x

So, f(x) is differentiable in [1, 2].

Here, f(x) satisfies the conditions of Mean Value Theorem.

So, Mean Value Theorem is applicable for f(x).

) =f(a) _ F@)-F(1)
o b—a - 2—1

f2)=22-1=4-1=3
fF()=12-1=1-1=0

L f@-f@) _3-0 _3 _ 4
2-1 2-1 1

=~ There is a point ¢ € (1, 2) such that f'(c) =3
= f'(¢c) =3

=>2¢c=3

= ¢ =3/2 where ¢ € (1, 2)




Mean Value Theorem is applicable for f(x) =x>—1 forx € [1, 2].




Miscellaneous Exercise

Q. 1 Differentiate w.r.t. x the function
(3x2-9x + 5)°

Answer:

Let y=(3x>—-9x +5)°

If u = v(w(x))
: : d dv _ d
Then using chain rule e
dx dw dx
=~ Differentiating y w.r.t. X using chain rule

ay _ d a2 9
= (3x*—=9x+5)

=9(3X2—9x+5)8><%(3x2—9x+5)

=9(3x2 - 9x + 5)8x (6x — 9)
=9(3x2 - 9x + 5)8 x 3(2x — 3)

=27(3x2-9x +5)8 2x - 3)

£ =27 (3x2 - 9x + 5)F (2x - 3)

Q. 2 Differentiate w.r.t. x the function

sin® x + cos® x

Answer:

Let y = sin® x + cos® x

Differentiating both sides with respect to x

dy _ d , . 4 d 6 d . B d .
g — = — + — — = — = -
o (sin’ x) ™ (cos® x) ™ (sin X) =cos x & ™ (cos X) = -sin X

|




: d . . d
= 3 sin2x X — (sin X) + 6 cos5 x X — (cos X)
dx dx

=3 sin? X X cos X + 6 cos® X X (— sin X)

= 3 sin X cos X (sin x— 2 cos* x)

dy . .
no= 3 sinx cosx (sinx— 2 cos?* x)

Q. 3 Differentiate w.r.t. x the function
(5x)3cos 2x

Answer:

Let y = (5x)3cos 2

Then log y = log (5x)3¢0s 2%

= logy = 3cox 2x x log 5x

Differentiating both sides with respect to x, we get

ldy _ a a
S dx 3 [log 5x X — (cos 2x) + cos 2x X — (log 5x)]

d dv du
[.°.—(uv) =u><—+v><—]
dx dx dx

: d 1 d
= [log 5x(—2sin2x) X E(Zx) +cos 2x X X — (Sx)]

3y[—2sin 2x log 5x + | <2222
_ay _ [3 cos2x
B dx

— 6sin 2x log Sx]

_4y _ (5x)3cos2x [3coxst

- — 6sin 2x log Sx]

dy 3cos2x
Y _ (5y)3cos2x [
dx X

— 6sin 2x log 5x]

Q. 4 Differentiate w.r.t. x the function

Sin! (xvx),0<x <1




Answer:

Let y=sin—1 (xvx),0<x <1

Differentiating both sides with respect to x, we get

Using chain rule we get
v _ 4 1
= ——sin (xvx)

_ay
dx

_ay
dx
_ay
dx

_ay
dx

LAy
T dx
Q. 5 Differentiate w.r.t. x the function

cos™1

V2x+7

Answer:

, 2 < x<2

cos™1

Lety=——,-2<x <2

Differentiating both sides with respect to x, we get
Using Quotient rule

dy _ V2T {cos™5)-(cos™ ) (V)

dx (Vzx77)




m-_lx%§ _
@ _ [/1-@2 2

dx 2x+7

- d
cos 15)5(\/2x+ 7)

1 _15) 2
gy VAT (cos™ 2 )xsmms

dx 2x+7

dy V2x+7 cos 3

dx Va—xZx2x+7)  (V2x+7)(2x+7)
—1X

_dy 1 cos™ 5

e —— = 3

(2x+7)2

—-1X

dx Va—xZx\2x+7

Q. 6 Differentiate w.r.t. x the function

Vi+sinx+ Vi-sin
V1+sin x —V1—sin x

Cm4( ,0<x<§

Answer:

V1+sinx + V1-sin x
V1+4sin x —V1—sin x

)0<x<§

Let y = cot! (

Vi+sinavi-sinx
Vi+sinx—/1-sinx

_ (V1+sin x+\/1—sinx)2
(Vi+sinx—V1-sinx)(V1+sin x—v1-sin x)

V1+sin x+V1—sin x
V1+sin x—V1-sin x

_ (1+sin x)+(1—sin x)+2,/ (1—sin x) (1+sin x)
(1+sin x)(1-sinx)

_ Vitsinx+Vi-sinx 2+42V1-sintx

V1+sin x—V1-sin x 2sin x

: : 2X
_ Vit+sinx+Vi-sinx _ 1+cosx  2€057;

X
= = = cot—
V1+sin x—V1-sin x sin x 2 sing cosg 2




V1+sin x+V1—sin x
V1+sin x—vV1—-sin x

Substituting the value of

.y = cot-! (cot g)
= y=x/2

Differentiating both sides with respect to x, we get

dy 1d

=@

dx_2dx
.dy_l

o dx 2

Q.7

Differentiate w.r.t. x the function

(log x) logx x> 1

Answer:

Let y = (log x) lgx, x > 1

Taking logarithm on both sides

= logy = log (log x) log x =log x % log (log x)

Differentiating both sides with respect to x, we get

d
= [log x x log(log x)]

tdy _ a a
= log(logx) x ——(log x) + logx x — [log(log x)]

ay _ 1 VNS
==Y [log(log x) X ~+ log x X log X — (log x)]

dy

1 1
= = [;log(log x) + ;]

L logx |1 logUogx)
o dx - (logx) [x T X ]




Q. 8 Differentiate w.r.t. x the function

cos (a cos X + b sin x), for some constant a and b.
Answer:

Let y = cos (a cos x + b sin x)

a and b are some constants

y =cos (a cos X + b sin x)

Differentiating both sides with respect to x, we get

Using chain rule

d :
= acos(a cos x + b sin x)

d . . d :
_= — sin(acos + bsnvc)xa(acosx+bsmx)

d . . :
== sin(acosx + bsinx) X [a (—sinx) + b cos x]
= (asinx — b cosx) X sin(acos x + b sinx)

Q. 9 Differentiate w.r.t. x the function

. . A 3T
(sin X — cos X) (Smx—cosx),z <x<

Answer:

. . T 3
Let y = sin x — cos x) (S x~cosx), < < ==

Taking logarithm both sides, we get
log y =log [(sin x — cos X) (sin X — oS X)]
= log y = (sin x — cos x) x log (sin X — cos X)

Differentiating both sides with respect to x, we get




1dy

d . .
—[smx—cosx X lo smx—cosx]
y dx dx g

1d : d :
:,;é = log(sin x — cos x) X a(smx — cos) + (sinx — cos x) X

d . .
d—x (sinx — cos x)

= Z—z =y [log(sinx — cosx) X (cosx +sinx) + (sinx —

1 d .
X — (sinx — cos x)]

COSX) X ———
) (sinx—cosx) dx

d : : :
= ﬁ =y [log(sm X — cosx) X (cosx + sinx) + (sinx — cos x) X
1 d , .
— X —(sinx — cos x)]
(sinx—cosx) dx
d : : :
= ﬁ = y[(cos x + sin x) log(sinx — cos x) + (cos x + sinx)]

d : : : :
_i: = (sin X — cos X) (sin X — cos X) (cos X + sin x) [1 + log (sin X — cos
X)]

Q. 10 Differentiate w.r.t. x the function

x* +x2 + a*+ a?, for some fixed a> 0 and x >0
Answer:

Let y =x* + x + a* + a?, for some fixed a> 0 and x > 0
And let x*=u,x2=v, a*=wand a2 =s

Theny=u+v+w+s
dv

Taking logarithm both sides, we get

log u=log x*




= logu=xlogx

Differentiating both sides w.r.t. x

lay _ a a
= ——=logx xx(x)+x x — (logx)

d
=>—y=u[logx+x><l]
dx X

= = x*[logx 4+ 1] = x*(1 + logx) ... (1)

Differentiating both sides with respect to x

ay _4d . a
dx_dx(x)

Taking logarithm both sides
log w=logax
logw=xloga

Differentiating both sides with respect to x




Putting (1), (1), (IV) and (V) in ()

Z—z =x*(1+logx) + ax* 1+ a*loga+ 0

Z—z =x*(1+logx) + ax* ! +a*loga

Q. 11 Differentiate w.r.t. x the function
73 4 (x — 3)*°, forx >3

Answer:

Lety=x*"3+ (x —3)*

And let x* 3 =u& (x —3)* =v
Sy=utv

Differentiating both sides w.r.t. x we get
ay _du  av

dx  dx

Now,

2_
u=x*"3

Taking logarithm both sides
log u = log x*°3
= logu=(x2 -3)logx

Differentiating w.r.t. X, we get
ldy _ 4 (2 _ 2 _ a

——=logx X — (x*—=3)+ (x*=3) x — (log x)
dy
dx

d 2_ x%-3
_.xx 3[
X

=

=u [logxx2x+(x2—3)x§]

-~ + 2x log x]




Also,

v=(x—3)*

Taking logarithm both sides
log v=1log (x — 3)"2

= logv=x%log(x — 3)

Differentiating both sides w.r.t. x

1dv

- =loh (x—3)x— (xz) X — [log(x - 3)]

:a=v[log(x— 2 X — ><—(x—3)]

-2 (x — 3)*° [leog(

dx

x

> T= -3 [

S5 + 2xlog(x - 3)]

Substituting (II) and (1) in ()

] + (x — 3)"
Q. 12 Find dy/dx, ify=12 (1 —cos t), x =10 (t— sin t),
Answer:

d d d
To find ﬁ we need to find out d—f and —

Given, y=12 (1 —cost)and x =10 (t —sin t)
x =10 (t—sin t)

Differentiating with respect to t.




= % [10 (t — sint)]

ax _ Wt _sint) = _
dt—ledx(t sint) = 10 (1 —cos t)

y=12 (1 —cost)
Differentiating with respect to t.

v _ a4 _
il [12 (1 —cos t)]

=>a—12 x—(l—cost) =12 X[0—(—sint)] = 12sint

dy 12sin t 12x2 sinﬁcos£ 6 t
n—== = 22 =—cot-
dx 10(1—cost) 10><25in7-5 5 2

dy t
S —=—-cot-
dx 5 2

Q. 13 Find dy/dx, if y=sin! x +sin! V1 —x2, 0<x<1
Answer:

Given,
y =sin! x + sin’! V1 — x?
Differentiating with respect to x
d dp . .
2= Z[sialx 4+ siaV1—x?]
dx dx
d d , . _ d /. _
=>_y=_(5ln1x)+—(5ln1\/1 —x2)
dx dx

+ = x L (VI=x?)
-x \/1—(@)2 dx

x T (VI =x?)

\/1 (1 x2)




Q. 14Ifx /1+y+yv1+x=0,for,—1<x<1,prove that & =

dx
1

 (1+4%)2

Answer:
Given, x ,/1+y+y+v1+x=0
x1+y=-yv1+x=0

Now, squaring both sides, we get

= (x,/1+y)2 = (—yV1+x)?

= x* (1 +y) =y (I+x)

= x2+x2y =y + y’x

= x2—y2 =xy? — X%y

= xt+y) x-y) =xy (y—-x)
= X+ty=-—xy

=y tXy=—-X

=y(l+x)=-=x
X

2 YT T W

Differentiating both sides with respect to x, we get
X

y=- (1+x)




Using Quotient Rule

| WOZ@-xg (40 Qe-x _ Qen-x 1
Y- (1+x2)2 T (a+0?2 (1402 (1+x)?2

cay 1
Tdx (1+x)?

Hence, Proved

Q. 15 If (x —a)?> + (y — b)? = ¢2, for some ¢ > 0, prove that

constant independent of a and b.
Answer:
Given, (x —a)> + (y —b)? =¢?

Differentiating with respect to x, we get
At — )21 L1y — 121 = & (-2
L - )2+ L[y~ b2 =L ()
d d
= 2 (x—a) xa(x—a)+2(y—b) xa(y—b) =0

>2(x-a)x1+2(y-b) xZ=0

dy (x—a

VU dx y—b
Differentiating again with respect to x

d’y _d (x—a)

dx?  dx y—b

Using Quotient Rule

dx? (y-b)2

azy _ [(y—b)x%(x—a)—(x—a)x%(y—b)




(y=b) - (x-a) X
(y—b)?

Substituting the value of dy/dx in the above equation

i (x—-a)
(y—b)—(x—a)X{— b }
(y—b)?

[(y—b)*+(x—a)?]
(y-b)3

[1 +(x—a)2 [(y -b)2+(x—a)? [ ]

(y—b)Z] (y—b)? -bn3l _
dzZy _[—b)Z+(x- a)Z] —  [o-b)F+(x- a)z] -z T
dx? (y-b)3 (y-b)3 (y-b)3

1+(dy )2 2
T’g’f = - ¢, which is independent of a and b

dx?

Hence, Proved

y cos? (a+y)
sina

Q. 16 If cos y =x cos (a +y), with cos a #+ 1, prove that 4
Answer
Given, cosy=xcos (at+y)

Differentiating both sides with respect to x

% [cosy] = % [x cos(a + y)]

= —sinyd—y = cos(a + y) x i(JC) +x X i[cos(a +y)]
dx dx dx

= —sinyz—z = cos(a + y) + x[—sin(a + y)]z—z

= [xsin(a + y) — siny] Z—z = cos(a + y)




Since, cos y =x cos (a +y) = x = cos y/cos (a+y)

Substituting the value of x in (I)

[ cosy
cos(a+y)

X sin(a + y) — sin y]j—i = cos(a +y)

= [cos y X sin(a + y) — siny X cos(a + y)];l—z = cos (a +y) X
cos (a+y)

=>sin(a+y—y)2—z= cos 2(a +7v)

_ d
= sina x£= cos?(a+ y)

d cos®(a+
oW _ .( y)
dx sina

Hence, proved

Q.17Ifx=a(cost+tsint)and y=a (sin t—t cos t), find d>y/dx>.
Answer:

Given, x =a (cost+tsint)and y=(sint —tcost)

ay

d d
To find 24 we need to find out &x and
dx dt dt

dy dy d?y
So,— =4 and — = 4
’ dx % dx?

x=a(cost+tsint)

Differentiating with respect to t.

dx d .
Pl E[a (cost + tsint)]
dx d

. . . d
=>—=aX—(cost+tsint) = a[—sint+sint X —(t) + t X
dt dt dt

% (sint)]




d : :
d—:= a[—sint + sint + tcost] = atcost
y=a(sint—tcost)

Differentiating with respect to t.

d a, . d d
2 — qgZ(sint—tcost) = a[cost— {cos tx —(t) + tx—(cost}]
dt dt dt dt

d : :
=>d—3t'=a[cost—cost+tsmt] = q tsint

Differentiating dy/dx with respect to t

Dy
4X — — (tant) = sec’t
at  dt

dt 1 sect
And — = =

dx atcost_ at

dy
d?y - dt
_ dx X

dx2  dt ~ dx

dzy

sect
=>— =sedt X
dx

at
Cd?y  secdt
T dx? at

Q. 18 If f (x) = [xP, show that f"(x) exists for all real x and find it.

Answer:

_{x,ifoO
K = —x,i fx<0

When, x >0,




f(x) = xP = x3

So, f’(x) = 3x2

And £°(x) = d(f'(x))/dx = 6x
- 77(x) = 6%

When x <0,

f(x) =K = (=x)*=-—x°
f(x) = — 3x?

°(x) =—6x

, _(6x,x=0
= () _{—6x,x <0

Q. 19 Using mathematical induction prove that :—x (x™) = nx™ 1 for all

positive integers n.

Answer:
d .
To prove: P(n): = (x™) = nx"~ !for all positive integers n

Forn=1,

d
LHS —a(x)—l

RHS=1xx1-1=1

So, LHS = RHS

~ P (1) 1s true.

~ P(n) is true forn =1

Let P(k) be true for some positive integer k.

i.e. P(k) =Z—z(xk) = fex k1




Now, to prove that P (k + 1) is also true
RHS=(k+1)x(k+1)-1

_ 4 k1) = 4 k
LHS dx(x )—dx(xxx)

= xk x%(x)+x x%(xk)
=xfx14+xxkxxk?

= x* + kx*

— (k + 1) x x¥

= (k + 1)x(k+1)—1

~ LHS = RHS

Thus, P (k + 1) is true whenever P(k) is true.

Therefore, by the principle of mathematical induction, the statement P(n)
is true for every positive integer n.

Hence, proved.

Q. 20 Using the fact that sin (A + B) =sin A Cos B + cos A Sin B and
the differentiation, obtain the sum formula for cosines.

Answer:
sin (A +B)=sin A Cos B + cos A Sin B

Differentiating with respect to x, we get
d .. _d . d :
= [sin (A +B)] = ™ (sin A cos B) + - (cos A sin B)

d d , . : d :

= C0S (A+B)E(A+ B) —cosBa(smA) +smAE(cos B) + sin
d d , .

Bd—x(cos A) + cos AE (sin B)




= COoS (A+B)%(A+ B) = cos BcosAZ—i+sinA(-sin B)z—i+sinB

. d d
(-sin A) 22+ cosAcos BE
dx dx

d—A+d—B]=(cosAcosB—sinAsinB) X
dx dx

~ cos (A +B)=cos A Cos B—sin ASin B

dA = dB
+ —

= cos (A + B) X —
dx dx

Q. 21 Does there exist a function which is continuous everywhere but
not differentiable at exactly two points? Justify your answer.

Answer:
Considering the function
f(x)= x| + x + 1]

The above function f is continuous everywhere, but is not differentiable
atx=0and x=-1

—x—(x+1),x< -1
fx)=y—x+(x+1),-1<x<0
x+x+1),x=>0

—2x—1,x< -1
=1 1,-1<x<0
2x+1, x>0

Now, checking continuity

CASE L At x <—1

f(x)=-2x-1

f(x) 1s a polynomial

= f(x) is continuous [+ Every polynomial function is continuous]
CASE II: x>0

f(x)=2x+1




f(x) 1s a polynomial

= f(x) is continuous [ Every polynomial function is continuous]
CASE III: At —-1<x<0

f(x) =1

f(x) 1s constant

= f(x) is continuous

CASE IV: Atx=-1

—2x—1,x< -1
fx)=9 1,-1<x<0
2x+1,x>0

A function will be continuous at x = — 1
If LHL =RHL =f (- 1)
ie. lim f(x)= lim, f(x)=f(-1)

LHL = lim f(x) = lim —2x—1
x—->-1" x—-—-1"

Putting x =— 1

LHL=-2x(-1)-1=2-1=1

RHL = lim_ f(x)= lim, 1=1
x--1%

x—>—-1%
f(x)=-2x-1
f-DH=-2x(-=1)-1=2-1=1
so, LHL = RHL =f (- 1)
= f'is continuous.

CASE V: Atx=0




—2x—1,x<-1
fx)=7 1,-1<x<0
2x+1,x=>0
A function will be continuous at x =0
If LHL = RHL =1 (0)
ie. lim, f(x) = lim f(x) = (0)

LHL = lim f(x) = lim 1=1

x—0" x—->0"

RHL = lim = lim+ 2x +1

x—-0% x—0
Putting x =0
RHL=2x0+1=1
f(x) =2x+ 1
f(0)=2x0+1=0+1=1
so, LHL = RHL = f (0)
= f'is continuous.

Thus f(x) = [x| + |x + 1] is continuous for all values of x.

Checking differentiability
CASE I At x<-1
f(x)=—-2x-1

f(x)=-2

f(x) 1s polynomial.

= f(x) 1s differentiable
CASE II: At x>0
f(x) =2x+ 1




f(x) =2

f(x) 1s polynomial.

= f(x) is differentiable
CASE III: At—1<x<0
flx)=1

f(x) 1s constant.

= f(x) is differentiable

CASE IV: Atx=-1

—2x—1,x<-1
fx)=97 1,-1<x<0
2x+1,x=>0

f1s differentiable at x =— 1 i1f
LHD =RHD =f (- 1)

fGD-f(-1=R) o IR =f(-D) g,
i FEBE = i SRS — i)

1.€.

LHD = lim JZD7CITR _ pjpy 22XCDAZC2AN-D

h-»>—1" h h->—1" h
. 2-1(2+2h-1)
lim

h->—1" h

. 1-2h—1 . -2h
LHD = lim = lim — = -2
h—»—1" h h-»—-1— h

DD gy 2E2XED-1 1

RHD = lim m —=0
h--11 h h--17% h h--11

Since, LHD # RHD

~ f1s not differentiable at x = — 1

CASE V: Atx=0




—2x—1,x < -1
fx)=9 1,-1<x<0
2x+1,x=>0
f 1s differentiable at x =0 if
LHD = RHD =1 (0)
. . f(O)-f(-h) .. fo+h)-f(0)
1.€. hll)l(l)l_ — = hll)I(I)l+ -, = f(0)
LHD = lim [OLCD _ jpy 200171 _
h—-0" h h-0" h
RHD = lim f+h)—f(0) — lim 2x(0+h)+1—-(2x0+1)
h-o0t h h—0t h

Since, LHD # RHD

~ fis not differentiable at x = 0

So, f'is not differentiable at exactly two-point x = 0 and x = 1, but
continuous at all points.

Q.22
fC) glx) h(x) p ff(x) g'(x) h'(x)

If{ 1 m n ,provethatd—x= 1 m n
a b c a b c

Answer:

fx) gx) h(x)
Lety=1] 1 m n
a b c

Differentiation of determinant u =

!
i
[

g
j|1is given b
m




d d d
“@ = =@ ¢ foog
o= T T e 0 ol
k [ m k [ m

e f g

h i j

d d d

S =) = (m)

d d d
dy _ () — (k) —(h(x)

dx 1 m n

a b C
f@ 9@ h@| [fG) 9@ A
d d d 1 m n
S Lm o+
A B MO MO0

+

a

» [ g @] [fG) g(x) h(x)
S = 1 m n + 0 0 0 +

'dx
a b C a b C

f(x) gx) h(x)
1 m n
0 0 0

Since, a, b, c and 1, m, n are constants so, their differentiation 1s zero.

Also 1n a determinant if all the elements of row or column turns to be
zero then the value of determinant is zero.

f(x) gx) h(x) fx) gl f(x)
~[ 0 0 0 [=0and | 1 m n
a b c 0 0 0

o @ e K

dx

m n
a b C

Hence, proved.




Q.23 If, Y = €405 % _1 < x < 1 show that (1 —
a’y =10

Answer:

acos™ lx

Given, y =e

Taking logarithm both sides, we get

acos lx

logy=1loge
= logy=acos—Ixloge
= logy=acos— Ix[loge=1]

Differentiating both sides with respect to x

Squaring both sides
(d_y)z _ a2y2
dx 1-x2
ay\* _ 5 2
= (1 -x2) (dx) =a°y
Differentiating both sides

- () - - £[(@)] -0

ay\? .2 da d’y _ dy
= (dx) (—2x)+ (1 x)xedxxdxz—a ><2y><dx

2
> —xx 24+ (1-x2)
dx X

dzy dy
2 2., —
—X __xx__a:y O
)dxz dx




Hence, proved



