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6.1   
(Applications of differentiation in business and economics)

 
p x

6.1.1 Demand, supply, 
cost, revenue and profit functions)  

 (Demand function)

 x f p( )   p f x( ) ,  
x>0 p>0

x = f(p)   

  

Obtuse angle 

Slope is  

x ( )

x = f(p)

p ( )o

 

   : 6.1

(Observations)

(i) 
(ii) 

(iii) 
x 

(iv) (–ve) 
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(Supply function)

x = g(p) p=g(x), x > 0  
p > 0

x = g(p)

   

 
Acute angle 

Slope is +  

x = g(p)

x ( )

p ( )
o

 
 

 : 6.2  

 (Observations)
(i) 

(ii) 
(iii) 

x

(iv) (+ve)

 

Equilibrium Price)

pE  
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(Equilibrium Quantity)

xE

 

x p
 pE -

(Equilibrium Point)

(pE, xE)

 (Diagrammatical explanation of equilibrium price, 
equilibrium quantity and equilibrium point)

o

x ( )

p ( )

(pE , xE)

pE 

xE

 

 

 : 6.3

Average and Marginal concepts)

‘x’  ‘y’

 (i)      (ii) 
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(i)  Average concept)

x y

 y
x

 .

(ii)  (Marginal concept)

 x y 

dy
dx

 

y=f(x) Δx x  Δy 

y  Δ
Δ
=

+Δ( )− ( )
Δ

y
x

f x x f x

x
 

x y
y x

  dy
dx

y
x

f x x f x

xx x
=

Δ
Δ
=

+Δ( )− ( )
ΔΔ → Δ →

lim lim
0 0

y = f(x)

{

{

Xx   x + x

y

y + y

x

y

o

Y

       

Y

y = f(x)

{

{

Xx    x + x

y

y + y

x

y

o

          
                     6.4 (a)                                           6.4 (b)    
  

(Cost function) 

(i) 

(ii) 
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(Variable cost )

(Fixed cost )

x f(x k 
C(x)=f(x)+k,x > 0

(i) f(x

(i) k

(i)   f(x

Some standard results)

C(x) = f(x) + k 

(i)  [AC] =  = x
C x

x
f x k

=
+] ]g g

(ii)  [AVC] = = x
f x] g

(iii)  [AFC] = = x
k

(iv)  [MC]=
dx
dC

dx
d= [C(x)]= C’(x) 

(v)  [MAC]=
dx
d (AC)

(vi) [TC]=  × 

(vii) MC = AC [AC]

[MC] x
 (x+1)
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(Diagrammatical explanation of 
marginal cost [MC])

Obtuse angle 

Slope is  

 
Marginal cost 

( )

y = C(x)

{

x x+1

C(x)

C (x)C(x+1)

C(x+1)–C(x)

o

 6.5

(Revenue function)  

x p

R(x px x p

(Some standard results)
 R(x) =px 

(i)  [AR] =  = 
R x

x

( )
 = p 

(ii)  [MR] = dR
dx

d
dx

(R(x)) = R’ (x)    

(iii)  [MAR] = d
dx

(AR) = AR’(x)  

(i) AR] p AR=p

(ii) x  (x+1) 

[MR]
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(Diagrammatical explanation of 
Marginal Revenue [MR])

o

( )

y = R(x)

{

( )x x+1

R(x)

R (x)R(x+1)

 
Marginal cost 

Obtuse angle 

Slope is  

R(x+1) – R(x)

 

 6.6

(Profit function)

R(x) C(x)
P(x) P(x) =R(x) – C(x)

P(x) = R(x) – C(x) 

(i)  [AP] = = ( )P
x
x

(ii)  [MP]= P
dx
d = ( )Pdx

d x] g  = P'(x)  

 (iii) [MAP] = ( )dx
d

AP  = AP x( )  

 (iv) MR = MC [P(x)]

6.1.2  (Elasticity)

x y = f(x) ‘η’ y

x
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 η  = 
E

E
y

x

 = lim
Δ

Δ

Δx

y
y
x
x

dy
y
dx
x

→
=

0
    

dy
dx
y
x

= x y
x y

  η = x
y
dy
dx

(i) (Price elasticity of demand)

x = f(p) x p

 
d

p
x
dx
dp

= − ⋅  

(ii) (Price elasticity of supply)

x = g(p) x p

 s
p
x
dx
dp

= ⋅ .

 

  (Some important results on price 
elasticity)

(i) | η |>1,

(ii) | η |=1, 

(iii) | η |<1, 
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(i) :

(ii) 

        

(iii) 

ηd (Relationship among Marginal 
revenue [MR], Average revenue [AR] and Elasticity of demand[ηd])

     R(x)=px

 R = px

 ηd = − ⋅
p
x
dx
dp

  MR = d
dx
R( )

  = d
dx
px( )  = p x

dp
dx

  = p x
p
dp
dx

1+ ⋅
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  = p
p
x
dx
dp

1
1

+
⋅

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

  = p
p
x
dx
dp

1
1

−
− ⋅

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

  =  p
d

1
1

−
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
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 MR = AR
d

1
1

−
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 ηd = AR
AR MR

x

C x x x x( ) = + − +
1
3

4 25 73 2 .

(i) 

(ii) 

(iii) 

(iv) 

(v) 

C x x x x( ) = + − +
1
3

4 25 73 2  

 (i)   (AC) = C
x

    = 1
3

4 25
72x x
x

+ − +

(ii)  (AVC) =
f x

x

( )

                                                         = 1
3

4 252x x+ −

(iii)  (AFC) = k
x

                                                         = 7
x

(iv)   (MC) = dC
dx

 (or)
dx
d C x^ ] gh

     = d
dx

x x x
1
3

4 25 73 2+ − +
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

                                                         = x x2 8 25+ −

(v)  (MAC) = d
dx

[AC]
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     = d
dx

x x
x

1
3

4 25
72 + − +

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

                                                         = 2
3

4
7
2

x
x

+ −

 

x C
C x x x( ) = + +50 4 3 .  9

C x x x( ) = + +50 4 3   

 (MC)  = dC
dx

d
dx

x= ( )⎡
⎣⎢

⎤
⎦⎥C

                                   = d
dx

x x50 4 3+ +⎡
⎣⎢

⎤
⎦⎥
 = 4 3

2 x

x = 9,       dC
dx

 = 4 3

2 9

                                  4
1
2

 =  ` 4.50

 9  ` 4.50 , 

  

x p= −( )1
2
5  : x = 2p–3

=

 1
2
5−( )p  = 2p–3

                        5–p = 4 6p

 p = 11
5

     pE
11

5
   

 p 11

5
  – x p� �2 3

Chap-6_BM_V2_TM.indd   12 04-08-2018   10:51:23



13

x � �
�
�

�
�
	 �2

11

5
3   7

5

  xE
7

5

x
p

�


20

1
 , p = 3 

p = 3

                                       x
p

�


20

1

 
dp
dx  = −

+( )
20

1
2

p

 ηd = � �
p
x
dx
dp

 

             =−

+( )
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟

⋅
−

+( )
p

p

p20

1

20

1
2

  �


p

p 1

        p = 3,      ηd =
3
4

   ( ) 0.75

 |ηd |<1

 

 

x p p� � 
2 5 1
2

 x p p� � 
2 5 1
2

 dx
dp

 = 4 5p

    ηs=
p
x
dx
dp
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  �
� 


� �� 
p
p p

p
2 5 1

4 5
2

  � �
� 


4 5

2 5 1

2

2

p p
p p

  y x
x

�





2 1

3 2
  x = 1

 y x
x

�





2 1

3 2
  

 dy
dx

 = 3 2 2 2 1 3

3 2
2

x x

x


� 
� 
 � 
� 
� 


� 


  �

� 

1

3 2
2x

 : η � �
x
y
dy
dx

  �





�
�
�

�
�
	

�

� 


x
x
x

x2 1

3 2

1

3 2
2

  �

� 
 
� 


x
x x2 1 3 2

x = 1 –  η =  1
15

  

xp kn  n k

                            xp kn  

                               x kp n= −

                            dx
dp

nkp n= − − −1

  d
p
x
dx
dp

= − ⋅

     = − −( )−
− −p

kp
nkp

n
n 1
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                                         = n , 

  

p = 40–x, ηd

 p = 40–x  

 x = 40–p

 dx
dp

 = –1

 �d
p
x
dx
dp

� � �  

    = 40 x
x

                                        

  �d �1

 40 x
x

 = 1

 2x = 40

 x = 20 .
  

p a bx� �� 

1

2 . x
1 x

                          p a bx� �� 

1

2 .

 ‘p’ 

 1 = 1
2

1

2a bx b dx
dp

�� 
 � �
�
( )      

 

dx
dp

 = 
2

1
2a bx

b

−( )
−

 �d
p
x
dx
dp

� � �

  � � �
�

�
�

( ) ( )a bx
x

a bx
b

1

2

1

22

  � �2( )a bx
bx
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ηd  = 1   2( )a bx
bx
−  = 1

 2( )a bx  = bx

 x = 2
3

a
b

 

p = 50 3x

 p = 50 – 3x

             dp
dx

 = –3

 dx
dp

 = 1
3

 �d
p
x
dx
dp

� � �

  � � �
��
�
�

�
�
	

50 3 1

3

x
x

  � �50 3

3

x
x

   ... (1)

 R = px

  � �� 
50 3x x

                                 � �50 3
2x x

AR = p

  = 50 3x

 MR = dR
dx

  � �50 6x

 AR
AR MR

 = 50 3

50 3 50 6

�
�� 
 � �� 


x
x x

  � �50 3

3

x
x

   … (2)
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(1)  (2)

 d  = AR
AR MR

 

x
p
p

=
+ 5

 p = 20

 x = p
p 5

 dx
dp

 = 
p p

p

+( )−
+( )
5

5
2

  ( )25
5
+

=
p

  s
p
x
dx
dp

= ⋅

  = p
p

+( )
+( )

5
5

5
2

 p =20 ,      s  = 5
20 5

  

  = 0.2 

(Interpretation)

  p ` 20 0.2%  

  p ` 20 1% 0.2% 

  

 C x x
x

�





�
�
�

�
�
	 
2
5

2
7 , x
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 C = 2 5

2
7x x

x





�
�
�

�
�
	 
     

                         � 






2 10

2
7

2x x
x

  

 MC = dC
dx

  � 






�

�
�

�

�
�

d
dx

x x
x

2 10

2
7

2

  �

� 
 
� 
 � 
� 



� 

x x x x

x

2 4 10 2 10

2

2

2

  �

 
� 


� 


2 4 10

2

2

2

x x

x

  �

� 
 
�

�
�
�


� 

2 2 6

2

2

2

x

x

  � 


� 


�

�
�
�

�

�
�
�

2 1
6

2
2x

 x (MC)                               
 

C x
x

� 
 
0 05 16
1002

.  50 

 C � �AC x

  = C x

  = 0 05 16 100
3

. x x

  MC =  dC
dx

  = 0.15x2+16

 dC
dx x

�
�
�

�
�
	
�50

 = 0 15 50 16
2

. � 
 


  � 
375 16

  = ` 391
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(Interpretation)

 x =50
` 391

y x� 
3 19,   27 x

          y x� 
3 19

   dy
dx

 = 3 2x    ... (1)

             dy
dx

 = 27   ... (2) 

(1) (2)

 3
2x  = 27

 x = 3

 p x=
4 'p' p = 4 

 p = 4
x

 x = 4
p

 dx
dp

 = 4

2p

p = 4 –  dx
dp

� � � �
1

4
0 25.

 p ` 4 – 0.25

(Interpretation)

p = ` 4 1% 0.25%
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 p = 497 – 0.2x 

C = 25x+10000

[MR] [MC]

  R = px

  = (497–0.2x)x

  = 497x–0.2x2

 MR = 
dx
dR

  MR = 497–0.4x

 C = 25x+10000

 MC = 25

         MR = MC 497–0.4x = 25

  472–0.4x = 0

 x = 1180 .

 p = 497–0.2x

 x = 1180 –   p = 497–0.2(1180)

                             = ` 261.

 

 C = 1
3

3 93 2x x x− + . 

 (x > 0)

 [AC] [MC]
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 C = 1
3

3 93 2x x x− +

 AC = 1
3

3 92x x− +  

 MC = x x2 6 9− +

  AC = MC   1
3

3 9 6 92 2x x x x− + = − +

 2 92x x  = 0

 x = 9
2
�    [ ]x 0

6.1

1. x   

C x x x x( ) � � � 

1

10
4 20 7

3 2  

(i) 

(ii) 

(iii) 

(iv) 

(v) 

2. x   C x� 

2

3

35

2
 . 

(i) 4

(ii) 10

(iii) 3

3. R x x� �14
2   C x x� �� 
2 2 . 

(i) 

(ii) 

(iii) 

(iv) 
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4. p e10
x
2= -   

5. x
x

(i) p a bx� �( )
2        (ii)  p a bx� � 2

6. p = 3  x p� 
2 5
2  

7.  p x
�

�50

5
 , x

 x = 0 x =25

8.  x a p b� � , p > b p
a b  p = 2b

9.  p  x  

p x x� � �400 2 3
2   MR p

d
� �

�

�
�

�

�
�1 1

�
 

10.  p x  

p = 550–3x–6x2 – MR p
d

� �
�

�
�

�

�
�1 1

�
  

11.  x
p

25
4

, 1 ≤ p ≤5, 

12.  p x
� �200

100
 

C=40x+12000  p x 

(i) 

(ii)  10 

(iii) 10

(iv)  10

13. y= x x x3 2
10 48 8
 � 
 .  x

x

14. x  y x x
x

�





�
�
�

�
�
	 
3
7

5
5.  
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15. x = 10 – p 

p x  p = 6-

16. 

x =100 – 2p : x = 3p –50

17.  x = 6000–30p  
C = 72000+60x 

18.  C = x x x3 212 48− + , 

 (x > 0)

6.2   (Maxima and minima)

(i) 

(ii) 

(iii) 

6.2.1 (Increasing and decreasing functions)

(i) (Increasing function)
y = f(x) [a,b]

x x f x f x
1 2 1 2
< ⇒ ( )≤ ( )   x x a b

1 2
, ,∈ ⎡⎣⎢

⎤
⎦⎥     
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 y = f(x) [a,b]  

x x f x f x
1 2 1 2
< ⇒ ( )< ( )   x x a b

1 2
, ,∈ ⎡⎣⎢

⎤
⎦⎥

X

Y y = f(x)

f(x1)

f(x2)

x1 x2

x x f x f x
1 2 1 2
< ⇒ <( ) ( )

o         
  

 6.7

(ii) (Decreasing function)

y = f(x) a,b

x x f x f x
1 2 1 2
< ⇒ ( )≥ ( )   x x a b

1 2
, ,∈ ⎡⎣⎢

⎤
⎦⎥

y = f(x)  [a,b]

x x f x f x
1 2 1 2
< ⇒ ( )> ( )   x x a b

1 2
, ,∈ ⎡⎣⎢

⎤
⎦⎥

o

Y

X

f(x1)

f(x2)

x1 x2

x x f x f x
1 2 1 2
< ⇒ >( ) ( )

 6.8
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(Derivative test for 
increasing and decreasing function)

f [a,b] (a,b)

(i)   ′ ( ) ≥f x 0 f [a.b]

(ii)  ′ ( ) ≤f x 0 f [a.b]  

(i)  (a,b) x  ′ ( ) >f x 0 (a,b) 
f 

(ii)  (a,b) x ′ ( ) <f x 0  (a,b) 
f

(iii) ′ ( ) =f x 0 f(x)

6.2.2  (Stationary Value of a function)

 f(x) [a,b] a,b

 x = a f(x) f ' (a)=0
f(x) f(a (a, f(a))
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X

Y

c

y = f(x)

a b

P, Q, R 

R

P

Q

>
dy
dx

0

>dy
dx

0

>

>
dy
dx

0

dy
dx

0

dy
dx

0

dy
dx

0

o

6.9
6.9 y = f(x)  x = a,x = b x = c

f '(x) 0
x

       

f(x) = x x x x R3 23 4− + ∈,  R

 f(x) = x x x x R3 23 4− + ∈,

  f '(x) = 3x2–6x+4

  = 3x2–6x+3+1

  = 3(x–1)2+1 > 0,  x R

x R f '(x) > 0 

 f (-∞,∞)

f(x)=x2–4x+6 
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 f(x) =x2–4x+6

 x –  

 f  (x) = 2x–4

 f  (x) = 0   2x–4=0

 x = 2.

   -∞ 2 ∞

 6.10
x = 2  (–∞,2) (2,∞)

 f  (x) 
x f  (x) -

′ ( ) = −f x x2 4  

(-∞, 2) < 0 f(x)  (-∞, 2)

(2, ∞) > 0 f(x) (2, ∞)

:6.1

f(x)=4x3–6x2–72x+30

 f(x) = 4x3–6x2–72x+30

 f  (x) = 12x2–12x–72

  = 12(x2–x–6)

  = 12(x–3)(x+2)

 f  (x) = 0  12(x–3)(x+2)=0

   x = 3 (or) x = –2

x =3  x = –2 f(x)
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             -∞          -2     3           ∞

6.11

 (–∞,–2),(–2,3)  (3,∞)
  

f  (x) 

(–∞, –2) (–) (–)  > 0 –∞, –2] –

(–2, 3) (–) (+) < 0 [–2, 3] –

(3, ∞) (+) (+)  > 0  [3, ∞) –

6.2

f(x)=x2+2x–5.

 f(x) = x2 + 2x – 5  … (1)

x

 f ' (x) = 2x + 2

,  f (x) = 0 

 2x + 2 = 0

 x = –1

x = –1  – f(x)  

  x = –1, (1)

 f(–1)   =  (–1)2+2(–1)–5

    = – 6 

f(x)  f (x) = – 6

 (–1,–6) – 6 
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f(x)=2x3+9x2+12x+1 

 f(x) = 2x3+9x2+12x+1.

x

 f '(x) = 6x2+18x+12

  = 6(x2+3x+2)

  = 6(x+2)(x+1)

 f '(x) = 0 6 (x+2)(x+1)  = 0

  x + 2  = 0  ( )  x + 1 = 0.

 x = –2 ( ) x = –1

 x = – 2  x = – 1 f(x

 x = – 2  x = – 1 f(x

x = – 2 

 f(–2) =  2(–8)+9(4)+12(–2)+1

  =  –3

x = – 1 

 f(–1) = 2(–1)+9(1)+12(–1)+1

  = –4

(–2,–3)   (–1,–4) 

x

 P(x)= x
3
3

+x2+x. 

 P(x) = x
3
3

+x2+x.
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 P '(x) = x2+2x+1

  =(x+1)2

 x  P '(x) > 0   

`

       R(x)  C(x)  x 
 x > 0 P(x) = R(x) – C(x) 

 Rl (x)= Cl (x) 

C(x)= x
6
2

+5x+200  p(x) = 40–x  x

 C(x) = x
6
2

+5x+200  … (1)

 p(x) = 40–x  …(2)  

 [ Rl (x)] = Cl (x)] 

Cl (x) =  x
6

2 5+

    =  x
3 + 5

 R =  p x

    = 40x– x2

  R'(x) = 40–2x

 40 – 2x = x
3 + 5

   x = 15

 x = 15 
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6.2.3 
(Local and Global(Absolute) Maxima  and  Minima)

6.1 (Definition)

c  (a,b)  f(c) ≥ f(x)  
x !  (a,b) f

c  (a,b)   f(c) ≤ f(x)  
x !  (a,b) f

6.2 (Definition)

 

f x  f(c) ≥ f(x)  f 
c  f(c) f f

f x f(c) ≤ f(x)  
f c  f(c f f

f 

       (a,b f

c a b f
f ll (c) 

(i) f l (c) = 0  f ll (c) > 0,   f  c

(ii) f l (c) = 0  f ll (c) < 0,  f c  
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        y = f(x) 

 
dx
dy

= 0, 

f(x)=2x3+3x2–12x  

 f(x) = 2x3+3x2–12x   … (1)

 f l (x) = 6x2+6x–12

 f''(x) = 12x + 6

 f l  (x) = 0 6x2+6x–12 =0

  6(x2+x–2)= 0

  6(x+2)(x–1)= 0

  x = –2 ; x = 1

x= –2  

 f ll (–2) = 12(–2) + 6 

  =  –18 < 0

 x =–2 f(x) 

(1)  x = – 2-

 f(–2) =  2 (–2)3+3(–2)2–12(–2)

  = –16+12+24

  = 20.

x = 1 
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 f ll (1) = 12(1) + 6

  =  18 > 0
x = 1 f(x) 

 (1)  x = 1 
 f(1) = 2(1) + 3(1) – 12 (1)

  =  –7

 – 7  20 

[–2,2] f(x)=3x5–25x3+60x+1 

 f(x) = 3x5-25x3+60x+1   … (1)

 f l  (x) =  15x4–75x2+60

  =     15(x4–5x2+4)

 f l (x) = 0  15(x4–5x2+4)=  0

    (x2–4)(x2–1)= 0

    x  = ±2 ( )  x = ±1

   − ± ∈ −⎡⎣⎢
⎤
⎦⎥2 1 2 1, ,   2 2 1∉ −⎡⎣⎢

⎤
⎦⎥,

x= –2 

 f(–2) =  3 2 25 2 60 2 15 3- - - + - +^ ^ ^h h h
  =  –15

x= 1 

 f(1)  =3 1 25 1 60 1 15 3- + +^ ^ ^h h h
  = 39

x= – 1  
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 f(–1) =    3 1 25 1 60 1 15 3- - - + - +^ ^ ^h h h
  = –37.

  39 

  =  –37

6.3  Applications of 
maxima and minima)

6.3.1 Problems on profit 
maximization and minimization of cost function)

C x x56 8 2= - + C 

x

C x x56 8 2= - +

 x ,

                        
dx
dC

x8 2=- +

                       
dx
d C 22
2
=

                         
dx
dC 0= x8 2 0&- + =

`  x =   4

x = 4    
dx
d C 2 02
2

2=

 ̀  x = 4  C 

`  C (4) = 56–32+16

        = 40

x = 4 
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C x
x

x x3 5 28 10
3

2= - + +^ h ,  x 

` 2

p = 2530 – 5x,

p

x R = p x

  = (2530 – 5x)x

  = –x x2530 5 2

` 2 = 2x.

`   C(x) + 2x = x
x x x3 5 28 10 2

3
2- + + +

=    – (  + )

 P =    ( – ) ( )x x
x

x x x2530 5 3 5 28 10 2
3

2- - + + +

  = x
x3 2500 10

3
- + -

 
dx
dP  = x 25002- +

 
dx
d P

2
2

 = x2-

        
dx
dP  =  0 x2500 2& - = 0

 x2 = 2500

`  x = 50  (–50 )

x = 50  
dx
d P

2
2

 =  < 0

x = 50 P

 P =  2530 – 5(50)

  = ` 2280.
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 ` 1600. ` 30 

x  ` x
100

2a k

x

C(x) = + + (

 C(x) = x
x100 30 1600

2
+ +

 AC =  x
C x] g

  = x

x
x100 30 1600

2
+ +

  =  x
x100 30 1600+ +

 
dx

d AC^ h
 = 

x100
1 1600

2-

 
dx

d AC
2

2 ^ h
 = 

x
3200

3

  
dx

d AC^ h
 = 0   

x
1600

100
1

2&- + =0

 100
1

&  =  
x

1600
2

 x2  =160000

`  x  =  400 (–400 )

x= 400 ,    
dx

d AC
2

2 ^ h
   =  400

3200
3  > 0

x = 400 AC 

400
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6.2

1. x

.AC x x2 11 50= - +   AC  

(x)

2. x

,C x x x300 4200 13 5002= + +^ h . ` 8,400

.

3. x = 106 – 2p

AC
x5 50= + , p

x

 R = px,

4. ` 136 100
40 100 

5. y x x x2 3 36 103 2= - - +

6. x  R= x
x

x15 3 36
12

4+ -

6.3.2 Inventory control)
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An inventory decisions)

1.       2. 

Costs involved in an 
inventory problems)

(i) 
Holding cost or storage cost or inventory carrying cost)

(ii) Shortage cost : C2)

(iii) 
 C3 Setup cost or ordering cost or procurement cost)

6.3.3 Economic Order Quantity(EOQ):

EOQ  
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(i) R

(ii) 
 

(iii) `C1 

(iv) 'n'  'q'  
 

(v) `C3
't'  

                                                          

y

o

q 
= 

Rt

x

P Q R

→ ←t A

. 6.12

t    
q Rt  dt

Rt dt ,  t 

Rt dt Rt

qt Rt q

t

0

21

2

1

2

∫ =

= =( )

           

 = OAP ( 6.12 – ) 

= 1
2

1

2C Rt

  = C3 .

= 1
2

1

2C Rt + C3 

C(t) = 1
2

1

3C Rt C
t

   ... (1)
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  d
dt
C t C R C

t
( ) � �

1

2
1

3

2
     ... (2)

   
dt

d C t
2

2 ^ h
=

t

C2
3
3                  ... (3)

C(t) d
dt
C t( ) = 0 d

dt
C t

2

2
0( ) >

                                                      

d
dt
C t C R C

t

t C
C R

( ) � � � �

� �

0
1

2
0

2

1

3

2

3

1

t = 2 3

1

C

C R
 , 

dt

d C t
2

2 ^ h
= 2

2

03

3

1

3
2

C

C

C R

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

>

  t C
C R0

3

1

2   C t( )

EOQ = q0 Rt C R
C0

3

1

2

(i)  

 n0 = 
EOQ

 = R C
C R

RC
C t

1

3

1

3 0
2 2

1= =

(ii)  C C C R
0 1 3

2

(iii)  = ×
q C0

1

2
 = R

q
C

0

3
×

(iv) EOQ – =

48000
2.50 45

10.8 %

R = 48000
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  C1 = 2.50  10.8% = 10 8
100

2 50 0 27
.

. .× =

  C3 = 45

 q C R
C0

3

1

2

          = × × =2 45 48000

0 27
4000

.

= R
q0

            48000

4000
12                    

  t0  = q
R

0

                                          = 1
12

0 083.  

 =   � �
q C0

1

2

      � �
4000

2
0 27.   = ` 540           

 = R
q

C
0

3
×

                                        = 48000
4000

45  = ` 540          

 12,000 
 (C3) ` 100

` 0.80

(i) 
(ii) 

(iii) 

R = 12,000 

C3= ` 100 

Chap-6_BM_V2_TM.indd   41 04-08-2018   10:52:25



42

 C1= ` 0.80 /

   = ` 0.80×12 

   = ` 9.6 

(i)        EOQ =  = C
C R2
1
3    = 2 100 12000

9 6.
                                      = 500 

(ii)     = 
EOQ

 = ,
500

12 000 =24

(iii)  = t
1
0

 = 24
1    = 24

12   

      = 2
1  = 15 

1000
` 200–

` 20
500, 600, 700 800

EOQ  

: R = 1000 
: C3 =  ` 200 

  C1=  ` 20 

q
R
q
C

3
  q C
2 1

500 ×500
1000 200 400= ×2

500 20 5000= 5400

600 × .600
1000 200 333 3= ×2

600 20 6000= 6333.3

700 × .700
1000 200 285 7= ×2

700 20 7000= 7285.7

800 ×800
1000 200 250= ×2

800 20 8000= 8250

 : 6.3
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 EOQ = C
RC2
1
3    = × ×

20
2 1000 200

  = 20000

  = 141 

4000 
50 

160

 

    : R = 4000 

   :    C1 = ` 50

:  C3= `160

  EOQ = c
Rc2
1
3

    = 50
2 4000 160# # =  160 .

  160

500

125, 150 20%

.

(i)   

(ii) 
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 C3= `150

:q = 500 

                = 500 × 4 = 2000  

           : = 20% 

 C1 = 100
20 #125 =  `25

(i)  

   = q
R ×C3+

q
2 C1

                = 500
2000 ×150+ 2

500 ×25

   =  ` 6850

(ii) EOQ = C
RC2
1
3

  = 25
2 2000 150# #

         = 12 2000#

   = 155 (app.)

 = RC C2 3 1

   = 2 2000 150 25# # #

   = ` 3873.

 = 6850–3873 =  `2977.

 6.3

1. 

A 800 0.02
B 400 1.00

C 13,800 0.20
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5 10  

(i) 

(ii) 

(iii) 

(iv) 

(v) 

2. 400 

50
75

7.5 

  (i) EOQ)

 (ii) 

6.4 (Partial Derivatives)

u f x y( , )   x , y 

y x u f x y( , )

x u x
u
2
2  ux

 

x
u
2
2 = lim

x 0"T
( , ) ( , )

x
f x x y f x y

T
T+ -

y O x x
x y u= f(x,y)

y u y
u
2
2 uy

y
u
2
2 = lim

y 0"T

f x y y f x y

y

� , � � ,+( )− ( )Δ

Δ
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x O y y

x
u
2
2  x2

2  f(x,y)  x
f
2
2 u

y
  

y
 f(x,y) 

y
f
2
2

u f x y( , )  x
u
2
2  y

u
2
2     

x
u
2
2  y

u
2
2    y x y

u(x, y)

 
y
u
2

2

2
2 , 

x
u
2

2

2
2   y x

u2

2 2
2 , x y

u2

2 2
2  

u = f(x,y) x   y,  

 y2
2

x
u
2
2b l   

2u
y x

   

 u = f(x,y) y x

 ∂
∂
∂
∂

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟x
u
y

   
2u
x y

 

       u(x,y) x y  �
� �

�
�
� �

2 2u
y x

u
x y

.

(Homogeneous functions)

u=f(x,y)  x ,y  

  f tx ty t f x yn
( , ) ( , ) , t > 0.

u=f(x,y) 'n'
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u f x y( , )  x,y 'n',  

    x u
x

y u
y

nu�
�



�
�

�

u = x2(y–x) + y2 (x–y),  ∂
∂
+
∂
∂

u
x

u
y

 = –2 (x–y)2 

 u = x2y–x3+xy2–y3

 x
u
2
2  = 2xy–3x2+y2

 y
u
2
2  = x2+2xy –3y2

 x
u
2
2 + y

u
2
2  = –2x2–2y2+4xy

   = − + −( )2 22 2x y xy

     = –2 (x–y)2

u = log(x2+y2)  
x
u
2

2

2
2 +

y
u
2

2

2
2  =0 

  u = log(x2+y2 )

 x
u
2
2  = 

x y
1

2 2+
(2x) = 

x y
x2

2 2+

 
2

2

u

x
 = 

x y

x y x x2 2 2
2 2 2

2 2 $ $

+

+ -_
_
i

i = 
x y

y x2
2 2 2

2 2

+

-

_
_

i
i

 

 y
u
2
2  = 

x y
1

2 2+
(2y) = 

x y

y2
2 2+

  
y
u
2

2

2
2  = ( )

( )
x y

x y y y2 2 2
2 2

2 2 $ $

+

+ -
= ( )

( )
x y

x y2
2 2 2

2 2

+

-

`  
x
u
2

2

2
2 +

y
u
2

2

2
2  = 0.
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u = xy+sin(xy), x y
u2

2 2
2 = y x

u2

2 2
2

 u = xy+sin(xy)

 x
u
2
2  = y+ycos(xy)

 y
u
2
2  = x+x cos(xy)

 x y
u2

2 2
2  = x2

2
y
u
2
2c m

  = 1+ − ( )⋅( )+ ( )x xy y xysin cos

                    = 1–xy sin(xy)+cos(xy).... (1)

 
2u
y x

 = ∂
∂

+ ( )( )
y
y y xycos

  = 1+ ( )+ − ( )( )cos sinxy y xy x

  = 1− ( )+ ( )xy xy xysin cos ... (2)

 

 x y
u2

2 2
2  = y x

u2

2 2
2 .

u=
x y

1
2 2+

 

 u(x,y) = x y2 2
1
2+( )−

 u(tx,ty) = t x t y2 2 2 2
1
2+( )− = t–1  x y2 2

1
2+( )−

`  u  –1 

  x. x
u
2
2  + y. y

u
2
2 = (–1)u = –u

(Verification)

 u =  x y2 2
1
2+( )−

 x
u
2
2  = − +( ) ⋅−1

2
22 2

3
2x y x =

x y

x

2 2 2
3

+

-

_ i
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 x
u
x

⋅
∂
∂

 = 
x y

x

2 2 2
3

2

+

-  

 y
u
2
2  =  − +( ) ⋅−1

2
22 2

3
2x y y =

x y

y

2 2 2
3

+

-

_ i  

 y
u
y

⋅
∂
∂

 = 
x y

y

2 2 2
3

2

+

-  

`  x
u
x

⋅
∂
∂

 +y u
y

⋅
∂
∂

 = 
( )

( )x y

2 2 2
3

2 2

+

- +

           = (–1)
x y

1
2 2+

 = (–1)u = –u

u = log x y
x y4 4

+
+

  x u
x

⋅
∂
∂

 + y u
y

⋅
∂
∂

 = 3 

 u = log x y
x y4 4

+
+

 eu = x y
x y4 4

+
+

 = f(x,y)   ... (1)

 f(x,y) = x y
x y4 4

+
+

 ,f tx ty^ h  = tx ty
t x t y4 4 4 4

+
+

 = t x y
x y3

4 4

+
+d n  = ,t f x y3 ^ h

`  f 3 .

x
u
x

⋅
∂
∂

+y u
y

⋅
∂
∂

= 3f   

 f(x,y) = eu

 x e
x

u

⋅
∂
∂

+y e
y

u

⋅
∂
∂

 = e3 u     

`  e x
u
x

u ⋅
∂
∂

 +e y u
y

u ⋅
∂
∂

 = e3 u

 x
u
x

⋅
∂
∂

 +y u
y

⋅
∂
∂

  = 3
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 6.4

1.  z = ax b cy d+ +^ ^h h ,  x
z
2
2  y

z
2
2  

2. u exy= ,  
x
u

y
u

2
2

2
2

2
2

2
2+ = u x y2 2+_ i  

3. .cos cosu x y y x= +    x y
u2

2 2
2 = y x

u2

2 2
2

4.  u= x y xy33 3 2+ +

5.  u= cosx y y
x2 3 a k . .x x

u
y y

u
2
2

2
2+ =5u 

6.5. (Applications  of partial derivatives)

(i)  (Production function)
P (K), (L),

(R), M
P = f(K,L,R,M,…) P

P=f(L,K) .

(ii)  (Marginal productivities)

P = f(L,K)  L
P
2
2  

 K
P
2
2

P(L,K) 

 L L
P

K K
P

2
2

2
2+  = P 

A, B  p1 , p2  A
 q = ,f p p1 2^ h  

 p1  q  
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qp

Eq
Ep

p

q
q
p1

1

1

1

= =
− ∂
∂

 

p2 q 

qp

Eq
Ep

p

q
q
p2

2

2

2

= =
− ∂
∂

 

P = . .L L K K KL10 0 1 5 0 3 42 2+ + - +  K = L = 10 
(K) (L)

.

P = . .L L K K KL10 0 1 5 0 3 42 2+ + - +

  �
�

� 
 

P
L

L K10 0 2 4.

  �
�

� � 

P
K

K L5 0 6 4.

K=L=10 

 �
�

�
�
�

�
�
	

P
L

( , )10 10

 = 10+2+40=52 

 �
�
�
�
�

�
�
	

P
K

( , )10 10

 = 5 6+40=39 

P= . .L L K K KL10 0 1 15 0 2 22 2- + - +  L  
K 

(i) 10

(ii) 10

(i) P = 10 0 1 15 0 2 22 2L L K K KL− + − +. .

    �
�

� � 

P
L

L K10 0 2 2.

    �
�

� � 

P
K

K L15 0 4 2.
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L = K = 10 

  �
�

�
�
�

�
�
	

P
L

( , )10 10

 = 10  2+20=28 

  �
�
�
�
�

�
�
	

P
K

( , )10 10

= 15 4+20=31

(ii)  K=10 L
P
2
2a k≥0 

  10 0.2L+20 ≥0

     30 ≥ 0.2L

   L ≤ 150

`  150 

P L K4

3

4

1

4  

L L
P

K K
P

P2
2

2
2+ =

P = 4
3

4

1

4L K

  :

   P
L

 = 4 3
4
L K
1

4

1

4  = 3 K
L

�
�
�

�
�
	

1

4

 

   P
K

 = 4 L K
3

4

3

4
1

4
�

�

 = L
K

�
�
�

�
�
	

3

4

 L
P
L
K
P
K

∂
∂
+

∂
∂

 = 3L K
L

�
�
�

�
�
	

1

4

+K L
K

�
�
�

�
�
	

3

4

     = 3 L K
3

4

1

4 + L K
3

4

1

4  

                        = 4 L K
3

4

1

4  = P

x  q = p p p p5 2 1 2 1
2

2- + -   EP
Eq

1
  EP

Eq

2
 

 p1=3  p2=7 
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 q = p p p p5 2 1 2 1
2

2- + -

 p
q

12
2

 = 2 2p1 p2

 p
q

22
2

 = p1 1
2-

 Ep
Eq

1
 = q

P
p
q1
12
2

-  = 
p p p p

p
p p5 2 2 2

1 2 1
2

2

1
1 2- + -

-
- -^ h

                        = 
p p p p

p p p

5 2
2 2

1 2 1
2

2

1 1
2

2
- + -

+

 p1= 3   p2= 7

 Ep
Eq

1
 = 5 6 7 9 7

2 3 2 9 7
- + -
+^ ^
^
^
^

h h
h
h
h  = 57

132
- = 57

132-

 Ep
Eq

2
 = q

P
p
q2
22
2

-  =  
p p p p

p p

5 2
1

1 2 1
2

2

2 1
2

- + -

- -_ i

  = 
p p p p

p p p

5 2 1 2 1
2

2

2 2 1
2

- + -

- +

 p1= 3   p2= 7

 Ep
Eq

2
 = 5 6 7 9 7

7 7 9
- + -
- + ^

^ ^
h
h h  = 57

56
-  = 57

56-

 6.5

1. P = L K K L KL8 2 3 2 72 2- + - +  K = 3  L= 1 
 (K)  (L) 

2.  P= LK L K4 2 2- + , L>0, K>0,  
L L

P
K K

P
2
2

2
2+  = 2P 

3.  z = x xy y3 4 32 2- +  x  y 
 x=1, y=2 

Chap-6_BM_V2_TM.indd   53 04-08-2018   10:52:59



54

4. P = L K3 . .0 4 0 6^ ^h h   L K 
 L = 10   K = 6 

. [use: .0 6 .0 6^ h =0.736,(1.67)0.4=1.2267]

5.  A  q= p p13 2 31 2
2- -    p1= p2=2 

Ep
Eq

1
 Ep

Eq

2
 

6. A  q p p p p� � 
 �80 5
1

2

2 1 2
  p1=2  p2=1 

Ep
Eq

1
   Ep

Eq

2

 6.6

1.  C(x)= x x x2 5 14 213 2+ - +  

(a) 3
2  (b) x

5  (c) x
14-  (d) x

21              

2.  p= 20–3x  

(a)20–6x (b)20–3x (c) 20+6x (d) 20+3x 

3.  p= 2–x    
C=– x x2 2 72 + +  

(a) x 72 +  (b) x 72 -  (c) x 72- +  (d) x 72- -

4. 

(a) d >1 (b) d =1 (c)  d <1 (d) d =0

5. x= p
1    

(a)  0 (b)  1 (c) p
1-  (d)  

6. MR, AR  d  

(a) �d
AR

AR MR
�

�
 (b) �d AR MR� �  (c)MR AR d� ��  (d)  AR MR

d

�
�

7. C e25
1 x5= , 

(a)  25
1  (b)  e5

1 x5  (c) e125
1 x5  (d)  e25 x5
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8. x = 2 x    y x x2 52= +  

(a) 4 (b) 5 (c) 13 (d) 9

9. 50 2 

(a) ` 50  (b) ` 25 (c) ` 100 (d) ` 75

10. P(x)  

(a) MR = MC (b) MR = 0 (c) MC = AC (d) TR = AC

11. f(x)= sinx  

(a) 1 (b) 2
3  (c)

2
1  (d)  

2
1-

12. f(x,y)  n,  x x
f

y y
f

2
2

2
2

+  

(a)(n–1)f  (b) n(n–1)f (c) nf (d) f

13.  If u x xy y x y4 4 4 32 162 2= + + + + +    y x
u2

2 2
2   

(a)   8x + 4y + 4 (b) 4 (c)   2y + 32 (d)  0

14.  If u x xy y33 2 3= + +  y x
u2

2 2
2   

(a) 3 (b) 6y (c)   6x (d) 2

15.  u ex2= x
u
2
2  

(a)  xe2 x2  (b) ex2  (c)  e2 x2  (d)  0

16.  
(a) 
(b) 
(c) 
(d) 

17.  

(a)   (b) 

(c)  (d)   
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18.  

(a)   (b) 

c)  (d) 

19.  q = p p1000 8 1 2+ -
q
p

1

 

(a) –1 (b) 8 (c) 1000 (d) p1000 2-

20. R = 5000 C1= 20  C3= `20  EOQ 

(a)5000 (b)  100 (c)  1000 (d)  200

(Miscellaneous Problems)

1. x C x x� � 
10 4 3
3 4  

(i)     (ii) 

(iii) 

2.  

(i) p xex     

(ii) p xe x� �

(iii) p e10
x
3= -

3. p=1 x p� 
2 5
2

4. p x� �100 6
2 ,  

MR p
d

� �
�

�
�

�

�
�1 1

�
 

5.  y x x
x

�





�
�
�

�
�
	 
4
2

1
6  – x 

6.  C = –x x x2000 1800 75 2 3+ + –

7.  C = – .x x x15 9 6 2 3+ +   

x
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8.  u x y
x y

�
�
�

log

4 4

 x u
x

y u
y

�
�



�
�

� 3  

9. u x x y y� 
 
3 2 2 3
3  �

� �
�
�
� �

2 2u
x y

u
y x

10. f x y x y xy x y( , )= + + − +3 4 6 72 3 2 3  fyy( , )1 1 18  

 

 

 

 

 

 y = f(x) y  x  

 

 x 
x 1+^ h  

 x
 x 1+^ h  

 y=f(x) [a,b]   
x x f x f x1 2 1 2&1 #^ ^h h ,  , ,x x a b1 2e6 @  

 y=f(x)   [a, b] 
x x f x f x1 2 1 2&1 1^ ^h h ,  , ,x x a b1 2e6 @

 y= f(x) [a,b] x x f x f x1 2 1 2&1 $^ ^h h ,             
, ,x x a b1 2e6 @  
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 y=f(x) [a, b] x x f x f x>1 2 1 2&1 ^ ^h h ,  
, ,x x a b1 2e6 @   

 c   (a,b)  f 
'’ ( )f c  

(i)  f '(c) = 0  f "(c) > 0, f  c

(ii)  f '(c) = 0  f "(c) < 0, c

 u f x y( , )  x, y 

      f tx ty t f x yn
( , ) ( , ) , t > 0 u = f(x, y) n

 u f x y( , )   x, y n', 

                            x u
x

y u
y

nu�
�



�
�

�  

 p1 – q  �qp
Eq
Ep

p
q

q
p1

1

1

1

� �
� �

�
 

 p2  –  q  �qp
Eq
Ep

p
q

q
p2

2

2

2

� �
� �

�
 

(Some standard results)

1.  C x f x k( ) ( )� 


2. AC f x k
x

c x
x

�



�
( ) ( )

3.    AVC= f x
x
( )

4.  AFC k
x

5.   MC dx
dC=

6.  MAC d
dx

AC( )

7.  C x AC x( ) = ×
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8.  R px

9. AR R
x

p

10.  MR dR
dx

11.  P x R x C x( ) ( ) ( )� �

12.  � � �
x
y
dy
dx

13.  d
p
x
dx
dp

= − ⋅

14.  s
p
x
dx
dp

= ⋅

15.  MR, AR  ηd MR AR
d

� �
�

�
�

�

�
�1 1

�
 

�d
AR

AR MR
�

�
 

16.  x  y x y 

 
dy
dx

17.  MC = AC  [AC] 

18.   MR = 0 [TR] 

19. MR = MC  [P(x)] 

20.   

  (a)  |η| > 1,           

  (b)  |η| = 1, 

  (c)  |η| < 1, 

21. EOQ = q0 Rt C R
C0

3

1

2

22.  

n0 =
EOQ

 =  R
C

C R

RC

C t
1

3

1

3 02 2
1
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23. , C C C R
0 1 3

2

24. = q C0

1

2
  = R

q
C

0

3

25.   EOQ =

26. u(x,y) x  y   �
� �

�
�
� �

2 2u
y x

u
x y

 

(GLOSSARY) 
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Step 4

https://ggbm.at/q4tsyvys (or) scan the QR Code

 – 1

 - 2

 1

 2
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7
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a)  

(i)  

(ii)  
 

b)
(i) : 

(ii) 
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(i)  ( ) 
( )

 ‘a’  i  

 (n – 1) 
 (n – 2) 

 (n – n) 

(n–1)

= a(1+i)n-1

 = a(1+i)n-2

= a(1+i)n-3  

`  i  n 
A
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 A =  a(1+i)n-1+a(1+i)n-2+...a(1+i)+ a

  = a[(1+i)n-1+(1+i)n-2+...+(1+i)+1]

  = a[1+(1+i)+(1+i)2+...+(1+i)n-1 ]

  = a[1+r+r2+...+rn-1],   1+ =r 

  = a[ r
r

1
1n

-
- ],     G.P  r > 1  

  = a
i
i

1 1
1 1n

+ -
+ -] g; E

 A = i
a  [(1+i)n–1]

(ii) 
 (Present Value) 

‘a’ 
n   i 

 P 

  

i
a

1 +   
i

a
1 2+] g  

i
a

1 n+] g   

 P  = ...i
a

i
a

i
a

i
a

1 1 1 1 n2 3+ + +
+
+

+ +] ] ]g g g   

   = ... ( )i
a

i
a

i
a

1 1 1n n 1+ +
+

+ + +-] ]g g   

   = ...
r
a

r r r1n
n2 1+ + + + -6 @ ,  1 + i = r

   = 
r
a

r
r

1
1

n

n

-
-; E   ,  G.P  r > 1

   = ( )
( )

i
a

i
i

1 1 1
1 1

n

n

+ + -
+ -< F

   = ( )i
a

i
1 1

1
n-

+< F

 P  = ( )i
a

i1 1
1

n-
+< F
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(iii) n 

 ‘i’  ‘n’
 (n – 1)

  A = a(1+i)n+a(1+i)n-1+...+a(1+i)1

  = a(1+i)[(1+i)n-1+(1+i)n-2)+...+1]

  = a(1+i)[1+(1+i)+(1+i)2+...+(1+i)n-1]

  = ar[1+r+r2+...+rn-1], 1+i = r, 

  = ar[ r
r

1
1n

-
- ] ,   G.P , r > 1   

  = a(1+i) ( )
i
i

1 1
1 1n

+ -
+ -< F

  = ( ) [( )i
a i

i
1 1 1n+

+ -

 A = ( )
i

a i1 + [(1+i)n-1]

(iv) annuity due)

 ‘a’,   ‘a’

 ( )i
a

1 +  

n

( )i
a

1 n 1+ - , P 

     P = a+ ( ) ( ) ... ( )i
a

i
a

i
a

i
a

1 1 1 1 n2 3 1+ + +
+
+

+ +
+ -  

   = a ( ) ( ) ... ( )i i i i
1 1

1
1
1

1
1

1
1

n2 3 1+ + + +
+
+

+ +
+ -< F

   = a 

i

i

1 1
1

1 1
1 n

- +

- +b lR

T

SSSSSSSS

V

X

WWWWWWWW
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   = a 
i

i
i

i

1
1 1
1

1 1
n

n

+
+ -
+
+ -]
]
]
g
g
g> H

   = ( )
( )

( )
i

a i

i

i1
1

1 1
n

n+
+
+ -

= G

  P = ( )
i

a i1 +  1
1

1
−
+( )

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥i
n

(v) Perpetual Annuity)

P = i
a

( )i1 1
1

n-
+< F  

n → ∞, ( )i1
1 0n "+

 
  1+i > 1.

 P = i
a [1-0]

  P = i
a

 ‘i’ 
 

k
i   n  nk,  k 

  64,000 12  10% 
 [(1.1)12=3.3184]

               

 a = 64,000, n = 12  i =  100
10 =0.1 

A =  i
a [(1+i)n-1]

      = .0 1
64000  [(1+0.1)12–1]
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      = 6,40,000[(1.1)12 –1]

      = 6,40,000[3.3184 – 1]

       = 6,40,000 [2.3184]

      = 64×23184

      = 14,83,776

15% 16
[(1.15)16=9.358]   

      

A = 1,67,160, n = 16  i= 100
15 =0.15  a = ?

 A = i
a [(1+i)n–1]

 1,67,160 = .
a

0 15 [(1+0.15)16–1]

  = .
a

0 15 [(1.15)16–1]

 a   = ( . )
, , .
1 15 1

1 67 160 0 15
16
#

-

 a = .
, , .
9 358 1

1 67 160 0 15#
-      

    = .
, , .

8 358
1 67 160 0 15#                 

                               =  3,000

 a  =  ̀  3,000 

2 22
 `20,00,000 10%

    [(1.0083)240=6.194].

                  

 A = 20,00,000 ; i = 100
10 =0.1  n = 20  k = 12

 A = 
i k

a  [(1+
k
i )nk–1]
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 20,00,000 =         12
.
a
0 1 .1 12

0 1 1
20 12

+ -
#b l; E

  = .
a

0 1
12 .1 12

0 1 1–
240

+b l; E

  = 120a .
12
12 1 1

240
-b l; E

  = 120a [(1.0083)240–1]

  = 120a [6.194–1]      

  = 120a (5.194)

      a = .
. ,

120 5 194
20 00 000
#

  = ` 3,209

    `3,209

 ̀ 4,000  
14%

 [(1.14)10=3.707]

 

 a = 4,000 ; i = 0.14  n = 10                   

 A = (1+i)  i
a [(1+i)n–1]

  = (1+0.14)  .0 14
4000  [(1+0.14)10–1]

  = (1.14) .0 14
4000  [(1.14)10–1]

  = 1.14× .0 14
4000 (3.707–1)

  = 1.14× .0 14
4000 (2.707) =88,170.

 A = `88,170

15% 
`12,000  
 [(1.15)10=4.016].
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 n=10, a = 12,000    i = 0.15                    

  P = i
a  ( )i1 1

1
n-

+< F

   = .
,
0 15

12 000  ( . )1 1 0 15
1

10-
+< F

   = .
,
0 15

12 000  ( . )1 1 15
1

10-< F

   = , ,
15

12 00 000  .1 4 016
1-: D

   = 80,000 .
.
4 016

4 016 1-: D

   = 80,000 .
.
4 016
3 016: D   = 60,080.

 `  P  = `60,080

 `36,000 
 16% 

[(1.16)7=2.2828]

  a = 36,000 ; n = 7  i = 0.16                      

  P = (1+i)  i
a

( )i1 1
1

n-
+< F

   = (1+0.16)  .
,
0 16

36 000  ( . )1 1 0 16
1

7-
+< F    

   = .
.

0 16
1 16 (36,000) ( . )1 1 0 16

1
7-

+< F

   = 16
116 36000#  .1 2 828

1-: D

   = 16
116 36000#  .

.
2 828

2 828 1-: D

   = .
, .

16 2 828
116 36 000 1 828

#
# #

   = ,
16 2828

116 36 000 1828
#

# #  = 1,68,709.

               `  P = `1,68,709
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16%  ̀ 7,00,000 

     [(1.0133)180=9.772]

P = 7,00,000 ; n = 15; i = 0.16  k = 12.                   

  P = k
i1 +b l  a

k
ie o   

k
i

1
1

1
nk-

+b l> H

7,00,000 = .1 12
0 16+b l   a

.
12
0 16d n  .1

1 12
0 16
1

15 12-
+

#b l> H

   = .
.

a
12

12 16
0 16
12b bl l .1

12
12 16

1
180- b l> H

   = .
a

16
1216 1 1 0133

1
180-] ]g g; E

   = 16
1216

a .1 9 772
1-: D

   = 16
1216

a .
.
9 772

9 772 1-: D

   = 16
1216

a .
.
9 772
8 772: D

      a   = , ,
1216 8772

7 00 000 16 9772
#
# #  = 10,261

 `9,000 15% 

 a = 9,000  i = 0.15      
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P  = i
a

  = .0 15
9000    

  = , ,
15

9 00 000

  = 60,000. 

 60,000.

 `18,000. 15%

 a = 18,000 ; i = 0.15  k = 12.            

  P = 
k
i
a

   = 12
.
,
0 15

18 000

   = .
,

0 15
18 000 12# = , ,

15
18 00 000 12# = 14,40,000

 `14,40,000.

 `30,000/  
`675 

P=30,000 ; a = 675 ; k = 2, i = ?      

 P = 
k
i
a

 30,000 = 675i
2

  = 675i
2
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  = i
1350   

  = ,30 000
1350

  = 3000
135

  = 0.045

 = 0.045 × 100%

 = 4.5%
 7.1

1. 10% `3,200 
[(1.1)12 = 3.3184]

2.  8% `2,000
 [(1.02)40=2.2080 

3. 12%
`1, 500  [(1.01)12 = 1.1262 ]

4.  8%
`30,200

[(1.02)40 =2.2080]

2,000 
 8% 

 [(1.00667)240 = 3.3266 ]

6.  10% 14  `2,000 
[ (1.1)–14= 0.2632]

7. 8%
 `900  

[(1.04)–12=0.6252 ] 

8. 10% 
 `5,000 

. 
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9.  8% 
 `1,500    [ (1.08)15 = 3.1696 ]

10. 5%  `50

7.2  

         

.

7.2.1  (Types of shares): 

. 

. 

7.2.2 Definitions)

(i) 

(ii) 

(iii) 
.  

(iv) (Face value): 

.

(v) Market value) :
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 (Remarks): 

(i) 
.

(ii) 
.

(iii) 

Dividend) : 

 

.

Some useful results):

(i) Investment):

#

(ii) Income):
# #

(iii) Return 
percentage (or) yield percentage):

 =  # 100

(iv) Number of shares):
 =

Stock exchange):
 

Brokerage): 
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(i) 

(ii) 

`18 `100 325

  = `100

   = `18

  = `118

325  = × 

 = 325 × 118

 = `38,350

325 = ̀ 38,350.

`100 `14 500

   =  500 

  =   `100

  =   `14

  =  100 – 14 ( )

  = `86.

500 =  × 
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  = 500 × 86

  = 43,000

 500 = `43,000

`10 20
20 12%

     

 = `10

 20  = `200

  = 100
9 200#

  = `18 . ,S I
PNR

N100 1= =: D

 = 1 12
18 100
#
#   [P NR

I100= ,(N=1)

  = `150

 20    `150

 = ` 150
20

  = `7.50

`25  10%
`2000          

x . 

` x = `25 x

   10
100

×25x = `2,000

         x = 2000 100
25 10

 = 800.

 = 800
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 `100  12%  `3,600 

 ‘x’ 

= `100

  ‘x’ = `100x

 12
100

×100x = `3600

 12 x = 3600 &  x = 300

 = 300

`80 `100 `96,000 

18%

  

(i) 

(ii)  

(iii)  

(i)  = `96,000

  = `100

  =  `80

  = 

  = ,
80

96 000

  = 1200 

(ii)   =  × 
 × 
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  = 1200× 100
18 ×100

  = `21,600

(iii)  ` 96000   =  ̀ 21600

 = ,
,

96 000
21 600 ×100%

  = 2
45 % 

  = 22.5%

17% 12% 54,000 
 1%

  = `100

 = `(100 – 17 + 1)

  = `84

`   = ( × )
84

12 100

  = 7
100  =  14 7

2

`   = 14 7
2  %

89 10%  90 7% 
1%  10% 

`100 

x 

  = `100,    = (89+1) = `90

 =  

    = x
90  

=  x
90 100

10 100# #  
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    =  x
9                    ... (1)

= (90+1)  = `91

  =   

                                 = x
91

 = x
91 100

7 100# #  

     = x
13                      ... (2)                            

  x x
9 13-  = 100 

      x  = ` 2925 

`   = ` 2925 

16% 1,00,000

50,000

`10

` 3,20,000 `40,000 `20,000 

 = `10

  = `1,00,000 × 10 = `10,00,000

  = `50,000 × 10 = `5,00,000

  = `(3,20,000 – 40,000 – 20,000) = `2,60,000

  =  100
16  × 10,00,000 = `1,60,000

  = `2,60,000 – `1,60,000 = `1,00,000

  =   # 100%

   = , ,
, ,

5 00 000
1 00 000 ×100% = 20%
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`10,000 20% 42%
22% 15%

2%

   = `10000  

  = 100
20 ×10000

  =  ̀  2,000    ... (1)

 (i)

  =  ̀ 10,000

  = `100

  = 100 + 42 – 2) = `140

 = 

                     = ,
100

10 000

  = 100

  = 100 × 140 

  = `14,000

   =  100 – 22 + 2) 

  =  ̀ 80 

 =  

                          = 80
14000

  =  175

 = 175 × 100
15

  = `2625  

=  ` 2625  –  ` 2000 = ` 625    
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12% `20 ` 16 15% ` 20 `24.

 ` (16× 24) 

(i) 

12 % `20  ` 16                 

 = 16
12 ×(16× 24)

 = ` 288 
(ii)

15%  `20  ` 24 

 = 24
15  × (16× 24)

 = ` 240

 7.2

1. `100 `132 62  

2. `7 `25 125
 

3.  ̀ 20 9% `1,620 
 

4. 20%. `100 15%
`29,040

(i) 
(ii) 

(iii) 

5.   ̀ 2.50 `10  400 
12% 

(i)  
(ii) 

(iii) 
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6. `10  2%
`23 

`25 10% `18
 

7.  ̀ 13,500  ̀ 100 6% `140 
`100 5% `125 

`560

8. `100 10%
`50  `33 10% 10%

`450 
 

9. `100 7% `120 `100  10% `135

10. `140 20% 70 10%

 7.3

1. `100 8% 200

(a) 1600      (b) 1000  (c) 1500  (d) 800

2. 100 8% 200 `50
 

(a)    16,000  (b)    10,000  (c)   7,000  (d) 9,000

3. `100  ̀ 20,000 20% 

(a) ` 20,000    (b) ` 25,000     (c) ` 22,000  (d) ` 30,000

4. `100 10%
` 25,000  

(a)  3500  (b) 4500   (c)2500  (d)300

5. `100 400 1% 
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(a) ` 600     (b) ` 500     (c) ` 200   (d) ` 400

6.  ̀ 100 9 2
1  % 2

1 %

(a) `89    (b) `90  (c) `91   (d) `95

7. `100 9% 100 10%
 

(a) `9000  (b) `6000   (c) `5000   (d) `4000

8. 7%  `80

(a) 9%     (b) 8.75%     (c) 8%     (d) 7%

9. `100 15% 500  

(a) `7,500   (b) ` 5,000   (c) `8,000  (d) ` 8,500

10.  ` 5000, 10%. 

(a) `60,000   (b) ` 50,000   (c) `10,000  (d) ` 80,000

11.  ‘a’ ‘n’ ‘i’ 
`1  

(a) A= i
a

i i1 1 1n+ + -^ ^h h6 @   (b) A i
a

i1 1n= + -^ h6 @

(c) P i
a=    (d) P i

a
i i1 1 1 n= + - + -^ ^h h6 @

12.  10% 96 A
12% B 

(a) `80  (b) `115.20  (c) `120 (d) `125.40 

13. 

(a)     (b)  

(c)  (d) 

14. ` 2000 10 %
 

(a) `2,40,000  (b) ` 6,00,000     (c) `20,40,000   (d) ` 2,00,400
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15. 

(a) 

(b) 

(c) 

(d)

1. 10%  
`2000 4

[log(1.1) = 0.0414 ; antilog(0.1656) = 1.464]

2. `5000
`300 

5% 
[log(1.05) = 0.0212 ; antilog(¯1.9152=0.8226) ]

3.   (i) 7%
 `500 

  (ii)   10% 
 `10,000 5 

 (iii) 4%
`600 10

  (iv)   6% 
`2000 5

4. `250  
6%

 `6390

5. `1,500

12% 
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6. A  `15,000 B  `20,000
 `4,000 `7,000 A-

4 B 
8%

7. `27,000-
A 

 `100 `25 B  `100 
 `10. C  `100 20% D

 `50 A B C D 

8. `80 7%  `8,000 
`75 

`41- `75 18% 

(i) 

(ii) 

(iii) 

9.  `33 25 
 2000 `44 15 

(i) 

(ii) 

10. 16% 50,000 
25,000

`10
`1,60,000 `20,000 `10,000 
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A
a
i

i i
n

= +( ) +( ) −⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

1 1 1

P
a
i

i i
n

= +( ) − +( )⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

−
1 1 1

A
a
i

i
n

= +( ) −⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

1 1

P
a
i

i
n

= − +( )⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

−
1 1 P

a
i

 (i)  P a
i

 

 (ii) 
             

                                   P a
i

i
n

= − +( )⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

−
1 1
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 = × × .n r F V
100

       n = 
           r =

  = ×100 

  =  
                          ×100

      

 ×100×100   

 

=  × 

(i)  r1 %  

                =
r1 × 

 (ii) r2 % 

                =
r2 × 
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(GLOSSARY) 
Debentures
Periodic payment
Market price
Equity shares
Stocks
Payment interval
Brokerage
Immediate annuity

Term of annuity

Perpetual annuity

Shares
Stock exchange
Share holders
Transaction
Face value
Preference shares
Capital value
Interest
Selling price
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Step 4

https://ggbm.at/q4tsyvys (or) scan the QR Code

 – 1

 - 2

 1

 2
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8

8.1 
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8.1.1  

 -  

 

 

 

 

 

a)  Ungrouped data)

(i) Direct Method): 

   
...

X n
X X X X

n
Xn1 2 3 /

=
+ + +

=

 X   X  X  
n

(ii) Short-cut method)

X  = A + n
d/   d= X – A, A 

d X 

b) Grouped data)

(i) Direct method

X  = N
fxR

 
f X N = 

(ii) Short-cut method)
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X  = A+ N
fdR

A  d= X– A ;  N= 

 
  

(i) 

(ii) 

(iii) 

(i) Direct method)

X = N
fmR

m

f

N

(ii) Short-cut method)

X   = A + N
fdR

A 

d=m–A  N  

(iii) Step Deviation Method) 

X A N
fd

c#
R

= + c m

d= c
m A-] g

A

c
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Mode): 

Median):  

8.1.2 
Related Positional 

Measures  -  Quartiles, Deciles and Percentiles) :

 

(i) Quartiles):

 (Q1)  (Q2)
 (Q3)

 (Q2)

 (Q1) 25 % 
75%

 (Q2)
50%

 (Q3) 75%
25%

(ii) Deciles):
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D1,D2,…,D9 9
D5

(iii) Percentiles):

100

P1 ,P2,…,P99 99
P50  

8.1.3 
Computations for Related positional measure)

(i) Ungrouped data):

: 

1. 

2. 

Q2=D5= P50= 

Q1= n
4

1+b l  
Q3 = n

4
3 1+b ] g l  

D1 = n
4

1+b l  
D2 = 2 n

10
1+b l  

P60 = 60 n
100

1+b l  
P99 = 99 n

100
1+b l    
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22, 4, 2, 12, 16, 6, 10, 18, 14, 20, 8 D2 D6

:

n = =11

2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22 

D2 = 2 n
10

1+b l  
D6 = 6 n

10
1+b l  

D2 = 2.4 = 4 

D6 = 7.2  =14 

Q1, Q3, D6 P50

1 2 3 4 5 6 7

20 28 40 12 30 15 50

:

12 15 20 28 30 40 50

n =  =7

Q1 = n
4

1+b l    

 =  4
7 1+b l  

     = 2 = 15

Q3  = n
4

3 1+b ] g l   
 = 4

3 8#b l  
 = 6 =  40

D6  = n
10

6 1+b ] g l   
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 = 10
6 8#b l   

 = 4.8 

   5 = 30

P50 = n
100

50 1+b ] g l
= 4 = 28

  Q1=15, Q3=40, D6  =30   P50=28

(ii) Grouped data -Discrete 
case):

:

1. 

2. 

3. 

Q1 = N
4

1+b l  
Q3 = N

4
3 1+b ] g l  

N
4
1+b l

x  Q1
N
4

3 1+] g
Q3

Q1, D2  P90

10 20 30 40 50 60
4 7 15 8 7 2

 :

X f cf
10 4 4
20 7 11
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30 15 26
40 8 34
50 7 41
60 2 N= 43

 : 8.1

Q1 = N
4

1+b l   = 4
43 1+

= 11 = 20

D2 = N
10

2 1+b ] g l   = 10
88  

 = 8.8 = 20

P90 = N
100

90 1+b ] g l   

 = 100
3960  = 39.6  = 50

(iii) Grouped data 
(Continuous case)):  

 N
4

Q1

Q1

Q L
f

pcf
c

N

1
4 #= +
-f p

L Q1

Q1

c Q1

Q1

Q3

Q3

Q3   =  L
f

pcf
c

N
4
3

#+
-f p

L
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c

D4  = L +
f

pcf
c

N
10
4

#
-f p

P60  = L +
f

pcf
c

N
100
60

#
-f p   

D4 P60  
P75

10 − 20 20 − 30 30 − 40 40 − 50 50 − 60 60 − 70 70 – 80

12 19 5 10 9 6 6

:   

CI f cf
10 − 20 12 12

19 31

5 36

10 46

9 55

6 61

70 – 80 6 N= 67

N = 67
 : 8.2

Q1=  N
4b l  =  4

67  =  16.75  
Q1 (20 – 30)  

L  =  20 ;  N
4 =16.75; =12;  =19 ; c = 10 
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Q1=  L  + 
f

cfN
4 -f p× c

Q1 =20  +  .
19

16 75 12-b l×10  =  20 + 2.5  =  22.5 

 Q3   =  N
4
3b l  =  50.25 

Q3  (50-60) 
 

L = 50, N
4
3b l    = 50.25;       =  46, =  9, c  =  10

 Q3  =  L  +
f

pcfN
4
3 -f p   ×c

 Q3 =50+ .
9

50 25 25-b l× 10  =  54.72

 D4 =L + 
f

pcfN
10
4 -f p×c

D4 =  N
10
4b l   = 26.8 D4  ( 20 

– 30 )  

L  =  20, N
10
4   =  26.8;     = 12,   = 19,c  =  10.  

 D4 = 20 + .
19

26 8 12-b l  ×10

  = 27.79                                   

P75 =  N
100
75b l   =   50.25 P75  ( 50 – 60)

L  = 50; N
100
75    =  50.25 ;    = 46,    = 9,c=  10.

 P75 = L + 
f

pcfN
100
75 -f p×c

  = 50 +   .
9

50 25 46-b l×10

  = 54.72                                
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8.1.4 Geometric mean)

n

GM X X Xnn=
1 2 3
.X . .....  = , , , ......X X X X3 /

n
n

1 2
1^ h

 X X X Xn1 2 3
, , ,....,  

n 

 2,3,4 

GM = ( ) ( ) ( )2 3 43     = 2.885 

log
log log ........ logGM X X X

n
n=

+ + +
1 2

   log
logGM X
n

= ⎛
⎝⎜

⎞
⎠⎟

Σ

GM Anti X
n

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ , n 

(i) 

GM Anti f X
N

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ ;  N f= Σ

(ii) 

GM = log log
Anti N

f m/
; E ; m  N f= Σ

85, 70, 15, 75, 500, 8, 45, 250, 40, 36
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X log X

85 1.9294

70 1.8451

15 1.1761

75 1.8751

500 2.6990

8 0.9031

45 1.6532

250 2.3979

40 1.6021

36 1.5563
log 17.6373XΣ =

 8.3

GM Anti X
n

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ ;  n= 10

GM Anti= ⎛
⎝⎜

⎞
⎠⎟

log
.17 6373

10

 
=

=

Anti

GM

log( . )

.

1 7637

58 03

1 1000

50 80

25 40

2 750
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3 100

4 150

3 120

5 60

X
 f

log X f log X

1000 1 3.0000 3.0000

80 50 1.9031 95.1550

40 25 1.6021 40.0525

750 2 2.8751 5.7502

100 3 2.0000 6.0000

150 4 2.1761 8.7044

120 3 2.0792 6.2376

60 5 1.7782 8.8910

N = 93 log 173.7907f XΣ =

 8.4

GM Anti f X
N

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ

= ⎛
⎝⎜

⎞
⎠⎟

Anti log
.173 7907

93

= ( )Anti log .1 8687

GM = 73 95.
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0-10 10-20 20-30 30-40 40-50

8 12 18 8 6

m f logm f log m

0-10 5 8 0.6990 5.5920

10-20 15 12 1.1761 14.1132

20-30 25 18 1.3979 25.1622

30-40 35 8 1.5441 12.3528

40-50 45 6 1.6532 9.9192

N = 52 Σf mlog  = 67.1394
 : 8.5

GM Anti f m
N

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ

= ⎛
⎝⎜

⎞
⎠⎟

Anti log
.67 1394

52

= ( )Anti log .1 2911

GM = 19 55.

2006 2008

 5 10 18

3
11

+ + =⎛
⎝⎜

⎞
⎠⎟

11%

 10.9% 

1995 32% 
40% 
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50% 

X 

% Rise X log X 
32 132 2.1206
40 140 2.1461
50 150 2.1761

log 6.4428XΣ =

 8.6

GM Anti X
n

= ⎛
⎝⎜

⎞
⎠⎟

log
logΣ   

= ⎛
⎝⎜

⎞
⎠⎟

Anti log
.6 4428

3
  

= ( )Anti log .2 1476

GM = 140 5.

  140.5 – 100 = 40.5 % 

8.1.5 (Harmonic mean )

HM  

 H M n

X X Xn

=
+ + +

⎛
⎝⎜

⎞
⎠⎟

1 1 1

1 2

.....
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(i) 

HM n

X X Xn

=
+ + +

⎛
⎝⎜

⎞
⎠⎟

1 1 1

1 2

.....

  HM n

X

=
⎛
⎝⎜

⎞
⎠⎟Σ 1

 

(ii) 

HM N
f
X

=
⎛
⎝⎜

⎞
⎠⎟Σ

  N = f

(iii) 

HM N
f
m

=
⎛
⎝⎜

⎞
⎠⎟Σ

 m N

 1, 0.5, 10, 45.0, 175.0, 0.01, 4.0, 11.2

  

X
X
1

1 1.0000
0.5 2.0000
10 0.1000
45 0.0222

175 0.0057
0.01 100.0000
4.0 0.2500
11.2 0.0893

1 103.4672
X

⎛ ⎞Σ =⎜ ⎟⎝ ⎠

 8.7
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      n = 8

   HM n

X

=
⎛
⎝⎜

⎞
⎠⎟

= =
Σ 1

8

103 467
0 077

.
.

10 20 25 40 50

20 30 50 15 5

X f X
f

10 20 2.000

20 30 1.500

25 50 2.000

40 15 0.375

50 5 0.100

120=N
5.975f

X
⎛ ⎞Σ =⎜ ⎟⎝ ⎠

 8.8

 HM N
f
X

=
⎛
⎝⎜

⎞
⎠⎟

= =
Σ

120

5 975
20 08

.
.

0-10 10-20 20-30 30-40 40-50

8 12 20 6 4
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m
f

f
m

⎛
⎝⎜

⎞
⎠⎟

0-10 5 8 1.60

10-20 15 12 0.80

20-30 25 20 0.80

30-40 35 6 0.17

40-50 45 4 0.09

N = 50 Σ f
m

⎛
⎝⎜

⎞
⎠⎟

=3.46

 8.9

HM N
f
m

=
⎛
⎝⎜

⎞
⎠⎟

= =
Σ

50

3 46
14 45

.
.

 

5 20
20
5 = 4

, 5
20 = 4

1 .
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    i.e., X = + =30 20

2
25  

 

HM =
⎛
⎝⎜

⎞
⎠⎟ + ⎛

⎝⎜
⎞
⎠⎟

=
⎛
⎝⎜

⎞
⎠⎟

=2

1

20

1

30

2

5

60

2 60

5

( )  

 = 24 

8.1.6 )

 

AM GM HM≥ ≥

 A.M, G.M  H.M. 

X 7 10 13 16 19 22 25 28

f 10 22 24 28 19 9 12 16
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:

X f Xf logX f logX f / X

7 10 70 0.8451 8.4510 1.4286

10 22 220 1 22.0000 2.2000

13 24 312 1.1139 26.7346 1.8462

16 28 448 1.2041 33.7154 1.7500

19 19 361 1.2788 24.2963 1.0000

22 9 198 1.3424 12.0818 0.4091

25 12 300 1.3979 16.7753 0.4800

28 16 448 1.4472 23.1545 0.5714

 f N/ = =140 fX/ = 2357  logf x/ 167.209
x
f

/ =9.6852
 : 8.10

 AM
fX
N

= = =∑ 2357

140
16 84.

 GM Anti
f X
N

Anti Anti=
⎛

⎝
⎜

⎞

⎠
⎟ = ⎛

⎝⎜
⎞
⎠⎟

=∑
log

log
log

.
log( .

167 209

140
1 11944 15 65) .=

 HM N
f
X

=
⎛
⎝⎜

⎞
⎠⎟

= =
Σ

140

9 6852
14 46

.
.

 i.e. 16 84 15 65 14 46. . .> >

 `  AM GM HM> >

(i)  

(ii) 

:

(i)  
.
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   HM n

a b

=
+1 1

  =
+

=2

1

40

1

30

2

7

120

  = × =2 120

7
34 3.

(ii) 

 X = 

 X = × + × =40 2 30 2

4
35

             ∴ 

 

: 

.

H M =
n

1

a
+

1

b
+

1

c
+

1

d

 =
+ + +

4

1

1

1

2

1

3

1

4

                 = ×4 12

25

 = 1.92 .
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 (i) 7,8,9,10,11   (ii) 3,6,9,12,15  (iii) 
1,5,9,13,17. 

 

(a) 

 

8.1.1 

  QD  =  2
1 (Q3 – Q1)  

 Q1   Q3 
 Q3 – Q1 
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(i) QD 

. 

    =    Q Q

Q Q
3 1

3 1

–

�

(ii) 

Q3 Q1   

1 2 3 4 5 6 7

20 28 40 12 30 15 50

 12 15 20 28 30 40 50

n =  =7

Q1=  n
4

1+b ] g l   = 4
7 1+b l    = 

 Q1 = 15

Q3 =  n
4

3 1+b ] g l   = 4
3 8#b l   =

 = 40

 Q3 = 40

QD  =  2
1 (Q3 – Q1)= 2

40 15- = 12.5

 QD= Q Q
Q Q

40 15
40 15

55
25

3 1
3 1
+
-

= +
- = =  0.455

 QD = 0.455
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10 20 30 40 50 60

4 7 15 8 7 2

:

X f cf

10 4 4

20 7 11

30 15 26

40 8 34

50 7 41

60 2 43

N f= =∑ 43

 : 8.11

Q1 = N +⎛
⎝
⎜⎜⎜

⎞
⎠
⎟⎟⎟
1

4
 -  = 43 1

4
+( )

  = 

= 20

Q3 =  
3 1

4

N +( )⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟  -  = 33-  = 40

 QD   = 1
2

 (Q3 – Q1) = 40 20
2
– �  = 10

 QD  = Q Q

Q Q
3 1

3 1

–

�
 = 40 20
40 20
– �
� �

 = 20
60

 =  0.333

CI 10 − 20 20 − 30 30 − 40 40 − 50 50 − 60 60 − 70 70 – 80

f 12 19 5 10 9 6 6
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CI f cf

10 − 20 12 12

19 31

5 36

10 46

9 55

6 61

70 – 80 6 67

N = 67

 : 8.12

Q1 =
N
4b l   = 4

67b l  =  16.75 

  Q1 20 – 30) 

 L =  20, N
4 =  16.75 ;  pcf  =  12,  f = 19,  c  =  10

 Q1 =  L  + 
f

N
pcf

c4 #-f p

 Q1 =  20  + 16 75 12
19
. � �−⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
  × 10  =  20 + 2.5  =  22.5

 Q3 =   3
4
N⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
   =  50.25 

Q3  50 – 60) 

 L =  50 ; N
4
3  =  50.25 ;    =  46,   =  9, c  =  10

 Q3  =  L  +
f

N
pcf

c4
3

#-f p
 Q3 =  50  + .

9
50 25 46 10#-
: D   =  54.72

 QD =  1
2

 (Q3 – Q1)
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  =  54 72 22 5
2

. – .�  = 16.11

 QD = 16.11

8.2.2  

 (i)   (Individual observations)

X X X Xn1 2 3
, , ,...   n  

 

 MD   =  ∑ −X X
n

 = ∑ D
n

   D X X= −  n  

  = 
Σ |X– |

n
 = Σ | D |

n

   |D| = |X– |  N

(ii) 

   =  ∑ −f X X
N

 = ∑ f D
N

  D X X= −   N

 MD = 
∑ |X– |

N
 = 

f
n

∑ | D |  

 |D| = |X – | N

 

 (iii)  
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 MD  = 
f M X
N

∑ −
    = 

f D
N

∑

 M ,   |D| = M X−   
N

 = ∑ |M– |
N

  

  = 
f D
N

∑

 M , |D| = |M– |
 

 (iv) (Relative Measure for Mean Deviation)

=   
 

= 

 
 

 4000 4200 4400 4600 4800
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 = 
X
n

∑ = 22000

5
 = 4400

| | | |D X 4400= -] g
4000 400

4200 200

4400 0

4600 200

4800 400

X∑  = 22000 D∑  = 1200

 : 8.13

 MD = 
Σ D
n

 ; 

 MD = 1200

5
240=

   MD = 
240

4400
0 055= .

  55, 45, 40, 20, 60, 80, 30.  

 20, 30, 40, 45, 55, 60, 80 

  =  n +( )⎛
⎝⎜

⎞
⎠⎟

1

2
  n

              = 7 1

2

+( )⎛
⎝⎜

⎞
⎠⎟

  =4  = 45

X |X – | = |X – 45|
20 25

30 15

40 5
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45 0

55 10

60 15

80 30

= 100
 : 8.14

 MD = 
Σ |X– |

n
 =  100

7
 = 14.29

  = 14 29

45
0 32

.
.=

2 4 6 8 10 12 14 16

2 2 4 5 3 2 1 1

 

X f fX |D| = |X – 8| f |D|

2 2 4 6 12

4 2 8 4 8

6 4 24 2 8

8 5 40 0 0

10 3 30 2 6

12 2 24 4 8

14 1 14 6 6

16 1 16 8 8

N = 20 fX 160R = Σ | D |=56

 : 8.15

X fX
N

= = =Σ 160

20
8

 = = =
Σf D
N

56

20
2 8.
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.

X 15 25 35 45 55 65 75 85

12 11 10 15 22 13 18 19

 

X f cf

15 12 12

25 11 23

35 10 33

45 15 48

55 22 70

65 13 83

75 18 101

85 19 120

N = 120
 : 8.16

   =  n +( )⎛
⎝⎜

⎞
⎠⎟

1

2
 

                =  120 1

2

+( )⎛
⎝⎜

⎞
⎠⎟

 

  = 60.5 = 55

  = ∑ |X– |
N

 = ∑ f D
N

X f |D| = |X– 55| f |D|

15 12 40 480

25 11 30 330

35 10 20 200
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45 15 10 150

55 22 10 220

65 13 10 130

75 18 20 360

85 19 30 570

N = 120 Σ | D | =2440
 : 8.17

   = 2440

120
=20.33

  = 20 33

55

.  = 0.37

  

0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

20 25 32 40 42 35 10 8

 

X f cf

0-10 20 20

10-20 25 45

20-30 32 77

30-40 40 117

40-50 42 159

50-60 35 194

60-70 10 204
70-80 8 N=212

 : 8.18
N
2

212

2
= =106.  

Chap-8_BM_V2_TM.indd   121 04-08-2018   11:12:17



122

 L = 30, pcf = 77, f = 40  c =10.  

  = L
f

N
pcf

c2 #+
-f b l p

  = 30
106 77

40
10+ −⎛

⎝⎜
⎞
⎠⎟

×�  

∴     = 37.25 ( )

 

X f M |D| = |X–37.25| f |D|

0-10 20 5 32.25 645

10-20 25 15 22.25 556.25

20-30 32 25 12.25 392

30-40 40 35 2.25 90

40-50 42 45 7.75 325.5

50-60 35 55 17.75 621.25

60-70 10 65 27.75 277.5

70-80 8 75 37.75 302

N=212 Σ | D | =3209.5

: 8.19 

 = ∑
=

f D
N

3209 5

212

.  = 15.14

= 15 14

37 25

.

.
 

       = 0.4064=0.41( ).
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 8.1

1.  
 

2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22

2. Q1 , Q3, D8 P67 :

 4 4.5 5 5.5 6 6.5 7 7.5 8

10 18 22 25 40 15 10 8 7

3. 

10-20 20-30 30-40 40-50 50-60 60-70 70-80

1 3 11 21 43 32 9

4. 

130 135 140 145 146 148 149 150 157

3 4 6 6 3 5 2 1 1

5.  

6.  

7. 

 

8. 
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A B C D E F G H

70 10 50 75 8 25 8 42

9. 

X 5 15 10 30 25 20 35 40

f 18 16 20 21 22 13 12 16

10. 

0-10 10-20 20-30 30-40 40-50 50-60

5 10 25 30 20 10

11.  

20 30 40 50 60 70 80

13 61 47 15 10 18 36

12.  

X 0-10 10-20 20-30 30-40 40-50 50-60

f 5 10 13 18 14 8

13.  

58 15 63 22

59 20 64 20

60 32 65 10

61 35 66 8

62 35

14. 

0-5 5-10 10-15 15-20 20-25

3 5 12 6 4
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15. 

0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

8 12 16 20 37 25 19 13

8.3.3 

A B

    

1- -6  5- -4 

. 8.1

8.3.1 (Basic concepts of Probability)

(Recall)
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(i)  (Random Experiment)

(ii)  (Outcome)

 

(iii) (Trial and Event)

(iv)  (Exhaustive Events)

(v)  (Favourable Events)

(vi) (Mutually Exclusive events)

 A B
A B∩ = ∅    

(vii) (Equally Likely Events)
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(viii) (Classical definition of Probability)    

 ‘n’

E

m E

‘p’ P(E)
 

p P E= ( )  =  = m
n

(ix) (Properties)

(i)  0≤P(E)≤1

(ii)  1

(iii)  P(E)=0  E 

 {H,T}

     n = 2

{H}. 
     m =1. 

= m
n

= 1

2

(x) (Modern Definition of Probability)

(i) 
S

(ii) 

Chap-8_BM_V2_TM.indd   127 04-08-2018   11:12:21



128

(iii) 

 A B+ z=   A B

 S = { 1,2,3,4,5} 

 A = {1,3,5}  

B =   = {2,4} 

A B =z

A  B 

(xi) (Observation):

(i) A B &,  A, B 

(ii)  A B &+ A B

(iii) A B &+ A B 

(iv)  A B &+ A B

(xii) (Definition of 
Probability)

E S E S

 P(A)

 P(A)  A  

P(A)

 

  2 :  P(S)=1

  3 :  A A An1 2
, , ,…  S

n

   P A A A P A P A P An n1 2 1 2
…( ) = ( ) + ( ) +…+ ( )  
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(xiii) 

 1: 

P( ∅ ) = 0, 

 2: 

S A S  P( A ) = 1– P(A)

 3:  

 A  B P A B P A P B P A B∪ ∩( ) = ( ) + ( ) − ( )

(xiv) 

(i) A  B  

B = ∅

∴ P(A B) = 0

⇒  P(A B) = P(A) + P(B)  

(ii)  A,B,C 

 P A B C P A P B P C P A B P A C P B C∪ ∪ ∩ ∩ ∩( ) = +( ) + ( ) − ( ) − ( ) − ( )) (

     + ( )P A B C

8.3.2 (Independent and 
Dependent events )

(i)  (Independent Events)

ii)  
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 52
4

52
   1

13
 

3

51
 

8.1.3 Conditional Probability)

A B A

B   

 P(B/A) = P A B
P A
( )

( ) ;   P(A) ≠ 0

     P(A/B) =  P A B
P B
( )

( ) ;   P(B) ≠ 0

(i) (Multiplication Theorem) 

A, B

 P(A B) = P(A).P(B/A) 

 P(A B) = P(B).P(A/B)  

(i) A  B      
P(A  B) = P(A B) = P(A)  P(B)

(ii) 

P(A  B  C) = P A B C P A P B P C( )= ( ) ( ) ( )

A 3’
B A 

B 

S = {1,2,3,4,5,6} 

 A = {3,6} ; B = { 2,4,6}  (A B) ={6}

 P(A) = 2

6
 = 1

3
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 P(B) = 3

6
 = 1

2
   P(A  B) = 1

6

  P(A  B)  = P(A) P(B)

 A  B 

P(A) = 3

5
  P(B) = 1

5
.  A, B P(A B)

A  B  

P(A B) = P(A)  P(B)

  P(A) = 3

5
  P(B) = 1

5
,

  P(A B) = 3

5
 × 5

1  = 3

25

 

A -  

B - 

C -  (A,B), (A,C)  (B,C), 

 S = {HHH, HHT, HTH, HTT, THH, TTH, THT, TTT}

 A = { } ={HHH, TTT} 

 B = { } ={HHH, HHT, HTH, THH}

  C = { } = {HHT, HTH, HTT, THH, TTH,  
           THT, TTT}

 (A B) = {HHH}; (A C) = {TTT}  (B C) ={HHT, HTH, THH}
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∴  P(A) = 2

8

1

4
=  ; P(B ) = 1

2
; P(C) = 7

8
  

 P(A B) = 1

8
, P(A C) = 1

8
, P(B C) = 3

8

 P(A). P(B) = 1

4

1

2

1

8
� �

 P(A). P(C) = 1

4

7

8

7

32
⋅ =

   P(B). P(C) = 1

2

7

8

7

16
⋅ =

  P(A B) =  P(A). P(B)

 P(A C) ≠ P(A) . P(C)   

 P(B C) ≠  P(B). P(C)

(A, B)  (A,C)  (B, C) 

 A 90  B 
70

:

A  = 90

100

9

10
=    B 

 = 70

100

7

10
=

  P(A) = 9

10
  P(B) = 7

10

 P A( )  = 1–P(A) = 9

10

1

10
=

 P B( )  = 1– P(B) = 7

10

3

10
=

 P ( ) =  P(A B)

  = 1− ( )P A B  = 1− ( )P A B

  =  1− ( )⋅ ( )P A P B

  = 1
3

100

97

100
− =

 =  97

100
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A, B 

       P(A) = 3

5 3

3

8+
=

 P(B/A) = 2

5 2

2

7+
=  

∴   

 P(A B) = P(A)  P(B/A) = 3

8

2

7

3

28
× =

A  3

4
   

B  1

2
 C 

2

3
.  

(i) 

(ii) 

(iii) 

 P(A) = 3

4
, P(B) = 1

2
 , P(C) = 2

3
 

 Then  P A( ) = − =1
3

4

1

4
 ;  P B( ) = − =1

1

2

1

2
   P C( ) = − =1

2

3

1

3

(i)  P( A )=( ) 

  = P(A B C)=P(A)P(B)P(C)    (A,B,C )
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  = 3

4

1

2

2

3

1

4
⋅ ⋅ =   

(ii)  P( ) 

  = P A B C A B C A B C∩ ∩ ∪ ∩ ∩ ∪ ∩ ∩( ) ( ) ( ){ }

  = P A B C P A B C P A B C( ) + ( ) + ( ){ }

  = 3

4

1

2

1

3

1

4

1

2

1

3

1

4

1

2

2

3

1

4
. . . . . .

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

=�

(iii)  P( )

  = 1– P ) 

  = 1− ( )P A B C

  = 1− ( ) ( ) ( )P A P B P C

  = 1– 1

24

23

24
=

 
(Queen),

 

 A : 
 B: 
 C: (jack)

 P( )  =  P(A)    = 4

52

 P( ) 

      = P(B/A)  =  4

51

 P(
) = P(C/AB) = 4

50

 P(ABC) = P(A)  P(B/A)  P(C/AB) = 4

52

4

51

4

50
× ×  = 64

132600

  =  0.00048    
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8.3.4 (Baye’s Theorem)

E E E En1 2 3
, , ...,  

P(E
i

i = 1,2,3…, n)  
P(A) > 0,  

  P E A
P E P A E

P E P A E
i

i i

i

n
i i

/
/

( ) /

( ) =
( ) ( )

( )=∑
1

 ;   i = 1,2,3,…,n;

E1 E2

E3

Er

En

E1+A E2+A

E3+A

Er+A

A

......

En+A

       P A P E P A E
i

n

i i( ) = ( )
=
∑

1

( ) /

.

:

E1  

E2 

P(E1) = P(E2) = 1

2
 

A 

P(A/E1) = P(  I) = 3

7
 

P(A/E2) = P(  II) = 5

11
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P(E2/A).

 P(E2/A) = P E P A E

P E P A E
i i i

2 2

1

2

( ) ( )
( )=∑
/

( ) /

                  = P E P A E
P E P A E P E P A E

2 2

1 1 2 2

( ) ( )
( ) ( ) + ( ) ( )

/

/ /
 = 

1

2

5

11

1

2

3

7

1

2

5

11

35

68

.

×⎛
⎝⎜

⎞
⎠⎟ + ×⎛

⎝⎜
⎞
⎠⎟

=

X

X

               E1 : X 

               E2 : X 

               E : X 

 P(E1) =  4

5
 ;     P(E2) = 1

5
;      P(E/E1) =  1

6
;     P(E/E2) = 5

6

P(E1) P(E/E1)

 P(E1/E) = P E P E
P E P E P E P E

E
E E

1 1

1 1 2 2

4

5

1

6

4

5

1

6

1

5

� � � �
� � � � � � � � �

�
�

��
	



�
�

 � �

/

/ / 55

6

4

9�
	



�
�



�

A1, A2, A3 1000, 2000, 

3000 A1 1%   

A2 1.5% A3 2%

 A1
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 P(A1) = P( A1  ) = 1000

6000

1

6
=

 P(A2) = P( A2 ) = 2000

6000

1

3
=

 P(A3) = P( A3 ) = 3000

6000

1

2
=

 B 

∴ P(B/A1) = P( A1 )= 0.01 

 P(B/A2) = P( A2 ) = 0.015 

 P(B/A3) = P( A3 )= 0.02

 P(A1/B)

 P(A1/B) = P A
P A A

1 1

1 1 2 2 3 3

( ) ( )
( ) ( ) + ( ) ( ) + ( ) ( )

P B A

P B A P P B A P A P B A

/

/ / /

  = 

1

6
0 01

1

6
0 01

1

3
0 015

1

2
0 02

⎛
⎝⎜

⎞
⎠⎟ ( )

⎛
⎝⎜

⎞
⎠⎟ ( ) + ⎛

⎝⎜
⎞
⎠⎟ ( ) + ⎛

⎝⎜
⎞
⎠⎟ (

.

. . . ))

  = 0 01

0 01 0 03 0 06

0 01

0 1

1

10

.

. . .

.

.� �+ +
= =

 8.2

1. 

2. 

3. 
A

B

A B  
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4. A, B 
 1

2
, 1

3
  

(i) 

(ii) 

5. 

15 25 10 50

20 15 15 50

35 40 25 100

6. 

10 6 9

3 7 15

(i) 

(ii) 

7.  

8.  7  10
5  12

(i) 

(ii) 

(iii) 
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9.  B1, B2 B3 
B1 B2 B3

1

2
, 1

8

3

4

B1

10. 

11. 

(i) 

(ii) 

12. 

13.  1000 450 450 20% 
XI-. 1000

XI.

14. 52 

15.  

(i) 
(ii) 

16.  20%, 30% 50% A, B, C

 7, 3  5

C-
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 8.3

1. 

(a)    (b)    (c)    (d) 

2. 

(a)    (b) 

(c)     (d) 

3. 

(a)      (b) 
(c)      (d)  

4. 

(a)     (b) 
(c)     (d)  

5. 2,3,4 

(a) 12

13
 (b) 12 (c) 36

13
 (d) 13

36

6. 8  18 

(a) 12  (b) 13  (c) 15  (d) 11.08

7. A.M.,G.M.  H.M.

(a) A.M.<G.M.<H.M.     (b) G.M.≥A.M.≥H.M.  

(c)  H.M.≥G.M.≥A.M.     (d) A.M.≥G.M.≥H.M.

8. 

(a)   (b) 

(c)    (d) 

9. 

(a) Q1   (b) Q2   (c) Q3   (d) D2

10. 10,14,11,9,8,12,6  

(a)  10    (b) 12    (c) 14      (d) 9
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11.  11,12,13,14 and 15 

(a) 15  (b) 11  (c) 12.5  (d) 13

12.  1,2,3, …, n  6

11

n ,   n 

(a) 10    (b) 12     (c)  11   (d) 13

13. 

(a)                       

(b) 

(c) 0  1 .    
(d) 

14. 

(a)   (b)   (c)    (d) 

15. Q1 = 30  Q3 = 50, 

(a) 20  (b) 40  (c) 10 (d) 0.25

16.  = 45 0.25

(a) 11.25  (b) 180  (c) 0.0056 (d) 45

17. A  B  

(a) P(A B)=0  (b) P(A B)=1  (c) P(A B)=0  (d) P(A B) = 1

18. A  B 

(a) P(A B)=0   (b) P(A B)=P(A)×P(B)

(c) P(A B)=P(A)+P(B)  (d) P(A B)= P(A)×P(B)

19. A,B  
P(B/A) 

(a) P(A) P(B/A )   (b) P A B
P B
( )

( )  

(c) P A B
P A
( )

( )    (d) P(A) P(A/B)

20. 

(a) 1/52    (b)  1/13   (c)  4/13    (d) 1/4 
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21. 

(a)   
(b) 
(c)      
(d) 

22.  S E E En= …{ }1 2
, , ,  

i

n

iP E
=
∑

1

( )  =

(a) 0     (b) 1      (c) 1

2
     (d) 1

3

23. 

(a) 1/36    (b) 0   (c) 1/3   (d) 1/6

24. 

(a) 1   (b) 0  (c) 0.2   (d) 0.5

25.  A, B 
(a) P(A B)   (b)  P(A B)  (c) /P A B] g  (d) (A B)

1. 

7.5-10.5 5

10.5-13.5 9

13.5-16.5 19

16.5-19.5 23

19.5-22.5 7

22.5-25.5 4

25.5-28.5 1

2. 
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3. 

0-10 10-20 20-30 30-40 40-50 50-60

6 7 15 16 4 2

4. 

X 2 5 6 8 10 12

f 2 8 10 7 8 5

5. 

0 10 20 30 40 50 60 70

150 142 130 120 72 30 12 4

6. 30%, 40% 30%
A, B C 

2% , 4% 6%

C 
 

7. 

(i) 
(ii) 

(iii) 

8.  A, B C 
50% , 30% 20% 5% , 7% 3%

9. 
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10. 

 

 

 

 Q2 = D5 = P50 = 

  = Q3 – Q1 

  =  n

X X X Xn
1 1 1 1

1 2 3

+ + + ⋅⋅⋅
 = n

X
1∑

 QD = 
–Q Q
2

3 1

   MD =  
X X
n

D
n

−
=∑ ∑

 A  B 

            / ,P A B
P B

P A B
P B 0

+
!=^ ^

^ ^h h
h h

 Baye’s Theorem):

S 
E E E En1 2 3

, , ,...,  P(E
i

i =1,2,3…,n), S 

  S Ei
i

n

=
=1

  P(A) > 0,  

 P E A
P E P A E

P E P A E
i

i i

i

n
i i

( / )
/

( ) /

=
( ) ( )

( )=∑
1

 ;   i =1,2,3…, n ;

                 P(A) = P A P E P A E
i

n

i i( ) = ( )
=
∑

1

( ) /
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Frequency

Mutually exclusive events/ disjoint events

Quartile deviation
Quartile
Sample space
Equally likely events
Random experiment
Mean deviation
Independent events
Dependent events
Discrete series
Grouped data
Continuous series
Probability
Conditional probability
Percentile
Decile
Mode
Exhaustive events
Range
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y

9

 

.   

9.1.1 
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9.1.2 

(i) 

(ii)  

(i) 
(ii)  

(iii) 
(iv) 

(i) 

(ii) 

(iii) 
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(i)   (

(ii)   (

9.1.3 

( , ), ( , )…( , )X Y X Y X YN N1 1 2 2  X  Y N

X x Y y

X Y

Y YY

0 00X XXPositive Correlation No CorrelationNegative Correlation

Fig 9.1
(i) 

(ii) 
 

(iii) 
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9.1.4 

r

 r =
,cov X Y

x yv v

^ h
,   cov(X, Y) = N

X X Y Y1 - -] _g i/

  xv  = N
X X1

i

i

N

1

2
-

=

^ h/

  yv  = N
Y Y1

i

i

N

1

2
-

=

^ h/

 

 r = 

N
X X

N
Y Y

N
X X Y Y

1 1

1

i

i

N

i

N

i

i i

i

N

2

1 1

2

1

- -

- -

= =

=

^
^ ^

^h
h h

h/ /

/

 r = 
X X Y Y

X X Y Y

i

i

N

i

i

N

i i
i

2

1

2

1
- -

- -

= =

^
^ ^

^h
h h

h/ /

/

# r#

 r =+1, 
 

 r=–1, 
. 

 r=0 
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2 2
2 2

1 1

(X ) (Y )

( ) (Y )

i i
i

N N

i i
i i

X Y xy
r

x yX X Y
= =

− −
= =

− −

∑ ∑
∑ ∑∑ ∑

  x = X Xi -^ h   y = Y Yi -^ h  ; i = 1, 2 ... N

(i)  X  Y  

(ii) X Y  
x  y  

(iii)  x y

∑x2 ∑y2

(iv) x y ∑xy . 

(v)  ∑xy, ∑x2  ∑y2 

X: 6 8 12 15 18 20 24 28 31

Y: 10 12 15 15 18 25 22 26 28
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X x = (X–18) x2 Y y = (Y–19) y2 xy

6 –12 144 10 –9 81 108
8 –10 100 12 –7 49 70

12 –6 36 15 –4 16 24
15 –3 9 15 –4 16 12
18 0 0 18 –1 1 0
20 2 4 25 6 36 12
24 6 36 22 3 9 18
28 10 100 26 7 49 70
31 13 169 28 9 81 117

X 162=/ x 0=/ x 5982 =/ Y 171=/ y 0=/ y 3382 =/ xy 431=/

 9.1

 N=9, X = N
XR = 9

162  = 18, Y = N
YR = 9

171 =19

 r = 
x y

xy
2 2R R

R

 x=(X– X )  y=(Y– Y  )

 xyR  = 431, x2R =598, y2R =338

 r = 
598 338
431
#

= .449 582
431 =+0.959

(ii)  

 r = 
N X X N Y Y

N XY X Y
2 2 2 2#R R R R

R R R

- -

-
]

] ]
]g

g g
g

X 12 9 8 10 11 13 7

Y 14 8 6 9 11 12 3

Chap-9_BM_V2_TM.indd   152 04-08-2018   11:23:11



153

X Y X2 Y2 XY

12 14 144 196 168
9 8 81 64 72
8 6 64 36 48

10 9 100 81 90
11 11 121 121 121
13 12 169 144 156
7 3 49 9 21

X 70=/ Y 63=/ X 7282 =/ Y 6512 =/ XY 676=/

 9.2

 r = 
N X X N Y Y

N XY X Y
2 2 2 2#R R R R

R R R

- -

-
]

] ]
]g

g g
g  

  = 
7 728 70 7 651 63

7 676 70 63
2 2#- -
-

]
]
]

]
]
]

]g g
g g g

g g
  = .339 48

322

 r = +0.95

(iii)

X Y

20.167 29.23

r =
N dx dx N dy dy

N dx dy dx dy

2 2 2 2
#R R R R

R R R

- -

-

]
] ^

^g
g h

h
 dx=X–A   dy=Y–B .   A  B 
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(i) X dx

dxR .

(ii)  Y dy

dyR   

(iii)  dx dx2R

(iv)  dy dy2R

(v)  dx dy dx dyR

(vi) R dxdy ,R dx, R dy,R dx2 R dy2 

  

65 66 67 67 68 69 71 73

67 68 64 68 72 70 69 70

X

Y

X dx X 67= -] g dx2 Y dy Y 68= -] g dy2 dxdy

65 –2 4 67 –1 1 2

66 –1 1 68 0 0 0

67 0 0 64 –4 16 0

67 0 0 68 0 0 0
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68 1 1 72 4 16 4

69 2 4 70 2 4 4

71 4 16 69 1 1 4

73 6 36 70 2 4 12

X 546=/ dx 10=/ dx 622 =/ Y 548=/ dy 4=/ dy 422 =/ dxdy 26=/
 9.3

 r = 
N dx dx N dy dy

N dx dy dx dy

2 2 2 2
#R R R R

R R R

- -

-

]
] ^

^g
g h

h
 

,dx 10R = ,dx 622R =  ,dy 4R =  dy 422R =   dxdyR = 26

 r = 
8 62 10 8 42 4

8 26 10 4
2 2# # #

# #

- -

-
]

]
]

]
] ]g g

g g
g g

 r = 
396 320

168
#

 

 r = .355 98
168 =0.472

 r = +0.472

 

N=9, X/ =45,   Y/ =108,    X2R =285,    Y2R =1356,   XYR =597

  r = 
N X X N Y Y

N XY X Y
2 2 2 2R R R R

R R R

- -

-
]

] ]
]g

g g
g

   = 
9 285 45 9 1356 108

9 597 45 108
2 2#

#

- -

-
]

]
]

]
] ^g g

g
g
g

h
 r =  +0.95

 
xyR =120, x2R =90, y2R =640
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xyR =120,  x2R =90, y2R =640 

 r = 
x y

xy
2 2R R

R
=

90 640
120
] g =

57600
120 = 240

120 =0.5

 ` r = 0.5     

9.2.1 

1904

  

 “ row”
ρ'

 

t  = 1–
N N

d
1

6
2

2R
-^ h

t  = 
N N

d1 6
3

2R-
-

 d  =  = R RX Y-

    N = .

1

 –1≤ρ≤+1

 

(i)  

(ii)  
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1 2 3 4 5 6 7 8 9 10

1 4 2 5 3 9 7 10 6 8

R
X   

 R
Y 

 

R
X

R
Y

d = R RX Y- d2

1 1 0 0

2 4 –2 4

3 2 1 1

4 5 –1 1

5 3 2 4

6 9 –3 9

7 7 0 0

8 10 –2 4

9 6 3 9

10 8 2 4

 d2/ =36

 9.4

 

 ρ =  1–
N N

d
1

6
2

2R
-^ h

  =  1–  10 10 1
6 36

2 -^
] g

h
  =  1–0.218

`  ρ = 0.782
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1 4 6 3 2 9 7 8 10 5

2 6 5 4 7 10 9 3 8 1

3 7 4 5 10 8 9 2 6 1

R
X
,R

Y
,R

Z  

RX RY RZ

dXY 
=RX–RY

dYZ 
= RY–RZ

dZX 
=RZ–RX

dXY
2 dYZ

2 dZX
2

1 2 3 –1 –1 2 1 1 4

4 6 7 –2 –1 3 4 1 9

6 5 4 1 1 –2 1 1 4

3 4 5 –1 –1 2 1 1 4

2 7 10 –5 –3 8 25 9 64

9 10 8 –1 2 –1 1 4 1

7 9 9 –2 0 2 4 0 4

8 3 2 5 1 –6 25 1 36

10 8 6 2 2 –4 4 4 16

5 1 1 4 0 –4 16 0 16

      d 82XY
2 =/ d 22YZ

2 =/ d 158ZX
2 =/

 9.5

 XYt  =1–
N N

d

1
6 XY

2

2R

-^ h =1– 10 10 1
6 82

2 -^
] g

h  = 1–0.4969 = 0.5031 

 YZt  = 1–
N N

d

1
6 YZ

2

2R

-^ h =1– 10 10 1
6 22

2 -^
] g

h  = 1– 990
132

  = 1–0.1333=0.8667 
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 ZXt  =1–
N N

d

1
6 ZX

2

2R

-^ h  = 1– 10 10 1
6 158

2 -^
] g

h  = 1– 0.9576 = 0.0424

 
ρ

YZ 

1 40 46 54 60 70 80 82 85 87 90 95

2 45 46 50 43 40 75 55 72 65 42 70

X Y

X Y R
X

R
Y

d = RX–RY d2

40 45 1 4 –3 9
46 46 2 5 –3 9
54 50 3 6 –3 9
60 43 4 3 1 1
70 40 5 1 4 16
80 75 6 11 –5 25
82 55 7 7 0 0
85 72 8 10 –2 4
87 65 9 8 1 1
90 42 10 2 8 64
95 70 11 9 2 4

d 1422 =/
 9.6

 t  =1–
N N

d
1

6
2

2R
-^ h

 t  = 1– 11 11 1
6 142

2 -^
] g

h
 t  = 1– .1320

852 0 354=
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1. 

X 5 10 5 11 12 4 3 2 7 1

Y 1 6 2 8 5 1 4 6 5 2

2. 

 ( .) 14 19 24 21 26 22 15 20 19

 ( .) 31 36 48 37 50 45 33 41 39

3. 

23 27 28 29 30 31 33 35 36 39

18 22 23 24 25 26 28 29 30 32

4. X  Y

 

X Y

15 15

25 18

3.01 3.03

136 138

X Y

122  

5. 

X 25 18 21 24 27 30 36 39 42 48

Y 26 35 48 28 20 36 25 40 43 39
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6. 

X 78 89 96 69 59 79 68 62

Y 121 72 88 60 81 87 123 92

7. 11

A B C D E F G H I J K

20 50 28 25 70 90 76 45 30 19 26

30 60 50 40 85 90 56 82 42 31 49

8. 

6 4 3 1 2 7 9 8 10 5

4 1 6 7 5 8 10 9 3 2

9.  

300 450 800 250 500 975 475 400

273 486 734 297 631 872 396 457

10.  10 A B

  

A  1 2 3 4 5 6 7 8 9 10

B 6 7 5 10 3 9 4 1 8 2
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1822 1911

 9.1

9.3.1 

 9.2

9.3.2 

Y X
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X

X Y

X Y

Y X X

Y

X Y 

 Y X X X-  = b
xy

Y Y-] g
 X     X ,

  Y     Y ,

 b
xy

=r 
y

x
v
v

= ( )
( )( )

N Y Y

N XY X Y
2 2R R

R R R

-
-   Y X

r X Y σ
x

σ
y

X Y  

X Y Y Y- b X X
yx

-] g
 X  X ,

    Y    Y ,

 byx  = r x
y
v
v

 = 
N X X

N XY X Y
2 2R R

R R R

-
- ]
]
]g
g
g  X Y

r X Y σ
x

σ
y

X Y

X Y

X Y X Y

Y X  X X-  = bxy  ( )Y Y-

 X  X ,
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   Y   Y ,

b
xy

=r y
x
v
v  = 

y

xy
2R

R
  Y X   

x= (X– X  )   y = (Y– Y )

X  Y

Y– Y  = b
yx X X-] g

  X  X ,

    Y Y ,

          b
yx

= r x
y

x

xy
2v

v

R

R
=  Y X

 x = X X-] g   y = (Y– Y )      

σ
X

σ ∑xy, ∑y2 

X Y

X Y

Y Y-  = b X X
yx

-] g
byx =

N dx dx

N dxdy dx dy
2 2R R

R R R

-

- ]
]
^g
g
h

Y X

X X-  =b
xy

Y Y-] g

bxy  = 
N dy dy

N dxdy dx dy
2 2

R R

R R R

-

- ]
^
^g
h
h
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 dx=X–A, dy=Y–B, A  B X

Y  

(i)   

     r  =!  b bxy yx#

(ii) 1

1  

(iii) 

X 1 2 3 4 5 6 7
Y 9 8 10 12 11 13 14

X Y X2 Y2 XY

1 9 1 81 9

2 8 4 64 16

3 10 9 100 30

4 12 16 144 48

5 11 25 121 55

6 13 36 169 78

7 14 49 196 98

X 28=/ Y 77=/ X 1402 =/ Y 8752 =/ XY 334=/
 9.7

X N
X

7
28R= = =4 , 

Y N
Y

7
77R= = =11

Y X

 b
xy =  

N Y Y
N XY X Y

2 2R R
R R R

-
- ]
]
]g
g
g
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  = 7 875 77
7 334 28 77

2-
-]

]
]
]
]g

g
g
g
g

  = 6125 5929
2338 2156

-
-

  = 196
182  

`   b
xy

 = 0.929

Y X
X– X  = b

xy
(Y- Y )

 

X–4  = 0.929(Y–11 )

X–4  =  0.929Y–10.219

`Y X

     X= 0.929Y–6.219

X Y

 b
yx  

=  
N X X

N XY X Y
2 2R R

R R R

-
- ]
]
]g
g
g

   =  7 140 28
7 334 28 77

2-
-]

]
]
]
]g

g
g
g
g

                                     = 980 784
2338 2156

-
-

   = 196
182

 `   b
yx  

= 0.929

X Y

 Y– Y  = b
yx

(X– X )

 Y–11 = 0.929 (X–4)

 Y = 0.929X–3.716+11

 Y = 0.929X+7.284

` X Y  

 Y= 0.929X + 7.284

dx2
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X Y

Y X X Y

10 12 13 12 16 15

40 38 43 45 37 43
20

X x X 13= -] g x2 Y y Y 41= -] g y2 xy

10 –3 9 40 –1 1 3

12 –1 1 38 –3 9 3

13 0 0 43 2 4 0

12 –1 1 45 4 16 –4

16 3 9 37 –4 16 –12

15 2 4 43 2 4 4

X 78=/ x 0=/ x 242 =/ Y 246=/ y 0=/ y 502 =/ xy 6=-/
 9.8

Y X

 X– X  = r 
y

x
v
v

(Y– Y )

 X  = 6
78 =13 , Y  = 6

246 =41

 b
xy 

= r 
y

x
v
v

=
y

xy
2R

R
=  50

6- =–0.12  

 X–13 = –0.12 (Y–41 )

 X–13 = –0.12Y+4.92

 X = –0.12Y+17.92

X Y

 Y– Y  =r 
x

y

v

v
(X– X )

 b
yx 

=r 
x

y

v

v
= 

x

xy
2R

R
 = – 24

6 =–0.25
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 Y–41 =–0.25 (X–13 )

 Y–41 =–0.25 X+3.25 

 Y =–0.25 X+44.25 

X= 20, Y-  

 Y = –0.25 (20)+44.25 

     = –5+44.25

     = 39.25 ( ` 20 39.25)

X Y X

Y

X 40 50 38 60 65 50 35

Y 38 60 55 70 60 48 30

X Y dx X 48= -] g dx2 dy Y 50= -] g dy2 dxdy

40 38 –8 64 –12 144 96

50 60 2 4 10 100 20

38 55 –10 100 5 25 –50

60 70 12 144 20 400 240

65 60 17 289 10 100 170

50 48 2 4 –2 4 –4

35 30 –13 169 –20 400 260

X 338=/ Y 361=/ dx 2=/ dx 7742 =/ dy 11=/ dy 11732 =/ dxdy 732=/

 9.9

 X  = N
XR = 7

338  = 48.29  

 Y  = N
YR  = 7

361  = 51.57
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(i) X Y

 byx  =  
N dx dx

N dx dy dx dy
2 2R R

R R R

-

- ]
]
^g
g
h

                                           

  = 7 774 2
7 732 2 11

2-
-]

]
]
]
]g

g
g
g
g

  = 5418 4
5124 22

-
-

  = 5414
5102

  =0.942

 b
yx 

=0.942

X Y

 Y Y-  = b X X
yx

-] g
 Y–51.57 = 0.942(X–48.29 )

 Y =  0.942X–45.49+51.57=0.942#–45.49+51.57

 Y =  0.942X+6.08

`  X Y  Y= 0.942X+6.08

 Y  X= 55

Y= 0.942(55)+6.08=57.89

X,Y

2Y–X–50 = 0

3Y–2X–10 = 0.

 2Y–X–50 = 0    ... (1)

 3Y–2X–10 = 0   ... (2)

(1) (2)  
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 Y = 90

Y = 90  (1) 

 X = 130

 X  = 130 Y =90

(1) X Y

 2Y = X+50

 Y = 2
1

X+25  b
yx

= 2
1

(2) Y X

 3Y–2X–10 = 0

 2X = 3Y–10

 X = 2
3

Y–5    b
xy

= 2
3

 r=± b bxy yx#

 r = 2
1

2
3#  = 0.866

X Y

 4X–5Y+33 = 0

 20X–9Y–107 = 0
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 4X–5Y+33 = 0    ... (1)

 20X–9Y–107 = 0   ... (2)

 (1)  (2)  

 Y = 17

Y (1)

X 13

 X  = 13  Y  = 17

(1) Y X

 4X =5Y–33

 X = 4
1  (5Y–33)

 X = 4
5

Y– 4
33

 b
xy

 = 4
5  = 1.25

(2) X Y

 9Y = 20X–107

 Y = 9
1 (20X–107)

 Y = 9
20

X– 9
107

 b
yx 

= 9
20 =2.22

(1) X Y

(2) Y X

 b
yx 

= 5
4 =0.8

 b
xy 

= 20
9 =0.45

  r  =  ± b bxy xy#

 r =  . .0 45 0 8# =0.6
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`
40 6
10 1.5

r 0.9 ` 10

X Y

X =40, Y =6, σ
x
=10, σ

y
=1.5  r=0.9

y x 

 X– X  = r 
y

x
v
v

 (Y– Y )

 X–40 = (0.9) .1 5
10 (Y–6)

 X–40 = 6Y–36

 X = 6Y+4

 ` 10 Y 10 X 6(10)+4 = 64 

P

S P

100 8 S 103 4
0.4.

S P P S

X P Y S

P X 100 σ
x

8 S
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Y 103 σ
Y

4
r X Y

Y X

 X X-  = r 
y

x
v
v

 (Y– Y )

 X–100 = (0.4) 4
8 (Y–103)

 X–100 = 0.8(Y–103 )

 X–0.8Y–17.6 = 0  or  X=0.8Y+17.6

X Y  Y– Y =r 
x

y

v

v
(X– X  )

 Y–103 = (0.4) 8
4 (X–100 )

 Y–103 = 0.2 (X–100 )

 Y–103 = 0.2 X–20

 Y = 0.2 X+83   or   0.2 X–Y+83=0

5 ∑X=15, ∑Y=25, 
∑X2 =55,  ∑Y2 =135, ∑XY=83 

Y=12 X-  X=8 Y

:

 N=5, X = N
XR = 5

15 =3 , Y = N
YR = 5

25 =5 

b
xy

= 
N Y Y

N XY X Y
2 2R R

R R R
-
-
] g  =

5 135 25
5 83 15 25

2-
-]

]
]
]
]g

g
g
g
g =0.8

Y- X

 X– X  = b
xy

 (Y– Y )

 X–3 = 0.8(Y–5 )

 X = 0.8 Y–1

Y=12, X

 X = 0.8 (12)–1=8.6
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 b
yx 

=
N X X

N XY X Y
2 2R R

R R R
-
-
] g

  =  5 55 15
5 83 15 25

2-
-]

]
]
]
]g

g
g
g
g =0.8

b
yx

=0.8 X  Y  

 Y– Y  = b
yx 

(X– X  )

 Y–5 = 0.8(X–3)

       Y = 0.8X+2.6

 X=8 Y

 Y = 0.8(8)+2.6

 Y = 9

 3X+2Y=26  6X+3Y=31 

:

X- Y 

 3X+2Y = 26

 2Y = –3X+26

 Y = 2
1 (–3X+26)

 Y = –1.5X+13

 r 
x

y

v

v
 = –1.5

 b
yx 

= r 
x

y

v

v
=–1.5

Y X

 6X+3Y = 31

 X = 6
1 (–3Y+31)=–0.5Y+5.17
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 r 
y

x
v
v

 = –0.5

  b
xy 

= r 
y

x
v
v

=–0.5

 r = ± .b bxy yx

  = – . . .1 5 0 5- -] ]g g  
    r 

`    r  = –0.866

2X Y+1 0 3X 2Y 7 0 X Y

X Y

 

X Y

 2X–Y = –1   ... (1)

 3X–2Y = –7               ... (2)

(1) (2)  X=5  Y=11 

 X =5  Y =11 

X Y  3X–2Y=–7

 2Y = 3X+7

 Y = 2
1 (3X+7)

 Y = 2
3

X+ 2
7

`  b
yx 

= 2
3 (>1)

Y X

 2X–Y = –1

 2X = Y–1                                                        
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 X = 2
1 Y 1-] g  

 X = 2
1

Y 2
1-

`  b
xy 

= 2
1

 r = ± .b bxy yx  = ± 2
3

2
1#

  =  2
3

2
1#

  =  4
3

  = 0.866

`  r = 0.866

3X–2Y=5  X–4Y=7  

(i) 

(ii) 

(i) X Y

Y X

  

 3X–2Y = 5   ... (1)

 X–4Y = 7    ... (2)

X  Y  3X–2Y = 5 

 3X = 2Y+5

 X = 3
1 (2Y+5)

 X = 3
1 (2Y+5)

 X = 3
2

Y+ 3
5
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Y  X 

 b
xy 

= 3
2 (<1)

X  Y  

 X–4Y = 7 

 –4Y = –X+7 

 4Y = X–7

 Y = 4
1 (X–7)

 Y = 4
1 X– 4

7

`X Y 

 b
yx 

= 4
1 (<1)

ii) 

r

 r  =  b b.yx xy

 = .3
2

4
1

 = 6
1

 = 0.4082

`  r  = 0.4082

 9.2

1. 

25 28 35 32 31 36 29 38 34 32

43 46 49 41 36 32 31 30 33 39

(a)  

(b)  
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 (c) 30

2. 

158 166 163 165 167 170 167 172 177 181

163 158 167 170 160 180 170 175 172 175

164 

3. 17 10
X Y

X 61 68 68 64 65 70 63 62 64 67

Y 112 123 130 115 110 125 100 113 116 125

4.  
N=20, ∑X=80, ∑Y=40, ∑X2=1680, ∑Y2=320  ∑XY=480

5. 29
 

 

25`` 40       

3`` 6 

 0.8  

6. 

40 50 38 60 65 50 35

38 60 55 70 60 48 30

30
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7.   

 X Y

36 85

11 8

 X Y 0.66  
(i) 

(ii) X=10 Y

8.  ( X
i
, Y

i
) (1,4) (2,8) (3,2) ( 4,12) ( 5, 10) ( 6, 14) ( 7, 16)  

( 8, 6) (9, 18) X Y

9.   (X) (Y)

 :

178 63.15

47.8 22.98

0.43

 200

 X  Y  (X, Y) 
 ∑X=15, ∑Y=25, ∑X2=55, ∑Y2=135, ∑XY=83. 

Y = 8  X X = 12  
Y 

10.  4X–5Y+33=0 20X–9Y–107=0 X ,Y

11. 2X=8–3Y 

2Y=5–X 
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 9.3

1. 

(a)   

(b) 

(c)  

(d) 

2. 

(a)    (b) 

(c)  (d) 

3. 

(a)    (b) 

(c)  (d) 

4.  

(a) 0  ∞  (b) –1  +1  (c) –1  0 (d) –1  ∞

5.  r(X,Y) = 0   X  Y 

(a)   (b) 

(c)     (d)  

6.  N=25, ∑X=125, ∑Y=100, ∑X2=650,  ∑Y2=436, ∑XY=520

(a) 0.667    (b)  -0.006    (c)  –0.667   (d)   0.70

7.  N=11, ∑X=117, ∑Y=260, ∑X2=1313, ∑Y2=6580,∑XY=2827 

(a) 0.3566 (b) –0.3566 (c) 0 (d) 0.4566
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8. 

(a) r(X,Y)= ( , )cov x y
x yv v

  (b) r(X,Y)= 
( , )cov x y

x yv v  

(c) r(X,Y)= 
( , )cov x y

yv
   (d) r(X,Y)= 

( , )cov x y

xv

9. 

(a)    (b) 

(c)   (d)

10. 

(a)    (b) 

(c)  (d) 

11. 

(a) r=± b bxy yx#    (b) r=
b b

1
xy yx#  

(c) r=b
xy

×b
yx

   (d) r=± 
b b

1
xy yx#

12.  Y X

(a) b
xy 

= 
N dy dy

N dx dy dx dy
2 2

R R

R R R

-

- ]
^
^g
h
h

 (b) b
yx

= 
N dy dy

N dx dy dx dy
2 2

R R

R R R

-

- ]
^
^g
h
h

(c) b
yx 

= 
N dx dx

N dxdy dx dy
2 2R R

R R R

-

- ]
]
^g
g
h

 (d) b
xy

=
N x x N y y

N xy x y

2 2 2 2
#R R R R

R R R

- -

-

]
] ^

^g
g h

h
13. X Y

(a) b
xy

= 
N dy dy

N dx dy dx dy
2 2

R R

R R R

-

- ]
^
^g
h
h

 

(b) b
yx

=    
N dy dy

N dxdy dx dy
2 2

R R

R R R

-

- ]
^
^g
h
h

 

(c) b
xy 

= 
N dx dx

N dx dy dx dy
2 2R R

R R R

-

- ]
]
^g
g
h

(d) b
xy

= 
N x x N y y

N xy x y

2 2 2 2
#R R R R

R R R

- -

-

]
] ^

^g
g h

h
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14. 

(a)  (b)  (c)       (d) 

15.  X  Y 

(a) 

(b) 

(c) 

(d)

16.  Y X

(a) Y  X  (b) X Y

(c) Y X X  Y     (d)  

17.  (X,Y)

(a)  (b) 

(c)   (d) 

18. X Y 2 Y X

 

(a) 2
1

#     (b) 2     (c) > 2
1        (d) 1

19. 

(a)    

(b)  

(c)   

(d) 

20. X  Y 

(a)     (b)   

(c)   (d) 
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21. 

(a)(X,Y) (b) ,X Y^ h  (c) (0,0)   (d) (σ
x
,σ

y
)

22.  

(a) R.A    (b) 

(c)      (d) 

23.  r=–1 , 

(a)

(b) 

(c)      

(d)

24. 

(a)    (b) 

(c)    (d) 

25. Cov(x,y)=–16.5, σ
x
2 =2.89, σ

y
2 =100.  

(a)–0.12  (b) 0.001  (c)–1  (d)–0.97 

1. 

X 35 40 60 79 83 95

Y 17 28 30 32 38 49

2. 

              ∑X=50, ∑Y=–30, ∑X2 =290, ∑Y2 =300, ∑XY=–115, N=10

3. 
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X 1 2 3 4 5 6 7 8 9

Y 9 8 10 12 11 13 14 16 15

4. 

∑X=125, ∑Y=100, ∑X2 =650,  ∑Y2 =436, ∑XY=520, N=25

5. 

30 45 80 25 50 97 47 40

27 48 73 29 63 87 39 45

6. A B

A = 39.5. B  = 47.5 A
=10.8 B = 

16.8. A B 0.42. 
A 51 B

7.  X  Y 10
 ∑X=55, ∑XY=350, ∑X2 =385, ∑Y=55,  X  6. Y 

 

8.  X - Y -

X 1 2 3 4 5 8 10

Y 9 8 10 12 14 16 15

9. X Y

28,000 
∑X=424, ∑Y=363, ∑X2 =21926, ∑Y2 

=15123, ∑XY=12815 , N=10. X Y

10. 
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X(in Rs.) Y (in Rs.)

6 8

5

 X  Y  15
8 .

(i) X Y

(ii) X = 100 Y

2018 1
15

(gm 
/100 gms) ( mgs/100gms)

 

(gm/100gms) (mg / 100gms)
1 0.4 74.4
2 0.26 1440
3 1.8 136
4 10.4 710
5 2.2 4.97
6 0.14 2
7 5 440
8 2.32 51.38
9 0.37 40

10 31 11.73
11 0.1 74
12 0.8 0.09
13 9 575
14 19.7 498
15 33.5 821
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X  Y

X  Y
X =7.8 (gm/100gms) 

Y =325.23(gm/100gms).
0.1(gm/100gms) 15

 0.1 (gm/100 gms)- 33.5(gm/100gms)
0.09 

(mg/100gms) 
1440(mg/100gms).  

33.4 gm  1439.91(mg/100gms) 

11.3 (gm/100gm)
420.14(mg/100gms) X  Y

 r(X,Y)=0.2285
22.85% 

2018 2018 1 

X
2927 2912 2919 2912 2921 2921 2927 2924 2908 2893

Y
2923 2910 2907 2920 2919 2919 2925 2918 2902 2895
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 X 
 Y 

2893 
  2927  

2895 2925   20
24 

24 25.  
  27 1 

 20  24 24  25 
27  1

10 
2916.4 

.2913.8

10

 10 
9 

CV
X
=

X
Xv  ×100= .2916 4

10 ×100=0.343%

CV
Y
= Y

Yv ×100= .2913 8
9 ×100=0.31%

 X  Y 

   r(X,Y) = 0.8682.
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  r(x,y)=
,cov X Y

x yv v
^ h

 –1   +1 
 –1# r#  1

 r=+1 , 

 r=–1 , 

 r=0, 

 

   ρ

t  = 1–
N N

d
1

6
2

2R
-^ h

 d =  R
X
–R

Y

 N = 

Chap-9_BM_V2_TM.indd   188 04-08-2018   11:23:48



189

 

(i) Y  X X– X =b
xy

(Y– Y )

(ii) X  Y   Y– Y =b
yx  

(X– X )

 

b
xy

=r 
y

x
v
v

and  b
yx

=r
x

y

v

v
 

 

(i)  r= b byx xy#

(ii) 

(iii) 

(GLOSSARY) 
Abnormal
Bivariate analysis
Assumed Mean
Negative Correlation
fluctuate
Corrleation
Univariate analysis
Random variables
Relative Variable
Regression analysis
Approximate
Positive Correlation
Characteristics
Closeness
Deviations
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Step 4

https://ggbm.at/q4tsyvys (or) scan the QR Code

 – 1

 - 2

 1

 2
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 UK 

10
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L.V
1939

B.

 (simplex method 1947) 

a x a x a xn n11 1 12 2 1f #+ + +  ( = ≥) b1

a x a x a xn n21 1 22 2 2f #+ + +  ( = ≥) b2

…         ….            ….            ….            …                                         

…         ….            ….            ….            …

...a x a x a xm m mn n1 1 2 2 #+ + +  ( = ≥) bm

   , …….x x x 0n1 2 $  

Z = c
1
x

1
+ c

2
  x

2
 + ….+ c

n
 x

n
  -   
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LPP

a xij
j

n

j
1

#
=
/  ( = ≥) b

i
 , i = 1,2,3,…,m  ... (1)

  xj≥0                                                                       ... (2)

 Z = c xj j
j

n

1=
/  

Objective function): 
Z =c1 x1 + c2x2   + 

…+ c
n
x

n

Decision variables): 
 x

j 
, j = 1,2,3,…,n, 

Constraints):

a xij
j

n

j
1

#
=
/  ( = ≥) b

i , i = 1,2,3,…, m 

Solutions):
x

j
, j=1,2,3,…, n

Feasible solution):

Optimal solution

  (Feasible region):  

 xj ≥0 
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10.1.1 (Mathematical 
formulation of a linear programming problem)

(i) 

(ii) 

(iii) 

`10,000/-  60
` 500 /-

` 200/-
`50 ` 15

(i)   

(ii)   x1 , x2 

(iii) 

    x1 50 x1

x2 15 x1

50 x1+15x2

Z = 50 x1+15 x2  , Z = 50 x1+15 x2  ,

(iv) 

 x1+x2  ≤ 60

x1 ₹ 500 x1 
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x2 ₹ 200 x2 

500 x1  + 200 x2,

10000

500x1 + 200 x2 ≤  10000 

5x1+ 2x2 ≤  100

(v) 

x1  ≥0, x2 ≥0

(L.P.P)

x1+x2≤ 60

5x1 + 2 x2 ≤  100     

          x1 ,x2 ≥0

Z =50x1+15x2 –

A, B C 
₹ 20, ₹25  ₹15 

P1 3

6             3            12 200
2             5              4 350

1  2 1 100

(i)  

x1 , x2 x3 P1, P2 P3 
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(ii)  
x1 P1 20 x1

x2 P2 25 x
2

x3 P3 15x3

20 x1 +25 x2 +15 x3

Z = 20 x1 +25 x2 +15 x3

(iii)    6x1 +3 x2 +12 x3 ≤ 200

      2 x1 +5 x2 +4 x3 ≤ 350

      x1 +2 x2 + x3 ≤ 100

(iv) 

A,B  C  
x1, x2, x3$  0

(L.P.P)
    6 x1 +3 x2 +12 x3≤ 200
    2x1+5x2 +4 x3 ≤ 350
    x1+2 x2 + x3≤ 100
    x1, x2, x3$  0

Z = 20 x1 +25 x2 +15 x
3

F1 F2 
6 A 9 B

F1 ₹ 50 F2 ₹ 70
F1 4 A 6

B F2 5
A 3

(i)  

(ii) F1 x1 F2 x2

(iii)   x1  F1   50 x1

     x2  F2   = 70x2

   

Z = 50x1+70 x2  

Chapt-10_BM_V2_TM.indd   196 04-08-2018   11:40:11



197

(iv) 

       

F1 (x1) F2  (x2)

A 4 5 6

B 6 3 9

(₹ 50 70

10.1

4 x1+5x2 ≥6 ( 6 A

6 x1+3x2  ≥9 ( 9 B  )

(v) 

A B x1, 
x2 ≥0   

(LPP) 

    4 x1+5x2 ≥6

    6 x1+3x2  ≥9

  x1, x2≥0   

Z = 50 x1 +70x2 

C1 
C2 S1, S2
S3

 

C1 C2

S1 3000 1000
S2 1000 1000
S3 2000 6000
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S1 24000 S2 16000
S3 48000 P Q  

₹ 600 ₹ 400

(i)  C1,  C2 x1, x2 

(ii)   Z = 600 x1 + 400 x2

(iii) 3000x1 + 1000x2 ≥ 24000 (24000 A

24000

                                     1000 x1 + 1000 x2 ≥ 16000

                                     2000 x1+ 6000 x2 ≥ 48000

(iv) 
x1, x2 ≥0.  

          3000 x1 + 1000 x2 ≥ 24000

      1000 x1 + 1000 x2 ≥ 16000

      2000 x1 + 6000 x2 ≥ 48000

      x1, x2 ≥0 

 Z = 600 x1 + 400 x2 

10.1.2 
Solution of LPP by graphical method)

(i) 
(ii) 

(iii)  

(iv) 
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(v) 

(vi) 

 x1+ 4x2 ≤ 24, 3x1+x2 ≤ 21  

x1+x2 ≤ 9   x1,  x2 ≥ 0 Z = 2 x1 +5x2 
   

x1  x2 (x1,  x2 ≥ 0)

 x1+ 4x2=24 

3x1 + x2 = 21

 x1 + x2= 9

x1+ 4x2= 24   (0 , 6)  (24 , 0) 
 

 [x1 + 4x2 = 24 x1=0  x2 = 6

 x2 = 0 x1 = 24

 x1+ 4x2 = 24
 x1+ 4x2 ≤ 24

3x1 x2  21  (0 , 21) (7 , 0)

3x1 x2  21 3x1+x2 #21 

x1 x2 9 (0 , 9) ( 9 , 0)
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x1 + x2 = 9  x1+ x2 ≤ 9 

(24, 0)

 2 4 6 8 10 12 14 16 18 20 22 24 26

24

22

20

18

16

14

12

10

8

6

4

2
B(6, 3)

A

F.R.

(9, 0)

C(4, 5)D(0, 6)
(0, 9)

(7, 0)

(0, 21)

 x2

 x1
0

 

  10.1

 OABCD 
  O(0,0) A(7,0); B(6,3)  [ x1+ x2= 9  3 x1+ x2= 21 

];C(4,5) x1+ x2 = 9  x1+ 4x2 = 24]  D(0,6).

Z = 2x1 + 5x2

O(0,0) 0

A(7,0) 14

B(6,3) 27

C(4,5) 33

D(0,6) 30

10.2

Chapt-10_BM_V2_TM.indd   200 04-08-2018   11:40:11



201

C  x1 =4, 
x2 = 5, Z  = 33.

4x1+x2≥40; 2x1+3x22 ≥ 90 x1, x2≥0
Z= 5x1+4x2 

x1 x2

4x1+x2=40 (0, 40) (10, 0)
4x1+x2=40

4x1+x2≥40
2x1+3x2=90 (0, 30) (45, 0)

2x1+3x2
2x1+3x2≥ 90

A(45, 0)

 4 8 12 16 20 24 28 32 36 40 44 48

44

40

36

32

28

24

20

16

12

8

4

B(3, 28)

C(0, 40)

(10, 0)

 x2

 x1
0

(0, 30)

 10.2
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ABC

A(45,0) , B(3,28),  C(0,40)

Z = 5x1 + 4x2

A(45,0) 225
B(3,28) 127
C(0,40) 160

  10.4
 B(3,28) 

x1 =3, x2=28 Z = 127     

 x1+x2 ≤30;  x2 ≤12;

x1≤20 x1, x2 > 0   Z = 2x1+3x2 

x1 x2 

x1, x2 ≥ 0

x1  
 
x2 30

x2 12  

x1 20 

x1 x2 30  (0, 30) (30,0)

x2 12 x1 

x1 20 x2

x1 x2 ≤ 30 ;

 x2  ≤ 12 

x1  ≤ 20 x1 , x2 ≥ 0
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 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

30

28

26

24

22

20

18

16

14

12

10

8

6

4

2

0

C(18, 12)D(0, 12)

(30, 0)

(0, 30)

A(20, 0)

 x2

 x1

B(20, 10)

10.3

 OABCD 
O(0,0) ; A(20,0); B(20,10)  ; C(18,12) 

 D(0,12)
Z = 2 X1 + 3X2

O (0,0) 0
A (20,0) 40
B (20,10) 70
C (18,12) 72
D (0,12) 36

10.3
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C x1 = 18 , x2 = 12 
Z 72.

 
x1 – x2 < –1;
 –x1+x2 < 0 and  x1, x2 ≥ 0
Z = 3x1 + 4x2

x1, x2 ≥ 0 

x1– x2 =–1  (0,1)  (–1,0)

–x1 + x2 = 0  (0,0) 
 x1 – x2 < –1; –x1+x2 < 0  x1, x2 ≥ 0 

 
–2 –1  1 2 3 4 5 6 7 8 9 10 11 12

9

8

7

6

5

4

3

2

1

(0, 0)

(0, 1)
(–1, 0)

–x 1 +
 x 2 =

 0
x 1 –

 x 2 =
 –1

0
x1

x2

  10.4
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 10.1

5 3

1000

400
700

1. 
₹30/- ₹40/-

A B

60 120 12000

8 5 600

3 4 500

2. 

0.8 1.20 720

600
400

 ₹100, ₹150 
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3. 

(i) 30x1+20x2#300 5x1+10x2#110   x1, x2 > 0 
Z = 6x1 + 8x2     

(ii)  x x960 640 153601 2 #+ ; x x 201 2 #+  and ,x x 01 2 $  
Z x x22 181 2= +

(iii) 5x1+ x2≥10; x1+ x2≥6; x1+ 4 x2 ≥12 x1, x2≥0 

Z x x3 21 2= +

(iv) x x30 91 2 #+ ;  x x2 81 2 #+     and ,x x 01 2 $  

Z x x40 501 2= +  

(v) x x3 3 361 2 #+ ;  x x5 2 501 2 #+ ; x x2 6 601 2 #+   ,x x 01 2 $  

Z x x20 301 2= +  

(vi)  ,x x36 6 1081 2 $+  ,x x3 12 361 2 $+ x x20 10 1001 2 $+    ,x x 01 2 $    

Z x x20 401 2= +

10.2 

(Program Evaluation and Review 
Technique -PERT) (Critical Path Method -CPM)

 (JE Kelly)
M.R. (M.R. Walker)

1957 (CPM) 
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Activity):

Event):

(J -  (I - 
(J>I) 

A
A<B A B

Successor Activity): 

(Network): 

Path): 

10.2.1 Construction of network:)

Rules for constructing network)
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(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

Numbering the Events)

(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 
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C D A E C
F D E F 

  

 

2 651

3

4

A B
C

FD

E

  10.5

A B C D E F G H

- - A B C,D C,D E F

 

1 4 7

2 5

3 6

A E

D HB F

C G

  10.6

Dummy activity):  
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A B C D E F G H I J K

- - - A B B C D F H,I F,G

 

3 6

4

2 5

9

8

1

7

B

D

J

E I
A

KF

G

C

H

  10.7

A<D,E;      B, D<F;    C<G B<H.

 

3

4

2

5
61 A D

G

B
F

C
E

H

  10.8
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10.2.2 Critical path analysis )

E
i = i

L
j =  j 

t
ij
 = (i,j)

a)

b)

 

 E
i

 E
i

i

E1 = 0 ; i =1

i

(EST)

ES
ij
 = E

i
  ; i (i,j)

i

(EFT)
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EF
ij 

= ES
ij
 + tij = E

i
 + t

ij

j j > i j

E
j
 = 

i
 {EF

ij
} = 

i
{E

i
 +t

ij
} 

 j=n

E
j
 =  {EF

ij
} = {E

n-1 +t
ij
}

(Backward pass calculations)

n

1 L
j
 j

j = n L
n
 E

n
 

j

(LFT)  LF
ij

L
j

j

(LST)

LS LF t L tij ij ij j ij= - = -

i ( i < j) i

(LST)

L
i
 = 

j
 {LS

ij
} = 

j
{L

j
 – t

ij
} 

j =1 

L1 =  {LS
ij
} = {L2 – t

ij
} 
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(Critical path) 

(i,j)

(i) E Li i=     E Lj j=        (ii)   E E L L tj i j i ij- = - =

(EST)
(EFT) (LST)

(LFT)

1-2 1-3 2-4 2-5 3-4 4-5

8 4 10 2 5 3

 

1

3

58
2

10

4 5

3

E = 8
L = 8

E = 21
L = 21

E = 0
L = 0

E = 4
L = 13

E = 18
L = 18

4

2

  10.9

E1 = 0    L5  = 21

E2 = E1 + t12 = 0 + 8 = 8 L4  = L5 – t45 = 21–3 = 18

E3  = E1 + t13 = 0 + 4 = 4 L3 = L4 – t34 = 18–5 =13

E4 = E2 +t24  E3 + t34 = 8 + 10 = 18  L2 = L5 –t25  L4–t24 = 18–10= 8

(E2 + t24  E3 + t34 (L5 –t25  L4– t24 

E5 = (E2+t25 E4+t45) = 18 + 3 = 21 L1 = L2 –t12 L3- t13 = 8 – 8 = 0
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( E2 + t25  E4+t45            (L2 – t12  L3 – t13 

1-2-4-5

t
ij

EST EFT=EST+t
ij

LST=LFT–t
ij

LFT

1–2 8 0 8 0 8
1–3 4 0 4 9 13
2–4 10 8 18 8 18
2–5 2 8 10 19 21
3–4 5 4 9 13 18
4–5 3 18 21 18 21

  10.5
21

1-2-4-5

(EST)
(EFT) (LST)

(LFT)

1-2 1-3 1-5 2-3 2-4 3-4 3-5 3-6 4-6 5-6

8 7 12 4 10 3 5 10 7 4

3

2

4

6

5

1E = 0
L = 0

E = 8
L = 8

8

12

7

4

10

3

5

4

10

7

E = 18
L = 18

E = 12
L = 15

E = 17
L = 21

E = 25
L =  25

  10.10
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EST EFT LST LFT
1-2 8 0 8 0 8
1-3 7 0 7 8 15
1-5 12 0 12 9 21
2-3 4 8 12 11 15
2-4 10 8 18 8 18
3-4 3 12 15 15 18
3-5 5 12 17 16 21
3-6 10 12 22 15 25
4-6 7 18 25 18 25
5-6 4 17 21 21 25

  10.6

 1-2-4-6  25

 10.2

1.  
A,D,E  B,C>A;  G,F>D,C;  H>E,F.  

2. 

1 2 3 4 5 6 7
- 1 1 2,3 3 4,5 5,6

3.  
A<F,E;  B<D,C; E,D<G

4. 

A B C D E F G H I J K

- - - A B B C D E H,I F,G

5. 

(EST) (EFT)
(LST) (LFT) 
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0-1 1-2 1-3 2-4 2-5 3-4 3-6 4-7 5-7 6-7
3 8 12 6 3 3 8 5 3 8

6. 

1-2 1-3 2-4 3-4 3-5 4-9 5-6 5-7 6-8 7-8 8-10 9-10
4 1 1 1 6 5 4 8 1 2 5 7

(EST) , (EFT) (LST)
(LFT)

7. 
(EST), (EFT),

(LST) (LFT)

1-2 1-3 2-4 3-4 3-5 4-5 4-6 5-6 
6 5 10 3 4 6 2 9

8. 

1-2 1-3 2-3 2-4 3-4 3-5 4-5
5 8 6 7 5 4 8

(EST) (EFT) (LST)
(LFT)

9. 

1-2 1-6 2-3 2-4 3-5 4-5 6-7 5-8 7-8

7 6 14 5 11 7 11 4 18

10. 
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1-2 1-3 2-3 2-4 3-4 4-5

 22 27 12 14 6 12

(EST (EFT) (LST)
(LFT)

 10.3

1. 

20
12

10 5

25
8

10

5

4

3

2

1

(a) 1 – 2 – 4 – 5       (b) 1– 3– 5       (c) 1 – 2 – 3 – 5   (d) 1 – 2 – 3 – 4 – 5 

2.   , , ,x x x x x x2 40 2 5 180 01 2 1 2 1 2# # $+ + . 
z x x3 41 2= +  

(a) ,x x18 241 2= =    (b) ,x x15 301 2= =

(c) ,x x2 5 351 2$= =         (d)  ,x x20 5 191 2$= =

3. (i,j)

(a) E E L L t
j i j i ij
- = - =    (b) E E L L t

i j j i ij
- = - =

(c) E E L L t
j i i j ij
- = - =   (d)  E E L L t

j i j i ij
!- = -

4. 

(a)
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(b)

(c)

(d)

5. 

(a)

(b)

(c)

(d)

6. 

7. M1

 0

M1
2x

1 +5x
2  = 120

4x1+2x2 = 80

B

C A

X2

X1
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(a) ,x x5 301 2= =    (b) ,x x20 161 2= =  

(c) ,x x10 201 2= =    (d) ,x x20 301 2= =

8. x y2 5 10#+  ,x y0 02 2  Z x y3 5= +  

(a)  6 (b)  15 (c)  25 (d)  31

9. , ,x y x y x2 20 2 20 02# #+ + , y > 0 Z x y3= +

(a) 10                 (b) 20              (c) 0 (d) 5

10. 

(a)

(b)

(c)

(d)

11. 

(a)

(b)

(c)

(d)

12. 

(a)

(b)

(c)

(d)

13. 

(a) (b)

(c) (d) 
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14. CPM

(a)

(b)

(c)

(d)

15. x x 11 2 #+ , x x5 5 01 2 $+ , x1 ≥ 0,    x2  ≥0  
Z x x2 31 2= +  

(a)

(b)

(c)

(d)

A B ₹3
₹4 M1 M2

A M1
M B 

M1 M2
M1 7 30 M2
10

16. A B
A 2 5

1 B 8
6

12 74
24 

17. ;x x x x50 3 901 2 1 2# #+ +  ,x x0 01 2$ $  
Z x x4 1 2= +
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18. ;x x2 101 2 $+   x x3 4 241 2 #+    ,x x0 01 2$ $  
Z x x200 5001 2= +  

19. , ; ,x x x x6 4 51 2 1 2# # #+ ,x x 01 2 $  
Z x x3 51 2= +  

20. ;x x x x50 3 901 2 1 2# #+ +    ,x x 01 2 $  
Z x x60 151 2= +

21. 

A B C D E F G H I J K

– A A A B C C C,D E,F G,H I,J

22. 

A B C D E F G

- - A A B C D,E

23. 

1-2 2-3 2-4 3-5 4-6 5-6

6 8 4 9 2 7

(EST) (EFT) (LST) 
(LFT)

24. 

1-2 1-3 2-3 3-4 3-5 4-6 5-6 6-7

5 10 3 4 6 6 5 5

(EST) (EFT) (LST)
(LFT)
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  LPP

  
j

n

ij j
a x

=
∑ ≤
1

�  ( = ≥)b
i
,  i = 1, 2, 3, …, m  

    x
j
 ≥ 0  Z = c xj j

j

n

1=
/  

 

  Z c x c x c x
n n

= + +… +
1 1 2 2��� ���

� � � .� � �  

  
 x

j
 , j = 1,2,3,…,n  , 

   
x

j
,j =1,2,3,…,n

 

  

  
xj≥0
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(GLOSSARY) 
head event
tail event
feasible solution
dummy activities
latest start time
activity
logical sequence
decision variables
critical path analysis
critical path method
event
linear programming problem
abstract
successor activity
backward pass calculations
predecessor activity
forward pass calculations
earliest start time
network analysis
optimal
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Step 4

https://ggbm.at/q4tsyvys (or) scan the QR Code

 – 1

 - 2

 1

 2
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225வி ைடகள்

6. வகையீட்டின் பயன்பாடுகள்

பயிற்சி 6.1

	 1.	 AC x x
x

= − − +
1
10

4 20
72 ,  AVC x x= − −

1
10

4 202 , AFC
x

=
7

		  MC x x= − −
3
10

8 202 ,  MAC x
x

= − −
2
5

4
7
2

	 2.	 C = 121
16

, AC =
29
12

,  MC =
2
3

	 3.	 AC x= −2 2 ,  MC x= −3 22 ,  AR x= −14 ,  MR x= −14 2

	 4.	 n
xd

=
2

	 5(i)	  n a bx
bxd

=
−
2

,  x a
b

=
3

    	 (ii)	 n a bx

bx
x

a
bd

=
−

=
2

22 3
,

	 6.	 4

2 5

36
26

2

2

p

p +
, 			   7.	 MR x

=
−50 2
5

, 10.0

	 8.	 �� �,���
p

p b2
1

−( )
			   11.	 4

	 12.	 P x
x= − + −

2

100
160 120 ,   AP x

x
=
−
+ −

100
160

120 ,  `147.9

		  � ��,���� .MP
x

=
−

+
2
100

160 159 8 ,   MAP
x

= − +
1
100

120
1 19

2
��,��� .

	 13.	 x = – 8, 2	 15.	 n p
p
n

d d
=

−
> ⇒

10
1, மீள்த்தன்மைக் க�ொண்டது.	

	 16.	 pE=30 ,   xE = 40			   17.	 x = 2100 அலகுகள்,    p = `130

	 18.	 x = 6 அலகுகள் 
பயிற்சி 6.2

	 1.		 x > 5 எனும் ப�ோது AC என்பது கூடும் மதிப்பாக அமைகிறது.

	 3.		  x = 46, எனும் ப�ோது P என்பது மீப்பெரு மதிப்பை அடைகிறது. மீப்பெரு லாபம் 
` 107.68.

	 4.		 x = 220 எனும் ப�ோது வருவாய் மீப்பெரு மதிப்பை அடைகிறது.

	 5.	 இடம்சார்ந்த சிறுமம் -71,         இடம்சார்ந்த பெருமம்        62

விடைகள்
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226 11 ஆம் வகுப்பு வணிகக் கணிதம் மற்றும் புள்ளியியல்

பயிற்சி  6.3

1.

ப�ொருட்கள்
EOQ 

அலகுகளில்

சராசரி 
சிறும

செலவு

EOQ 
ரூபாயில்

EOQ 
வருட 

வழங்குதலில்

வருட 
க�ோரிக்கைகளின் 

எண்ணிக்கை
A 2000 `4 40 2.5 0.4

B 200 `20 200 0.5 2

C 2627 `52.54 525.40 0.19 5.26

	 2 (i)	 912 அலகுகள்/ க�ோருதல்	 (ii)	 `20, 065.80 / வாரம்.

பயிற்சி  6.4

	 1.	 ∂
∂
= +( ) ∂

∂
= +( )z

x
a cy d

z
y
c ax b,

பயிற்சி  6.5

	 1.	 23, 25    	 3.	 2, 8        4.   	0.8832     5. ,3
4 8- -     6.  10

79
3
79

,-

பயிற்சி  6.6

1 2 3 4 5 6 7 8 9 10

(d) (a) (b) (a) (b) (a) (b) (c) (b) (a)

11 12 13 14 15 16 17 18 19 20

(a) (c) (b) (b) (a) (b) (b) (b) (b) (c)

இதரக்கணக்குகள்

	 1.	 AC
x

x x MC x x MAC
x

x x= − + = − + =
−

− +
10

4 3 12 12
10

8 92 3 2 3

2

2, ,

	 2.(i)	  n
xd

=
−
+
1
1

        (ii)  n
xd

=
−
1

1
        (iii)  n

xd
=

3

	 3.	 n p

ps
=

+
4

2 5

4
7

2

2
,  

7. நிதியியல் கணிதம்

பயிற்சி  7.1

	 1.	 ` 68,428.28	 2.	 ` 1,20,800	 3.	 ` 18,930	 4.	 ` 500

	 5.	 ` 13,59,164	 6.	 ` 14,736	 7.	 ` 8,433	 8.	 ` 1,17,612

	 9.	 ` 1,67,952	 10.	 ` 1,000
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227வி ைடகள்

பயிற்சி 7.2

	 1.	 ` 8,184	 2.	 ` 2,250	 3.	 900 பங்குகள்

	 4.(i)	 242    	 (ii)	 ` 3630      	 (iii)	 12 1
2
%

	 5.(i)	 ` 4,000    	 (ii)	 ` 5,000      	 (iii)	 9.6% 	 6.	 ` 8,975
	 7.(i)	 ` 6000 ,  	 (ii)	 ` 7500	 8.	 99 பங்குகள்
	 9.(i)	 ` 945   	 (ii)	 ` 960   இரண்டாவது முதலீடே சிறந்தது.

	 10.(i)	 1400   	 (ii)	 1400.    ஒரே முதலீட்டிற்கு இரு சரக்கு முதல்களும் சமமான 
வருமானம் தருகின்றன.எனவே இரண்டும் சமமான சரக்கு முதல்களாகும்

பயிற்சி 7.3

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(a) (b) (c) (c) (d) (c) (b) (b) (b) (c) (b) (a) (c) (c) (c)

இதரக்கணக்குகள் 

	 1.	 ` 9280	 2.	 ` 15644	 3.	 ` 4328.57, ̀  125800, ̀  29340, ̀  139600.

	 4.	 	தேவைப்படும் மாதங்கள் = 24	 5.	 ` 12500

	 6.	 ` 13240, ` 36420,  இயந்திரம்  B வாங்கலாம்

	 7.	 ` 270, ` 216, ` 300, ` 450

	 8.	 ` 700, ` 900, ` 200, 2.5%	 9.	 500 பங்குகள், ` 625		  10.  20%

8. விவரப் புள்ளியியல் மற்றும் நிகழ்தகவு

பயிற்சி 8.1

	 1.	 Q1 = 6 , Q3 = 18		  2.	Q1 =  5, Q3 = 6.5, D8 =  6.5 மற்றும் P67 = 6

	 3.	 Q1= 47.14, Q3=  63.44,   D5 =  55.58,  D7 = 61.56 மற்றும் P60 = 58.37

	 4.	 GM= 142.5 lbs			   5.	 GM= 26.2%

	 6.	 192 கிமீ/மணி			   7.	 38.92 கிமீ/மணி

	 8.	 AM=36    GM=25.46   HM=17.33	

	 9.	 AM=21.96   GM=18.31    HM=14.32

	 10.	 AM=33, GM=29.51, HM=24.10

	 11.	 Q1 = 30,  Q3 = 70,   QD = 20 ,  QD -ன் கெழு  = 0.4
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	 12.	 QD= 11.02 , QD -ன் கெழு= 0.3384

	 13.	 இடைநிலை  = 61, MD =1.71		  14.	சராசரி  = 13, MD = 21.67   

	 15.	 இடைநிலை = 45.14 ,  MD = 14.30

பயிற்சி 8.2

	 1.	 1/3	 2.	 2/5

	 3.	 A மற்றும் B என்பன சாரா நிகழ்வுகள்	 4.(i)	 2/3         	 (ii)	 ½

	 5.	 3/10	 6.(i)	 42/625   	 (ii)	 207/625

	 7.	 35/68	 8.(i)	 7/29  	 (ii)	 5/29  	 (iii)	 17/29

	 9.	 4/11	 10.		 P(A)=4/7  P(B) = 2/7  P(C) = 1/7

	 11.(i)	 1
2

   	 (ii)	 2
3

	 12.	 1
2

	 13.	 0.2

	 14.	 0.012	 15.(i)	 1/221    	 (ii)	 1/7	 16.	 P(C/D)= 0.5208

பயிற்சி 8.3

1 2 3 4 5 6 7 8 9 10 11 12 13

(d) (c) (c) (a) (c) (a) (d) (c) (b) (a) (d) (c) (a)

14 15 16 17 18 19 20 21 22 23 24 25

(b) (d) (a) (b) (b) (c) (b) (d) (b) (a) (b) (a)

இதரக்கணக்குகள்
	 1.	 16.02 tons	 2.	 16	 3.		 இடைநிலை=28, MD = 10.16

	 4.	 சராசரி =7.5, MD =2.3	 5.		 QD=8.33, QD-ன் கெழு=0.21

	 6.	 0.45	 7.(i)	 3/10  	 (ii)	 3/5 	 (iii)	 1/10

	 8.	 0.948	 9.	 0.727	 10.	 0.493

9. ஒட்டுறவு மற்றும் த�ொடர்புப் ப�ோக்குப் பகுப்பாய்வு

பயிற்சி 9.1

	 1.	 0.575	 2.	 0.94	 3.	 0.996	 4.	 0.891
	 5.	 0.225	 6.	 –0.0734	 7.	 0.9	 8.	 0.224
	 9.	 0.905	 10.	 –0.37
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பயிற்சி 9.2

	 1.(a)	 Y=–0.66X+59.12;  X=–0.234Y+40.892

	 (b)	 r=-0.394	 (c)	 Y= 39.32

	 2.		 Y=0.6102X+66.12;  X=0.556Y+74.62  மகனின் உயரம் = 166.19

	 3.		 Y=2.3X–35.67; மாணவனின் எடை = 125.79 lb

	 4.		 Y=0.24X+1.04;  X=1.33Y+1.34

	 5.	 Y=1.6X;  இயலக்கூடிய விளைச்சல் = 46.4 அலகுகள்/ ஏக்கர்

	 6.	 Y=0.942X+6.08; இயலக்கூடிய விற்பனை  = `34.34 (க�ோடிகளில்)

	 7.	 Y=0.48X+67.72;  X=0.91Y–41.35;Y=72.52

	 8.	 bxy=0.33; byx=1.33; r=0.6667

	 9.	 Y=0.1565X+19.94;  உணவு மற்றும் ப�ொழுது ப�ோக்கு மீதான இயலக்கூடிய செலவு 
(Y) = 51.24

	 10.		 X=0.8Y–1   மற்றும்  Y=8 எனில் இயலக்கூடிய X –ன் மதிப்பு = 5.4 

		  Y=0.8X+2.6 மற்றும்  X=12 எனில் இயலக்கூடிய Y –ன் மதிப்பு = 12

	 11.	 X = 13;  Y =17 மற்றும் r = 0.6	 12.	 � ; ; .b b r
xy yx
= − = − = −
3
2

1
2

0 866

பயிற்சி 9.3

1 2 3 4 5 6 7 8 9 10 11 12 13

(a) (b) (a) (b) (c) (a) (a) (b) (a) (b) (a) (a) (c)

14 15 16 17 18 19 20 21 22 23 24 25

(a) (b) (a) (a) (a) (a) (a) (b) (b) (b) (a) (d)

இதரக்கணக்குகள்

	 1.	 0.906	 2.	 0.382	 3.	 0.95	 4.	 0.667

	 5.	 0.905	 6.		 Y=0.653X+21.71; B-ன் மதிப்பெண்கள் = 55.67

	 7.	 Y=0.576X+2.332; Y =5.788	 8.		 Y=1.138X+80.78;   X=0.706Y–46.742

	 9.	 X  = 20, Y = 25, r = 0.8	 10.	 	byx=1.422, Y = 141.67
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10. செயல்முறைகள் ஆராய்ச்சி
பயிற்சி: 10.1

	 1.	 2 1000
1 2

x x+ ≤�  ;  x x
1 2
400 700£ £; மற்றும் x x

1 2
0, ³  என்ற கட்டுப்பாடுகளுக்கு 

இணங்கZ x x= +5 3
1 2
�  என்ற குறிக்கோள் சார்பின் பெரும மதிப்பைக்   காண்க

	 2.	 60 120 12000
1 2

x x+ ≤  8 5 600 3 4 500
1 2 1 2

x x x x+ ≤ + ≤;   மற்றும்  x1 ,  x2  ≥ 0 என்ற 
கட்டுபாடுகளுக்கு இணங்க Z x x= +30 40

1 2
�  என்ற குறிக்கோள் சார்பின் பெரும மதிப்பு   

காண்க.
	 3.	 0.8x x x

1 2 1
1 2 720 600+ ≤ ≤� . ; ;  x2 ≤ 400 மற்றும்  x1, x2 ≥0 என்ற கட்டுப்பாடுகளுக்கு 

இணங்க Z x x10 1501 2= +  என்ற குறிக்கோள் சார்பின் பெரும மதிப்பைக்   காண்க.

	 4.(i)		 x1 = 4 ;  x2 = 9 மற்றும் Zmax = 96	 (ii)		 x1 = 8;  x2 = 12 மற்றும் Zmax = 392

	 (iii)		 x1 = 1;  x2 = 5 மற்றும் Zmin = 13	 (iv)		 x1 = 2;  x2 = 3 மற்றும் Zmax = 230

	 (v)		 x1 = 3;  x2 = 9 மற்றும் Zmax = 330	 (vi)		 x1 = 4;  x2 = 2 மற்றும் Zmin = 160

பயிற்சி: 10.2

	 1.	

3

4

2

5
1

B

G

A

F

C

E H

D

	

		

2.

3

42

5

1

6

7
	

	

3.	

3 4

2
5

1
B

A

F

C

E

D

G
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4.	 3

4

2 5

1 B

A

H

C

E

D

G

7

9

8

6
I

F

J

K

5.	
0

H

3

8

7

6

5

J

1

3

4

E=0
L=0

E=3
L=0

2 5E=11
L=20

E=14
L=28

E=18
L=26

E=15
L=15

E=31
L=31

E=23
L=25

3

6

3

3

8

8

 

 

       	 தீர்வுக்கு உகந்த பாதை 0-1-3-6-7 மற்றும் ம�ொத்தக் கால அளவு 31 வாரங்கள் 

6.	

4
10

5

1

3

E=0
L=0

E=1
L=1

2E=4
L=9

9
4

7

8

6

E=5
L=10 E=10

L=15
E=22
L=22

E=17
L=17

E=11
L=16

E=15
L=15

E=7
L=7

1

1

5 7

5

2

8

4

1

6

	

தீர்வுக்கு உகந்த பாதை 1-3-5-7-8-10 மற்றும் ம�ொத்தக் கால அளவு 22 அலகுகள்
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7.	      

1

2 4

6

53

10

3 6

2

9

4

1

6
E = 31
L = 31

E = 16
L = 16

E = 22
L = 22

E = 5
L = 18

E = 0
L = 0

E = 6
L = 6

	 தீர்வுக்கு உகந்த பாதை 1-2-4-5-6 மற்றும் ம�ொத்தக் கால அளவு  31 நாட்கள்
8	

7

5
8

4

6
8

5E = 0
L = 0

E = 5
L = 5

E = 16
L = 16

E = 24
L = 24E = 11

L = 11

1

2

3

4

5

           

   		  தீர்வுக்கு உகந்த பாதை 1-2-3-4-5 மற்றும்  திட்டம் நிறைவு செய்யும் காலம்  24  நாட்கள்

9.	

E =0
L = 0

E = 7
L = 7

E = 21
L = 21

E = 32
L = 32

E = 36
L = 36

E = 17
L = 18

E = 6
L = 7

1

2
3

5

8

76

4

7

14
11

11

6

4

18

75

	 தீர்வுக்கு உகந்த பாதை 1-2-3-5-8 மற்றும்  திட்டம் நிறைவு செய்யும் காலம் 36 நாட்கள்
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10. 	

4
22

3

E=0
L=0

E=34
L=34

2 E=52
L=52

27

12

12 5
14

E=40
L=40

E=22
L=22

6

1

	

		  தீர்வுக்கு உகந்த பாதை 1-2-3-4-5 மற்றும்  திட்டம் நிறைவு செய்யும் காலம் 52 நாட்கள்

பயிற்சி-10.3

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(d) (c) (a) (b) (d) (c) (c) (b) (c) (d) (d) (b) (d) (a) (a)

இதரக் கணக்குகள்

	 1.	 x x
1 2

450+ ≤� ;  2 600
1 2

x x+ ≤�  மற்றும் x x
1 2

0, ³  என்ற கட்டுபாடுகளுக்கு இணங்க  
Z x x= +3 4

1 2
�  என்ற குறிக்கோள் சார்பின் பெரும மதிப்பு   காண்க

	 2.	 2x x x x
1 2 1 2

720 5 8 74+ ≥ + ≥� ; ;  x x
1 2
6 24+ ≥  மற்றும்x x

1 2
0, ³  என்ற கட்டுபாடுகளுக்கு 

இணங்க Z x x= +
1 2
�  என்ற குறிக்கோள் சார்பின் பெரும மதிப்பு   காண்க

	 3.		 x1=30; x2 = 0 மற்றும் Zmax = 120	 4.	 	x1 = 4; x2 = 3 மற்றும் Zmin = 2300

	 5.	 x1 = 1 ; x2 = 5 மற்றும் Z_max= 28	 6.	 x1 = 20; x2=30 மற்றும் Zmax = 1650

7.	

2

5

3 6

1

B

A

H

C

E

D
G

7

F

84 9

J

I

K

	

8.		

3 5

2

61

A

C

E

D

G

F

4

B

Answers_V-2 TM.indd   233 04-08-2018   11:43:25



234 11 ஆம் வகுப்பு வணிகக் கணிதம் மற்றும் புள்ளியியல்

9.	  	

1
6

2

62

4

E=0
L=0

E=6
L=6

3 5E=14
L=14

E=23
L=23

E=10
L=28

E=30
L=30

9

78

4

		  தீர்வுக்கு உகந்த பாதை 1-2-3-5-6 மற்றும்   திட்டம் நிறைவு செய்யும் காலம்  30 நாட்கள்

10.		

1

5

7

3 5
E=0
L=0

4
6

E=5
L=7

E=21
L=216

5
3

6

2

E=10
L=10

10

E=14
L=15

4

E=26
L=26

5

E=16
L=16

தீர்வுக்கு உகந்த பாதை 1-3-5-6-7 மற்றும்   திட்டம் நிறைவு செய்யும் காலம்  26  நாட்கள்
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0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
1.0 0.0000 0.0043 0.0086 0.0128 0.0170 0.0212 0.0253 0.0294 0.0334 0.0374 4 8 12 17 21 25 29 33 37

1.1 0.0414 0.0453 0.0492 0.0531 0.0569 0.0607 0.0645 0.0682 0.0719 0.0755 4 8 11 15 19 23 26 30 34
1.2 0.0792 0.0828 0.0864 0.0899 0.0934 0.0969 0.1004 0.1038 0.1072 0.1106 3 7 10 14 17 21 24 28 31
1.3 0.1139 0.1173 0.1206 0.1239 0.1271 0.1303 0.1335 0.1367 0.1399 0.1430 3 6 10 13 16 19 23 26 29
1.4 0.1461 0.1492 0.1523 0.1553 0.1584 0.1614 0.1644 0.1673 0.1703 0.1732 3 6 9 12 15 18 21 24 27
1.5 0.1761 0.1790 0.1818 0.1847 0.1875 0.1903 0.1931 0.1959 0.1987 0.2014 3 6 8 11 14 17 20 22 25

1.6 0.2041 0.2068 0.2095 0.2122 0.2148 0.2175 0.2201 0.2227 0.2253 0.2279 3 5 8 11 13 16 18 21 24
1.7 0.2304 0.2330 0.2355 0.2380 0.2405 0.2430 0.2455 0.2480 0.2504 0.2529 2 5 7 10 12 15 17 20 22
1.8 0.2553 0.2577 0.2601 0.2625 0.2648 0.2672 0.2695 0.2718 0.2742 0.2765 2 5 7 9 12 14 16 19 21
1.9 0.2788 0.2810 0.2833 0.2856 0.2878 0.2900 0.2923 0.2945 0.2967 0.2989 2 4 7 9 11 13 16 18 20
2.0 0.3010 0.3032 0.3054 0.3075 0.3096 0.3118 0.3139 0.3160 0.3181 0.3201 2 4 6 8 11 13 15 17 19

2.1 0.3222 0.3243 0.3263 0.3284 0.3304 0.3324 0.3345 0.3365 0.3385 0.3404 2 4 6 8 10 12 14 16 18
2.2 0.3424 0.3444 0.3464 0.3483 0.3502 0.3522 0.3541 0.3560 0.3579 0.3598 2 4 6 8 10 12 14 15 17
2.3 0.3617 0.3636 0.3655 0.3674 0.3692 0.3711 0.3729 0.3747 0.3766 0.3784 2 4 6 7 9 11 13 15 17
2.4 0.3802 0.3820 0.3838 0.3856 0.3874 0.3892 0.3909 0.3927 0.3945 0.3962 2 4 5 7 9 11 12 14 16
2.5 0.3979 0.3997 0.4014 0.4031 0.4048 0.4065 0.4082 0.4099 0.4116 0.4133 2 3 5 7 9 10 12 14 15

2.6 0.4150 0.4166 0.4183 0.4200 0.4216 0.4232 0.4249 0.4265 0.4281 0.4298 2 3 5 7 8 10 11 13 15
2.7 0.4314 0.4330 0.4346 0.4362 0.4378 0.4393 0.4409 0.4425 0.4440 0.4456 2 3 5 6 8 9 11 13 14
2.8 0.4472 0.4487 0.4502 0.4518 0.4533 0.4548 0.4564 0.4579 0.4594 0.4609 2 3 5 6 8 9 11 12 14
2.9 0.4624 0.4639 0.4654 0.4669 0.4683 0.4698 0.4713 0.4728 0.4742 0.4757 1 3 4 6 7 9 10 12 13
3.0 0.4771 0.4786 0.4800 0.4814 0.4829 0.4843 0.4857 0.4871 0.4886 0.4900 1 3 4 6 7 9 10 11 13

3.1 0.4914 0.4928 0.4942 0.4955 0.4969 0.4983 0.4997 0.5011 0.5024 0.5038 1 3 4 6 7 8 10 11 12
3.2 0.5051 0.5065 0.5079 0.5092 0.5105 0.5119 0.5132 0.5145 0.5159 0.5172 1 3 4 5 7 8 9 11 12
3.3 0.5185 0.5198 0.5211 0.5224 0.5237 0.5250 0.5263 0.5276 0.5289 0.5302 1 3 4 5 6 8 9 10 12
3.4 0.5315 0.5328 0.5340 0.5353 0.5366 0.5378 0.5391 0.5403 0.5416 0.5428 1 3 4 5 6 8 9 10 11
3.5 0.5441 0.5453 0.5465 0.5478 0.5490 0.5502 0.5514 0.5527 0.5539 0.5551 1 2 4 5 6 7 9 10 11

3.6 0.5563 0.5575 0.5587 0.5599 0.5611 0.5623 0.5635 0.5647 0.5658 0.5670 1 2 4 5 6 7 8 10 11
3.7 0.5682 0.5694 0.5705 0.5717 0.5729 0.5740 0.5752 0.5763 0.5775 0.5786 1 2 3 5 6 7 8 9 10
3.8 0.5798 0.5809 0.5821 0.5832 0.5843 0.5855 0.5866 0.5877 0.5888 0.5899 1 2 3 5 6 7 8 9 10
3.9 0.5911 0.5922 0.5933 0.5944 0.5955 0.5966 0.5977 0.5988 0.5999 0.6010 1 2 3 4 5 7 8 9 10
4.0 0.6021 0.6031 0.6042 0.6053 0.6064 0.6075 0.6085 0.6096 0.6107 0.6117 1 2 3 4 5 6 8 9 10

4.1 0.6128 0.6138 0.6149 0.6160 0.6170 0.6180 0.6191 0.6201 0.6212 0.6222 1 2 3 4 5 6 7 8 9
4.2 0.6232 0.6243 0.6253 0.6263 0.6274 0.6284 0.6294 0.6304 0.6314 0.6325 1 2 3 4 5 6 7 8 9
4.3 0.6335 0.6345 0.6355 0.6365 0.6375 0.6385 0.6395 0.6405 0.6415 0.6425 1 2 3 4 5 6 7 8 9
4.4 0.6435 0.6444 0.6454 0.6464 0.6474 0.6484 0.6493 0.6503 0.6513 0.6522 1 2 3 4 5 6 7 8 9
4.5 0.6532 0.6542 0.6551 0.6561 0.6571 0.6580 0.6590 0.6599 0.6609 0.6618 1 2 3 4 5 6 7 8 9

4.6 0.6628 0.6637 0.6646 0.6656 0.6665 0.6675 0.6684 0.6693 0.6702 0.6712 1 2 3 4 5 6 7 7 8
4.7 0.6721 0.6730 0.6739 0.6749 0.6758 0.6767 0.6776 0.6785 0.6794 0.6803 1 2 3 4 5 5 6 7 8
4.8 0.6812 0.6821 0.6830 0.6839 0.6848 0.6857 0.6866 0.6875 0.6884 0.6893 1 2 3 4 4 5 6 7 8
4.9 0.6902 0.6911 0.6920 0.6928 0.6937 0.6946 0.6955 0.6964 0.6972 0.6981 1 2 3 4 4 5 6 7 8
5.0 0.6990 0.6998 0.7007 0.7016 0.7024 0.7033 0.7042 0.7050 0.7059 0.7067 1 2 3 3 4 5 6 7 8

5.1 0.7076 0.7084 0.7093 0.7101 0.7110 0.7118 0.7126 0.7135 0.7143 0.7152 1 2 3 3 4 5 6 7 8
5.2 0.7160 0.7168 0.7177 0.7185 0.7193 0.7202 0.7210 0.7218 0.7226 0.7235 1 2 2 3 4 5 6 7 7
5.3 0.7243 0.7251 0.7259 0.7267 0.7275 0.7284 0.7292 0.7300 0.7308 0.7316 1 2 2 3 4 5 6 6 7
5.4 0.7324 0.7332 0.7340 0.7348 0.7356 0.7364 0.7372 0.7380 0.7388 0.7396 1 2 2 3 4 5 6 6 7
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5.5 0.7404 0.7412 0.7419 0.7427 0.7435 0.7443 0.7451 0.7459 0.7466 0.7474 1 2 2 3 4 5 5 6 7

5.6 0.7482 0.7490 0.7497 0.7505 0.7513 0.7520 0.7528 0.7536 0.7543 0.7551 1 2 2 3 4 5 5 6 7
5.7 0.7559 0.7566 0.7574 0.7582 0.7589 0.7597 0.7604 0.7612 0.7619 0.7627 1 2 2 3 4 5 5 6 7
5.8 0.7634 0.7642 0.7649 0.7657 0.7664 0.7672 0.7679 0.7686 0.7694 0.7701 1 1 2 3 4 4 5 6 7
5.9 0.7709 0.7716 0.7723 0.7731 0.7738 0.7745 0.7752 0.7760 0.7767 0.7774 1 1 2 3 4 4 5 6 7
6.0 0.7782 0.7789 0.7796 0.7803 0.7810 0.7818 0.7825 0.7832 0.7839 0.7846 1 1 2 3 4 4 5 6 6

6.1 0.7853 0.7860 0.7868 0.7875 0.7882 0.7889 0.7896 0.7903 0.7910 0.7917 1 1 2 3 4 4 5 6 6
6.2 0.7924 0.7931 0.7938 0.7945 0.7952 0.7959 0.7966 0.7973 0.7980 0.7987 1 1 2 3 3 4 5 6 6
6.3 0.7993 0.8000 0.8007 0.8014 0.8021 0.8028 0.8035 0.8041 0.8048 0.8055 1 1 2 3 3 4 5 5 6
6.4 0.8062 0.8069 0.8075 0.8082 0.8089 0.8096 0.8102 0.8109 0.8116 0.8122 1 1 2 3 3 4 5 5 6
6.5 0.8129 0.8136 0.8142 0.8149 0.8156 0.8162 0.8169 0.8176 0.8182 0.8189 1 1 2 3 3 4 5 5 6

6.6 0.8195 0.8202 0.8209 0.8215 0.8222 0.8228 0.8235 0.8241 0.8248 0.8254 1 1 2 3 3 4 5 5 6
6.7 0.8261 0.8267 0.8274 0.8280 0.8287 0.8293 0.8299 0.8306 0.8312 0.8319 1 1 2 3 3 4 5 5 6
6.8 0.8325 0.8331 0.8338 0.8344 0.8351 0.8357 0.8363 0.8370 0.8376 0.8382 1 1 2 3 3 4 4 5 6
6.9 0.8388 0.8395 0.8401 0.8407 0.8414 0.8420 0.8426 0.8432 0.8439 0.8445 1 1 2 2 3 4 4 5 6
7.0 0.8451 0.8457 0.8463 0.8470 0.8476 0.8482 0.8488 0.8494 0.8500 0.8506 1 1 2 2 3 4 4 5 6

7.1 0.8513 0.8519 0.8525 0.8531 0.8537 0.8543 0.8549 0.8555 0.8561 0.8567 1 1 2 2 3 4 4 5 5
7.2 0.8573 0.8579 0.8585 0.8591 0.8597 0.8603 0.8609 0.8615 0.8621 0.8627 1 1 2 2 3 4 4 5 5
7.3 0.8633 0.8639 0.8645 0.8651 0.8657 0.8663 0.8669 0.8675 0.8681 0.8686 1 1 2 2 3 4 4 5 5
7.4 0.8692 0.8698 0.8704 0.8710 0.8716 0.8722 0.8727 0.8733 0.8739 0.8745 1 1 2 2 3 4 4 5 5
7.5 0.8751 0.8756 0.8762 0.8768 0.8774 0.8779 0.8785 0.8791 0.8797 0.8802 1 1 2 2 3 3 4 5 5

7.6 0.8808 0.8814 0.8820 0.8825 0.8831 0.8837 0.8842 0.8848 0.8854 0.8859 1 1 2 2 3 3 4 5 5
7.7 0.8865 0.8871 0.8876 0.8882 0.8887 0.8893 0.8899 0.8904 0.8910 0.8915 1 1 2 2 3 3 4 4 5
7.8 0.8921 0.8927 0.8932 0.8938 0.8943 0.8949 0.8954 0.8960 0.8965 0.8971 1 1 2 2 3 3 4 4 5
7.9 0.8976 0.8982 0.8987 0.8993 0.8998 0.9004 0.9009 0.9015 0.9020 0.9025 1 1 2 2 3 3 4 4 5
8.0 0.9031 0.9036 0.9042 0.9047 0.9053 0.9058 0.9063 0.9069 0.9074 0.9079 1 1 2 2 3 3 4 4 5

8.1 0.9085 0.9090 0.9096 0.9101 0.9106 0.9112 0.9117 0.9122 0.9128 0.9133 1 1 2 2 3 3 4 4 5
8.2 0.9138 0.9143 0.9149 0.9154 0.9159 0.9165 0.9170 0.9175 0.9180 0.9186 1 1 2 2 3 3 4 4 5
8.3 0.9191 0.9196 0.9201 0.9206 0.9212 0.9217 0.9222 0.9227 0.9232 0.9238 1 1 2 2 3 3 4 4 5
8.4 0.9243 0.9248 0.9253 0.9258 0.9263 0.9269 0.9274 0.9279 0.9284 0.9289 1 1 2 2 3 3 4 4 5
8.5 0.9294 0.9299 0.9304 0.9309 0.9315 0.9320 0.9325 0.9330 0.9335 0.9340 1 1 2 2 3 3 4 4 5

8.6 0.9345 0.9350 0.9355 0.9360 0.9365 0.9370 0.9375 0.9380 0.9385 0.9390 1 1 2 2 3 3 4 4 5
8.7 0.9395 0.9400 0.9405 0.9410 0.9415 0.9420 0.9425 0.9430 0.9435 0.9440 0 1 1 2 2 3 3 4 4
8.8 0.9445 0.9450 0.9455 0.9460 0.9465 0.9469 0.9474 0.9479 0.9484 0.9489 0 1 1 2 2 3 3 4 4
8.9 0.9494 0.9499 0.9504 0.9509 0.9513 0.9518 0.9523 0.9528 0.9533 0.9538 0 1 1 2 2 3 3 4 4
9.0 0.9542 0.9547 0.9552 0.9557 0.9562 0.9566 0.9571 0.9576 0.9581 0.9586 0 1 1 2 2 3 3 4 4

9.1 0.9590 0.9595 0.9600 0.9605 0.9609 0.9614 0.9619 0.9624 0.9628 0.9633 0 1 1 2 2 3 3 4 4
9.2 0.9638 0.9643 0.9647 0.9652 0.9657 0.9661 0.9666 0.9671 0.9675 0.9680 0 1 1 2 2 3 3 4 4
9.3 0.9685 0.9689 0.9694 0.9699 0.9703 0.9708 0.9713 0.9717 0.9722 0.9727 0 1 1 2 2 3 3 4 4
9.4 0.9731 0.9736 0.9741 0.9745 0.9750 0.9754 0.9759 0.9763 0.9768 0.9773 0 1 1 2 2 3 3 4 4
9.5 0.9777 0.9782 0.9786 0.9791 0.9795 0.9800 0.9805 0.9809 0.9814 0.9818 0 1 1 2 2 3 3 4 4

9.6 0.9823 0.9827 0.9832 0.9836 0.9841 0.9845 0.9850 0.9854 0.9859 0.9863 0 1 1 2 2 3 3 4 4
9.7 0.9868 0.9872 0.9877 0.9881 0.9886 0.9890 0.9894 0.9899 0.9903 0.9908 0 1 1 2 2 3 3 4 4
9.8 0.9912 0.9917 0.9921 0.9926 0.9930 0.9934 0.9939 0.9943 0.9948 0.9952 0 1 1 2 2 3 3 4 4
9.9 0.9956 0.9961 0.9965 0.9969 0.9974 0.9978 0.9983 0.9987 0.9991 0.9996 0 1 1 2 2 3 3 3 4
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0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
0.00 1.000 1.002 1.005 1.007 1.009 1.012 1.014 1.016 1.019 1.021 0 0 1 1 1 1 2 2 2

0.01 1.023 1.026 1.028 1.030 1.033 1.035 1.038 1.040 1.042 1.045 0 0 1 1 1 1 2 2 2
0.02 1.047 1.050 1.052 1.054 1.057 1.059 1.062 1.064 1.067 1.069 0 0 1 1 1 1 2 2 2
0.03 1.072 1.074 1.076 1.079 1.081 1.084 1.086 1.089 1.091 1.094 0 0 1 1 1 1 2 2 2
0.04 1.096 1.099 1.102 1.104 1.107 1.109 1.112 1.114 1.117 1.119 0 1 1 1 1 2 2 2 2
0.05 1.122 1.125 1.127 1.130 1.132 1.135 1.138 1.140 1.143 1.146 0 1 1 1 1 2 2 2 2

0.06 1.148 1.151 1.153 1.156 1.159 1.161 1.164 1.167 1.169 1.172 0 1 1 1 1 2 2 2 2
0.07 1.175 1.178 1.180 1.183 1.186 1.189 1.191 1.194 1.197 1.199 0 1 1 1 1 2 2 2 2
0.08 1.202 1.205 1.208 1.211 1.213 1.216 1.219 1.222 1.225 1.227 0 1 1 1 1 2 2 2 3
0.09 1.230 1.233 1.236 1.239 1.242 1.245 1.247 1.250 1.253 1.256 0 1 1 1 1 2 2 2 3
0.10 1.259 1.262 1.265 1.268 1.271 1.274 1.276 1.279 1.282 1.285 0 1 1 1 1 2 2 2 3

0.11 1.288 1.291 1.294 1.297 1.300 1.303 1.306 1.309 1.312 1.315 0 1 1 1 2 2 2 2 3
0.12 1.318 1.321 1.324 1.327 1.330 1.334 1.337 1.340 1.343 1.346 0 1 1 1 2 2 2 2 3
0.13 1.349 1.352 1.355 1.358 1.361 1.365 1.368 1.371 1.374 1.377 0 1 1 1 2 2 2 3 3
0.14 1.380 1.384 1.387 1.390 1.393 1.396 1.400 1.403 1.406 1.409 0 1 1 1 2 2 2 3 3
0.15 1.413 1.416 1.419 1.422 1.426 1.429 1.432 1.435 1.439 1.442 0 1 1 1 2 2 2 3 3

0.16 1.445 1.449 1.452 1.455 1.459 1.462 1.466 1.469 1.472 1.476 0 1 1 1 2 2 2 3 3
0.17 1.479 1.483 1.486 1.489 1.493 1.496 1.500 1.503 1.507 1.510 0 1 1 1 2 2 2 3 3
0.18 1.514 1.517 1.521 1.524 1.528 1.531 1.535 1.538 1.542 1.545 0 1 1 1 2 2 2 3 3
0.19 1.549 1.552 1.556 1.560 1.563 1.567 1.570 1.574 1.578 1.581 0 1 1 1 2 2 3 3 3
0.20 1.585 1.589 1.592 1.596 1.600 1.603 1.607 1.611 1.614 1.618 0 1 1 1 2 2 3 3 3

0.21 1.622 1.626 1.629 1.633 1.637 1.641 1.644 1.648 1.652 1.656 0 1 1 2 2 2 3 3 3
0.22 1.660 1.663 1.667 1.671 1.675 1.679 1.683 1.687 1.690 1.694 0 1 1 2 2 2 3 3 3
0.23 1.698 1.702 1.706 1.710 1.714 1.718 1.722 1.726 1.730 1.734 0 1 1 2 2 2 3 3 4
0.24 1.738 1.742 1.746 1.750 1.754 1.758 1.762 1.766 1.770 1.774 0 1 1 2 2 2 3 3 4
0.25 1.778 1.782 1.786 1.791 1.795 1.799 1.803 1.807 1.811 1.816 0 1 1 2 2 2 3 3 4

0.26 1.820 1.824 1.828 1.832 1.837 1.841 1.845 1.849 1.854 1.858 0 1 1 2 2 3 3 3 4
0.27 1.862 1.866 1.871 1.875 1.879 1.884 1.888 1.892 1.897 1.901 0 1 1 2 2 3 3 3 4
0.28 1.905 1.910 1.914 1.919 1.923 1.928 1.932 1.936 1.941 1.945 0 1 1 2 2 3 3 4 4
0.29 1.950 1.954 1.959 1.963 1.968 1.972 1.977 1.982 1.986 1.991 0 1 1 2 2 3 3 4 4
0.30 1.995 2.000 2.004 2.009 2.014 2.018 2.023 2.028 2.032 2.037 0 1 1 2 2 3 3 4 4

0.31 2.042 2.046 2.051 2.056 2.061 2.065 2.070 2.075 2.080 2.084 0 1 1 2 2 3 3 4 4
0.32 2.089 2.094 2.099 2.104 2.109 2.113 2.118 2.123 2.128 2.133 0 1 1 2 2 3 3 4 4
0.33 2.138 2.143 2.148 2.153 2.158 2.163 2.168 2.173 2.178 2.183 0 1 1 2 2 3 3 4 4
0.34 2.188 2.193 2.198 2.203 2.208 2.213 2.218 2.223 2.228 2.234 1 1 2 2 3 3 4 4 5
0.35 2.239 2.244 2.249 2.254 2.259 2.265 2.270 2.275 2.280 2.286 1 1 2 2 3 3 4 4 5

0.36 2.291 2.296 2.301 2.307 2.312 2.317 2.323 2.328 2.333 2.339 1 1 2 2 3 3 4 4 5
0.37 2.344 2.350 2.355 2.360 2.366 2.371 2.377 2.382 2.388 2.393 1 1 2 2 3 3 4 4 5
0.38 2.399 2.404 2.410 2.415 2.421 2.427 2.432 2.438 2.443 2.449 1 1 2 2 3 3 4 4 5
0.39 2.455 2.460 2.466 2.472 2.477 2.483 2.489 2.495 2.500 2.506 1 1 2 2 3 3 4 5 5
0.40 2.512 2.518 2.523 2.529 2.535 2.541 2.547 2.553 2.559 2.564 1 1 2 2 3 4 4 5 5

0.41 2.570 2.576 2.582 2.588 2.594 2.600 2.606 2.612 2.618 2.624 1 1 2 2 3 4 4 5 5
0.42 2.630 2.636 2.642 2.649 2.655 2.661 2.667 2.673 2.679 2.685 1 1 2 2 3 4 4 5 6
0.43 2.692 2.698 2.704 2.710 2.716 2.723 2.729 2.735 2.742 2.748 1 1 2 3 3 4 4 5 6
0.44 2.754 2.761 2.767 2.773 2.780 2.786 2.793 2.799 2.805 2.812 1 1 2 3 3 4 4 5 6
0.45 2.818 2.825 2.831 2.838 2.844 2.851 2.858 2.864 2.871 2.877 1 1 2 3 3 4 5 5 6

0.46 2.884 2.891 2.897 2.904 2.911 2.917 2.924 2.931 2.938 2.944 1 1 2 3 3 4 5 5 6
0.47 2.951 2.958 2.965 2.972 2.979 2.985 2.992 2.999 3.006 3.013 1 1 2 3 3 4 5 5 6
0.48 3.020 3.027 3.034 3.041 3.048 3.055 3.062 3.069 3.076 3.083 1 1 2 3 4 4 5 6 6
0.49 3.090 3.097 3.105 3.112 3.119 3.126 3.133 3.141 3.148 3.155 1 1 2 3 4 4 5 6 6
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0.50 3.162 3.170 3.177 3.184 3.192 3.199 3.206 3.214 3.221 3.228 1 1 2 3 4 4 5 6 7

0.51 3.236 3.243 3.251 3.258 3.266 3.273 3.281 3.289 3.296 3.304 1 2 2 3 4 5 5 6 7
0.52 3.311 3.319 3.327 3.334 3.342 3.350 3.357 3.365 3.373 3.381 1 2 2 3 4 5 5 6 7
0.53 3.388 3.396 3.404 3.412 3.420 3.428 3.436 3.443 3.451 3.459 1 2 2 3 4 5 6 6 7
0.54 3.467 3.475 3.483 3.491 3.499 3.508 3.516 3.524 3.532 3.540 1 2 2 3 4 5 6 6 7
0.55 3.548 3.556 3.565 3.573 3.581 3.589 3.597 3.606 3.614 3.622 1 2 2 3 4 5 6 7 7

0.56 3.631 3.639 3.648 3.656 3.664 3.673 3.681 3.690 3.698 3.707 1 2 3 3 4 5 6 7 8
0.57 3.715 3.724 3.733 3.741 3.750 3.758 3.767 3.776 3.784 3.793 1 2 3 3 4 5 6 7 8
0.58 3.802 3.811 3.819 3.828 3.837 3.846 3.855 3.864 3.873 3.882 1 2 3 4 4 5 6 7 8
0.59 3.890 3.899 3.908 3.917 3.926 3.936 3.945 3.954 3.963 3.972 1 2 3 4 5 5 6 7 8
0.60 3.981 3.990 3.999 4.009 4.018 4.027 4.036 4.046 4.055 4.064 1 2 3 4 5 6 6 7 8

0.61 4.074 4.083 4.093 4.102 4.111 4.121 4.130 4.140 4.150 4.159 1 2 3 4 5 6 7 8 9
0.62 4.169 4.178 4.188 4.198 4.207 4.217 4.227 4.236 4.246 4.256 1 2 3 4 5 6 7 8 9
0.63 4.266 4.276 4.285 4.295 4.305 4.315 4.325 4.335 4.345 4.355 1 2 3 4 5 6 7 8 9
0.64 4.365 4.375 4.385 4.395 4.406 4.416 4.426 4.436 4.446 4.457 1 2 3 4 5 6 7 8 9
0.65 4.467 4.477 4.487 4.498 4.508 4.519 4.529 4.539 4.550 4.560 1 2 3 4 5 6 7 8 9

0.66 4.571 4.581 4.592 4.603 4.613 4.624 4.634 4.645 4.656 4.667 1 2 3 4 5 6 7 9 10
0.67 4.677 4.688 4.699 4.710 4.721 4.732 4.742 4.753 4.764 4.775 1 2 3 4 5 7 8 9 10
0.68 4.786 4.797 4.808 4.819 4.831 4.842 4.853 4.864 4.875 4.887 1 2 3 4 6 7 8 9 10
0.69 4.898 4.909 4.920 4.932 4.943 4.955 4.966 4.977 4.989 5.000 1 2 3 5 6 7 8 9 10
0.70 5.012 5.023 5.035 5.047 5.058 5.070 5.082 5.093 5.105 5.117 1 2 4 5 6 7 8 9 11

0.71 5.129 5.140 5.152 5.164 5.176 5.188 5.200 5.212 5.224 5.236 1 2 4 5 6 7 8 10 11
0.72 5.248 5.260 5.272 5.284 5.297 5.309 5.321 5.333 5.346 5.358 1 2 4 5 6 7 9 10 11
0.73 5.370 5.383 5.395 5.408 5.420 5.433 5.445 5.458 5.470 5.483 1 3 4 5 6 8 9 10 11
0.74 5.495 5.508 5.521 5.534 5.546 5.559 5.572 5.585 5.598 5.610 1 3 4 5 6 8 9 10 12
0.75 5.623 5.636 5.649 5.662 5.675 5.689 5.702 5.715 5.728 5.741 1 3 4 5 7 8 9 10 12

0.76 5.754 5.768 5.781 5.794 5.808 5.821 5.834 5.848 5.861 5.875 1 3 4 5 7 8 9 11 12
0.77 5.888 5.902 5.916 5.929 5.943 5.957 5.970 5.984 5.998 6.012 1 3 4 5 7 8 10 11 12
0.78 6.026 6.039 6.053 6.067 6.081 6.095 6.109 6.124 6.138 6.152 1 3 4 6 7 8 10 11 13
0.79 6.166 6.180 6.194 6.209 6.223 6.237 6.252 6.266 6.281 6.295 1 3 4 6 7 9 10 11 13
0.80 6.310 6.324 6.339 6.353 6.368 6.383 6.397 6.412 6.427 6.442 1 3 4 6 7 9 10 12 13

0.81 6.457 6.471 6.486 6.501 6.516 6.531 6.546 6.561 6.577 6.592 2 3 5 6 8 9 11 12 14
0.82 6.607 6.622 6.637 6.653 6.668 6.683 6.699 6.714 6.730 6.745 2 3 5 6 8 9 11 12 14
0.83 6.761 6.776 6.792 6.808 6.823 6.839 6.855 6.871 6.887 6.902 2 3 5 6 8 9 11 13 14
0.84 6.918 6.934 6.950 6.966 6.982 6.998 7.015 7.031 7.047 7.063 2 3 5 6 8 10 11 13 15
0.85 7.079 7.096 7.112 7.129 7.145 7.161 7.178 7.194 7.211 7.228 2 3 5 7 8 10 12 13 15

0.86 7.244 7.261 7.278 7.295 7.311 7.328 7.345 7.362 7.379 7.396 2 3 5 7 8 10 12 13 15
0.87 7.413 7.430 7.447 7.464 7.482 7.499 7.516 7.534 7.551 7.568 2 3 5 7 9 10 12 14 16
0.88 7.586 7.603 7.621 7.638 7.656 7.674 7.691 7.709 7.727 7.745 2 4 5 7 9 11 12 14 16
0.89 7.762 7.780 7.798 7.816 7.834 7.852 7.870 7.889 7.907 7.925 2 4 5 7 9 11 13 14 16
0.90 7.943 7.962 7.980 7.998 8.017 8.035 8.054 8.072 8.091 8.110 2 4 6 7 9 11 13 15 17

0.91 8.128 8.147 8.166 8.185 8.204 8.222 8.241 8.260 8.279 8.299 2 4 6 8 9 11 13 15 17
0.92 8.318 8.337 8.356 8.375 8.395 8.414 8.433 8.453 8.472 8.492 2 4 6 8 10 12 14 15 17
0.93 8.511 8.531 8.551 8.570 8.590 8.610 8.630 8.650 8.670 8.690 2 4 6 8 10 12 14 16 18
0.94 8.710 8.730 8.750 8.770 8.790 8.810 8.831 8.851 8.872 8.892 2 4 6 8 10 12 14 16 18
0.95 8.913 8.933 8.954 8.974 8.995 9.016 9.036 9.057 9.078 9.099 2 4 6 8 10 12 15 17 19

0.96 9.120 9.141 9.162 9.183 9.204 9.226 9.247 9.268 9.290 9.311 2 4 6 8 11 13 15 17 19
0.97 9.333 9.354 9.376 9.397 9.419 9.441 9.462 9.484 9.506 9.528 2 4 7 9 11 13 15 17 20
0.98 9.550 9.572 9.594 9.616 9.638 9.661 9.683 9.705 9.727 9.750 2 4 7 9 11 13 16 18 20
0.99 9.772 9.795 9.817 9.840 9.863 9.886 9.908 9.931 9.954 9.977 2 5 7 9 11 14 16 18 20
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