Straight Lines in Space

INTRODUCTION

In class XI, we studied Analytical Geometry in two dimensions and introduced
3-dimensional geometry, and restricted our study to cartesian method only. Now we shall
use vector algebra to 3-dimensional geometry which makes its study simple and elegant.
In this chapter, we shall study :
(i) the vector and cartesian equations of a line in different forms
(if) angle between two lines when their equations are known
(iii) coplanar and skew lines
(iv) shortest distance between two lines
(v) conditions for intersection of two lines
(vi) condition for coplanarity of two lines.

2.1 STRAIGHT LINE (IN SPACE)

We know that in space a straight line is uniquely determined if
(i) it passes through a given point and has a given direction or
(if) it passes through two given points.
We shall obtain the vector equation and cartesian equation of a line (in space).

2.1.1 Equation of a straight line passing through a given point and parallel to a
given vector

Let the line pass through the given point A with position

- rd z
vector a and let it be parallel to the given vector b /E’
(as shown in fig. 2.1). o
Let P with position vector 7 be any point, then P lies ?
- N < (3 r
on the line iff AP is parallel to the vector b i.e. iff o
%
AP = k?, where A is a real number (called parameter) Y
‘ - o N
ie iff 7 -a=Ab
ie iff 7 =d+M\b e (1)

which is the required vector equation of the line.
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Cartesian form
Let the given point be A (x;, y,, z;) and <a, b, ¢ > be the direction numbers of the line and
P be (x, y, z), then

- - o A - o -
r = xityj+zk, a=xi+y j+zk and
> I
b = ai+bj+ck.
. . - = - .
On substituting these values of r, 2 and b in (1), we get

xi+yjtzk = (xq+ah)i+(y +bA)]+(z +c Mk
On equating the coefficients of the base vectors i ]A', k, we get
x=x +ak
y =y, +bA .(2)
z=2, +Ch
These are called parametric (or one point) form of the line.
Any point on the line is P (x; + al, y; + bA, z; + cA). The point A is called the base point.

On eliminating A from equations (2), we get

X —X — Z1 —Z
1 _ Y- _4hon ...(3)

a b c

These are called symmetrical form of the line.

2.1.2 Equation of a straight line passing through two given points
Let the line pass through two given points A and B with

position vectors 7 and b respectively (as shown in fig 2.2). z
Let P with position vector ¥ be any point, then P lies on b
the line AB iff B
> . o
AP = L AB, where A is real number (called parameter) 3 b
‘ - o - o o)
ie. iff OP —OA = A (OB -0A) Y
- -
ie iff  T=a +A(b -a) (1) ’
which is the required vector equation of the line. Fig. 2.2.

Cartesian form
Let the given points be A (x;, y;, z), B (x,, ¥,, 2,) and the point P be (x, y, z), then from (1),
we get
xityjrzk = (ni+yj+z R+t —x)i+(y,—y)) + (2 - 2)k].
On equating the coefficients of base vectors, we get

X

x; + Ax, - xy)
y =y +rAy—yy) (2

z =z, + Az, - 2)

These are called parametric (or two points) form of the line.

On eliminating A from the equations (2), we get
TN YT _2TR ..3)
Y2~ % Y2=¥ 2277

These are called symmetrical form.
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ILLUSTRATIVE EXAMPLES

Example 1. Find the vector equation of the line which is parallel to the vector 2i - ]A +3k and
which passes through the point (5, -2, 4). Also find its cartesian equations.

Solution. Let 7 be the position vector of any point P (x, y, z) on the given line, then the
vector equation of the line is

F=5i-2j+4k +A(Q2i—] + 3K).

N
Now as r is the position vector of P (x, y, z), we get

xf+y}‘+zl€ = (5+2k)f—(2+k)}+(4+3k)1€.

On equating coefficients of the base vectors, we get
x=5+2Ay=-2-Az=4+3A

On eliminating the parameter A from these equations, we get

x-5_y+2 _z-4
2 -1

, which are the required cartesian equations.

_ + - . . :
x-1_y+2_z 5,fmd its vector equation.

Example 2. If the cartesian equations of a line are 3 :

Solution. The given line passes through the point (1, -2, 5) and is parallel to the vector

2i +3]—k.

Let 7 be the position vector of any point on the given line, then the vector equation of
the line is

?22—2f+512+K(22+3}—12) where A is a parameter.

Example 3. Find the vector and the cartesian equations of the line which passes through the

point (= 2, 4, —=5) and is parallel to the line given by & ; 5.y ; 1.z 2 5

Solution. Direction ratios of the given line are < 3, 5, 6 >. The required line passes
through the point A(-2, 4, - 5) and is parallel to the vector 3i + 5]A' + 6k, therefore, its
vector equation is

? - 27+ 4}—512 + k(3f + 5]A' + 612), where A is a parameter.
Cartesian equations of the required line are

x-(2 _y-4 _z-(-5 X-X _Y-¥1_z-7
3 5 6 a b c
e, X2 _y-4_z*5
3 5 6

Example 4. Find the vector equation of a line passing through the point with position vector
2i - ]A +k and parallel to the line joining the points —i+ 4}' +k and i+ 2} +2k. Also find
cartesian equations of the line.

Solution. Let A, B and C be the points with position vectors 2i -]+ k, —i+ 47+ k and

i+2]+ 2k respectively.

%
BC = PV.of C-PV.of B

(f+2}+21€)—(—f+4}'+1€)=2f—2}+l€.
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%
We have to find the vector equation of a line through A and parallel to BC.
. The vector equation of the required line is
Y= 22—}+l€+l(22—2}'+l€) where A is a parameter.
Now, as ¥ is the position vector of any point P (x, y, z) on the line, we get
xf+y}‘+zl€:2?—}'+I€+k(2§—2}'+l€).
On equating the coefficients of the base vectors, we get
x=2+2Ay=-1-2A2z=1+A.
On eliminating the parameter A from these equations, we get

— + — . . . .
ol 5 2. 21 Sy : ! which are the required cartesian equations.

Example 5. Find the vector and the cartesian equations of the line that passes through the
points A (3, =2, —5) and B (3, -2, 6).

Solution. Let 7 and b be the position vectors of the points A (3, — 2, — 5) and
B (3, - 2, 6) respectively. Then
2

—3i-2j-5kand b = 3i-2j+6k = b - a = 11k.

Let 7 be the position vector of any point P (x, y, z) on the line passing through the points

A and B. The vector equation of the line is
- - - - - ~ A A ~
r=a+Mb - a)ie r =3i-2j-5k+A(11k)
N
ie. r

3i — 2]A' — 5k + 111k, where A is a parameter.

Now as 7 is the position vector of P (x, y, z), we get
xi+yj+zk =37 — 2] - 5k + 1Ak
ie. xf+y}'+zl€ = 3i - 2] + (11A - 5)k.
On equating the coefficients of base vectors, we get
x=3,y=-2,z=11\ -5, which are the required cartesian equations (in parametric form).
Example 6. The points A(1, 2, 3), B(-1, -2, —1) and C (2, 3, 2) are three vertices of a
parallelogram ABCD. Find vector and cartesian equations of the sides AB and BC. Also find the
coordinates of D.
Solution. Given A(1, 2, 3), B(-1, -2, —-1) and C(2, 3, 2).
Direction numbers of the line ABare<-1-1, -2-2,-1-3>1¢e.<1,2,2>.
The vector equation of the side AB is
=i+ 2}' +3k+ A+ Z]A' +21€), A is a parameter,

x-1 _ y-2 _ z-3
2 2
Direction numbers of the side BCare <2+ 1,3 +2, 2 +1>1ie <3,5, 3>.

and the cartesian equations of this line are

The vector equation of the side BC is

7= —f—2;—l€+u(3f+5}+312), W is a parameter,

x+1_y+2 _z+1
5 3

and the cartesian equations of this line are
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Let D be (o, B, y). Since ABCD is a parallelogram, diagonals AC and BD bisect each
other i.e. mid-point of segment AC is same as mid-point of segment BD

(1+2 2+3 3+2]_(a—1 B-2 y—l)

27 27 2 ) U277 27 2

= oa-1=3p-2=5vy-1=5 2a=4pB=7y=6.
Hence, the point D is (4, 7, 6).

Example 7. Find the coordinates of the point where the line through the points (5,1, 6) and
(3, 4, 1) crosses the yz-plane.

Solution. Direction numbers of the line passing through the points (5, 1, 6) and (3, 4, 1)
are
<3-54-1,1-6>ie.<-2,3,-5>1ie.<2,-3,5>.
. The equations of the line through the given points are
x25:y_31:zs6 ()
Any point on the line (i) is (5 +2A, 1 -3, 6 + 54).
If this point lies on yz-plane, then its x-coordinate is zero

= 54+2A=0 = k:—g.

The required point is (0, 1+ 3.;, 6— 5;) ie. (O, g, —%)

Example 8. Show that the points whose position vectors are given by —2i+3j+5 k,

i+ 2]A' +3k and 71 -k are collinear.

Solution. Let A, B and C be the points whose position vectors are —2i+3j+ 5k,
P+2]+ 3k and 7i -k respectively.
. . . . .o > >z -
Equation of the line passing through points A and Bis ¥ = a + A(b — a)

ie. F=-20+3j+5k+A({+2]j+3k—(=2i+3]+5k)

ie. F=-20+3j+5k+N@i—]-2k ..(0)
The points A, B and C are collinear if the point C lies on (i)

ie if 7i-k= —25+3} +51€+7»(31?—]A'—212) is consistent

ie.if 7=-2+3A 0=3-Aand -1 =5 -2 A are consistent

ie. if A =3, A =3 and A = 3, which are true.

Hence, the given points are collinear.

Alternative method (cartesian approach)
The coordinates of the points A, B and C are

(=2,3,5), (1,2, 3) and (7, 0, — 1) respectively.
Direction numbers of the line ABare<1+2,2-3,3-5>1ie <3, -1, - 2>.
The equations of the line AB are

x+2 _y-3_z-5 ..

i a ...(71)
Now the points A, B and C are collinear if the point C (7, 0, — 1) lies on (ii)
7+2 _0-3_-1-5
3 -1 -2

ie. if 3 =3 = 3, which is true.
Hence, the given points are collinear.

ie. if are consistent
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Example 9. Find the values of p and q by using vector method such that the points
A(5,0,5),B(2,1,3) and C (-4, p, q) are collinear.

Solution. Direction numbers of the line ABare<2-5,1-0,3-5>ie.<-3,1, -2 >
re. <3, -1, 2 >

The vector equation of the line AB is

T = 52+0}'+51€+k(3§—}+21€).
The position vector of the point C is —4i+ p]A' + qIG.
Since the points A, B and C are collinear, C lies on the line AB
= —di+pjt+qk=5i+5k+A(3Bi—]+2k).

Equating the coefficients of the base vectors, we get
-4=5+3Ap=-X and g=5+2A

= A=-3,p=-(-3)=3,4=5+2(-3)=-1.
Hence, p = 3 and g = —-1.

Example 10. The cartesian equations of a line are 2x —3 =3y + 1 = 5 — 6 z. Find the direction
ratios of the line and write down the vector and cartesian equations of the line through (7, =5, 0)
which is parallel to the given line.

Solution. The equations of the line are

2x-3=3y+1=5-6zic 2(3(—%]:3(y+%j:—6(z—§j

6
3 1 5 3 1 5
xX—-—— y+—- z-— X—-—— y+—- z-—
ie. 2.~ 3.6, 2._ 3__ 6
1 1 I 2 -1
2 3 6

Therefore, direction ratios of the given line are <3, 2, — 1 >. The vector equation of the
line through (7, -5, 0) and parallel to the given line is

T =7i —5]A' + 7&(3{ + 2}' - 12), where A is a parameter
and the cartesian equations of this line are

Example 11. Find the points on the line through the points A (1, 2, 3) and B (3, 5,9) at a
distance of 14 units from the mid-point of segment AB.

Solution. Direction numbers of the line ABare <3 -1,5-2,9-3>1ie <2, 3,6 >.
x-1_y-2_2-3

3 6
Any point on the line AB is P(1 + 2), 2 + 3), 3 + 61).

Mid-point of AB is M[l *3 , 2+ 5, 3+ 9) ie. M(2,Z,6].
2 2 2 2
According to given IMP| = 14

The equations of the line AB are

2 7\2 2
= Jr+1-2) +[3x+2——j +(61+3-6) = 14
2
2
o Q- 12+ (3%-%) + (6) - 3)2 = 19
= 4x2—4x+1+9x2—9x+%+367@—36x+9:196

N 49x2-49x—345:0
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= 4V -4r-15=0=> 2L -5) 2L +3) =0

= k=§,—
2

3
=

The required points are (l+2.g,2+3.§,3+6.§) and (1—2.%,2—3%,3—6.3)

ie. (6,318) and (—2,—2,—6).
2 2

EXERCISE 2.1

Find the vector equation of the line passing through the point (2, -3, 5) and parallel
to the vector 3i +2j —7k.

Find the cartesian equation of the line which passes through the point with position

vector 2i —j +4k and is in the direction of the vector i +2j —k.

x-5_y+4_z-6

Find the vector equation of the line > 5

Find the cartesian equations of the line which passes through the point (-2, 4, - 5)
x+3 _y-4_1z+8

and parallel to the line = c

Find the vector equation of a line passing through (1, -2, 3) and parallel to the line

x-1_y+2 _z+5
3 -5 2

6. Find the vector equation of the line passing through the points (-1, 0, 2) and (3, 4, 6).

7. Find the vector and the cartesian equations of the line that passes through origin and

10.
11.

12.

13.

14.

15.

the point (5, -2, 3).

The cartesian equations of a line AB are 2x2— Ly 4;y == ; ! Write the direction

ratios of a line parallel to AB.

The cartesian equations of a line are 2x — 3 = 3y + 1 = 5 — 6z. Write the direction ratios
of the line.

Write the vector equation of the x-axis.
Find the vector and the cartesian equations of the line through the point (5, 2, —4) and
which is parallel to the vector 3i + 2] — 8k.

Find the vector equation of the line passing through the point A (2, — 1, 1) and parallel
to the line joining the points B (-1, 4, 1) and C(1, 2, 2). Also find the cartesian
equation of the line.

Find the vector equation of a line passing through the point with position vector
i- 2;’ ~ 3k and parallel to the line joining the points with position vectors i- ]A +4k
and 2i + ]A +2k. Also find the cartesian equations of the line.

Find the vector equation of the line joining the points whose position vectors are
2i - ]A +k and i+ 2]A' - 3k. Also find its cartesian equations.

The cartesian equations of a line are 6x —2 =3y + 1 = 2z — 2. Find direction ratios
of the line and write down the vector equation of the line through (2, -1, - 1) which
is parallel to the given line.
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16. Find the equations of a line through A(1, -1, 5) and parallel to the line

i 2 = y__Sl zZ = —1.
3 =2

17. The cartesian equations of a line are x = ay + b, z = cy + d. Find direction numbers
of the line, also find its equation in vector form.

18. The points A (4, 5, 10), B (2, 3, 4) and C (1, 2, —1) are three vertices of a parallelogram
ABCD. Find vector and cartesian equations of the sides AB and BC. Also find the
coordinates of D.

19. (i) Find the coordinates of the point where the line through A (3, 4, 1) and

B (5, 1, 6) crosses the xy-plane.
(i7) Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1)
crosses the zx-plane.

20. (i) Find the equation of the line passing through the points A (-2, 4, 7),
B (3, -6, —8). Hence show that the points A, B and C (1, -2, —2) are collinear.
(i7) If the points (- 1, 3, 2), (- 4, 2, — 2) and (5, 5, A) are collinear, then find the value
of A.
21. By using vector method, find the values of p and g so that the points (p, g, 1), (-1, 4, -2)
and (0, 2, - 1) may be collinear.
x-1_y+2_2z-3
3

22. Find the coordinates of the points on the line which are at a

distance of 3 units from the point (1, -2, 3).
23. Find the point on the line x*2 - y;—l =223
1, 2, 3).
24. Find points on the line through the points A(3, 4, —1) and B(5, 1, 5) at a distance of
7 units from the mid-point of [AB].

at a distance 342 from the point

2.2 ANGLE BETWEEN TWO LINES

Angle between two lines is the same as the angle between the two vectors along their directions.

Observe that angle between a pair of straight lines depends only on their directions and not
on their positions.

In this section, we shall find angle between two lines when their equations are known.
2.2.1 To find angle between two lines

N -
Let 7=a +Ab ...(1) and 7=;’+u?

be the vector equations of the two lines.

...(2)

- -
These lines are in the directions of b and c.

N
If 6 is the angle between these lines, then 0 is the angle between the vectors b and <.

? -
cos 0 = _)—C ...(3)
15117 |
Cartesian form
Let the equations of the given lines in cartesian form be

X—X% _ YW _z2774 4
o b, o ...(4)
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6.

10.
11.

12.

13.

Find the value of A so that the line joining the points A(3, 2, 1) and B(4, A, 5) may
intersect the line joining the points C(4, 2, —2) and D(6, 5, -1).

. Find the equations of the line joining the points (-2, 1, 3) and (5, 1, - 1) and show that

it is perpendicular to y-axis.

.A(1,0,4),B(0,-11, 3), C(2, -3, 1) are three points and D is the foot of perpendicular

from A on BC. Find the co-ordinates of D.

. Find the equations of the perpendicular drawn from the point A (2, 4, —1) to the line

al Jlr 3. Z 322 _96. Also obtain the length of perpendicular.

-1 _y-2_2z-3

2 3 4

A line with direction numbers < 2, 7, -5 > is drawn to intersect the lines

Find the image of the point (5, 9, 3) in the line =

x—5:y—7:z+2 andx+3:y—3:z—6.
3 -1 1 -3 2 4
Find the coordinates of the points of intersection and the length intercepted on it.

Find whether or not the two lines given below intersect :

F=Q@A+D)i-A+Dj+A+Dk, r=@u+2)i-(Gu+5)j+@u+1k.
Find the shortest distance between the lines
x-3_y-5_2z-7 x+1_y+1_z+1
T T ad s
Also find the equations of the line of shortest distance.

AN

SWERS ]

EXERCISE 2.1

1. 7= 2{—3}' +5k+ 7L(3f + 2}—712), where A is a real number.

2. x12=y;1=z‘14. 3. 7=5i-4]+6k+1(3i+7]+2k).
g XX2_y-4_2z*5 5. 7=i-2]+3k+A(3]-5]+2k).
3 5 6
- 2 ~ 2 2 ~ - 2 2 ~ X _ Yy _ z
6. r = —i+ 2k + M4i + 4j + 4k). 7. r —7»(51—2]+3k);g———§.
8.<1,-7 2> 9.<3,2-1>  10. r=Ai
1. 7 =5]+2] —4k+a3] +2] - 8k); X2 -y-2-z+4
3 2 -8
12. 7=2i— j+k+0Qi-2]+k); -2 _y+l_z-1
R
1B. 7 =i-2]-3k+n(+2]-2Kk); "Il:y”:“;.
14.?z2f—}'+l€+k(—f+3}‘—4l€);x_zzy—ﬂzz—_l.
1 3 s
15.<1,2,3>; r=2i—j—k+A({i+2]+3k). 16. x;1 y_+21,z=5.
17.<a,1,c>;?z(bf+d1€)+k(gf+}+cl€).
18. 7 =4i+5]+10k+ 1 (i + ] +3k), x14:y15:2_310;
3_224.p3, 4, 5).

7222+3}+4]€+u(f+}+5]2),xIZ:yI :
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~ (13 23 (17 23
19. (l) (g, g, 0) (11) (?, 0, ?]
Nox + 2 y—4 z -7 .
20. = = 10.
0. (i) ] — > (1) 10
2l.p=2,q=-2. 22, [E,—E,QJ, (l,—é,é).
7 77 7 77
23. (-2, -1, 3), [5—6,9,2). 24. [6,—1,8), (2,2,—4).
1717 17 2 2
EXERCISE 2.2
. y 19 . 8\@) y 2
1. -1 ==, 2. -1 == -1 2.
(@) 0 (i1) cos [21) (i) cos ( 15 (i1) cos (3]
4 () - % (i) 1.
6. (i) cos™! (\13@) (i) cos™! (%j (iii) cos™! (%j (iv) cos! (é)
7. () @ 3, -1) (i) 3,5, 9; *1=¥=2-2"3 7 inits.
2 3 6
X _y-6_z+9. _
8. 1 1 — (-1, 2, -5). 9. (0, 5, 1). 10. (0, 5, 1).
1. x—1:y—2:z+4. 12. x—1:y—1:z+3'
2 3 6 4 -5 1
> aa A » AA - o A A A A
13. r=(+j-3k)+A(4i-5j+k). 14. r =(2i-j+3k)+A(-6i-3j+6k).
EXERCISE 2.3
1. (i) % units (11) % units (1) % units (iv) % units.
X 5 13
. x-3_y-8_2z-3 1 T 3_Yy-3_""3
2. 3+/30 units; 7 T - -1° 3. N units ; 7 — 7
4. (i) No (ii) Yes (iii) Yes. 6. V26 units.
- 2 Ao 2 coon 83 . .
7. r =—i+2j+k+A(i -2 +k); /? units. 8. v21 units.
9. 7 =3i -4k + 1 (5 — 2] + 4k); /% units.
10. (1, 3, 2). 11. (10, 14, 4). 13. (i) Yes (ii) No.
CHAPTER TEST
ox-2 _y+3_z-4 _ _
1. D(1, 10, —15); T T3 19 2.A=1,u=-13.
3.<2,-3,6>; = —i—2j+M2i—3]+6k).
4. (1,8, 4), (1, -4, -12). 5. (0, 0, —4).
x+2 _z-3 _ 22 11 5
6. 5. 7. E= =0 8.(9, 9,9).
x-2 _y—-4_z+1, .
9. s -3 - o 7 units. 10. (1, 1, 11).
11. (2, 8, -3) and (0, 1, 2); V78 units. 12. Do not intersect.

x-3_y-5_z-7

13. 2+/2 its ;
3. 2+/29 units > 3 1
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