ddddl dem  dao-adr
(Continuity and Differentiability)

6.01 9¥dTd-T (Introduction)

qd BeTT § B9 Wt Bl AT Pl eI PR G © | T8l 89 AT &) HSTIA | HAd BeA| Pl AU BN |
A B F1 ¥l 13U sravret # o a1 (Graph) @ied UR 956 w81 UR T2l B3Il 81 81 AT (Y 3r<_rel |
x ¥ 3req gRad | f(x) H ¥ 37eq uikadd &1 79 Beld, 39 3Tkl 4 |dd deardl o | W< & & U Badl &
oI 2l 1 fQHT UfRTet Bl HUR ST S11 Sl Hehell © | oo Held Belsl Bl I8 URYTST 3eIfOrdial 814 & -
A1 I oAl & foI¢ W Agad= 81 Sl o, a6 oatfas 7 811 ard: g4 dad Weld @ Iiordig gk &l
I ar Bl & 579 diell (Cauchy) §RT 71 YR aiRaTid fdsam &-

6.02 gidd &I BT GRHATST (Cauchy's definition of continuity)

BT B f(x), 396 UId D & (BT 45 g IR Fdd Fsaal & AlS Gl oo Gex gieid |9&l €,
St fob fopaet +ff BIET T 9 81, & W U oS 9T O (¢ W f1R) 39 yaR faeme © arfe

|f(x)—f(a)|<e Safd [x—al<
I R TRt ®, BeA f(x), 319 U D & Bl g @ W Had deamr & 9 ux@a €>0 & forg
NI (a—6,a+8) & U fdg & 10 £ (x) T2 £ (a) &1 FATHS IR € F P b1 off b |
6.03 Widd &I d&feud URHAMNT (Alternate definition of continuity)
Bl f(x), 1T 9= D & fbdl {95 a W |ad &1 & afe SR daet afe lim f(x) femrT & qen 75

Xx—a

f(a) & TR & I lim £ (x) = £ ()
& lim £ (x) = lim f(x) = (@)
g1 fla+0)=f(a-0)=f(a)

AT a R f(x) @1 SR (@Y HMr =a IR £(x) & g™ @) 91 = a R f(x) &1 94
6.04 U& fd—g ¥ 9l adem <Y X W Wid (Continuity at a point from left

and right)
BIS B f(x) 31 Uid & el fag a W™
() i 3R ¥ Had FHEdATar § Al

lim f(x)=f(a)

x—a

3rerfq f(a—0)=f(a)
(i) < SR ¥ Gad dEarl § Al
lim f(x) = f (a)

ST%ﬁH f(a+0):f(a)
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6.05 fdgd =T ¥ Wdd Weld (Continuous function in an open interval)
WeTd £ (x), Taga =iRTe (@, b) § Hdd Beelldl & Il I8 I IRl & JUd fd=g IR Had ol |

6.06 W<l A=<IRIdl § Wdd B+ (Continuous function in a closed interval)
WA f(x), g I [a, b] § Hdd HEdATd & I 98

() 5 oW IR R ¥ ddd g,

() fog bR afi 3R 9§ HAd & q=n

(i) Rge sTet (a, b) ¥ Fad &

6.07 ddd Wo (Continuous function)
(S P et U I & Y (4 IR Hld &, AT a8 Hld HeT Bl & | B8 Hld Welwl &SGR [+ ©-

() THd BT f(x)=x, (i) 3R Bed f(x)=c, Bl C AR B,

(i) dgUS Held f(x):ao+a1x+a2x2+...+anx”, (iv) B we f(x)=sinx,cosx

(v)  AEEGE B f(x)=a",a>0 (vi) TS e f (x) =log, x
(vii) TRYeT A Herd f(x):|x|,x+|x|,x—|x|,x|x|

6.08 3IMdd Wd+ (Discontinuous function)
BIS Bl £ (x), 319 U D H A HBATI & | I(< a8 IH YT & B 9 B U (95 IR Had 8l 8l |
IS Her (B RTel & YA 45 IR SIETd 8I, Al Bard QU 1T <RI H Yoiwyv dd bedTdl & |
()  f(x)=[x]=3TFd Ui I fh x F HF A7 R®ER &, T Joldl IR 3RIdd o |
()  f(x)=x—[x], 9P YUl UR 3HT B |

3
G) f(x)=tanx, Secx,xzigaigam TR AT T |

(iv) f(x)=cotx,cosecx,x =0, 27, R T

1 1 .
W) f(x)=Sln;,COS;,x=0 IR 31Gdd B |

M) f(x)=e"", x=0 4R T B
Vi) f(x)=L,x=0 TR R B
X

6.09 Wdd Waldl @ IO (Properties of continuous functions)
() A f(x) T2 g (x) 394 Wid D ¥ BI3 T §ad Berd & al f(x) = g(x), f(x) - g(x), cf (x) ¥ wid D #

Ad BT | 39 UBR {;8 S fA=gail W wee g, Sl g(x)#0, V xeD.

(i) I f(x) TAT g (x) U-3U YT § &I HAT Bl & Al 39D G Baad (go £)(x) AT wid D 3 Had
el BT |
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x—| x|

9GIE-1. Bad f(x)={ «x X #0
1 ,x=0
B a5 x =0 R AT B! Sd B |

®ol: B9 Sd © fdb
—x, afe x<O0
|x|:{x, e x>0
9 faU 7T BeAq &I 99 UBR Tad HR Ahd &

0, x>0
f(x){Z , X<0

1, x=0
x =0 W Hadadl
Wl @ giRaT § £(0) = 1
S(0-0)=lm f(0-7)=2
(0+0) =lim f(0+h)=0
f0)= f(0-0)= f(0+0)
3T Bt £ (x), x =0 U= Had T8l 2|
9EEwU-2. B f(x)=|x|+|x—1] BT x=0 AT x = 1 W HAd BT Tl BIfSU |
Bol: B f(x) &I 71 YR o a8

1-2x, afs x<0
f(x)=+1, afe O<x<l
2x—1, afe x=>1
x =0 9 Gdaadr
T8l f(0)=1-2(0)=1
f(0-0)=Ilim f(x)=lm(l1-2x)
x—>0" x—0"
:£i£r01{1—2(0—h)}:1
f(0+0)=1lm f(x)=1lim1=1
x—0" x—0"

31 f(0-0)=f(0+0)=7(0)
Herd: BeAd f(x), x=0 WX Had © |

x=1 W Faqadr
BT B aRAT /- f() =2(1)-1=1

/(1-0) = lim /(x) = lim1 =1
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J(1+0) = lim f (x) = lim(2x 1)

= lim[2(1+ k) —1] =1

3. fA=-0)=f1+0)=f(D)
B B f(x), x=1 R Fad 2|
FETevUI-3. USRIT BT b Bad f(x), Sl 791 YR aR«E1iNT &

1/x

£ x%0
S(X)=191+e"’
0 ;x=0
x=0 TR daq T8 2|
Tel: Hald &I gR¥T | f(0)=0
x=0 e @, S(0+0)=lim f(0+h)
iy RUCED
- hli%l—i—el/(mh)
=lim ! !

moe "] 041

x=0 W apff drar,  S(0-0)=1lim f(0—h)

PRUCED)

= lhlgg 11 e

et 0
ZIImW:—:O
h0]+e 1+0

@ f(0-0)# f(0+0)
BT B f(x), x=0 UR Had 78l 3 |
X x<1

2
SarevU-4. Bald f(x)=<x ; 1<x<?2
3

X x>2
4
P X =2 YR FId BT YT BT |
Bel: Hald &I GR¥NT 9 f(2)=ZZ=2
X=2 W f(x) @ dm S(2+0)=lim £(2+ )
:hmM
h—0 4
=(2+0)3=2
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¥=2 W) B a €, S2-0)=lim f(2-h)

= lim(2—h) = 2
IRET A, f(2-0)= f(2+0)= f(2)=2

3 BAT f(x), x=2 W HAd B |
S&Ievvl-5. I 74 wad

1-—
cc?s(cx) X 20
xsinx
X)=
f(x) |
— o x=0
2

fog x=0 R ¥ad & 1 ¢ BT AM M BT |
Bel: ol B gRATT & f(O)Z%
x=0 R Bad f(x) B A A1 FH R,

lim £(x) = lim — 93X

x—0 x—0 xXsinx
2sin?(ex/2

x>0 xsinx

(e /2)(3“1“’”2)}2

i cx/?2

=lim

x>0 (sin x/x)
(¢r2)r &

1 2

f(x) 95 x =0 R Had & 3ra
lim f(x) = 7(0)

R (1) 9 (2) 9
c_1 :
= 5 o = ¢ =1
3 ; x<4
SEATE-6. AT BT f(x)=Jax+b ; 4<x<6
7 ; xX=26

T q TAT b & 919 1A ST 16 T A f£(x), srawrd [4, 6] # Had &
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Bol: 3T & 1 Bt f(x), §9d TR [4, 6] | Sad B |
x=4 W B f(x) B rfl G,

f(4+0):£in3f(4+h)
= lim{a(4+h) + b}
=da+b

e f#=3
X =6 Bald & arif i,

£(6-0)=lim f(6-h)

= lim{a(6— )+ b}

=6a+b
T £6)=17
A f(x) g IRId [4,6 ] & 9 31 fdg x =4 "R ¥ad B 3 £(4+0) = f(4)
= 4a+b=3

U UBR Bl £ (x), 3T<_Id [4, 6] & IR 31f~<H fdg x = 6 IR Had & 31 f(6—0) = f(6)

= 6a+b=7
FHIHRT (5) T (6) BT B Bl TR
a=2, b=-5

ST b a T b B v A9 7
x"sin(l/x) ; x#0

0 o x=0
& fIU m R I8 Ui A1d SISe a1 f(x), g x = 0 9R &dd 8l |
Bo: Berd ® gRATNT ¥ £(0) =0

S(0-0)=1lim f(0-#)

= lim(0— )" sin (1/(0— h)

SEIEI-7. Hald f(x):{

= (=)™ lim A" sin(1/h)
=(=1)"" (0)" x (-1 91 & 7= T qRMAT )
=0, afc m>0

S YR £(0+0)=0,afC m>0

SWIEd ¥ £(0-0)= £(0+0)= £(0)=0, A m>0

A W f(x), x=0 W= I T 8N Sdids m >0

sinx/x+cosx ; x=0
2 o x=0

B fog x=0 WR Ha B el SIS |

garevvl-s. {7 Wefd f(x):{
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Bol: B Bl gRATST | f(0)=2
S(0-0)=1lim 7(0—h)

=lim {M + cos(—h)}
0 | (=h)

:lim{#ﬁ-COSh}:lﬁ-l:z

h—0

G S(0+0)=lim 7(0+4)
zlhiilg{Sithrcosh}:{l+l}:2
S f(0-0)=7(0+0)=f(0)=2
3 BAT f(x), x=0 WR HId B |
YITHTAT 6.1
1. T el @ \id BT ueTvl HIfoy
@ f(x):{x{l+(l/3)s1n(logx )} 5 x#0
0 o x=0
x=0 W
el/x
. 0
® fo=1x 7
0 ; x=0
x=0 W
1+x ; x<3
© J()= T-x ; x>3
x=3 WR|
sinx %<x£0
@ fl)= .
tanx ; O<x<—
2
x=0 W

cos(l/x) ; x=#0
(e) f(x):{ (O );x:O

x=0 9|

1
(f) f(x){(xa).cosec(xa) , X#a

0 ;oX=a



x2
——ax<a x<a
a
(2 f(x)= 0 o xX=a
a3
Cl——2 xX>a
X
X=a W|
2. Wad f(x)=x—[x] B x=3 TR HAddl BT T IS |
3. Ufe 9 wad
X +x> —16x+20
> x#2
f(x)= (x—2)
k ;ox=2

g x =2 R 9dd © 79 &k &1 49 =1 DIy |
4. 991 ®o

2

-X ;o —1<x<0
f(x)=< 4x-3 ; 0O0<x<l1
5 —4x ; l<x<2

DI AR [—1, 2] H A BT G&Ior BT |
6.10 3Idbo-IAdT (Differentiability)

qd Tl H BHH WAl bl AT & Haw ¥ FEogid diel a1 M (G 9 el T R Bl eI
fopam o | wEt &9 Ud a9y AW ufshar & UART ¥ radhele ST &3 &) fAfy T 3reuae BT | IS ash Bl AT
y=£(x)8 T B f(x) 39 I & &0 g x=a W JAEHANT HeAdl © Al a6 & 9 g w= wuef van
Al o 9@ | I 95 x = a "R I 2T g3 81 (Break) A1 $99 {5 W asp (U1 I 9t BT 81 d9 WA
f(x) 39 195 x = a W AqHA-NI 8T BT | ORI U H adbeT-1dT Bl AT §H 11 UBR HT |

SO S© oo
X—C

1. Ud araad Bad f:(a, b)) —> R g c € (a, b) TR I@aGHA HEard & afe Lig}

w4 e 811 38 WM %ol f & a5 ¢ WR 3adhelsl el & a7 39 ' (¢) 9 &ad & & |
2. % fIg ¢ W fadbd BIdT § Al ydd fAU g¢ €>0 & ¥d 3§ >0 difb

M—f’(c) <€ SHEfd |x—c|<$

x—c
e = f(e)-€ < JX)=f©) < fl(o)+e
x—c

6.11 B &I 91T Jdbasl (Left hand derivative of a function)
BIE HAT f(x) AUT U & B 95 ¢ W IR RE ¥ AahA4d bl &, dfe HH

limLC= IO 0 a1 am Rremr v aRfr &) e @ 3 A @ wbd # g9 LDA(S) A Lf'(c)

h—0 -h

T f'(c—0) ¥ B & qAT 39 £ (x) BT 975 ¢ W q07 Jaherst T ¥ Rl fddbersl bed o |

[128]



6.12 B &I IMT Jdbawl (Right hand derivative of a function)
BIe Bad £ (x) U Urd & B 95 ¢ W IR TRE A [AHA-d dedArdl o | afa dr

lhig(}f(ﬁhz_f(c),h>0 &I 919 o= vd yRMHA 81| W/ @& 39 919 &I Had | 89 RDf(¢) I Rf ' (¢)
AT £/ (¢ +0) I T B & T 3 f(x) BT {05 ¢ WR RN s[adberal AT feror Wl siadbesl Hed |
6.13 3dbd-IA Bo- (Differentiable function)

BIS BT 37U YT & [l fd7g ¢ IR ada=1d bedrdl & dia fdwg ¢ IR g9 91 qA1 SR} fadhalol,
IR wU | I/ 81 T 99 81 3riq

f(e=0)= f(c+0)
i LEDIO S 1

h—0 -h h—0
feuoft. o1 Reaferal o wat £(x) 95 ¢ R sraswer-g =81 8, afe
®  fe-0)# f'(c+0)
() f'(c—0) T f(c+0) i | BIS UF AT I URMT 8T |
(i) f'(c—0) TAT f'(c+0) % | IS (& A1 AT fae@E 781 8 |
6.14 I~ H Japa-iagdr (Differentiability in an interval)
1. Had f(x) Ta9d SRId (a, b) ¥ ST BB & IS f(x) 39 IRTA & YD (g R fTHe11 8 |
2. Had f(x) HI RIS (a, b) H ITHAAT HEATT § IS
() 7'(c) femm & wafs ce(a, b)
(i) 95 a R f(x) P =T fddbersl AT B |
(iii) a5 b W f(x) BT 9T rddero foeH = &1 |
6.15 ©9 Hew@yvl 4RUIMA (Some important results)
() U T & BT 75 ¢ R Sadha 1 Held JNawd w0 4§ Had 8idl & U] 39 AT § Fad B
&1 AAHAAII BIFT MAIS T3l & | W & b Al I warw Had 91 & a1 a8 Fad w0 9 srda-a
A1 €T 8|
fewqofl: {Hel walT &l ¥l (975 UR Sraaer-IrdT &1 UIToT B § Yd S 475 IR 39 Bl &l Faddl ol gIeqor

fhT ST A1V | ol & Had 819 IR B SHd! [AdhAA1Idl BT TLIeTor oy |

(i) YP IBUCH, ARETAIHIT TAT 3R B, IRAId FARIT IR HId adha-11 B o |

(i) ATOTBTT BT, FHABOTHAT Beld, 39 U H AabA-1 BId © |

(iv) 3T IATHAARI BAl BT ART, <R, UM%, ANTHe (STaids B IR T81 81) TAT WA Beld, Had Addbel
g8 © |

FASCIR AN

Sarevvr-9. Ife 9 weA

1/x -1/x
2 € —¢€ .
_ X 1/x —1/x 2 X # O
f(x)= e'"+e

0 o x=0

x=0W Had ¢ dl 39! 975 x = 0 U BT BT IIET0T HIfOTT |
gel: x =0 WR £ (x) & IR 3adero],
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I S
(_h)2 ( —(-1/n) | 0

e re

=lim
h—0 _h

. e 1

—OX[EJ—O
o+
AT x = 0 W £ (x) P I1AT AaPBA,

e

. +e
=lim
h—0 h

. 1-e?”

:Ox(ﬂ):o
1+0
3 f'(0-0)=f'(0+0)

HeAd: B f(x), x =0 W JaqbAY B |
garevv-10. IS 91 e

F(x) = x(l+%sin(log xz)) ,X#0

0 ,x=0

|AF Had & dl 39T {475 x = 0 UR AdHAIAdT BT YRIETT ISy |
Bel: x =0 W f(x), ®I AT bl

__h(1+1/3.sin(logh*)) -0
=lim

h—0 h

=lim{1+1/3.sin(log 7"}

I8 AT e 181 8 | &Rt lhiggsin(loghz),—l AT 1 & W QAT Hell & Ak lhing{l+1/3.sin(logh2)}, 2/3

qAT 4/ 3 & 7™ QreAd B |
HAd: B f(0+0) &I ARG T8I & | 31T B f(x), x =0 WX AbA-I T8 & |
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SEIe-11. m & &9 9+ & v B

x"’sinl x#0
f)= x ’
0 ,x=0
fag x =0 W aGHANT B A £ (x) 6d & |
goA: x =0 BT dbA-IIdl
x =0T f(x) P IHT 3radelo],

-0

(—h)m sin

1
=lim (=4)

h—0 -h
=lim(=1)"h"" si !
= hl{)% Sin Z

x=0 W f(x) BT ST 3TdHera,

A" sin 1 0
=lim
h—0

=limA™'sin 1
h—0 h

)

)

IS f(x), x=0 W AGHANA & a4 f(0—-0) = f'(0+0), Sl fb Ffw=or (1) T (2) 4 T G © Slaih

m—1>0 a1 m>1

3T T R B £(x), x =0 WR 3[BT BET AT 79> 1
x=0 W f'(x) & Aigar
faw gv wo & forg

'), =mx" " sin(1/x) - x""> cos(1/x) =0

f(0)=0
GeH B A f(x), x=0 W Had © ale m>2
3 £ (x), & Yol g R AT BT gfiesr m>2 g1

FEE-12. AR GAT f(x) =|x—1|+2 [x-2[+3|x—3|, VxeR & fd=ail x=1, 2, 3 WHad & I 34

fIg31l IR ST Sradbar-Id BT GLIeToT BIfoY |
Bal: AU U B f(x) BT &9 71 UaR fog 9ad &

14-6x, 3ae x<l1

12-4x, 3 1<x<2
4 AR 2<x<3

6x-14, T  x>3

f(x)=
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x =1 R I@dAIdAr
x=1W f(x) & IRl rAdA,

711-0)=lim? (0_3_ /O

h—0

. {14—6(1—h)} —{14-6(1)}

h—0 -h

_jim &) (1)

h—>0 —h
x=1TR f(x) F AT DA,

. {12-4(1+h)} —{14—-6(1)}

h—0 h

lim =y @)

0 h
R (1) 9 (2) |
f'1-0)= f'(1+0)
T Bt f(x), x = 1 TR BG4 78l ¢ | 3 USR g fbar o1 9l & {6 wad f(x), x=2, x=3 W
Al Jrame 78l 7 |
9Erevv-13. = %

eV" sinl/x, ak x=0
f(x)=
0, e x=0
@I g x = 0 WR fahA-IIdl Bl G BIfY |
Fel: x =0 W f(x) BT IR AABHA,

i € sin(U(h)) 0

h—0 -h

.. sin(1/h)
_1,}33 hel/h2 )

sin(1/h)

h
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x=0 W f(x) BT ST 3TdHera,

" .sin(1/h)—0

=lim
h—0

. sinl/h
=lim :
h—0 hefl/h
=0 (STgaargEn) €y
o £1(0-0)= £/(0+0)=0
BT BT f(x), x =0 W AqHANI © |
JEE-14. R AT f(x) = |x—2]|, {5 x =2 R qaHAg 8?
Bel: x =2 W f(x), BT IRT DA,

h—0 _h

zlimw:ﬁmﬂ

h—0 -h h—>0 —h

—fim 2~ = lim(-1) = -1 (1)

h—>0 —f k>0

x=2 W f(x) & AT 3radelo],

~fim 22170y 12

h—0 h h—0 h
— 1}3232 = lim(1) =1 )
R (1) 9 (2) 9
3T f(x) 95 x =2 W AaFHANI 8T B |
YIHIdT 6.2
1. fig 9IfST & 999 %o x @ IS 99 & folv sradbaia €
(i) B B f(x) = x (ii) 3R Bl f(x)=c, S8l ¢ TR &
(i) f(x)=e" (v) f(x)=sinx.

2. g ST f6 web f(x) = | x| O x =0 W 3@dma-g 731 5 |
3. Wad f(x)=|x—1|+|x|, @ &= x=0, | R abAIIAT P G0 BT |
4. WA f(x)=|x—1|+]|x—2|, @3RS [0, 2] H AdBHAIT BT GET0T BT |
5. [ wad
xtan'x ; x#0
f(x)—{ 0 x=0

a%ﬁfgx:OWW—vﬁwaﬂq@r&maﬁﬁEr%ﬂ



10.

11.

1—cosx
2
x—2x°
2
B a5 x = 0 U AR ATIAAT BT GIETT IS |
g B f& 771 woe

x<0

Bl f(x)=
x>0

_Jx"cos(1/x) ; x#0
f(x)—{ 0  x=0

() Rgx=0owdAaazafk m>0
() &< x=0w @daa g gt m>1
79 B & x = 0 IR IAHAAIAT BT URIRTUT DHIFTY

! o xz0
S =31+ 7

0 ;0 x=0
m x#0
BT f(x)=9 x
1 ; x=0
B a5 x = 0 U AR ATIAAT BT GIETT IS |
1+sinx ;o O<x<m/2
Teld X)=
J&) 2+(x—7z'/2)2 o ox>m/2

@1 fdg Xx=7/2 UR USRI BT GRIETOT BV |
m QAT n & A S DISIY Sdfds B
x> +3x+m, w9 x<l1

f(x)Z{

nx+2, Sd x>1

yAF g R aHa © |
fafaer ye¥TaT—6

afe f(x):i—_9’x:3 R EAd & a9 f(3) BT A 8RN

(®) 6 (@) 3 M1 @) 0.
sin3x 0

AR fy=1 x O 70, x=0 WG S T m BT A &M
m 0 x=0

(®) 3 @) 1/3 @1 =) 0.
log(1+mx)—log(1-mx)

afe f(x)= x ’ xio,ﬁ@x=0ﬁ?w%a—dkaﬂﬂﬁsﬁﬂ

k ;o x=0
(@) o (&) m+n @M m—n @) m-n.
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10.

11.

12.

13.

14.

x+4 ; x<3

N f()=3 4 ; x=3, Rgx=3NRAITLIT AP 91 8
3x-5 ; x>3
(@) 4 (@) 3 @) 2 ®@) 1.

afe f(x)=cotx,x=% IR A & a9

@) ne”z (@) ne N (@M n/2eZ @) dad n=0.
G f(x)=x|x| & 3 4330 &1 Fqze@, 9 W) I8 radd-y 8
(@) (0, =) (@) (—o0, ) (M) (=0, 0) @) (=o0,0)(0, )
T ot § | BT, x = 0 TR AHAT T8I 8-
(@) x| x| () tanx @M e™ @) x+|x|
Wf(x):{“_x’ o xgz,a%%rqf(x)av‘rx=2waﬁaro|av—omraﬂw%‘-
5-x, W9 x>2
(@) -1 @)1 @m -2 @) 2.
B f(x)=[x] 3raBAI TSI B-
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®ed f(x)=|sinx|+|cosx|+|x|, V xe R & Aidd BT YRETT HIfS |
sin(m+1)x +sin x 0<0
X
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23.
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26.
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RIS [—1,2] H B f(x)=|x|+|x—1| & HII B BT GIETT HIFIY |
afe w1 f(x) = “1+x;“1+x,ﬁ§x=0q¥w%aaf(0)zﬁrﬂﬂaﬁaﬁml
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BT £ (x), 95 ¢ IR AAHA-T T8I BRI Al
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a1
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