& Q 2 .

When we come across such equationsasa” +1=0,a" +9 =0, we found ourselves
= @ 5 9

unable to solve these equations, because ¥~ + 1=0givesa” =—lorax=+4-1, as

there is no number in the real number system, whose square is a negative number.
Thus, to solve such type of problems, there is another number system called
complex number system.

COMPLEX NUMBER

|TOPIC 1|

Introduction to Complex Numbers

A number consisting of real number and imaginary number is called complex
number. A complex number can be defined as a number of the form a + ib,
where @ and & are real numbers, is called a complex number.

e.g. 6+ 97, =3 +4i etc., are complex numbers.

Here, the symbol 7 is used to denote V=1 and it is called iota.

The complex number is generally denoted by z i.e. z = a+ib.

Complex number z can be represented in the form of order pair i.e. z can be
represented as (a, b).

v Knowledge Plus
Euler (1707-43) was the first mathematician, who introduced the symbol /
(read as iota) for /=1 with property Z + 1=0i.e. i> = — 1. He also called this
symbol as the imaginary unit.

REAL AND IMAGINARY PARTS OF A COMPLEX NUMBERS

Let z = a+ ib be a complex number, then a is called the real part and 4 is called
the imaginary part of z and it may be denoted as Re(z) and Im(z), respectively.

e.g. If z=2+31, then Re(z) =2 and Im(z) =3.
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PURELY REAL AND PURELY IMAGINARY
COMPLEX NUMBERS

A complex number z = a + ib, is called purely real, if 6=0
i.e. Im(z) =0 and is called purely imaginary, if 2 =0

i.e. Re(z) =0.

e.g. z =0 is purely real and z =67 is purely imaginary.
ZERO COMPLEX NUMBER

A complex number is said to be zero, if its both real and
imaginary parts are zero.

In other words, z = a2+ 16 =0, ifand only if 2 =0and 6 = 0.

SET OF COMPLEX NUMBERS

The product set R X R consisting of the ordered pair of real
number called the set of real number. The set of complex
numbers is denoted by C and it is defined as

C={a+ib:a,be R}

EXAMPLE |1| Find the real and imaginary parts of the
following complex numbers.
(i) 7 (ii) 3i
Sol. (i) Letz=7=7+0i
Here, Re(z)=7 and Im(z) =0
(ii) Letz=3i=0+3i
Here, Re(z) =0 and Im(z) =3

Equality of Complex Numbers

Two complex numbers z, = a+ib and z, =c + id are said

to be equal, if a=c and b=4d.

EXAMPLE |2| Find the real values of a and b, if
(i) (3a —6) + 2ib=—-6b + (6 + a)i
(ii) (2a + 2b) +i(b — a) = - 41
? Equate the real and imaginary parts to get the required
result.
Sol. (i) We have, (3a—6)+ 2ib=—6b+ (6 + a)i
On equating real and imaginary parts, we get

3a-6=-06b (i)
and 2b=6+a (i)
Above equations can be rewritten as

3a+6b=6 ...(1ii)
and a=-2b=-6 (iv)

On multiplying Eq. (iv) by 3 and then adding with
Eq. (iii), we get
3a+6b+3a—-6b=6-18

= 6a=-12 =a=-2
On substituting @ = = 2 in Eq. (iv), we get
-2=2b==6

= -2b==6+2

=5 b=:=2
-2

o a=-=2and b=2
(ii)) We have, (2a+ 2b)+ i(b — a) = - 4i, which can be
rewritten as
(2a+ 2b) + i(b— a)=0—4i
On equating real and imaginary parts, we get

2a+2b=0
B a+b=0 [ 2#0)...05)
and b-a=-4 ..(11)

On adding Egs. (i) and (ii), we get
a+b+b-a=0-4
= 2b==4 = b=-2
On substituting b = - 2 in Eq. (i), we get
a-2=0=a=2 .. a=2andb=-2

SOME IMPORTANT RESULT
We already know that, vz x /& = ab for all positive real

numbers # and 4. This result also holds true when either
a>0,b<0ora<0, b>0. But above result is not true for
a<0, b<0, which can be explained as follows.

Let us consider, i% =+/=1v=1= f(=1) (=)
[by assuming Ja x b =[ab for all real numbers]
= »\/I ="]

which is a contradiction to the fact that i2 = —1.

Therefore, v/ X /b # v/ab, if both 2 and b are negative real

numbers.

Note

() T ais posive real number, then
JFa = Jax N =axJ=(a)
(ii) If any of a and b is zero, then, ¥/a x ¥b =ab =0

EXAMPLE |3| Find the value of V=25 + 3v—4 +2v-9.

Sol. We have, \/- 25+ 34-4 +2w/-9
=25 J=1 4341 =1+ 240 -1
=5Xi+3X2Xi+2X3Xi

[oy=1=1]

=5i+6i +6i=17i

EXAMPLE |4| Write the real and imaginary parts of
the complex number V37 +4-10.

@ Write the number /37 + =19 in the form z =a + ib and
compare, we get Re (z)=a and Im (z)=b.

Sol. Let z2=37 + =19 =37 + 19 =1
= z =437 +19i ['.‘J-_1=i]
Re(z) = +/37 and Im(z) = V19



INTEGRAL POWEROF i (IOTA)

I. POSITIVE INTEGRAL POWERS OF i
As we have seen, i =~/=1. So, we can write the higher

powers of 7 as follows
(i) it==1

i) =it i=(=0-i=—i

(i) i* =) =(=n* =1

(iv) i =i =it i=1i=i
(v)i N L 224

While evaluating /" for n> 4, we are writing  as 4 ¢+ r for

some g, r€ N and 0 < r <3. So, in order to compute ;" for

n>4, write i" =i*"*" for some ¢,r€ N and 0<r<3.

Then, i” =i% . =YY i =) =i

e. g 1 4 x4 +1 _
is defined as 1.

Note In general for any integer k, i

’4k+2__1 and,4k+3 =1
Il. NEGATIVE INTEGRAL POWERS OF i

Negative integral powers of 7 can be evaluated as follows

iY==

Ak = q Ak o

B |
()it =-= - - [multiply numerator and
kd denominator by /]
i i y .2
TR TRyt e .. ==1
ey b ]
(ii) ¢ 2 =%—L——l
:'1 (T 1)
(iii) i~ = 5=3X i [multiplying numerator
oo and denominator by 7]
i
@Y O
_ 11
(iv) i = £—4 = 1 =1

In order to compute i ™" for n> 4, first write

1 1
iM=—= for some g, r€ N and 0< 7<= 3. Then,
i I--iq+r

g+
evaluate i 7
powers of 7.

". Further, use above four negative integral

. _ _ - ._.dq-}}_-}
¢.g =T BFEEEEE IS [ =i’]

=i [i* =1

EXAMPLE |5| Find the value of
Ll () i~ (i)
Sol. (i) We have, i* =(i)**' =(i)"* i
=(i‘)o'i =(1)°.,' =i

o 1
(ii) We have, i™ = —
i30

Now, i = (i)* ¥ 7*2 = (i*7) i2= (i) (=1) [i® = =1]
=(1) (=1)=-1 [ei*=1]
= j‘”:;:—]
(-1)
1 1
(iii) We have, ;—_W:F—'—g
_ 1 e
_l-(—i) [i"=1andi i]
=in=+=—'-—=l [ci*==1]

EXAMPLE |6| Express the following in the form of
a+ib, wherea, be R.

M (i) (= V=1 (i) (’“ 2 +i)

25"“3—(1 )zs '3_(1)25 (=)

[i*=1andi*=-i]

Sol. (i) i

==i=0=-i

(ll) (_ ‘J—_l)"“ a — (— i)‘x +3 =(_ i)‘.\‘ ‘(_ ,)A

=i"(=i")=(i")(= (=) [ ==
=((0) [oi* =1
=j=0+1i
29 Z'J'
(iii) f’“’+F_ .'” +1_ (i ],-“H
29
=(—1:m +1_ -:2:1 =040

25
EXAMPLE |7| Find the value of l:f“ + [%] } .

2
Sel |[i" + 0l - prava, 1 2
i - jAxest

2 2
=[(")' (i) + ] [(1) (i)’ ]
[’ MTOY g
[i'=t1andi* ==1i]
1Y iy i Y iY
oot o)
i i ixi =1
['v'llz=—l]
=(=i-i) =(=2i) =di*=-14 [wif==1]



EXAMPLE [8| Show that
"4t 4 "3 20, Vnel.

Sol LHS=i"+i"*'4+i"*24"*3
=i"+i" i+ i "
=i"Q+i+it+i)
=i"l+i-1-1i)

=i"(0)=0= RHS

[c i ==1i=i*i==i]

Hence proved.

+592 +i59° +i588 +i586+i584

EXAMPLE 9] Evaluate -
1

582 +i580 +i578 +i576+i574

Sol. Consider the given expression,
S92 4 50 4 588 L 586 L S8

i582 + '.sao + ,-578 + i576 + '-574

i58408+'-584+6

i574 +8 + i574 +6

+,~§M¢4+'~584+2+’-584

+‘-574+4+’-57402

+ i574

PP+t it +it 41)
P it it +i2+1)

584
I 584=574 _ 10

574
i

=(1)*-i* = =1 [wi'=1andi’=-1]
sAX4+1 i4x -1
EXAMPLE |10| What is the value of —2—?
[NCERT Exemplar|
gl
MAx+1 Ax -1 Ax . Ax =1 Sz
Sol. Consider, : R M i BN
2 2 2
[ei** =1]
=1 =2 2
= =— it =1
2i 2i [ ]
Sl
i i
=Zl=i [i*==1]
-1

EXAMPLE |11]| Find the real value of ‘a’ for which
3i% — 2ai® + (1-a)i +5is real.
Sol. 3i* = 2ai* + (1= a)i +5
=3(-i)+2a+(1=-a)i+5

=(2a + 5) + i(1 = a = 3), which will be real,
if l=a=-3=0,

[NCERT Exemplar]

[ci*==iandi*=-1]

iLe. a=-2

TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

1 Which of the following options define
‘imaginary number’?
(a) Square root of any number
(b) Square root of positive number
(c) Square root of negative number
(d) Cube root of number

2 Two complex numbers are equal, if and only if
(a) their real and imaginary parts are separately equal
(b) their real parts are only equal
(c) their imaginary parts are only equal
(d) None of the above

3. Ifdx +i(3x - y) = 3 + i(-6), where x and y are real
numbers, then the values of x and y are

= as ymos
(a) x=3,y=4 (b) x Y=
(c) x=4,y=3 (d) x=33,y=4

4 Which of the following represent correct form
of set of complex numbers?
(a) C={x+iy:xeR yeRandi=+-1)
(b) C={x+iy:xeR,yel)

(c) C={x+iy:xel,yel} (d) All of these

5 Ifx, yeR,thenx +iy is a non-real complex
number, if [NCERT Exemplar]
(a)x=0 (d)y#0

(b)y=0 (c)x#0

VERY SHORT ANSWER Type Questions

6 Write the following as complex numbers.

(i) v=27 (i) V=16
(iii) 4-+~5 (iv) -1-1J=5
(v) 14+4-1

7 Write the real and imaginary parts of the
complex number.

Lo AT 2
(l) zZ= T + ml
(ii) V37 + V=19
8 Write the real and imaginary parts of the
following complex numbers.

(i) 2-iN2 (ii) -é+;_'
(iii) ﬁi (iv) V37+4-19

7
37 3 .,
) \E?ﬁ



9 Finda and b such that 2a + 4bi and 2i represent

the same complex number.
10 Find the values of x and y, if
x+i(3x—-y)=3-6i

11 Write the following as complex numbers.

(i) 5-T74=21 (i) Vx;x>0
(iii) ?-% (iv) b+ -dac;a,c>0

12 Evaluate v-16 + 3v-25 + +/-36 - 4/-625.
13 Express the following in the form of a + ib.
(i) i~ (ii) 998

(i) (V=T)* (iv) (i37 x5
]

50
14 Evaluate [izg + (1] }
i

15 Evaluate the following
@) i* (i) -
I
2 A4 6 7
(iii) (=v=1)* (tv) ————
1+i°+1
SHORT ANSWER Type Questions
16 Simplify the following.
(i) 2% + 6i% + 3i'5 - 6i" + 4/
(if) 14010 4§10 4 1990

(iii) i" + "t e 2R

o o]

(v) (=i)*"* % where n is a positive integer.

(vi) (2i)° (vii) i~
(viii) i3 (ix) %+ "
25
(x) [‘-ls + (%] T (xi) i®+i®
(xii) i+ 2+ i+ (xiii) '+ "+ M+
(xiv) i* +i® + 2 446

17 Prove that "% + "2 + 17 + 12 =0,
'8 Simplify i+ 100 + i—ﬂ+50 + I-H-I-IS +imt 45.

19 Explain the fallacy in the following

—1=i-i=-\/-_1-«f—_1
- DD ==

6.

7.

9.

14.

I HINTS & ANSWERS

(c)
(a) Two complex numbersz, =a+ib andz, =c +id

are equal, if a = ¢ and b = d i.e., if their real and
imaginary parts are separately equal.

(b) We have,4x + i (3x = y) =3 +i(=6) (1)

Equating the real and the imaginary parts of Eq. (i), we
getdx=3,3x-y=-6

which on solving simultaneously, give x = %and y= ?

(a) Set of complex numbers can be represented as
C={x+iy:x, ye Randi=\/-_1}
(d) Given that, x, ye R

Then, x + iy is non-real complex number if and only if

y#0.
(i) V=27 =3J3J=1 Ans.0+i3\3
(ii) 0 + 4i
(iii) 4= +/=5 =4 =54/=1 Ans.4-i5
(iv) =1=iv5  (v) 1+i
(i) Let z=«/§+m
Then, z=-/§+.‘/19(T= J:F B is/l_9

Ans. Re (z)=37 and Im (z) = 419
2

V70

(ii) Re(z) = %, Im(z) =

i) z-+2 (i) —é-% (iii) n+¥

. : 37 3
{IV)-JE,JI_Q (v) S’ﬁ

Given, 2a+idb=0+i2

Za=0and4b=2 Ans.a=l]andb=%

10. Solve as Example 2. Ans. x =3and y =15

. (i)5-7+4=21=5-721(-1)

Ans. 5- 7&:’
(i) vx +0i (iii) % - sz
(iv) =b + +/=dac = = b+ +[(4ac)(-1)
Ans. =b + i2+ac
12. Solve as E;(a.mple 3. Ans. 0
3. ()i =F = FETH Ans. (0+ i)
(i) " =" Ans.—1+0i
(iii) =1+0i (iv) =1+0i
i-1



15. () i* =(i"*" =1 Ans. 1
(i) —i (iii) i

@) L T SO G V¢V o Ve ) e St N O
Veit it 1H(=DH(=) =i
Ans. 1-i

16. (i) 2i* +6i° +3i" =6i"" +4i®
= 2(=1)+6(=i) +3(1) = & = i)+ 4(i)

Ans.1+4i
(i) 0 (i) 0 (iv) 2i (v) i
(vi) 8i (vii) i (viii) (ix) 0
(x) 2-2i  (xi) 0 (xii) 0 (xiii) 0
(xiv) 4

| TOPIC 2|

Algebra of Complex Numbers

In this section, we shall srucly how to add, subtract,

multiply and divide the complex numbers.

Addition of Two Complex Numbers
Letz) =a,+ib) and z, = a,+1ib, be two complex
numbers, then their addition is defined as
z=z,+z,=(a,+a,)+ilb +5,)
eg () 5+3)+(—4-)=6-4)+i3-1)=1+2:
(i) 2430+ (—6+70)=2-06)+:(3+7) =—4+10;
Note
It can be observed that
(i) Real part of (z, + z,) = Re(z, + z,)=Re(z,) + Re(z,)
(i) Imaginary part of (z; + 2,) =Im(z + z,)=Im(z)+ Im(z,)
PROPERTIES OF ADDITION OF
COMPLEX NUMBERS
The addition of complex numbers satisfy the following properties
(i) Closure Law If z, and z, are any two complex
numbers, then z, + z, is also a complex number.
(i) Commutative Law If z; and z, are two complex
numbers, then z1+z,=2,+ 2.
(iii) Associative Law If 2|, z, and Z4 are any three
complex numbers, then
(21 +2))+ 25 =2, + (2, +23)
(iv) Existence of Additive Identity There exists the
complex number 0 =0+ 0/ called the identity

element for addition (or simply additive identity)
le.z+0=z=0+zforall zeC.

1

Ax26+3 , AXBH0 , AXKDOH] , AXI0+2
17. i +i +i +i

=(;“]Zf‘.|'3+{|'4)23.j“+(j4)29,;'+{|'4)3°.;'3
=(1)* (=) + (M)* 1+ )" i + (1) -(-1)=0

i+ 100

18. Given expression = i jn +s0

+i n o+ 48 o+ 46

+i +i )
=i" (" + M+ i+ i) =" =141 -1)=0" 0
Ans. 0

19. Given,-l::’.f=~.|'r—_1‘\f—_l=m=\h_=l
Here, we have J:J—T:m

This is not correct as va b =v/ab if and only if atleast
one of g and b is non-negative. Infact,

V=11 =ii=it =1

(v) Existence of Additive Inverse For every complex
number z=a+i:b, there exists —z =(—a)+i(—b)
such that z+ (—z)=0=(-2) + z.

Here, complex number (—z), is called the additve

inverse of z.
e.g. Additive inverse of z =(—4+3/) is
—z=—(—4+431)=(4-3)

Subtraction of Two Complex Numbers
Let z,=a,+ib and z,=a,+ib, be two complex
numbers. Then, their subtraction z,— 2,18 defined as the
addition of z and (—z 1)

Thus, 2z, —z,=z,+(-z2,) =(a, +ib)+(—a, —ib,)
2, — 2z, =(a,—a,)+ilb—b,)
e.g. (0) (44 74) = (=11=237) = (=4 + 7) + (114 23i)
=(—4+ 1)+ (74+23)i =7 +30:
(1) (64+5) -3+ 2)=0O+5)+ (-3 -2{)
=6-3)+05-2)i=3+3
Note
It can be observed that
(i) Real part of (z; — z;)=Re (z; — z;)=Re (z;) —Re (z2)
(i) Imaginary part of (z; — z,) =Im(z, — z,) =Im(z) - Im(z;)

EXAMPLE |1| Expressthe following in the form of a + ib.
(i) [[1+L) +(4 +11']] —[—i-{—f]
3 3 3 3 [NCERT]
. {1 5. 3. 5 .
(u}(—+—1]——1+{———!)
2 2 2 2



Sol. (i) Consider the given expression,

(650305
s EORERNEN
R

= E + Ei‘, which is in the form of a + ib.

(1 . 5. 3. 5 . 1 5 {5 3
(ii) {—+—i]——1+(———i]=[———]+1[————1]

2 2 2 2 2 2 2 2

= = 2 + i, which is in the form of a + ib.

Note

For expressing the given expression in standard form i.e. in the form of
a + ib, just simplify the expression according to the rules of algebra.

EXAMPLE |2| Find the real values of x and v, if

(x* +2xi) = (3x"* +iy) = (3=51) + (1+ 2 iy).
=3° (i) Firstly, separate real and imaginary parts of both sides.

(i) Second, equate the real and imaginary parts of both
sides and get equations in terms of x and y.

(iiiy Further, solve these equations to get the values of x
and y.

Sol. We have, (x* + 2xi) = (3x% + iy)=(3=5i)+ (1 + 2iy)
= (x'=3xN)+(2x—y)iz=d+(=5+2y)i
On equating real and imaginary parts both sides, we get
2t —3x? =4 (i)
and 2x—y==5+2y=2x-3y=-5 L.(1i)
On solving Eq. (i), we get
i =dxtzaoxt =3t =4=0
= xt—axt rxf—a=0
= (x*—4)(x*+1)=0 = x*—4=0
[ x* +1#0, for any real value of x]
At x=%2
On putting x =+ 2in Eq. (ii), we get

y=3 whenx=2 andyz%,whcnxz—z

Thus,xz—Zyz% or x=2y=3

Multiplication of Two Complex Numbers

The pmduct of two camplex numbers z; =a+ib and
z3 =c+id can be as follow

2,2, =(a+ib) (c+id) = ac + iad + ibc + i *bd
= ac + i(ad + be) + (~1)bd [-it==1
212, = (ac — bd )+ i(ad + bc)

e.g. (1) (2+94) (11+ 34)
=2x114+2%3i+11x9 +9x3i*
=224 6i+99 —27=-5+105;

(i) (-5+7i)(-13—-34)
= (=5)(—13)+ (=5)(=3i)+ (7)(=13) + (71)(=3i)
=65+15 —91i —21°=65—-76i+21 [ i*=—1]
=86 — 76i

(iii) (57) (_?3 :‘J = [5 X (_?3]] (i X 1)

=(-3)(i)=-3%x-1=3

[i*==1]

PROPERTIES OF MULTIPLICATION OF
COMPLEX NUMBERS

(i) Closure Law If z; and z, are any two complex
numbers, then z, z, is also a complex number.

(ii) Commutative Law If z; and 2z, are any wwo
complex numbers, then z,z, = z,z,.

(i) Associative Law If z;, z, and z; are any three
complex numbers, then (z,2,)z; = 2,(2,2;).

(iv) Existence of Multiplicative Identity There exists the
complex number 1=140-7 is the identity element
for mu]tiplicatian Le. for every cumpiex number z,
we havez-1=1-z=z.

(v) Existence of Multiplicative Inverse (or Reciprocal)
Corresponding to every non-zero complex number
z = a+ ib, there exists a cclrnplex number z; = x+ iy

such that z-z, =1=2z,-2, where
d —b

x=———andy= .

at+b? ! a’+b*

Then, z, is called multiplicative inverse of z and it is

denoted by 1 or z'. We also called Zp, the
z

reciprocal of z.
eg Letz=3-7. Then, a=3,b=-7

Its multiplicarive inverse,

z_l=|: 5 ]+i[ —=7) ]
B3)+(=7)° (3)°+(=7)°

3 [ 7 3 T
= +: =—+4—
9+49 9+49) 58 58

(vi) Distributive Law If z|, z, and z5 are any three
complex numbers.

Then, z,(z,+ 23)=28,+ 2,2, [left distributive law]
and (z, +2,)z; = 2,25 + 2,2,
[right distributive law]




EXAMPLE (3| Ifz, and z, are complex numbers, then
prove that Re(z, z,) =Re(z,) Re(z,) —Im(z,) Im(z,).
[NCERT]
Sol Letz, = x, +iy, andz, = x, + iy,
Then, zz, =(x;%, = ¥ ¥,) T i{x; ¥, + ¥, X,)
- Re(z;z,)=xx, = »iy,

=Re(z,)Re(z,) = Im(z, )Im(z,)
Hence proved.

EXAMPLE |4| Express the following in the form a + ib

Ol ﬂBﬂ[— §=] (i) (=3 +=2)(=2 + J=3)

3
Sol (i) (- i}(?n‘)(—%i‘] =(- 3;‘2)(- 1—1‘3]

216

:(-3x(-1)){-i(- i)] [vi*==1andi* = =]

which is in the form of a + ib.
(i) (=3 +=2)(-2+=3)
=(=3 + i2)(= 2+ i)

[ v=2 =2 x V=1 = V21, similarly V=3 = \[51]
=23-3i-2\2i+i*V6
=23 = i(3+22) =6
=(23 = +f6) — i(3 + 24/2)

which is in the form of a + ib.

EXAMPLE |5| Find the real values of x and y, if
(1+9)(x +iy) =2 —5i.

Sol We have, 1+ i)x+iy)=2-5i
= x+iy+ix+i'y=2=5i
= x+i(y+x)—y=2-5i [-i* ==1]
= (x=y)+ilx+y)=2=5i
On equating real and imaginary parts from both sides,
we get

x=y=2 i)

and x+y==5 L.(ii)

On adding Egs. (i) and (ii), we get

x=y+x+y=2=5=22lx==-3 = x:T
On substituting x = T—jin Eq. (ii), we get
-3 3

—ty==5 =2y==5+=-=
2 Y Y 2 2 2

-10+3 =7

=3 =7
x=—and y=—
2 7 2

IDENTITIES RELATED
TO COMPLEX NUMBERS

Identity is an equation which is true for all values of the
variable (complex number) involved in it. Here, we have the
following identities.

() (2, +2,)" =2, +2; +22,2,,
for all complex numbers z, and z,.

(i) (2, —2,)"=2{ —22,2,+323
(iii) (z) + 2,)° = 2] +32;2,+32,2; + 23
(iv) (2, — 24)% =27 —3z] 2, +32,2; — 25

) zi — 23 =(z, + 2,) (2, — 2,)

Proof (i) We have, (2, + 22}1 =(z, +z4) (2, + z,)
=(z, +z,)z, +(z, + 2,)z,

[assume first bracket as one term and
then apply distributive law]
=z + 2,2, +2y2, + 25 [by distributive law]
=zl +z,z, v 2,2, + 25
[by commutative law of multiplication]
= zf + 2z;z, + zg
Similarly, we can prove the other identities.

Note

Many other identities which are true for all real numbers, can be frue
for all complex numbers.

EXAMPLE |6| Simplify each of the following and put it
in the form a + ib.

3
@) @ + v-3)? (i) G + 3:']

(iii) (3 +v=5)(3 - ¥=5)

Sol (i) (2++=3)° =(2+ 3
=22 + 2-(2)(31) + (3i)?

[z, +z2)2 = zf + 22,2, + zg]

=4+443i +3i% =4 +443i =3
=1+ 4+3i

[NCERT]

[ri=-1]

3 3 2
(i) (%+3£J :(%] +3(%] (31)+;(%}(3f)2+(31)3

[z, + zZ)3 = z? +31127.2 +3z|z§ +z§]

= ;7+3[%](3i) +3(§] (9i*)+ 27

= ;—?+i+9(—1)+ 27(=i) [+ i*=—-1land i* = -i]

Ll gm0
27 27




(iii) (3 +v=53)(3 = v=5) = (3 + /51)(3 — /5i)
=3 = (5i) [ (2, —2,)(z, + 2,) =22 = 27]
=9-5"=9+5=14 [=i*==-1]

EXAMPLE (7| Express (1—i)* in the form a + ib.
[NCERT]
Sol (1-i)' =((1=1)*)" = ((1)* = 2)()) + (i)*)*
[ (z - zz)2 = zf -2z;z, + zi]
=(1-2i-1)* [i*=-1]
=(=-2i) =4i’=—d4=—=4+0i

which is in the form of a + ib.

2573
EXAMPLE |8| Evaluate [f“‘ +[1] ] .
! [NCERT]
25 3 . % 25 3
Sol. [,-18+(1J H(_) }
i i
25 3
I P T - L
—[(r) i +[_1] ]

3

(-1)

:[_1_j1x6+1]3

:[1-(—1)+i

=[-1- (") i =[-1-i]
=—+iP=-(1+3i+3°+1%)
[(z, +..-.2)3 =(z|3 +3zfz2 +37.1z§ +zg]
== (1+3i=3=1)
=—(—2+2i)=2-2i=2(1—1i)

[+i*==1landi’==1i]

EXAMPLE |9| Evaluate (1+1)° + (1-1)°.
Sel. We have, (1+1)® =((1+i)*)?

=(1+i%+ 2i)

[NCERT Exemplar]

[z, + 22)2 = zf + zg + 27,2, ]

=(1-1+2i)° [+i=-1]

= (1+i)f =(2i) =8i"=-8i [ ==1] .0
and (1= =1% = i* =301)% + 301)(i)*

[ (2, = 2,) =2 =3ziz, + 32,22 — 23]

=1-(-i)=3i-3 [+i’=—iandi’*=-1]

= (=i ==2-2i (i)

On adding Eqgs. (i) and (ii), we get
M+ +(1=i) ==8i=2=2i==2=10i

EXAMPLE |10| Find the values of x and y, if
(3x —2iy) (2 +1)° =10(1 +1).
Sol. We have, (3x = 2iy)(2+i)* =10(1 + i)
= (3x=2ip)(a +i° +4i)=10+10i
[z, + zz)2 = zf + zz2 + 2z,7,]
= (3x — 2iy) (4 =1+ 4i) =10 + 10§ [-i*=-1]
- (3x = 2iy) (3 +4i) =10 +10i
= (9x +8y) +i(12x — 6y) =10 + 10i
On equating real and imaginary parts of both sides,
we get
9x +8y =10 ()
and 12x =6y =10 L. (i)
On multiplying Eq. (i) by 6 and Eq. (ii) by &, then adding
the result, we get
54x +48y + 96x — 48 y =60 + 80

14
= ix=140=x=—
. 14 . .

On substituting x = b in Eq. (i), we get
1

14 42
9><E+8y:11]=>?+3y:10

42 3 1
= 8y =10=22 —8y=°- s y==
4 5 Y 5 Y 5

14 1

x=—and y=-

15 y 5

EXAMPLE |11] If (x +iy)*® = a + ib, where

X, ¥, @ b e R, then show that = — 2 = —2(a® + b?).

[NCERT Exemplar]
{} Firstly, use identity (a + b)® =a® + 3a%b + 3ab? + b® and
then equate the coefficients of real and imaginary parts.
Sol We have, (x +iy)'® =a+ ib
= x+iy=(a+ ib)? [cubing both sides]
= x +iy=a® + b’ +3a’bi +3a b*i*
[ (z, + 22)3 = zf + zg + 32,2:2 + 3217.2]
= x+fy:ﬂ3—jb3+i3ﬂ2b—3ﬂb2
[vi*==iandi® ==1]
— x+iy=a’ =3ab" +i(3a’b=b*)
On equating real and imaginary parts from both sides,

we get
x=a’ =3ab* and y = 3a’b - b*
= X=a" -3 and L=34" - b’
a b

N-:w.ni—l:a2 —3b% —3a% + b*
a b

= =2g% = 2b* = =2(a" +b?)



EXAMPLE |12| Find the value of
2x% +5x% +7x% - x+4Lwhenx=—2—wEi.
Sol We havc,x:—2—~4'f?—ni
= x+2=—-ﬁ:‘
On squaring both sides, we get
(x+ 2 =(=Bi) = x* +4 +4x=3i

[NCERT Exemplar]

[ (z +z2}2 =zi2 +z§ + 2z,7,]
— K tdx+4=-3 [i*=-1]
= * rax+7=0
Now divide 2x* + 5% + 7x” — x +41by x* +4x + 7.

2x% = 3x +5

X2 +¢l;\'+3'/‘|2x1 +5xF +7x = x+41

2xt +8x? +14x°

—3xt = 7x? - x +41
—3x? —12x% - 21x
+ + +

5x” + 20x +41

5x% + 20x + 35

5]
Thus, 2x* +5x* +7x* = x +41

=(x*+4x+7)(2x" —=3x +5)+6
[ dividend = quotient x divisor + remainder]
=0x(2x? =3x+5)+6 =6 [ x®+4x+7=0]

Division of Two Complex Numbers
The division of a complex number z; by a non-zero
complex number z, is defined as the multiplication of 2, by

T . z
d']e multlpllcatlve INVETSE 0{: Z_—_,_ al'ld 15 del'lﬂted I:FY _1.
Zq

_ 1
Therefore, fud I z, -zzl =z, -|—
Z3

B3

Note
Order relations “greater than" and “less than" are not defined for
complex numbers.

METHOD FOR EXPRESSING DIVISION OF
COMPLEX NUMBERS IN THE STANDARD FORM

Step 1 Simplify the numerator and denominator
a+ib

c+id

separarely and convert it in the form of

Step I On rationalisirlg the denominator of the result
obtained in step I, i.e. multiply the numerator and
denominator by ¢ —id.

Step 111 Simplify and write it in the x + #y form.

EXAMPLE |13| Express (—2 —5i) + (3 — 6f) in the

form a +ib.

R L —2=5i

Sol (-2-5i)+(3—-6i)= e
_—{2+5:‘)x(3+6i‘)
To3-6i  (3+6i)

[by rationalising the denominator]
[6 + 12 + 15 + 30i°]
=- W [ (2 +2) (5 = 2,) = 7 = 2]
_ = [6+ 27i = 30]
9+ 36
—(-24+270)_24_ 27
45 45 45

=———i=—+i (_?3], which is in the form of (a+ ib).

3 +/50) (3 —/50) .
(V3 +/2i) - (43 - /2i)

EXAMPLE |14] Express

the form ofa +1b. [NCERT]
“(- Write the complex number in the form atib and then
¥ c+ id

rationalising the denominator. Further simplify it.
(3 + +/51) (3 = /5i)
(V3 + 2i) = (/3 = +/2i)
P -(hiy
T B eAzi- 32

Sol.

[z +2:)(z, — 2;) = zf - z,f,]

945 14 7 42:
Tz i i A
[by rationalising the denominator]
:?ﬁi:?-\@i’_u_li
2i* -2 2

:.m[-

EXAMPLE |15| Reduce[ t Z.J[B_f]]to
1—41 141 5+1

?:E} which is in the form of (a + ib).

the standard form. [NCERT]
s (g (54
1=-4i 1+iJl5+i
_[1+i-21-4i) [3—4:‘
(1—4i)(1+1i) S+
1+i—2+8i (3—4;‘}
1+i—4i—4i° 5+1i
(—1+9: )(3 4] [t ==1]
3i+4 5+1



[—1+9£ [3-“ _ =3+4i+27i=36i"
5-3:‘] ]_ 25 + 5i —15i = 3i°
_ —3+31i+36 33+31i
© 25-10i+3  28-10i
_ (33+31i) (28+10i)
(28—10i) (28+10i)
[by rationalising the denominator]
924 + 8681 + 330 +310i°

5+i

[i*==-1]

784 —100i*
924411981 =310
T 7844100
_ 614 +1198i _ 307 599
884 442 442

2
4% -1
EXAMPLE |16] Express( i, ] in the form of
a +ib, where a,b e R. 2 +1

a4t 1Y a-(=i)-1T"
Sol = [id==1]
[21‘+1] [ 2i+1 ]

2
[=ai-1) (1 +ai) 14160 +8i
2 +1 (1+2i)  1+4i® +4i

2 _ 2,2,
[z, +2,) =z; +z; + 27,2, ]

_1=16+8 =15+8i 2

- [-it=-1]
1—4+4i -3+ 4i

_15-8i _15-8i 3+4i
3—4i 3—4i 3+4i

[by rationalising the denominator]

=W [ (z —z2)(z +7~2)=212 _ZE]

C(15-8i)(3+4i) 45+ 60i — 24i — 32"

9 —16i° 9+16
_45+36i+32 _77+36i _77 36,
25 25 25 25

which is in the form of (a + ib).

EXAMPLE |17]| Ifa+ib= X I where x is real, then
X —1
prove that a® +b* =1andE= 2x .
a x*-1

[NCERT]

x+i x+i__x+i
= x

Sol We have,a+ ib=

XxX=i x=1i x+i

[by rationalising the denominator]
2 S, 2 -
x“+ 2xi+1i x° =1+ 2xi
= = [ it ==1]

2 =2
x -1

x2+1

xf =1 2x
+

x*+1

= a+ib= >
x°+1

On comparing real and imaginary parts both sides,

we get
2
-1 2
a==——andb=— (@)
x"+1 x"+1
2 2
2
Now,a2+b2:(x2—1) +[ 22:: ] [from Eq. (i)]
x° +1 x +1
_(xz—lf+‘L;\:‘?_.=c'+1—2.1¢'2+«l.1r2
(x* +1)° (x* +1)°
_x4+1+2x2_{x2+1)2_
(x*+1) (2 +1)
2x
z
Also, Ez x2+1: ;'Jx [from Eq. (i)]
a x" =1 x =1
% +1

Hence proved.

.y 3 ]
EXAMPLE 18] If[“‘] - [E] — X +iy, then

1-i 1+1i
find (x, ). [NCERT Exemplar]
Sol. Consider, IL = 1: x 1
I1=i 1=i 1+i
[by rationalising the denominator]
i) 1+t 42
1-i* 1+1
1+i 1-=1+2i - ,
= —_— = it ==1]..01
= [ 1.0
Now, = 1 1 [from Eq. (i)]
1+i 1+ i
=

—i [t ==1] i)

. 3 =
Hence, (li] - [l;i] =it = (=1i)’
1—-1 1+1

=it +it=2i"=2q-i)=0=-2i [vi'==i]
x+iy=0-2i

On comparing real and imaginary parts both sides,
we get

x=0and y=-2
(x y)=(0.-2)



TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1

If z is a complex number and z + (-z) = 0, then
(a) (—z)is called additive inverse of z

(b) —zis additive identity of z

(c) —zis closure of z

(d) —zis commutative of z

If z is non-zero complex number and z =a + ib,
then inverse of z is
a —bi a —bi
a + - 4y
()a2+b1 az + b2 () a2 -b: ai-p?
ib —-a —bi
(©) 2+ =" d) 5—=5+—5—7
a’-b* a2’ -b* a’+b? at+b?

Ifzy=6+3iand z, =2-1, then 2L is equal to
Zy
(a) é(9+12;') (b) 9+12

(c) 3+ 2 (d é(12+9i)
If z =i~ then simplest form of z is equal to
(a) 1+ 0i (b) O+i (c) O0+0i (dy 1+

If (x—:'y]”3 =a +ib, where x, y,a,b € R then the

value of = + 2 s equal to
a b

(b) 4(a”+b%)
(d) 2(a®+b%)

(a) 4(a®-b")
(c) 2(a®-b?)

VYERY SHORT ANSWER Type Questions

6 Express the following in the form a + ib.

o(t3)-(er)

(i) 3(1-2i)=(-4-5i)+ (-8 + 3i)

[NCERT]

7 Find the real values of x and y for which

(1+i']y2+[6+£}:(2+f}x.

8 Find the sum of the complex numbers

-3 +=2and2J3 -i.

9 Express (- J3+ 11'3}(21’5 —i)in the form of a + ib.

10

Find the real values of x and y for which
(x+2-3)=4+1i

11 Express (V6 + 51)(\1@ - %1] in the form of a + ib.

12

Express (7 + 5i)(7 - 5i) in the form of a + ib.

13

Express the following in the form of a + ib.
() (T-2)-(4+1) +(-3+1i5)

(ii) [[é + I%] - (4+ E%]]-(—§+ f]

(iii) > + (6 + 3i) - (20 + 5i) + (14 + 3i)
(iv) (7 + i5)(7 - i5) (v) 3i%(15i%)
(vi) V3 + (VB -i2)-(3-2i)

SHORT ANSWER Type Questions

14

15

16

17

18

19

20
21

22

23

24
25

26

5+ 2i
Express

1-+2i

(1=
1-i

in the forma + ib.

Evaluate

[NCERT Exemplar]

1—i 100
If (;‘] =a + ib, then find (a, b).

2
If{l;—ﬂ' = x + iy, then find the value of x + y.
-1

Express [(«]’g + %J(JE - 21'}] + (6 + 5i) in the form

a+ib.

Ifx +iy= a—ﬂf, then prove thatay -1=x.
i

Express (5 - 3i)® in the form a + ib. [NCERT]

Express the following in the form a + ib.

i) 1+ i) (i) [% N ;2]3
L 7
3 32
(iif) [-2-:’%] (iv) [%+ 3;]
(v) (5-3i)° (vi) (1-i)"

What is the smallest positive integer n, for
which (1 +i)** = (1 - 1)*"?

If z, z, € C, prove that

Im(z, - z,) =Re(z;)-Im(z,) + Im(z,)-Re(z,).

Find x and y, if (3x - 2iy) (2 + i)* =10(1 + i).
Find the real values of x and y, if x_—l + y_—l =L
3+i 3-i

Find the following as a single complex number
X+ Iy.

0 B3+ i5) (3 - iv/5)

(V3 +iN2) - (V3 —iN2)

(1 2 \(3-4i
@) [1—4{_1+£}[5+i]




LONG ANSWER Type Questions 5. (a) We have (x—ij)'"* =a+ib

. PR |
27 Find the values of x and y, if = x — iy =(a+ib)
(+D)x-2 @-3)y+i_. = x—iy=a’+i’b’ +3abi(a+ib)
3+i ’ 3-i =t = x =iy =a® = b +3a%bi = 3ab*
_ 3 _q 32 oty 13
28 1f x = =2 - 1, then find the value of = ¥=a -3 andy=3ab-b
x*+4x® +6x% +4x +9. = i:az—?.bz:-un:l%:‘js.c:z—1.‘;2
i
29 If x = 3 + 4i, then find the value of f XY ap i b —a(a® =)
x* —12x% + 70x? - 204x + 225 a b
6 . 19 21, . 2
30 Ifx=3+ 2i then find the value of . m‘?‘ﬁ' (i) =1+ 2i
x* —4x® + 4x” + 8x + 39, 7. Y +iy*+6+i=2x+ix= y +6=2xand y" +1=x
31 If x = - 5+ 2,/=4, find the value of Ans.(x=5y=2or(x=5y=-2)

8. (=3+= )+ 3= == +2i+23-i
Ans. V3 + (/2 -1)i

x*+9x% + 35x% - x + 4.

3 2 _3-3i
32 Evaluate 2x® +2x* = Tx + 72, when x = ' 9. (=6+2)+i(+3 + 246)
10. :m:=i:1ndj.1'=E
13 13

HINTS & ANSWERS i 7+ 24545 i

. (a) 12. Usetheidentity(fil?+zz}(zl—zz)=zf—z§ Ans.74 +0i
2. (a) Given, z = a + ib. Let multiplicative inverse of z is z". 13. () o+2i (i) —+=i (iii) 0+ 0i (iv) 74 +0i
Then stol__1 ___a=ib (v) 0+45i  (vi) (243 =3) +0i
, z a+ib (a+ib)(a-ib) 14. Multiply numerator and denominator by 1 + +/2i, we get
[multiplying numerz’ftor and denominator by (a = ib)] 5++/2 « 1+/2i _ 3+64/2i Ans.1+ 242
_a-i 1-42i 1442 142
e
a+b s (1=i)' 1°=i"=3i+31" 1+i=3i=3 =2=2i
o a b Coa-i 1+i 1+i 1+i
a’ + b a® +b* Ans. -2
Lo 100 . L 100
3. (a) We have, 16. [l;i] =(l;ix1;z]
z, =6+3iandz, =2-1i 1+i 1+i 1—i
RO 100
2 (6+3i) — = (6+30(2+1) (2 +it-2i) _(1-1-2i 1m—(—f)'°°—1
z, 2-i (2-i)2+i) 1= =17 = =
:(ﬁ+3i)(§+£%] Ans. (1, 0)
a2 20 o .
(2+i) 1. (1+1i) _1+i +Zi: 2i x2+::41 ZMS.E
=(6+3i) —— 2=1i -1 -1 +i 4+1
(6+3i) — 2 2 2—i 2+i 5
i 5, )
—2(9-+12i) (J§+i](,j5‘_2.-) 5“*[7‘“@*
5 z -
18. =
4 w 1 6+ 5i 6+ 5i
) i e _
i _ 3 36——15J5_+[ 1343_30}_
Multiplying and dividing by i, we get _ 2 x(:-—Si' _ 2 2
i i i Q. it =) (6+5i)  6-5i 36+ 25
e — =—=i it =
ot @t 721545 _ (30 + 95
Ans. -i
=0+i 122 61



. a+ixa_+f=a2—1+2af
a—i a+i at +1
20. (5-3i) =5 —(3i)* —=3%5% %30 +3%x5%(3i)*
=125+ 27i — 225i —135
Ans. —10-=198i
2. () 1+ =1+ D)1+ i)
=(1-1+2i)(1 =1+ 2i) =(2i)(2i)
Ans. — 4 + 0i

3 3 2
(ii) (15+ 2:‘) =(%] +(2i)3+3{12J (2i)+3(%)(2:‘}2

1 3i
= —gi+2—6
8 2

(v) —10-198i  (vi)—4+0i

2n
14
22, Write the given expression as [LJ =1 Ans.n=2

23. Now, z;z, =(a, +ib)(a, + ib,)

=  z;z, =aya, = bb, +(ba, +ab,)i

- Im(z,z,) = a,b, + bja,= Re(z, ) Im(z, ) + Re{z, ) Im(z, )
24. Given, (3x = 2iy)(2 +i)* =10(1 + i)

= (3x = 2iy)(4 +4i + i) =10+ 10i

= (9x=6yi+12xi = 8i"y) =10 + 10

s 9x +8y =10 and 12x =6y =10

14 1

Ans. x=—, y=—
15}J 5

| TOPIC 3|

2. (x—l}(?.—i)+(y—1}(3+i):j
B+i)(3-1)
(Bx+3y=6)+i(y=—x)
9=’
(3+145)(3=i5) _9+5 _ 14 i -ldi
W+id2)=(B-i2) 2i2 22 2 22
72,

Ans. — ——i
2

o (25

_(=1490)(3—4i) _33+31i 28+10i
(5-3i)(5+i) 28—10i 28+10i
_6HII98I 61441198 307 599

=i Ans. x==4, y=6

26. (i)

= = L — e ——
784 +100 884 442 442!
27. Given, (1+i)x =2 +(2—31}y+i _
3+i 3—i
N x+{x—2):’+2y+(1—3y]1':!_
3+i 3=i
=[x+(x—2)1'](3—f)+[2y+(1—3y}i](3+i‘)_j
(B+i0)(3=1)
= (4x +9y=3) +i(2x =Ty =3)=10i
= 4x +9y=3=0and 2x =Ty =3=10.

Ans. x=3and y=-1

28. x+1=+2i > x*+1+2x==2 = x +2x+3=0
Further, solve as Example 12. Ans. 12

29. x=3=4i 2 x +9=6x==16 = x =6x+25=0
Further, solve as Example 12. Ans. 0

30. o 31 —160 32. 4

Conjugate, Modulus and Argand Plane of

Complex Number

Conjugate of a Complex Number

A pair of complex numbers z; and z, is said to be
conjugate of each other, if the sum and pmduct of two

z,and z, both are real.
Let zy=a+iband z,=a—ib
Sum of z,and z, = (a+ i)+ (a — ib) = 24 (real)
Product of z,and z,= (a +16) (a —ib)
=a’—i% [ (x+ Px—y=x>—3?]

2

=a’+b* (real) [+

-1

Hence, zland z, are conjugate to each other.

The conjugate of a mmplex number z, is the oomplex
number, obtained by changing the sign of imaginary part
of z. It is denoted by z.

e.g. Ifz=24+3: thenz=2-3¢

and if z=—4 -3, then z=—4+3/

Note
(i) A pair of complex numbers z and z, is said to be conjugate of
each other, if Z = z, and Z, = z,.
(ii) Conjugate of purely real complex number is same.
ieifz=3thenz=3



EXAMPLE |1]| Find the conjugate of complex number3 + 1.
Sol. Letz=3+i
Soz=3-=1

[since, the conjugate of complex number z, is the complex
number, obtained by changing the sign of imaginary part of z]

EXAMPLE |2| Simplify the following complex number.

9—i+6+i> —9+i°

Firstly, write each complex number in standard form and
then find its conjugate.

Sol 9—i+6+i°—9+i°

=(9+i)+6=i=9=1 [ri®==iandi’=-1]
=(9+i)+(6+i)=8

=15+ 2i—-8=7+ 2i

EXAMPLE |3| Find the real and imaginary parts of the
conjugate of the complex number —5i™" — 6i72.

=rj- Firstly, write the given complex number in the form of
® a+iband find its conjugate. Further, compare the real
and imaginary parts of both sides to get the result.

Sol. Let z=-5i"" —gi™*

_—_S_i:—_S_L v f15 _ a4%343

- !-15 jS (i.q)a .1-3 (j-i)z [ I : ]

=5 6 4 .3 .

= e— ' e d =

W ay bt Srandi==0
=5 5 5—6i (5-—6i)i
=_._6=_._6=—=—

—i i i i-i
[by rationalising the denominator]
_5i—6i' 5i+6
==
Z==6+5i

= —6=5i [i*==1]

Hence, Re(Z)=—6and Im(Z) =5

EXAMPLE |4| Find the real numbers x and y, if
(x —1y)(3 + 51) is the conjugate of — 6 —241.
‘05 Firstly, simplify the product of two complex numbers in the
¢ form of a+ ib and equate it to the conjugate of
—6-24i i.e. —6+ 24i. Further, equate real and imaginary

parts of both sides and solve the equations to get the
values of x and y.

Sol. We have, (x — iy)(3 + 5 i) is the conjugate of — 6 — 24 i.
= (x—iy)3+5i)=—6+241
[ conjugate of =6 = 24 i = =6+ 24 i]
= 3x=3iy+5ix =5i"y==6+24i
= (Bx+5y)+i5x=3y)==6+241 [ i°==1]..()

On equating real and imaginary parts both sides of
Eq. (i), we get

I-2

Ix+5y==6 ..(1i)

and Sx=3y=24 (i)

On multiplying Eq. (i) by 3 and Eq. (ii) by 5, then adding

the result, we get

9x+15y+25x =15y ==18+120=34x =102=x =3

On substituting x = 3 in Eq. (i), we get
9+5y=—6=5y==15=y=-3

Hence, the required values of x and y are respectively

3 and =3.

EXAMPLE |5| Let z, =2—i and z, =—2 +1, then find

Re | 22%2 |
El

Sol Wehave,z, =2—iand z,==2+i
5z, _(2-i)(=2+i) _-(2-D(2-1)

INCERT]

Now, =
z, (2-1i) 2+i

_ (4+it—4i)  (4-1-4i) (3-4i)x2-f
2+i 2+i 2+i  2-i

[by rationalising the denominator]

__(6=3i8itaR) e —zg) =22 2]

4=
__(6-11i-4) [ =—1]
5
ormwi =2 o, Re(@}:l{e(_—2+£]=_—2
5 5 5 z 5 5 5
2 _i
EXAMPLE |6| What is the conjugate of ﬁ?
1-2
[NCERT Exemplar]

: (‘g? Firstly, write the given complex number in the standard
form and then find its conjugate.

Sol Let z=—2"1 _ 2=
(=2 (*=21)2i)+(2))
[z —2,)° = 2 = 22,2, + 23]
2=i 2
=— |viT==1
== Taion ]
2=1 2=1i -3+ 4i
= I= = I= X
-3 =4 —3—4i =3+4i

[by rationalising the denominator]
(2=1)(=3+4i)
=S r=—
(=3)° = (41)°

[z, + 2,0z, — 25) = zl2 - zg]

— 6+ 8i +3i —4i° —6+1li+4 .
= z= =z= [t ==1]
9 —16i" 9+16

- 2+11 2 11
= z= -
25 25 25
_ 2 11
Hence, I=————1i
25 25



EXAMPLE |7| Solve the equation z° = Z, where
Z=x+1y. [NCERT Exemplar]
Sol. Wehave, z* =7 =(x+iy) =x=iy
= x* + (iy) + 2xyi = x = iy

2 2, 2
[z, +2,) =z, +25 + 2z,7,]

= xt =y 2xyi = x = iy [if ==1]
On equating real and imaginary parts, we get

x? - y2 =x (1)
and 2xy==y L(ii)

From Eq. (ii), we have
2xy+y=0 = y2x +1)=0

1
= =0orx==—
Y 2
Case I When y =0.
In this case, we have x* = x [from Eq. (i)]
= ¥ -x=0=x(x-1)=0=x=00rx=1

z=0+0iorz=1+0i

| =

Case Il When x == —.

(S

In this case, we have

1, 1 )
- =—— from Eq. (i
o > [ q- (1)]
1 1 3 3
= y2:_+_:_=>y:i£
4 2 4 2
SR L]
2 2
Hence, the solutions of given equation are 0 + 01,1 + 04,
—1—+f£and—1——f£_
2 2 2

Properties of Conjugate
of Complex Numbers
1;(;}=Z, where Z is the conjugate of complex

number z and Z is the conjugate of complex

number Z.
. z+4+ z =2Re(z)
.z—% =2 Imiz)

LZ=Z &z is purely real.
.z+z=0=2z1s Purely imaginary.
.22 =(Re(2))’ +(Im(2))* 7.2, +2,=2,+2,

.Z]_Zz=£1—§2

= < T o R - F S I )

9.8,:8,=5 "2,

10. [Z—]) = fl , provided 25,2, %0

Z3 Z3

EXAMPLE |8| Ifz, =3+2 and z, = 2 —1, then verify
that
ﬁ}m=31+fz {ﬁ}a=z-12-z
Sol. Given that, z, =3+ 2iand z, = 21
(i) Now, z; +z, =(3+ 2i)+(2=i) =5+i
= oz +z,=5+i=5=i i)
Now, consider z, +z, =(ﬂ)+(ﬁ)
=3=2i+2+i=5-i
From Eﬂand (i), we get

i)

Z,+2,=2,+I,
(ii) Now, z,z, =(3+2i)(2—i) =6—3i +4i—2i°

=6+i-2A-1)=8+i [ =-1]

= 22, =8+i=8—i ()

Now, consider I, Z, = (3= 2i)(2+1)
=6+ 3i —4i = 2i°
=6—i—2-1)=8—i

From Egs. (i) and (ii), we get

[ i® = =1]..()

12y =412y

EXAMPLE |9|Ifz, =3 +5iandz, =2 — 31, then verify

that 212 3—1
Z3 Z3

Sol Given, z;,=3+5i andz, =2-3i
Now. z_1:3+5i:3+51'x2+3i
z, 2-3i 2-3i 2+3i
[by rationalising the denominator]
_ 6+9i+10i +15i°  6+19i—15 (o = 1]
4-9i 149 )
_ -9 +19i =—_9 + Bj ()
13 13 13
-9 19 -9 19
awas=| A= 2 Zi| =222
z,) |13 13) 13 13
N-:m.n.':mlsii:lerRHS:i—l=ﬂ=3_5i
I, 2=3i 2+3i
3-5i 2-3i
= X
2+31 2-=3i

[by rationalising the denominator]
6-9i —10i +15i° 6-19i—15 4
- - [rif==1]
4 =9* 4+9
_=9=19i _=9 19

13 13 13
From Eqgs. (i) and (ii), we get

[2)-2

(i)

| l_m



. (@ +1)? )
EXAMPLE |10| If x +iy = T what is the value
—1

of x? + y??
2, 2
Sol. We have, x+i'y=& i)
2a—i
— (@ +1)°
x+1y—{—2a_i
= x—fy:M (1_1]=E_1
2a—1 z, zZ,
o _(a® +1)? ,
= x=ly= S ..(ii)

On multiplying Eqs. (i) and (ii), we get

(a* +1)*(a® +1)
(2a—i)2a+i)

(a* +1)*

(2a)* - i*

[z + 2,0z = 2.) =5 - 73]

2 _j2yt = {a:+ 1)*
4a” +1

(a* +1)*

4a® +1
EXA\-‘iP]_E [11]| If x +iy =

1 +1
. then prove
that x* + y2 =1
Sol. We have, x + iy = ’li = x+iy= ’ILXIL
1=i 1-1 1+1
[by rationalising the denominator]

= x+iy=1ﬂ‘“” [ (2 = 2,) (2, +2,) =22 = 2]
1

1+f 3

(x+iy)(x—iy)=

- x* = (iy)* =

[ i =-1]

2 .2
x4yt =

= x+iy= .J_ [eit=-1]
T ()

Now, taking conjugate on both sides, we get
- 1 i . 1 i .
x+:y=[ﬁ+$)=>x—iy=$—ﬁ (i)

On multiplying Eqs. (i) and (ii), we get

(x +iy)x—iy)= (.,F I](%_%]
= -5 -(5]

[z + 230z —2,) = z12 - zg]

2
z .2 2_1 1 2 2 1 2
= x" =1 = ———x + =—t==1i"==1
y=s-3 y p [ ]

Hence proved.

b | =

MODULUS (ABSOLUTE VALUE)
OF COMPLEX NUMBERS

The modulus (or absolute value) of a complex number,
z=a+ib is defined as the non-negative real number

Na®+b*. It is denoted by |2} ie.
e.g. If 2=2434, then|z|= 1!22+32 =.449 =-Jﬁ
and if 2= 1=, then |z]= /()7 + (= 1 = [T+ 1 =4/2.

=

= 1,‘{;3 + b2

Knowledge Plus
(i) Multiplicative inverse of z is # It is also called reciprocal

of z.
(i) zZ =12°

EXAMPLE |12| Find the modulus of the complex
number 4 +3i’.

1.”‘ Write the complex number in the form z=a+ib, then
modulus of z is| 2| =+/a" +b”.
Sol. We have, 4+3i" =4+3i*)(i%)i
=4 +3(1)(-1)i
=4 =3i
. Modulus = |4 +3i7| = |4 - 3i|

=12+ (=3 = l619=25=5

[-i'=1i"=-1]

EXAMPLE |13| Find the modulus of the complex
V3 -i2
23 -2

Q‘ Convert the complex number in the standard form and
® then find its modulus.

number

cof v, Bmia_ s 2eif3
Zw'r_—w'r_ Z'J_—I'\‘Ir_ 243 + 2
[by rationalising the denominator]
_6+ifo—2bi-2i [rle, —2,) (5 4 2,)= 2% =2,
= (21@)2—('@@1')2 LT | 2\ 2/= 5 2
6=6i+2 e
"z fer=-
-Voi 8 6. 4 o
=i ===
14 14 14 7 14

2 2
Now, modulus of z, |z| = (;) + [i]

6 6

o4 + 6 70

49 196 196 196 14



EXAMPLE |14| If | z| = 1, then find the value of i 2z
+ Z

,;n Use the result zZ =| z|? . then find its value.

Sol. Given, |z|]=1 = |z|* =1

= zz=1 [1z)P= 23]
1+z zz+z z{(z+1

Now, — = —= {_ ):z['.'l:zE]
1+ 1+zZ (Z+1)

EXAMPLE |15| Find the conjugate and modulus of the
complex number (1—1)™2 + (1+1)™.
Sol Letz=(1-)"+01+i)~"

1 1 1 +if +(1-i)
= — T 7 2 7
(1= (1+1i) (1—1i)" (1+1i)
1+ +2i+14i% =2 _1-1+1-1_10
(1-i%)? (1 +1)° 4
[i*==1]
=0=0+0i

E=I]+0iz(]and|z|=.ﬂ0+l]=ﬂ

EXAMPLE |16| Find the conjugate and modulus of the

3+21 3-2i
complex number - -
2—-51 2451
Sol Letz 3+2!+3—21
2-5i 2+5i
(34 21)(2+51) +(3=2i)(2=5i)
(2=5i)(2 +5i)
_ 6+15i +4i +10i° +6=15i —4i +10i°
(2)* = (51)*
[z = z3)(z, + zz)=zf —zz]
.2 P
=ﬁ+2(}i +6=12 2'0=—8=—3+0i [,”.2=_1]
4 = 25i° 4425 29 29
E -8
Now zZ= ———l]:'—

‘M
29 841 29

EXAMPLE |17]| If|z| = 1, then prove that (z #1)

+1°
is a purely imaginary number. What will you conclude, if
z=1
Sol. Letz=a+ ib, such that|z| = +/a” + b* =1
= a’ +bt =1

z=1 a+ib=1
Now, consider =|—
z+1 a+ib+1

_la—-1+ib)
(a+1+ib)

. (a +1—ib)
(a+1—ib)

[by rationalising the denominator]
_[a=1)+ib][(a+1)—ib]
C (a+1)P =(ib)?

_ a® = 1= iab + ib + iab + ib — i*b*
- (a+1)* - i%b®
_(a® + b =1)+ 2bi
T (a+1)E 4 b
(1—=1)+ 2bi
a’ +1+2a+ b

[ (2 +22)(21 = 22) = 2 = 23]

[-a® +b* =1and (z, + 2,)° = zf + 25 + 22,2,]

_ 0+ 2bi _ _2bi [ra® 4 =1]
(@®+b*)+1+2a 2+2a
bi
=0+
l+a

Clearly, real part of(z - 1] is zero and imaginary part

z+1
z=1). b
of is :
z+1 1+a

= s .

z=1)_ ib
z+1 1+a

Again, when z =1, then

is purely imaginary.

(2_1]—1_1—0 which is purely real.
z+1 1+1

EXAMPLE |18| Find the complex number satisfying
the equation z + «JEI (z+17)|+i=0. [NCERT Exemplar]
Sol. We have, z + -,,E|(z +1)|+i=0
Letz=x +iy.
Then,  (x +iy)+/2|(x +iy +1)|+i=0
= x+£(y+1)+«5|(x+1)+iy|:n

= x+i(y+1)+J2)(x +1)* + y? =0
lif z = a+ ib, then || = yJa* + b*]
= x+N2fxP #1420+ y2 +i(y +1)=0+0i

On equating real and imaginary part, we get

x+ﬁ-\1x2 +1+2x+yz=lll A1)

and y+1=0 _..(ii)
From Eq. (ii), we get

y=-1
Now, on substituting y = =1 in Eq. (i), we get

x+2x 41+ 2x +1=0
= x:—wfzqfx2+2x+2



On squaring both sides, we get
=2t +2x+2)

= =2t tax+4= P vdx+4=0
— (x+2)=0=x+2=0= x=-2
Hence, z=x+iy=—2-1

Properties of Modulus of
Complex Numbers

L |z]=|z]

2. |z|=0< z=01ie Re(z)=Im(z) =0

3. —|z|<Re(z) £|z|

4. —|z|=Im(z) < |z|

5. |21 + 23" =]z +|2,|" + 2Re(z,2,)

6. |z, _ZZF =|‘31|2+|-’32|E —2Re(z,7,)

7. |21+ 25 + |2y — 2o =2(|2|* + | 2,]*)

8. |z122]=|z1||22]

In gerleral, ilczl, Zys -es Z, Al ANy complex
numbers, then

|Z]ZZ "'zrr|=|zl||22|“‘|z?z|

So, if z; =z, =...=z,, then from Eq. (i),

we hﬂ\'elz;!|=|zlln Thus, we havf_' |Zu|=|2|m
9. 1 = @, pro\rided z, 70

z,| |z,

10. |z, + z,|< |z |+]2,)
11. |z| —32|2|31|_|32|

Note Property 10 and 11 are called triangle inequality.

u Knowledge Plus

In the set of complex number, z; > z, or z; < z; are
meaningless but | z1> 1zl 0r| z1<| z,| are meaningful
because| z;l and | z,| are real numbers.

EXAMPLE |19|Ifz, =3+2 and z, =1—3i, then find

the modulus of z, and z,.
Also, verify that | z,z,|=|z4]| 2,
Sol. Given, z;=3+2iandz, =1-3i
Clearly, |z, |= y(3)* +(2)* = Vo+4 =13

|2,]= 12 +(=3) = V149 = 410
|2, ||z2)= V1310 = 130

and

Now, consider z, z, = (3+ 2i)(1=3i) = 3= 9i + 2i = 6(i*)
22

=3-7i+6=9-7i [

|z, 25]= ,ﬂq’* +(=7)°
=f81+49 =130

From Eqs. (i) and (ii), we get |z, z,| = |z, ||z,

(i)

EXAMPLE |20| Ifz, =3+ 2 and z, =2 — 4i, then
verify that |z, + 2| * +|z; — 2| =2(|24]* +|2,|?).
Sol. Wehave, z; =3+ 2iandz, =2—4i
Now, LHS =|z; +z, |2 +|z; - zz|2
On substituting the values of z, and z,, we get
LHS =3+ 2i + 2=4i |" +|3 + 2i = 2 +4i
=B =2i|* +|1+6i "= (5)" +(=2)" +(1)* +(6)°
[if z=a + ib, then|z|2 =a’ +b%]
=25+4+1+36
LHS = 66 A1)
and RHS = 2(| z, |* + |z, [* )= 2(]3 + 2i]* + |2 —4i |*)
=2[03)" +(2)" +(2)" +(-4)]
=2(9+4 +4+16) =2x33
RHS =66
From Eq. (i) and (ii), we get
LHS =RHS

(i)

Hence proved.

EXAMPLE |21|Ifz, =3 +iandz, =1+ 41, then verify
that |z, + z,| <|z,| +]|2,|-
Sol. Wehave,z, =3+i and z, =1+4i

|z, = 3* +12 = or1=410
|zl =17 +4% = 1+16 =17
|z,| + |2,) = ¥10 + 17

=316 +412=7.28 i)
Now,z; +z,=3+i+1+4i=4+5i

and

|z + 2o = J42 +5° = Jl6+ 25= a1 =640 ..(ii)
From Egs. (i) and (ii), we get |z; + z3| <|z;| + |z2|
EXAMPLE |22|Ifz, =2 —-iand z, =1+1, then
zZ, +z, +1
find |2 —2 |
zZ,—Z; +1 [NCERT]
Sol We have,
zy=2=iandz, =1+i
z, +z, +1 2—i‘+1+|‘+1|
7=z, +1| [2—i-1—i+]]
B O 2 A
Clz=z2i] |1=i] p-i PR TN
(i)
2 2 _2 2_p
= = = —= 2
N T R N

_1]



o
EXAMPLE [23| Find [1 +1) &)
(3+0] [NCERT Exemplar]
Sol Let z:(1+i)(2+i):2+i+2i+a‘2:2+3i—1
(3+1) 3+i 34+ i
- z:1+31 ['”_2:_1]
5+

MNow, |z|:1+SI:M .
3+i| B+

1P +3 -
- V3t +1? B

L(2+1)
A+ e

. q:m
zz|  |zal

Hence,

EXAMPLE |24|1fz,, z, are complex numbers such that

4z Z,—Z
—Lis purely imaginary number, then find ’#
5z, Z,+2Z,

Sol. Since, :i is purely imaginary number.
Iy

-~ ZZL_jiforsomeAeR = L=2%; i)
5z, 4

21 T Za| _
z, + 2,

Mow, consider

[using Eq. (i)]

1 |5hi-4
Ssi+1| PBRi+4
4

_Jshi=4] =4 +5hi] _ (=4)* +(5h)° _

T lshi+4] 4+ 5Ad| _\f(_4)z+(5k)z

31_12|:
zl+zz|

Hence, 1

EXAMPLE |25| If (2+1) (2+2i) (2 +3i) ...(2 +ni)
= x +1iy, then prove that5-8-13... (4 + n%) = x* + y°.
[NCERT Exemplar]
Sol. We have, (2+i)(2+ 2i)(2+3i)...(2+ ni)=x + iy
On taking modulus both sides, we get
[(2+ N2+ 2i02+3i)...(2+ni)|=|x+ iy
= |2+ |2+ 2i]...|2+ ni| =|x + iy
(1202, oz = 2 Hza] - 2]
— {.jﬁ){,jﬁ)...{ﬂ‘unz)z,r‘ﬁ+y2
On squaring both sides, we get

5:6...(4+n°)=x"+y" Hence proved.

ARGAND PLANE

A complex number z=a+1b can be represented by a
unique point P (a, &) in the cartesian plane referred to a pair
of rectangular axes. A purely real number 4, i.e. (2 +07) is
represented by the point (4, 0) on X-axis. Therefore, X-axis
is called real axis.

A purely imaginary number 74 i.e. (041 b) is represented by
the point (0,6) on Vaxis. Therefore, F-axis is called
imaginary axis. The intersection (common) of two axes is
called zero complex number ie. z =0+ 0:.

Similarly, the representation of cclmplex numbers as points
in the plane is known as Arga.nd diagram. The pla.ne
representing cc—rnplex numbers as points, is called CDIIIP]EI
plane or Arg:md P[a_ne or Gaussian Pl:ule.

If two complex numbers z, and z, are represented by the

points P and Q in the ccrnp]ex pla_ne, then
|Z1 - 32| = PQ) = Distance between P and Q

Y
Imaginary
ads | Flz) Q)
* Real
/ﬁxis
X o] X
(0,0)
¥

e.g. The cornplex numbers such as2 + 37, =2+ 34, - 14+ 04,
O+ 47 and —4 — 27 which correspond to the ordered pairs
(2,3),(—=2,3),(=1,0),(0,4) and (— 4, - 2) respecrively, can
be represented geornetricaﬂy by the points A, B,C, D and E
respectively, in the cartesian plane, as shown in the ﬁgure.
Y
243 44 D(0, 4) or 0 +4i

= OF 3¢ sA(2,3) 0r 2 +3i
B(-2.3)

40P
or 1+
C1,0

Xty
-4 32|

X

12 3 4
«F(-4,-2) -2f
or—4-2i 4|
_al
v

EXAMPLE |26] If z, =+3 +iv3 and z, =3 +i, then

find the quadrant in which [Z—i] lies.
Z3 [NCERT Exemplar]



SolWehave,zl=J?:+i£andzgzw.’§+i,
o Suen Barn e TOPIC PRACTICE 3 |
zz_ J3+i _(J§+1') N

[by rationalising the denominator] - - - .
_ B+ )3 — i) OBJECTIVE TYPE QUESTIONS

(\3)? = (i) 1. The conjugate of a complex number z = a + ib, is
[+(z1 +20)(z = 2) = 2f — 23] (@) z=ax+ib (b) z=a-ib

BB =i +if3-i%) () z=as o @zt
= 5_ i 2. Which of the following are correct?
BB+ -1+ =] L |3+ =410 ; 2-5il= 29

3+1 ) IL (3+i)=3-1;(2-5i)=2+5i and
-3i-5)=3i-5

=£{(J§+1)+ i3 -1)) ¢ E)

4 L z7' =S orZz =z, z#0
BB BB -1 Iz
- 4 * 4 (a) IandIll are correct (b) Iand Il are correct

(c) All are correct (d) None of these

which is represented by a point in first quadrant.
. . 3. If[1-i|"=2", thenn is equal to
Representation of Conjugate

(a) 1 (b) O
of z on Argand Plane (c) 1 (d) None of these
Geometrically, the mirror image of the complex number 4 The value of (z + 3) (Z + 3) is equivalent to
z = a+1b (represented by the ordered pair (a, &) about the (@ |z+ 3|? (b)|z-3
Xlaxis 1s c:{lled conjugate of z which 1s represerlted by the (©22+3 (d) None of these
ordered pair (2, — b). If z=a+ib, then z=a —ib.
Y 5 Ifa+ib=c +id, then
F (&, b)
| (a)a®+c*=0 (b)b*+c*=0
i (c)b?+d>=0 (d)a?+ b7 =e?+d?
X 5 : X ) .
! 6 The geometrical representation of complex
; number z = =16 is
" Q(a, - b) 1+i/3
¥ p . ¥
Representation of Modulus of z on
Argand Plane ; ~e
x XX X
Geometrically, the distance of the complex number o o
z=a+ib [represented by the ordered pair (4,5)] from
origin, is called the modulus of z.
¥ ¥ ¥
P (a, b) (@) (b)
: ¥ ¥
x 0.0 0 M
] [
N
¥
. OP =(a=0)2+(b-0)> p . § p
© (@

=vVa? + b2 =Re(2)}? + {Im(2)}® =|a+ib|



VERY SHORT Type Questions

7

8

10

i

12

Find the conjugate of the complex numbers.
(i) —if5 (i) /3

Find the complex conjugates of
(i) 2+i5 (i) —6-i7  (iii) 4/3

Find the multiplicative inverse of the complex

number /5 + 3i. [NCERT]

If(1+ i)z =(1-1i)z, then show that z = —iZ.
[NCERT Exemplar]

Find the modulus of the conjugate of the
complex number - 3i.

Find the number of non-zero integral solutions
of the equation [l - if* =2*.

SHORT ANSWER Type Questions

13

14

15
16

17

18

20

21

If z, = +/2 - 3i and z, = 5-i+/2, then find the

quadrant in which 21 jies.

Z2
Find the conjugate of the complex number ;;l
+i
[NCERT Exemplar]

Find the conjugate of (6 + 5i)%

Find the real numbers x and y, if
(x = iy)(3 + 5i) is the conjugate of (- 1- 3i).
Find the conjugate and modulus of the complex
number (3 - 2i)(3 + 2i)(1+1).
If z =12 + 5i, then verify that
(i) (2)=z (i) z+ Z =2Re(z)
Find the modulus of the complex number 4 + 3i’.

Find the conjugate and modulus of the complex

2+ 3i
number -
3+2i

If (@ + ib)(c + id)(e + if)(g + ih) = A + iB, then
show that
(@*+ b)) (c* + da*e® + fz)(g2 +h%) =A%+ B2
[NCERT]

LONG ANSWER Type I Questions

22

23

24

25

26

27

28

29

30

31

32
33

34

Find the conjugate of
(3-20)(2+ 3i)

1+2)@2-1) [NCERT]

Find real values of x and y for which the
complex numbers — 3 + :'.xgy and x” + y+4iare
conjugate of each other.

Find all non-zero complex numbers z satisfying
- .2
z=iz".

Ifx+iy=a+'fb,provethatx2+y2=1A
R—Lb [NEEKI]
2
If a+£b:(x 2+ 1), prove that
2x* +1
2,52
a2+b2=7(x2+1]2.
1+i 1-i

Find the modulus of — — ——.
1-i 1+1

If z =12 = 5i, then verify that
(i) —|zl=Re(z) =|z|
(i) —|zl<Im(z)<|z|

If zy = 3+ iand z, =1+ 4i, then verify that
IZ, — Zz'? |22| _ |Zl|.

If f(z) = 2= zz, where z =1+ 2i, then find | f(2)|
1-2 [NCERT Exemplar]

If Z—_i is a purely imaginary number
zZ+
(z # - 1), then find the value of|z|.
[NCERT Exemplar]
If|z +1=z +2(1+1i), then find z.

1-iz
-

Ifz=x+iy, w= and |w|=1, then show that
zis purely real.

If zis a complex number such that
|z=1|=|z + 1|, then show that Re(z) = 0.



| HINTS & ANSWERS |

1. (b) By definition, z = a = ib.

2. ()L |3+i| =432 +12 =10, |2=5] =4[2° +(= 5)° =29

IL (3+i)=3—i,(2=5i),=2+5i.(=3i=5)=3i =5

II. The multiplicative inverse of the non-zero complex
number z is given by

-1 1 a . =b

r = —=— +i— S
a+ib a*+ b2 a”+b
a=—ib z

Ca b |z

=z or z?:|z|2
|z

(b) We know that, if two complex numbers are equal then
their modulus must also be equal.

p-iff=2"
= W2y =2 [ h-il=+2]
= =
= Zoa
2
= n=0
(a) Let z=x+Iy

Then, (z+3)(z +3) = (x + iy +3)(x + 3 = iy)
=(x+3)* = (iy) =(x +3)" +
:|x+3+iy|2=|z+3|2

(d) If two complex numbers z; = x; + iy, and

z, = X, + iy, are equal, then

|z |= =

= ol + yi = + ¥

—16 xl—iﬁ
1403 1-iaf3
—16(1—:'«5)

12 =(iv3)
_—16(1—£J§)

B 1+3

==4 +4i"u"§.

which can be represented geometrically as shown
below.

(b) We have, z =

Plg, a3 T

7. () z=0-i5 = Z=0+i/5 Ans.i5
(ii) V3 Ans. —6 +7i

8. (i) 2+is5=2-1i5
Ans.2=5 (i)=6—17==6+i7

(ii) V3=+B +0i=+3—0i Ans.+3

9. Use formula, multiplication of z = ~Z_ Ans. £ - 11’
|2* 14 14
10. Wehave, (1 +i)z=(1-i)Z
z 1—i 1-1i 1-1-2i
= == W— =
z 1+i 1-=i 1+1

il. z=3i=z=3 Ans.3

12. We have, (1||12 +(-D )=tz E =x

Ans. x =0
13. Solve as Example 26. Ans. IVth quadrant
1, o101 117 e
I+i 1-i 1+1

15. z=(6+5i)° =36—25+60i =11+60i Ans. 11 — 60i
16. Solve as Example 4. ﬁrm.x=iandy=—l
17 17
17. Let z=(3—-2i)(3+ 2i)(1+i)
2 =(9+ 6i — 6i — 4i*) (1 +1)
=(9+4)(1+i)=13+13i
Ans.Z =13 —13i and |z|=134/2
19. z=4+3i'i*=4-3i Ans.5
20, g 2¥3i 3-2 _12+5i
342 3=2i 13

_ 12 5
Ans.z =— ——iand|z] =1
13
21. Solve as Example 25.
27, z=12+5ix4—31=63—161 Al‘ls.63 16 ,
4+3i 4-3i 16+9 25

23. Since, =3+ ixgy and ¥ + y +4i are conjugate of each

other
-3+ ixzy:x2 + y+4i
After this, equate real and imaginary parts, to get the
values of x and y.
Ans. (x=1, y=-4)
or (x==1,y=-4)
24. Solve as Example 7.

5 1. 3 1
Ans.0+0,044 3L B 1,
2 2 2 2



25.

26.

27.
28.

29.

30.
31

a+ib

We have, x + iy =

i)

a—ib
Take modulus both sides of Eq. (i) and then solve it.
2
We have, a + ib= X 2+1 i)
2x° +1

Take modulus both sides of Eq. (i) and then solve it.
1+i)f =(1-i)* 4i

i ?=2f Ans. 2
Hint |z|=13
Re(z)=12
Im(z)=-5

|z, = z,| = |2=3]= A +9 = 13
|zl|=m=ﬁand|zz|=m=xfl_7
2=i

2
Let z = x + iy, then
z=1 _(x2—1}+ y2+i‘[y{x+1}—y(x—1)]
z+1 (x* +1)" +y°

-1

N is purely imaginary.

2 2
Re[z_l :o,i_e_%:o
z+1 (x+1) +y

32,

33.

34.

x=1+y" =0 = x" +y" =1
Ans. |z| =1
Letz = x+iy, then
|x+iy+l=x+iy+21+1)

= Yx+1)F +y =x+2+i(y+2)

Ans. z=l—2i
2

We have,
[w] =1
|1—i‘z|=1
[z =1
= 1=iz|=|z =i
= L4 y=ix|=|x+i(y=1)

Letz = x + iy, then |z =1 =|z + 1|

= |x + iy =1 =|x + iy +1|
= [(x =1)+iy|=|(x +1) + iy|
= J{x—l}2+y2 =J{x+l}2+y2
= (.r—l)2 + yz =(3¢'+1]2 + yz
= K r1=2x=xt +1+ 2x
= dx =0
= x=0

Re(z)=0



SUMMARY

+ A number consisting of real number and imaginary number is called complex number, ie. z = g + b,
where a is real part Re(z) and b is imaginary part Im(z).
+ A complex number z = g + (bis called purely real, if b = 0, i.e. Im(z) = 0 and is called purely imaginary,
ifa =0, ie Re(z) =0.
* Integral Powers of i
Mi*" =1,9eN @i*"*"' =i,geN (%% =-l,geN Wi*" =-,geN

() i = !,%,p eN

+ Two complex numbers z, = a +ibandz, = c + id are said to be equal, ifa = cand b = d.

+ Algebra of Complex Numbers Let two complex numbers are z, = g, + ib; and z, = g, + ib;, then their
(i) Addition (sum) is defined as
z=z,+z; =(a,+a;)+ib, +b;)
(i) Subtraction z, — z, is defined as the addition of z; and (-2 )
Le. zy —zy; =2y +(-23)=(a; —ay) +ilby — by)
(iii) Multiplication is defined as z,z, = (a + ib)(c + id) = (ac — bd) + i{ad + bd)

(iv) Division — is defined as the multiplication of z, by the multiplicative inverse of z,
Z

. z, 4 a.d; + bib, fa.b, —a;b,
ie. —=2z,-2; = 5 5 +i 5 >
as + bs as + bs

+ The conjugate Z of a complex number z , is the complex number obtained by changing the sign of imaginary part
of z.

+ The modulus| z|(or absolute value) of a complex number z = g + ibis defined as the non-negative real number.



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1. If x = 16, then
(a) x=4i
(c) x=-4

(b) x=4

(d) All of these

2. Which of the following is true?
(a) 1-i<1+i (b) 2i+1>-2i+1
(c) 2i>1 (d) None of these

3. Ifz+0=z wherez=x+iyand0=0+i0,then
0 is called
(a) additive identity
(c) closure

(b) additive inverse
(d) None of these

4. Ifz;=2+3iandz,==3-2i thenz, -z, is

equal to
(a) -1+51i (b) 5-1i
(c) i+5 (d) None of these

L. Ifz= 5;'[—%::], then z is equal to

(a) 0+3i (b) 3+0i (c) 0-3i (d) -3+ 0i
6. Ifz=i"+i" then zisequal to
(a) 0+ 0i (b) 1+0i (c) O+i (d) 1+ 2

7. 1fz #0is a complex number, then
(a) Re(z2)=0 = Im(z%) =0
(b) Re(z®)=0=Im(z?)=0
(c) Re(z)=0 = Re(z®)=0
(d) None of the above

VERY SHORT ANSWER Type Questions
8. Find the values of x and y, if x + 4iy = ix + y + 3.
9. Show that1+i' +i®® +#*? is a real number.

10. Find the value of 1+ i +i* + i® + . + %%

[NCERT Exemplar]
11. Find the value of i 1%%7.

12. Prove that [2 h 3"] [2 - 3"] is purely real.

3+4i)\3-4i
3
1.Yy. .
13. Express (— 2- 51] in the forma + ib.

14. Express in the form q + ib.

1
—2+4/-3

2335 o the forma + b,
1-+-16

SHORT ANSWER Type I Questions

15. Express

16. Express in the form a + ib.

1-cost +2isin @
17. Find the smallest positive integral value of n for

n
which % is a real number.
-

18. What is the reciprocal of 3 + 77

19. Find the multiplicative inverse of 1+ i

1+2i

20. Find the quadrant in which conjugate of n lies.

-1

SHORT ANSWER Type II Questions

21. Ifz=2-3i show that z° — 4z +13 =0 and hence
find the value of 4z° - 3z + 169.

22, If(1+i)(1+20)(1+ 30) ... (1+ ni) = (x + iy), then show
that2-5-10 ... 1+n%)=x"+ yz.

23. If|z)|=|z,|=... = |z,| =1, then show that

11 1
|2y + 2o+ .+ Zy = —+ —+ .+ —
Z Ip Zy

CASE BASED Questions

24. A complex number z is pure real if and only if
Z=z and is pure imaginary if and only if 7= - z.

Based on the above information answer the
following questions.

(i) If(1+i)z=(1-i)z, then-iZ is

@-z  (®z () F (d) 2!
(ii) 2z is .
@zz ®H+% ©L  (@_—
Z9 2y Iy



10.

1.

12.

(iii) If x and y are real numbers and the complex
number (2+ :]x_-: . (1 —tl_:_' + 2

is pure real, the

relation between xand y is

(a)8x 17y =16 (b)8x + 1Ty =16
(c)17x -8y =16 (d)17x -8y =-16
: 3+ 2isinB ) . . .
iv) If z="_—"—— ({ln:ﬂg—] is pure imaginary,
@) 1-2isin® 2 P ginary,
then 8 is equal to
i n b8 n
il h) = — d) —
(3)4 {}6 {C)3 ()12

(v) If z; and z, are complex numbers such that

2] — 23 -1

z,+z,

(a) A pure real

(b)z—' is pure imaginary
Z3

(c) z, is pure real
(d) z, and z, are pure imaginary

|HINTS & ANSWERS |

(a) Here, x = /=16
x= ,f—l x16
=J=1x Jaxa=4i

(d) Since, comparison of complex numbers is not valid.

(a) For every complex number z, we have a complex
number 0 +i0 (denoted by 0) called additive identity or
zero complex number such thatz + 0=z,

(a) Here,z, =2+3i,z, =3~= 2i, then
- (3= 2i)
34 2i==1+5i

2y =2,=2+3i
=2+3i-

(b) 5;(-%.) Sx—%: =—3(=1) =3 =340i

(@) "+i"=i" 0+ i")=i" 1+ (iz)s] (taking i’ common)
=i"[1+(=1]=i"1-1)=0=0+0i
(a) Letz=x +iy
If Re(z) =0, then z = iy
2 =(iy)' =~
Thus, z? =--yz

= Im(z%)=0

(which is real)

x+4diy=ix+y+3 = x=y+3anddy=x

Ans. x=4and y =1

W =14 ()2 )+ ()
=1-141-1=0

C1((H) =1) _1(=1-1)
B (i*)-1 R

~1w007 _ 1 1 i

= =X
ih(274+l i i

(z+ 3i)(2—3i) _(2)*-3i)°
3+4iM\3-4i) (3)% —(4i)?
449

944

140 4% 4

142+ 4. +i® Ans. 1

Ans. -

i 2
6. (2-3) = fer o (3 sasats(fanan(})
3 3 3 3
= I-8-—'.-&'41‘—3] Ans.—g—ﬂi
ik 3 3 27
4, L 2B -2-i_-2-4i
RO T i (=2)2 =(3i)* 443
i S
7 7
. 2-J§.=z—s:xx+4t 2243 Ang. 22,3,
l-'\_)lbi 1—-4i 1+ 4i 17 17 17
0% va 1 : x(l-—cosﬁ)-Znst
(1—cos0)+ 2—sin® (1—cosB)-2isin0
_ (1—cos0)—2isin® (1 —cos0)— 2isin®
(1-cos0)? + 4sin’0 1+ cos’0—2cosO+ 4sin?0
Ans.( 1-cos® +{ —2sin 0
2—2cos 0+ 3sin’0 2—2cos O + 3sin?0
N [ \2
17. z=(-lif] x(1-i)? = i) 1% +i*=2i)
1-i 12—
AN
=(3%+2') (<2i)=(i)'(~2i) Ans. 1
18. z=3+.7i
1__1 3-f7i _3-4f7i ____J_7__,
z 340 a1 947 16 16
19. z=1+i ‘
Multiplicative inverse = L X el b
z 14i 1-i 2
Ans.l--—i
2 2
20. Z=—1+2' m=_-1+3'——(_1.4.3,)
1=i 1+ 1+1
==(-1-3i
z 2( i)

Ans. Ilird quadrant



21. Now,z?=(2-3i)? =4-9-12i=-5-12i and z* =(2-3i)°
=(2)° -(3i)* -3(2)*G3i) + 32)30)*
=8+ 27i—36i—54 = —46—9i
Now, z?—-4z+13=(-5-12{)-4(2-3)+13=0
and 4z° =327 +169 = —46 —9i —3(=5 —12i) + 169
Ans.138 4 27
22, |(1+ i)+ 20)(1 + 30)...(1 + ni)| =| x + iy
= U+ 20 [+ 3|1+ il x+ iy

STFIAF A0 A4 n? =yfx? 4 y?
= ﬁ«/;Jl_O'Jl +n? =\}xz +y?

23. Given,|z|=|z,| =...=|z,| =1
= [2i]? = |z,)? =... =]z, ) =1
2,5, =z,f=..=272 =1
1 L 1

Sz zphadz =z 4z, 4+ 2

-— - - |1 1 1
=z 4z 4.+ = —t—+. 4+
Z 22 Zn

24, (i) (b) Since, (1 + i)z =(1 — i)
B RSl st Qe st <at.
T o140 1-i 1-4° 141
= z=-iz
(i) (@) z,z, =5, %,

(iii) (a) Letz = & ‘;i’x" Lt et

+i 4i
=2x+(x--—l)i+y-’-(2-—y)ix_l

4+ 4i i
=(2x+(x-—l)|')(4-i)+ —iy+(2-y)

(44 i)4-1) 4

_8x+ x-1+(4x—4-2x)+(2-—y)-iy
17 4

=

=

=
=

(iv) () z=

=‘91:—14-(2:(-4)_* 2-y-—iy

17
Now,zisreal 7 =z
Imz=0
2x—4 —-‘!=0
17 4
8x-16=17y
8x =17y =16
34 2isin O
1-2isin@

=(3-!» 2isin 0)(1 + 2isin 0)

1+4dsin’ @

=(3-4sin’0)+ i(8 sin 0)

1+4sin’0

Since, z is pure imaginary

o

<

=

Re(z) =0
3-—4sin29_
1+4sin?0
3

sin‘@ ==

4
sinf=+

0=X
3

V) Bz -z, =z +z,|
= (2 -2,)(3 -2,)=(z + 2;)(F + ;)

=

=

22, =~

R}

5iz,

Z . s
=» —Lis pure imaginary.
z

2

1

(since. 0<f< %)





