Exercise 7.1

Answer 1E.

Consider the following integral:

[ In xdx

Evaluate the given integral using integration by parts with the indicated choices of wand gy.
Here w=Inx,and gy = y*dyx.

The formula for integration by parts is given by

[ udv =uv— [ vdu

Let u=Inx and dv = Izdt. Then

du 1 nd Idl-':]-x:dr
dr x

1 x
du=—dr and v=—

x 3

Plug the values of u,v,dunand gy into the integration by parts formula.

Iudv=w-jt?ﬂu
3 3
I:’]n.rzir=ln.rv'r——jx—vldr
3 3 x
= lf ]n:r—l_l-.rzdr
3 3
1 1 ¥ x™
==X Inx——| —+C usemefumulajx'dr=—+c.
3 33 m+1

=l.t"’ln.r—lx3+(:'
3 9

Therefore, the value of J'_r“ In xdxis.

l.m”‘l]'l.avr—l.uc’“+n::‘.
3 9




Answer 2E.

Consider the integral I Hcosfdl
To solve the integral use the integration by paris formula: I udv = uv —I vdu
Lel. w=@. dv=cosfd@
Then. du=d@ . v=sin@
[ 0cos0d6 = 6(sin 6) - [ sin a0

= H[sin E}+ms€+c Since Isin Od@ = —cosB+C

Therefore, J fcos 8d6 = |0(sin E} +cosf+C

Answer 3E.

Consider the integral J xcosSxdr.
Evaluate the given integral.
Use integration by parts, J wdv= uv-_l'wﬁ:tn evaluate the integral.
Let w=x, dv=cosixdx
Find gy

du = dx
Find v.

v= jdv

= [ cos Sxdx

_ sin5x

5

Substitute the known values in the formula Ju dv :w-jvdm

Then the integral becomes the following:

chnsSxdx=_r Smox —Ism5 xd_r

=x[mnsx]—lfﬁn5uﬁ
5 ) s

5 5
_ xsin Sx N cos3x —lC,
5 25 5

_ Xsin Sx N cos3x +C Where C = —
5 25

_ xsin5x _l[{-ﬂﬂ;ﬁx} "‘Cn]

C!

| —

Hence, the required value of the given integral is xs': Sx + m;:x +CL




Answer 4E.

Consider the integration

[re2ray
We have to evaluate the integral using integration by paris
Let

u=y

Then taking derivative on both sides

du=dy
And
dv= 80.2_1' dv
Then take integration on both sides
Jav=fes
0.2y
p=8 [Sinoe Ié“dx: i)
0.2 n

The formula for integration by parts is
Iu dv= m'-jv du

Here

02y 0.2y
o2 =) |-

02y eD.Z_r 1
Hence Ij.‘g 2y = [y——]+C

Answer 5E.
Given II e dt
‘We have to evaluate the given integral using integration by paris
Let u=t ,dv=e 'dt
-3t
du=dt, v=-2"1
3

‘We know that the formula for integration by parts 1s
Iu dv=uv— Iv du

=“"__3+%["__3]+c

-3t -3f
--E__|Z_|lic
3|79

3t
Hence Iﬂe‘}dz = —ET[£+%:|+C




Answer 6E.

Given I(x—l)sin:rxdx
We have to evaluate the given integral using integration by parts

Let u=x—1,dv=smmaxdx

COSATE
du=dx, v=—
ri 3

‘We know that the formula for integration by parts 1s
Iu dv=uv— Iv du

I(x—l)sin;—'rxdx:(x—l)[— °°sm]—j[— °°;m]dx

i

= ——(I_l) cos A +jlr.|-(coszrx)dx

b2
_ (x—l)cosmr_'_l[sinrrx)_l_c
T AN T
(x—l)cosﬂx sin 7Tx
=— + +C
7z P
. (x—l)cosﬂ'x SN X
He -1 Axdx=— + +C
nce |[(x—1)sin — —~
Answer 7E.

Given I(x: +2x) cosxdx
We have to evaluate the given integral using integration by parts

Let u=12+2x,dv=cosxdx

du =(2x+2)dx . P=sinx

We know that the formula for integration by parts 1s
Iu dv=w—lvdu

I(xz +2x) cosxdx= (xz +2x)[sin x]—_[(2x+ 2) (sin x)dx ______ n

Now for [(2x+2)(sin x)dx, let s = 2x+2 , dw =sin xdx

duy =2dx ., y=—cosx

I(2x+2)(sin x)dx=(2x+2)(- cosx)—_[[—cosx) 2dx
=—(2x+2)cos x4+ 2sin x+C

Substituting this in (1), we get

I(x2 +2x)cosxdx= (12 +2x)[sin x]—[—(2x+ 2)cosx+2sin x+C']

= (x2 +2x)sin x+(2x+2)cos -2snx+

Hence I(xz +2x)cosx dx= (x2 +2x)sin x+(2x+2)cos x—2sin x4+

Answer 8E.
Given jr.’ sin Gt dt
‘We have to evaluate the given integral using integration by paris
Let u=22 , dv=sin & dt
du=2tdt, v=—"22
K

‘We know that the formula for mntegration by paris 1s
Iu dv=1v— lv du

- | sin prde=2* [—%]—j(—%} (26) de

2
. coﬁ;‘&+%ltcosﬁdt ...... (1)




Nowfor]tcos,&d.t,let =1, dw =cos & di

—di . _sn /&
diiy =3
Itcos,& ot =£[Smﬁﬁ)—l[m;ﬁ]dt
=£sinﬁ_l[_cosﬁ.t}|_c
g B £
isin & cos &
= + +C
CER-S
Substituting this in (1), we get
2 .
Irzsinﬁtdiz—z C‘;’&+%[m}ﬁt+c;ﬁt+{?]
zzcosﬁ 28sin & 2cos &
=— + + F G
£ £ g
2 ]
Hence tzsinﬁd'.t:—z cosﬁ+2£sm,&+2cosﬁ+cl
/ PR s
Answer 9E.

Consider the following integral:

(i

To evaluate the integration, use integration by paris.

Formula for the integration by parts:

[7(0)& (x)de= £ (x)g(x) -2 (x) £ () e

Rewrite the integration as follows:

Jln(if;}ir{[l‘ln(i";

i

Suppose f(x)= ln({f;) and g'(x)=1.

Then, g(x)=x and
f'{x)=§§[r§]

:LI.%{_;;E]

Therefore, f'(;) = l

i.




Substitute f(x)= ln(if;),;‘"[.rj=3l,g{.r}= x,and g’(x) =1 into the equation (1) as

follows:

[£(x)g' (x)dx = f(x)g(x)-[2(x) f(x)dr
[in(¥x)-1dx =1n(d§)-.r—j173—14r
= ,r]n{-b’;)—%‘l‘dr

=xln {J;) - %I +C Where C is integrand constant

Thus, Iln({r@}ﬁ: .tln(i!';)—%.r+c -

Answer 10E.

We have to evaluate .l-si.t.l_1 xdx

Let w=sin'zx dv=dx
1

-2

Then dﬂ= dx, vy=x

Using the equation Iudv=uv—lva‘u
.I-sin_1 xdx = [sin_1 x)_x—_l-x_‘h;_dx
—2
. a x
= xsn I_IJT—x’dx

Now evaluate the Iﬁdx by substituting

1-x*=¢
—2xdx = di

Or xdx:—%df,

x 1 1

[ _IE(_E""]
=—%It‘mdx

1

EISTETS))
1:7
-— 4
21/2
=40
=-(1-2)"+¢

+C

1

Therefore
[sin™ xdx=xsin™ x- (—(1— 217 +cl)

=|xsin? x+ J1-£)+C Where C=-C

Answer 11E.

Jarctan 4zt = [ran™ (42) d
Let wm=tan'(4), dv=4dt
1 ads 4

- = 2d.t, v=f
1+(4) 1+162

Then du=




Using the equation Iudv =uv— _[vdu

[ arctan 4 dt = tan~* (42) - 142: dt
1+lﬁf

—ztan”™ (4)— 4[ — (D)

1+16z2

Substitute 14162 =8 = 32: d¢
=d8—=rdi= 48
32

148
Thea I1+1@:2 IHE

:%1:.|1+161:’|+.r:'1

Therefore equation {1) becomes
[ arctan (42)dt = £ tan™ (4;)—%1:1 i+166%-C,

= tarctan[ék)—%ln(1+16zz)+c

Since |[1+16z’) >0 forall £

Where C=-C}
Answer 12E.
We have to evaluate ijlnpdp
Let wu=lnp dv=p'dp
1]
Then du=—do, v=2_
P 6
Using the equation lud\:':uv—lwﬁ:
i1 11
1
Shpdp=f_lnp-[£- =
[p pdp o =2 Iﬁ pr#)
i1
ra 1¢ s
=—Ilnp——
s lnp GIP@
11 1
P (2
=" Inp-—| T+
6 % 6[6 q)
1 11
= mp-Z 1|, Where C=-S1
6 36 &

Answer 13E.
Consider the following integral:
_[r sec” (21)dr
To evaluatie the integration, use integration by paris.

Formula for the integration by parts:

[7(x)g' (x)dx=f(x)2(x)-[g(x) /'(x)dr ....(1)



Suppose f(x)=r and g'(x)=sec’(2r).

Then, g(x}:%lanz_r and f'{_r)=l

Substitute _f{r) - ;,f'{_r)=[, g{_‘r) - %tan Zx'g'{_r) - scc:{z.!}, and d = dr into equation
(1) as follows:

stec’ (2r)de = f-%wn(z.')—j%tan{z.'}-ldr

=%tan(2r]—%ftan(2f)dr
I

=Etan(2:)—%(%ln{sec(21))]+(f Where C is integrand constant

=%tan(2r]—iln (sec(2s))+C

Thus, stecz(z:)dr= %m(m)—%m{m(zr)hc. :

Answer 14E.
Consider the following integrak
[s2'ds
By using integration by parts, _[udv::;v-f:ﬂu.
Let, u=s, g=2"4s.

Then., du=ds, y= 2 .
In2

Isz’ds=s & —I 2 ds
In2 In2
=s[ = ]—i 2 ds
In2) In2
») 1 (2 _ >
Y [ 0N 2 LT
s[[nz) In2(ln2]+c e ) [In2]+c

=s( & ]— L =+C
In2) (In2)

Answer 15E.

We have to evaluate I(l.nx)zd.'x
Let  w={laz), dv=dx

Then du =2(]nx:l.ldx, v=x
x

Using the equation Iudv =uv—_[va‘u
[(nx) dx=(inz)" x— [ x2(in x)_%dx

= x(ln x)z - 2llnxdx

HNow miegrating Il.nxd.'x by paris
I(ln Jr)2 dx = ;r(ln;r)2 - 2[(111:) x—l%xdx:l

= x(inx)" - 2(ln x) x+2[ dx

= Jr(l.l:ur)2 —2xln x4+ 2x4+C




Answer 16E.

Consider the following integral:
[sinh me dt

Evaluate the above integral.
Use the integration by parts formula to evaluate the integral

Let w=t, dv=sinhmtdr;then du=dr, v= Mhm‘_

The formula for inlegratinn D}" parts is as follows:
Ju dv=uv-— jvdu

Substitute the values in the above formula.

dt

J‘Isinhm!d!:jl_cnshmf_jcoshml
m

_ tcoshmit
om
_!cushmf_lsinhmr+
a m m m
_ tcoshmt _ sinhmi

F ]
m m

m

—i[msh mt dr

C

+C

rcoshme  sinhmr

2
m m

Therefore, I rsinhmir dr = +C|

Answer 17E.

Consider the following indefinite integral:
_{ & sin(36)d6

The object is to evaluate the above integral.

Use integration by parts: Iudv:w-_[vdj. ------ (1)
Let 1 = [ sin(30)dO ------ (2)
ASSUME y = ¢* and dv =sin 360"
Then,
du=2e"d6 and v = [sin30d6
It follows that,

v=jsin36‘d9

_ —cos38
3
Substitute all the values in equation (1), then the integral becomes,

I=[esin(30)d6

2

—cosal
a

Use j sinafdé =

=—le”cos3i9+gfe”m53€dﬂ‘ ------ (2)
3 3



Again consider the integral _[e” cos30d6 -
Again use the integration by paris.
Assume y, =¢** and dv, = cos30-

Then,

du, =2¢"d6 and v, = [ cos36d6

It follows that,

v, = [cos30d0

=sm3£‘ Use Icmaﬂdﬂ:mnaﬂ
a

Substitute all the values in equation (1), then the integral becomes,

J-e”ms3€d6=%e”sin38-I[Sin;HJZe”dﬂ

=lez’sin39—£‘|-e’" s5in 3648
3 3

Loognig-2; weeeee(3)
3 3

Use equation (3) in equation (2) to obtain that,
I= -le”om39+3 le”sinm-zf
3 33 3
=-le“m39+3.e’“sin39-if
3 9 9

Add % 7 on both sides of the above equation.

f+%f=—%emms33+§emsin3ﬂ

%.’ =%{—3€”ms3&+lemsin 36)

I= l[—3\«33" cos 36 +2¢* sin 36']
13

=% * (2sin 30 -3c0s30) +C

Thus, the value of the integral is J'g-"’ sin380d0 = %e” (2sin30—3cos38)+C]|.

Answer 18E.
Consider the integral:
I=[e’cos20d0
Make the assumption as shown below:
u=e”’
du=-e°d@
dv = cos 20 d@arcsin &

sin28
=
2




Use the equation shown below to integrate by paris:

Indv = w—jvdu

Ie"msZHd&:e" sin Zﬂ_j-sin 29[-@:"");:’9

-8 -
I =ﬂ+ljeﬂ'I sin 20d@ - (1)
2 2

MNow consider Je"' sin 260d 8

Integrate by paris

m=e’

du, =—edf
dv, =sin 2646
__Cos20
' 2
I"Idvl =y, _Ivldul

[esin26d6 = H";ﬂ—[{—e")@dﬁr

-8
je"sinzew:—%—%je"mzma i)

Substitute equation (2) in (1).

— - -
/ e 517126'_'_1[_&;' msza—lje"mﬂﬂdﬂ:l
2 2 2 2

e’sin20 e’ cos2d _lle" cos20d6

I= -
2 4
;_€’sin20 e“cos260 1,
2 4 4
Simplify;

I +%! =l(e"'sin 25‘}—1(9" ms249]+£',
% =—(e stE}——{e cus2a9)+C
% =—(e stE}——(e (10525)-1":

[ ]{e smze)-—[ ](e cnsze)+—c

( C, s an integrating constant)

2 o . |
I= E(e “ sin w)—gle “m29}+{?

Where C = %Cu

Hence. the final value of the integral is %(e"‘ sin 23} — %(e" oS 29) +Cl.

Answer 19E.
Given Ife’dz

We have to evaluate the given integral using integration by parts



Let u=2"  dv=edz

du=32dz , v=¢*
‘We know that the formula for integration by parts 1s
lu dvzw—_[v o

- |FFE =2 - [P
= -3 . (1)

Now for lzzezdz . we use integration by parts
Let uy=2° , dw =&dz
duy=2zdz , q=£°
_l-zzezdz =727 —I 2ze°dz
=% -2 zefd (2)
Again for Izyzdz . We use integration by paris
Let uy =z , dwy =2°dz
dus=dz , m=¢&°
- |zt =2 - [
=ze" —&HC (3)

Substituting (3) m (2), we get

[Fefar =22 2| 2% —e*+ |
=z%% — 22" + 25+

= [FfE = 2z 127 +0 (4)

Substituting (4) in (1), we get

[Pfdr =2 -3 o — 226 +25 4G |

=267 — 32267 +62¢° —6&° +C5

Hence || 2e°dz=2¢% — 32°¢% + 628" — 6% +C;

Answer 20E.

Evaluate: I_r tan” x dx

Use integration by parts _[r: dv= m--jv du
Let y=x , dv=tan’ x dx

dv=tan” x dx

::d:-:(secz_r-l) dx

= Vv=tanx-x

du=dx , v=tanx-x



Consider,

J-xtanz xdr:x{mnx-x}—l{mnx-x)dr
Use the formulae:

=l

=x{tan1—"')_lmxdr+lxdx Itanxdr=—]n|cos.t| and I.t"dl‘= :
n+l

el
x° . . .
-.rtan.t—.rz+ln|oosxi+?+c where ¢ is a constant of integration

y ]

=.ttanx+1n|ms.t|+%+c

el

Therefore J..rtanz.rd.t= .tl;an.r+ln|cns.t|+%+c.

Answer 21E.

.te’lr
Consider the integral | 22y

Evaluate the indefinite integral.
Let y=2x-
Differentiate on both sides

du = 2dx
Substitute the values and solve the integral.

J’“ U l}e" ( Add1and Subtract lin the numerator
(1 +u}

J.[l +u)e” - -e'

{l+u]

Separate two paris of the following integral:

(1+u)e’ —e* e"
'[ {I+u)
g(u]

i
h(ar) du ‘

1 e e" r(u) ()
__J'[ - ‘du Slncej h(ué du j (@) h—

S 4 (1+u) (1+a) ||

1 1 1
=ﬂ"[m'm]""

e +C (Slru:e Ie (S () + f () ) =" f ( u]+(,:|

1
"a (m.)

1
+C Replaceu by 2x
(1+2x) (Replaccuby 2x)

| -
=—e*
4

dris e

xe
Therefore, the int | of 3 Cl.
erefore, the integral o '{[Hh‘}' 4(I+2x)+




Answer 22E.

Consider the integral
I[arcsin x) dx
We have to evaluate the indefinite integral

The integration by parts formula is _[u dv=uv— Iv du
Write I(arcsin .u')3 dx =I(sin" .'t)2 dx
Put

x=siné
dx =cos0d8

And {sin" (sin 6‘))3 =& {Since sin”' (sina) = a)
Therefore,

I(sin_‘ .r)! dy = Ié‘z cosfdf

Now, solve the integral Iﬂz cos # d@by using Integration by paris
Let
u=0>, dv=cosfdo
du=20df , v=sinf (Takeintegrationon bothsides)
(Since [cos@d6 =sin6+C)
Therefore,
[(sin™' )’ dx = [6 cos@do
=6sin0-[26 sin6 do
[(sin"x) d=&*sino-2[6 snodo .. (1)

Now, take Iﬂsinﬂdﬂ in equation (1)

Again for _[B sinf df .

Let w=@ , dv=sin@ d@

du=d6 . v=—cosf (Since [sind6 =—cos8+C)

Therefore,
[(sin”"x)" dx =6 sino-2[ @ sin6 do
=[9= sina—z[a(—me}—j—mads]]u
( Since [u dv=uv—[vdu)

= @ sind- 2 —8ms8+jcosﬂdﬂ]]+c

6 sinf— 2[ 3c053+5|n8]]+c

|
[6‘2 sin@+ 20 cos#—2sin H]-H:
( )sm9+29cosn9+r:

Sll'l .I' = :|.I'+2 sin II)OOS(S]I'I I)'I-L"

Hence I{arcsin.rfdr = x[(sin" :c}3 —2]+25in_' .rcos{sin"' x)+c




Answer 23E.

Given Txcosmdx
0
‘We have to evaluate the given integral

‘We know that l:f(x)g'(x)dx=f|:x)g(x)ﬁ—I:g(x)f'(x)dx
Let f(x)=x ,g'(x)=cos:rx

Fi(x)=dx, g(x) =222

’*“si

Now Tx[:os?rxdx = {I[smﬂ
0

B 1 [:nt:-sg—ﬂ\I
o cos0=1
-2
T2
Hence I xcosaxdx —H—E
2

Answer 24E.

1
Evaluate the integral, I[f +1)edx
i}

Use differentiation to reduce the factor ,2 4 in the integrand to a constant.

Use integration by parts:
_[udr =uv— I vdu

Assume n:{_r:-!-l} and gy =¢ *dx-

=X

Then gy = 2xdy and 'p‘=£




Consider the integral,

j;(x’ +1)dx = [{f + 1}(“1—1)1 - j;‘;—l 2xdx Use integration by parts

[—(13 +I)l£"l +I:l.'l3 +l]e°] + Zje".tdt Substitute lower and upper limits
[]

N s Use integration by parts
=(_3+|)+2 P —j € \dr Assume u = x and dv=¢ "dx
e -1}, a\-1

) du = dx, v=e_—]
2 T ey e .
=[-:+I)+2_{—l-e'+D-e"}—(e }u] Smce_![_l}dt=e

2 2 _e!
_—;+]—;—2|:e }n
__3 _z_ -I_ 1]
= e+] ; Zfe e)
=_3+]—£—£+2

[ 4 e €
3.8

e

Therefore, i(f +1)e"dx = S—S
0

Answer 25E.

Consider the integration, ‘I: tcosh idt -

The formula for integration by parts is given by the following:
I udv = w-fndu.

Let u=1. dv=coshidi-

Differentiate « =t with respect x.

du = dt

Integrate. dv = coshdr-

[ dv=[coshudr

v=sinhf

Piug the values of u,v,duand gy in the integration by paris formula.
J: tcoshtdt =[tsinh ], - L:sinh tdt
=[rsinh1], ~[coshr],
= [1-sinh 1)~0-sinh (0)] [ cosh(1) ~cosh (0)
=sinh(1)—cosh(1)+cosh(0)

_ e —e’ 5 e +e’ +e° +e?
2 2

1
Therefore. L:cosh!dr= 1—|-




Answer 26E.

‘We have to evaluate the following integral
]’”ﬂ_ydy
g
Integration by parts is given by:
| 762e0)dr = FOI20) [ F'0I20)d

Taking
Iny
[ 22a
4 7;
We can fit it into this formula to reduce it into a solwable integral.

Let’s take:
g =20

N |
207 JJ-’
and

F() =lny
Fon=!
¥

Plugging in:
9]ny _ 92J;

o go=edret-[[7Fe
— 61n(9)— 41n(4)— I:%abv
= 61n(9)—41n(4)—4J}|3
=61n(9)-41n(4)-12+8
=|61n(9) - 41n(4)— 4|

Answer 27E.
E]
Given _[r31nra’r
We havel to evaluate the given integral
B
We know that Ef(x)g'(x)dxzf(x)g(x)ﬂ —L g(x)/'(x)dx
Let f(r)z]nr ,g'(r)=r3

r)=Lar s()=1

Fa 21
Hence ]r lnrdr=—in3-5
1




Answer 28E.

ix
Given ]z’ sin 2 dr
(1]

We have to evaluate the given integral

We know that Ef(x)g'(x)dx:f(x)g(x)ﬁ—I:g(x)f'(x)dx
Let f{t)=£ ,g'(t)=sin2t dt

rl)-za. gl)=--"22

2 4
_l-.tgsin oo gt — 12 [_cosZ] _123[_c052t)(2g)dt
0 2 0 2
2| cos Sl
=f“| - > +_[] fcos2t dt ... (1)

Nowfor_[]zxtcosﬁ di let A (.t):.t .8 '(.t): cos 2t df

Al)=de . a() =22

- - -
2 2
I Jlr.tc:os2t dt:!(mnﬂ)[j —I x(sng)dt
0 2 0 2
— sin 2t x_l _cos2t in
L2 20 2
[sinZ] o l(cos?.t)zx
=t -
2 20 2 Q4

_ (27)sin2(27) s 2(2n) _cos0

2 4 4
~cos(dm)=1
L (47)
21_1 cos0=1
sin(47r):0
=0

Substituting this in (1), we get

iz cos2f = iy
I:zsinth.tzzz[— ] +] fros 2 dt
0 2 o

__ (2;"!')2 COs 2(2?!’) . 0[:052(0) 40
2

2
a7
__THHU (rcos(4m)=1)
a7
T2
=27

25
Hence j tLsin2edt =27
1]

Answer 29E.
1 1
We have to evaluate I%dy = Iyu_g’dy
0 ? ]

Let u=y ,dv=edy
-2y

Then du=dy ,v=e—2



Using the equation ludv =uv—lvd.:.t

1 _ay 1 __ap
Ty -y | Z[E_
!.w @y Y !_zdy
2T 41
2 ] 2!]
:_F—zr‘1+l o7

2 L 20 -2
1
il I g
2 L 4

2
1 1) 1
=|-—=——=]e" +—
. 2 4) 4
=l—§e_2
4 4

Answer 30E.

Evaluate the following integral:

j!: arctan (lr] dx

Recall the definite integrals by parts:

j 1 ()’ (x)dx=[ 1 (x)g(x)], —ig[xlf'{x)dx

Let n‘=tan"[l] , dv=dx
X

Then,

mOLE

du

x +1

The integration is as follows:

w23

e

Xdx



Now, evaluate I—a: ;

Let ¥ +1=¢
2xdx=dr
_d,;_‘l'_

x* +1

= In}|

=In(x* +1)

The equation (1) becomes as follows:

fon(Jae <[ ()] +30nte 0]

) 1 ; 1
=+/3tan ‘(—]—t&n‘ 1)+—(In4-In2
7 | ()+5(n4-n2)

=J§.[%]-:—+%[mz} Since Ina—lnb=ln%

mﬁ x 1
=———+—In2|-

6 4 2

Answer 31E.

112
We have to evaluate I cos™ xdx
0

Let u=cosdx , dv=dx
1

1-x°

Then du=— dx, v=x

Using the equation Iudv :w—lvdu

Tcos_lxdx: [xcos™x]" —Tx[— Jli_x:]dx

=[x.:os“xf—lf[—ﬁ dx

Nowevaluatel _* ax
J-2
Puu 1-x*=¢
—2xdx=dt > —xdx= %df

1

So [—— —x’ j[ )dt
=§Ir‘”’dt

1 v
T 2(=1/241)
=z”’+0=(1—x’)m+-‘3'

[C 1s an integration constant]



Therefore

Tcos'l xdx= [x cos™ x:tﬂ - [(1— x’)m + C':[:j

= %(:r—z.ﬁ +6)

Answer 32E.

Consider the following integral-

JI: {In _:]: dx

X

Rewrite the given integral as I,z[m _1-)3 —L;:tx.
X

Use Integration by paris to evaluate the given integral.
[ F(x)e'(x)ar=1(x)g(x)] - [ g(x) f'(x)de - ()

Here. f(x)=(In x}z- g"(x)dx =%dr.

Then, evaluate as follows:

£(x) =< (nxy’]

=2|n.11'-l
X

g(x)=[g'(x)ax
=J'I|_3¢;
1
S

Substitute the known values in the equation (1).

The value of the r (In :] dx ntegral is calculated as follows:
1 x

J‘I’{hxf -%dt =(Inx)’ [_hL]l _f[_ﬁ].[z lnx-%]dt
] ()

=_((h182)3J+f[';'f—."]dr (@)




Evaluate the second integral using Integration by paris.
Here., f(x)=Inx. g'{x)ﬁ-: %dr

Then, evaluate as follows:

£(x) =2 (1nx)]

g(x)=[g'(x)ax
=Ix}de
1
T

Substitute the known values in the equation (1).

The value of the r]n,plegﬁ—integral is calculated as follows:
1

= o
-] o
--I“E’tja-%f(x"]dr
A

| 2x7 |, —3+1
2 1 2

B +—=
2 )2 -2 )

_1
2%

SR

Y

v

%dx = |.n:c-(

3+

-2

x
-2

Inx

3] o]
[ smeHz-3]
{553
@]
{53
=_é|n(2)+%

1

Substitute. L Inx- -

dr=—%ln(2]+%i" @)

Then the value of the j‘ : (Ir:::)' dy Integral is calculated as follows:
1

{In 2)2 2 Inx

=‘[ ()

:l:l.n:c)2
[

(n2)’

=(f

Therefore, I. ’

8

(Inx)’

=

]—%In(2}+%

1

(In2)’
8

]—%m{zp%




Answer 33E.

Consider the integral Icns_rln[sin.r)dr. )
Lel f=sinx

df = cos xdx

Substitute the values gin x. cosxdy in equation (1).

_[cns_tln{sin_t]dr=Iln{r]dt ...... (2)

Consider _{ In(r)dr

Use the integration by paris.

1
J'In{r}d:=ln(:)4—j’r‘;dr
=tIn(t)-r+c¢
=t(In(r)-1)+c
From the equation (2).
_[cnsxln[sinx)dr =t(In(r)-1)+c

=sinx(In(sinx)-1)+c

Therefore Jcns_r In(sin x)dx = |sin _t(]n (sin_s:}-l}+f

Answer 34E.
2
We have to evaluate I —I dr
o V47 \,’4 +7°
Let 4+ =t

Then 2rdr=dt
When r=0,t=4
Andwhenr=1,£=5

rle- 4)a!:
Then 'l-w.f4+r '[

1:7( ¢ 4
=5![$TJ“‘
=%i[zm—41‘”’)dt
_1[£_4£
2|32 172

Therefore _[

F [ (57 -477)-g(5" —4”‘)]
= %[53”—8)—4(5'”—2)

=153“—§—4.(5’“)+8




Answer 35E.

2
We have to evaluate Ix‘ (ln x)idx
1
Let u=(lnx) . dv=x'dx
Then duzZ]nxldx, vzé

x
Using the equation Iudv =uv—Ivdu

Ix‘(lnx)“dxz (lax) = l—iZInx.—.—dx

=)= l—gj(lnx).fdx

Janp = - EHm x 5}2 —i - %dx] [Tategrating by parts]
| =) ___j_z_zﬂ[(m x)_f]:+2_25ix*dx

=|(tn x)’_;l -=[# 0] +2_25[§]:

- %[25 (2) -7 (hl)’]—%[zfln 2—151n1]+%[25 7]

2, . 64 52
P2 a2 - 2y + 25
5 (n2) — (I 2)+ o0

Answer 36E.

The formula for definite integral by paris is given by:

B B
Iudv = m*E - j vdu

Consider the expression:
' "
Le’ sin(r - 5)ds

Make the assumption

Substitute u =sin(f—s)in (1)

u=sin(r-s)

du=cos(r-s)(-1)

dv=¢'ds

v=¢e

Now the integral becomes.

Le’ sin{r—s)tir=[sin[r—s]e‘1 —jﬂ—ms{r—s}e‘cﬁ'

I= {e' (sin0)-¢" sinl}+ﬂms[f -s)e'ds - (2)

=—sint +L'cos{r—5]e'dls



Again apply integration by parts for J"cos(r~ s)g’d;
L]

u=cos(t—s)

du=-sin(t-s)(-1)

dv=e'ds

v=¢'

Then, the integral becomes:

[ cos(t-s)e'ds =[cos(t—s)e’ | - [ sin(r—s)e’ds
=cos(0)e’ -cosre"-ﬂsin{r-s}e’dr
=& —cosr—1

Substitute this value in equation (2).

I=—sin.r—{e’ —oosf+!}
I=-sinf+¢ —cosi—1
2] =-cost—sint+¢&'

I=%(—cos:-sim+e’]

Therefore, J:e’ sin(;—s}g& - %(e’ —sinr-—cas.'}l

Answer 37E.

Consider the integral Icm‘f;dr ceeeee (1)

Take ww=4x
1 -1z
dw=—x"""dx
2
dw= ! dx
2Jx
2\[xdw = dx
2wdw = dx (Since Jx= u‘)

Substitute the values [y . dx in equation (1)
_[cns\f;dr = 2_[ wCos wdw
Consider II WCos wdw

u=w dv=coswdw
du=dw v=sinw

Write the integration by parts formula.

Jucts =~ [ v

Use the integration by parts formula and evaluate.

2| weos waw = 2(wsin w— [ sin waw)
=2(wsinw+cosw+c,)
= 2(& sin{J;)+oos(J;)+c,) (Since Vx =w)
=xsin(Vx ) +cos(Vx)+ 2¢,
=xsin(x ) +cos(Vx)+C

Therefore Icnsa.’;dx = J;sin(\f;)+ms(&)+(?




Answer 38E.

Consider the integral If’e'r:d:

Rewrite the above integral as J;-’,;.e"zd; N )

Substitute the values of ;2. gy in equation (1) . so that,
. : . dw
Ir e dr= Iwe' &
2
— 1 "'d‘w
= 3 Ilt‘e

Consider,

Write the integration by parts formula.

Judy =y~ [ vau
Use the integration by paris formula and evaluate further.
[P =4 {we - (e i)
(e [ (e )
- %(_w-- —e")+e
- —% = (wl)+e

=-%e"= (;’+I]+c (Since w=13}

Therefore _[:’e"‘dr = —%e"" (r’ +1}+c

Answer 39E.

Consider integral ia’m(gf)da e (1)

=il
Substitute g% = ¢
20d6 = di

8do =



Now

I 6’ cos(6°)do = If.cmf% Substitute the values @,t,d8,dt

|

=%ir_cusrd:

(]|

Now integrate by parts.
Using the equation Iudv =uv— Ivdu

Let w=1tr, dv=cosids
Then du=dt, v=sint

:Lzﬁ"ms(ﬁ:)dﬂ =%[[r.sinr]:_3- | sinrdt]

x
xi2

| 1% .

= E[rsm it ~5‘Lsm tdt

= %[rsinl]:_z +%[cnsf]:_: (Sinct J-sin[.r} = —cosrdr)
1 ) x . x| 1 T

=—| xsinx - —=sin= |+ —| cosa —cos—
2[ 2 2] 3[ 2]

= %[n -%]+ %[-1 -0]

x 1

4 2
(53
=—| —4+—
4 2

Therefore ]f_ & cm(&z )dﬂ - _[E + l)

a2

Answer 40E.

Consider the integral Ie““" sin 2rdr -
[1]

Let cosft=x

—sintdr = dx-

When r=0=>x=cos(0)=>x=1
When =g =>x=cos(x)=>x=-1

Then

2 Sy 14

e 5in2!df=2]e“” sinfcostdt . .

n_l Ie“‘“ sin2:df=~2]xeFdx

=—2I.re'dr N !
1



-1
Consider I xe“dx
1

put w=x and gy =¢"dx-
du=dx and y=¢*
Use integration by parts.

Imz(w}: -iwﬁ:

:I[I.re’d.r = fxe' };I - ]"e‘dr

1
N -1
=(-1)e" -&'—{e"}1
=—¢'—e—e' +¢

=—2¢”!

e
].’ce'dr = 2 P )
I e
Plug in (2) in (1).

j ™ sin 2¢d = —z[—EJ
(1]

e

=
Therefore J- ™™ sin 2tdt :
(']

Answer 41E.

Consider the integral Ix]n(l+x}¢r. )
Let J+x=r=x=r-1
de=di

Substitute above values in (1).

[xin(1+x)dr = [(¢-1)nsds

let y=Inz and dv=(r-1)dr.

+

du=tapana =L,
i 2

Use integration by parts.

[xIn(1+x)dv = [(£-1)Inedr

[ 42 3 2
=Inr L-r -J- L—f]ld? [Usc formula J’ndv=m'—fvdu]
\2 2 )i
[+
—tnr| Tt |- (i—l]dr
\ 2 2
r’r’ fz
=Int| —=r |——+1+C
\z J 4

Irh{l+x}cﬁ=lnt[%—:)-%+t+£‘



Substitute |4 x =7 in (2)

(1 +x]= B

I.rh(l+x}ir=ln[l+x][T {]+x)]—@+(l+x}+€

_ l"(l”)(quf —2—21]_l+21+x‘3

5 +(1+x)+C

2 4

X =2x-3

R T
4

:]n(l+x)[r—!]_]+21+r—4—4.\:+c

=12|n(|+x)(x=-1)- C

1 , 1, 1 3
=5In(l+x)(.r —l}—zx‘ +EJ+I+C

Therefore j,rln(lu)d:: %In(l+x]{,r:—l)—%x2 +%x+%+c

Answer 42E.
Consider the integral _[sin{ Inx)dx. .. (1)
LEl nx=r=x=¢
dx=di dv=ddr
Substitute above values in (1).

_[sin{lnr}d!r: Ie’ sin tdt

let gy =sing @and dv=¢édr-
du=costdt and y=¢'

Use integration by parts.
Ie‘ sintdt = €' sint -Ie’ cos fdt [Usc formula Judv:uv—_[vdu] A2
Consider I € cosidr
let w=cost and gy =¢'dr-
du=—sintdr 3nd y=¢'
I€ costdt = ¢ cosr—fe' (—sint)dr
=¢ cost +Ie‘ sin idf
Plug in value of Ie’ cosidr in (2)
Ie' sintdr = ¢’ sinr—(e‘ ousf+Ie’ sinrd.!)
Ie‘ sintdr = ¢' sinr—¢' msr—je’ sin tdr
J-e' sin rdt +Ie‘ sintdr = €' sinr —¢' cost
Zfe‘ sintdr = ¢’ sint —¢' cost

J-e' sin tdr = %e’ (sinr—cosr)+C

" %e"" (sin(Inx)—cos(Inx))+C

= -:]E,r{sin{ln x)—cos(Inx))+C

Therefore, Isin{hx)dx = %x{sin{]n x)—-cos(Inx))+C|-




Answer 43E.
(Given .I-xe_z'dx
We have o evaluate the given indefinite integral

du=dx, v=

We know that the formula for integration by parts 1s
Iu dv =1v— Iv i

- [xe™dr=x %—l[%]dx
i 2 f[e™ ]ax
:x?_%lg]w
=]
2|

- IIEQIJIZleq

+

e
P
1)+
2

By taking C'= 0, the graph of the function and its anti derivative are shown in the below
graph

ta
b

w1

2
From the graph it is clear that le—:l (x+—] 15 the ant1 derivative of the given integral




Answer 44E.

Consider the integral I Ig In(x)dx

3
Let u=In(x) dv=xdx

3
a=l =2
x 5
Use integration by parts:
_[ud'v:u‘v—lm
2 -] (7 3
I.rz In(x)dr=gx2 In[:c)—f Ex’]ld_r
5 ks X
(2 5,
=33 hl(t}—I %Il '}‘r
\
3
==y ln(.x)—I gxl}i\-
\5
R
5 5 2
=315]n{.\' -= ; dx
5 51344
2
3 §+I
==x’In(x)-= ;' dx
_+]
2 )
3 5
=2 n(x) | * |ar
5 25

L 7z 3 4 2
Therefore _[xf [n(_r)drzg_t:h‘l(_r]—g[.t:]dr e (1)

Sketch the graphs of the f{.t) _ x; In (,1') and F{x}z %I:

4

From the above graph. notice that f(x)=0when F(x) has minimum.

Answer 45E.

Consider the indefinite integral J'IJJl +xdr

Let 42 =72 then xdr =z

Substitute the values in above integral,

[¥\1+ = [ V1+ 2 (xdr)
= (7 NP (edr)
= I(f“ -1 )d



Continuation of the above step,

[r1+x =%{3ﬁ-5) (Take C =0)

=——(3(1+x")-5)  (BackSubstitution method)

=ﬂ{3x3—2}

[

Hence, the value of the integral is jx’mdr _ ( ) |:3x

The graph of the function and its anti-derivative is as shown below.

‘5
10%¥

-0 9 8 7 6 5 4 3 2

[+ e

Answer 46E.
Consider the integral is _[_rz sin(2x)dx
[* sin(2x)dx = [ x sin(2x) dx
Let u=x  dv=sin(2x)
du =2xdx v= —%coa(lr}
Use integration by parts.
[udy =y~ [ vdu

[*sin(2x)dx = -%f ms{2x)-I(-%ms[2:r))Z.rdt

=—%x: ms{2x]+j.tcos[2,t)dr ...... (1)




Consider _[_rcos{z_r}dr
t=x ds=cos(2x)
dr = dx s=%sin{2,r)

Use integration by parts.

Ifds =15 -Isd.f
J-.rcus{z.r}ix = %sin[h}—j%sin(lt)dr
= isin{Z,tj+l|::m(2:.-] ...... (2)
2 4
Substitute (2) in (1):

J-.rz sin(2x)dx = —%.r’ cos[2x]+%sin(2x)+%ms{2.r}+€

Sketch the graphs  f(x) = x"sin(2x) and F(x)= —%x: m{z;]+%sin{2.r}+%cus{2x}

F

From the above graph, notice that f(x)=0when F(x) has maximum or minimum.

Answer 47E.
(&)  The reduction formula is
ISiIll wdr=— lt:'::-s xsin® x4+ n_—l sin® 2 xdx
# #n

Now evaluate Isi.n‘ xdx using the above formula

Isinnxdx=—lcosxsin1'1x+ﬂlsinz_zxdx
2 2
1 ; 1r o
=——cosxmnx+—[mn xdx
2 2
=—lcosxsinx+lldx
2 2

) 1
=——cosxsmx+—x+C

= l:r—lsin 2x+C
2 4

B) By the reduction formula
Isin“ xdx=— l cosxsin’ I+E-|- sin® xdx
4 4

1 L3 311 1.
- +—| —x——sin 2x+ rom part
4cosxsm x 4[21 4sm x ] [F part (4)]

; 3 3 .
= Zcosxsin® x+Zx——sin 2x+C

Where cl=;c



Answer 48E.

(A) Icos' xdx = lcos'_l x.cos xdx
Let u=cos™ x |, dv=rcosxdx
Then :ﬁ:z(n—l)cosl_zx.(—sinx)dx . v=sinzx

Therefore
Icos' xdx = cos™ xsin x— Isin x[.u— 1) cos™ 2 x[— sin x) ax

= sinxcos™™ x+(n—1) [ cos™™ xsin® xdx

=sin xcos™ x+(n—1) [ cos™ x(1-cos? x)dx

= sinxcos™™ x+(n—1) [(cos™® x—cos® x}dx

= sin xcos™ x+(n —1)_[ cos™ xdx— (= —1)[::05' xdx
I-::os' Jﬁix+(n—1)lcos' xdx = sin ICOSI_II-F(H—I)ICOSl_z xdx
(1+n—l)lcos' xdx = sin xcos™ x+(n—1)lcos"2 xdx

I-::os' xdx= lcos"l xsin x+2 -1 _l-[:-::os"2 xdx
n n

(B) We have to evaluate .l-t:-::-s2 xdx
We evaluate the abowve integral by using the reduction formula

Icos’ xdxr= lt:-::os"lxsiﬂ I+n_1.|.[:0$l_; xdx

n F.

Therefore

.I-[:osz xdx = lt:-::-sm:sin x+
2 2

Icosuxdx
= lc:~t:-s;rsi1:ur+l_|..d"x
2 2

. 1
= —cCosxsin x+§ x+C

= lsij:l 21+%x+l‘;'1

{C)  We have to evaluate Icos" xdx
We evaluate the above integral by using the reduction formula

lcos‘ xdx= l[:(:;s'_l xsinx+ #1 .l-t:nt.‘-s'_2 xdx
7 P!

Therefore
4 1 - 4_1 ]
Icos wr="rcos xsmx+—_[t:os xdx
4 4

1 31 1
= —cos xsin x+z[zsin 21+§x+C‘1] [From part (B)]

= 1[2053 xsinx+isin 2x+§x+ﬂ'

Where C=3C,/8

Answer 49E.
=i2
(&)  We have to evaluate j sin® xdx
1]

We know from reduction formula

Isin' xdx= —1005 xsin™? I+@Isﬁll—2 xdx
] )



Therefore,

.fsinlxdx:[_lcosnin ]:u (n— 1)I

]

M

=f2
=—l cosf-sin'_l(E)—cosU-sin'_I(U) +(m—_1)l sin® 2 xdx
»n 2 2 n

=—l[cosxsin"lx = +(n_—1) l sin®2 xdx
# ]

xil
=——[0—0]+(;]j sin*?xdxr Since cos—=0 and (sin0=0)
H n /g 2

R a1\
Hence, I sin™ xd’x:( ) I sin®? xdx
0

(B)  From part (a) we have,
=2 =i2
[ sin'xdxz(”__l] [sin™?xdx — D)
0 7/
Putiing n =73 in (1) we get,

Ism xdx= (331]]{251:13_21[&.%
[

=(§] ! sinxdx

=2 [-oos ]}

paaad)
=—| —cos—+cos0
3 2

2
=—|-0+1
2] 0+1)
_2
3
=f2 2
Therefore, l sin® ;rd.';r:E —
0

A]soputt:i.ngn 51n (1) we get,
l sin® xdx= (5 l]l sin®? xdx
2/
=—- sin® xdx
;1
442 8 )
-(5)G)-% wne

al2
I sin® xdxzz'
o 3

Hence,

=i} 8
and j sin’xdr=—
) 15

(C)  Wehave to show that for odd powers of sine

=a 2-4-6..... 2

I sin ™! xdxz—( ”)

u 3.57 .(2n+1)
For n=1 we have,

02

=il
2
I:since from parib I sin‘xdx= E:l
[

ormula 15 true forn=1.



Let the formula is true forn=k_
So, we have,

B 246 (2%)
!sm AT =g (2&+1) -

Nowforn=k+ 1. we have

=il iz
I sin T gy = .l-n' sin?* xdx
[}

(2k+3 ¢ j- L9

[2k+3) using part (a)
k)P .
= (2k+3) ! sin xdx
(242} 2-4-6-(2K) _
_[2k+3) 357 (2k+]) Usiag (1)

246 (2&)[2(k+1)]
T35 7 (2| 2(k+D)+]

This implies that the formula is true forn=k + 1.
Hence, the given formula is true forall »=>1.

Answer 50E.

‘We have to prove for even powers of sine,

1.3-5- ... (22-1) 7
2-4.6.__(25) 2

We will prove the above formula by induction

a2
_[ sin™ xdr=
[}

Forn=1, we have,
Fir]

LHS = ]sin“*lxdx
L1}

lxﬂ
=§ _! (1— cos2x)dx

=%'fz(l)dx—%'_i?(cos 2x)dx

i [ feonan - T222]
=l(EJ_ 4l(sin 7—sin0)

2
=l(£) [ sinsr =0 =sin0]

=RHS

Let us assume that the given formula 1s true forn=k
So we have,

= 1.3.5 __(2k-1
| sinnxdx=#(ir) —
n 2-4-6-....(2&) 2
Nowforn=k+ 1, we have,
=2 =2
[ sin®Pxdx= [ sin**zdx
0 0

Py Fir] Fi
_ 1
=(w] [ o™ zdx | | sin'xdxz(”—)
%+2 ) ! -

=f2
:(2t+1) I sin® rdx
2k+2)4

(¥
B
5n
o



(2k+1) 135 (2k=1)(x _
“(2k+2) 246 (2%) [5) [By Vang (1]

_13:5. (2::—1)(2“1)[;_;]

2-4.6-__(2B)(2k+2) \2

135 (2&—1)(2(“1)—1)(;;)

246..(20)(2(0c+D) 2

2

This imphies that the given formula 1s true forn=k + 1.
Therefore, the given formula 1s true for all # =1

Answer 51E.

We have to evaluaie _l-(]nx)!dx
Let wu=(lax) dv=dx

1—11

Then dﬂ:n(lnx) —dxr v=x
x

Therefore
[(tn x)" dx= (1n %) x— [ (tn 1) L xx

x

= (ln x)' x— ?!I (]n x:]'_l dx

= x|:1n x)' - nl(ln x)'_l Aax

Answer 52E.

We have to evaluate Ix‘e'dx
Let u=x dv=ec"dx
Then du=n""dxr v=¢&"

Therefore
I Fedr=x"e"— Inx'_le'dx [Integration by part]

= |z%e" —n_[ = etdx

Answer 53E.

Consider [tan” xdy = —
n-—

Prove that the equation (1), by using integration by parts.
Rewrite the equation (1) as:
Itan” xdx = [ tan" " xtan® xdx

= ]lan""" _r(sec: x- l)dr

= ,llan"" xsec’ .rdr—jlan"': xdx

Use integration by parts.
Tudv=uv—Tvdu - 3)
Consider [tan™? xsec® xdx
Let y=tan"*x dv=sec’ xdrx

du =|:j'i'—2]'lan""j xsec’ xdxr v=tanx



Substitute v, du,dv in (3).
Ilan"'z xsec’ xdx = tan™"’ _\'(lan x)-,[(n-E)lan"'s xsec’ xtan xdx
=tan™" x-[[n— 2)1:![\”'2 xsec” xdx
=tan™" x-{rr—Z}ljl:m""1 xsec” xdx
tan"' x= _flan"': xsec® xdx +{n -2}_[ tan" " xsec’ xdx
tan"' x= l:n'— 2+ ])I[aﬂ"'z xsec” xdx
tan" x= (n— ]:l,[tan"'z xsec” xdx

tan” x

=[tan"" xsec’ xdx ------ (4)
"—

Substitute (4) in (2).

Itan" xdy = Itan“'z xsec” xdx —jlan'“ xdx

tan”™" 5
= S [ tan" " xdx
n-1
m=1
Therefore [tan” xdx = tan ]'r —Jtan™* xdx
" —_—

Answer S54E.

We have Ist:c' xdx = _l-st:[:"2 xsec? xdx

Let u=sec™™ x  dv=sec’ mdx
Then a&x:(n—?l)sec"axsecxtanxdx v=tanx
Or a‘.uz(n—2)st:c'_21tanxdx, v=tanx

Therefore

Ise-::' xdx =sec™ xtan x— I(?z— 2) sec™ xtan? xdx [Integration by part]
=sec™  x.tan x— (n— 2)_[5.3(:'_2 Jr.(sn:t:2 x— l)d.'x
=sec™ x tan x— (- 2)[[5&[:' x—sec®? x)dx
=sec® 2 x tan x—(n—2)lsec' xdx+(n— 2)]5&0"2 xdx

(1+n—2)lsec' xdx=sec®” xtan x+(n— 2)_[5&::'_2 xdx

ec® 2 xtanx n—2
+

Isec’ xdx =2 _l-st:c:"2 xdx Where %1

n—1 n—1
Answer 55E.

We have to evaluate I(]n 1)3 dx
Use the reduction formula
I(ln x)' dx = x(ln I)' - .ul (ln x)'_l dx

Thus
J(inx) dr=x(inx) -3[ (in x)" dx

= x(tnx)' -3[ x(ln )" - 2[ (la x)' dx | [Again by reduction formula]
= x(ta z)’ - 3 x(tn x)" - 2 (1 x)ax |

= x(lnx) —3x(in x)* +6[In xdx

= Jr(].tur:]3 —3x(ln Jr:]2 +6[xln x— I(lnx)o dx]

[Again by reduction formula]
= x(lnx)’ —3x(in x)* +6x(In x)— 6 dx

= x(]n x)3 —3:[(11:1;[)2 +61(]n x)—ﬁx+C'




Answer 56E.

We have to evaluate Ix‘e'dx

Use the reduction formula
_[ Fe'dr=1x¢" — .u_[ X edx

Thus
I fefdr=x'e - 4_[ Tetdx
=" —4[;:3@' -3 x’e'dx] [Again by reduction formula)
= xtet — 4% +12I Petdx

Again by reduction formula
Ix‘e'fix =x'e" —4xe" + 12[1’29' - 2_[ xe'd.'x]
= x'e —4x’e" +12x%" — 24 xe'dx
=x'e" -4t +122%° — 24[m' - Ie'dx]

Again by reduction formula
[#edr=x'e" - 4" +122%" - 24xe” +24[edx

= x'e" —AXe" +12x%" — 24z +24" +C
= |g (x* - 47 +1227 - 242+ 24)+C

Answer 57E.
Consider the curves,

y=x'Inx, y=4Inx

The objective to find the area of the region bounded by the curves y=x’Inx, y=4Inx

The Graph of the region is shown below-

3ty

y=4Inx

y=x"Ilnx
x
2 -1 2 3

The formula for the area between the curves f(x) and g(x)for g<x<bis

b
A= L [f(x)-g(x)]dx
To find the intersection point, equate both curves as follows:
XInx=4Inx
=In _r{_t: -4) =0

=Ihx=0x"-4=0

=x=Lx=2

Thus, the region of the integration is {x[1<x<2}.



Therefore area of the region bounded by the given curves is:

A= [(r)-s(

=i[{4ln.t]—{.r’ ]nx)]c;it ------ (1)
Apply integration by parts
{jmﬁ=uv—lwm

First apply integration by parts for I4ln xd:
1

Letu= hi,r,d';a':ldr,
X
dv=Lv=x

Then, the integration becomes,

2

j-fi]nxd‘x = 4[[xln « -E{_r)dx]

= 4([x In .'t]l2 —[xf)
=4[(2In2)-In1-(2-1)]
=8In2-4

Next apply integration by parts for I.r’ In xdx
1

Let w=Inx,du =l¢ir.,
X

>
dv=x",v=—

Then, the integration becomes,

‘TI: In xdx = —ll‘l :I?i:l' —ilt[é}tr

]

| e

5

[

|

-]

i
[E—

Answer 58E.

Given curves are
y=xe  y=xe"
‘We have to find the area of the region bounded by the given curves

To find the points of intersection, we have to solve
et =xe "

= (Jr2 - x)e_‘ =0

== £-x=0

= x=01

Therefore the two curves are intersect at x=0,1



The region bounded by the given curves 1s as shown below

LX)
i

‘We know that the area between the curves f(x) andg(x)fﬂr a=x=<his

b
A=| 1 (x)-2(x)]dx
Therefore area of the region bounded by the given curves 1s

1 1

—x 2 -z 2% -z
IIE' —-—xX g ZI(I—I )E
1} 1]

=[(x=2)(~=) (=20 () +-2) ()]

"By applying the formula

[[ 7@ e @ds=s @ e=L-[ 2(x)7(x)ax
Tez:l;::i::tg_}’(;r)=;1r—Jr2 .g'(x)=e""dx
Fi(F)=1-2xdx, g(x)=—"" )
=g +2e7 - [-1+2]

=371 -1

'

Hence the area of the region bounded by the given curves 1s

Answer 59E.
(3iven curves are
i (1 ] 5
¥y =arcsin 51 JY=2—X

‘We have to find the area of the region bounded by the given curves



HNow we have to use the graph of the region to find the approzimate x-coordinates of the
points of intersection of the given curves

The graph of the region 15 as shown below

From the graph intersection points are (—1.?5,—1.0?'), (1. 17, 0_63)
We know that the area between the curves f (x) andg(x) fora=x<his

b
A= [7(x)-z2(x)]ex
The area of the region bounded the curves 15

T (2— " —sin™'(0.5x))dx

-1.75

117 L17
= [ (2-#)dx— [ sin™'(0.5x)dx
-1F5 -175
S B
=[21—£:I1 — [ sin(0.5x)dx
3 -175 -LlF5
=3 5196707+ 04795823
= 3999253

Hence the area of the region bounded by the given curves 15 | A= 3999253

Answer 60E.

Given curves are
y= I]II(I+1),_]?=3I—12
‘We have to find the area of the region bounded by the given curves



HNow we have to use the graph of the region to find the approzimate x-coordinates of the
points of intersection of the given curves

The graph of the region is as shown below

From the graph, the points of intersection are (0,0) and (1_9,2_06)
‘We know that the area between the curves f(x) andg(x) fora<x<dis

A=[ [ (x)-e(x)]a

Therefore the area of the region bounded by the given curves 1s

A= lj? [31— % —xln (x+1)]dx

9
=|:3§—§ —:l:?x]n(x+1)dx
2 3 9
_[309) _(19) _ol- []n(x+l)£ @ r
2 3 2 o (x+1)
By applying the formula

[ 7@ dr=7(x) e - [ (x) 7' (x)ax

Taking f(x)=In(x+1) ,g'(x)=xdx

£ g()=%

12

= 3_128}'—[(1'3)2 log(2_9)—0]+j

2(x+1)

1% xj

=2.1667-1.92183+ dx
-! 2(x+1)

L
=12069 +%|:%(x+1)2 —2(x41)+In (x+1)I

=1.2069 +%(2_5:-)2 —(1.9)+%]n (2.9)
=1.2069+0.7348
=1.9417

Hence the area of the region bounded by the given curves 15 | A= 19417



Answer 61E.

Consider the curves about the specified axis:

y:ms(?],y:ﬂ.ﬂﬁxil

Use the Volume formula for cylindrical shells.

V= I:bnf(x}ix

Substitute the values.
V= II Zxxms(ﬁ}tt
0 2
= hrr xcos[ﬂ}ir
° 2

Apply Integral substitution.
Let,

du == dx
2

Thereiore,

:zn%x% [ cos ()

Apply integration by parts.

Zx'xixéﬂucns(u}:fu =Zxx§x§(usin(u)— I:sin{u}du)
=2xx%x§(usin(u)+ms(u))
=%(usin(n)+cas{u})

Substitute g = %

%(,,san(u)ms(u)}=E(?S‘"[x_;)+m[%)]+c

I

Now, apply the limit.

g m(z)] 4

N A s A o
2|

2.

M| —_

R

g

—_

|

S

8(x

=—| —+0-(0+1
$(Zs0-(04)
_EE_l]
7\ 2

8 x 8
=—X——

T 2 =&

8

Hence, the volume of the cylindrical shells is |4 ——].
F 4




Answer 62E.

Consider the curves v=e'.yv=e ,andx=1

Sketch the region bounded by the above curves.

Shell height
7 flx)=e"-€

Rotate the above region about the y—axis-

Radius of shell has radius x, circumference 2gx and height f {-r} =g —e .

S0, by the shell method, the volume generated by rotating the region bounded by the given
curves is



]
V= jz:r.r[e' —e" ]cir
i

=2x|e—e+l +L+[l-1]:|
| e \e

=2r ]+l+l—l:|
e e
=2x E:l
G
_4x
e

4r

Therefore volume of the region bonded by the curves y=¢", y=¢™, andx=115 |—

Answer 63E.
First we sketch the region bounded by the curves y=¢ =, y=0,x=—1x=0

¥

€

‘We have to find the volume of the solid obtained by rotating the shaded region about the

hine x=-1.

If we consider a vertical strip at the distance (-x) from the origin, in this region then after

a complete rotation about x = 1, we get a cylindrical shell.
The radius of the shell =1-x

And the height of the shell= ¢™

Then the volume of the sohid 1s
V= 27rln (1— x)e_'dx
1

= 27!-[_ (1-x) 5'_']“_1 + 27"_[: (—De7dx [Integration by parts]

= 27{[—[1— x)e_'Il+27r[e_'Il
= 271 ~(1-0)e" +(1+ e |+27] &’ &'
= 271]-1+2¢]+ 27| 1-¢]
=-2n+dm+2a-2m

Or V = 2me



Answer 64E.

a)
We want to find the volume generated by rotating a region around the y-axzis. This region
15 bounded by the curves y=Ilnx, =0 andx=2.

It often helps to first sketch the region we are dealing with.

Since we want to rotate around the y-axis, we can use shell method.
Volume = 2;rj x h(x)dx

The height of our shells (3{x)) will be given by y=Inx and their width bydx .

Thus, we can rewrite this integral as
2
Volume = 2] xln(x)dx
To evaluate this integral however, we need integration by parts:
[/@e®dx= @@~ [ e f @) dx
Let us take:
J(x)=In(x)
Fin=1fx
And
1
=—x
g(x) 2
gx)=x
Consequently we can rewrite the integration by parts formula plugging in our

EXPressions:
2

2::1? xln(x)dx = 2;:[[(103 x) (%x’)l —Ex’ [ﬂdx]
We can then simplify-

= 2;r[(1n 2) [%(2’ )) ~1a() [%[1’)) —i %dx:l

= 27r[(21n 2) —de]

And finally, evaluate the last integral and the expression:

)
{3

=27 2ln2—E:|
| 4

=13.998



b)

‘We want to find the volume generated by rotating a region around the x-azis. This region
isbounded by: y=Inx_y=0 and x=2.

It often helps to first sketch the region we are dealing with.

¥

Since we want to rotate around the x-azis, we should use the disk method. Whach, for =-
ax1s rotabion, 15 given by:

J'r_[r(x)’dx , where r(x) represents the radius of each infitesimal disk For our purpose,
r(x)=1n(x).

‘We can now set up our integral, with proper bounds 1 and 2:
2 2
Volume = 7|1.1 (lnx) ax
To evaluate this integral however, we need integration by parts:

[ f(Rg(x)dx= f (D)~ [ g(x)f (Rdx

Let us take:
F@=(oz)’

f'(x)=21nx(l)
ry

And
gx)=x
g'x=1

Plugging into our integration by parts equation, we get:
Al (tnx)dx= ;.{(m %) () - [ 2x(1n %) G] d.'x]
- ;.{(m 2y - [ 20 x) dx]

Simplifying, we get:
Al this stage, we will have to reapply integration by paris to solve

j: 2ln(x)dx
Let us take:
J(x)=In(x)

=1

X

And

glx)=x

gx=1

Plugging back into the integration by paris equation, we get:

f 2n(x)dx=2(xln x)’ - 2]1’ xe}ix

= 21n 2-2(x);]
=2In2-2



Smplifying and plugging the integral back we get:
Volume

={(n2)’-2m2+2]
~3437401

Answer 65E.

‘We have to calculaie the average value of f (x) = xsec’ x on the interval [0:—!—]

Average Value= Lr Fix)dx
b—a'e
Thus, for our function:

Average Value = L ﬂxsec’ xdx
mi4 o

For this integral, we need to apply integration by parts, given by:
| 7@e@d= 1e@ - | r@exdx

‘We can set:
g{x)=tanx
gl(x)=sec’ x

and
f@=x
JSi@=1

Plugging into our integration by parts formula:

ﬂ_l? olﬁxst:c:xdxz %(xtan(x) ;“ —_l-:‘ tﬂﬂ(x)dx)

af \
= ;L;tan (;] —In sec(?] +1n|sec(0]J
} i(f_f_ @)
T a4 2

2
|= 1—;]:1(2)
Answer 66E.

Given that a rocket accelerates by burming its onboard fuel, so its mass decreases with
time. Suppose the imiial mass of the rocket at hftoff (including 1ts fuel) 15 #, the fuel 15

consumed at rate 7, and the exhaust gases are ejected with constant velocity v, (relative to
the rocket).

Also given that a model for the velocity of the rocket at time £ is given by the equation
m—ri
f)=—gi—v,In
v( ) Zi—v, [ -
large If g= 9 8mis? m= 30,000kg,r =160kgfs, and v, = 3000m/s , we have to find the
height of the rocket on minute after hiftoff.

] , where g is the acceleration due to gravity and £ 15 not too

The derivative of position 15 wvelocity, thus, given the velocity function we can integrate to
find our position function

0= [[—gz —vln (%]]df.
= [~gtdt—v,[in [?]d:
=I—gtdt+:—'_[]n(%]dﬂ
(Take u =m—rt and du=—rdt)

To solve the second integral, we need to use integration by parts, given by:
[ regwds = fwyew) - [ £ @) gw)du



Taking:
s =a( )

="
s
and
gu)=u
giu)=1
Plugging in:
I I
] ]n(m)duzulnm—l dt
=uln ¥ —u+C
i
- (m—rz)ln(”’_"‘)—(m—rz)+c
i

Plugging back into our original formula, and evaluating the first integral:
70 = [-gtae +v—‘|:(m—r£)ln(ﬂ) — (- n‘.)]+C’
r ]

2
=_£+[H_v }]m(’"‘r‘)_[ﬂ_v J)J,c
2 r m r

To figure out C, we can take the position at the beginming (height 0):
__g([])2 v m—r(0) v
=B (@) ") [ 0) +c

HNow we have a funchion for the heighi:
2 —
y(,‘,;,z_aiJ,(m_,,}).n[m ﬂ)_(m_u},m
2 w1 r r

r

2_%2+(?—v}) ln(?) +(v1)

Plugging in our value, we can find {60 s)-
_(9.8mis")(60 5)° .

Y= 5

((3000 m/s)(30000 kg) (3000 ms)(60 s))]n ((30000 kg)— (160 kgis)(60 s)]
(160 kgfs) (30000 kg)

+{(3000 m{s){60 5))

= (—17640 +(562500— 180000)(—. 386) +180000) meters
=[14844 2 m = 10000 m], only one significant figure

Answer 67E.

A pariicle that moves along a siraight line has velocity v{j‘) = t*e”'meters per second afier ¢
seconds.

Find the distance of the particle during the first rseconds.
r

The desired distance of the particle during the first fseconds is s(t)= jwle"‘ dwsince
L]

v(¢)>0for all ¢ ie. to avoid confusions, we have taken the velcoty in the form of

v(w) =wie ™.

The formula for integral by parns is [udy = uv - [vduWhere u = f(x)andv = g(x)then the
diferentials are du = f'(x)dvanddv = g'(x)dx .



1
Compare the integral by parts with integral s(r)= jw!e"" dw,
1]

Let 4 =wAthen du=2wdw and gy = "gythen y=_p~
The desired distance of the particle during the first fseconds is,

s(r) =jw"e"‘cﬁv
L]
=—u’:e"1 —j—Zwe"’dw Sinceiucfv=uvr —ivdu}
i a a

=—|l’:e_':L +2j.u‘.€"dll‘ ...... (0
o

[}
Solve the integral In-e"‘ dw separately and then substitute it in equation (1).
[1]

Apply the integral by parts formula iLe. Let w=wthen gy =gwand gy = "gwihen ,=_pg.
Substitute these into the above integral,

L)

[we™ dw=-we™T] —;[—e"dw [Sinceizrdr=uv]: —:[vdu]

= —we"l +Ie""dw
= —me"‘l —e"‘l

L
Substitute the value of In'e"" dw in equation (1), the equation (1) becomes
[}

s(1)= —H’:E":L +2! we ™ dw
=—w’e"1+2(—we"1—e"];)
= —[rze" -0 -e‘"]+2(—{fe" —ﬂ-e'"}—(e" —B'"})
= —[l'ze"]+ 2(—!9" -e'+ I)

=—+te" —2e" —2e" +2

=2-(;2+2:+2}e-'mm

Hence, the particle travels during the first ¢ secondsis |2- (r’ +2+ 2)3" meters.

Answer 68E.
We have to evaluate if(x)g'(x)dx
0
Let u=f(x) dv =g"(x)dx

Then du=7'(x)dx v=g'(x)

Therefore
! f(x)g'(x)dx=f(x)g'(x)]:—!f'(x)g'(x)dx

={fta)g'(a)—f(ﬂ)g'{ﬂ))—jf'(x)g'(x)dx



Given that j(ﬂ) = U,g(ﬂ): 0
Then jf(x)g'(x)dx=f(a)g'(a)—jf'(x)g'(x)aﬁ
Again integrating by pats, then

!' f(x)g'(x)mf(a)g'(a)—[f'(x)g(x)]:—i f'(x)g(x)dx)
=f(,,)g-(.,,)_[f-[x)g[x)I+§j-(x)g[x)dx

=f(")E'(ﬂ)—f'(ﬂ)g(a)+!lf'(x)g(x)dx
(£(0)=0 and g(0)=0, given)
Answer 69E.

Given that
F)=27(4)=7.7()=55(4)=3

We need to find the value of [ x77(x)dx
1

Integrating parts by taking
H=x, dv=f'(x)dx, Since f° is continuous

du =dx, v= f'(x)
Then .!-xf'(x)dx:xf'(x)]: —!f'(x)dx

=z} -7®]
=(ar@-r)-F@-7)
=(4x3-5)—-(7-2)

=7-5

4
Thus ([ xf*(x)dx=2
1

Answer 70E.
a)
Show the following equation by using integral by parts:
[ £ (x)ax=xf (x)- [ 5" (x)ax
Formula for the integration by paris is. [udv = uv—[vdu- ------ (1)
Let
u=f(x)=du=f"(x)dx
dv=dv=>v=x
Substitute the above values in the equation (1).
,Irtdlr':uv—h'dn
Jf[x)dr = xf{x]—jxf’{.r]dr

Therefore. I f(x)dx=xf {_\'}-I.lf "(x)dx|




b)
Prove the following equation by using part (a):

[ £ (x)dc=br (8)-af (a)- [ g (v)av
From part (a):

[ 7 (x)de= [ ()], - [ of"(x) e

[ £ (x)de=[bf (8)-ar (a))- [ or"(x)ae

et y=f(x)=x=7"(y)

dy=f"(x)dx
If a<x<bthen f(a)<f(x)<f(b)
Thatis f(a)<y<f(b) (Since y = f(x))

fi=)

Since x= ' (), f{x}dx=dy]
fla)<y<f(b)
Since f and g are inverse ﬁ.m-:liuns]

(»)=2(»)

[ f(x)dc=[bf (b)-af ()] [ 1 () [

[/ (x)de= [/ (b)-af (a)]- [ "5 ()b [

fi=)

ri&)
fla)

g(y)dv|-

Hence, _[:f(ﬂdr: [ﬁf(f'}"'f[a}]_l

c)
Suppose f and g are positive functionsand Q<g<b-

Sketch the diagram to give geometric interpretation of the following equation:

_[:f(x]dr = [bf{b]-af[a}]—rmg{y}@

fi=)
Consider f and g are self-inverse functions, and the following diagram shows the geometric
interpretation of the above equation.

y
f(x)=g(x=x

/12

fla)]




d)

Consider the integral r In xdx -
1

Let f(x)=Inx

£ ()=g(x)=¢

Therefore, g(y)=¢’

fl&)

Now, substitute the above values in .I-ﬁ f [.r]dr = [bf[b] -af(a]]- i

g(y)dy-

fle)

[nxdx= [ef (e)-11(1)]-] “e'dv

A
i)

[[inxdx= [elne-In(1)]-[e'] °
[[inxdx= [eme—0]-[e" -]
| Inxdx= elne—[ e —e"

[ nxdx= e~[e-1]

[(nxdr= e—e+]

[nxdx=1

Therefore, the value of the integral J'l' In xdx is [1]-

Answer 71E.

Consider the following region between y= f(x) and x=a,x=5 is revolute with y—axis.
And it is given that the function £ is one-to-one so f' is exisls

Since y= f(x) then inverse function can be written as g(y)=x

y

i

The region is perpendicular to revolution axis is y—axis . s0 fo find volume use washer
method

The region is split in two parts. below and above part of y=c

The entire volume ¥ = V1 - I{._



In case of volume ¥, . the inner radius of washer is a and outer radius is p
And thickness of washer is dy

The limits are y= Otoc

y=f(x) or x=g(¥)

Inner radius of washer is a
Outer radius of washeris b

The lower portion of the region will give us the follow integral for the volume:
V, =EJ{b: —a:]l.‘fl-'
1]
(e
=Jr|:b: —a:}(('—ﬂ}
=ab’c—ra‘c
In case of volume ¥, . the inner radius of washer is x = g(y) and outer radius is }

And thickness of washer is dy

The limits are y= cto d

Y

y=fix) or x=g(¥)

Inner radius is x=g(¥)
Outer radius is b

The upper portion of the region will give us the follow integral for the volume:
‘j *
vo==[(6*~[2(»)] )

=xb* y

—f[e ()] b

= wd-me-x][&(s)] &



The total volume J can be calculated as

V,+¥, = (.&'b:c—xa’c)+[xb’d—xb"c—f]{[ﬂ}’)]zﬂfl’]

V=xb3d—ﬁa3c—xj[g(y]]z¢f ...... (1)

Now substitute y = f(x) in equation (1)

y=f(x)
x=g(»)
c=/(a)
a=g(c)
d=f(b)
b=g(d)

y=f(x)
dy = J"(x)dx

V=ab’d -za‘c- z]{[g ( y)]2 dy
=ab’d —ma'c— Ij[g ( y)]} dy
=ab’d-ra'c- xjxlf(x}dr

Consider the following integral to find using integration by paris

Recollect integration by paris
[F(x)G(x)ds = F(x) [ G(x)ds— [ F'(x)([ G(x)dx)dx
xi’x]f'(x)@& = II:I: f(:c]: —iM(x)dx]
(F(x)=2.G(x)=1"(x))
= xbzf(b)—xalf(a}—izxy’{x}dr

b
= zb’d - xa'c— [ 2zxf (x)dx
Now. substituting back into the above formula for the volume:
] ]
ab’d-za'c —xj.r’f'(.t)d.r = zb’d—xa”c—[xb"d —mac— IZEA}'{:}G&]
o N a@
= [27xf (x)

.
Thus, verifying the formula for the shell method, ¥ = Iz;ng' (x)dx
-



