.
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Applications of the Integrals

( Fastracl« Revision )

» If f(x)20Is a continuous Function which is defined in the
interval [a, b], then the area of the region bounded by the
curve y = f(x), X-axis, x=a and x = b Is given by

Area =I:f(x)dx =J:ydx

Here, curve lies above X-axis.

» If f(x)<0is a continuous functlon which is defined in the
interval [a, b), then area of the reglon bounded by the curve
v =f(x), X-axls, x=aand x =bls glven by

Area =|J:ydx |=|j:f(x) dx| (take numerical value)

Here, curve lies below X-axis.

» Area of the region bounded by the curve x = f(y), Y-axis,
y=cand y=d Is given by

Area =j:xdy =J:f(y}dy

> If the curve x = f(y), lies on left of Y-axis, then area of the
reglon bounded by curve x = f(y), Y-axis, y=cand y=d Is
given by

Area =

j:xdy (take numerical value)

=|I:f(y)dy

» If for xela,c],f(x)20 and for xe[c,b],f(x)<0, where
a<c<b, then area of region bounded by curve y = f(x),
X-axls, x =a and x =bls given by

or

Area = f(x)dx -j: F(x)dx

Area :J': Flx)dx + J:f(x)dx

& Practice Exercise

Multiple choice Questions

Q1

02

Q3.

Q4.

Q5.

Area enclosed by the circle x2 +y ? =a? is equal to:

b. ra? sq. units
d. ®o sg. units

a.2na’ sq. units
C. 2ma sq. units

The area of the region bounded by the circle
x2+y?=miis: (NCERT EXEMPLAR)

a. 2w sq. units b. xsq. units
C. 3rsq. unlts d. 4 sg. units
The area enclosed between the curve

% ;,f2 =16 and the coordinate axes in the first

quadrant is:
a. 4m sg. units
C. 2m sg. unlts

b. 3r sq. units
d. ksq. units

The area bounded by the curve x 2 + y? = 1in first
quadrant is:
T . Y 5
a. —sQg. units b. = sq. units
Z q 3 q
c. %sq. units d. gsq. units

Area lying in the first quadrant and bounded by
the circle x” +y? =4and the lines x =0and x =2
is: (NCERT EXERCISE)

a. n5q. units b. ;sq. units

" 1
€. —sq. units d. —sq. units
3 q Z q

Q6.

Q7.

Qe.

Q4.

Q 10.

Q1.

2 2

The area of the ellipse LS lis:
42 92
2,q2
a. br sq. units b. qu. units

4

¢ (4 +9)sq. units d. None of these

The area of the region bounded by the ellipse
2 2

2 Y =1
9 4

a. br sq. units

c. 16r% sq. units

b. 20 sq. units
d. 25r 5q. units

The area bounded by the curve 2x? +y % =2is:

a. w sq. units b. +2r sq. units
C. Zisq. units d. 2x sq. units
2 2

Area bounded by the ellipse 14—- + -y? =1is:

a. br sq. units b. 3r sq. units
c. 12r sq. units d. None of these
x? y?
The area enclosed by the curve E»{-?: 1in

first quadrant is:

a. 10k sq. units b. ISTqu. units

c. Br sq. Units d. 4r sq. units
Area of the region bounded by the curve y = x
and the line y =4 is:

2

a. ]—_:] Sq. units b. % sq. units

G. g sq. units d. 43—75q. units

L
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Q12.

Q1a.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Area of the region bounded by the curve y ? = 4x,

Y-axis and the line y =3is: (NCERT EXERCISE)
. 9 .

a. 2 sq. units b. % sg. units

G % sg. units d. %sq. units

Area lying between the parabola y? =4x and the
latus rectum is:

1 " 2 .
a. —50. units b. = sq. units
3 d 3 d

5 . 8
C. =sq. units d. =—=q. units
3 q 3 q

The area bounded by the curve y” = x, line y =4
and Y-axis is:

a. gsq. units b. %sq. units

c. 72 sg. units d. None of these

The area bounded by the curve x =3y? =9 and
the lines x=0, y=0and y=1 is:
a. B. sg. units b. 8/3 sq. units

c. 3/8 sq. units d. 3 sg. units

The area bounded by the curve y?=9x and
thelines x=1, x=4 and y=0 in the first
quadrant is:

a. 7 sq. units b. 14 sq. units

c. 2B sq. units d. 14/3 sqg. units

Area bounded by the curves y =sinx, the line
x =0and the line x =;, is equal to:

a. & sq. units b. 1sg. unit

C. gsq. units d. 2 sq. units

If the area of the region bounded by the lines
y =mx, x =1, x =2and X-axis, is 6 sq. units, then
mis equal to:

a. 3 b. 1 c 2 d. 4

The area in the positive quadrant enclosed by the
circle x 2 +y? =4, the line x =y~/3 and X-axis, is:
(CBSE 2022 Term-2)

a. Zsg. units. b. £ sq. units
> q 7 q

o gsq. units d. r sq. units

-) Assertion & Reason Type Questions

Directions (0. Nos. 21-25): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which anly one is
carrect. The choices are:

Q21

Q 22.

0 23.

Q 24.

0 26.

Q 20. The area enclosed by y =3x =5, y =0, x =3 and

x =5 is:

a. 12 sq. units b. 13 sq. units

C. 13%sq. units d. 14 sq. unlts

Answers
1. (b) 2. (b) 3. (a) 4. (a) 5. (a) 6. (d)

11. (b) 12. (b) 13. (d) 14. (b) 15. (a) 18. (b)
21. (a) 22. (b) 23. (a) 24. (c) 25. (b)

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) Is not the correct explanation of
Assertion (A)

c. Assertion (A) is true and Reason (R) Is false

d. Assertion (A) is false and Reason (R) Is true

Assertion (A): The area of the region bounded by

the curvey ? = 4x and the line x = 3is 8,/3 sq. units.

Reason (R): If f(x)=0 is a continuous function

which is defined in the interval [a, b], then the

area of the region bounded by the curve y = f(x),

X-axis, ¥ =a and x = b is given by

Area =_[: f(x)dx =j:ydx

Assertion (A): The area bounded by the parabola
56a’

y? =4axand the lines x =aand x =4ais

sq. units.
XI yz
Reason (R): Area of an ellipse — i
a

=1lis nab
sq. units.

Assertion (A): The area enclosed by the curve
[ x|+|y|=2is 8 units.

Reason (R): | x|+ |y |=2 represents a square of
side length +/8 units.

Assertion (A): The area bounded by the curve
y =2cos x and the X-axis from x =0to x =2nis
8 sq. units.

Reason (R): The area bounded by the curve
y = sin x between x =0and x =2r is 2 sq. units.
Assertion (A): The area of the region in the first
quadrant, bounded by the parabola y =9x*% and
the lines x =0,y =land y =4is 14/9 sq. units.
Reason (R): If for x e[a,c], f(x)=0 and for
x e[c,b], f(x)<0, where a <c <b, then area of
region bounded by curve y = f(x), X-axis, x =a
and x = b is given by

Area:f: f(x)dX—J.:J fx)dx.

7. (a)
17. (b)

8. (b)
18. (d)

9. (a)
19. (¢)

10. (b)
20. (d)

L
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-' Case Study Based Questions

Case Study 1
A bridge connects two districts 50 feet apart. The
arch on the bridge is in parabolic form. The highest
point on the bridge is 5 feet above the road at the
middle of the bridge as shown in the figure.

Based on the above information, solve the following
questions:

Q1. The equation of the parabola designed on the

bridge is:
a.y?=125x b. y* = -125x
. x? =125y d. x? = -125y
x?
2. The value of the integral ——-dx is:
¥ egral [, 25125
a. wsq units b. Esq unlts
3 3
c. 1200 sg. units d. 0 sg. units

Q 2. The integrand of the integral J-_Z:sz sin x dx is

.................... function.
a.an even b. an odd

c. Neither odd nor even d. None of these
Q 4. The area formed by the curve y? =25x, X-axis,

x=4and x =9is:
100 1na

a. -3—5q units b. ?sq unlts
c.%sq units d. %sq units

Q 6. The area formed by the curve xt= 125y, Y-axis,
y=16andy =25is:

a. 61045 sg. units b.l[Egsq. units
3 3
C. % sg. units d. None of these
® Solutions °

1. Since, the bridge is open downwards.
Therefore, the equation of the parabola an the bridge
is x%=-4ay.
From the given optlons, the equation Is of the form
x% = -125y.
So, option (d) Is correct.

xz
2. Here Integrand f(x)= —

25
£—_XL X
Now. f(-x)= S f(x)
. f(x)Is an even function.

TR!CK
a _J2[2 fx)dx, if f(=x) = fix)
[ f(x) dx 0
= 0, if f(=x)==f(x)

5 x? 25 x2 s [58]°
Now, j’ —dx=zj e P S
-251258 0 125 125 3

0
2 3
=553 [(25) -0)
2x25x25x%x25 250
= = sQ. units
125 x3 3

So, option (b) Is correct.
3. Here, integrand f(x) = x?sin x
Now, f(=x)= (- x)?sin (- x)
=x2(~sinx)=- x%sinx = - f(x)
. f(x)Is an odd function.
So, option (b) Is carrect.
4. Equation of curve, y? 25x

. Required area _I ydx = I V25 dx

o 32
_SI X [3/2]

=53 (0)7-(4])

= g (27-8)= ESq units

So, option (c) Is correct.
5. Equation of curve, x* =125y
. Required area = IY'ZE x dy

25
" m,f125 dy = 5‘/_{3/2}

=55 x5 2 (252 -(16)"2)
mJ‘ 61045
3

——(126-64) = sq. units

So, option (a) Is correct.

Case Study 2

A man cut a pizza with a knife, pizza is circular in
shape which is represented by x 2 + y* =4and sharp
edge of knife represents a straight line given by

x w3y,

Xm\@y

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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Based on the given information, solve the following

questions:

Q1. The point(s) of intersection of the edge of knife
(line) and pizza shown in the figure is (are):

a. (143).(-1-43) b. (+3.1). (=43.-))
c. (vZ.0).(0.43) d. (-43.1).(1-3)

Q 2. Which of the following shaded portion represent
the smaller area bounded by pizza and edge of
knife in first quadrant?

-

Pz
y X x5y

Y E{ x = 3y

Q 3. Value of area of the region bounded by circular
pizza and edge of knife in first quadrant is:

4 % T 3
a. — 5Q. units b. —sqg. units
2 d 3 d

C. gsq. units d. r sq. units

Q 4. Area of each slice of pizza when a man cut the
pizza into 4 equal pieces, is:
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a. msq. units b. zisq. units
c. 3r sq. units d.2r sq. unlts
Q 6. Area of whole pizza is:
a. 3r sqg. units b. 2r sq. units
c. brsqg. units d. 4r sq. units
Solutions o
1. Wehave, x%+y*=4 (1)
and x =+3y wald)
From egs. (1) and (2). we get
Wiyi=4 w 4y? = 4

= 221 =
From eq. (2). x =3, -3

.. Polnts of intersectlon of plzza and edge of knlfe are
(V3.1).(-3, ).

So, option (b) Is correct.

y =+l

Sa. option (a) Is carrect.

3. Required area:[cf§ %d)ujj; 4 - x? dx

2

AL e et

" %B_u] " {2 sin”! (1)-[.‘?. +2sin” 35]]

o ot NS s5g. units
22 2 3 3

So, option (b) is correct.
4. We have, x2+y? =4
= (x-0)*+(y-0)*=(2)*
Radius =2
Area of %th slice of pizza = % 7 (2)* = n sq. units

So, option (2) is correct
5. Area of whole pizza = 7 (2)* = 4 sq. units
So. option (d) is correct.

Case Study 3

In a classroom, teacher explains the properties of a
particular curve by saying that this particular curve
has beautiful ups and downs. It starts at 1 and heads
down until © radian and then heads up again and
closely related to sine function and both follow each

other, exactly -;i radians apart as shown in figure.

A 1’ X

t |
v
g
I i i
] oY
=
i
|
Al
d”"
e L é
LY
\‘--_‘_O
Mol
_
—~ =
4‘/
=3 B
|
=]

Based on the above information, solve the following
questions:

Q 1. Write the name of curve, about which teacher
explained in the classroom.
Q 2. Find the area of curve explained in the above

passage from 0 to %

Q 3. Find the area of Csl.er(! discussed in the above
assage from = to 2%
P g 5 >
Or

Find the area of curve discussed in the above

passage from % to 2m.

Solutions °

1. Here, teacher explalned about cosine curve.

2
2. Required area = I: cos x dx

= (sin x)¥? msln%-—sianl—Dﬂ sq. unit

L
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32
3. Required area:l_[ug cos x dx |

=|[sinx)3%2|

sin%—sin-‘i
2 2

=|-1-1l=1-21=2 sq. units
(Since. area can't be negative)
Or

; 2 2
Required area =-[3ru'2 cos x dx = [sin x)35,,
= 5In2a—sin% =0-(-1)=1sq. unit
Case Study 4

Graphs of two functions /' (x) =sinx and g(x) =cosx
is given below:

g(x) = cos x

’{,\(\f(x):sin X

YJ
Based on the above information, solve the following
questions:
Q1 In [0, 7], the curves f(x)=sinx and g(x)=cosx
intersect at x =
s T i
a = b. = C.— d
2 3 4 :

Q 2. The value of J';M sin x dx is:
a. 1 ! b. 1+ ] G2 1 d2+ 1
/2
Q 3. The value of Jn cos x dx is:
r/4
1

a.1+ﬁ b.1-—% 2=dZ  d 2T

Q 4. The value of I; sin x dx is:
a. 0 b.1
c. 2 d-2

0 6. The value of j;” sin x dx is:
a. 0 b.1
c. 2 d. =2

° Solutions ®

1. For point of Intersection. we havesin x = cos x

sin x
= =1
cos X
n
= fanx=1= x==

4

So, aption (c) Is correct.

N

j'nm sin x dx =[-cos x)§/*
T 1
=—Ccos—+cosO0=1-
4 32

So. option (a) Is correct.

a/2
j’n;a cos x dx = [sinx]%4

w

ssin® g e fet
2 4 2
So. option (b) is correct.
‘ J'; sin x dx = [~ cos x)§

o~

=[-cosr+cos0)=(1+1)=2
So. option (c) Is correct.
1 Indzsinxd)(:[—cnsx] Wi

un

=[—cus%+cosﬂ}=ﬂ+1=1

So, option (b) Is correct.

Case Study 5

Consider the following equations of curves x* =y

and y =x.

Based on the above information, solve the following

questions:

Q1 Find the point(s) of intersection of both the
curves.

Q 2. Draw the graph of area bounded by the curves.
Q 3. Find the value of the integral J'Dl X dx.

Or
Find the value of the integral I: x? dx.
® Solutions o
1. Wehave, x?=y (1)
and X=y aikg)
From eqs. (1) and (2).
x?=x
= x?-x=0
= x(x=1)=0
= x=01

From eq. (2),y=0,1
Thus, required polnts of Intersection are (0, 0), (1. ).
2. Y

xay
y =X
! X
X (0]
2
57!
1 X 1 1
3 jﬂxdxm{TLE__o,_
Or

L
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Case Study 6

Consider the following equation of curve y” = 4x and

straight line x +y =3.

Based on the above information, solve the following

guestions:

Q1. Write the points where the line x + y =3 cutsthe X

and Y-axes.

Q2. Find the point(s) of intersection of two given
curves.

Q 3. Draw the graph and represent the shaded portion
of area bounded by the given curves.

Or

Find the value of integral [ © (3-y)dy.

Solutions ®

1. Une x +y =3 cuts the X-axls and Y-axis at (3. 0) and
(0. 3) respectively.

(Since, at X-axis, y =0 and at Y-axis, x = ()

2. Wehave, y2=4x (1)
and x+y=3 sk}
From egs. (1) and (2), we have

y?=4(3-y)

=5 y2+4y-12=0
= y*+(6-2)y-12=0
= y2+6y-2y-12=0
= y(y+6)-2(y+6)=0
= (y+6)(y-2)=0
=5 V=2 y=-6
Fromeq. (2), x=3-2=1

or X=3+6=9

.. Required points of intersection are (1, 2). (9. -6).

yi=dx

(0,} {1,2)

Case Study 7
A mirror in the shape of an ellipse is
2 2
¥
represented by —+=—=1 was
4 d 9 4

hanging on the wall. Sanjeev and his
daughter were playing with football
inside the house, even his wife
refused to do so. All of a sudden,
football hit the mirror and got a scratch in the shape of

. X
line represented by = + 2 =1.
3 2
Based on the above information, solve the following
questions:

Q1. Find the point(s) of intersection of ellipse and
scratch (straight line).

Q2. Draw the graph and show the area of smaller
region bounded by the ellipse and line.

03. Find the value of%j: Jo-%2 dx.

Or
X 3. X
Find the value of 2 .[n [1 -?J dx.

Solutions °
1. We have,
X2 y2
_-|- — T ‘l
9 4 ()
and =ATE S (2)
g 2

1 1 x\|°
2
i —_—d2 | == =]
CR { ( 3)}
= £+1+£—2—X—1
9 9 3
2x% 2x
= — i —
9 3
2x (X
== =0
= 3 (3 )
= x =023
From eq. (2); y=20

.. Required points of Intersection are (0, 2) and (3,0).
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"@I Very Short Answer Type Questions

Q1

Q2

Qa.

Q4.

Q6.

Q6.

Q7.

Q8.

Qo.

Q10.

Qn

Find the area of the region bounded by the curve
y =x” and the liney =4 (NCERT EXERCISE)

Find the area of the region bounded by the

parabola y * = 8x and the line x =2
(NCERY EXEMPLAR; CBSE 2020)

Using integration, find the area of the region
bounded by lines x =y +1=0, x ==2, x =3 and
X-axis. (CBSE 2022 Term-2)
Find the area bounded by the curve x =2y +3,
Y-axisand the linesy =landy =-1.

(NCERT EXEMPLAR)
Find the area of the region enclosed by the curves

y2 =X, X =-:—l-, y =0and x = 1using integration.
4 (CBSE 2022 Terin-2)
Find the area of the region bounded by y 2 =9x,
x =2, x =4and the X-axis in the first quadrant.
(NCERT EXERCISE)
Find the area bounded by y = x?, X-axis and the
lines x ==1and x =1.
Find the area between 0 and 7 of the curve
y =sinx. (NCERT EXEMPLAR)
Find the area of the region bounded by the curve
y =cosx between x =0and x =
(NCERT EXEMPLAR)
Find the area bounded by the line y = x, X-axis
and the lines x ==1to x =2.

The area bounded by the curve y = f(x), the

X-axis and x =1 and x=b is (b=1)sin 3b +4).

Find f(x).

Short Answer Type-l Questions

QL

Q2

2 2

Find the area of the ellipse £ L _ay using
a* b?

integration method.

(NCERY EXERCISE, NCERT EXEMPLAR)
Find the area of the ellipse g 'Jy2 =36 using
integration. (CBSE 2020)

Q3.

Q4.

Sketch the region bounded by the lines2x +y =§

y =2, y =4 and the Y-axis. Hence, obtain its area

using integration. (CBSE 2023)

Find the area of the region bounded by the line

y =3x+2, X-axis and the ordinates x =-1 and

xe1. (NCERT EXERCISE)

'\@Q’ Short Answer Tupe-Il Questions

Q1

Q2.

Q3.

Q4.

06.

Q6.

Q7.

oe.

Q9.

2 2
Find the area bounded by the ellipse -X—z-+ i:-.z— =
a

and the ordinates x =0 and x =ae. (NCERT EXERCISE)

Find the area bounded by the curve y =cos x
between x =0and x =2n.
Find the area of the region bounded by y =| x|,
x <5 in the first quadrant.
Using integration, find the area of the region

bounded by y =mx (m>0), x=1, x =2 and the
X-axis. (CBSE 2023)

Find the area of the region bounded by the
parabola y ? = 4ax and the straight line y = mx.
(NCERT EXERCISE)
Find the area bounded by the lines y =|x-2|,
x =1, x =3 and the X-axis.
Find the area of the minor segment of the circle
x*+y? =4 cut-off by the line x=1, using
integration. (CBSE 2023)

Find the area bounded by the curve y =cosx

between x =0and x ='7’2—R.

Find the area of the following region using
integration:

{(x,y):y*<2xandy > x -4} (CBSE 2023)

"\@Q I.ong Answer Type Questions

1R

Q2

Q3.

Qa.

0 B.

Using integration, find the area of the region
bounded by the parabola y? =4ax and its latus
rectum. (NCERT EXERCISE; CBSE 2023)
Find the area of minor portion of the curve
9x? + 16y =144 intercepted by the line x =2
using definite integration.
Using integration, find the area of the region in
the first quadrant enclosed by the line x+y =2,
the parabola y 2 = x and the X-axis.

(NCERY; CBSE SQP 2022 Tarm-2 )

Using integration, find the area of the region in
the first quadrant enclosed by the X-axis, the line

y = x and the circle x? +y2 =32,
(NCERY EXERCISE, CBSE 2018)

Using integration, find the area of the region
bounded by the circle x? + y2 =16 liney = x and
Y-axis, but lying in the 1st quadrant. (cBse2023)
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0 6. Find the area of triangle whose two vertices
formed from the X-axis and the liney =3-|x|.

Q 7. Find the ratio of the areas of two parts of the circle

x%+y? =a? divided by the line x =—21—'a.

(NCERT EXENPLAR)

Q B. Find the area of the region bounded by the curve

y =tan x, line x =% and the X-axis.

Q 9. Using integration, find
{(x,y):0sy sBx,

the area of the region
x2+yl<a)
(CBSE SQP 2022 Term-2)

Q10. Make a rough sketch of the region {(x, y) :
0<sy<x?+1, 0<sy<x+1, 0sx<2} and find
the area of the region, using the method of

integration.

Q1. Find the area bounde
x+2|yl=1.

Very Short Answer Type Questions

1. Curve represented by the given equation y = x? is a
parabola, which Is symmetrical about Y-axis.

Y
Xz:y
\ 04N | S
A 7/ g
00,0 > X
Y!

TiP:

Do practice for taking limits of y.

.. Required area of reglon AOBA .
=2 xArea of shaded reglon = 2»[0 x dy

2. Lettheline x =2 meets the parabola at points P and Q.

TR!CK

Curve is symmetrical about X-axis i.e, area of both
portions are equal numerically.

X2

L —

Y
¥y’

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

S (20

yiu B
h“"-‘..__

We have to find the area of reglon POQP which Is
double the area of shaded reglon PSOP.
- Required area =2 x Area of shaded reglon

=2j‘:ydx=2fnz~./§dx

=4J7I:ﬁdx

(CBSE SQP 2023-24)

d by the curve x =0 and

2
=4_Jj‘:gx312}
3 0

B2 532 o B2
=T(2’ _u)_szJi

—3—25 units
=3 Q.

3. .. Required area

=Area of shaded region.

-1 3
=|J_2(x+1)dx +J'_d(x +1) dx
Y -
Y=x+1
X= —2 f (3.4)
. (=2,0)[=1.0)
X 5) (3,0) %
/ (-2,-1)
Lo
|| —+x| [+]| —+x
2 da2 2 ]
= l—]—(i-—ZJ + 24-El—l+l}
2 2 2
il +(E!)—l+EI — sq. units
2 2 ’

G- TiP:

[ Learn to draw the graphs correctly.

Y,
2-.
xm2y+3
1 yml /
dy
X' - t —— > X
-10] 1 34567

L
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From the figure required area of the shaded region
1
=[ @y+3)dy=[y?+3y),

=[143-1+3)=65q. units.
5. We have equation of parabola,
Y =x

Y

3
BE

2( 1] g 7
. |
3 8) 378
7

= — 50, unit
]zsquns

Curve Is symmetric about X-axls.
Reglon PORS Is bounded by the curve
y*=9x, x=2, x=4 and X-axls.

Now, y?=9x = y=3x (in first quadrant)

»

Yl
.. Area of reglon PQRS = I; WX dx

3274
@3 x X ngxz[xan]fz"
3/2 2 3

- 2[43{2 _23;‘2]
=2 (8-242)
=16 - 442 sq. units

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

6. The curvey? =9x s a parabola whose vertex s (0, 0).

common] ERR(DR
Some students fail to draw the correct graph of parabola. ]

7. From the figure. required area of the shaded region

1 1]
=J_iydx=}‘_lx2dx

(-1 0) !

¥ =-=1 =l

TR!CK
o dx:lZI;ﬂx) dx, if f(=x) = f(x)
B 0, if f(=x) ==f(x)
Here, integrand f(x) = x*
fl=x)=(=x)*=x*=f(x)

3 1
=2j'n' xMx:Z[%]

0
2 2

=—(1-0) = = sqg. units
3( ) 554

8.

G- TiP
Learn to draw the graphs of trigonometric functions
correctly.

Yy

y=sinx

- Area of curve OAB = L: ydx= jﬂ“ sin x dx = (-cos x)§

=cosO-cosr
=1-(-1)=2sq. units
9. We have, y=cosx, x=0x=n
Y,

b

yoCosx
\ e
X' - > X
’ Rlz\
®

TiP

Learn the intervals where graph of cos x is positive and
negative.

L
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From the figure. required area of the shaded reglon

=Iﬂ |cos x | dx

/2 x
=ID Cos X dx+[w2(—cosx)dx

=(sin x) &% -[sinx) % o
= [sln z —sinﬂ] —[sln T —sin E]
2 2
=(1-0) - (0-1)=2 sg. units
COMMON ERR@R o
Students fail to apply the limits correctly. ] -+ Ellipse Is symmetrical about both axes.
.. Required area = 4 x Area of shaded region

10. We have, V=X = 4!3 y dx

Y ab 53
=4[ —.Jo?-x%dx [Frameq. (1))
(Z.Z)Ax ID 0 q
:ﬂ[im+lazsln'] —)—{:l
2 a

a

0 al2 0
. (1,0 ' 20
X “lo X =£|:10251n"'1—[]:|
-L-1) al2
/ =q—(:3-x%02x§=rcub sq. units
x=-1 3 x=2 2. Glven, x*+9y%=36
ot gk
or -—+Z-a=1
. Reqgulired area = area of shaded reglon 36 4
2 = 0’=36 = a=%6
+|f x dx and b’=4 = b=%2
= e Also, 9y? =36 - x?
: x2°+ w2[® N y:t%m
& 2
i g For fIrthL:adl'a.nt.y:l-\BEi-:vc2
— 4-|21—2+l .
T2
5
= =50. unit
> 5q. units
1. GI\.r.en.Ltl f(x)dx =(b-1)sin(3b+ 4) e
Area of function = Lx f(x) dx
=(x=1)sIn(3x + 4)
On differentlating, we get
f(x) =sin(3x + 4) + 3(x =1)-cos (3x + 4) . Required area = 4 x Area of shaded reglon
i 61
Short Answer Type-I Questions =4[y dx=4[ 236 -x dx
Z B 4 (6 N7 2
1. Equation of ellipse: i2-+z1-=1 (1) =§Ia (6)7-x* dx
a
6
4 36
For elllpse, major axis = 20, = g[%\fﬁz -x%4 ?Sln" (%]]
0

Minor axis = 2b i
18
and centre = (0, 0) =§[1E xE—G]EIZrcsq. units

G- TiP ERROR }

TLeam to sketch the graphs of circle, elllpse and parabola Some students fail to find the standard equation of the
from a standard equation. ellipse and hence get wrong figure.

L

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
| Jhra
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
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3. Given equation of line is 2x + y =8, which intercept
X and Y-axes at points (4, 0) and (0. B).
Y

\
y=4-+ \ .
y=2

" \eo,

Xx+y=8

Yl’
. Area of bounded region = J; xdy = J: [82;3/) dy

4
el Vol Tres gk
_Z[By—z} ==>[32-8-(16-2))

2

= %[24 -14)= g =5 sq. units

4. From the figure, the Une y =3x + 2, meets X-axis at
X = —%and its graph below the X-axis for x e (—1. —%J

and above the X-axls for x e(-—%.]}

TR!CK }

[ foox =j: fx) dx + [ f(x) dx, wherea <b <c.

¥ v ‘D

== %o 1

(F.0)
Y
)4

x=-1

Y.‘
. Required area = Area of the region ACBA
+ Area of the reglon ADEA

= 1'2}3(3x+2)dx| j (3x +2) dx

el ],
2)|+ G+2)-5-3)

[
g
e

N w

[
Tl

PR WE
32 2 3|6 6
-1-+§=E-Esq units
6 6 6 3

ERROR »

Some students fail to break the limits according to the
figure.

Short Answer Type-ll Questions

G-TiP-

'r Learn to draw the graph of cos x and understand where the

1. The required area of the region BOB'RFSB Is enclosed

by the ellipse and the lines x =0 and x = ge.

ni
B X =ae

R

Bl
4
.4
. Area of the reglon BOB'RFSB =2y dx
=2-b—-J-:D\}02—X2 dx
a
2 ag
—é —-JG —x2+ gt
0|2 2 al,

= é[ae\/az -a%? +a?sin™ e]
a
=-b—[(:izr:'\l1—zc_'2 +a?sin™ e)
a
=ab(ey1-e? +sin'e) sq. units

graph is positive and negative.

. Required area = j;zcus x dx +J3§2(- cos x) dx

+_[ * Cos x dx
/2

] 3z/2

=(sinx) &* - (sinx +(sinx) 355

Y

=[5InE—slnDjl—[slng—ﬁ—slni}+[5In2n—5ln3—r[}
2 2 2 2

=(1-0)=(-1-1)+(0+1)=1+2 +1= 4 sq. units

3. Wehave, y=-x, if x <0 (1)
and y=x, |If x20 (2)
Y,
y =X it
000 [co "

NV

L

L L o s s o



r - -

. Required area = Area of shaded reglon
5 215
X 25
=[xdx=| —| ==sg.units
a 21, 2

4. y =mx s a straight line which passes through origin.

Y
/me

4

vV

¥ x=1 x=2

. Required bounded reglon =LZ y dx

= J.f mx dx
272
:m[x_] L
2 . 2
=3Tm5q_ units
5. Equation of parabola; y?= 4ax )
and equatlonof line; y=mx (2)

On solving egs. (1) and (2), we have
m?x? - 4ax =0
= x(m?x-4a)=0

= X = UX=i0§-
m

4q

y=0y=—

m

Thus, the Intersection polints of parabola and line are
(0.0) and(qa 40 ]respectlvelv

(40 40)
y m? m
& y2 m 4gx
o
X C : > X
0,0) M (4a/m? 0)
YJ’

Let the Intersection points of parabola and line be O
and P respectively.

Draw a perpendicular on X-axls from P.
We have to find the area of shaded reglon OAPQ.

Area of reglon OMPAQO = J‘ Al y dx

where y = J4ax
1o I’T‘I'z
=J‘; ™ JGox dx

4afm?
=20V2L]am dex

3/2

e

4\/_ EIa-J_ 32a

3 m! Im?

4g [
Za‘”{x ] )

TiP

Area of triangle = 5 x base x height

and area of AOPM = EXOM xMP—%x% x%
_Ba®
Tm?

~Required area = Area of reglon OMPAQO
- Area of AOMP

m* m m
6. Wehave Yy==x+2V x <2 +20)
Y=X=-2Vx22 -(2)
and x=1 x=3
X
Y=Zi=k y=x-2
-
Yl

. Required area = area of shaded reglon

2 3
=j(2—x)dx+_[(x-2)dx
1 2

g 2 3
={2x—-x—:l +[x——2x}
2] 2 2

7. Wehave, x%+y’=4 il
which Is a circle with centre (0, 0) and radius =2

Also we have a line x = 1.

e
N

L
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. Area of minor segment ABCA = 2J|2 y dx
=2Lz«f4—x2 dx=2[%1!4—x2+g-sin"£

—2-D+251n"(2]—[lJ4—1+2sln"l]

- L 2 2 2

D PRI RPN
2 2

i 6
e _E_z}z[zﬂ_ﬁ]
"2 3 32

= [% - ﬁ] sg. units

between x =0 and x = 3?“

1Ly =cos x

X5 n/Unxz =

_1+
Y

.. Required area = Area of shaded regjon

/2 32
= X X dx|
_[0 cos rjx+“w,2 cosxd

=(sin x)§"° +| (sin x)272 |
=14+ |(-1-1) | =1+ 2 =3 sq. units
9. We have, {(x. y):y? <2xandy 2 x -4}

axes at points (4, 0) and (0. -4) respectively.
The point of intersectlon of line and parabola Is

yi=2(y+4)
=5 y?-2y-8=0 = (y-4)(y+2)=0
= y=4, --2 = X=B,2
@y —4
Y g
yi=k
il @9
4,0
X’ ks X
-2X(2 -2
7
Yl

.. Area of shaded region = j_g(x2 -x,)dy
" 2
oo (5]

2 374
=|:y—+4y—y—]
2 6l

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

.

2]12

B. We have, y =cosx, whose graph Is shown below,

Conslder y? = 2x, which Is a parabola open right side
andy = x —4 Is a stralght Une which intersect X and Y

= 30—?] =30-12 =18 sq. units

Long Answer Type Questions

L

G- TiP:
A chord of a parabola passing thraugh its focus and
perpendicular to its axis is known as latus rectum of]

parabola.

Equation of parabola: y? = 4ax (1)

and equation of latus rectum: x =a -(2)
Let the latus rectum meets the parabola at points P
and Q.
Y
P
Xx=da
XI
0 S (g, 0)
(0.0)
Q y2=4ax
YI

We have to find the area of reglon POQSP which Is
double the area of shaded region PSOP.
Therefore required area = 2 x area of shaded reglon

::2!:31 dx:ZIJde

. x327°
SR PN, Fa

3/2 |,
8 3/2 8 ’ ,,f
=§ G.{G _D]=§ a-asa

B >
= =07 5q. units
3 q

2. Equation of ellipse: 9x? +16y? =144 (1)
3 .2 > R
X o Y A=l
or —+i—= form —<+~5=1
6 9 [ 7 B ]

Far ellipse, semi-major axls = a = 4
and minor axls =b=3
Equation of line: X=2 (2)
Clearly, line Is parallel to Y-axis.
Let line (2), meets the ellipse (1) at point P and Q.
Therefare, required area PAQRP

=2 x Area of shaded part

=2J‘;ydx=2j':%s]144—9x2dx (fromeg. (1))
=2lx3I;VIE—x2 dx =§-J‘;\I42—x2 dx

L
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Y
(0,3)B P
/- )
I
X’{ QJWA{Q'O:) x
Q
v
TR!CK .
I Ja? =x? dx = Z+fa? - x? +a—-5in‘1(f_)+f
2 7 a
3[ x 42 x]*
. 4° i
_2_2 16x+25|n 4]2
:-3——E|5in'11—{1><\ﬁ—2.+85in‘11}
20 2
solB xE-zﬁ_BxE]
Tl 2 6

= 47 -343 5q. units

3. The given line and parabola meet at the paints (1, 1)
and (4, -2).

y! x+y=2
. Required area = Area of shaded region

=L;J;dx+‘[|2(2—x)dx
x¥2]" i B .

IR

2 2° 1

=§(1—D)+[2X2—-2—']—(2—§-)

2 3 4+12-9 7
=Z242-2=2"2"" - sq units
3 2 6 6
4, x*+y*?=32Is a crcle whose centre Is (0, O) and

radius Is 4+2.

y=432- e
Now, x?+y?=32 will)
and Xay wnli)
Y

A
@, 4)
A

L >
0| (4,0 /420

X"

Put the value of x from eq. (2) into eq. (1).

y2+y2=32
= 2y?=32 = y=+4
Far the first quadrant, y = 4.
and x=4

x =y Is a Une which passes through (0, 0) and (4. 4).
". Required area = Area of OBL + Area of LBA

=J;xdx+j:&mdx
TR!CK -
j-J 2 dx = -Ja -X +ﬂ7sln (:]+C J

274 3 W3
_1 X g xvV32-x +32 cin™! ¥

2 i 2 2 432 "
=(.]E_[])+[(D+1Esin"1—(a+1651n"U]EH

w B LI5S B=T62
7 4

=Br - 4n = 4 sq. units

ERRODR \

Sometimes students takes wrong limits of comman
region and get the wrong value of area.

eg. j: Y x dx (this is wrong)
Divide the shaded region in two parts where the curves

L intersect and take the right values of limits of bath parts.

5. The area bounded by the drcle x% + y2 =16,y = x and
X-axls Is the area OABO.

On solving x?+y?=16 and y=x, we have

(V) +y?=16
= yi+y?=16
= 2y2-.=16
Y
x2+y2=16 222 y=x
A
(0.0)
@ o ] B (4, 0) g
Yl
= yznﬁ
= y =22

(Inthe first quadrant, y Is positive)
Wheny = 242, then x =242
So, the point of intersectlon of the glven line and
circle In the first quadrant Is (242, 24/2).
*. Reguired area = Area of the shaded region OABO
= Area of OACO + Area of ABCA

L
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1 4
=ixDCxAC+Imde
1 4 2
Eszz'szL[me-x dx
X 16 xT*
=4+[—J1E—x2+—sin"—:|

- ik [n + Elsln"(%] -[¥\he ~8 + Bsin™! .24_*5]

1
=4 +8sin~'(1)=| 2 x24/2 + Bsin™ ]
0-(2> =
=4+Bxi_(4+sxﬁ]
2 4

=4n-2r=2rsq. units

6. We have, y=3-|x|
= y=3+xVx<0
and y=3-x.Vx20
i #
y=3 X y=3+x
(0.3)
. (=3.0) (3,0)
X o) X
Y!

- Required area = Area of shaded reglon
=2J‘_B3 (3+x)dx

0

2

X

=23 —_—
[“2]

-3
= —2[~EJ +2}
2

=-2 x? =9 5q. units

7. Let lne x =%a, Intersects the circle x?+y? =a

points P and Q.

J

2

at

Thus the complete circle s divided into two parts

PAQP and PBQP by the line PQ.

Blwrreegovees » A
(—n, 0) (0,00 (%_-n, 0) (0, 0)
L —"Q
h i

G-TiP

Learn to apply limits correctly to avoid errors.

. Area of smaller part PAQP =2 aﬂ y dx
o

=2[E Va2 - x2 dx
af2

(-~ x2+y?=a?)

2 a
X a o1 X
=2|:E 2—X2+?5|ﬂ ]—}
g af2

2
=2[%V‘ 2_a%4 %5&1" %}

a
, a

2218, ’az—laz + L2
4 4 2 a

2 2
_ a e a1 a = |
_2[[]+25in 1:‘ 2[4 5 DJ3—+25In 2]

28 1.3 3 _g2.%

2
=_é__T-_-E(4n-3«/§)sq. units

.. Areaof larger part PBQP =Area of complete circle
- Area of smaller part PAQP

02 02
= r0? —E(zm—am= E(12n—z»rr+_=w§)

2
=$—2(Bn+3~\f§)sq.unlts
Therefore, required ratio
02 a2 5
=—(Brn+343): —(4n-3v3
5 (Br+33): = (4m-343)
=(Hn+3«f§):(4n—3®

B. We have,y =tanx and x =£-

o) T2 > X
1
m
Xm—

. Required area = Area of shaded reglon

wh
=In tan x dx

=(-log lcos x 1)§/*

=-log 712-+l0g1

=log V2 = %log 2 5q. units

. The area bounded by the circle x2+y?=4, line

y = +3x and X-axls Is the area OABCO.
On solving x2 + y* = 4 and y = +/3x, we have

x?+(V3x) =4
= x2+3x%=4
= 4x*=4 = x=1 (Inthefirstquadrant)

L
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When x =1, theny =+/3.
So, the point of Intersection of the given line and
circle In the first quadrant is (1, v/3).

. Required area = Area of the shaded region OABCO
= Area of OACO + area of ABCA

xOCxAC+ Lz y dx

x3+j Vb - x? dx

10. We have, {(x, y):0sy<x?+1,0sy<x+1,0sx52)

Here conslder y =x?+1, which Is an equation of
parabola open upwards with vertex (0, 1).

Also,y = x + Lwhich Is an equation of line, Intercept X
and Y axes at —1and 1respectively.

On solving above equatians,
X2+lax+1 = x2=x=0
= x=01

=5 y=l, 2

So, paint of Intersections are (0, 1) and (1, 2).

4 y=x+1
y=x2+1 /
/4

Y’ =1 ET=2
; 1 2
. Required area :ID de+j| v dx
1 2
=ju(x2+]) dx+_[l (x +7) dx

5]
e g

4 3 B8+24-9 23

=—+4-S == =Z—gqunits
3 2 6 6
1. Givencurvesare x =0 and x+2|y|=1
Now, x+2|yl=0

Wheny >0, then x +2y =1
Wheny <0then x -2y =1

YI’
.. Area of bounded reglon ABC
=2 xarea of AOB =2J'| (]_—X] dx
0 2

1
7}
X 1 1
w| e | m]==—l0-0)==%0 tiilt
{X ZL 2 : ) 2SE| a

& Chapter Test

Multiple Choice Questions
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Q1. The area of region bounded by the line y = 8x,the

X-axis and the lines x =1and x =2is:
a. 11 sg. units
b. 10 sq. units
c. 12 sg. units
d. 5 sq. units

Q2. The area of the region bounded by the curve

y =x? and the liney = 16s:

a. 2s;q. units b. Esq unlts
3 3
c.%sq. units d. %sq unlts

L
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Assertion and Reason Type Questions

Directions (Q. Nos. 3-4): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only one is
carrect. The choices are:

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertion (A)

c. Assertian (A) is true and Reason (R) Is false

d. Assertion (A) is false and Reason (R) Is true

Q 3. Assertion (A): The area bounded by the line

y =2x, the X-axis and the lines x =-2and x =2

is 8 sq. units.

Reason (R): If for xe[a,c], f(x)=20 and for

x €[c,b], f(x)<0, where a <c<b, then area of

region bounded by curve y = f(x), X-axis, x =a

and x = b is given by
a b
Area = L f(x)dx —J'c f(x)dx

Q 4. Assertion (A): The area of region bounded by the
curve y =| x|, x=-1, x =2 and X-axis is 5 sq.
units.

Reason (R): Area of the region bounded by the curve

y? =2x theY-axis and the liney =2is ; sq. units.

Case Study Based Questions

Q 6. Case Study 1
A mirror in the shape of an

ellipse is represented by
2 2

X _+2 _=lwas hanging on the
4 9
wall. Anika and her sister were
playing with football inside the
house, even her mother refused
to do so. All of a sudden, football hit the mirror
and got a scratch in the shape of line represented
by x = 3.
Based on rhe above information, solve the
Jollowing questions:
(i) Find the point(s) of intersection of ellipse
(mirror) and scratch (straight line).
(ii) Find the area of ellipse (mirror).
(iii) Find the area of small part of the ellipse
(mirror) divided by scratch (straight line).
Oor

Evaluate Iﬁ\M- x2dx.

V2

Q 6. Case Study 2
Suppose f is an absolute function defined from

f :R— Rsuchthat f(x)= _\_-_l|=

2
1 [x—l, xZ—l-
where I——‘=l 2 2
2 1 1
L——x, B e
2 2

Based on the above information, solve the
following questions:

(i) Find the area between the curve

f(x) =‘ x--zl-‘, X-axis and the lines x =1 and

x =3

(ii) Find the area of triangle formed by the curve
and between axes.

(iii) Find the area of region bounded by the curve

f(x) and the lines y =% toy =~‘1£.

Or
Find the area of unshaded region of triangle
formed by the curve and between axes.

Very Short Answer Type Questions

Q7. Find the area lying in the first quadrant bounded
by the circle x”+y* =16 and the lines x =0,
x =4,

Q 8. Find the area of the parabola y? = 4ax bounded
by its latus rectum in first quadrant.

Short Answer Type-| Questions

Q 9. Find the area bounded by the curve y =% x?,the

X-axis and the ordinate x =2.

Q10. Draw the graph of the curve y =| sin x |and find the
area bounded by the curve, X-axis and ordinates
X ==nto 2.

Short Answer Type-Il Questions

Q 11. Sketch the graph of y =|x+3| and evaluate
0
I_6|x+3ldx.

Q12. Find the area bounded by the curve y =cotx,

X-axis and the lines x = ; to x =3—:: .

Long Answer Type Questions
Q 13. Find the area bounded between the curve y 2 = 4x,
line x + y =3 and Y-axis.

Q 14. Find the area between X-axis, curve x = y2 and its
normal y +2x = 3 at the point (1, 1).
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