Integrals

Case Study Based Questions

Case Study 1

Following paragraph given to student by the teacher.
The given integral j f(x) dx can be transformed into

another form by changing the independent variable x
to ¢ by substituting x =g (?).
Consider / = j £(x)dx

Put x = g (£) so that fi_x — o' (1)
t

We write dx =g’ (t) dt
Thus, /= [ /(x)dx = flg ()]g' (1) d

This change of variable formula is one of the important tools available to us in the
name of integration by substitution.

Based on the above information, solve the following questions:

01 j2x sin (x2 + 1) dx is equal to:

a. —sin(x?+10)+C b. —cos(x?+1)+ C
c.sin(x?+1)+C d. None of these
X
Q2. | ———dxisequal to:
J‘x/.7>2—x2
a.—V32-x*+C b.v32+x% + C
C. V64 —x?+C d vV32-x%+C
. -1
sin (2tan " x
Q3. J' @ 5 )dx is equal to:
1+x
. -1 -1
N _sin2 (tan” x) i C b ~cos2 (tan” x) i
2 2
—1 . 1
c cos 2 (tan X)+C d sin2 (tan X)+C

2 2



X
3/2 3/2
a.—l(1+i2) +C b.1(1+i2j +C
3 X 3 X
1 112
C. 3 (1+ —2] +C d. None of these
X
Q5. j cos dx is equal to:
Vv1- x?
B 1
a.—(sm x°) +C b. —( sin”" x) +C
2 2
B -1,\2 2
(cos™ x) i d (tan™' x) i
2 X
Solutions

1. Letlzj'szin (x?+1) dx

Putx?+1=t = 2x dx=dt
(Differentiating both sides w.r.t. x)
Now, | = Isintdt
=—cost+C=-cos(x?+1)+C
So, option (b) is correct.

2, Letlzledx
\32 — x?2
Put 32-_x2=t
= —2xdx=dt
= xdx=_—]dt
2
Now, I=—1J'£
2
-1
=—2Jt+C
2
t+C

=—V32-x?+C



So, option (a) is correct.

, A
3, Let |- [Sini2tanTx) g,
1+ x
Put tan' x=t = 1 2C!X:Ch‘
+ X
I:Isintht:—C052t+C

q
__Cos2 (;an X) C

So, option (b) is correct.

\/1+x

1+ x? 1
4, Let | = dx = - dx
J ==l
1+ x?
= d =
Woe I\/
Now, putting 1+——
x*
= _gdx=2tdt = —13dx=tdt
X X

t3
I=[-todt=——+C
3

3/2
=—; [1+ 12) +C

X
So. option (a) is correct.

5. Let t_jcos X4
V1= x?
Put cos” x =t
= idx=dt = #dx=—dt
1-x? 1- x?
l_jt —dt)= jtdt
2 2
-t el —(cos™ x) i C
2 2

So, option (c) is correct.



Case Study 2

In Presidency Public School, class teacher of XlIth class teaches the topic of definite
integration.

Definite Integration

If £ (x) is the continuous function, integral of f(x)
b
over the interval [a, b]is denoted by I f(x)dx and

b
| ) de=[F(0)]s =[F(b)~F(a)]
Based on the above information, solve the following questions:

Q1. j: x2dx is equal to:

a. ! b. 2/8 c. 93 d. 407
3 3 3
V3
Q2 j ! ; dx is equal to:
1 1+x
a =X b. on c =~ d X
3 3 12 6
1
Q3. j_i(x+3) dx is equal to:
a. 2 b. 6 c -1 d -6
6
Q4. _[4 e*dx is equal to:
a. 1 b. e®—e* c e° -1 d e -¢e3
3
Q5. jzldx is equal to:
X
a. log% b. log3 C logg d. log2



Solutions

e 2] [0

3], |3 3
_ 343 _64} _ 279 _o3
'3 3| 3
So, option (c) is correct,
V3 dx 1143
2. j'| T+ x? = (tan™ x]{7

—tan"'\3-tan"1=X_T_T
3 4

So, option (c) is correct,

3. _.‘_11 (x +3) dx

5 1
=| X 43x =[l+3}—{1—3}=6
2 L2 2

So, option (b) is correct.
4, jf e* dx =(e*)5 =e®—e*

So, option (b) is correct.

31, 3
5. Iz " dx =(log |x|) 3 = (log 3-log 2]
=lo 3 [--lo m-logn =10 m}
82 - (08 8 8 o

So, option (c) is correct.

Case Study 3

For any function f'(x), we have

j:f(x) dx=[" f(x)dx +j:12 £(x) dx

where, a<c;<c,<c3....<c,;<c,<b.



Based on the above information, solve the following questions:

3/2
01 jo’ | 4x —5 | dx =
13 13 1 1
a. — b. — C. .
10 4 10 4
2
Q2. '[0 | cos x |dx =

a. 1 b. 2 c. 3 d 4
21X g
0 3. j_ie dx =
a.e-2 b.2e-2 c.e?+e-2 d. 2e’-1

04 [ [x]dx=

a. 10 b. 14 c 17 d. 20
0s. [, flxydx -

h 3-5x, x<0
where, f(x)=
Fix) 4+3x, x>0
a. § b. % C. E d. ﬂ
2 2 2 2
Solutions

1. Integrand f (x)=14x-5|can be defined as:

—(4x -5), xsE
l4x — 5| = g
4x —b, X >
4
Let | = '03/2 | 4x -5 | dx

*5/4

= [ - (ax-5)dx+ [ 7 (4x-5)

c5/4 3/2
= [, (B-4x)dx+ [ - (4x-5)dx

= (Bx-2x%)/* + (2x*-5x)2';



_5[2_5]
2 4
_25 5,25 5 [LE] [2_5] 5yl

2 4)\2 4 4

16 16 4

_moo—5o+22—20y_52_13

So, option (b) is correct.

2. Integrand f(x) =|cos x | can be defined as:

TC
COS X, O<x<=
2
T 3n
|lcos x| ={—cosx, —<x<
2 2
3n
COS X, — <X <2m
2
- 2T
Let | = 5 | cos x | dx

3n/2

2
=j cosxdx+J. cosx)dx+J. " cos x dx
0 3n/2

= (sinx) &2 = (sin x) 35 2 + (sin x) 575

T . 3t . ) . 3m
=|sin=-sin0 |- Sln——Sln— +|sin2mt —sin=—
2 2 2 2

—(1=0)=(=1=1)+[0=(=T))=1+2+1=4
So, option (d) is correct.

3. Integrand f(x) =e' *! can be defined as:

ol Xl _ % x>0
l-x, x<0

Let | = jje' I dx = j_? e Xdx + _[Dze" dx



=[—E’ —-X D1+[E’X][2]

—(e%-e") + (e®-€")

=—(1-e) + (e*-1)
=—l+e+e’-1=e’+e-2
So, option (c) is correct.

4. Integrand f(x)=(x] can be defined as:
0, O0<x<1

1, 1<x<2

(x] =42, 2<x<3

3 3<x<4

4 4<x<b

Let I=J;[x]dx
=I;Ddx+j121dx+J;de+J:3dx
+L? 4 dx

=0+ (x)2+2(x)3+3(x)3 +4(x)3
=2-1+2(3-2)+3(4-3)+4(5-4)
=1+ 2 x1+3x1+ 4 x]1
=1+2+3+4=10

So, option (a) is correct.

5. Let | = _[jzf (x)dx = jif (x)dx + L; f(x) dx

=IE]23—5X c!x+.[1 (4 + 3x) dx

3x-2x ! xS 2};

3(0+2)-2(0-4)+ 4 (1-0)+ 3(1_0)



:6+1U+4+§:20+§:£.
2 2 2

So, option (c) is correct.

Case Study 4

If f(x) 1s a continuous function defined on [—a, a],
then

Ia £(x)dx = 2_“0 f(x)dx, 1if f(x)isaneven function
- 0, if f'(x)isan odd function
A function f(x)is even, when /" (—x) = f (x)and odd
when f (—x)=—f(x).
Based on the above information, solve the following questions:

Q1. If f(x)is an odd function, then the value of
1 -
[ 100+ f Expaxis:
1

a. 0 b. 1 C. — d. -1
2

Q 2. If f(x)is even function, then the value of

_‘._cc{f (x)—f (—x)}dx is:

a. —1 b. O C. l d 1
2
4—x
03 lo ( )dx:
I-Z g 4+ x
a. 0 b. -1 C. l d 2
2
/ .
Q4 I_ /zxsmxdx:
a. b. r C. 2 d. l
2 2
/4 dx
5. ———————is equal to:
¢ J.-Tf/“ 1-+cos2x q

a. 1 b. 2 c. 3 d 4



Solutions

1. Given that, f(x)is odd when
f(=x)=—f(x)
© [ + F(x)Yax= [ () - F(x)} dx

- 0dx=0

So, option (a) is correct.

2. Given that, f(x) is even when
f(—x)=f(x)
[T AR = F(=x)hdx = [ _{F(x) ~F(x)}dx

—-C

=_[_CCE]dx=O

So, option (b) is correct.

3. Let the integrand f(x)=log (4 _XJ

4+ X
4+ X 4-x\"
f(—x) =1 =1
(=x) 0g(4—xj 0g(4+xj
o [4—xj
=708 4+ x
= (x)

= f(x)is an odd function.

IZMg(4_Xde=D
- 4+ x

So, option (a) is correct.

4. Let the integrand f(x) = x sin x
f(—x)=(=x)sin (=x) = (-x) (=sin x) = x sin x = f(x)
= f(x)is an even function.

/2 . /2 .
j xsmxdx=2] X sin x dx
-/2 0



2 (x[ sinx ax] —2“{%(@!5”‘ X dx}dx} /2

0
=2 [-x cosx]g—Z[I—cosx dx]g

=2 (xcosx)¥?+2 (sinx)¥?

= —2{[;) cos [;J —U-COSU} +2[5in;—sin0}
) Exo—oxq +2(1-0)

=-2x0+2x1=0+2=2

So, option (c) is correct.

5. Let the integrand f(x)= ;
14+ cos2x
S p—
2cos? x
F(-x) =2 — L f(x)

"2 cos? (=x) " 2cosix
= f(x)is an even function.
Inm dx :2_[ w4 dx
—fc/41+coﬂ5/3x " 0 1+cos2x
ZZIU 2 cos® X
- J‘DKM sec” x dx = [tan x]¥/*

—tan” —tanO
4
=1-0=1
So, option (a) is correct.
Case Study 5
The mathematics teacher teaches the following type of integration.

In this type of integral, integrand is the product of two functions. One is in
exponential form and second function is the sum of two functions in which one is



derivative of other function. Then, to evaluate such integrals, we directly use the
following formula

[er re+frede=e* f(x)+C

Based on the above information, solve the following questions:

Q1. Evaluate J‘ e* (sin x + cos x) dx.
Q 2. Evaluate j [sin (log x) + cos (log x)] dx. (NCERT)

Q 3. Evaluatej X3 e dx.
(x-1)°
Solutions
1. Let = j e* (sin x + cos x) dx

and f(x)=sinx, then f’'(x)=cos x
So, the given integrat is of the form

| = Ie (x)) dx
We know that

Ie (x)) dx =e* f(x) +

l—e sinx + C

2. Let/= I[Sin (log x) + cos (log x)] dx
Put logx=t = x=¢f
= dx = e'dt
" :jet (sint+cost)dt
[- f(x)=sintand f'(x) = cost]
So, the given integral is of the form
I:Ie" (f(x)+f"(x))dx

I=e'sint + C=xsin(log x) + C




Now, let f(x)=
-2

= fr(x)=——=
Then, eq. (1) becomes of the form

| = Ie (x)] dx
Also, we know that

Ie (x)) dx =e* f(x) +
Hence, [= e + C.
(x-1)?

Case Study 6

Mr. Rohan Gupta of Nalanda Public School is teaching the integration by parts to his
student in the classroom.

Let f(x)and g (x)be the differentiable function, then
[r(x)g()de=7(x0)[g(x)dx
]

—J{%f(x)-jg(x)de dx
If f(x)=uandg (x)=v,then

Iuvdx—ujvdx—j[j—z-jvdx}dx

Based on the above information, solve the following questions: (CBSE 2020)

1
X+=

01 Evaluatej(1+x—lje X dx.
X

Solutions



1 ><’+l
1. Letl:J.[Hx——Je X dx
X

x+%d | 1 x+%
_fe X+I)I( —? e

1 1
X+— X+— X+—

=Ie X dx + xe X—_[1xe X dx

1
I :j@—izj e x dx

X
putx+l=t:> (1—%] ex =t
X X
1

X
.-.jetdt:etze X

1
X+—

=xe *X+(C
eX
2. Letlzj (1+ (x +7) log (x + 1)) dx
X +1
'l X_ ‘]
- —+1 1)|d
|e _x+1+ og (x + )} X

X +1 I |

x+1

_-:_[u-v dx :ujv dx—j{dix(u)_"v dx}dx

= [e* L] dx+jex log (x+1) dx

=[e* L] dx + (log (x+1)Je" dx

_IMJL {(log (x + 1} [ e* dx] dx}

(Using integration by parts]

X X

e e
:IX+1dx+ex log(x+1)—jx+1

dx

=e*log (x+1)+C



Case Study 7

If /' (x)1s a continuous function defined on [0, a |, then

a a
jo F(x)dx =j0 f(a—x)dx.
Based on the above information, solve the following questions:

Q1. Evaluate j ‘ f(x) dx
' 0 f(x)+ fa—x)

Q2. If f(x)=—"X"C9X then find the value of

1+sinxcosx

[ ? F(x) dx.

Q3. If g (x)=1log (1+tanx), then find the value of
/4
.[o/ g (x)dx.

Solutions
_qo f(x)
1. Let i_jo f(x)+f(a_x)dx ()
g f(a-x)
= I IU f(a—x)+fa—(a—x))dx
S ot fleex (2

On adding egs. (1) and (2), we get

2]:_[;1dx:[x]8:a = I:%a

2. Let I:jﬂ/2 f(x)dx:_[ml2 SINXZEOSX dx ..(1)
0 0 T+sinxcosx

. T Tt
. sin (Z—X) —CO0S (Z—X]
1+sin|——x|cos| —=—-x
2 2




- l:J-n/z cosx—5|.nx dx
0 T+ cosxsinx
= I:—Iﬁ/2 PNXZCOSX v— —1 (From eq. (1))

0 T+sinxcosx
= 21 =0

/2
Iz_[D f(x)dx =0

3. Let I= Dnmg( ) dx = J- log (1+ tan x) dx ...(1)

I—jnmlog [Htan Z—x” dx

T
" tanz—tanx
=ID log | 1+ dx
1+tan£tanx

n/4 [ 1- tanx}
-I 1+
1+ tan x
_j?:/4 ‘: :|dX
1+ tan x

= _[;M log 2 -log (1+ tan x) dx

/4

=J.Dn/4log2 dx—U g (x)dx
- I=log2(%—0j—l
= 2I:Zlog2
= | = ;Mg(x)dx=glog2

Case Study 8

If f(x) is a continuous function defined on [a, b],

b b
then j F(x)dx :ja fla+b—-x)dx.



Based on the above information, solve the following questions:

J(x)
f(x)+ f(a+b—x)

/3
Q 2. Evaluate I //6 logtan x dx.

Q1. Evaluate _[:

1/n
Q3. Ifg(x)=—; X - »then find the value
xV" f@+b-x)Y"
ofI:g(x)dx.
Solutions
b f(x)

1. Let = d (1

Jo f(x)+ Fla+b—x) M

_ f(a+b-x) dx

(b
_J-a fla+b-x)+fla+b—-(a+b-x)]

1= flatb-x) 4 (2)

= o fla+b—x)+ f(x)

On adding egs. (1) and (2), we get
b
21 :IO ldx=(x)2=b-a

1
= |=—(b-a
S(b-a)
/3
2. Let I:_[ e log tan x dx
/3 T T
= I:J log tan| =+ — — x |dx
/6 3 6
E E
= | = Iﬂe log cot x dx = _In/e log tan x dx
= [=—-1

2/=0=1=0

U



b b xn
3. Let I=IDg(x) dx:J-(J T dx ...(1)

+(a+b—x)""
I=Jb (a+b-x)"" dx
ala+b-x)""+(a+b-(a+b-x)]""
(a+b-x)""
= dx (2
I (a+b—x)""+ x"n )

On adding egs. (1) and (2), we get
:j:1dx=[x]g =b-a

1
|=—(b-a
= 2( )



