2.2 Limits

2.2.1 Limit of a Function

Let y = f(x) be a function of x. If at x = a, f(x) takes indeterminate form, then we consider the values of

the function which are very near to ‘a’. If these values tend to a definite unique number as x tends to ‘a’, then
the unique number so obtained is called the limit of f(x) at x =a and we write it as lim f(x).
X—a

(1) Meaning of ‘x — a’: Let x be a variable and a be the constant. If x assumes values nearer and nearer
to ‘a’ then we say 'x tends to @’ and we write 'x — a'. It should be noted that as x — a, we have x #a. By 'x
tends to a' we mean that

(1) x=za (ii) x assumes values nearer and nearer to ‘a’ and

(iii) We are not specifying any manner in which x should approach to ‘a’. x may approach to a from left or
right as shown in figure.

a X
* .

X a
® e
—— —

(2) Left hand and right hand limit : Consider the values of the functions at the points which are very
near to a on the left of a. If these values tend to a definite unique number as x tends to a, then the unique

number so obtained is called left-hand limit of f(x) at x = a and symbolically we write it as
f@-0)= lim f(x)=rl1im0 f@a—h)

Similarly we can define right-hand limit of f(x) at x =a which is expressed as f(a+0)= lim f(x)
x—a*
= I!|_>m0 f(a+ h).

(3) Method for finding L.H.L. and R.H.L.

(i) For finding right hand limit (R.H.L.) of the function, we write x + h in place of x, while for left hand
limit (L.H.L.) we write x — h in place of x.

(ii) Then we replace x by ‘a’ in the function so obtained.
(iii) Lastly we find limit h — 0.

(4) Existence of limit : lim f(x) exists when,
X—a

() lim f(x) and lim f(x) existi.e. L.H.L. and R.H.L. both exists.

X—a X—a
(i) lim f(x)= lim f(x) i.e. L.LH.L. = R.H.L.
X—a x—a*
|Nol¢ :0 1If a function f(x) takes the form % or 2 at x=a , then we say that f(x) is indeterminate or
o0
meaningless at X = a. Other indeterminate forms are o —oo,00x 00,0 x00, 1%,0°, 0°

O Inshort, we write L.H.L. for left hand limit and R.H.L. for right hand limit.
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O Itis not necessary that if the value of a function at some point exists then its limit at that point must
exist.

(5) Sandwich theorem : If f(x), g(x) and h(x) are any three functions such that, f(x) < g(x) <h(x) Vx e
neighborhood of x =a and lim f(x) = lim h(x) =1(say), then lim g(x)=1. This theorem is normally applied when

the lim g(x) can't be obtained by using conventional methods as function f(x) and h(x) can be easily found.

, wh 1 .
Example: 1 If f(x):{x2 when x> ,then lim f(x) = [MP PET 1987]
x°, when x <1 x—1
(@) x2 M) x (© -1 (@ 1
Solution: (d) Tofind LH.L.at X =1. i.e.,
lim f(x)= lim f@d-h) = lim@-h)?> = lim 0+h%®=2h) =1 ie, lim f(x)=1 (@)
x—1" h—0 h—0 h—0 x—1"
Nowfind RH.L.atx=1 ie, lim f(x)=lim fl+h)=1 ie, Ilim fx)=1 ... (ii)
x—1" h—0 x—1*

From (i) and (ii), LH.L.=R.H.L. = Iim1 fx)=1.
X—>

Example: 2 lim Ix=2]
x—2 X—2

(a) 1 (b) —1 (¢) Does not exist (d) None of these

Solution: (¢) LHL= fim =2l _jmt2=h=2 o 0 _, )
x—2~ X—2 h—=0 2—-h-2 h—0 —h

and, RHL= lim X220 _ i 12£0=2 by (ii)
x—2t X—2 h—=0 24+h-2 h—0h

From (i) and (ii) L.H.L. # R.H.L. i.e. lim H;? does not exist.

Xx—2 X—

2
If f(x)= 5Tx,when X <3

Example: 3 , then
5-x, when x >3
(@) lim f(x)=0 () lim f(x)=0 () lim f(x)= lim f(x) (d) None of these
x—>3" Xx—3" x—3% x—3~
Solution: (¢) lim f(x)=5-3=2 and lim f(x)= 2 1
X—3+ X—3— 5-3
. . 3x,if0<x<1
Example: 4 Let the function fbe defined by the equation f(x)= . , then [SCRA 1996]
5-3x, if 1<x<2
(@) lim f(x) = f@1) (b) lim f(x)=3 () lim f(x)=2 (d) lim f(x) does not exist
x—1 x—1 x—1 x—1

Solution: (d) L.HL. = lim f(x)=limfl—h)= lim 3@—h) = lim3-3h)=3-3.0=3
x—1-0 h—0 h—0 h—0

RH.L.= lim f(x)=lim fL+h)= im[5-3L+h)] = lim(2-3h)=2-3.0 =2
h—0 h—0 h—0

x—1+0

Hence lim f(x) does not exists.
x—1

. X
Example: 5 lim |—| = [Roorkee 1982; UPSEAT 2001]
p
x—0 X

(a) 1 (b) —1 () o (d) Does not exist
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Solution: (d) - lim li' =-1 and lim R}
x—>0- X x—=>0+ X

=1, hence limit does not exists.

2.2.2 Fundamental Theorems on Limits

The following theorems are very useful for evaluation of limits if Iim0 f(x)=1 and Iim0 g(x)=m (I and m are

real numbers) then

(1) lima(f(x) +g(x))=1+m (Sum rule) (2) lima(f(x) —g(x))=1-m (Difference rule)

3) lima(f(x).g(x)) =lm (Product rule) @) iimak f(x) =kl (Constant multiple rule)
_f(x) | . _ 1

(5) im ——~=— m =0 (Quotient rule) (6) If lim f(x) = +o0 or — o, then lim — =0
x>ag(x) m x—a x—a f(x)

(7) 1ima log{ f(x)} = log {1ima f(x)} (8) If f(x) < g(x) for all x, then 1ima f(x) < lima g(x)

(9) ImIf(x)]7 = {lim foo}™=""
(10) If p and q are integers, then lim (f(x))*'® = IP'®, provided (I)*'? is a real number.

(1) If )I(ima f(g(x)) = f()l(ima g(x)) = f(m) provided ‘f is continuous at g(x)=m. e.g. )I(ima In[f(x)] = In(l), only if

1>0.
2.2.3 Some Important Expansions

In finding limits, use of expansions of following functions are useful :

_ I 2
(1)(1+x)”=1+nx+n(n 1)x2+ ..... (2)aX=1+xloga+%+ .....
2 3 2 3 4
X X X X
e =1+ X+—+—+.... log(l+x)=X——+——-—+.....,| X|<1
(3) TREEY (4) log(1 + x) > "3 T2 | x|
2 3 4
(5) Iog(l—x):—x—X?—X?—XT ........ , Where| x| <1
1 lI L+x) 1—1+—2
(6)(1+x)X=e’<og —e 23 .. _ef1- X Myl
2 24
. x® x° x? x* x°
(7)SInX=X—§+H— ....... (8)COSX=1—;+Z—E+ ......
x® 2x° . x® x°
(9) tanx_x+?+ 1 + . (10) S|nhx_x+a+a+ .....
XZ 4 X6 X3
(11)coshx:1+?+?+a+ ..... (12) tanh x =x —=—+2x° —.....
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3 5
T 2 X 242 X Ay, [ ant
(13) sin x_x+1.—3!+3.1 .—5!+ ..... (14) cos x_(zj sin™ x
x® x> x’
15) tan P x =x - —+— - 4.
(15) 3 5 7

2.2.4 Methods of Evaluation of Limits

We shall divide the problems of evaluation of limits in five categories.

(1) Algebraic limits : Let f(x) be an algebraic function and ‘a’ be a real number. Then lim f(x) is known
X—a

as an algebraic limit.

(i) Direct substitution method : If by direct substitution of the point in the given expression we get a
finite number, then the number obtained is the limit of the given expression.

(i) Factorisation method : In this method, numerator and denominator are factorised. The common
factors are cancelled and the rest outputs the results.

(iii)) Rationalisation method : Rationalisation is followed when we have fractional powers (like %%

etc.) on expressions in numerator or denominator or in both. After rationalisation the terms are factorised
which on cancellation gives the result.

(iv) Based on the form when x — o : In this case expression should be expressed as a function 1/x

.. . ipey s 1
and then after removing indeterminate form, (if it is there) replace — by o.
X

Step I : Write down the expression in the form of rational function, i.e., % , if it is not so.
Step II : If k is the highest power of x in numerator and denominator both, then divide each term of

numerator and denominator by x*.

Step I1I : Use the result Iim . 0, wheren > o.

X—0 ¥

|Noié : 0 An important result : If m, n are positive integers and a,,b, # 0 are non-zero real numbers,

a .
b—o, ifm=n
_agx™+ax"t+...+a, ,x+a 0
then Iim bo - bl — bm_l bm ={0, ifm<n
X— X + X T+, + X + .
0 ! n-1 n o,if m>n
Example: 6 lim (3x? +4x +5) =
x—1
(a) 12 (b) —1 (c) Does not exist (d) None of these
Solution: (a)  lim (3x? +4x +5)=3(1)? +4(1)+5 =12
x—1
x/2 3
Example: 7 The value of lim is [MP PET 2000]

x—2 3%X_-9



Solution: (¢)

Example: 8

Solution: (b)

Example: 9

Solution: (d)

Example: 10

Solution: (b)

Example: 11

Solution: (d)

Example: 12

Solution: (¢)

Example: 13
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@ o ® © ) In3
3 6
i 3)(/2_3 . (3X/2 3) 1
lim = lim =—.
X—2 (3X/2)2_(3)2 X—>2 (3X/2_3)(3X/2 3) 6
x"—a"
The value of lim is [Rajasthan PET 1989, 92]
x—>a X-—a
@ o (b) na"?! () na" (d 1
n_n _ n-1 n-2 n-1
lim 2—2 = jim (X=X Ak A ) iy " x"2at L +a" ) = noa™ .
x—a X-—a x—a (x—a) x—a
.1 1 1 N
lim — ——| equals [Rajasthan PET 1987]
h—0 h| x+h x
1 1 1 1
a) — b) —— c) — d -—=
()2X (b) P ()X2 (d) 7

1)1 1 . X—(x+h) 1| -=h 1
lim = L i L X ) _Zh L
h>0h|[x+h x| h>0h| (x+hx | ho0h|(x+h)x x?2

\/1—x2 —\/1+x2 .

The value of lim ———— is [MP PET 1999]
x—0 X
(a) 1 (b) —1 () —2 @ o
2 2 2 2
o (\/1—x —\/1+x )(\/l—x +\/1+x j e 1-x ) (1+x) _ ey .
2 - — =—1.
I e e e (e e
lim —————— equals [UPSEAT 1991]
Xx—3 X — _1/4 X q
@ 1 () % © % (d) None of these
lim x—-3 _ lim (x- 3)(\/ -2 +4- x)
x—3 Jx 2 — J4 X x—3 (/ )Z (/4 X)2
- lim (x—S)(\/x—Z +\/4—x) - lim VX =2 ++44—x :1+1 1
x—3 (2x —-6) x—3 2 2 ’

ax? +bx +C
x>0 dx2 +ex +f

b
@ b < @ = (d)

e f d
Here the expression assumes the form % We note that the highest power of x in both the numerator and

denominator is 2. So we divide each terms in both the numerator and denominator by x 2

b ¢
a+—+—
i CHbxre L TTx 42 _a+t0+0 _a
xoxdx?rex +f xoey € f d+0+0 d’
ot
X X

lim {\/x FYX+VX —\/;} is equal to

X—>0
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Solution: (b)

Example: 14

Solution: (b)

Example: 15

Solution: (a)

Example: 16

Solution: (a)

Example: 17

Solution: (d)

Example: 18

Solution: (a)

Example: 19

Solution: (¢)

Example: 20

@ o (b) % © log2 ) e

lim {\/x+\/x+\/_—\/;}= lim —2SVXFEVX ZX i Ix+Vx = lim 14X L
o Xﬂw\/x+\/x+\/;+\/; X%w\/x+\/x+\/;+\/; >HOo\/lJr\/x_ler_S/z +1 2

2
The values of constants a and b so that lim [X +11 —ax — b] =0 is

Xx—o| X+

(a) a=0,b=0 (b) a=1b=-1 (o) a=-1b=1 d a=2b=-1

0

2 20 B
Wehave lim |2t ax bl=0 = fim X&-8-Xx@+b)+1-b _
x—o| X+1 X—>o0 X +1

Since the limit of the given expression is zero, therefore degree of the polynomial in numerator must be less than that
of denominator. As the denominator is a first degree polynomial. So, numerator must be a constant i.e., a zero degree
polynomial. .. 1-a=0and a+b=0 = a=1andb=-1.Hence,a=1andb=-1.

lim x* =
X—1
(a) 1 (b) oo (¢) Not defined (d) None of these
lim x
lim x* = (Iim x)“l =1 =1
x—1 Xx—1
lim@+x)** =
X—1
(a) 2 (b) e (¢) Not defined (d) None of these
Iim(fj
lim@+x)* = ( lim (L + x))“l x) =2
Xx—1 x—1
2
The value of the limit of X oxt-18 as x tends to 3 is
(@ 3 () 9 (c) 18 (d) 21
3,2
Let y = lim X oxTo18 lim(x% +2x +6)=9+6+6 =21
X—>3 X = X—>3
x3-8
The value of the limit of 5 as x tends to 2 is
(x“-4)
3
(@ 3 (b) ) (© 1 d o
. x® -8 . (x2+2x+4)(x—2) . x2 +2x + 4 4+4+4
lim = lim = lim = =
X252 x2_4 Xx52  (x+2)(x-2) X—2  x+2 2+2
. X
lim ———— isequal to [Rajasthan PET 1988]
x>0 14X —v1-X 1
1
(a) ) (b) 2 (© 1 d o

lim lim

X
x—>0[,l1+x —J1-x ] x>0

X
Jl+x —Jl—x J1+x +\/1—x

[ X M+ﬂ]

_ lim XW1+x +41-x _ lim V1+X +v1-X —3—1
x—0 1+x-1+X x—0 2 2
lim M equals [IIT 1978; Kurukshetra CEE 1998]
x—a+3a+x — 24/x
(a) 22 (b) _2_ © o (d) None of these

3J3 3J3



Solution: (b)

Example: 21

Solution: (b)

Example: 22

Solution: (¢)

Example: 23

Solution: (c)

Example: 24

Solution: (b)

Example: 25

Solution: (¢)
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lim YAt 2X ~V3X \/a+2x—\/§ lim \/a+2x—\/§ y \/a+2x+\/§ y \/3a+x+2\/;
X—>av3a+x—2f x=a| \3a+ x - 24/x Ja+2x +43x V3a+x +2Jx

V3a+x +24x 2
3(Wa+2x +\/§) 3\/5.

199 4299 139 %

= lim
x—>a

lim = [EAMCET 1 1
n—o nloo 994
99 1 1
a) — —— c) — —
@ 100 ®) 100 © 99 @ 101
1
1994294394 4n® o r® 1e(rY)” 1 g9 x 100 1
lim = lim X = lim = — :Ix dx = 2X— | = —.
N nto0 nce 1| 1% n—e n &=\ n 0 100 | 100

2 —
The values of constants ‘a’ and ‘b’ so that lim [X 11 —ax — b] =21is

X—w| X+

(a) a=0,b=0 (b) a=1b=-1 (¢) a=1,b=-3 (d a=2b=-1

x—o| X+1 X—0

2_
lim (X 1—ax—b} 2= lim x-1-ax-b=2= lim x1-a)-(@+b)=

Comparing the coefficient of both sides, 1-a=0 and 1+b=-2 = a=1b=-3

lim {Zg } [Rajasthan PET 1999, 2002]
n—owx n
1 1 1 -1
_= b)) — l d —
(a) 5 (b) 5 (©) 3 (d 3
1 1
. {n(n+l)(2n+1)} : [Hn](hnj 1
lim 3 = lim ==
n—o 6n n—w 6 3

E\_Idc : O Students should remember that,

2

.oXn 1 . xn 1
lim—=— and Iim =—.
n—® 2 n—w n 3
. 1 2 n .
Ilm{ 5+ 5 F e + 2} is equal to [IIT 1984; DCE 2000]
n—owl 1 —n 1-n 1-n
1 1
(@ o (b) -5 (c) 3 (d) None of these
. { 1 2 n } _¥n 1, n’+n 1
lim + oo + = == =—-=
n— o) 1_n2 :]__n2 1—n2 naoo_']__n2 2 now 1_n2 2
If f(x)_ ,g( )_ and h(x)_—M then lim [f(x)+ g(x)+h(x)] is
- x2+x-12 x—3
2
(@ -2 (b) -1 () -7 d o

2_4x+17-4x-2 x?-8x+15 (x-3)(x-5)
X2 +x—-12 x2+x-12  (x-3)(x+4)
(x-3)x-5) 2

I|m [f(x)+ g(x)+h(x)] = I| 3m 7

We have f(x)+g(x)+h(x) = 2
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Example: 26

Solution: (b)

Example: 27

Solution: (¢)

Example: 28

Solution: (d)

Example: 29

2002]

Solution: (¢)

1/n
If lim {n—} equal [Kurukshetra CEE 1998]
nN—o0 nn
1 4
(@) e b = © = @ =
e 4 T
1/n 1/n
1
Let P = lim (”—j = P = lim (1.3.3.3 .......... ﬂ]
n—oo\ n" n—-oo\N N N N n

~.log P =l lim (Iog 1+Iog g+ ......... +log Ej = logP = lim leog—
N n—o n n n —>o© n

1
IogP:J.Iogxdx:[xlogx—x]% — (D)= P:%.
0

3
If lim X2+1—(ax+b) =2, then [Karnataka CET 2000]
X—of X7 +1
(a) a=1and b=1 (b) a=1land b=-1 (¢) a=1and b=-2 (d a=land b=2
3 3(1 Ay _hy2 B
lim [X2+1—(ax+b)]:2:> lim [X d-a) b); ax+( b)}z — lim [x3(L-a)-bx2 —ax + (L —b)] = 2(x> +1).
X—o| X +1 X—»0 X< +1 X—>00

Comparing the coefficients of both sides, 1-a=0 and -b=2 ora=1,b=-2.

lim (x +1)10 +(X + 2)10 + o +(X +1OO)10
X—0 x10 41010
(a) o (b) 1 (¢) 10 (d) 100

10 10 10
xlo{(h—lj +[1+gj +...+(1+@j 1
X X X

is equal to [AMU 2000]

(x +1)10+(x+210+ ...... +(x +100)10 B

li li =100 .
om 10 . 1010 om 10{ 1010}
X1+ —=—
10
Let f(x)=4 and f'(x)=4,then Iimzw equals [Rajasthan 2000; AIEEE
X— -
(@ 2 (b) -2 () -4 @ 3
y = lim xf(2) — 2f(x) ~y = lim xf(2)—2f(2)+ 2f(2) - 2f(x)
x—2 X—-2 x—2 X—-2

Ly = lim 2f00+2fQ)+ X @) -21Q) Ly = i =@ 1@)x-2)

X—>2 x=-2) X—>2 X—2 x—=2 (X=2)
Sy=-2 Iimw+f(2) =y==2limf(x)+f(2)=-8+4=-4.

x—>2 X-—2 X—2

(2) Trigonometric limits : To evaluate trigonometric limits the following results are very important.

. . Sinx . X .y . tanx . X
@  lim —=1=lim — (i) lim —— =1=Ilim
x—=0 X x—0 SINn X x—=0 X x—0 tan X
. -1
vy 1 SINTTX . X . . tanT X .
(i) lim =1=Ilim — @iv) lim ——=1 =lim —
x—0 X x=0gIn"" X x—0 X x=0 tan - X
H 0
. sinx b3 -
(v) lim =— (vi) limcosx =1
x=>0 X 180 x—0
oy o SIN(X — & . tan(x —a
(vii) lim g =1 (viii) lim g =1
X—a X—a X—a X—a
(ix) limsin?x=sin"a|al <1 (x) limcos™x=cosa;|al <1
x—a Xx—a
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o N N .. . SINX . COSX
(xi) limtantx=tan'a; —o<a<w (xii) lim =—= = lim =0
X—a x—0 X x—0 X
. sin(l/x
(xiii) lim M =1
X —00 (1 / X)
Example: 30 Iiml(l —X)tan (%) = [IIT 1978, 84; Rajasthan PET 1997, 2001; UPSEAT 2003]
X—>
2
@ = b = © = @ o
2 V4
Solution: (¢) Iiml(l— x)tan(%j, Put 1-x=y=as x—>1y—>0
X—>
— . 2
Thus limy tan Q = lim E— —Exl =E.
0 0 7 7
y—> y—=>0 71 tan ﬂ
2
Example: 31 lim Ji-cos2x-1) [IIT 1998; UPSEAT 2001]
x—1 x—-1

(a) Exists and it equal J2

(b) Exists and it equals — \/E
(¢) Does not exist because x -1 —0
(d) Does not exist because left hand limit is not equal to right hand limit
Solution: ()  f(1+) = lim f+h) = = lim Y2=6%82N _ iy oS00 _ 5
h—0 h—0 h h—0 h
h—0 -h
.. limit does not exist because left hand limit is not equal to right hand limit.

(1) = lim f@~h) = hlin})—vl’c_oi(’zm ~lim 2SN __ 5

(1—cos 2x) sin5x

Example: 32 lim > [MP PET 2000; UPSEAT 2000; Karmataka CET 2002]
x—0 X< sin 3x
10 3 6
a) — b) — c) — d) =
(&) 3 ®) 10 (© 5 (d
.2 . .2 .
Solution: (a) lim Zs;n X sin5x 3x 5x - lim 25sin x. _3x .5|n5x 5_x _ z,izﬂ‘
x>0 X sin3x 3x 5x x>0 x2 sin3x  5x  3x 3 3
3
Example: 33 lim 5 =
x—0 sin X
1
(@ o ® = © 3 d -
x3 x2 x2
Solution: (a) lim = lim . X =] lim (Iim xj =1.0=0.
x—0 sin x2 x—0 sin x2 x—0 sin x2 x—0
Example: 34 lim sin3x+sinx
x—0 X
1 1
(@ - (®) 3 © 4 d -
3 4
Solution: (¢)  lim SM3XESNX i SNSX iy SINX iy SINSX 5 iy SINX gy =g,

x—0 X x—0 X x—0 X x—0 3X x—0 X
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1
xsin—, x=#0
X

Example: 35 If f(x)= , then lim f(x)= [IIT 1988; UPSEAT 1988; SCRA 1996]
0, x=0 x—0
(a) 1 Md) o (¢) —1 (d) None of these
Solution: (b) lim x sin(lj = ( lim xj ( lim sin l) = 0 x (A number oscillating between — 1 and 1) = 0.
Xx—0 X x—0 x—0 X
sin[x] [X] £ 0
Example: 36 If f(x)=1 [x] ' , then lim f(x) equals [IIT 1985; Rajasthan PET 1995]
0 , [x]=0 x—0
(a) 1 (b) o (¢) —1 (d) Does not exist
Solution: (d) Inclosed interval of x =0 at right hand side [x] =0 and at left hand side [x]=-1. Also [0] =0.
sin[x]
Therefore function is defined as f(x)=4 [x] (1=x<0)
0 , 0<x<1)
. Left hand limit = fim f(x)= lim SnX]_SINCD _ gy qe
x—0— x=0- [X] -1
Right hand limit = 0, Hence, limit doesn’t exist.
. tan x—sinx .
Example: 37 I|m0 —_— [IIT 1974; Rajasthan PET 2000]
X X
1 1 2
(@ = b) -= (0 = (d) None of these
2 2 3
. . . sinx| 2sin? = . sin2 X
. . tanx-sinx . sinXx-—sinxcosx . 2 .| sinx 2 2 1 1
Solution: (a) lim ————— = lim = lim 3 = lim . . ===
x—0 x3 x—0 X3 cos x x—0 x3 cos x x=0 X COSX (y)\2 4 2
2)
sin(e* 2 -1) . .
Example: 38 If f(x)=————~, then lim f(x) is given by
log(x —1) X—>2
(a) -2 (b) —1 () o @ 1
H X=2 _ H t_
Solution: (d) lim f(x) = lim sin(e ) = lim sin(e 1). (Puttingx=2+1)
X2 x>2  log(t+1) t>0 log(t+1)
st t R
~ iim sm(te De-1 t :tl.osm(te 1)[%+%+ ..... j . 11
x—o el _1 t  log(l+t) -0 e -1 12 (1_ tele_ j
3
t —
—111=1 [~ Ast—0e'-150, - s'”(f D17
e -1
aCOtX _ a'COSX
Example: 39 lim —m8M = [Kerala (Engg.) 2001]
x—z/2 Ot X — COS X
(a) loga (b) log2 (© a (d) logx
CotXx _ ,COSX COtX—CosX _
Solution: (a) lim [2——2  |_ jim a®sX aa -l
x—>z/2| cot X —cos X Xx—oxl2 cot X — cos X
cot x—Ccos x _
=a%%='2 |im (a—lj =lloga=loga.
x—>z/2| cot X — COS X
sinx cosx tanx
Example: g0 If f(x)= X3 x?2 X |,then lim L)Z() is [Karnataka CET 2002]
x—0 x

2X 1 1
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(@ 3 (b) -1 () o (@ 1
Solution: (d) f(x) = x(x —1)sinx — (x> = 2x2)cos x — x> tan x
=x2sinx — x3cos x —x% tan x + 2x2 cos X — X sin X
Hence, lim L)z(): lim (sinx — X €0S X — X tan X +Zcosx—ﬂ] =0-0-0+2-1=1.
x—0 x x—0 X
Example: 41 If f(x)=cot ! 3x-x and g(x)=cos * 1-x , then lim M, O<ax< 1 is [Orissa JEE 2003]
-3x? 1+x2 x—a g(x)—g(a) 2
3 3 3 3
PN (b) PN (© — @ --
2(1+a*) 2L+ x°) 2 2
. 1 3x—x° 1 1-x2
Solution: (d) f(x) = cot 5 and g(x)=cos 5
1-3x 1+x
Put x =tan @ in both equation
—tan3
£(6) = cot w = cot *{tan 36}
1-3tan“ 6
() = cot cot(% - 39] = % -30=f@=-3 L. o)
1]1-tan 20 1 .
and g(9) = cos ——— - =¢os (cos20)=20 = g'©®)=2 .. (i)
l+tan“é@
Now lim (—f(x)— f(a)] = lim [ 00 - f(a)] ! = f’(X).—,1 =-3 1.3 .
x>al g(x)-9g@) x-»al x-a ) 9(x)-9(@) g'(x) 2 2
X—a X—a
{1 —tan [;H [1 -sinx]
Example: 42 lim is [AIEEE 2003]
v
=y {1 + tan(;ﬂ[n —2x]®
1 1
= b) o — d) o
(@) 5 (b) (0 ™ (Y]
tan(% - %J (@ —sinx)
Solution: (c) lim 3
x> (7 - 2x)
2
-y 2
tan[—](l—cos y) —tan Y 2sin2 ¥ tan 2 | sin Y
Vs . 2 . .1 2 2 1
Let x==+y,theny >0 = Ilim = lim = lim — . =—.
2 y—0 (-2y)® y—0 -8)y? y—>032 (y y 32
2 2
Example: 43 If lim [(a —mnx - ';an X]sinnx = 0, where n is non-zero real number, then a is equal to
x—0 X
@ o b 2 © n @ n+l
Solution: (d) lim n 2™ jim [(a—n)n— tan XJ =0 = n[@-nn-1]=0=>@-nNh=1= a:n+l.
x—0 nx x—0 n

(3) Logarithmic limits : To evaluate the logarithmic limits we use following formulae
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2 3

(1) log +x)=x— X? + % — e too where -1 < x <1 and expansion is true only if base is e.
..~ . logl ceen 1
(i1) Ilim log( +x) =1 (iii) lim log, x =1
x—0 X X—e
. - . log.@+x
(iv) |Imwz—l (v) lim M:Iogae,a>0,¢l
Xx—0 X x—0 X
Example: 44 lim loge (@ + 2h) _22 loge @ +h) [IIT Screening 1997]
h—0 h
(a) —1 (b) 1 (¢) 2 (d) —2
2 3 2 3
om0 @t
Solution: () fim 129e0+20) 2100, A +1) _;r, :
h—0 h x—-a h
2, op3 2
— Jim =" +22h ~ i D {_“?‘_"“} = lim{-1+2h+..} =-1.
h—0 h h—0 h h—0
Example: 45 lim log{1+(x ~a)} =
x—a (x—a)
(a) —1 (b) 2 (©) 1 (d —2
Solution: (¢) Letx —a=y,when x —->a, y —>0,
The given limit = lim log{1+y} _ 1.
y—0 y
Example: 46 lim 10930 +h) _
h—0 h
(a) 1 (b) logyg e (¢) log, 10 (d) None of these
. . loge(L+h 1
Solution: (b) r!l—rﬂ) ge; ) l0g, 10 =logqp € .
Example: 47 If Iim0 log(3 + x) ; log(3 —x) =k, then the value of k is [AIEEE 2003]
X—>
1 2 2
b) -= £ H -<
(@ o (b) 3 (©) 3 (d 3
3+X 1+(x/3)
log(3 log(3 log 3 log 1 /3
Solution: (c) lim 0g(3 + x) ~ log(3 = x) = lim “X) _ im —(x/3)
x—0 X x—0 X x—0 X
im log(1+(x/3)) lim log(1 - (x/3)) :l_(_lj _2
x—0 X x—0 X 3 3 3
(4) Exponential limits :
2 .3
(i) Based on series expansion : We use e* =1+x + % + % ER o
To evaluate the exponential limits we use the following results —
X _ X _ X
@ fim & =11 b) lim &=L _1og, a ©Iim&=t_1 (120
x—0 x—0 x—0

(i) Based on the form 1*: To evaluate the exponential form 1* we use the following results.
p g
()
lim ——=
(@) If lim f(x) = lim g(x) =0, then lim {1 + f(x)}!/9®) =ex>29() = or
X—a X—a X—a
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lim (f(x)-1)g(x)
when lim f(x)=1 and lim g(x) = . Then lim{f(x)}%% = lim [1 + f(x) - 1]9®) = ex~a
X—a X—a X—a X—a

(b) Iim0(1+x)1/" —e (¢) lim (1+%jx —e (@ Iim0(1+/1x)1” —e* (e) lim (1+%)X —e?

X—>0 X—>0

Jfa>1 . . .
Ndcztl lim a* = Oo_ le,a”=w,ifa>land a” =01ifa<1.
X —>00 0,ifa<l

e e/
Example: 48 lim —— = [MP PET 1994]
x—0 X
1
@ a+p ®) =+p © ao-p @ a-p
ox _ o X X _1y_(aBX _ ax _ A
Solution: ()  fim & =" _ jim €T =D-C7 - _ T2l el g
x—0 X Xx—0 X x—0 X x—0 X
e —1+X).
Example: 49 The value of lim — s [Karnataka CET 1995]
x—0 X
1 1
(@ o b)) = (e 1 @ =
2 4
2 2l L, x x?
. e () @T+x+—+...) -1 +x) _ 21 31 4 11
Solution: (b) lim > li 5 = lim 5 = —=
x—0 X x—0 X x—0 X 2! 2
a¥ -1
Example: 50 lim ———— isequal to
x>0 y1+x -1
(a) 2log, a ) %Ioge a () alog, 2 (d) None of these
X _ X _ [ X _ [ X _
Solution: (a) lim a -1 =li a -1 . 1x+l = lim (@ -Dii+x+1 = lim a1 .(\/1+X +1)
x50 A1+X =1 x504/1+x =1 J1+x +1 x—0 1+x-1 x—0| X
X —
_ [nm a l},(lim Noww +1)j = (log, @).(2) = 2log, a.
x—>0 X x—0
X +3 X+2
Example: 51 The value of Iim[ ) is [UPSEAT 2003]
x—o\ X +1
(@) e* M) o (© 1 @ e?
1+E
X+1 2 X+1 7; 2 1
X+2 ——(X+2). — 1+= 2 Iim[(hfj/(hfﬂ
Solution: (d) lim [ X+3 —lim[1+ 2] 2 D im [1+L] 2 Xz MLl X *1=e2,
x—o\ X +1 X—>o0 X+1 X—>0) X+1
1+—
. e e
+ I 7( 2) X—>0 1 -
Alternative method : lim (X + 3j = lim (1+ 2 j = exlﬁm”“1 o e )2 e?
X—o\ X + X x+1
c+dx
Example: 52 Ifa, b, ¢, d are positive, then lim (l-r J [EAMCET 1992]
X—>0 a+bx

(a) ed/b (b) eC/a (C) e(Cer)/(aer) (d) e
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Solution: (a)

Example: 53

Solution: (b)

Example: 54

Solution: (a)

Example: 55

Solution: (d)

Example: 56

Solution: (d)

Example: 57

1 c+dx 1 a+bx ] c+dx 1
lim |1+ = lim {1+ atbx = gd/0 L. jim |14
X—>o0 a -+ bx X—>0 a-+bx X—0 a -+ bx

ol )]
Alternative method : ¢*>=\ /L 1 J —gd/b

a+bx
] =e and lim =—

c+dx d
x—soa+bx b

IimOXX = [Roorkee 1987]
X—>
(a) o b) 1 (c) e (d) None of these
Let y =x* = logy = xlogx; .. limlogy = lim xlogx =0 =logl = lim x* =1
y—0 x—0 x—0
(1+x)l/xfe+%ex
The value of lim 5 is [DCE 2001]
x—0 X
1le -11le e
a) — b) — c) — d) None of these
(a) ” (b) -1 (©) ” (d)
1 x2 x3 2 2
log@+x) 7[)(_**'*_ J 1—7+X—— ....... —14——— ......
L+x)t* =e —e* 23 =e =ee 2
2
X X2 1 x x? x 11
=e|l+|-—=—4+——... e o =ell- =+ X =
3 210 2 3 2 24
1/x 28
_ @L+x)y"" —e o lle
lim —s =
x—0 x 2 24
1/x _
Iimo(lJrX)—e equals [UPSEAT 2001]
X—>
(@) /2 Md o (c) 2/e (d —-e/2
1 1 l[x x2+>(3 X4+ ] [1 erx2 x3+ ] [ X, x3+ ]
L liogix)] ix-to4 D A LA
WL4x)X e ¥ 2 3 4 _l 203 4 _eel 2 4
= 3 4 23 4 _{e_% e . }
e|ll+ m + 2 + ... 2 24
" ex 1le , e
X ———t+t— X" —
lim &) =€ iy 224 = lim[-&_11e, -
x—0 X x—0 X x—0\ 2 24 2
m
lim (cos —j = [AMU 2001]
m-—o0o
(a) o b) e () 1/e @ 1
x \" X m X m
lim (cos —] = lim {14{005——1]} = lim {1—(— cos—+1ﬂ
m—w m m-—» m m-—o m
2
sin% 2
lim —2 —2Mm | | 2
L |im—(25inzijm o | X [4m21m 2 1imX”
= lim [1—23in2 —} =" mJ—g 2m =e mowdm =0 o1,
m-—oo 2m
2 n(n-1)
. n“-n+1
lim - = [AMU 2002]
n—o{ n®—-n-1
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(@ e (b) e? () et d) 1

1 n(n-1)
2 n(n-1) _ n(n-1) [14— - j
Solution: (b)  lim n“-n+l _ lim [N =D +1 CfimL_ n-1)) & .2,
n—ao| n? n—oo NN —1) -1

n“-n-1 n—o0 1 n(n—l) - e_l
1-
[ n(ﬂ—l)J

n(n-1) jim 2n(-1)
J — e"%wnz—n—l _ eZ .

n>-n-1

nN—o0

Alternative Method: lim (1 +

(5) L’ Hospital’s rule : If f(x) and g(x) be two functions of x such that
@A) lim f(x)= lim g(x)=0

X—a X—a
(ii) Both are continuous at x = a

(iii) Both are differentiable at x =a.

(iv) f'(x) and g'(x) are continuous at the point x =a, then lim %: lim % provided that g'(@) =0
x—a g(X) x—a X

Nolt : 3 The above rule is also applicable if lim f(x) =« and lim g(x) = .

a If lim % assumes the indeterminate form % or 2 and f'(x),g'(x) satisfy all the condition
x—a g (X 0

embodied in I’ Hospital rule, we can repeat the application of this rule on % to get, lim %
X X—a X

= fim %)
x—a g"(X)
of evaluating limit is achieved.

. Sometimes it may be necessary to repeat this process a number of times till our goal

Example: 58  lim 1-cosmx

[Kerala (Engg.) 2002]
x—0 1—cos nx

m? n?
(@) m/n () n/m () — d —
2 2
n m
25in2 X sin ™ 2 2
. . l-cosmx . . m?x? 1 m m
Solution: (¢) lim = lim 2 L _im . 5 =55 | =5 xl=—
x>0 1—cosnx  x—0| ;2 NX x-0 | mx 4 n2x n2 n2
2sin® — sin nx
2 2
nx
Trick : Apply L-Hospital rule
1 - cos mx . msinmx _m?cosmx m?
= lim — = lim ———=—-.
x>0 1—-cosnNXx  x—0 nsinnx x>0 n2cosnx  n?
. . .. (cosx—1)(cos x —e*) . . .
Example: 59 The integer n for which lim ( ) (n ) is a finite non-zero number is [IIT Screening 2002]

x—0 X

(@ 1 (b) 2 (© 3 @ 4
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Solution: (¢)

Example: 60

Solution: (¢)

Example: 61

Solution: (a)

Example: 62

Solution: (d)

Example: 63

Solution: (a)

Example: 64

Solution: (d)

n cannot be negative integer for then the limit =0

L9 X
2sin? = X X
Limit = lim 5 22 € cc;s X =1 lim w (n=1 for then the limit = 0)
x=0 25(x [2)¢ X" 2x-0 x"-
1 e* +sinx . D1 s e e
== lim ————-. So,if n =3, thelimitis which is finite. If n = 4, the limit is infinite.
2 x>0 (n— 2)xn’3 2(n-2)

1

Let f:R — R besuchthat f(1)=3 and f'(1)=6. Then Iing) {%}X equals [IIT Screening 2002]

(@) 1 (b) el/2 (c) e? @ e
1 1 Cf@+x)/ f1+x) '@

i ] f2+X)| :exlgg;[logf(nx)—logf(l)]:exlggf LT _gb/3 _ g2
x—0 f(l)

lim sMa-cSa [IIT Screening 1997; AMU 1997]
a-nld a-rxl4
(@ V2 ) 1/42 © 1 (d) None of these

. sina—-cosa T cos o +Sina s .

{IHmA m (6 form) = a_llr;]/‘lf (By L HOSplta] I‘ule)

1 1 2

= 14— =—= \/E .

J2 2 2

_x%-ad

lim 5 =

Xx—a X° —a
(a) o (b) Not defined (¢) 2a (@ 3_2a

3.3 2 2

m X2 om) = i3 (By L Hospital ruley - 3 32

XI|L'na NEREPY: (0 form) = XILma o (By ‘L’ Hospital rule) = 22"

lim M = [Roorkee 1983]
h—0 h
(a) 1/24x () 1/2vh (c) Zero (d) None of these
lim Vx+h =% = lim \/x+h—\/;X\/x+h+\/;= lim (x+h)—x = lim h _ 1
h—0 h h—0 h YX+h+4/x  hs0h@x+h+4/x)  h=s0hWx+h+4Jx)  2Jx

Trick : Applying ‘L’ Hospital’s rule, [Differentiating Nr and Dr with respect to h]

1
—-0
. 24X +h 1

We get, hILm0 I "o

2 o2
Iimﬂ% [MP PET 2001]
a— a’ —

sin g sin 24
@ o (b) 1 () —£X (@
B 2p

lim sin? c:—sigz B _ sin(a + B)sin(a - B) _ lim sin(a — f) lim sinfa + B) _ lim sinfe+pB) _sin2p )
a—f a®-p a—p—0 (aJrﬁ) (a,'g) a—p—0 (afﬂ) a—LF—0 (a+ﬂ) a—p (a+ﬁ) 28

Trick : By L’ Hospital’s rule, lim 2sinacosa _ sin2f .
asp  2a 28




Example: 65

Solution: (¢)

Example: 66

Solution: (d)

Example: 67

Solution: (c)

Example: 68

Solution: (a)

Example: 69

Solution: (c)

Functions, Limits, Continuity and Differentiability
. tan2x —x
lim ————— equals [IIT 1971]
x—0 3X —sinx
(a) 2/3 () 1/3 (€ 1/2 d o
2tan 2x 1
fim 802X =X ) 2x (1
x=0 3X —sSin X x—0 3_SInX 2
X
If G(x) = —v25 —x2 , then lim =60 ¢quals 11T 19831
x->1  x-1
(a) 1/24 ® 1/5 () —v24 (d) None of these
B o w2 [ox
lim G=6A) _ lim 25 -x" +v24 [Multiply both numerator and denominator by (/24 +v25 —x? )]
x—1 x—-1 x—1 x—-1
— lim X+1 1
X1 Jo4 1425 -x%2 V24
Alternative method: By L'-Hospital rule, lim G _ i =220 1
x—1 x—1 2\/25_)(2 \/ﬂ

If f(a)=2, (@) =1 g(a) =1 g'(a) = 2, then lim 3X@=9@T) .01

X—a X—a

[IIT 1983; Rajasthan PET 1990; MP PET 1995; DCE 1999; Karnataka CET 1999, 2003]

b =

3 () 3

(a -3

1
d -=
(d) 3

9() f@) - 9@ f(x) _ .y ) f@-9(@) f'(x)

Applying L — Hospital's rule, we get, lim
X—a

X—a X—a

1

=g@f@-g@f@=2x2-1x@1)=3.

n p—

lim M = [Kurukshetra CEE 2002]
x—0 X
(@ n b) 1 () —1 (d) None of these

lim @ +nx +“C2x2+ ...... higher pow ers of x to x")—1

x—0 X -
Trick : Apply L- Hospital rule.

lim sinx +log(1 — x) is equal to [Roorkee 1995]
x—0 X2
@ o ®) % © -= (d) None of these
sin x !
COS X — ——— - - 2
. . — - 1—x) 1

Apply L- Hospital rule, we get, lim X = lim ( -=

PP P 8 x—0 2X x—0 2 2

x3 x5 x2 x* x*
) X - ? ? T e - X - 7 - ? - T .......
Alternative method : lim 22X * log(1—x) = lim i i + lim
x—0 X2 x—0 X2 x—0 X2
3 5 2 .3
-.-sinx:x—X—+X—— ...... and Iog(l—x):—x———x— ........
3! 5! 3
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-x2 41 1) x*
N
Hence, lim — =——.
x—0 X 2
X p—
Example: 70 lim wzg(lﬂ() equals [Rajasthan PET 1996]
x—0 X
2 1 1 3
a) — b) = c) = d =
(@) 3 () 3 (© 5 (d 5
X p—
Solution: (d) Let y = lim w [9 formj
x—0 x2 0
e +xe* . 0
Applying L-Hospital's rule, y = lim 1+Xx [— formj
x—0 2X 0
y:liml X reX 4xeX 4+ —1 :Iim£[1+l+0+1]=§
x—0 2 L+ x)2 x—0 2 2
sintx—tantx .
Example: 71 lim ———————is equal to [Rajasthan PET 2000]
x—0 X
1
(@ o () 1 (@ -1 (d 5
P
Solution: (d) lim Sin “x-tan “x (gform)
x—0 x3 0
Applying L-Hospital’s rule,
1 1
1-x2 1+ x2 0
=lim ———— — form
x—0 3)(2 0
-1 —2X 2X
—x +
2 1-x%)%2 @+x®»? 1 1 2 1
= lim = lim = + =—.
x—0 6x x>06|(1-x2)%2 @+x?)?| 2
Example: 72 lim 1+Iog—x—;( = [Karnataka CET 2000]
X—=>11-2X+X
1
(@ 1 (b) -1 (© o (Y] -5
1
. 1+logx —x ! i 1-x
Solution: (d)  Applying L-Hospital’s rule, lim = X = lim ————
x-1 1-2x+x2 x>l —=2+2x x>l 2x(x —1)
Again applying L-Hospital’s rule, we get lim — 1
x>l 4x —2 2
4X _9)(
Example: 73 lim ————= [EAMCET 2002]
x>0 x(4% +9%)
2 1 3 1 3 3
log| = b) —log| — —log| — d) log|—=
(@ g(Sj ) 7 g[zj © 3 g(zj ) g(zj
X _gX
Solution: (a) y = lim 4 -9 (9 formj
x=0 x(4* +9%) 0

4% log4 - 9% log 9

Using L-Hospital’s rule, y = lim

y:I0g4—logg -

= _— .
x=0 (4% +9%)+ x(4% log 4 + 9% log 9) 2 2 3



Example: 74

Solution: (a)

Example: 75

Solution: (d)

Example: 76

Solution: (a)

Example: 77

Solution: (c)

Example: 78

Solution: (b)

If f@=2, f@=1, g(@=-3, g'@@=-1, then lim

Functions, Limits, Continuity and Differentiability

f@)g(x) - f(x)9(@@) _

X—a X—a
(a) 1 (b) 6 () -5
i 51050 (0
x—a X—a 0

@ -

[Karnataka CET 2003]

1

Using L-Hospital’s rule, fim 1@9C=F0I0@ _ ¢ 0y~ fia)x g@) = 2x (1)~ 1x(-3) =1.

1-0
The value of lim 2-Y* =3 s
X7 x°—-49
2 2
a) — b) -— c) —
(a) 5 (b) 29 (©) 56
o1
. o1 . 2Jx =3 . -1 -1 -1
Applying L-Hospital’s rule, lim = lim = =—.
PPying P xor 2% x>7 4xJx -3  47J7-3 56
Let f@@)=g@=k and their n" derivatives f"(a),qg"(a)
lim f@)9() - f(a) - 9(@) f(x)+ g(a) = 4, then the value of k is
x—a g(x)— f(x)
(@ 4 (b) 2 (€ 1
m k g(x)—k f(x) _4
w2 g(x)- f(x)
By L-Hospital’ rule, lim k 909 =fx) =4, .. k=4.
x—a | g'(x)—f'(x)
XZ
I sec? tdt
The value of lim | 20— is
x—0 X sin x
(@ 3 (b) 2 (© 1
XZ
ij. sec” ot sec? x2.2x
lim dx 2o = lim — . (By L' —Hospital's rule)
x—0 4 (xsinx) x—0 Sin X + X €oS X
dx
. 2sec? x? 2x1
= lim - = =
x—0 (sm X ) 1+1
+ €OS X
X
. {Ssinx—\/gcosx:l
lim | ——— ———
X716 6X — 7
1
@ 3 b = © -3
J3
V3 1
3¢os x + /3 sin _3'7+‘/§'§

lim

Using L—Hospital’s rule,
Xx—7l6 6

»
Sl

d -=

@ o

@ o

@ -

56

exist and are not equal for

NE)

[MP PET 2003]

some n. If

[AIEEE 2003]

[AIEEE 2003]

[EAMCET 2003]
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Example: 79

Solution: (d)

2
Given that f'(2)=6 and f'(l)=4,then lim fh+2+h")-1@2) _

h—0 f(h—h? +1)— f(1)

(a) Does not exist (b) —% (© %

. feh+2+h%)-f(2) i f'h+2+h?)(2+2h) 6x2
h>0 f(h—h?+1)—f1) h>0 f(h—h?+1)@L-2h) 4x1

d 3

[IIT Screening 2003]
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