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6.2 Algebra

INT RODUCTION
Consider
X+ =@+ E+y)=x+xy+yx+y?

=2+ 2xy + y°
‘Here, xy can be written in two ways (xy and yx). Hence the
coefficient of xy is equal to the number of ways x, y can be
arranged, which is 2! Consider
(x+ ¥y =x+3x%+ 307+
Coefficient of x%y is 3 as for x?y, we can arrange x, x, y in
31/21 ways.

With similar arguments, we have

41 5, 4

!
(x+y)y=x+ 4—x y+——x'y +
3! 212! 31

=C X +3C X'V + 2C 0V +4C xy? +4C y*

Now by this development, we can find the coefficient of any
term in the binomial expansion of any positive integral power.

Thus in the expansion of (x + y)’, the coefficient of x*y* is
equivalent to number of ways x, x, x, ¥, ¥, ¥, y can be arranged
whichis 7!/(3141) ="C,.

Hence, in general .

(.X + y)n = IICOX.II + nclxn—ly + n(:‘2 xn—Z yZ 4o+ nC”yl?,

wherene N

Note:

s This expansion has ( nil )'tef;z&. ‘
e Its general term is given by T ="C x""y', where
r=0,1,2,3,...,n

» In each term, the degree is n and the coefficient of X"y
is equal to the number of ways (n—r) x’s and r y's can be
arranged, which is given by

n! .

(n=r)trl =~ Tr -

e (p + 1) term from the end is (n -p + 1 ) term from the
beginning, ieT ’ :

n-p+1°
(x + y)u = ncxu + ann—y + nC xn—" y + - "C,,,'Y"
where ne N

"

= Z "C.x"y"

r=0

Replacing r by n — r, we have

M L . .
: n s n—(n=r) n-r
S = Z Cn—r'x y ('.'

r=0

"C,- — nC )

n-r

n

Z nC xr n-r

r=0

1}

» -} -2 42
'Cy" +1C Y +7C, y X+
nC"yn +11C"_lyn—1x+n ”_2.yn—2 x2+

+ nC”xn
+ ”CO.x”

1

Thus replacing rby n —r, we are in fact wrmng the binomial
expansion in the reverse order. -

Properties of Blnomlal Coefﬁaent

* Sum of two consecutive binomial coefﬁc1ents

"C +1C_ =""C

. r"C =n "“‘C

* Ratio of two, consecutxve binomial coefﬁments ;
C, n~r+l -
o

«If"C ="C,, then either x =y orx + y=n So

n!
~So0,"C ="C _ = m |

Pascal’s Triangle
Coefficient of binomial expansion can also be easily determined
by Pascal’s triangle.

n=0 1

n=1 1\/1

n=2 ot
n=3 NN N

n=4 NN NN A
=5 1 5 10 10 5 1

Construction of this triangle also justifies "C, +"C _ ="'C as

=3c1.\/3=3c2 1

6=4C, 4 1

n=3 1
n=4 1 4

Some Standard Expansions

We know that
(x + y)u — nC xu + ann ]y + nC xu—l y_ +
+"C y", wherene N
Putting y =1, we have

(1 +x)n =nC0xn + I)Clx/z~l + nczxn—Z 4o+ nC”
IICxIl + HC xn—l + nC xn—Z 4+ .+ nC
" n-| n-l 0

="C,+"C x' +"C,x* + - +"C x"
n

— HCI'x/'
r=0

In the above expansion, replacing x by —x, we have
(1 _x)n — HCO _ IICle + ”CZ x2 e+ (_l)r nCrxr'_*_ .
non H
+(=D""C x

— i ”C,_(”‘x)r
r=0

=Y (-yC
r=0

Tips for finding coefficients of required term

e Coefficient of x” in the expansion of (1 + x)" is "C
e.g. coefficient of x5 in the expansion of (1 + x)'°is '°C,



s Coefficient of x* in the expansmn of (1+ ax)" is "C ar as
containing x"is "C a’x" .
coefficient of x° in the expans1on of @ + Q.x)r2 is

coefﬁment of x% in the expanswn of (1 - 3Jc)IS is. 15C636
- coefiicient of x” in the expansion of (1 — 4 is —C; 4
. CoefﬁCIent of x* in the expansion of (a+ bx)" is"Cy b’a" é
as term containing x* is "C a"- "(bx)
coefficient of x* in the expansion of (3 + 2x)° is
5C; ’, 435 (understand the distribution of exponent ‘9’ when
~exponent 4 is taken by 2x the remammg exponent S5will-
be takenby3)
Coefﬁc1ent of **in the expanswn of (4 Sx)10 is— 1°C 5347
. 'Coefﬁcwnt of x" in the expansion of (1 + xl’)" is "C 1f r
s multlple ofp . :
“e.g. coefficient of x" in the expansion of (1 + xz)’5
ISC
coefﬁments of x'? in the expansion of (1 + x%"is 1°C, -
coefficient of x'° in the expansmn of (1 + 3x2)‘2 is
IZC 35
‘coeff1c1ent of x5 in the expansion of (2 + 5x3)% is
ZOC 55215 . -

+ 520

Sol. We have,
x + a)n - nC + nC xn—la + uC 11—2a2+ cos
0 r 2~

(x +2a)°=>C,x° +°C, x*(2a) + °C,x" (2a)’
+°Cyx* 2a)’ +°C,x(2a)* +°C5(2a)’
=x*+ 10x‘a + 40x3a*+ 80x°a® + 80xa* + 324°

i Find the value of

18% +7° +3x18x7x25
30 46x243x2+15x81x4+20x27 x8+15x9x16+6 x3x32 + 64

Sol. The form of the numerator is
a’+b*+3ab (a+b)=(a+ by

N"=(18 +7)* =25°

D" =3°+°C 3% 2" +°C3* x 22 4+ °C 33 x 2°
+0C3F X 2P +5C3 x 22 +

This is clearly the expansion of (3 + 2)¢ = 5° = (25)°.

6C626

N (25°
D" (25)°
_Example 6.3 I Evaluate (1.0025)", correct to six decimal

places.

Sol.  (1.0025)°=(1 + 0.0025)'°

Simplify: x° + 10x%a + 40x°a* + 80x%a° -

Binomial Theorem 6.3

= 1+ '°C, (0.0025) + '°C, (0.0025)
+1°C, (0.0025) + --- + (0.0025)"°

=1+ 10 x*(0.0025) + 45(0.00000625)

Leaving other terms, as we require the value up to five places
of decimals, we have

1 (1.0025)'° = 1 + 0.025 + 0.000281 = 1.025281

| Find the 6™ term in the expansion of

T, ="Cx~y for (x +y) ‘

Hence for (2x? — 1/3x%)',
1 5
T, = "C(2x%° ( e ]
!
IS
515! 243
89
27
RRCUUdXg If the 21* and 22"‘terms in the expansion

of (1 x)* are equal, then find the value of x

Sol. T,,=T, = “C,, (=0 =“C,, (~x)
*c, _ L G, 1 n—r +1
“c, -x 'C._, x r

Putn=44,r=21
1 44 21+1 24 8

X 21 T2 7

Find the coefficient of x* in the eXpansion

Sol. In the expansion of (x/2 — 3/x?)'°, the general term is

10-r G
3
T.="C (%) (—x—)

Here, the exponent of x is
10-3r=4=r=2




6.4 Algebra

Therefore, the required coefficient is 405/256.

. 21
‘ ¥ Find the term in {s/—j: + f%} which
has t£he same power of ¢ and b. b a

Sol. We have,

21 -r r
;5 | a b
noc[VE) ()

=21 Cra7— (rt 2)b(2/3) r—(712)

Since the powers of a and b are the same, therefore
r 2 7

7 — —=—r——=r=9
2 3 2

Find the term independent of x in the
expansion of (1 +x + 2x3) [(3x%2) — (1/3x)]°.

Sol. We have,

9
(1 +x+2x% (%xz —L)

3x
=(1 +x+2x% Exz 9—9c Ex2 8(1/3x)
2 "2
+m+en%vwf} (1

Therefore, the term independent of x in the expansion is

la, + la, +2a, (2)
where a is the coefficient of x" in the second bracket [ ] of (1).
Now, (r+ )®™termin [ ] of (1) is

3 9-r
‘c =X —1/3x)
'(2x) 130

= (1) °C, [%) 7 (1/3)(x"®7)

a,, ,, = coefficient of x'**

18-3.
9-r
3 !
=-Ir°c | = 1/3
=N (zj (1/3)
Now fora,, -
18-3r=0
. 9-6
. 3 17
= r=6= a,=(-1)°°C, [5] XS—GZE
For a,,
18 -3r=-1
= r=19/3, which is fractional
a =0
Fora,
18-3r=-3
37 1 1
= r=T=a, =-1°C, 2| —==-—
s =0 ’(2] 327

Hence from (2), the required term is

1xl+0+2x _L 17
.18 27) 52

. Find the coefficient of x* in 1 + (1 + x)
A +x)y(0<Lk<n).

Sol. The expression being in G.P., we have

E=1++0+{0+x2+- +1+x)"

_ (1 +x)n+1 _1

e =x"'[(1+x)"™" -1

Therefore, the coefficient of x*in E is pqual to the coefficient
of x**! in [(1 + x)' — 1], which is given by ""'C, .

! Find the coefficient of x* in the expansion

Sol. 2—x+3x)°=[2-x(1-3x]°
=20-5C, 2x(1-3x)+°C, 2* ¥
x (1 =32 —C, 2° ¥(1- 3x) +C, 22 x4(1 —
3x)'—6C,2%° (1 -3xy° +°C, 2°

Obviously, x* occurs in 3™, 4 and 5" terms. Now, 3™ term is 15
x 16x%(1 — 6x + 9x2). Here, the coefficient of x* is 15 x 16 x 9
= 2160. The 4" term is —20 x 8x*(1 — 9x + 27x* — 27x?). Here,
the coefficient of x* is 20 x 8 x 9 = 1440. The 5% term is
15 x 4x* [1 —4 x 3x + --- + (3x)*]. Here, the coefficient of x* is
15 x 4 = 60. Hence, the required coefficient of x* is 2160 + 1440
+ 60 = 3660. '

RCIUICANI Find the coefficient of x™ in (1 + x)'!
x (1-x+x?)

Sol. (1 +x)'l —x+x)w

= (1 +x)[(1 +x)'1 - x + x1)'%]
=(1 +x)(1 - x3)'o
= (1 =)' 4 x (1 — x3)'0
Now, coefficient of x**in [(1 — x¥)' + x (1 - x*)'] is
Coefficient of x*° in (1 — x*)'® + coefficient of x*in
(1 _x's)l()()
= ( (as 49 and 50 are not a multiple of 3)

i If sum of the coefficients of the first,

x
then find the coefficient of the term that does not contain x

second and third terms of the expansion of (xz + l) is 46,

Sol. We are given
"Cy+"C +"C, =46
= 2m+mim—1)=90
= m+m-90=0
= m=%asm>0

m 1 r
Now, (r + D)th term of (xz +l) is "C (X2 (;j
x



mC 2m=3r

For this to be independent of x, 2m —3r=0=r=6
term independent of x is °C, = 84.

Find the coefficient of x* in

-5
=01

[xz +2 + —2—) (1 +x»)*,
X

1 -10
Sol. E= (1 +x%)%* (x + —] =x'0 (1 + x?)*
. x

Hence we have to choose the term of x% in x'° (1 + x2)** or the
term of (x?)°in (1 + x2)3° which will be *C..

[ Find the coefficient of x* in the expansion
of M +x»5 (1 + x)“ is 60.
Sol. Coefticient of x* in (1 +x%)°. (1 +x)*

= Coefflclent of x* in CC, +°C x* +3Cx* +°Cx%+ --*)
(*C, +“Cx+4Cx- )

_Sc4C +5C4C
=20+ 40
=60

Find the coefficient of x** in the (1 — x)°

Example 6.15
><(1 +x+Xx +x)4

Sol. E=0-xA+x)*0+xH)*
=(1-x)1-x)"1 +x)*
=(1-x)(1-x
= (1 =x) [1—40*) + 6(x*)*~

Coefficient of xis (1) (- 4) =

40 + ()]

BECI KR Find the coefficient of x*in the expansion

of (1 +x+ 2+ 1)

Sol. (1 +x)" (1 +x)"
=(1+"C x+!"C, 2 +"Cx*+"Cx*+ )
x(1+"C (x2)+”C(x) +-0)
Coefﬁc1entofx41$”C dA+1CMC +C, =990

| Find the number of terms which are free
from radical signs in the expansion of (y"* + x10)%,

Sol. In the expansion of (y'5 + x/19)%,
T = SSC,.‘(yI/S)SS—-r (xM10yr = 55C  yl 1=ty

rel
Thus 7, will be independent of radicals if the exponents r/5
and /10 are integers for 0 < r < 55, which is possible only when
r=20, 10, 20, 30, 40, 50.

Therefore, there are six terms, ie., 7, T,,, T,, 1,,, T,,, T},
which are independent of radicals.

Binomial Theorem 6.5

——i Concept Application Exercise 6.1J,—

1. Find the constant term in the expansion of (x — 1/x)°.

12
2. Find the coefficient of x"°in the expansion of (5 + bx] .
X

15

3. If x* occurs in the " term in the expansion of (x“ + %) .
then find the value of r. ’ X

4. The first three terms in the expansion of (1 + ax)” (n # 0) are
1, 6x and 16x2. Then find the value of @ and n.

5. If p and g be positive, then prove that the coefficients of x”
and x“in the expansion of (1 + x)**? will be equal.

6. If the coefficient of 4" term in the expansion of (a + b)" is 56,
then find-the value of 7.

7. In [\/5 + %] if the ratio of 7" term from the beginning w0
V3

the 7™ term from the end is 1/6, then find the value of n.

8. If the coefficient of (2r + 3)" and (r — 1) terms in the expan-
sion of (1 + x)'° are equal, then find the value of r.

2n

9. If x7 occurs in the expansion of (x* + 1/x)*
coefficient is

. (2n)!

[% (4n—p):|! [%(Zn + p)}!.

10. Find the number of irrational terms in the expansion of
(5]/6 + 2[/8)100_

, prove that its

Multinomial Expansions

Consider the expansion of (x + y + z)'°. In the expansion, each
term has different powers of x, y and z and sum of these powers
is always 10."

One of the terms is Ax%y’z>. Now, the coefficient of this
term 2 is equal to the number of ways 2 x’s, 3 y’s and 5 z’s are
arranged, i.e., 101/(213!5!). Thus,

10t 7.5 ,n

10 — [P —
(x+y+2) _ZPI!PZ!PX!X

where P + P, + P, =10 and0< P, P, P = 10. In general,

n! PP p
I — E _— '_xz..._x’
+x,.) - P'P' P' l 2 r

(x,+x,+ -
where P + P, + P, +--+P =n andO<P,P,....P sn
Number of Terms in the Expansion of (x1 +x,+ 0+ xr)"

From the general term of the above expansion, we can conclude
that number of terms is equal to the number of ways different
powers can be distributed to x, x,, x,, ..., X, such that sum of
powers is-always n.

Number of non-negative integral solutions of x, + x, + -+
x,=nis"™C_.
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For example, number of terms in the expansion of (x + y + z)?
1S3+3——IC‘ ._.JC _10
As in the expanslon we have terms like x%%2%, x%'7%, x%%!,
X002, Kz, X120, X, Ry, YR
Number of terms in (x +y + z)" is "*'C,
Number of terms in (x + y + z + w)" is et c,,
SO on.

— n+2 C:
— 3
C, and

If the number of terms in the expansion

_Example 6
of x + y + z)" are 36, then find the value of n.

Sol. INumber of terms in the expansion of (x + y + z)"is (n + 1)

(n+2)2=36
= W+Dn+2)=
= n=7

Find the coefficient of 0% in the
expansxon of (1+a b+c).

Sol. (1 +ab 4= B (0@ (0"
T, b, !

(for x =1,x,=3,x =4,x,=1)

' !
* Hence, the coefficient of a’b%c is 9! = ot )
131411 314!

peclyl @ Find the coefficient of a’h%® in the
expansion of (bc + ca + ab)®.

Sol. In this case, write a’b*c® = (ab)(bc) (ca): (say). Then,
@b’ = @ b o+
= z+x=3,x+y=4,y+7=5
Adding all,
2x+y+=12
= x+y+:=6
Then,x=1,y=3,z=2
Therefore, the coefficient of @’b*c® in the expansion of
(bc + ca+ ab)®or the coefficient of (ab)' (bc)? (ca)? in the expan-
sion of (bc + ca + ab)® is 6!/(11312!) = 60.

[2CIul XA Find the coefficient of x” in the expansion
of a+ 3x - 24?’)10

Sol. Coefficient of x7 in the expansion of (1 + 3x —2x%)'% is

Z 10!

n!n,! n!

!

(17 (3xy2 (26"

where 1, + 1, + n, = 10 and n, + 3n, =7, the possible values of
n,, n, and a1, are shown in the margin.

nl n2 n3
3 7 0
5 4 1
7 1 2

Therefore the coefficient of x7 is

1 10!

317101 W EX+SnT (VO

* I W72

=262440 — 204120 + 4320
= 62640

ANALYSIS OF BINOMIAL EXPANSIO»N
Sum of Blnomlal Coefﬁaents

For the sake of convenience, the coefﬁ01ents "Cy"Choeniy 2Cy

., "C, are usually denoted by C,C, Cn, respecr—
tlvely : o
¢ C,+C +Cy+ - +C”=2”
Proof: ; .
(x + y)n nC x4+ HC xn—ly + nC xn- 4 nC’ryn

Putting x =y = 1, we have
(I+1)y'=2"="C +"C, +"C, + -+ +"C

n

Similarly, .
n+lc0 + n+1C1 + n+1C2 F i n'+1C" - (1+1)n+1 Jnl
*C,~C,+Cy—--+C =0
Proof: v ;
x+yy="Cx"+"Cx'y+"C, x>y + - + "Cy"
Putting x = 1 and y = -1, we have
(1-1y'="C,—"C, +"C,~"C, +"C,~-- =0
=0=0C,+"C,+"C,+---) ("C, +"C,
+7C +--4)

= ("Cy+"C, +"C, + )= ("C, +"C,

+2C + 1)

=C+C+C+-+C =2"=("C,+"C,
+C,+ )+ ("C +Co+C )
a =2("C, +"C,+"C, + )
= ("Cy+"C,+"C, + - ) =2
Similarly, '
("C, +"C,+"C + ) = 2™
¢ Co+C,+Ci+ - =C + C+ Cyt oo
See above proof.
e.g. "MCy+ " 1C,+ ™MC, + " C 4 o = 2"
"“C + ’C +"“C +”“C + —2” 2
*C, +2°C +"°C +°°C + - —2‘9
ISC +15C +]5C 4 - _214

= 211—]

etc.

¥ Find the sum C| + °C, + "C_ + "C,

= IOC
Sol. We know that
2nfl = HCO _*_,nC‘2 + 11C4 4+ = IIC! + HC3 + an ER
So,
IOC‘I + l()C‘3 + IOC’5 RS IO(:9 = 2!0——1 = 29



Find thelsum

1 1 1
+ + +
11(n-1)! 3(rn-3) S5lin - 5)
1 1 1
= + —+ +
Wa-D! 3!n-3)! Sl(n-95)!
Multiplying each term by n!/n!, § reduces to

Sol.

1 n! 1 n! 1 n!
§= — — +— +— 4o
n![l!(n—l)! 31 (n—-3)! 5! (n-=-5) ]

= %[”C1 +°C, +‘"C5 +]

21141

n!

10
Find the sum Z e,

k=0

10 .
Sol. S= 2. %°C, =C,+2C, +-- +*C

k=0
Now,
2°C0+2°C] + -
. (20C0+20C20) + (ZOC] +2°C]9) + o
+ 20Clo = Q0
= 2[*C,+7C + -

20 20 20 .. 20 — 920
+2C, + Cot C, ,+-+ C20—2
20 20
+(*°C,+C))

+ '_‘OCIO] + ZOCIO — 220 ( ”C,. — nC )

n-r

o1
S = 2°C0+2°C] e +2°C10= 219 E zocl0 .

Find the sum of the series *C, + *°C, +
oo + °C,
Sol. Let S="C + "C, +"C,+... +"C,

Here the series is exactly half senes( 8 terms)

As the full series (16 terms) will be °C, + '°C, + BC A+

ISC + ISC + . ISC

So the sum of S is exactly half of the full series that is half

of 2 which is 2"

Hence, °C + "C, +"C,+ ... + 5C,=2"

b If the sum of coefficient of first half
terms in the exnsion of (x +y)" is 256 then find the greatest
coefficient in the expansion
Sol. Sum of coefficient of first half of the terms = 2" (half
series) = 256 = 2*

= n=9

= greatest coefficient = °C, = 126

Sum of Coefficients in Binomial Expansion

For (x +y)y'="Cx"+"Cx"'y +"C, x"? y* + --- +"C y", we get the
sum of coefficients by putting x = y = 1, which is 2".

Similarly, in the expansion of (x + y + 2)", we get the sum of
coefficients by puttingx=y=z=1.

For expansion of the type (x* + x + 1)’ =a, +ax + a, X+
+a, x°", we get the sum of coefficients by puttmg x=lor3" =q,
+a, + a,+ - +a, which is the required sum of coefficients.

Binomial Theorem 6.7

Infact to find sum of coefficients we put the value of all
variables as 1. (where variables are in x" form) '

In the above expansion, to get the sum of coefficients of
even powers of x and odd. powers of x, put x = 1 and x = -1
alternatively and then add or subtract the two results.

i Find the sum of all the coefficients in the
binomial expansion of (x? + x — 3)*".

Sol. Putting x = 1 in (x? + x — 3)°"%, we get the sum ot coefﬁ01ents

equalto(1+1-3y"°=-1

cample 6. If the sum of the coefficients in the
expansmn of (azzx2 — 2ax + 1)*! vanishes, then find the value
of a. v
Sol. The sum of the coefficients of the polynomial (02x” — 2a
x + 1)° is obtained by putting x = 1 in (a?x* 20 +1)". Hence,
from the given condition,
(@-2a+1Y'=0=a=1

Example 6. 29*“_ fAd+x-2x)"=a,+ax+ azx2 +ax’+

- +a,x*, then find the value of a, +a, +a, + --- + a,,
Sol. (I+x-2x»°=qa +ax+ax’+ - +a, X

Putting x = 1, we get

a0+a1+a2+a3+---+a =0 M
Putting x = -1, we get
=2% | 2)

a,—a,+a,—a,+ - —ay+ay,

Subtracting (1) from (2), we get
+a,,] = 2%
Gy = —2"

2[a, +a,+ -
= a,+a,+ -+

Middle Term in Binomial Expansion

Consider

- W= SN Y -n=2 32 n o
(x+y)="Cx"+"Cx"'y+ C,xmy 4 +"Cy

o The middle term depends upon the value of #.

(a) If n is even, then total number of terms in the expansion
is odd. So, there is only one middle term, i.e., (#/2 + 1yb
term is the middle term. :

(b) If 1 is odd, then total number of terms in the expansion
is even. So. there are two middle terms, i.e., [(m + 1)/2]"
and [(n + 3)/2]" terms are the two middle terms.

« Middle term always carries the greatest binomial coefficient.
As when n is an even middle term, T .  has the greatest
binomial coefficient "C .

And when 1 is an odd middle term, me: and T(M)/2 or
T dT,
[#]H an (”2'].1
"C,._,,and "C

(=)

have the greatest binomial coefficients

j If the middle term in the expansion of
x5, then find the value of n.
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Sol. Since there is only one middle term here,  is even, there-
fore (#7/2 + 1)" term is the middle term. Hence,

~

af2
"C,,/z (x2)nl2 [_) - 924x6
X

= n=12(also *C,=924)

ISCTI X If the coefficient of the middle term in
the expansion of (1 +x)™is @ and the coefficients of middle
terms in the expansion of (1.+ x)**! are # and p, then relate
a, fand p.

Sol. Since (n + 2)" term is the middle term in the expansion of
(1 +x)?"2, therefore a = »#2C . Since (n+ 1)"and (n + 2)" terms
are middle terms in the expansion of (1 + x)2™!, therefore,

'B'z 211+|C” and y — n+lC

n+l

But
— 2n+2C

n+t

——{ Concept Application Exerci‘se:ﬁ.ZJ——

1. Find the sum of coefficients in (1 + x ~ 3x2)4163,

2n+lC” + 2n+|Cn :>ﬁ + V =q

2, If the sum of coefficients in the expansion of (x — 2y + 3z)" is
128, then find the greatest coefficient in the expansion of
(1 +x).

3. f(Q+x-20)°=1 +ax+axt+ -
valueof g, +a, + a,+ - +a,

+a,,x", then find the

4. Find the middle term in the expansion of (xl + —1; + Zj .
2
5. In the expansion of (1 + x)™, find the sum of coefficients of
odd powers of x.
6. Find the following sum:
1 1 1 +
4! (n—-4)!

+
n! 21 (n-2)!
7. Find the sum of the last 30 coefficients in the expansion of
(1 +x)®, when expanded in ascending powers of x.

8. Find the sum Z(“"* 'Co+ I, ) .

j=0

RATIO OF CONSECUTIVE TERMS/COEFFICIENTS

Coefficients of x"and x™' are "C _ and "C, respectively. Also, we
know that

"C,  n-—r+l
" Cr;[ r
Similarly,
”C — .
e BT (replacing r by r+ 1)
“C, r+1
e n—r+l

= (replacing r by r + 1 and n by n + 1) and so on.
el r+1

Example6 32 g If the coefficients of three consecutive
terms in the expansmn of (1 + x) are 165, 330 and 462,
respectively, then find the value of .

Sol. The coefficients of three consecutive terms, i.e. (r+ )™,
(r +2)", (r + 3)™ in expansion of (1 + x)" are 165, 330 and 462
respectively, Then, coefficient of (r + 1)* term is "C, =165,
coefficient of (r + 2)" term is "C ., = 330 and COCfflClCnt of
(r+3)"termis"C_, = 462.
Coa L, JEN n-r=2r+1)=r =l(n—2)
"C. r+l 3

and ‘
“C.,, n—r—1 231

"C..  r+2 165

= 165(n—-r—1)=231(r + 2) or 1651 — 627 = 396
= 1651 -627 =396 x é X (n—2)

= 165n-627=132(n-2)orn=11

_Example 6.3: | IfC = *C, then prove that
(C+C)(C +C) - € _+C)=(, C,C_C)(@n+1)/n!

Sol. We have,
(G+C)(C +C)H(C+ ¢y (C +C)

=CC, - C,C, [1+&J[1+ G )(H&Jm[n C"“‘J

(o C, (0N C,

1 2 -3 n

=CC..--C I+= | 1+— i1+ 1+
CI 2 n-1 Cn [ n)( n_]][ n_2J [ 1)

.C C (n+1)"
n—i "

n!

ISR 1f o, q,, a, a, are the coefficients of any

four consecutive terms in the expansion of (1 + x)”, then

a a 2a
1 + 3 = 2
a,; +a,

prove that .
a, +a, a,+a,

Sol. Let the coefficients ofT rT.,.T.,.T bea a,, a,, a,,

r+17 T2 T3

respectively, in the expansion of (1 + x)~. Then,

a, "C, n-r+l
a C._, r
a, n+l
= 1+ 2
a, r
Similarly,
| a, n+l a, n+l
_>:—_.’ + — =
a, r+1 a, r+2
Now,
| a3
LHS. = +
a+a, a,+a,



1 1
= +
Lo+
q a4

1+2

r _Irr+2_2(r+1):2 I 2a

n+l n+l  n+l 14_61_3—a2+a3
a,
=R.HS.
_— rr"C
B2cluldICEEgE Find the sum 21 —T.

: n(n+1)
=n(n + 1) - —2
_n(n+1)

2
—+—E¢mcep’t Application Exercise 6.3’ ]“
1. In the expansion of (1 + x)", 7* and 8" terms are equal.

Find the value of (7/x + 6)2

2. Find the sum irz ¢

r=| " C,-_| '
3. Show that no three consecutive binomial coefficients can be
in (i) G.P., (ii) H.P.

4. If the 3", 4, 5" and 6" terms in the expansion-of (x + @) be,
2

b —ac__S_a
¢ —bd 3¢’

respectively, a, b, ¢ and d, prove that

- APPLICATIONS OF BINOMIAL EXPANSION

Important Result

2< (l+l) <3,n21l,ne N.
n .

Proof:
By the use of binomial theorem, we have

1ed) ety n(n—l)ij L Aln=D(n-2)
n n 2t nm 3t

)L mn=D@m=2) . [n~(n-D] 1
n n! n

o323
e

1 1 1
<l+l+ —+—=+-+—
20 3 n!

n

<l+1 1+1+1+ +—1 1)
+ -4+ —F—+ -
2 22 23 211—| (

Binomial Theorem 6.9

-1
2
= 1+2{1—(l) }
2
1
= 3 — F (2)
Hence, from (1) and (2),

2< [1+l) <3,n=1
n

Find the positive integer just greater

Example 6.36
)10000.

than (1 +0.

10000

Now we know that

2S(l+l) <3,n=lL,neN
n

Hence positive integer just greater than (1 + 0.0001)%%0 jg 3.

B2CIUIECYEE Find (i) the last digit, (i) the last two

digits and (iii) the last three digits of 172,

Sol. We have,

1’7256 = (17)[28 = (289)128 = (290 _ 1)!28

17%6 = IZSCO (290)128 _lZSCI (290)127 + 128C2 (290)126 ..
= 5C,, (290)* + '3C,, (290)* - 1°C, . (290) + 1

- [128C0 (290)]28 _ 128CI (290)127 + 123C2 (290)126 o

BC 5 (290)] + 1BC (290)2 - 1C . (290) + 1

125 126
= 1000 m + 'BC, (290)2 ~'%C (290) + 1  (me )

=1000 m + 128 27) (39012 _ 128 x 290 + 1
2

= 1000 m + (128) (127) (290) (145) — 128 x 290 + 1
= 1000 m + (128) (290) (127 x 145 - 1) + |

= 1000 m + (128) (290) (18414) + 1

= 1000 m + 683527680 + 1

= 1000m + 683527000 + 680 + 1

= 1000(m + 683527) + 681

Hence, the last three digits of 177 must be 681. As a result, the
last two digits of 17%¢ are 81 and the last digit of 172% s 1.

B2  If 10" divides the number 101! — 1, then
find the greatest value of m.

100x99

Sol. (1 +100)'% =1 + 100 x 100 + % (100)*

100 % 99 x 98
+__

100y +
1x2%3 (100)



6.10 Algebra
—  (10H"*-1=100

100><99+100><9><98
x2 - 1x2x3

X 100{1+ X 100+-~}

From above, it is clear that (101)'® — 1 is divisible by (100)? =
10000. So greatest value of m is 4.

ﬁmportant‘kesults Iﬁ

14+ xy-1="Cx+"C, P4 +1C_ 2 +1C x"is always divsible
by x. - .

Also, (I +xy'— 1 —nx="C,x* + --- +"C_x*" +"Cx" is always
divisible by x.

divisible by 7.
Sol. 2V —1=(2y—1=(1+7y-1
=[1+7C, (7) +"C, (P + - +"C, (Ty'} - 1
=T ['C, +"C,(T) + -+ +"C, ("]
= 2% _1isdivisible by 7forallne N

Prove that for each n € N,2>-1is

f Find the remainder when 6'— 5n is
divided by 25

Sol. 6"-5n=(1+5)~-5n
=(1+51+"C,.5*+"C,5+:--) = 5n
=25("C,+"C,+ ) + 1

Hence 6" — 57 when divided by 25 leaves 1 as remainder.

i Using binomial theorem, show that 2 —
7n — 1 is divisible by 49. Hence, show that 2+ — 7n - 8 is
divisible by 49,n. € N.
Sol. 2% —7n— 1= —Tn—1
=(1+7)y-Tn-1
=1+ Tn+"C,P+"C, P+ - +"C, T =Tn—1
=7["C,+"C, T+ - +"C, 7"} =49K (1)
where K is an integer.
Therefore, 23" — 7n — 1 is divisible by 49. Now,
233 _Tpn -8 =222"-Tn—-8
=8(2¥ -Tn—-1)+49n
=8 x 49K + 49n [From (1)]
=49(8K + n)
Therefore, 2> — 7Tn — 8 is divisible by 49.

Finding Remainder Using Binomial Theorem

To find the remainder when a” is divided by b, we adjust the
power of a to " which is very close to b say with difference 1.
Also, the remainder is always positive. When number of the type
3k - 1 is divided by 3, we have

3k—1  3k-3+2 2
= =k-1+—
3 3 3

Hence, the remainder is 2.

Following illustrations will explain the exact procedure.

Example642 Find the remainder when 5% is divided
by 8is
Sol. 5% =5(5%)*
=524+ 1)%

=5(%C24% +9C24% + ... +9C, 24 + 1)
Hence remainder when 5% is divided by 8 is 5

JECE R Find the remainder when 5% is divided

by 13.

Sol. Here 52 = 25 which is close to 26 = 13 x 2. Hence,
E=5%=5x5%=5x(5)"=526-1)*

= E=5[%C,26% - *C, 26" + ¥C, 26" — .- + “C,, 26 -
49C49]
=5x26k-5
Now,
E_jop-3 —1ok-1+2
13 13 13

Hence, the remainder is 8.
Example 6.44 |

Find the value of {3**%/28}, where" {-}
denotes the fractional part.

“Sol. E = 3% = 32001 x 32 = 9(27)%" = 9(28 - 1)*

= FE= 9[667C0 2667 _ 667C1 (28)666-}- e 667C667 ]
= E=9x28k-9 '
= £=9k——9—=9k—1+£
28 28 28
That means if we divide 32 by 28, the remainder is 19. Thus,

32003 19
{ 28 }2 28

_Example (W Find the remainder when 1690° +
2608'% is divided by 7.
Sol. Here base (1690 and 2608) is too big, so first let us reduce it.
- 1690 =7 x 241 + 3 and 2608 =7 x 372 + 4
Let, ' ;

S = 1690%% + 26086
= (7 % 241 + 3)% + (7 x 372 + 4)!°
= Tk + 3%% 4 4199 (where k is some positive integer)
Let,
S’ :32608 + 4I690
Clearly, the remainder in S and §” will be the same when divided
by 7.
S =3 x 3BT 4 4 x 437563
=3 x 27%7 4 4 x 64°%*
=3(28 - 1) + 4(63 + 1)
=3[Tn-11+4[Tm+ 1] (m,ne I
=7p + 1 (where p is some positive integer)
Hence, the remainder is 1.

Example 646 Find the remainder when x = 555"
(24 times 5) is divided by 24.



§

Sol. Here exponent is 5% (23 times 5) is an odd natiral
number. Therefore, x = 52! = 5 x (25™), where m is a natural
number. Thus,
x =5x24+ 1)
= 5 + a multiple of 24
Hence, the remainder is 5.

Expansion: (x +y)" + (x-y)"

We know that
(x +y)' ="Cpx"+"C x"'y
+C, X"y 4 et "C oyt (1)
and
\(x =y ="Cx" = "Cx"y
+C, Xy 4 e (=) "Cy" (2)

Adding (1) and (2), we have
(e + )+ @ —y)=2["Cx" +"C,x2 ¥ +"C, x"4 v“ +-]
Subtracting (2) from (1), we have
Cc+y)' ==y =2["Cx"'y+ "C3x”‘3y3 +"Cx" Py 4 -]
Above results are best used in the following illustrations.

E Prove that+/10[(+/10 +1)"*"— (v/10 —1)**]

_Example 6.47
is an even integer.

Sol. VIO[(W10+1)'® —(/10-1)™]
= 23100 C,(v10)” +' C,(/10)” +'* C,(/10)” +--]
= 20" C,(10)* +'* €, (J10)" + C,(+10)* +-]
=2["°C,(10)" + '™C,(10)*® + '°C,(10)® +--]

which is an even number.

R2CINTI AR If 97 — 7° is divisible by 27, then find the
greatest value of n, wheren € N.

Sol. We have,

97 — 7= (1+8)Y (1 -8)
=(1+7C 8 +7C 8+ +7C, 8" - (1-°C, 8
+°C, 82—+ —°C, 8
=16 x 8+ 64[(C, + --- +'C, 8)
-(C,— - =°C, 8")]

= 64k (where k is some integer)
Therefore, 97 — 7° is divisible by 64.

Find the degree of the polynomial

_Example 6.49 |

1 (1+\/4x+J (1 Jax+1 J
Vax+1 2 2

)=

Sol.

Vadx+1 2 2

B 2
27 J4x+1

['C, J4x+1+7C,(Jax+1)

C,(Jax+1Y° +7C, (-,/4x+1)7]

Binomial Theorem 6.11

= ziﬁ[%:, +7C,(4x+1)+C,(4x+ 12 +C, (4x +1)°]
Clearly, the degree of the polynomiél is 3.

_Example 6.50 13 (2+\/§)" =1 + f where I and n are
+ive integers and 0 < f < 1, show that I is an odd integer and
aA-Hpd+pH=1.

Sol. (2+~3) =I+f

or

I+f= 2n + "C1 211—1 \/g + uC2 2"—2 (,\/5) 2
+ 11C3 211——3 (,\/5) 3 R (1)

Now,
0<2-B3<1=0<@2-By<1

Let (2-+3y=f where 0 <f < 1.

2"—1 \/é— + nC2 2n«2 (\/5)2
“C2= (3 + (2)

f’ —_ 211 _ ”C]

Adding (1) and (2), we get

I+f+f =2[2"+"C, 22 x 3 +..]
or

I+f+f =eveninteger 3)
Now, O<f<landO<f <.

O<f+f <2

Hence from (3), we conclude that f + f is an integer between
0 and 2. .
f+f=1=>f'=1—f C))
From (3) and (4), we get I + 1 is an even integer. Therefore, I is
an odd integer. Now,
I+f=Q2+\3),f'=1-f=(@2- By
U+NH U -H=[2+B)Q-)'=@4-3y=1
I+HA-f=1

———Eoncept Application Exercise 6.4 '——

8n -9 is divisible by

. Using binomial theoren, show that 322 —
64,V ne N.
2. Foreachn € N, prove that 49" + 16n —1 is divisible by 64.
3. Find the remainder when 27* is divided by 12.

4. Let n be an odd natural number greater than 1. Then, find the
number of zeros at the end of the sum 99" + 1.

S. Find the last two digits of the number (23)'.
6. The number of non-zero terms in the expansion of

(1+3V20° +(1-3V2xfis

7. Find the value of (\/54- D -2 - D,
8. If

I I+vax+1) (1-vax+1)
Jax+1 2 2 ThTax

+ootax
then find the possible values of .

9. Show that the integer next above (/3 +1)*" contains 2 as a

factor.




6.12  Algebra

USE OF COMPLEX NUMBERS IN BINOMIAL
THE OREM

« Writing the binomial expression of (cos 6 + i sin )" and
equiating the real part to cos nf and the imaginary part to
sin n6, we get

cos nf = cos" §—"C, cos"2 0 sin* 0 +"C, cos"™ §

sin* 0+ -
"C, cos™3 @ sin® 0

sin nf ="C, cos""' ¢ sin 0 —

+"C,cos" fsin’ O + -+

= tan nd

"C tan@ — "C, tan’ 0+"C; tan® 0-"C, tan’ 6+
1-"C, tan’ 6 + "C, tan® 0—-"C, tan® O +--

« We get a very interesting results if in binomial expansion, any
variable is replaced with i = +/=1 or @ (cube roots of unity).

Find the sum CO—C2+C4—C6+ -+« where

! C nC

Sol. Consider

Q+x)=C+Cx+Cx*+:-+C x"

Putx=i wherei= x/——l . Then,
(A +iy=C + Ci+ Gi*+ CP + Cf*
=(C0—C2+C4—C6+-~-)+i(Cl—C3+C5+~--)
= C,-C,+C,—C + -.- = Real part of (1 +i)"

weforr( o]
NG
=Re [ 2" (cosf—ﬂ'sinzj }
4 4
=Re | 272 (COST-HSII‘I TH [De’ Moivre’s theorem]
_ 211/2 COSn—TE'
- 4
Also, _
C,—C,+C,—-=Im[(l +i)]=2"sin (Ej
’ ’ 4

Prove that

:1(2" +2cosﬂj
3 3

Sol. Wehave (1 +x)'=C +Cx+ CX+Cx + - +Cx"
Putting x = 1, w and @, we have 2" =C + C, + C, + - + C,
(l+w)y=C+Co+Caw+ - +Ca"
1+ =C,+Co’+ Cw* + -+
Adding the above three equations,
2+ (l+o)y+(1+w0?y=3(C,+C,+C.+ )

*C,+"C, + "Cy + -

2n
+Cw

because
1+ +0*=0ifk#3m me N
=3ifk=3m '
Now,
1l+w=-0= —(:os4—ﬂ—isinﬁzzcoszr—ﬂ'sinz
3 3 3 3
1+ w?=-w =-cos 2—ﬁ—isinz—ﬂ:cosz—isinz
- 3 3 3

Hence by De’ Moivre’s theorém,
2"+ (1 + ) + (1 + 0¥

., AT .. AT nr .. nmw
=24+ | cos—+isin— |+| cos— —isin—
3 3, 3 3

nw
=2"+2cos —

M ..., T represent the
terms in the expansmn of (x + a)" then find the value of
(T,-T,+T,— - +(T, -T,+T,— -, neN.
Sol. (x+ay'="Cyx"+"Cx"'a+ "C a2l +"C 7 + -
=T, +T, +T,+T,+
Replacing a by ai, we have
(x+aiy="Cx"+"Cx""ai + "Cx2 (ai)? +"Cpx= (aiy' +

= (ncoxn _ nC x11—2a7 + 11C4x'1—1 a4 — . )
+ l'(uclxua _ 11C3x11—3a3 + nCsxu—S aS .. )
=(T,~T,+T,— ) +i(T,~ T, + Ty~ ")

Taking modulus of both sides and squaring
b +ai? =(T,— T, + T,— )+ i(T, = T+ T — - )P
= @+a?=T,-T,+T,— Y+ T ~T,+T;—)

U LA If(1+x+xY)' =a +tax+ax*+ -+
e——— P“ oo 0 T 2

a, x*, find the value ofa) +a,+a +---,n eN.
Sol. (1 +x+x%)=a,+ax+ax + - +a,x" e))
In (1), putting x = 1, we get
=g, +a +a,+a,+a,+a,+a;+ - 2)

In (1), putting x = w, we get
p g
(1 + @ +0?)" = a,+ a,0 + a,0* + a.w’+ a0 + a0’ +
aob+---
= O:ao+a|w+aza)2+al+a4a)+a5a)2+a6+-~- 3)
In (1), putting x = w*, we get
(1 + @ +0*) = a,+ a,0* + a,0" + a,0° + a0+ aw"
_ +aw’+ -
= 0=g+aw’+aw+a,taw’+am+a,+ - 4)
Adding (2), (3) and (4), we have
3"=3(a,+a,+a,+ )

oo =3
= a,+ta,ta,+ =3

eroncept Application Exercise 6.5 J7

1. Find the sum "C,+"C, +"C + ---.

2. Find the value of “C, +*C,+*C + --- + C, .




GREAT EST TERM IN BINOMIAL EXPANSION

Consider the expansion of (1 + x)” when x = 1/2. Terms of the
expansion are given by the following table.

Term Value

T, 'C =1

T, C(1I)=1/2

T, 7c anyp=24
T, | 7c. P =358
T, 17¢, (2 =35116 .
T, C, (128 =21/32

T, C, (1/2)6 = 7/64

T, C, (12)7=1/128

Here, we can observe that value of the term increases till the
3" term and then the value of the term decreases. Then, here T,
is the greatest term, ' »

T,is the greatest term, hence T,/T,> 1 and also T4/T3 <1.

In any binomial expansion, the values of the terms increase,
reach a maximum and then decreases.

So in general to locate the maximum term in the expansion

(1 +x)" we find the value of r till the ratio T__/T is greater than 1.

as for this value of r, any term is always greater than its previous
term. The value of r till this occurs gives the greatest term.
So for the greatest term, let

T _n=r+l oo (ntDx

T, r 1+x
Then the greatest term occurs for r = [(n + Dx/(1 + x)],
which is the integral part of {(n + 1)x/(1 + x)]. -

If [(n + 1)x/(1 + x)] is an exact integer, then T and T, both
are the greatest terms.

When we have an expansion in which positive and negative
sign occurs alternatively, we find the numerically greatest term
(ignoring the negative value), for which we find the value of r
considering ratio IT /T}. :

Note: The greatest coefficient in the binomial expanszon is equivalent
to the greatest term whenx = 1. :

wExam Ie55 Find the greatest term in the expansion

eaon]

Sol. Let (r + 1) term be the greatest term in the expansion of
1 20
1+—=1] . Now,
( ﬁ)
T

v 20—r+1 L
T, r {3

T, 2T,

r+l

= 20-r+123r
= 212r(3 +1)

Let

Binomial Theorem 6.13

21
= r<
V3 +1
= r<7.686
= r=7
for which the greatest term occurs.

20
. 1
Hence, the greatest tem in V3 (1 + ”\/—gj is
25840

n -7 () -5

B Find the numerically greatest term in
the expanswn of (3 - 5x)"° when x = 1/5.

Sol. (3-5x)%=35(1-35x/3)"%=3"5(1-1/3)" (for x = 1/5)
Now consider (1 — 1/3)".
& _ 15-r+1 _l >1
T F 3
= 16 -r=3r
= r<4 ’
Hence, T, and T are the numerically greatest terms.
T,= 15C3 315-3(5x)* = 455 x (3'2)
and
=BC, 3154 (5x)* =455 x (3?)
Also, IT4I =IT,| =455 x (3").

Given that the 4™ term in the expansion

of [2 + (3/8)x]" has the maximum numerical value. Then
find the range of value of x.

Sol. Let T, be numerically the greatest term in the expansion of

10
210 {1 + (%)x} . Therefore,

T, T,
2i>1 —A>1
T, and )

4> S«

= 21 and S

T3 4
Now,

T, n-r+l

e 8T

T r

Taking r = 3 and r = 4 and replacing x by 3x/16 and putting
n = 10 in the above two relations, we get

H-33x =434
3 160 ™4 16
= le>2and|xl<2—4 (1)
1



6.14 Algebra

2
= x*24andx*< Ei
21

= 4<x< ﬁ ]
21 ) -

= 2<x< % o _ﬁ<x<~2

21 21

W XTI Find the greatest coefficient in the
sion of (1 + 2x/3)%5. :

Sol. The greatest coefficient is equal to the greatest term when
x=1.

For x=1 Dmi _15-r+12

T r 3

T
Let 21>
T

r

15 -r+1 2-2 1
r 3

= 32-2r23r
= r<32/5

= r=6

Hence, 7" term has the greatest coefficient and its value is
T, , = "C,2/3)

———( Concept Application Exercise 6.6 }———

1. Find the largest term in the expansion of (3 + 2x)*® where
x=1/5. .
2. If x=1/3, find the greatest term in the expansion of (1 + 4x)®.

3. If nis an even positive integer, then find the values of x if
the greatest term in the expansion of (1 + x)" may have the
greatest coefficient also.

4, If in the expansion of (2x + 5)'%, the numerically greatest term
is equal to the middle term, then find the values of x.

SUM OF SERIES

Important Facts and Formulas for Finding Sum
of Series

. r'C =n"'C | (H
n!
T o
n!
C(n—r)(r—1)!
(n—1)!
=-—
(n=r)!r-D!

=n "_ICr—I

Similarly,
rC =(n+1)"C
rC  =[(r-1D+11°C_,

=(r—1)"C_ +"C_,
= I’l”_l C,._z + "C,._l
r2 nCr — rn)1~lcr_l

=n[r-1)+1]"'C |
=n[(r-1)~'C_+"'C_|]
=n[(n-1y2C_+"'C_|]
and so on.
In the problems, we must remove any factor which is in terms
of » which is multiplied by binomial coefficient.
"¢, _ "G
4l n+l
Inr"C =n"'C_ replace nbyn+1and rbyr+ 1.
(r+1)™C  =(n+1)yC,

n n+lC
Cr — r+l (2)
r+1 n+1
Similarly,
e "C . .
r=t = T [replacing rby r— 1l and n by n—1 in (2)]
r n
Also,
"C, _ "+2C,+2 ‘
(r+)(r+2) (m+hH(n+2)
"C, _ ”+3Cr+3
r+DF+2)(r+3) (n+ 1)(n+2)(n+3)’
and so on.

» Always adjust the power of variable to suffix r of binomial
coefficient "C..
Consider the following example:
yrC = (-1y n'C_ = -n'C_(-1)"". Here "'C_|
(-=1)-' is standard general term of binomial series
(1 = x)*~!. Similaraly,
ncrzr _ ”HCr_H 2:‘ B n+lC 2r+l

r+l
(r+1)  (n+1) 2An+1)

Find the sum C,+3C+ 32 C,homt 3"C

n

_Example 6.59
Sol. S=C,+3C +3*C,+--+3'C,
=(1+3y=4"

If(d+xyr= ZC,X', then prove that C

r=0

1

+2C,+3C, ++nC = n2-1,

Sol. Method (i): By summation
r* term of the given series, is
t=r"C=t=n"'C_

Sum of the series is

n i
n—1
$h=n3c,
r=1 r=1



71 (n—ICO + n—lc‘l + .-
=7 211—|

+ n—lCn_l)

Method (ii): By calculus

We have,
(1 +xy=C,+Cx+Cx+--+Cx" (D
Differentiating (1) with respect to x, we get

a(1 +x)'=C +2Cx+3Cx*+ .- +nC x™! )

Putting x = 11in (2),
n2""

=C +2C,+ - +"C,

pie - l Find thesum1C,+2C, +3C,
+(n+1)therec "C.

Sol. 1C, +2C, +3C, + -

=S (r+D"C,
»=0
-3[re ]

+(n+1)C,

=n i"‘lCr_l + i"C
r=1 r=0

— ("_1C0+"_1C1 +_._+71—IC”_1) ’
+("Cy+"C+-+"C)

=n 211—1 +2n - 211—1(n+2)

| Findthesum 1 x2xC +2%x3C,+ -+

+) ,whereC "C.
Sol. S=1x2xC,+2%x3xC,+--+n(n+1)C,
=D r(r+1)"C,
r=l
= (r+1[r"C,)
r=0

=3 (r+Din"C, ]
=¥ [r-1+2]"'C,
=n Z [(n-1C_,+2"'C_,]

=n(n—1) 2 "EC L, +2n z e,
r=2 r=1

=n(n—1)2v2 4+ 2n 20
=2"2nin-1+4]
= n(n +3) 22

Example 6.63 lgd >2 then prove that C, (a - 1) - C, x
@-2)+-+ (=D C.(a-n)=a,whereC = "C

Binomial Theorem 6.15

Sol. C,(a—1)-C,(@=-2)+ -+ +(=1y"' C(a—n)
T =(1y"(a-n"C
=)~ (@"C -r"C)
=(1)y"(@a"C -n""C_)
=—a(-1)"C -n(=1)"x""'C_
Now,

=—al(1-1y-
=dan

”C()] _ n(l - l)n—l

g Find the sum 3°C -8"C +13"C,- 18

Sol. The general term of the series is T = (=1)" (3 + 5r) "C,
where r=0, 1, 2, ..., n. Therefore, sum of the series is given by

S= i(—l)r(3+5r) "C,

r=0

_ 3(2(—1)’ "C. j + s[i(—nf n"IC. J
r=0 r=1

— 3 [i (_1)r "Cr j _ sn[i(_l)r—l "_IC,__] )
r=0 r=1

=3(1 -
=0

1y = 5n(1 - 1y

i Ifx +y =1, prove that Z" "C,x"y"

r=0

= nx.
Sol. We have,

zrnc xrvu r Znu IC xl -1 1 rz r

=nx2n lC xr 1 (n —(r=1)

= nx(x + yy=!

=nx [vx+y=1]

If (1+x)" = D, C,x, show that

r=0
C C 2n+l_1
Co+—t ++——=
2 n+1 n+1

Sol. Method (i): By summation
r term of the given series is

) n+i
t = ————’ C"_] = —q
’ r n+1
Required sum is

n+l i+l "+|C

r

r=| r=1 N + 1

1 n+l n+l n+l
:E ("TCH+TC A+
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!
" n+l
Method (ii): By calculus
(I+x)y=C+Cx+C,x"+ -+ Cx" 1)
Integrating both the sides of (1) with respect to x between the
limits O and x, we have

nel 0 2 C 3 C n+l ¥
[ﬂ} :licox_i_clz"x + 2x Fot nx
0

n+l 3 n+l
An+l . 2 ©.3 _n+l1
(t+x)™ 1 =C0x+clx +C2,x +W+Cnx @
n+l1 n+l 2 3 n+l
Substituting x = 1 in (2), we get
n+|_
2 ! =G, +Q G —+- +i
n+l 2 3 n+1
i ¢, C, C; 2"-1
Prove that —+—+—+-=
6 n+l
Sol. S=Q+g g+
2 4 6
General term of the series is
"CZ,._I _ n+1C2r
¢ 2r n+l
wherer=1,2,3, ...
S=. 1 n+lC +n+lc +n+lC 4 ]
n+l
1 +1 +1 n+l 1+
= TCAHTC,+TC )" C
n+l|:( ) ]
:—[2” 1
n+1
2 3
i 2 C 2 C
IETITTXIEN Find the sum 2, +-C, +3-C,
4 11
+74—C3+”'+HC“"
Sol. We have,
'2 3 11
2C, + 2_C|+2 C,+- +2 Cy
2 3 11
_i]oc 21+]
r+1
1 - 11 10C1_2r+1
11 —=r+l
1 S HC,+| !
11r—0
=H(HC12|+“.+HC”2[I)
:%(”COZO'F”ClZI+"'+“C11 211_HCO 20)

3” 1
==—[1+2)"' -1]=
[( ) 1= T
_,Eﬁxampleé@%« | Prove that
1 - Cl_ 2( C2)+3( C3)~ +(-1)"+1 n( C").
n+1 2 3 4 n+l
Sol. 5= -G 20€) 3CC) gy 7CC)
2 3 4 ntl
= r Cr (_1)r+l
r=l (r+1)
n n+l
= Tl 1 r+l
2o

— LZ[(r_i_l)_l] n+lCr+l(_1)r+l
n+14g

— 1 z[(r + 1) n+1Cr+] (_l)r+l _ n+lCr+] (_1)l‘+|]
I’l+1 r=1

- ﬁi[‘(” +1)"C, (1) ="IC,,, (<1)™]

= - _nC'I + MC‘2 —_

I
—_— n+ Cl
n+1[ 2

=-[(1 -1y -

IIC3 + + (_l)n nC”]
___n+lC‘3 +“'(_1)n+l n+1Cn+]]

1 n+l n+l n+l
1]1- —[A-D" -"C,+"°C
]-— 1[( ) 0 ]

S D -1]
n+1

Examp_le 6.70 i
£ 34

{ If k and n be +ive integers and s, = 1¢
-+ 1k , then prove that

i m+1Crsr =(n+1)m+1

r=1

—(nt+1) .

n

Sol. §=2,""C, 5, = ["1C 5, +™1C, 5, + - +71C, s
="C (142+3+--+n)
+mC, (17 + 22+ 32+ - +1?)
+mIC (P4 243+ -+ 1)
+m™IC (1" + 27+ 3"+ --- + ™)
= (™C, 1 +"C, P+ m™IC Pt +™IC 1)
+ (m+|Cl 7+ m+IC2 22 4 m+|C3 W4 ... 2"')

+ o+ ('"*'Cl n+ "'*‘C2 e+ + '"*‘Cm n"
— [(1 + 1)m+l - 1 _m+]C‘m+I 1m+l]
+ [(1 + 2)m+l — m+lCm+l 2m+|]
+ {14+ 3y =1 —mIC, | 3]
= (2m+l _ 1m+l) + (3m+| _ 2m+|) + (4m+l _ 3m+1)
++ [(A+ny*' —n™] ~n

=(l+ny ~1-n=1+n -(n+1)



Prove that =1 G C C__C_
1 2 3 4
1 1
C,=1+—+—+-+—
n
C C C C (-
1. S= 1_ 72,73 74, .4 C
So 23 4 n
Now, .
AQ+x=C+Cx+Cx*+---+Cx"

Dividing by x,

TG
A+x) G _ C +Cpx+-+Cx""
X x

or
1

C, +Cox+Cyx* +-+C,x""
_A+x)" -1
o d+x0)-1

1+ +x)+0+xP+-- 1+

Integrating both sides between limits —1 and 0, we have

0
J.(Cl +C2.x+C3x2 +...+C"xn—l)dx
-1

Q
= [+ 140+ + 1+ ) Jdx

—1

2 3 C »1°
= C,x+C2x T L
2. 3 no|,
2 3 n 0
_ x+(1+x) +(1+);) +m+(1+x)
2 3 noo
G G 11 1
o+ 1” €, =l+—+=—+-+=
= G-ty D 23 a

Replacingrbyn-ris equ:valent to wrltmg the series
in the reverse order.

R Prove that 20 "C, sinrx cos (n-r)x

Sin (nx)'

Sol. Here sum is given by

n

S = 2 "C, sin rx cos(n — r)x
r=0
n

= $5=Y"C,,

r=0

sin(n — r) x cos rx (replacing r by n—r)

n
= 25= Z”C,_ sin ax = sin nx x 2"

r=0

= S=2""sinnx

_l)k (2" C, )2

find the value of Z
k=0

Sol. Let,

2n

s=3(-1) (k-2n) (*C,) (1)

k=0

= A, then

Binomial Theorem 6.17

2n 2

= S=-Y(-1)"" 2n-k)("C, )

k=0
Writing the terms in S in the reverse order, we get
2n « . 9
S=-2(-1) (") @)
k=0
Adding (1) and (2), we get
2n

25==2n ) (-D" ("C,) = - 2nA
k=0 .

= S=-rA

—[ Concept Application Exercise 6.7 ‘—‘
1. Prove that

? 1> +2° 1P +22+3
—"C + 5 "C, + 7 & "Cy

3
+M" u n(n+3)2n2
2n+1
\ 2 n ro_n-r 2 2
2. pr+q=1,thenshowthat2r Cp g =npg+n’p*.
r=0
+X " 1+2x _on 1+3_x
3. Prove that 1 — CI - 2(1+nx)2 i

up to (n+1) terms = 0.
n C n C n C4 n C6 + _ 2”
5 7 n+l
5. H(1+x)"=C, +Cx+Cx + -+ + C,x", then find the sum
of C,+2C, +3C, + -+ 14C,,.
6. Find the coefficient of x" in the polynomial (x +"C) (x +3."C))
X@x+5"C) - [x+2n+1)"C].
7oC 'mc we
s B 2 _ 34
2 3 4

7. Find the value of *C, —

8. Find the value of
1 , 2 , 3 , 1 2n

L 10 g (1O e 10 0,10
81" 81" 8171

ECE

MISCELLANEOUS SERIES
Series from Multiplication of Two Series
Standard Results
1. "C +"C_"C +"C _,"C,+ - +"C =""C,
where r <m, r <n and m, n, r are +ve integers.
Proof:
LHS.="C +"C_"C +"C_,"C,+ - +"C,
="C "C,+"C_"C, +"C_,"C,+ - +"C "C,
= coefficient of x"in [(1 + x)" (1 + x)"}
= coefficient of x"in (1 + x)"*"

— m+nC - (sum of prefixes m and n)C
constant sum of suffixes

2' ncoz + nC]'l + - nC 2 - _nC
Proof:

nCOZ + nClZ + nC22 NI nC”IZ
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=("C,"C +"C "C_ +"C,"C _,+--+"C "C)
= Coefficient of x"in (1 + x)" (1 + x)"
= Coefficient of x" in (1 + x)**
=
3. CRCEHC e+ (1) C

Proof:
"Cr="CR+"CP =+ (=1)'"C?
="C,"C -"C,"C_ +"C,"C ,+--- +(-1)""C "C,
= Coefficient of x* in (1 + x)" (1 — x)"
= Coefficient of x" in (1 — x?)"

Now, general term in (1 - x*)"is T ="C(-=x?)".

For x", 2r = n = r = n/2 = n must be even.

If n is odd, ris not an integer or we can say, when » is odd,
x7 term does not occur in (1 — x*)" which is obvious. When r

is even, r = n/2. Hence,
T = nC (_x2)11/2= (_l)n nC’ xn

nf2+1 n2 n/2

= CP-CP+Cl+--+(-1yC?

_ 0, if n is odd
- -nc,,, if n is even

RGN A Find the sum Z "C,_, "C,.
i=0
Sol. S= Y ("C_)("C)
i=0
= Coefficient of x"in (1+x)" (1+x)"
; oty C

2n
5 Prove that Y, r(*'C)*=*-'C

i=0

2n+1°

_Example 6.7

25

Sol. =Y r("C))’

r=0

2n

= (*"CH("C,)

r=0

2n

- 2(21’1)2”-1 C,.‘l ZIC,‘
r=0

21

= 2nz ! C'r—l ZVCZH—I'
=0
Here, the sum of suffixes is » —1 + (2n —r) = 2n —1 which is
constant.
S = Coefficient of x*! in the expansion of
(1 +x)2n—-| (1 +x)2H

= Coefficient of x' in the expansion of (1 + x)*'

Example 676 Using binomial theorem (without using
the formula for "C ), prove that
11C4 + mCz - mCl IlCz = mC4 - m+nC‘1 mC3 + m+nC2 mC2

— m+nC‘3 mCl + m+nC‘4

Sol. »C,—"C "C,+""C,"C,-""C,"C, +""C,
=mC mC,—""C "C, +""C,"C,
—mnC mC +"™"C,"C,
= Coefficient of x* in (1 + x)™™ (1 — x)"
= Coefficient of x* in (1 — x2)™" (1 + x)"
= Coefficient of x*in [1 - "C, x* + "C, x* — -]
[(1+"Cx+"C,x*+ -+ + "C x']
="C,—"C, x"C,+"C,

Binomial Inside Binomial

_Example 6.77 |

Find the sum 2 e

r=0

SOl. 2 n+rCr =”C0+”+ICI +u+2C2+

r=0

+ wn C
n

- nC + n+lC + n+2C 4 oo + 211C
n n n n

= Coefficient of x" in {(1 + x)" + (I + x)™' + --.
+ (1 +x)*}

(1+x) {1-(1+x)""}
1—(1 +x)

= Coefficient of x™! in {(1 + x)*™' — (1 + x)"}
= 2n+1C

n+l

= Coefficient of x" in

BECIPICENEE Prove that *C, *'C - "C, *7'C, + "C, x
W2C 4 +(=1)"C "C =1. )

Sol. We know that

*C = Coefficient of x in (1 + x)*"

iC = Coefficient of x in (1 + x)"!

22C = Coefficient of x” in (1 + x)**2

3C = Coefficient of x* in (1 + x)*

"C = Coefficient of x" in (1 + x)"
Thus we have,
”CO 21’C”_ HCI 2n-1 C” + ”C2 2:1—2C” + ... +(_1)n ”C” ,,C“

= Coefficient of x" in [C, (1 + x)*' = C, (1 +x)*""
+ C2 (1 + x)zmz _ Cj(l + x)z“‘3 + o+ (_1):: C” (1 + x)u]

= Coefficient of x" in (1 + x)" [C, (1 + x)" = C, (1 + x)""'
+C(+x0)7?-C(1+x)7 + -+ (-1)'C ]

= Coefficient of x"in (1 + x)" {(1 + x) - 1]”

= Coefficient of x" in (1 + x)" x"

=1

Prove that"C, "C_-"C,*C +"C,”"C,

_Example 6.79 |
—.e = (_l)m—l n".

Sol mC nC _mC ZnC +mC 3HC e (_1)111—1 mC mlzC
* 1 m 2 m 3 m m

"

= Coefficient of x™ in



nCL (T +x) ="C, (1 + ) +"Cy(1 +x)* -

+ (D) e (1 4+ x)m
= Coefficient of x” in
nCy = ["Cy="C, (1 +x)" +"C, (1 +x)>" -

+(=1)y""C (1 +x)™]
Coefficient of x"in {1 — {1 - (1 + x)"}"]

Coefficient of x” in [1 - {—nx - "C, x* -

"Ca —

—(ny = ~(-1y"n
—(-1y~n

m — _(_l)nhl (_I)an

‘‘‘‘‘ B (8 +12x+4)y' =a +ax +ax’
+ee+a, X prove that

a =2"F(FC +"C,"2C +"C,"C + )
-Sol. (18x2 + 12x+4)" = 2"[2 + 9% + 6x]"
Now, a, is coefficient of x"in 2" [(3x + 1)* + 1], Hence,
a, = Coefficient of x" in 2" ["C,(3x + 1)** +"C,(3x + 1)**
+1C,Bx + 1y + - +7C Bx + 12 4 ]
= a =2"["C3%C +"C 3%C +"C,3 *C +--']
=2"3"["C,*C +"C, *C +"C,™*C + -]

———i Concept Application Exercise 6.8 l———

1. Prove that Y r(n-r)C’ =n’("2C,).

r=0

2. Prove that ("C,)? — ("C 2 + (*C,) - --- + (*C, Y = (-1y" *C,
3. Prove that"C, "C, - ™!C, "C+™2C, "C,~ --- = (1"
4. Prove that"C,»C, —"C, »C, +C,*C — ... =2,

p=l \ m=p

1 i n
value of 11_{“ 3 z [2 "C, ”'Cp ]

m=p

5. Find the value of [ >rc,"c, J And hence, find the

Sum of the Series when i and jare Dependent
02§ FOFO)

In the given summation, i and j are not independent.

In the sum of series Zif(l') ) = Z[f(l)(Zf(J)JJ

i=l j=I i=l

Consider, sum of the series

i and j are independent. In this summation, three types of terms
occur, those when i <j,i>jand i=.

Also, sum of terms when i < is equal to the sum of the terms
when i > j if f{i) and f{j) are symmetrical. So, in that case

SYrfG =Y Y 1o £0)

i=1 j=I O<i<js<n

+ 2> G+ ZZf(z)fo)

0<j<ign

=2 2> fOfG)+ ZZf(z)f(J)

0<i<j<n

Binomial Theorem 6.19

nooon

SN FOF)- 2 2O

i=l j=1

= YDA =

0<i<j<n 2

When f{i) and f(j) are not symmetrical, we find the sum by listing
all the terms.

_Example | Find the sum
a. XX C"C
0<i<j<n i 7
b. XX "C"C
C 0<i<j<n t J
c. ES: nC nC

‘Sol. a. 2> "C,"C,

0<i<jgn
[ii”q”qj— ” cy
— i=0 j=0 i=0
2
(" "C,.2”j— 3 ("C)?
i=0 i=0
2
22" =3 ("C,Y’
i=0
B 2
22:1 _ ZIIC"
2
b. Y Y C
0<i<j<n
(ZZ”C”C j+Z(”C)3
RN 0 j=0
2
( "C 2"]+Z("C)
_ \i=0
- 2
272" 4 Z( Cy
i=0
B 2
e
2
e. 2.2.1C"C,
i#j
:[iiuqncj‘]_i(” )
i=0 j=0 i=0
z(i"qz"]—i("qf
i=0 i=0
=2"-*C, |
MG RPM  Find the value of 3% ("C,+"C).

0<i<j<n
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(. (”C,- +" CJ))_EO‘z ”C,-
i=0 j= . i=0

. D22 (C+ "C)

0<i<j<n .2
[i[i "Co+Y "cjjj—zxz"
=0\ j=0 j=0
- 2
( n ("C’- i1+2n])_2n+l
=0 j=0
E 2
( < (nC (n+1)+2n)j_2n+l
_ =0
- 2
(n+l)z nC +21121 2n+l
i=l
2
(12" +2" (n+1)-2"!
2

=(n+1)2"-2"=n2"

Find the valueof 3% (i j) "C, "Cj.

1<i<j<n-1

Sol. S= 2.0 ("C)(j"C)

1<i<j<n-]

n ZZ TICLTC

I<i<j<n-I1

R 22(!1—!) _ 2(”_“C”_|
n - -
2

Find the value of X (@E+pCCH+ "Cj).

<i<j<n

I

Sol. Here sum does not change if we replace i by n—1 and j by
n—j

By doing so, in fact we are writing the series in the reverse
order.

S=3 > (i+H("C,+"C,) (1)
Ogi<j<n
= ZZ (n—i+n-HC"C,;+"C,_;)
0<i<j<n
§=2"31Qn—(+/) ("C,+"C) 2
0<i<j<n .

Adding (1) and (2), we have
. 2S — 21122 (”C,"" ”Cj)

0<i<j<n
= S=nxn2"=n*2"

| Find thesum >¥ “C,.

0<i<j<n

SOl. ZZ ”C,' — i=0 j:()‘ 2 > |

0<i<j<n
(Z(n-l—l)”C] 2'C

2
(12" -2

Find the sum ZZ Jj"C,.

0<i<j<n

n-l

=3 "Clr+D+(r+2)++ ()]

r=0

:i"C,_[(r+1)+(r+2)+---+ (n)]

r=0

. (ntl o r(n—r)
—Zj C( (n=r)=== j
I’l+1 ) " n 2
z(n r)"C, ——Z C, +2Z r*"C,

=0

I’l+1 < ,,C __2 "C += er nC

= %(n 27 (=12 +n 2" Y =n(n + 3) 2

BINOMIAL THEOREM FOR ANY INDEX

Let n be a rational number and x be a real number such that
Ixl < 1. Then ,

- , -Dn-2) ,
n(n ' )x" N n(n 3)‘(n )x“ e

(I+x)' =l+nx+

N n(n—1)(11—2')--~(n—r+1)
r!

x"

Note:

» The condition 1x) < 1 is unnecessary if n is a whole number,
while the same condition is essential if nis a ranonal number
other than a whole number.

» Note that there are infinite number of terms in the expansion
of (1 + x)", when n is a negative integer or a fraction.

o In the above expansion, the first term is unity. If the first term
is not uniry and the index of the binomial is either a negative

" integer or a fraction, then we expand as follows:



(x+a) ={a(l+£)} =a (1+£)ﬂ
G Ca)f ajo
‘ l+n (n_l)( ) e
a 2! a

nn—1 ’
-1 X+ ( )au—’l x2 +
2!

1!

a’ + na"

The expansion is valid when 1x/al < Ior equivalently |xi < lal.

. Exp;_znsion of (x + a)" for any rational index: »

Case:1: When x| > lal, i.e., la/xl < 1.

Rt

oot tfe) sesoe] |

Case II': When Ixl < lal, i.e., Ix/al < 1

(x+a)y = {a(l + 2]}'1 L
a {1 +‘n$ L (”2'_ 1) (5)2 N n(n —‘\13)! (n _2)[§J3+ }

« Ifnisa posmve mteger the above expansion contains ( n+ 1 )

tervis and coiricides. with; (I wxp = "C +"Cx +"C, x4
"Cn x", because

w-1) . _nln-1)(n=2)
“Co =1, "C’l =n, "C2= T, C3 :T

« The general term in the expansion of (1 + x)" is given by

nn-Hn-2)-[n-(r=D] .

rl

T

r+l T

. Let nbea positive integer, then by replacmg n by —n in-the
expansion for (1 + x)', we get

(I +xpt=1l-nx .

+n(n+1)x2_ (”+1)(n+2)x3+...-
2! ’ 3!
I RICES RS PURT B

r!

L=1-"Cx+mC? - "“VZIC'}x3 + -+ "*""‘Cr(—')é)’ F e
Now replacing x by —x and n by —n in the expression of

(1 + )", we get
1} , #A(n+1
(A-x)"=1+nx+ n(r; ) X+ nin+ 3)'(n-l-2)1c3 +

n(n‘-l,— N(n+2)(n+r —1)

r!

xr =+ .-

If it is —ve integer then (1 —xy"= 1 +"Cx + "™'Cx* + "*Cx* + ---
n+r—lcxr EA
r

Binomial Theorem 6.21
Impbrtant Expansions
@O Q+x)'=1l-x+2F-3+ -+ x+--
Q) (1—x) ' = L 4x 4240+ b xtoer

(i) (1+x)?=1-2x+3x2—-4x>+ ---

iv) A-02=1+2x+37+4+ -

=i{(\»l;_ﬂz(ample 6.87

Find the condition for which the formula

.m(m—1)

am—2b2 ves h l .
2 ° + olds

(@+b)"=a"+ma™'b +

Sol. The expression can be written as a” {[1 +—) } Hence,
it is valid only when a

Ib/al < 1

= bl <lal

Find the values of x, for which

1/(~/5+4x) can be expanded as infinite series.

-1/2
4
Sol. The given expression can be written as 57 (1 + _x]
and is valid only when 5

4 5
—xl<l=lxl<=
4

R2CIWACKR: I  Find the fourth term in the expansion of
(1 Zx)'VZ
Sol. We have,
3.1
—_— X J—

(1 2x)3’2—1+—( 2x)+222( 2x)?
1

1
2{ 2 \
+ - (=2x)° + -

3
- X
2

Hence, the 4" term is x¥/2.

RGN CXRE Prove that the coefficient of x” in the
expansnon of (1- 24c)‘”Z is 2P)Y[27(rH.

Sol. Coefficient of x” is
.__l _l_l _l_z —l—l’—f'l
2 2 2 2
r!

IX3XSxx(2r =D) (=) (=12
B 2" r!

r

2)




6.22 Algebra

IX3Xx5%--x(2r =1

r!

Ix2Xx3Xx4x5%--x(2r —1)(2r)
(2x4AX6X8X--xX(2r)Hr!

2!

27(rty

Find the sum

1 1 3 1x3x%5
X —————"" 4+
8 8 16 8x16x24

Sol. Comparing the given series to

1+ nx +$ x4 =1 +x)"
we get
e ang 10D 3
2! 128
=1 -1
= "2
Hence,

_Exa mple QZ‘ B Assuming x to be so small that x? and
higher powers of x can be neglected, prove that

3 -4
(1 + Zx) (16 — 3x)"*

305
273 =1- —x
8+ x) 96

Sol. We have,

3 Y 3\ 3x )"
1+= —3x)"? i 2 2%
( +4XJ (16-3x) (1+4xj (16) (1 16)

2/3 2/3
(8+x) 82/3(1+-§J

4 12 273
e 3] (123 (142
4 16 8

- (1_%){)[1_%)= _i—z 1 [neglecting x*]
305

— 1 JE——
96

H2CIN R ERE Find the coefficient of x” in the expan-
sion of (1 — 9x + 20x*)L

Sol. We have, ‘

(I -9x+20x3" = [(1 - 5x) (1 —4x)]"

1 5 4

(1-5x)(1—4x) 1-5x 1—4x

=5(1 — 5x)!'—4(1 — 4x)™!

=5[1+5x+ (5xP + -« + (52" + ---1—4[1 + 4x + (4x)?
R +(4x)"+ ]

Therefore the coefficient of x is 5" — 41,

——‘ Concept Application Exercise 6.9 f-—-

1
1. If the third term in the expansion of (1 +x)" is ——x°, then
find the value of m. 8

2. Find the cube root of 217, correct to two decimal places.

/2 172
a a
. . 2 +
3. Find the coefficient of x2 in [a +x] (a—x) .
4. If Ixl < 1, then find the coefficient of x” in the expansion of
T+x+x*+--)
5. If lxl > 1, then expand (1 + x)™°.

6. If Ixl < 1, then find the coefficient of x” in the expansion of
(A +2x+3x% +4x3+ )2,

7. If (r + 1)th term is the first negative term in the expansion of

(1 + x)™2, then find the value of r.




Subjective Type S

,k kLSolutions‘an‘page'6.34. :

1. Find the coefficients of x" in [1 + % + * 44X }

2.

. Prove that ——0 _

2! n!

If Z{a, (x—a+2) —-b (¢ —x-1)}=0, then prove that
r=0 .
b ~(—1)a,=0.

Evaluate ”CO ”Cl +2”C| "C3 +3"C2 “C4 +"'+(ﬂ'—1)"C"72 nc

nt

n
Prove that Z "C,(—I)’[i’ I i‘“]
r=0"

=2" 4+ 2" cos(n /4) where i =+/—1.

Leta = (4" —1)and foreachn >2,letb = "C,+"C,.a+

"C,.a*+..+"C .a"". Find the value of (b b

2006 2005) :

If n be a positive integer, prove that
on+ 2n(2;— 1) B 2n(2n —?1’?(2)1 -2) o

+(-1)

1—

nl 2n(2n—1)-~-(n+2)

(n—-l)!

= (=1 'Cn)l/2(n1)

”C

...+(_1)" —

x+n

nC "C] N ”Cz

X x+1 x-'|-2_

n!

- x(x+1)---(x+n)’

where 7 is any positive integer and x is not a negative integer.

8. Prove that
|00C0 [()()C2 + |00Cz ]00C4 + |00C4 |()0C6 + e ]OO'Ct)x IUUCIOO
I,y
= 5’: 00C9s - IOOC49]'
mel 92 _
9. Prove that § 27 ~rm=2+1_ 1
o (m=-n)"C, m
' 10. Find the coefficient of x*° in the expression
(14 )" 4+ 25(1 + x)°° + 3x2 (1 + x)*8 + ... + 10015000
11. Prove that

"C, - l+l "C, + I+l+l "Cy+ e
2) 2 33 °

ey el L "C.,=l
2 3 n

n

e,
12. Provethat "C, ("C,) ("C3)3~~~(”C,,)”S( 2 IJ ,VhneN.
n+
13. Prove that
1o n ,,Cl+n(n—1) c, n(n—1)~-_-2><1,, ”
m! (m+1)! (m+2)! (m+n)!

EXERCISES

Binomial Theorem 6.23

- (m+rn+D(m+n+2)---(m+2n)
(m+n)!

14. If n=12 m (m € N), prove that

15.

Objective Type

n

__"Cz_+ "C, "G, R 22 Y
©+3Y  2+B) @+ 1443

Prove that in the expansion of (1 + x)* (1 + y)" (1 + z)", the sum of

the coefficients of the terms of degree ris *'C..

i

So‘lutions ori page 6.36

Each question has four choices a, b, ¢ and d, out of which only one
is correct.

1.

‘¢ 216

If the coefficients of 5%, 6" and 7* terms in the expansion of
(I +x)"bein A.P., thenn =
a. 7 only b. 14 only

c. 7orl4 d. none of these

If x™ occurs in the expansion of (x + 1/x2)*, then the coefficient of
xmis

. (2n)! (2n)1313!
T (m)!2n—m)! T 2n-m)!
2n)! d fth
[2”-”’[),(4’1-{-7)’1)' . none of these
3 )0 3 )

The coefficient of x° in the expansion of (1 +x)*' + (1 +x)2 + ---
+(1+x)%0is
a. °'C,

¢ IC,-*C

6

b. °C,
d. *°C, +2C,

The coefficient of 1/x in the expansion of (1 + x)" (1 + 1/x)"is
! !
a n! b. (2n)!
(n—Dln+D! o (m=Dir+D!

2n)!

cC. ———M————— d. none of these
Cu-D)'Qn+H!

. In the expansion of (1 + 3x + 2x?)¢, the coefficient of x!! is

a. 144 b. 288

d. 576 ,

If the coefficients of ™ and (r + 1) terms in the expansion of
(3 + 7x)* are equal, then r equals

a. 15 b. 21

¢ 14 d. none of these

If the coefficients of three consecutive terms in the expansion of
(1 + x)" are in the ratio 1:7:42, then the value of n is

a. 60 b. 70.
c. 55 d. none of these
If(1+2x+22)= Yax, thena =
=0
a. ("C)? b. "C -"C |
c. 2nCr d. 2”Cr+|
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Aigebra
If in the expansion of (1 + x)", a, b, ¢ are three consecutive coef-
ficients, then n =
ac+ab +bc 2ac+ab+bc
Y R b, ————
b" +ac b* —ac
ab+ac
3 d. none of these
b* —ac
The coefficient of the middle term in the binomial expansion in
powers of x of (1 + ax)* and of (1 — ax)® is the same, if « equals
a. —é b. 10
3 .
_3 a3
10 5
The coefficient of x" in the expansion of (1 —x) (1 —x)" is
a. n—1 b. 1)1 +n)
c. (1)t (n-1)7? d. -1)y'n
If the coefficients of »™, (r + 1)" and (» + 2)" terms in the bino-
mial expansion of (1'+ y)" are in A.P., then m and r satisfy the
equation
a m-m@r+1D+4r2+2=0
b.m—m@r-1)+4r*-2=0
c.m-m@r-1)+4r*+2=0

d m-m@r+1)+4r2-2=0

1
If the coefficient of x7 in ':ax2 + (bi J:, equals the coefficient of
X

11
x7in l:ax - (—I—ﬂ , then a and b satisfy the relation

x2
a.a+b=1 b. a-b=1
c. ab=1 d =1
b
The coefficient of a*b*c’d’ in (abc + abd + acd + bcd)™ is
!
a. 10! . 10t
81419191
c. 2520 d. none of these
The coefficient of x° in the expansion of (x> — x —2)° is
a. -83 b. -82
c. -86 d. -81
The coefficient of x*y* in the expansion of (1 —x + y)? is
20! 20'
a —
213! 2131
!
c. _20t d. none of these
512131
10
k
If the term 1ndependent of x in the [\/— - —ZJ is 405, then k
equals *
a 2,-2 b. 3,3
c 4,4 d. 1,-1
The coefficient of x'® in the expansion of (1 + x> — x*)? is
a. 476 b. 496
¢. 506

d. 528

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

If the coefficient of x" in (1 + x)'% (1 —x + x%)'® is non-zero, then

n cannot be of the form

a. 3r+1 b. 3r

¢ 3r+2 d. none of these

The coefficient of x* in the expansion of (1 + x* - x%)% is
a. | ’ b. 0

c. *C, d. *C,

The term independent of a in the expansion of

(1+JZ+J_ 1]_30 is

30
a. °C,
30
c.*C,

b. 0
d. none of these

The coefficient of x™ in the expansion
100

Z][}OCI"(X 3)|00 "m 2m :

m=0

a. '°C, b.
c. —'%C, d.

100,
C53
_100
CIOO

The coefficient of the term independent of x in the expansion of

10
x+1 x—1
PP El x—xV?

is

a. 210 b. 105

c. 70 d. 112

In the expanéion of (1 + x + x3 + x%', the coefficient of x* is
a. “C, b. '°C,

c. 210 d. 310
The approximate value of (1.0002)%% is
a. 1.6 b. 14

c. 1.8 d. 1.2
The last two digits of the number 3% are
a. 81 b. 43

c. 29 d. 01

The expression

(mwz—xz?)l[_ T ]

\/2)c2 +1 +\/2x‘ -1

is a polynomial of degree
a. 6 b. 8
c. 10 d. 12

The coefficient of x'[0 < r < (n — 1)] in the expansion of (x + 3)*!
+ X+ A+ A+ 3 e+ 22+ -+ (x +2) " are

a. "C_ (37— 2" b. "C, (3" - 2"

c. "C (3 +2") d. none of these

If (1 +2x+3x)°= a,+ax+ax’ + -+ a,x, then a, equals

a. 10 b. 20

c. 210 d. none of these

In the expansion of (5'2 + 7'8)!%4 the number of integral terms is
a. 128 b. 129

c. 130 d. 131



31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

The total number of terms which are dependent on the value of x,

in thie expansion of (x’ -2+ iz) is equal to

X
a. 2n+1 b. 2n
c. 7 d. n+1

If the 6" term in the expansion of

3
(xsl o5 +x"og, x) is 5600, then x equals

a. 1
c. 10

b. log, 10
d. x does not exist

If 72-is an integer between O and 21, then the minimum value of
n!(21 - n)! is attained for n =
a. 1 '

c. 12

b. 10
d. 20

n

In the expansion of (3™/*+3°**)" the sum of binomial coeffi-
cient is 64 and term with the greatest binomial coefficient exceeds
the third by (n — 1), the value of x must be

a. O b. 1
c. 2 d. 3

If the last term in the binomial expansion of (2” -

L ”is
#)

fog, 8
1 :
(—3;;] , then the 5" term from the beginning is

a. 210 b. 420

c. 105 ' d. none of these
If+C  C'C | = 11:6:3, then nr=

a. 20 b. 30

c. 40 d. 50

The value of x for which the sixth term in the expansion of

7

log, ¥9*'+7 . 1
2 * 1 log, (3" +1)
257
is 84 is
a. 4 b. 1or2
c. Qorl d. 3

The number of integral terms in the expansion of ( B+ % )is
a. 33 b. 34

c. 35 d. none of these

The number of real negative terms in the binomial expansion of
(1+ix)"2 ne N,x>0is

b. n+1

c.n-1 d. 2n

If in the expansion of (a — 2b)", the sum of 5" and 6" terms is O,
then the values of a/b =

a. n

n—4 2(}'1-—4)
5
5

b.

5
5

S
|
ENS

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Binomial Theorem 6.25

The number of distinct terms in the expansion of
15 .
( x+ 1 +x+ iz) is/are (with respect to different power of x)
x X )

a. 255 b. 61
c. 127 d. none of these
The sum of the coefficients of even power of x in the expansion
of (1 +x+x*+x%1is
a. 256 b. 128
c. 512 d. 64
Maximum sum of coefficient in the expansion of (1 — x sin 8+ x?)" is
a. 1 b. 2¢
c. 3" d. 0
If the sum of the coefficients in the expansion of (a + b)" is 4096,
then the greatest coefficient in the expansion is
a. 924 b. 792
c. 1594 d. none of these
If the sum of the coefficients in the expansion of (1 —3x + 10x?)"
is a and if the sum of the coefficients in the expansion of (1 + x%)
"is b, then
a. a=3b b. a=5
c. b=a® d. none of these
If (1+x—2:=1+ax+ax’+ax*+ -, then the value of
a,+a,+a+ - +a,will be
a. 32 b. 31
c. 64 d. 1024
The fractional part of 2*/15 is (n € N)
a. 1 b. 2

15 15

4
c. — d. none of these

15
The value of *C; - "Cl+7C; —-- = "C} is
a. 15 b. 15
c. 0 d. 51

The value of

30 Y 30 30 Y30 3030 30130
- + +et =
0 p10 1 ptl 2 12 20 A\ 30
a. 9C, b. *C,
c. ¥C, d. *°C,
1 2 n
O, L0, O
2! n!

where f7(x) denotes the " order derivative of f(x) with respect
to x, is

If f(x) = x*, then the value of f(1)+

a. n b. 2"

c. 2" d. none of these

The value of *C, + *C, + *C, +°C, + *C, + *C , +*C ,

+3C, +2C,, is

PCutC) g v PG +2x7G)
2 : 2

a. 21—

0,
2

c. 2- d. none of these
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52.

53.

54,

55.

57.

58.

59.

60.

Algebra

G, 6, G, LG

The value of —* +
n n+l

a. Jx””(l—x)”dv

=3

c. | X"+ x)'dx

—— 10

-+ —= isequal to
n+2 2n

b. X"(.\' _ l)n—-l dx

——

1 .
d. J—(l _ X)”.x"_ldx
0

IfC,C,C, ..., C are the binomial coefficients, then
2xC|+23xC3+25xC5+---equals

34 (=1
2
3" +1
2

a.

C.

n

The value of }5(—1)”l _C
r=I1 o

r+1

C.
n+l

Q+xr=C+Cx+ C* + -+ Cx* then C,C,+ C.C,

+CC,++CC =
(2n )
(nt)’
(2n)!

(n - 2)!(11 + 2)!

!

b. 311 _ (_1)11
2

d.i;l
2

is equal to

n+1

(Zn)!
b e+ D)

d. none of these

. The sum of series *C, - *C, + NC,-0C + -+ ¢, is

a. 5 “C,, b. 0
c. *C, d. -*C,
4()4C4 _ -'JC]]()..‘C:‘ + 4C22()2C4 _ 4C3|0|C4 IS equa_l tO
a. (401)* b. (101)*
c. 0 d. (201
If (3 + 08 4 )M =g +a x+ A+
I I 1 .
ofa— —a, ——a, +a,——a, - —a;+d,— 18
2 2 " 2 2 '
a. 3% b. 1
c. 2%010 d. none of these

1]
The value of Z,— IOC,- 3"(_2)10-,- s

r=0
a. 20
c. 300

40
. The value of ZI‘A(’C,. *C s

r=0
69
a, 409C,
c. ¥C,

b. 10
d. 30

b. 40™C,,
d. °C,,

+ax"  then the value

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

r

r2

15
The value of is equal to
,Z,‘ (r+2)! d
ani-12"* 18y-2"
A7) Toasy
c (16)-2" (15)1-2"
Toae) T asy
n+2)"C,2*' = (n+ 1)"C, 2"+ n"C, 2t — ... is equal to
a. 4 b. 4n
c. 4n+1) d. 2(n+2)
50 50
The value of £ (-1)) —= isequal to
r=0 r+2
a. ! b. !
50 x 51 52 x50
C. 1 d. none of these
52 x 51
In the expansion of [(1 + x)/(1 —x)]*, the coefficient of x" will be
a. 4n b. 4n-3
c. dn+1 d. none of these
The sumof 141 (1oL )+ 200 L1 it be
x 2! x
a. x" b. x™*
1 il
c. (1 ——) d. none of these
x
- k-l
Zk(l - l) =
k=1 n
a. n(n—-1) b. n(n+ 1)
c. d. (n+1)

The coefficient of x* in the expansion of {(v1+x* —x}™'
in ascending powers of x, when ixl < 1, is

a. 0 b. l
2
c 1 d. L
2 8
1 Ix4 5, 1x4x7 , .
1+ —x+ x x° +--- isequal to
3 3Ix6 Ix6%x9
a. x b. (1 +x)"?
c. (1-x)"7 d. (1-x)""
[ 1x3 Ix3x5
—_ 4 +___+...:
4 4x8 4x8xl12
1
a. \/5 b. —
2
1
C. \/5 d. —
NG)

If Ixl < 1, then

2x n(n+1) 2x Y
l+n + — ] +
I1+x 2! 1+x

is equal to




71.

72.

73.

74.

75.

76.

71.

78.

79.

(2x )" [l+x]"
a. b. | —
1+ x 2x
e 1—x d. T+x
1+ x 1-x

The coefficient of x°in (1 +2x + 3x? + - y*is (k< 1)
a. 21 b. 25
c 26 d. none of these

If Ixl < 1, then the coefficient of x" in expansion of
(l+x +x2+x+--)1is :

a. n b. n-1

c.n+ 2 d. n+1l

If x is positive, the first negative term in the expansion of
(1 +x)?5is(Ixl < 1)

a. 5" term b. 8% term

¢. 6 term d. 7" term

If x is so small that x* and higher powers of x may be neglected,
then

3/2 1 1
1+ x) —(1+-2—x)

(l _ x)l/Z
may be approximated as

3
a. 3x+ —x b.l—gx2
8 8
¢ X _3 x d. - 3 x?
2 x 8
If the expansion in powers of x of the function 1/[(1 — ax)(1 - bx)]
isa,+ax+ ax’ +ax'+ - thena, is
b" — a" b a” — b”
b—a " b-a
n+l n+l n+l _ n+l
c. el d. b —a™
: b—a b-a
ok 1 " .
Value of Y, ¥ —(*C,)is
k=1r=03
2 4
.= b. —
a 3 3
c 2 d. !}

The sum of rational term in (+/2 + 3/3 + ¢/5)"° is equal to

a. 12632 b. 1260

c. 126 d. none of these
ff(x)=1-x+x>—x*+ - —x" +x'°~ x'7, then the coefficient of
Xinfix—1)is
a. 826

c. 822

b. 816

d. none of these

Ifp=@8+ 3ﬁ) "and f=p — [p], where [ - ] denotes the greatest
integer function, then the value of p(1 —f) is equal to

b. 2
d' 2211

a. 1
c. 2"

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

Binomial Theorem

6.27
10 N -
. The value of Z(r)*C, is equal to
a. 202"% +°C ) b. 10Q2%+"°C )
c. 202" +°C)) d. 10Q2®+"C))
The last two digits of the number (23)'* are
a. 01 b. 03
c. 09 d. none of these
Letf(x)=a,+ax+ax’ + - +ax"+ - and
PG by+bx+bx*+-+bx"+ -, then
1-x
a bn + bn—l = an b' bn - bn—l = an
¢. bib _ =a, d. none of these
If(1-x)"= Za,_x"(l —x)*", then a, is equal to
r=0
a. "C, b. "C 3"
¢ *C d. "C 2
[(Cy+"Cy+ - )= 12('C +"C,+"C +"Ci + - )N?
+3/4("C, - "C,+"C,="C;+ -+ ) =
a. 3 : b. 4
c. 2 d. 1
2 50
If f%";'_l =a,+ax+ax +--, then Zlaf is equal to
a. 148 b. 146
‘c. 149 d. none of these

‘p’ is a prime number and n < p < 2n. If N="C , thén
a. pdivides N b. p* divides N
¢. p cannot divide N d. none of these

300

300 300
Yax'=(+x+x+x)®fa= ) a,then ) ra, isequal to

r=0 - r=0 r=0

a. 300a b. 100a

¢. 150a d. 75a
n+1 n

The value of Z[ kC,__, ] (where r, k, n € N)is equal to
r=1\ k=l

a. 2n+l — 2 b. 2u+l _ 1

c. 2! d. none of these

H{-x)"= a0+a1x+azx2 + - +ax + -, then

a,+a, +a,+ - +a,isequalto

an+Dnr+2)-(n+r) b. (n+Dn+2)--(n+r)
r! r!

nn+D(n+2) - (n+r-1)
N r!

d. none of these

20

The value ;U r(20—r) (°C,)* is equal to

b. 400 “C,,
d. 400 %C,

a. 400 ¥C,,
c. 400¥C,,



6.28 Algebra

M ultiple Correct Answers Type B R T 6.44

Each question has four choices a, b, ¢ and d, out of which one or
mo7re answers are correct.

1.

6. If the 4" term in the expansion of (ax + 1/x)" is 5/2, then
13.
a. a= l b. n=8
2
c.a= z d. n=6
3
7. The sum of the coefficient in the expansion of (I + ax —2x2)" is
a. positive, whena<landn=2k, ke N
b. negative, whena<landn=2k+ 1, ke N 14.
¢. positive, whena>1landne N
d. zero, whena=1
8. If
o 30 20
m) =
fm) ;‘(30—[)[111—1']
where
(p ]= ”Cq, then
q
a. maximum value of f(m) is *C,,
b. f(O)+ f()+---+ f(50) =2% 15.
c¢. f(m) is always divisible by 50 (1 <m < 49)
50
d. The value of Y (f(m))* ='"C,,
m=0
9. If for z as real or complex, (1 + 22+ ) =C, +C 2+ C, ¢

The value/values of x in the expression (x + x'oew "')J if the third

term in the expansion is 10,00,000 is/are
a. 10 b. 100

c. 1077 d. 1072
If the coefficients of r™, (» + 1)™ and (r + 2)"" terms in the expan-
sion of (1 + x)'* are in A.P., then r is/are ’

a. 5 b. 12

c. 10 d. 9

In the expansion of (x + @) if the sum of odd terms be P and sum
of even terms be Q, then

a. PP Q*=(x>-a*"

b. 4PQ = (x + a)*" — (x — a)™

¢ 2P+ =(x+a)" + (x ~a)™

d. none of these

If (4 + \/E )” = I + f, where n is an odd natural number, / is an

integer and 0 < f< 1, then
a. Iis an odd integer b. /is an even integer
c. (+H(1-pH=1 d 1-f=(4-45)

‘The number of values of r satisfying the equation “C, |- *C,

_ & &9 .
="C, G, is

b. 2
d. 7

a. 1
c 3

+ -+ C 7% then

10.

11,

12,

a. C,~C +C,-C+-+C =1
b. C,+C,+C,+C+C,+C =3
¢ C,+C +C,+C +C =3¢

d C+C,+C+C +C +C =7

In the expansion of (7' + 11!7)8%6!,
a. there are exactly 730 rational terms
b. theré are exactly 5831 irrational terms

c. the term which involves greatest binomial coefficients
is irrational

d. the term which involves greatest binomial c{oefﬁcients is
rational

f(+x)=C+Cx+Cx’+--+Cx' then
C-(C+CH+(C+C +CH-(C+C +C,+C)
o (LG +C A+

a. a positive value

+ C_,), where n is even integer is

b. anegative value
¢. divisible by 2"
d. divisible by 2"

1

In the expansion of [xz +1+ —zj ,AEN,
X

a. number of terms is 2n + 1
b. coefficient of constant term is 2" !

¢. coefficient of x*'2is n
d. coefficient of x> in n
The value of “C, +"'C, +"C, + --- + ™"'C s equal to

m+n
a. C.,

m+n
b. ™ C
m m+l m+2, .. mn-1
¢ "C +"™C,+"PC + -+ IC)

d. mn C

m-1

If (1+x)' = C,+ Cx + Cp + - + Cx ne N, then C, - C, +
C,— -+ (=1y~'C,  isequalto(m<n)

(n=D)(n=2)--(n—m+1)

_1ymel
(m—1)! =
b. 'C | (-1
e, (EDZD) mm)
(m—1)!
d. ~'C (—l)"'*l

n—m

20
10" term of (3 - % + 3\/§j

a. an irrational number
b. arational number

o

. a positive integer

=7

. anegative integer



16.

17.

18.

19.

20.

Reasoning Type

For the expansion (x sin p +x7'cos p)', (p € R),

a. the greatest value of the term independent of x is 101/25(51)
b. the least value of sum of coefficient is zero
¢. the greatest value of sum of coefficient is 32

d. the least value of the term independent of x occurs when

= (2n+1)%,ne Z

n+4

Let (1 + x)* (1 +x)y= Zakxk. If @, a, and g, are in arithmetic

k=0
progression, then the possible value/values of n is/are
a. 5 b. 4
c 3 d. 2

The middle term in the expansion of (/2 + 2)% is 1120; then
x € Ris equal to

a. 2
c. -3

b. 3
d 2

For which of the following values of x, 5 term is the numerlcally
greatest term in the expansion of (1 + x/3)'°;

b. 1.8
d. -1.9

a. -2
c 2

For natural numbers m, n, if (1 —y)" (L +yy' =1+ay+ay’
+-+,anda, =a,= 10, then

b. m>n

d m-n=20

a m<n

¢ m+n=80

Solutions on page 6.47

Each question has four choices a, b, ¢ and d, out of which only one
is correct. Each question contains STATEMENT 1 and STATE-
MENT 2.

a.

b.

Both the statements are TRUE and STATEMENT 2 is the

correct explanation of STATEMENT 1.

Both the statements are TRUE but STATEMENT 2 is NOT the
correct explanation of STATEMENT 1.

STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.

d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

Statement1: Thevalueof (°C))+("C +"C)+("Cy+ e +1°C,)
+ (0C,+ °C + °C,+ -+ + °C)is 10 --- 27
"C,+2"C,+3"C+ - +n"C = n2rt,
Statement 1: Greatest term in the expansion of (1 + x)'%, when
x=11/10 is 7™,
Statement 2: 7" term in the expansion of (1 + x)'? has the factor
12C, which is greatest value of *C,
Statement 1: Remainder when 34562 is divided by 7 is 4.
Statement 2: Remainder when 5% is divided 7 is 4.
Statement 1:
in A.P. »
Statement 2: Three consecutive binomial coefficients are not in
H.P. or G.P. :

Statement 2:

Three consecutive binomial coefficients are always

10.

11.

12.

13.

14.

15.

Binomial Theorem 6.29

Statement 1: If n € Nand ‘n
2n
(I+x+x)"= Z a,x’, then the value of Z( D"a, "C, is zero.

’ is not a multiple of 3 and

Statement 2: The coefficient of x” in the expansion of (1 —x) is
zero,ifn=3k+1orn=3k+2.

Statement 1: 322 — 81 — 9 is divisible by 64, V n € N.
Statement 2: (1 +x)" — nx — | is divisible by x*, V n € N.
Statement 1: The number of distinct terms in

(1 +x+x2+x° +x%)1% is 4001.

Statement 2: The number of distinct terms in the expansion
(a, +a,+..+a)yis™'C

m-t"

Statement 1; The coefficient of x" in

2 3 2 Y M

X X "), 3
l+x+—+—+-+=1is —.

21 3 n! n!

"
is —.
n!

Statement 2: The coefficient of x” in e*

Statement 1: In the expansion of (1 + x)*'(1 — x + )%, the
coefficient of x® is zero.

Statement 2: In the expansion of (1 +x)* and (1 —x + x*)*, x¥
term does not occur.

Statement 1: The total number of dissimilar tefrms in the expan-
nn+1)(n+2)

Y

Statement 2: The total number of dissimilar terms in the expan-
n(n+(n+2)

— e

sion of (x, +x, + -+ +x)'is

sion of (x, +x, + x,)" is

Statement 1: If p is a prime number (p # 2), then [(2 + \/g)p}

—27+1 is always divisible by p (where [-] denotes the greatest
integer function).

Statement 2: If n is prime, then "C,, "C,, "C,,
divisible by x.

.,"C, , must be

Let n be a positive integer and & be a whole number, & < 2n.
Statement 1: The maximum value of >'C, is *'C,.

Statement 2: :C“' <],fork=0,1,2..

*C, -
fork=n+1,n+2,...,2n
Statement 1: The sum of coefficients in the expansion of
(37 + 3y ig 2,
Statement 2: The sum of coefficients in the expansion of (x + y)
"is 2" when we putx =y = 1.

Statement 1: "C +"C_"C,+"C ,"C,+---+"C =0,if m+n<r.
Statement 2: "C =0ifn<r.
Statement 1: z Z [" - ] is equal to % a,
O<i<jsn j
I
wherea= ) —.
r=0 " C,—
o
Statement 2: = .
g n C s n C,,



6.30 - Algebra

- . A . For Problems 10-12
Linked Comprehension Type REIR Ty g WL, T _
: An equation g+ @ x + a,x> + --- + @, x” + x'* = 0 has roots ®C,*C,,

Based upon each paragraph, three multiple choice quéstions have PCyp oo s PCy '
to be answered..Each question has four choices a, b, ¢ and d, out of 10. The value of a,, is equal to
which only one is correct. a, 2% b. 2%

For Problems 1-3 c. 2% d. none of these

= — 1" 11. The value of a,, is
The sixth term in the expansion of [ {2l s{10-3 )} + 2 33}} %

198 198 198 198
27 = Cy 2%+ ¢,
is equal to 21, if it is known that the binomial coefficient of the 2™, 3« a. a5 b. 5
and 4" terms in the expansion represents, respectively, the first, third :
and fifth terms of an A.P. (the symbol log stands for logarithm to the ¢ 2%-%¥¢C, d. none of these
base 10).

12. The value of (®C)* + (*C ) + --- + (*C,,) is equal to
1. The value of m is ]

a6 b7 a. 2a,—al b. a, - a,

. 8 d 9 ¢ al -2a, d. none of these
2. The sum of possible values of x is For Problems 1315

a. 1 b. 3

. Any complex number in polar form can be an expression in
c. 4 d. none of these Euler’s form as cos 8+ i sin 6 = ¢”. This form of the complex number

3. The minimum value of expression is . o o _
is useful in finding the sum of series z "C (cos +isin@)".

a. 64 b. 32 =~
c. 128 d. none of these y "
Y. "C,(cosrf +isinr@) = Y "C,e"
For Problems 4-6 ‘ =0 =0
The 2™, 3" and 4" terms in the expansion of (x + a)" are 240, 720 and 5, 0\
. = C (e )
1080, respectively. 2 C
4. The value of (x — a)" can be 14
a. 64 b. -1 = (1+¢")
c 32 d. none of these Also, we know that the sum of binomial series does not change if

ris replaced by n — r.

5. The value of least term in the expansion is . . .
Using these facts, answer the following questions.

a. 16 b. 160
100
c. 32 d. 81 13. The value of go '™ (sin rx) is equal to
6. The sum of odd-numbered terms is ' =
a. 16_64 b. 2376 a. 2'%cos'® ¥ gin 50% b. 2'%5sin(50x) cos d
c. 1562 d. 1486 2 2
For Probleins 7-9 c. 2'% cos' (50x) sin% d. 2'%gin'® (SOx) cos{(50x)
fA+x+x=aq+ax+ax’ -+ a,x*°, then answer the following
3 . 50
questions. 14. In triangle ABC, the value of T 0Ca'b"" cos(rB - (50 — ) A) is
. Th f tayi = :
7 ¢ value o 70 TaEaE s equal to (where a, b, c are sides of triangle opposite to angle A,
a. %(9'0 + ay,) b. %(9'0 —a,) B, C, respectively, and s is semi-perimeter)
“lo a. ¢® b. (a+ b)®
c. 97 d. none of these ¢c. 2s—a-b)y* d. none of these
L . 15. If
8. Thevalueof gy —a; +a; —---—aj, is 50
| | > *C, sin2rx
a. —a,(l-ay,) b. —a,(1+a,) fo=5°
2 2 Y *C, cos2rx
c. laz d. none of these -
b then the value of f(7/8) is equal to
9. The value of g, + 3a, + 5a, + -+ + 8la,,is a. | b. -1
a. 161 x 3% b. 41 x 3% c¢. irrational value d. none of these

c. 41 x3% d. none of these



For Problems 16-18

Let

~ D SO*FTC (2r—1) _ O\ ~ 100 _ r‘mo -
i Z. 5°C,.(50+r)’Q_ on( C,-),R—Z;( 1y ('c,)

16. The valueof P— Qs equal to

a. 1 b. -1

c. 2°° d. 2%
17. The value of P — R is equal to

a. 1 ' b. -1

c. 23° d. 2'®
18. 0+ Risequalto

a. 2P +1 b. 2P -1

c. 2P+2 : d. 2P-2

For Problems 19-21
P is a set containing n elements. A subset A of P is chosen and the set
P is reconstructed by replacing the elements of A. A subset B of P is
chosen again.
19. The number of ways of choosing A and B such that A and B have
no common elements is
a. 3" _ b. 2%
c. 4 o d. none of these

20. The number of ways of choosing A and B such that B contains
just one element more than A is

a, 2" b. *C |
c. 7C, d. 3"
21. The number of ways of choosing A and B such tha; B is a subset
of Ais
a. *C, b. 4"
c. 3" " d. none of these

Solutions on page 6.51

Matrix-Match Type

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, r, s in column IL If the correct matches
are a—p, a—s, b—r, c—p, c—qand d—s, then the correctly bubbled
4 x 4 matrix should be as follows:

@OOO
b ®OOO

OO
{1 ®OOG

Col;imn I { Column 11
a. If **)C, + "N, + "DC, > "I, then possible | p. 4
~value/values of n is/are

b. The remainder when (3053)*% — (2417)** is q.5
divided by 9 is less than

Binomial Theorem 6.31

¢. The digit in the unit place of the number o |r.6
183! + 3'¥ is greater than -

d. If sum of the coefficients of the first, second and [s.7
Ly
third terms of the expansion of (xz + —J

x

is 46, then the index of the term that does not
contain x is greater than

Columnl Column II
a. 32C02 _ 32Clz + chzz et JZC}ZZ: ‘ p. saclz-’“
b. 32C§ + 32C12 + 32C22 e+ 32C322 — q 32C16
c.glg(1x32Cll+2x32C22+---+32x32C3Z)% r-0
G- CI NG - G = 5. C,,
Column I Column II
a. ¥3°C°C, | g BTG
i*j . ?
T 10~ 10 ’ .20 _2C¢
b. Y ¥ ¢ c, q io
o<i<j<n )
.. |0Ci1r>c_ ' r.2%
224
10 10 C o oM, W
. 10 10 . .
d. 22 C CJ. s > 10
=0 j=0 .
Column 1 ] Column I1
a. The sum of binomial coefticients of terms p. 2%
containing power of x more than x** in (1 + x)*
is divisible by
b. The sum of binomial coefficients of rational q. 2%
‘terms in the expansion of (1.+ V2)% is divisible
by
1 { Y r. 2%
c. If [x +—+ X+ —,j =gxP+ax? +ax®
X X
+ oo+ a x then ay +a, + - + ay, is divisible by
d. The sum of binomial coefficients of positive s, 2%
real terms in the expansion of (1 + ix)2 (x> 0) is
divisible by
Column I Column 11
a. The coefficient of two consecutive terms in the p.9
expansion of (1 +x)" will be equal, then » can be
b. 1f 15" + 237 is divided by 19, then » can be q. 10
. '°C *C, - "°C, "*C +"°C, '"C,, —  is divisible | r. 11
by 2", then » can be
d. If the coefficients of 7, 7, T, terms of 5. 12
(1 +x)" are in A.P., then r is less than




6.32. Algebra

Integ er Type N

10.

11.

12,

13.

14.

15.

. If the second term of the expansion {a”” +

Solu;ions on que 6.52

11
If the coefficients x7 in (axz +bi) and coefficient of x7
X

1 .
in (ax - %] are equal then the value of ab is.
b.

If the coefficients of the (2r + 4)®, (r + 2)* terms in the
expansion of (1 + x)'® are equal, then the value of r is.

If the coefficients of the 7%, (r + 1)™, (r — 2)* terms in the

-expansion of (1 + x)'* are in AP, then the largest value of r

is. :
If the three consecutive coefficient in the expansion of
(1 + x)"are 28, 56 and 70, then the value of n is.

Degtee of the polynomial

8
NE'SES IRV P | L ;} is
[» * ¥ L,/xz+1+\/x2—l

Least positive integerv just greater than (1 + 0.00002)%%00 jg

. 8
If the middle term in the expansion of (%{rzj is 1120;

. 17
a .
= | is
a”!

Number of values in set of values of ‘r’ for which *C_+ 2.
23C + 23C 75C
r+1 r+27

The largest value of x for which the fourth term in the

loc,_, Va' 144 1
+ —_—
510g5 \]3 21y

then the sum of possible real values of x is.

1445”2, then the value of % is.
2

2

8
expansion, | 55 ] is 336 is.

n
If the constant term in the binomial expansion of [ x? = l) ,
n € Nis 15, then the value of » is equal to. *

1
Let =323+ and for all n > 3, let fim)y ="Cpa™ —"C,.
a7t +C.a— - +(=1)ytC g0 If the value of f(2007)

nl'

+ £(2008) = 3* where k € N, then the value of k is.

10
Let 1+3,(3."°C,+r.°C,) = 2"(a - 4°+ f) where a,

r=1
€ Nand f (x) = x2 = 2x — K + 1. If ¢, B3 lies between the
roots of f (x) = 0, then find the smallest positive integral
value of k.

Let a and b be the coefficient of x* in (1 + X+ 202+ 3x)
and (1 + x + 2x* + 3x° + 4x*)* respectively. Then the value
of 4a/b is

If R is remainder when 6% + 8% is divided by 49, then the
value of R/5 is

16.

18.

19.

20.

Sum of last three digits of the number N = 7'% — 3100 j
Given (1 - 2x + 52— 102 (1 + x)* =1 + ax+ax + -
and that a,* = 2a, then the value of n is.

The remainder, if 1 +2 + 22+ 23 4 -.. +29% is divided by 5
is.

‘ af 34k x" 32
The largest real value for x such that Y, e e
I &l @—n 3

n fr=l 1
The Value of lim Z[Z— "C,"C, 3] is equal to.

noe o\ =03

m Solutions on.page 6.54
Subjective Type
1. Giventhat C +2Cx+3C, x>+ --- +2n C,, X' =2n(1 4+ x)*,

where C = 2n)/[r12n-N1];r=0,1,2, ...,
Ci -2C; +3C; =+ =2nC3, =(=1ynC,.

2n, then prove that
(IIT-JEE, 1979)

K +x)y=C+ Cx+Cx2+- + C x", then show that the sum of
the products of the coefficient taken two at a time, represented by

v=X., "C,"C, is equal to 27! — L")z (IIT-JEE, 1983)
sissn T , 2(n!)
Given,

s, =1+g+qg" + -

q'+1 !
I~ 1,g#1

Prove that "'C, + ™'C, s, + "'C, s, + -

+4q, S

n

. ] )
=1+qT+1+(q_+1)+...+

-+ n+lC s = 211 S

n+l n

(IIT-JEE, 1984)

Prove that

VZ( D c [ ;r 27; +12%:+---up tom terms}

- 21 (IT-JEE, 1985)
2™(2" -1)

LetR = (5\/5 + 11> and f = R — [R] where [ ] denotes the

greatest integer function, prove that Rf = 4**'. (IIT-JEE, 1988)

Prove that C; - 2* C, + 3 C, - 42 C, + -
x C =0 where C ="C.

+ (=1 (n o+ 1)
(IIT-JEE, 1989)

2n 2n
If 3 a(x—2)y= > b(x-3) anda, =1 forall k>n, then show

r=0 r=0

that b =2*'C

el

(IIT-JEE, 1992)

.
Prove that Z(—B)"’I 3"C2H =0, where k = 3n/2 and n is an even

r=1

integer. (IIT-JEE, 1993)

Let n be a positive integer and (1 + x +x2)" = ayta x+---+a, ¥

Show thata; —a} +a; + - +a?, = a, (IIT-JEE, 1994)



10. Prove that

31 z | "C,
—’_zz(—l) (r+3Cr]

2(7! -+ 3) r=0

' (IIT-JEE, 1997)

11. For anty positive integer m, n (with n 2 m), let

n
( ) = ”Cm
m

Prove that

(9 g o o (4 a3

Hence or otherwise, prove that

("]+ Z(n_1]+3(n_2J+---+(n—m+1)(m]=(n+2]
m m m m m+2
. (IIT-JEE, 2000)

12. Prove that (25y*' — 24 n + 5735 is divisible by (24) for all
n=1,2,.. (IIT-JEE, 2002)

13. If n and £ are positive integers, show that

7 e[ P n—1 Lok2| n-2
0O Ak 1 k-1 2 Kk-2
: nYn—-k n n
— e+ (-1 (kIO ]=(kJ where [ J stands for "C,.
k) aIT-JEE, 2003)
Objective Type
Fill in the blanks
1. The larger of 99°° + 100% and 101% is (IIT-JEE, 1982)
2. The sum of the coefficients of the polynomial (1 + x — 3x%)*'6
(IIT-JEE, 1982)

and n = .
(IIT-JEE, 1983)

is

3. f(l+ax)'=1+8x+24x>+ ---, thena =

4. The sum of the rational terms in the expansion of 2+ 35y

is (IT-JEE, 1997)

Multiple choice questions with one correct answer
1. Given positive integers r > 1, n > 2 and that the coefficient of (3r)
™ and (r + 2)™ terms in the binomial expansion of (1 + x)* are

equal. Then (IIT-JEE, 1983)
a. n=2r b. n=2r+1
¢ n=73r d. none of these

2. The coefficient of x* in (x/2 — 3/x%)" is (IIT-JEE, 1983)

405 504

a. — b. —
256 259

C. ﬁq d. none of these
263

3. If C, stands for "C, then the sum of the series

2)\2) 2 2 " 2
—— G 267 3G, =+ (1) (4 DC ],
n! .
where 7 is an even positive integer is equal to

a. 0 b. (1" (m+1)

¢ (=) (n+2) d. (-y'n (IIT-JEE, 1986)

a

10.

11.

Binomial Theorem 6.33

n

Ifa,= Z %, then 2 %— equals
r r=0 r

r=0
a (n-1Da, b. na,
¢ (1/2)na, . d. none of the above

(IIT-JEE, 1988)
1

| 5 5
The expression [x +(x* = 1)? ] + [x —(x* =12 J is a polyno-

mial of degree
a. 5 b. 6
c. 7 d. 8

For2<r<n,
n n n

+2 + =
n+1

a r—1
(n+2)

c. 2

r

Ini the binomial expansion of (a — b)" n > 5, the sum of the 5" and
6™ terms is zero. Then a/b equals

(IIT-JEE, 1992)

n+l
b°-2 r+l1

n+2
d. [ . ] (IIT-JEE, 2000)

a. (n-5)/6 b. (n—-4)/5
c. nlin—4) d. 6/(n-5) (IIT JEE, 2001)
The sum

5)2)
wh [2)=0

if p < g is maximum when m is

a. 5 b. 10
e 15 d. 20 (IIT-JEE, 2002)
The coefficient of #%*in (1 + 22 (1 + ) (1 + 1) is

a. "C.+3 b. C,+ 1

¢ °C, d. 2C +2 (IIT-JEE, 2003)
If~IC = (- 3)"C,,, then k &

a. (-, -2] b. [2, ®)

¢ [/3,43] d. (3,2] (IIT-JEE, 2004)

The value of

BERAH R

where

(1IT-JEE, 2005)



6.34 Algebra

Subjective Type 1 | ; o

1. We have,
( x xl xnjz

I+ =+ =+ +=
2 n!

2 n 2 n—l n

= 1+£+x_+...+.x_ 1+£+x_+...+ X +X_

2! n! m 2! (=1 n!

I

Nowv, x" term is generated if terms of the two brackets are multiplied as
shown by loops above.

Hence, the coefficient of x" is
1 1 1 1

x — X ——— e —
n I (n=D! 21 (n=2) n

1{n! n! n! ’n!
= —+ + ot —
nlin! (n=DIN  (n-2)12! n!

-1 ("Cy + "C,+ "C,+ -+ "C)

" h!
2”
Tl

2. Leta—x—-1=¢t so that
Yaa-oy =) bt
r=0 r=0

= b =Coefficient of " in Z":ar(l -1
r=0
= Coefficient of t” in a(l-zy

= .(—l)na" )
3. S ="C)'C, +2'C/'C, +3"C,"C, + -+ (n~1) C, ,'C,
= ”C()”Cn~'_’ + 2” C| ”Cn—3 + 3"C2 ”CVIA4 +ot (n - I)HCH—Z"CO

:irncr—lncn—r—l
r=1
: =zn:((r -h+D'C._"C,._,
r=1
=i[(r_l)ncr—-lncn—r—l + ”Cr—lncn—r—l]
r=]

"
=X [rce e e, ]
r=l

T 2
=n""C _,+7"C

4, Z "C [ ']

r=0

=i”c,(—1)’[i" + D+ (=) +1]
r=0 .

=i["cri'-+"cr +C (i) + ”Cr(_l)r]
r=0
=+ (L + 1+ (1= + (1= 1)
u‘ 1 I ' n 1 . i '
— 2 b _ 2 s 211
(v2) (ﬁ+ﬁ) +(4A) (ﬁ ﬁJ +

= (ﬁ)n(cos% + isin%)ﬂ + (\/E)"(cos% - isin%)ﬂ + 27

ANSWERS AND SOLUTIONS

:(\/E)n COSE-}_isinﬂ +(\/§)n Cosﬂ—isinni Y
4 4 4 4
= 2(\/5)“ cosZZE 4o
4
5. b" = “Cl + nC’2 a+ nC3 az o HC‘"an»]
1 i
= — [ancl + nczaz + "C%a3+ oo 4 "C"a"]
a 3
1
=—0M"C +"Ca+"C.a*+ - +"Cq"~— 1
a 0 ! 2 n
= l((l+a)" -1
a

1 1
b2006 — b2005 = ; [(l -+ a)2006 _ 1)] _; [(1 + a)zoos _ 1)]

L (1 + @)™ — - (1 + @)™ + |]
a

1
—(1+a)™51+a-1
a

= (1 + ay®
| 2005
= (1+4m —1J
2005
= 4401
2n(2n 1) w1 20(2n = 1) - (n +2)

6 Letd=1-2n+ "1
t ST =) (n-1)!

- ZuCO _ ZnCI + 2nC2 — 4 (_l)n—l ZnC"_l
:%[zznco _ 22"Cl + 22uC2 — et (_1),;22,,C"_l:|

(*c, + *C,)-(C +C,, J+(7"C+ "Cypn) -

1
2 s (DT, + (e,
=%[2" Co = "C, + 'C, — ¥C, + - (=1 'C,
+~--+2"C2” — (1) ann]
=%[(1 — D" -1, ]

:%[(—-1)'”' 2nC”]

i (2n)!
= _1 d I_
D 2n!n!
!
7. Letf(x) = -
x(x+l)(x+2)--- (x+n)
:ﬁ+i+i+...+ A, (by partial fractions)
x  x+1 x+2 x+n
Then,

n!
A=l ) = o

A=+ D01
_ n!
T (=D{IX2Xx(n - 1))

=1= ”CO




_ —(n!) e

(n—l)!

4,=[x+2) f@]_,

n!
()X (=D XIX2X X (1 - 2)
n! "
—m = Cz and so on
Thus,
n!

x(x+1)(x+2) (x+n)

IIC n n n
GG, G — (1) p )
X x+1 x+2 x+n

8. To find § = 0C,0C, + 10C,0C, 4+ 10C 10C
+ ot 100C98 |00C]00
Consider,
IOOC‘OICX)C‘2 + IOOC/‘IIOOC‘3 + lf)OC'ZIOUC‘4 + ll)OC‘all‘.OC‘5 +eee 4 lOOCQSIOOCmO
= IOOC‘OIOOC/‘98 + lOOCl100C97+ l()O(:'zlo()C‘96 .
+ IOOC':;IOOC‘g5 PR 100 CgsIOOCO
= Coefficient of x*® in (1 + x)'® (1 + x)'®
= Coefficient of x*® in (1 + x)*®
- 200C98 1))
Also,
100C0100C'2 _‘mocllooc3 + 100C2100C4_ '°°C3'°°C5 Feee loocgsloocloo
= Coefficient of x* in (1 + x)!® (1 — x)!®
= Coefficient of x*® in (1 — x?)'®

= _IOOC' 0 ) (2)

4

Adding (1) and (2), we have
2(IOOCOIOOC2+ 100C2]00C4+ 100C4100C6+ e 4 IOOCQSIOOC
= [ZOOC% - 100C49:|

100 100, 100, 100, 100, 100 100 100,
= C,'*C, + '0C,)°C, +1%C, Co+ - +'%C, Cioo

= %[ZOOC% - IOOCA&::I

IOO)

S22 —r(m=-2)+1
r=I (m_r)mC,

) =rm-r)
- gy (m _ ’_)mcw2

wlf (r+1)? r J

~ (m _ r)mCr ’"C,

L= r+1 r

P (m_r)[ C,J c,
r+1

_E (r+1) r
- g m CH_] m C’

=Z(t,+I —1,), where ¢, =T
=l n C

r

Binomial Theorem 6.35

10. The given series is an A.G.P. Let us first find its sum.
Writing ¢ for 1 + x, let
§'= 1904 2199 4 357158 4 ... 4 10010
(xft) S = xt%° + 2% + ... + 1001z
Subtracting, we get
S —x/t) = 11000 4 x99 4 x2%%8 4 ... 4 x100 — 1001x'%/¢
thOO[l _ (x/t)IOOI]

=" - _1001x"®
1— xft

or  S=(1+x)!%— x0(1 + x) — 100100
(putting ¢ = 1 + x and simplifying)
Therefore, coefficient of x> in the expansion is equal to

the coefficient of x* in the expansion of (1 + x)'%2, which is
equal to '°C, .

1L LetS="C,— [1+ 2 ]c, +[1+ 2+ L), 4
2 E

+ (=D [1 LI S 1] "C,.
2 3 n
The r™ term of the series is
T(r) = (_l)r—lnC [1 + l + l 4+ -4 l)
. r 2 3 r
Let us consider a series whose general term is

T(=CDT"CH+x+x2+--+x )= =r'c [1 — x’J
1-x

_CUTC X,

1-x 1—x
> 1 y 4 1 bn — r r
= ;T.(r) —m;(—l) C + (l—x);( 1'Cx
n 1 ‘ i . i ) N
= ;Tl(")—(T_T)(O—I)+(1_x)((1—x) D=0-x)

= L (say)

: 1

Clearly, $= f(1- x)""dx ==
0 n

12. Consider the series § = "C,+2"C,+3"'Ci+ - +n"C,
For the series T =7"C =n"'C_
S=3T=3n"C_=n.2" ' ¢))
r=| =1

Now, we have
AM. 2GM.

"C,+2'C, +3"C, + -+ 1"

nn+1)
2

2[00

'
[Cta)

x ("C3)3 ("C")n] :
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nx 2! v 2 2 2
> nc ney? nC nc n | n(n+l)
P 2 LONCCE) - ('C) ]
2
)n(n+l)
n 2
= (”Cl) (ncz)z ("C3)3 .. (nC”)ll < [

n+1

n+1

. .+sz
or (1) (G (CY - (C, )"<( 2 )

1n n n
0

n(n—1)><~--><2><1 ,,
(m+n)!

13.

L+ n(n—1) "C, +.
(m+D! (m+2)!

1 !
__n [(m+n). e

m+m' min! % (m+Din!

m! "

(m+n)in ,

(m+n)'nn-1) e

Y me)al 2

. (m+n) nln-1)x-x2x1 e
n! (m+n)! '

n' m+n n
[ C,"Cy +

_ (m + n)! "c+‘ (m + n)! )
(m+n)!

m+Dn-D ' (m+2)n-2)!

. !
X "C2 EER S_.n_l+_n)'__1_"cn]

1 (m + n)!
n!

_ m+n n m+n n m+n n
_-—(m N n)'( C'Cy+"™C_C+""C,,"Cy+

m+n n
+m7C, "C, )

( [coefflclent of x"in (1 + x)y™" (1 + x)"]
m+

i
- 'jr S [coefficient of x”in (1 + x)"*]
m ni

n!

— m+ln C
(m+n)!

n

_ n! (m+2n)!
(m+n)! (m+n)'n! -

_ (m + 2n)!

(m+n)lm + n)!
_(m+n+tDYm+n+2)(m+n+3)--
B (m + n)!

“C, "C, "C, m 22 '
. nC — e =(=1 -
14. 76~ 2+ By (2+\/ 3 (2+43)° Fo=Eh (1 ]

(m+2n)

= Real part of 1+2+\/—]

= Real part of (1 +i2 - \/'))”
T

= Real partof | I +itan—
12

n
T
cos—+zsm—
12

= Real part of

nr
cos— + isinT%
12

= Real part of (

a T
cos” —
12

Ly N ‘_Con NERS|
- 1443 ' 2\2

15. The given expansion can be written as

{(1+X)(1rfx__)(1 +x) - 1+ 00+ »A w:‘y)(l +y) - 1+ y)}
{U+ 20+ 20 +2z2) - 1+ 2)}

n—Ffactors

There are 3n factors in this product. To get a term of degree , we
choose r brackets out of these 3n brackets and then multiply
second terms in each bracket. There are *C_such terms each
having the coefficient . Hence, the sum of the coeff1c1ents is™C.

Objective Type FEEEEEREENE

1. c. Coefficient of T, is "C,, that of T, is "C, and thatof 7', is "C,..
Accordlng to the condltlon 2°C,="C, +"C,. Hence,

2[(»2)5;} - [(n "ot -né)za}

=755
= N(n=5)5| |(n-4)(n-5) 6x5

After solving, we getn =7 or 14.

X

1 {
7 —=2n 2n-r 2n 2n-3r
2. ¢ el Crx (—2 = "7 X

This contains x”. If 2n — 3r = m, then

2n—m
r=
3 2n—m
= Coefficient of x" =%'C, r = 3
_ 2n! _ 2n!
(2n—r)tr! 2n_2n—m \ 2n—m )
3 3
_ 2n!
dn+m \ 2n—m \
— | 3 !
3o U+ +(0+x0)2+ -+ +x)%®
A+x0°-1] 1 31 21
= 1+ 0| —— 1+ 1+ ;
(1+ x) {(l e =+ -+ 0]

= Coefficient of x* in the given expression

= Coefficient of x° in {l [(1 + x)zl -1+ x)“]}

X

= Coefficient of x% in [(1 + x)*' — (1 +x)*']



= 31C6_21C

6
4. b. ce.ofx'in (1+x)"[l+l]
X

(1 + x)Zn

n

=c.e.of x'in

=c.e.of x*'in (1 + x)*

=:C,
@2n)!
T (=D +1)!
5. d (1+3x+20°=[1+x3+2)]°
= 1+°C, x (3 +2x) +5C, (3 + 2x)2 + °C, ¥(3 + 20’ +
SCx*(3+2x)" +°Cx° (3+2x) + 8C x° (3 + 2x)°

Binomial Theorem 6.37

=(t1-x)[1+n(=x)+-+"C,_ (=x)"+"C (~x)]
Therefore, coefficient of x” is
nC” (_l)n _ "Cn—l (_1):;—] - (_l)n + (_l)n n
=(=-1)"(L+n)
12. d. Here, the coefficients of 7,7 and T , in (1 + y)"are in AP

= "C_ "C and"C_ arein A.P.
= 2"C = "Co "C

m! m! m!
ri(m—r)! - (r=Dim—-r+1)! * (r+Hlim—r—-1)

2 1 L]
rm-r) (m—r+l)(m—-r) (r+Dr

=

= m-m@r+1)+4r*-2=0

We get x'" only from °C, x° (3 + 2x)°. Hence, coefficient of x!

is °C,; x 3 x 2" =576. .
6. b. Wehave T =2C 3*7(Tx) = (*C x 39 7y x"
. Coefficient of (r + 1)" term is *C, x 3% x 7’
and coefficient of ™ term is ¥C_, x 37 x 7"
From given condition, °
29Cr X 39 % Jr = 29Cr_[ X 330-r ¢ 771

®C 3 30-r 3
= 5 == = == =>r=21
c_, 7 r 7
7. ¢. Let(r+ 1), (r+2)"and (r + 3)" be three consecutive terms.
Then,
C:"C "C ,= 1:7:42
Now,
n +1 1
¢, =l = LA =>n—-8r=7
" Cr+[ 7 n—r 1
n +2 1
___C"+':l::—r—~=—:>n—7r=13
"C.,, 42 n—r—1 6

Solving (i) and (ii), we get n = 55.

2n 2n

8 ¢ (1+2x+x)=2.ax =[1+x=)ax

r=0 r=0

2n
=. (1+x)*= Za,x’
) r=0

2n

2 2n
2
= E Cx = E ax’
r=0

r=0
= a,="C
9. b. Herea="C,b="C  andc="C
Put n =2, r = 0, then option (b) holds the condition, i.e.,
_2ac+ab+bc
"= b —ac
10. c¢. Middle term of (1 + ax)*is T,
Its coefficient is *C, (& )* = 6a°.
Middle term of (1 — ax)* s T,.
Its coefficient is °C, (-a)* = =200,
According to question,
6a’=-20a’
= 3a’+10a*=0
= a’@B+10a)=0
3
10

1. b. (1-x) (1 -x)"

= a=

13.

w

, 1 11 l . 1 r
e For | +| 7= ||, T, ="C (ax)"” ™

=1C g L X2 g
For x/,

2-3r=7

= 3r=15

= r=5

_ 6 1 .7
= TG—”CSa F)c

6
a
= Coefficient of x” is ''C; »

. 1
1 5
® Similarly, coefficient of x” in | ax — [—1—) is c, L.
bx” b
.. Given that
(i1) . S
"C, a—s = ”Cﬁ <
* b b,
1
= a= -
b
= ab=1

) 10
14. ¢ a'"p'%c'oq® l.,.l.,.l.,,l
a b ¢ d

Therefore the required coefficient is equal to the coefficient
10
of a2~ *c~'d"" in [l+ l +l + lj , which is given by
a b ¢ d
100 10x9x8x7
261!
15. d. (x=2y (x+ 1)
) =[C,x°-3Cx* x 2+ ]PC +°Cx+---1]
= Coefficient of x°
=3CC,—%C, x 2x3C, +°C, x 22 x*C,;=*C;x ' x °C,
+3C, x 2 xC =*C;x 2P X C,
=1-5x5%x2+10x10x4-10x10x8+35x5x16-32

=12520

=-81
16. d. The general term in the expansion of (1 —x +y)*is
!
ﬂ—l’(—x)"(y)’, where r+s+t=20
rists!

For x?y?, we have the term
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20!
1512131 1°(=x)* ()’
Hence, the coefficient of x%* is
20!
151213!

Y
=oC. (\/;)IO—r ( e j = 10C x3-3"(~ky

For this to be independent of x, 7 must be 2, so that
0C, 2=405=k==%3
18. a. Werewrite the given expressmn as [1 +x*(1 — x)J¥ and expand
by using the binomial theorem. We have,
[1+x2(1-xp8 ‘
=3C,+*C, 2 (1 -0 +°C,x* (1 —xP+3C, (1 -x) +
C, 2 (1 -0+ x"° (1 ~-x)°+

17. b. 1,

The two terms which contain x'° are 8C, x* (1 — x)* and Cx' (- x).

Thus, the coefficient of x'° in the given expression is given by
8C, [coefficient of x* in the expansion of (1 —x)"} +2C,

=3C, (6)+%C, = ﬁ( )+ 3,5'
= (70)(6) + 56 =476 -

19. c¢. We have,
A+ 1 -x+A)P=1+x)((1+x)(1 - X + x2))!0
=1+ 1 +)C=(1+x){C,+Cx + Cx+-+ C 0™}

n n n
=(1+x) chrxhZZnCrx3r+ZnCrx3r+l
r=0 r=0 r=0

Hence, there will be no term containing 3r + 2.
20. b. (1+x-x9%
={1+x(1-x)}*
=%C,+%C, BA-)+%C, x5 (1 -2+
Obviously, each term will contain X", m € N. But 28 is not
divisible by 3. Therefore, there will be no term containing X%,

; =30
21. b. (1+\/E+ﬁ]

(=)
)
:

(a1 _\/2)30

= ;13_0{ 3OC() - 30C|\/Z t+-+ 30C30(\/Z)30}

There is no term independent of a.
22. c¢. The given sigma is the expansion of
[(x=3)+2]'®=(x~1))®=(1 -x)'
Therefore, x** will occur in T,
7"54 = 100C‘53 (_ x)53
Therefore, the coefficient is —'°C,,.

23. a. We have,

x+1 x-—1
JEIE T 1 x—x"?
(x‘“) + P x—1
x2/3 341 xuz(xuz -1
_ (xIIS + 1)(x2/3 _ 1I3 + 1) B xl/Z +1

2 3 ll3 172
x +1 X

=xB 411 —x2=xB -y

10

x+1 _ x-—1 =(x'" = ~lizyio
2/3 1/3 1/2 =X
x*P=-x"+1 x-x

Let T , be the general term in ("3 — '”2)‘v°. Then,
10C (xll3)l0—r (-1y (x—l/Z)r
For thlS term to be independent of x, we must have

0-r 7 _g=20-2r-3r=0=r=4
3 2
So, the required coefficient is '°C, (-1)* = 210.

24, d (Q+x+x2+x9)0=(1+x)0(1+xH)?
=(1+19Cx+"°C 2+ °C 0} +0C xt - ) (1 4 0C X+ PCx° + )
Therefore, coefficient of x*is *°C,°C, + "°C, = 310.

25. a. (1.0002)% = (1 + 0.0002)**®

(3000) (2999) (0.0002)
12

=1+ (3000) (0.0002) +
=1+ (3000) (0.0002) = 1.6
26. d. 3% =81100 = (1 + 80)'®
= 100C 4 10C 80 + -+« + 10C,, 801
= Last two digits are 01

27. a. We have,

2
\/ﬁ+1+\[2x2—1

Thus, the g_iven expression can be written as

(V2 +1 Jr\/§2—1)6 +(V2x +1 -2 —1)6
But (a + b)® + (a — b)® = 2[a® + °C,a*b* + °C @*b* + b°]
Therefore, (\/m * \/27)‘2 - 1)6 * (\/Exz +1- \/2x2 - 1)6

=2[(2%% + 1)} + 152 + 1) (222 - 1) + 1522 + 1)
X (2x% - 1)+ (2%* - 1)°]

which is a polynomial of degree 6.

28. b. We have,
G+3) T+ @E+3)2(x+2)+(x+3) m3 (x4 22 4 e+ (x+ 2)
(x+3) - (x 2)"

= =(x+3)
(x+3)—(x+2)

—(x+2)

] n

X —a - _2 -3 -

or :xn 1 +xu _al +X" .a2+.”+an 1
X —a

Therefore, coefficient of x” in the given expression is equal to



coefficient of x"in [(x + 3)" — (x + 2)"], which is given by
:1Cr3n—r — nCr2n—r = "C,- (3:1—r - 2n—r).
29. b. a, = coefficient of x in (1 + 2x + 3x%)'°

= coefficient of x in (1 + 2x) + 3x2)'°

= coefficient of x in
(*Co(1+2%)°+1°C, (1 +2xP°Bx) + ) -
= coefficient of x in C(1 + 2x)'°
=10C2.°C =20

30. b. Tr+1 = 1024Cr(51I2)1024—r(7I/8)r
Now this term is an integer if 1024 — r is an even integer, for which
r=0, 2,4,6,....,, 1022, 1024 of which r=0, 8, 16,
2424, ...,1024 are divisible by 8 which makes /8 an integer.
For AP, »=0,8, 16,24, .., 1024,
1024 =0+ (n-1)8 =>n=129
' 2 2n
31 c. [f -2 +i2) - oty 2 2D
X X X"
Total number of terms that are dependent on x is equal to number of
terms in the expansion of (x* — 1) that have degree of x
different from 2n, which is given by 2n + 1) — 1 = 2a.

8
1
32. c. Itis given that 6" term in the expansion of (W*‘xz log,, xJ
is 5600, therefore

3
'C, (*loggx) (%J = 5600
X
10 5 1
= 56x (log,x)’— = 5600
X

= x*(log,,x)’ =100
= x*(log,x)’ =10*(og,, 10
= x=10

33. b n! (21 —my = Glowt 21
21 20

n

when 2'C, is maximum which occurs when n = 10

which is minimum

34. a. To get sum of coefficients put x = 0. Given that sum of
coefficients is

2" =64
= n=6 o
The greatest binomial coefficient is °C,.
Now given that
I,-T,=6-1=5
N 6C3(3—,r/4)3(35,\‘/4)3 _ 6C2(3—\-/4)2 (35 =5
which is satisfied by x = 0.

35. a. Last term of [2”3 -

n+1

T —_— C"(2|/3)n—u(_

Also, we have

log; 8 !
1 \*® _ 1 — 3 5/Mlog 2 _ 55

Thus,

Binomial Theorem. 6.39

iz =27
D" _D°
= 2:1/2 = 25
= nf2=5
= n=10
Now, LY
) T5 = T4+1 = IOC4 (213)10-4 (— ﬁ)
& 1/3\6 114 rn=1/24
= 4!6!(2 re=n' e

=210(2> (1) 2 =210
36. d. Given,

n+1
x"C
"HCm 11 r+1 To11
== - =
n Cr 6 n Cr 6
= 6n+6=1lr+ll=6n-11r=5 (D)
Also,
R,
nc 6 — X lC,_l
e e =— =n=2r (2)
e, 3 ", 3
From (1) and (2), r=5 and n = 10,
nr=>50
37. b. By the given condition,
84=T,=T, ,
5
— 7(:5 (zlogl Yo 7 )2 1 1
2; log, (3"" + l)
=721 2lug: @' +7) 2—lug:(3"' +1)
oz, 9‘: +7 -1
= 4=y AT
37 +1
= ()Y -4x31'+3=0
= G'-D3"'-3)=0
= 3'=1lor3
= ¥ 1=3%r3!
= x- 1=0orl
= x=1,2
38. a. General term,
Tr+) - ZSGCF(\/g)ZS(»—r (%—)r
256-r -
=26C 32 5
256 - r

The terms are integral if

integers.

r=0,8, 16,24, ..., 256

Hence, there are 33 integral terms.
39. a. T =*2C (ix)y

r+l
T, is negative, if i” is negative and real.
"==1=r=2,6,10, ... which form an A.P.
0<r<4n-2
dn-2=2+(r-1)4d=r=n
The required number of terms is n.

40. b. T,="C, a" (-2b)"

and é are both positive
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and T,="C,a" (- 2b)°
As T,+T,=0,weget
nC4 24 an—4 b4 = nC5 25 an—S bS

(n—d)

a"*p n123
= 7P Sm-5! a2t
_, a_2r-9)
b 5
15
41. b. (x+l+x2+—17]
X X

15
XHx+xt+1
e

2 60
Gyt ax+ax t+otagx
- 30

X

Hence, the total number of terms is 61.

42. ¢ (L+x+x2+x%)° =a0+a]x+a2x2+a1x3 o 4ax”

Puiting x = | and x = —1 alternatively, we have
a,+a +atat o tag =45
a,—a, +a,—a;+ - —a; =0

Adding (1) and (2), we have
2Aa,+a,ta+ - +ay) =4

= a,ta+a++a,=2=512

43. ¢ Sum of coefficients in (1 — x sinf + x?)"is (1 - sind + 1)"

(putting x = 1)

This sum is greatest when sin 6 = —1, then maximum sum is 3"

44. a. We know that the ‘sum of the coefficients in a binomial

expansion is obtained by replacing each variable by unit

M
(2)

in the given expression. Therefore, sum of the coefficients in

(a + b)" is given by (1 + 1)™.
4096 =2"=2"=2"=n=12

Hence, n is even. So, the greatest coefficient is"C ., 1.e.,

C, = 924.

45. b. We have, a = sum of the coefficients in the expansion of
(I-3x+10%=(1-3+10y=(8)= (2)* (putting x = 1)
Now, b = sum of the coefficients in the expansion of (1 + x2y

=(1+ 1)"=2" Clearly, a = b*.
46. b. (1+x-2=1+ax+ax+-
Putting x = 1, we get
O=l+a +a,+a,++a,
Putting x = -1, we get
64=1-a,+a,—a,+-+a,
(1) + (2) gives
64 =2[1 +a,+a,+a,l
= 1+a2+a4+---+a|2=32
= a2+a4+---+a31=31

an n
47. a. 2_ = w
15 15
('G5 +"C15" T + -+ "C, 15+ C)
15
1
= Integer + —
15 24!1
Hence, the fractional part of Z— is i

15

M

2

48.

49.

50.

51.

n

c. As we know that "C,—"C*+ "C2="C; + -+ (-1) "C; =0
(if n is odd) and in the question n = 15 (odd). Hence, sum of
given series is 0.
b, (1-x)°=0C = PCx' +¥C,x + o (-1) PCx® (D
(x+1)¥= 3°C0x30+ 30Clx29 +3°C2x28+ s 30me20
+ e+ 0C X0 ®)
Multiplying (1) and (2) and equating the coefficient of x®on
both sides, we get required sum is equal to coefficient of x* in
(1 - x)®, which is given by *°C.
b. We have, f(x) =x". So,
ff@=m=f1)=n
) = n(n=1x"? = fX(1) = n(n-1)
£ @) = nr-Har-2x= (1) = n(n-1)(n-2)

}” (x) = n(n—1)(n-2) --- 1= ()= n(n-1)(n-2) --- 1
o, o, o

D+
F 1 2! n!
-1+ 24 n(n—1) + n(n—1)n-2) _"+n(n—1)(n_2)...1
1 2! 31 n!
- I1C0+ nCl + "Cz 4o +nC“
= 2”
b. Given series is °C, + C + DC, 4+ C,

= %(2~2°c0 +220C, +---2.2°Cy)

= %[(ZOCO +2C, 4+ G

+20C, + 2C,, + 2C,, + -+ °Cy)
—(Cy + G + en)
1
= 5[220 _2.%¢, - 20Cm]

_(2:7°C, +1Cy)

= 919
2
_(220 - ZOCm) _ ZOC _ 2I9 _ (Zocm +2x 20C9)
) - 2
52, b. Let,
S= _&.{.L.&&.{.....}_ﬂ
R n+l n+2 2n

! 1 i
=" -1 7 i n 2n-
—’COJ.x” dx + 'C,Jx’dx+---+ C,,jx" 'dx
0 0 0

[n C()X”_l + uClxu 4ot uC”xlu—l]dx

=|x""'(1+ x)"dx

!
|

xn(x _ 1)”_ldx

Il
_——

53. b. 1+0)'=C,+Cx+Cux+ Cx+Cx'+ - +Cx"

(1-xy=C,—Cx+ Cx*=Cx’+ -+ (-1yCx

= [(T+x)-(1-xy1=2[Cx+ Cx'+ Cx+ -]

= %[(1 #x=(1=-x)1=Cx+Cx*+Cx" + -



Putting x = 2, we have

3!1 — _ n
2 C,+23c3+25c5+...=——2L1)—
IIC 1 n
4 d. ( )r+l r = _1 r+l n+lC~r+
> ; 0 S wazP ‘
L o-1+mety=—"—
n+l1 n+1
55. c. (1+x)'=C,+Cx+Cx*+Cx’+

+C_x'+Cx" )
(x+1)"=Cx"+Cx™"' +Cx"?+ .- +C_x+C, 2
Multiplying Egs. (1) and (2) and equating the coefficient of
x"2, we get
CC,+CC,+CC+--+CC
= Coefficient of x*%in (1 + x)*"

— 2n
n-2

(2}1)!

T (n—2)(n+2)!
56. a. We know that

(1 _ 1)20 = ZOC0 — ZOC] + ZOC‘2 _2 C3 4o

et a2 gy w0, 20

0 | 2 3 9 10
[ 20C20 = ZOCO, 20C|9 =

_ 20Cl + 20C2 _ 20C3 4o — 2°C9 + zoclo

2C,, etc.]
= 2C,

1 5 2 1
0C10 0Clo = '2_ 2Ocm

57. b. The given expression is the coefficient of x* in

2C, (1 +x)%—4C, (1 + 27 +°C, (1 + 2 -*C, (1 + X0 +4C,

= Coefficient of x* in [(1+x)'' - 17*

= Coefficient of x* in ("'C, x + ''C x> + -+ )*

= (101)*
58. c. Putx=w, >

3 +w+a)2)20“)=ao+alw + aza)3+
= 2M=g +qwitawta,tawt - (n
and .
22010=a0+a'lw2+a2w +a,+a0 PR 2
Adding (1) and (2), we have

2x2%0=2g —a -a,+2a,-a,-a,+2a—~ "

1 1 1 1
= 2%M0=q - Ea' ——Eaz +a, —5a4 —Eas +ag -

10
50, d. X.r'°C.3(=2)"

r=0

10
:102 9Cr_l3r(_2)10—r
r=0

10
=10x3Y, °C, 37 ()"

r=0
=30(3-2)"
=30
40
60. a. Zr40cr30Cr

r=0
40
=40y ¥C,_"C,
r=0

20 ’
=402 ® Crflsocji()‘r

=0

Binomial Theorem  6.41

_ A(39+30
=40 Cr4|+30—r

=409C,,
rx2  (r+2-2)2
T+ (r+2)!
:_—2r__ 2r+l
(r+! (r+2)!
N A
Tl e+ ()
=-(V(n-V(r-1))
15 px 2"
E(r+2)! =—(V(15) - V(O))
__ (2 2
Tl 2
_ 2]6
Tant

62. c.t =(-1y(n-r+2)"C2

1

- (I'l + 2) 2:1+l (_ l)r "Cr [%] _ 2n+l (_ l)r r nCr [_)

1 r 1 r—1
=(n+2)2™"C, (—5) +2”n"“Cr_l‘(—5]

2

n ’ n l " 1

Sum = (n +2) 2 { C,—"Ci % 2+ CZX(E] _}
] 1y
n—1 n-1 - n—1 =
snon C, - C1><2+ sz(z) +

_ 2 211+l l—l ! 2on l_l "
=(n+2) ) +n 5

=2(n+2)+2n
=4n+4

63. c. Here,

50
C
T = (-ly —=
= )r+2
0
=(-D'(r+ )m
52
=(=D'(r+1) C;’z
. 52
ey oD -0C,
51x52
:(_l)r [525ICI'+1 - 52C‘r+2J
S51x52

_[52°'C,, () = G, (D™
51x52

50

50 C
-1y —=
Z{)( )r+2

[ 52 51cr+1( 1)r+l 52Cr+2(_1)r+2]
51x 52

Mu-

<
1]
=3
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_ a-1- 51C0 - )2 - szco T szC1
51x52 5152
11
51 52
_ 1
51x52

Alternatlve solution:

(1 -xy Z"c - 1)’x’

r=0
= x(l-xy =) (- "Cx™
r=0
Inte grating both sides within the limits 0 to 1, we get

’ < "C
fxa-xyde =31 —=

0 r=0 <~

= 2( = —Jxa—x)"dx

\ :
:J.(l - x)x"dx  (Replace x by I-x)
0

R

=n+1_n+2

_ 11

n+l n+2
1

T Dhn+2)

Now put n = 50.
64. a. Given term can be written as
Q+xPA-0072=(1+2x+x) [ +2x+ 32+

4+ (n=1)

Xx" 2+ px" '+ (n+ Dx" +

Coefficientof x"is (n + L + 2n+n— 1) =4n.

1 +1 1Y
65. a. l+n|1—— +n(n ) 1—=| 400
X 21! X

=2

n 1 k-1
66. c. Zk(l——J
n

k=1

1 2
:1+2(1—1] +.3[1+1J + -
n n

=1+4+2r+37+

=(1-#)?

NNk

1 (mH)

\/1+x2—x ( +x +x)
1+x tx

1+x +,[1+x—x+(1+x 1/7

1, 1 1\t
=x+lt=x+=|—= =+
2 20 2

Obviously, the coefficient of x* is —1/8.

-
67. d. [ 1+x2—x] =

68. d. Let,
A+yy =1+ Lo 1xd o IxAXT 5,
3 3x6 3X6x9
"‘("_1) 2
=l+ny+ o Yot
Comparing the terms, we get
" —lx n(n-1) 2__1><4x2
Y3 Y Taxe

Solving, n = -1/3, y = —x. Hence, the given series is (1

69. a. Let the given series be identical with

(1+xy=1+nx+—" nnh 2y e
1x2
221
= mx= —=nx =—
16
Also,
1
nn-1) ,_3 _ 2n _16_2
2 32 n-1 3 3
32
= 3n=n-1
= 2n=-1
1
= n=-——
2
1
= x=-—
)

= Required sum =

= (2): =2

70. d. Required value is

- 2% Y l+x-2xY) lx - 1+_x
1+x I+ x 1+x 1-x

71 d. (1 +2x+3x2+ - —x) ]2

2 =[(1

- x)_”3.

j"

=(l-xP=1-3x+322-x

Therefore, coefficient of x° is 0.

72 d. Q4+x+2+ - P=(-x)")2= =x)7
' =14+2x+3a%+ -+
Therefore, coefficient of x" is n + 1.

73. b. T, in (1 +x)is



nn—1)(n-2)---(n—r+1) v
r!
For first negative term,

n-r+1<0
%——'r+1<0

o 32
">75

Thus, first negative term occurs when r=7.
1 3
, A +x*=|1+=x
74. d. 2

(l_x)l/z .
1+§x+§x2'— I+§x+3x—_
_ 2 8 2 4
- (l—x)”:
-3
=——x2(1-x)y'?
3 (1-x
- é 2 1+£
SEPE
=—§ x2
8
. 1 2 n
75. d. (—ax)(-bx) =aytax+ax’+ o +tax'+

But (1 — ax)™ (l—bx)";(l +ax+ax*+ - )1 +bx

B e

= Coefficientof x"isb"+ab" '+ a?h"?+ ---+a™' b+a"
b g

= b-a
bn+l _an+]

a”
b—a

77. d. General term in the expansion of (v2 +3/3 +¥/5)'° is

1—0!—(&)"({5)”(%)" where a + b + ¢ = 10.

alb!c!

For rational term, we have the following:

Value of a, b, ¢ Value of term

101,

a: 4b=0,c=6 | T

WD G5y = 4200

78. b, f(x) =1 —x4+x2 -0+ xSl T

=

Binomial Theorem 6.43

fae- 1= 126200

Therefore, required coefficient of x2 is equal to coefficient of x° in
1 - (x - 1)"8, which is given by '®C, = 816.

79. a. p= 8+3J7)'="C,8 +"C,8" 3T)+ -

Let, p, = (8 -33/7)" ="C, 8 - C, 8! G+ -

U

l

=
=
=

P, +Pp,=2("C, 8" +"C, 8" (347)* + .. ) = even integer
p, clearly belongs to (0, 1)

[p] +f+ p, = even integer

S+ p, = integer

fe©,1),p, e ©1)

f+pe (0,2

f+p =1

p=1-f

Now, p(1 - ) =pp, = [(8 + 347)" 8 =3JT)I" =1

10 10
80. a. 2(r)"C, = 220% °c,,
r=0 H r=

=20 (°C, +"°C, + - +°C})
=20 (®C,+"C,+ - +Cy)

=20 (%x2‘9+‘9cm]

=20 (25 +°C)

81. c. (23)"“=(529)"=(530-1Y

=7C, (530)" = C, (530)° + -+ — "C, (530)2 +’C, 530 - 1
=7C, (530)"="C, (530)° + --- + 3710 — 1 = 100m + 3709

Therefore, last two digits are 09.

82. b, SO —p tbxtba b

=

1-x
A+ A X+ a,x + - +ax"+

=(1—x)by+bx+bx*+ - +bx"+-)

Comparing the coefficient of x" on both the sides,

a,=b -b, ..

83 d (1-xy(1+x= iarx’(l—x)"(l—x)""

=

=

r=0
(I=x+2x)= Y ax(1-x)""
r=0

n

Z " C,. (1 - x)”"(2x)’ = iarxl'(l _ x),,_,.
r=0

=0

Comparing general term, we geta, ="C 2"-
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84. d. (1 +0))”=”C0+”C[Cl)+
—1+\/§i]

=("C0+"C3+"')+(”CI+"C4+"')[ >

—1—J§i]

+(71C2+nC5+...)[ >

n n 1 U n n an
=(C+"Cy+ ) - 5( C+"C,+"C,+"Cs )

V3 e e ne
—2—( C,—"C,+"C,="Cs+ )
Equating the modulus, we get I(—o )"l = 1.

+

P+ x+ D -x) _

oy (=) (1 = %)

85. ¢

== +2x+387+)

Now, a, =(r+D—-(r-2)=3
But a,=2
So,

. 50
Yla, =2+49x3=149

r=1
86. a. N=C = 2n)! _ (n+D(r+2)(n+n)
" (nt)? (n!)
= WHN=@m+1D)n+2)(n+n)
Since n < p < 2n, so p divides (n + 1) (n +2) - (n + n).

300
87. c. Yaxx'=( +x + X2+ 1710
r=0
Clearly, ‘a’ is the coefficient of x in the expansion of
(1 +x+ 12+ x3)1%
Replacing x by 1/x in the given equation, we get

%a lr_ 1 3 2 1)\
" —xm(x +x+x+1)

r=0

300
= Za,xm_’ =(l+x+x+ )
r=0

Here, a_ represents the coefficient of ¥®-in (1 +x + x% + x*)'%,

Thus, a =a,, _,
300

Let/= Yrxa,
r=0

300
=Y (300 = r)ayy,,
=0

300

= (300 - r)a,
r=0 :

300 300
= 3002 a -— Zra,
r=0 r=0
= 2/=300a
= [=150a

88. a. i(z kc,,,)

r=t \ k=1

89. b. We have,

(I-xy"=a,+ax+ax’+ - +ax+

and
A=x)'=T+x+X2+X3+ -+ X+

Hence,
a,+a,+a,+-+a
= Coefficient of x” in the product of the two series
= Coefficient of x" in (1= x)™ (1 —x)™"'
= Coefficient of x"in (1 — x)+"

_(n+D(n+2) - (ntr)
B r!
= r+n+l—IC __n+rC

nl-17

20 20
90. d. X r20-rx(*CY =Y rx¥C,(20-r)x*Cy_,

r=0 r=0 ]
20
= 320°C_ x20x"°C,_,
r=0
20
= 4002 l()(jr—l x lgC‘l9—~r
r=0
= 400 x coefficient of x'®in (1 +x)" (1 +x)"°
=400 x *C,,
=400 x %C,,
Multiple Correct Answers Type [
1. a,c.

Inclusion of log x implies x > 0.
Now, 3" term in the expansion is
T,, =°C,x*? (x***")" =1000000 (given)
or
x3+’llogm.r =105
Taking logarithm of both sides, we get
(3+2log, x)log, x=5

or
2y*+ 3y -5=0, where log ;x =y
or
-1 (2y+5) =0o0ry=1o0r-572
or .

log,,x=10r-5/2
x=10"=100r 1077
2. a,d.
Coefficients of r*, (r + 1)" and (» + 2)" terms are
“C_,"*C and “C.,.

If these coefficients are in A.P., then
24C)=4C,, + C,,
204y (14! N (14)!
ridd-nt @ -DAs5-»! + D13 —7)
204 A)r+ bHr+15-r)(14 - r)]
= 34— (r + D15 = r)!
= 2(15-nNr+1)=27-28r+210
= P-14r+45=00r{(r-5)(r-9=0
= r=50r9
3. a,b,c.
We have, :
(x+ a)' =”C0x” + "Clx”“a + I1C2xn—2 a+ - _+_MC" a"

- [ncoxn + nC‘7 xn—2a2+ ] + [IxCI_xJJ—I a+ :1C3xn—3a3 4.

or



(x+ay=P+0 1)
Similarly ,
x—a)=P-0Q @

(1) (1) > (2) = PZ _ Q2 = (xZ — al)n

(i) Squaring (1) and (2) and subtracting (2) from (1), we get
4PQ - (x + [l)z" _ (x _ ll)z" ’

(iii) Squaring (1) and (2) and adding,
AP+ =(x+a) + (x~a)™

4. a,¢c, d.

I+f= (4 + \fG)n
Let f'= (4 - «/_13)". Then 0 <f' <1
[+ f="C,4" +"C, 4~ 15 +°C, 4215
+1C, 47 (\/E)3 4o
1y =G, 4 TS 40y 15 1C, 5 (VB 4
I+ f+f=2(C,4+"C, 472 x 15 + --- ) = even integer

O<f+f<2=f+f=l=1-f=f
Thus,  is an odd integer. Now,
1= f=f=@-I5)
I+HU=-f=d+H)f =1
5. ¢, d.
69C3r—| +69C3r = 69C#-| +69Crz

= 70 C - 70 C
3r =
Thus, 72 = 3ror 70 — 3r=r?so that r=0, 3 or 7, -10.
Hence, » = 3 and 7 (as the given equation is not defined for
r= 0 and -10).

6. a, d. .
It is given that the fourth term in the expansion of

(ax + l) is é , therefore
X 2

3
1 5 5 .
ne {(ax =3 == ="C an—3 xh == . l)
s (@) (x] 2 3 2 (
[+~ R.H.S.is independent of x]
1 1

Pllttingn=6in(i),Weget6C3a3=§:>a3=§ﬁa=5

7. a,b,c,d.

We know that to get the sum of coefficients, we put x = 1.
Then, sum of coefficients is (1 + ax ~2x*)"is (a —1)".
Obviously, when a > 1, sum is positive for any .

8. a,b,d.

w( 30 Y 20 n(30Y 20 |
—_ —_ — 50
f(m)—;[BO—iIm—i]_;[iIm—i)— C.

f(m) is greatest when m = 25. Also, '
FO) +f(L)+ - +f(50)
=50C, +9C, +9C, + - + ¢, = 2%
Also, ®C is not divisible by 50 for any m as 50 is not a prime number
50
Z(f(m))z — (SOCO)Z + (SOCI): + (5°C2)2 4ot (50(:50)2 — 100C50
m=0

9. a,b,d
(1+Z2+Z4)8=C0+CIZZ+CZZ4+...+C|6232 (1)

Binomial Theorem 6.45

Puttingz=i,wherei=\/——l,
1-1+1¥=C-C,+C,-Ci+ - +C
= C-C+C-C+--+C =1
Also, putting z = o,
(I1+o*+o*¥=C+C 0*+Co*+ - +C 0%
= C+Co'+Cow+C+ +C0*=0 (2)
Puttingx =w?,
'(1+co“+c08)8=C0+C|co4+C2w“+-~~+C]6co6‘1

= C+Co+Co’+ - +Cw=0 3)
Putting x =1,
¥=C+C,+C,+-+C 4

Adding (2), (3) and (4), we have
3(C,+Cy+ - +C =3
= C4C o+ +Cy=3
Similarly, first multiplying (1) by z and then putting 1, , ? and
adding, we get
C+C,+C+C+C +C =3
Multiplying (1) by z* and then i)utﬁng 1, @, ? and adding, we get
C,+C,+C+C +C =%
10. a,b,c.

6561-r r
General term is ®9'C 7 % 11°.

To make the term free of radical sign, r should be a multiple of 9.
r=0,9,18,27, ..., 656l.
Hence, there are 730 terms. The greatest binomial coefficients are

6561 6561 6561 6561
C6561—I and C6561—3 or C3280 and C3279 *
2 2 .
Now, 3280 are 3279 are not a multiple of 3; hence, both terms invol-
ving greatest binomial coefficients are irrational.

11. b,c.
For n = 2m, the given expression is
CO—(CO+C|)+(C0+CI +C2)—(CO+C] +C2+C3)
4o ()G +C e+ C
=C,—(C,+ CI)+(C0+CII+ C)-(C,+C +C,+C)
o (GGt 4Gy )

)

= ~(C+ G+ Gt 4Gy, )
= _(CI + C3 + C‘5 4+ e Cu—l) - _2:1-1

12. a,c, (x2+l+%j
X

n

2
1
="C, +" C, (xz +—Zj +'C, [xz +sz +ont'C, [xz +—12—
X X X

This contains each of the term x°, 2, ¥*, ... X2, x 2, x7%, ..., x™

coefficient of constant term = nC, + (nC,) (2) + (nC,) (4C,)
+ (nC) (6C,) + ... # 2"~ coefficient of ¥*~2innC, _ =n

coefficient of x? is "C, + ("C,) CC)) + (nC) CC) + ... >n

13. a,c,d.
nC + n+lC + n+2C 4o n+m—lc
1 2 3 m

—_n n+l n+2 e nm—1
- C:—|+ Cn—l + Cn—] + + Cn—l

'

= Coefficient of x™'in (1 + x)" + (1 + xy*' + (1 + x)"?
4o+ (1 +x)n+m—|
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= Coefficient of x*'in (14 x| L2 ~1
d+x-1
A+x)"" -1 +x)"

X

= Coefficient of x*'in

= Coefficient of x"in [ (1+x)"*" —(1+x)" |
— mn C"— 1

Similarly, we can prove
mC‘l + m+]C‘2 + m+26‘3 g m+n-lC" — mn Cm_l

14. a,b,d.
(n-1)(n-2)~(n-—m+1)
(m—l)!

_(n—l)(n—2)-~-(n—m+1)(n,—m)~-~2-1

B (n —m)!(m—l)!

— n=l

m~1
= Coefficient of x*~' in (1 + x)*!
= Coefficient of x™' in (1 +x)" (1 + x)™
Now,
(1+x=C+Cx+Cx?+-+C x"'+---+Cx" (1)
A+xy'=1l-x+x-+ -+ (D" x4 ... 2)
Collecting the coefficients of x! in the product of (1) and (2), we get
) G+ (=12 Co 4+ C
= Coefficient of x"' in (1 + x)"!

— n=1
m—1

CO - C! + CZ -t (_ 1)’"_1 Cm—l
="1C 1 (-1

~ (n-Dn-2)--(n-m+1) PR
- (m -1 b

15. a
We have,

-¥+3J_=%@+8+QJ&

:%@+%Ef

3—[§+3J5=3—%@+2J5

HENN )
2

20 20
Hence, the 10" term of [3 - f%}+ 3\5} = (% - \/5] is

20-9
e (3) -2y
2
which is an irrational number.
16. a, b,c.

(xsinp + x~'cosp)'®
The general term in the expansion is

T, ="'9C (xsin p)'*" (x'cos p)’
For the term independent of x, we have 10— 2r=0 or r= 5.

Hence, the independent term is

sin2 P
32
. which is the greatest when sin 2p = 1.

0
CS

10, ind S5y —
C,sin’p cos’p =

sin*2p ; 10!

S - 2
32 2°(51)?

The least value of °C, when sin 2p

=—lorp='(4n—1)%,neZ.

Sum of coefficient is (sin p + cos p)'%, whenx = 1

or (1 + sin 2p)%, which is least when sin 2p = 1.

Hence, least sum of coefficients is zero. Greatest sum of coefficient

occurs when sin 2p = 1. Hence, greatest sum is 2° = 32.

17. b, c,d.

LHS. =(1+27+x) (1+ Cx+ Cx*+ Cx’+ )

RHS.=a,+ax+ax’+ax’+ -

Comparing the coefficients of x, x2, x%, ...
a=C,a,=C,+2,a,=C,+2C, (1)

Now, 2a,=a +a,(AP.)

= 2('C,+2)="C,+("C,+2'C)) [Using(1)]

= 2n(n—l)+4=3n+rz(n—1)(n—2)
2 6

= n-9%+26n-24=0

= Wm-2)(n*-Tn+12)=0

= r-2)(n-3)(n-4=0

= n=2,3,4

18. a, d.

th
Mmmemmns(g+1) or(4+ vor T,

4
X
= T,= 8@(;) x2* 21120

8x7x6x5ﬁ21u0
1x2X3%x4

4_ 1120
X' = — =
70

=2 @+4HE-4H=0

= x=zx2(. x€R)
19. a,b,c,d.

Let 7, be numerically the greatest term in the expansion of (1 +x/3)'°.
Then,

= 16

—SZIandESI
a4 5
Now,
T, _10-r+lx
T r 3
7 x 6 x
—X—|21 —x—<1
= 273 and 573
- ngammsg 1)
= 2 e
7 2
5 12 12 5
= xe |-, -=|u|=,=
2 7 7 2



20. a, c.
(1 =y A +yy
— (l _mC]y+ mCZyZ__ _._) (1 +ncly+rl 2y2+ __,)

_ 1+(n—m)y+{m(m_1)+ n(n—l)—mn}y2+--~

2 2
Given,
a, =10 »
= a,=n-m=10 )
a, = m2+nz—m.—n—2mn=10
2
(m—nP—-(m+n)=20
= m +n=80 ' )

Solving (1) and (2), we get m = 35, n = 45.

Reasoning Type SRR

L a. ("°C) +("°CH"°C) + (°C+°C +1°C,)

+ 0+ (OCHOC HC+ - +1°C)
10 °C, +9'°C, + 8 1°C, + --+ + 1°C,
=1°C +21°C,+39C + - +10°C

10 10
=>r"C =10Y °C,_, =10x2°
r=1 r=] N

_R2-r+111

2 B 7,
T, r 10
Let

T, ,27T=13-rz1llx

= 13=221r
= r=<6.19
Hence, the greatest term occurs for r = 6. Hence, 7" term is the greatest
term. Also, the binomial coefficient of 7™ term is '?C, which is the
greatest binomial coefficient.
But this is not the reason for which T, is the greatest. Here, it is co-
incident that the greatest term has the greatest binomial coefficient
Hence, statement 1 is true, statement 2 is true; but statement 2 is
not a correct explanation of statement 1.
3. a. 3456722 = (7 x 493 + 5)2%
=(Tk + 5)2%
=Tm + 522
Now,
52222 = 52(53)740

=25(125)™°

=25(126 —1)™¢

=25[Tn+ 1]

=175n+ 25
Remainder when 175x + 25 is divided by 7 is 4.

Hence, both the statements are correct and statement 2 is a correct
explanation of statement 1.
4. d. Statement 2istrueasitis the property of binomial coefficients.
But statement 1 is false as three consecutive binomial
coefficients may be in A.P. but not always.

2n

5 a. (l+x+2y=) ax (H
We know that 0
(1 __x),, - 2 (_l)nvr nCrxr — 2 (_l)n—r ncrxn—r (2)
r=0 r=0

Binomial Theorem 6.47
Multiplying (1) and (2), we get
> (=1)""""C,a, = coefficientof x" in(1 - x*)"

r=0
‘Since n # 3k, therefore

z (_l)ll—i' a,“C, = O
r=0

= Y (-1q'C,=0

r=0
Hence, both the statements are correct and statement 2 is a
correct explanation of statement 1. -
6. a. (1+x)-nmx—1=(1+"Cx+"Cx?+ - +"Cx)—nx—1 (1)
="C X+ - +"C x*
=x* ("C,+"Cx + - +"C x"?)
Hence, (1 + x)" — nx — 1 is divisible by x*.
Now in (1), replace x by 8 and n by n + 1. Then, we have
(1+8)" —(n+1)8-1=8("C,+"C8+---+"C8"?)
= 9-8n-9=8%"C,+"C,8+ - +"C 8
which is divisible by 64.
Hence, both the statements are correct and statement 2 is a
correct explanation of statement 1.

: 2 3 431000 _ 2 4000
7. b Q+x+x>+x3+x =aytax+a’+ax’+ o +an x

Clearly, there are 4001 terms. Also, number of term in the expansion

@ +a,+--+a)yis™™C_.
i m-1

Clearly, statement 2 has nothing to do with statement 1.

2 3 n 3
8. a. Coefficient of x" in (1+x+x—+x—+~--x—]
21 3! n!

2 n S
.. . X x
= Coefficient of x" in (1 +x+ E + . - + ]
! n!

as higher powers of x are not
counted while calculating the coefficient of x*)

a

. . . 3
= Coefficient of x” in e* = =

n!

9. b. (1 +x)Y( -x+x»)%

=(1+x)( + )1 — x + x2)*°

=(1+x)(1 +x3)%°

= (1 + x4 x(1 + xH%

=(1+ 4UC|x3 + 40C2x6 4ot 40C40x120) + (40CU + 40C,x4 +

40C2X7+ + “‘0C40x IZI)

Hence, the coefficient of x* is zero as there is no term in the
above expansion which has x%.

Also, statement 2 is correct but it is not a correct explanation
of statement 1.

10. b. We know that the total number of terms in G, +x, +
+ x)" is ™'C_. So, the total number of term in
(X, + %, + - +Xx ) is

J+n—lC = ""Zan_] = n+ZC‘3 = (n + 2)én + 1)71

n—t
and the total number of terms in (x, + X, +x,) is

(n+2)n+Dn

n+3-1 — n+2, =
Cn—] - Ca - 6



6.48 Algebra
11. =. We have,

(2+45) +(2-

+7C, 2452+

J5) =21 40,25
+7C_ 2% 50 (1)

Fromm (1), (2 + \/g)p + (2 - \/g)p is an iﬂteger and

—1<(2—J§)"<o (- pis odd)
So, .
[(2 +~E)p] = @+Byr+ -5y

=2 4rC Y 54 e 42C 225002

[(2 ++5 )”] — 20 = 2PC, 22 5 4 PC 2 5
+o0C 2% 507
Now, all the binomial coefficients

p(p - 1)
0 = ——
¢, 1x2 °
plp—-Hp-2)(p-3)
G, = I1x2x3x4 - 2ot =P

are divisible by the prime p. Thus, R.H.S. is divisible by p.

12. a. Statement 2 is true (can be checked easily) and that is why
2nC0 < ?.nCI < 2:1C2 < e ZIxC"_] < ZMC" > ZI'C,,.H > ZIICZ".

13. b. Obviously, statement 2 is true. But to get the sum of

coefficiénts in the expansion of (37/*+ 3**)", we miust put
x=0.
14. a. We know that
nlC + IHC HC + IHC HC + - llC

= Coefﬁcwnt ofx in (1 + x)’”(l + x)"
Coefficient of x"in (1 + x)™*"

= m+nCr .

OQasm+n<r

15. a. S= 3% [—i—+ J J
0gi< j<n "C‘_ "Cj

s [ _f]
0<i<jsn "C
L R
"C, ”C
20S1<]<n

_=2[:‘z;‘ "C, Z "C, J
{5+

Linked Comprehension Type :

For P;-oblems 1-3
1. b,2.d,3.c.

Sol. The coefficient of the 2", 3™ and 4" terms in the expansion
are "C|, "C, and "C,, which are given in A.P. Hence,

2mC,="C +"C,
= 2m(m—1)=m+m('m—1)(m—2)
2! 3!
= mm-Im+14)=0
= mm-2)(m-7)=0
= m=7( m#0or2as 6" term is given equal to 21)
Now, 6" term in the expansion, when m =7, is

)] e
7C5|: 2Iog(l()A3') ] x[s 2(x—3)|og3 ] =

7%x6 olog (10-3%) 5 7(x=2) log 3

o =21

|/

3¢ 2
210g(10 3} + (x-2)log 3 - 1 - 20

log (10-39+(x—-2)log3=0
log (10 -39 (3)*> =0
(10-3)%x3*x32%=1

10X 3 -(3%=9
(3)?-10%x3+9=0
BG-1D3-9=0
3F-1=0=23=1=3"=x=0
3 -9=0=3=3=x=2
Hence, x =0 or 2. When x = 2,

=[1+117=128
When x =0,

[T+ ]

L L

log9

= 2 2 + —Iog‘) > 27
zT
Hence, the minimum value is 128.

For Problems 4-6

4.b,5.¢,6.c.

Sol. 2" term is "C\ x""'a = 240 1)
39 term is "C, x"* a* = 720 2)
4" term is *C, x"* a* = 1080 3

Multiplying (1) and (3) and dividing by the square of (2), we get
"C;x"Cy  240x1080
("G’ (720

nXnn-Dn-2)2)" 1
n(n-1*x31 2




= 4n—2)=3(n-1) (nr=zl)

= n=5

Putting n = 5, from (1) and (2), we get
5x*a = 240 and 10x3a* =720 °

(Gx*a)’ _ (240

10°a> 720
or
x5 = 32
x=2
240 48
a= 7 = —4 =
5x 2

Hence,x=2,a=3andn=35.
x-a)y'=2-3r=-1

Also,
(2+3)5=25+5C124><3+5C223x32+5C322><33+5C42x3“+5C535
=32 + 240+ 720 + 1080 + 810 + 243

Hence, least value of the term is 32.

Sum of odd-numbered terms is 32 + 720 + 810 = 1562.
For Problems 7-9

7. b,8.a,9. c.
Sol. Let,

40
(1+x+x)0= Za,x’ (1)

r=0

Replacing x by 1/ x, we get

20 r

1 1 & 1

I+ =+ | =Ya[=-
( x xz) r=0 ,(x)

40
= A+x+x)"=) ax" )
r=0
Since (1) and (2) are same series, coefficient of x" in (1) = coefficient
of x"in (2)

= a=a,_,

In (1), putting x = 1, we get
20 — .
3 =a,+a +a,+- +a,

=(a0+a|+a2+---+a19)+a20+(a21+a + -

n+2

“+a,)

=2a,+a +a,+ +tag) +a, a=a, )

= ayta +a,+-+a,=

> 1
3* - ay,) =5(9'0 ~ Qy)

B[ —

Also,
ay+3a, +5a,+ - + 8la,,

= (ao +8la,) + (3a, + Ta,) + - + (39a,, +43a,,) + 4la,,
=82(a,+a, +a,+ - +a )+ 4la,,
=41(9" = )+ 4la,,
=41 x 3%
a’—a’+a) - a’+ - suggests that we have to multiply the two
:Xpansions.
Replacing x by —1/x in (1), we get

20
1 1 a, a a
(1=t | =q-04 % G0
x x X

= (l—x+xz)2°=aqx“"—alx”+azx33—---+a40 3)
Clearly,

Binomial Theorem 6.49

aj—al+al+ - +.ag is the coefficient of x* in
(I +x+x)2(1 —x+ 520
= Coefficient of x** in (1 + x? + x*)20
In (1 +x* + x*)®, replace x? by'y, then the coefficient of y®in
d+y+yH¥is a,,. Hence,

2_ 2 2__ ... 2
aO al +a2 +a40_a20
2 2 2 _ a2 24 (29 ... 2y —
= (a;—al+al- ag+a,l’+(-al+ +a,) =ay,
2 2 2_ ..._ 2 2 _
= Z(ao—al+a2— alg)+am—a20
= az—a2+a2—--~—az—@[l—a]
0 1 2 197 2 20
For Problems 10-12
10.¢,11.a,12. c.

Sol. a, + ax + ax’ + - + a,x® + x'® = 0 has roots ®C,, *C

99C . 99C

"
- .
= agytax+axi+ -+ Ay x” + X% = (x - BCHx— *C)
99 e 99,
x="C) - (x (O
Now, sum of roots is

a

BC +9C +9C 4 ... +9C = —
° ! 2 i coefficient of x'®

= q,=-2%

Also, sum of product of roots taken two at a time is

)

coefficient of x'®

.

99 99 99 ‘
_ {zz 99Ci99cj J _ 2(99Ci)2

ZZ we v 00
o<i<jzeo L 4T 2
99 99
Z wca” |- 2(99 Cy
=0 i=0
- 2
9599 N 99 2
2727 - (UC
Ty
2
_ 1% _ LJon
2

(99C0)2 + (99CI)2 ot (99cg9)2

= (99C0+ 9°C1 + 99C2 + 99C99)2 -2 ZZ el ®C

0<i<j<99 ! i
=(-a,,)’ - 2a,,
=a2—2a,,
For Problems 13-15
13. a, 14. ¢, 15. a.

=0 =0

100 .
— Im(z lOOCr(eu )r]

r=0

100 100
Sol. a. z ™ C,sinrx = Im(z IOOC,‘—"”] (Im = imaginary part)

= Im((1 + "))
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=1Im (1 + cos x + i sin x)'®

100
= 2coszf+2isin£><cos—)i
=1Im ( 2 2 2

100
=1Im 2cos = [ cos> + isin z
2 2 2

= 2100 cog!® % sin (50x)

50
3 %¢Ca x50 % cos(rB — (50 — r)A)

r=0

50 .
- RC(Z 50 C,.ar X bSO—r X el(rB—(SO—r)A))

r=0

50 ) o

= Re( Yy SOC,(aXe'B)" x(bxe ™ )50_"]
r=0

= Re(ae® + b e™)¥

= Re(a cos B + ia sin B + b cos A — ib sin Ay

=Re(acos B+bcosA)*=cC(c asinB= b sin A)

0 50

Y, *°C, sin2rx ®C,,.,sin2(50 - r)x
0

0

w

,
1}
~

1}

[
S
o
=}

*C cos2rx \ ¢, c0s2(50 = r)x

_i_[l'f'c
.d b+d

.‘
i
>
o

vllm )

50
*C [sin2rx + sin2(50 — r)x] [

=0

0
Y *C,[cos2rx +cos2(50 - r)x]
r=0

S0 .
Y *C,25in(50x)cos(2r — 50)x

— r=0

50 :
Y *C,2co8(50x)cos(2r = 50)x

=0

= tan(50x)
= f(z/8) = tan(25x/4) = tan(bm + xld)=1

For Problems 16-18
16.b,17.b, 18. c.
Sol.
General term of the series is
i e 2r—1)

T =
” W (50 + 1)

r=1

s, 50 —r+1
50 -
C. 50+ r
B 50+rcr ~ 50+rcr 50—r+1
*c. PC | 50+

Now,
e (50—r+1
*c, 50+ r
_(50-r+ D(50 + r)trt(50 — r)!
r150!1(50 + r)50!

_(50—-r+DIS0+r - D!
50150!

50+r-} C
50+r C 50+r-1 C
= TH=a—t——=L=V(r)-V(r-1
50 C, 50 C,-_| ( ) ( )
50+r C

Now, sum of the given series

50
P=Y'T(r)=V(50) - V(0)
r=1
lroso _ 50C0 T |
SOCS SOCO 50

Also,
50 )
0= Zé(sucr)- = socé + soclz + 5°C22 bt socszoz |0()C50
= P-Q=-1
We know that
COZ _ CIZ + sz 4 e (=1) C”z
{ 0, ifnis odd

-n""c,,,, ifniseven

100

= z (_1),-(|nocr)2 =(- 1)l |00C50 - |00C50
=0

= P-R=-1
Q+R=2"C, =2P+2

For Problems 19-21

19. a, 20. b, 21. c.
Sol. Suppose A contains r (0 < r < n) elements.

Then, B is constructed by selecting some elements from the
remaining n — » elements. Here, A can be chosen in"C_ways
and Bin"™C,+""C + - + nrC = 2" ways.

So, the total number of ways of choosing A and B is"C x2"".
But r can vary from 0 to . So, total number of ways is

e x2 = (142 =3

r=0
If A contains r elements, then B contains (r + 1) elements.
Then, the number of ways of choosing A and B is "C_ x "C
=CC,,

But r can vary from O to (n - 1).

So, the number of ways is

-l
Zcrcrn =C,C + CCy+ - +C, C, = ZHC,H

r=0
Let A contains r (0 € r £ n) elements.
Then, A can be chosen in "C, ways. The subset B of A can have
at most  elements, and the number of ways of choosing B is 2".
Therefore, the number of ways of choosing A and Bis"C x 2'.
But + can vary from 0 to n.
So, the total number of ways is

z n Crx 212(1 + 2):1 =3"

r=0



Matrix-Match Type B

1. a—q,r,8; b—p,q,1,8 c—>p,qr;d—p,q.

(1) (n+l) {n+2), — (1)
a. C,+ "™VC, + 0C = C,
n+3
(n+3) (n+3) 4
= " C4 > C} = n+3
C3

>1

= n>4orn>5
b. (3053)%% - (2417)°3
=(339 x 9 +2)%° — (269 x 9 — 4)*»
Remainder of given number is same as remainder of
2456 + 4333

and

2456 4 433 = (64)™ + (64)"!
=(1+63)%+ (1 +63)"
=(L4+9x7)+ (1 +9x 7))

Hence, the remainder is 2.

¢. We know that n! terminates in 0 for n > 5 and 3* terminates

inl (. 3*=81).
Therefore, 3'% = (3*)* terminates in 1.
Also, 3% =27 terminates in 7.
Hence, 183! + 3'8 terminates in 7.
That is, the digit in the unit place is 7.
d. Weare given
nC, +"C, +"C, =46
= 2m+mm-1)=90
= m2+m-90=0
= m=9%asm>0

Now, (# + 1)" term of [xz +l) is
X

r
m Cr(xz)m—r (l] = mCr xllnf_}l'

X
For this to be independent of x, 2m - 3r=0= r=6.
2.a—>q; bos; cop; dor.
We know that
"ClF+CR kI Cr=C
and ‘
0, ifrnisodd

“Cz—”C2+"'+—1-"”CZ=
0 ! Y {”C”,z(—l)”,ifniseven

From this, 'C? = 'C*+C? - - =MC, *=0
32C02 — 3ZCIZ + 32C22 .. +32C 2 = XZC
32C02 + 32C|2 + 32C22 +32C 2 64C

Also, (1/32)(1 x C? +2 x "C2~ - +32x "Cv )

16

:L 32”C ]7C
3275

— 63 — 63
- CJ[— C32

Binomial Theorem 6.51

3.a>q; bos; c—>p; dor.

In the sum of series iif(z) x f(j) = 2[ (l)[Zf(J)]]

. i=l j=1 =l

i and j are independent. In this summation, three types of terms
occur, for which i < j, i >jand { =j. Also, the sum of terms
when i < j is equal to the sum of the terms when i > j if f(i)
and f(j) are symmetrical. So, in that case

i LfOxfG= 33 @) %) +

=0 j=0 0<i<j<n

20 O+ ZZf(z)fo)

O0<Lj<itn

=2 Y OV OEDWWONE)

O0<i<j<n i=j

33 £y x f(j) - 237050
= 22 fi)f() ==

0<i<jsn 2
1010 10 R
a. ZZIOCiIOCj:zzmqlocj_zmci- =220_20C10
i i=0 j=0 . i=0
1010 10

IOCIOC 10C2
> +Z i w00

b. szqlocj par g

lr

o<icj<io 2 2
10
10 ~ 10
Z c’c,->. ¢’
0<i<j<i0 2
_ 220 _20 ClO
2
10 10 10 10 10
d. °clc;=3°cy.°c, =2
i=0 j=0 i=0 j=0

4. a—>p,q,s; b->p,q,r,s; c—p,q,r,s;d—p,q,s.
a. In (1 +x)* =4'C0+4'Clx+‘“C2x2+ e+ G, x®
41 20 4 .4 4]
+UC, X+ -+ C,x
=UC. +4C_ 4. +4C =240
21 22 41

b. (1 +\/5)42=42C0+42<C1\/5) +42C2(\/§)2
+2C,(N2) + - +4C, (V2)?

Sum of binomial coefficients of rational terms is
42 42 42 ) — 4l
Co+2C,+%C, + - +2C n=2

R 2
I . 1Y (F+x+x'+1
¢ |xt+t—+xt+—=| =|——F—
X X~ X

2 82
_Gtaxtax+o-+agx )

42
X

Now, putting x = 1, we get
20 =
'=a +a +a,+ - +a,
Putting x = -1, we get
O=a,~a +a,—a,+ - +a,
Adding, we get
=2a,+a,+ - +ay)

= D4l
= ayta,+-+a,=2
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d. ‘We know that
n n n n p— 1 nr’:
- nC,—"Cy+"C, = "Cy+ - = 2" cos —
and

HCO + nC'2 + "C4+"C6 + o=

"’2><cos +2" lj

241) - 240

a. L.et consecutive coefficients be "C_and "C . Then,

NI)—‘

= "C,+"C,+"Ci+

AZCO + 4zc4 + 42C'8 + - X COS

For =42, (

5. a—>pr; bopr.—»p,qd—q,r,s.

n! n!

(n - r)!r!. - (n —-r— 1)!(r + 1)!
1 1

(n=r)(n—r-1)ir! - (n—r=1)r+1)r!

=

= r+l=n-r
= n=2r+1
Hence, n is odd.
b. E=(19-4y+(19+4)
2["Co19" +7C, 197774 +
or
2[”C019“+”C2-19“"2-42+ +"C
E is divisible by 19 when » is odd
C. IOCO ZOCI() — lOCl 18C10 + IC'C'2 16C10 —_ e
= Coefficient of x'% in ["C, (1 + x)* - °C,
x(1+x)"%+

= Coefficient of x'®in ["°C, ((1 + x))'* - °C,

n—1

X (1 + X2+ °C, (1 + x)?)* —

= Coefficient of x'®in [(1 + x)* — 1]'°
= Coefficient of x'° in [2x + x?]"°
=110

d. T ”’C' xr—] T 14Crxr; Tr+z=l4cr+|x’+l'

By the given condltion,
2 ldcr — |4CH + MC,»,]

14 14
= 2 - MCV —1 + ]4Cr+l
C C,

_ r + 14-(r+1)+1
= 14—-r+1 r+1

_r + 14 —-r
= I5-r r+1
= r=9
Integer Type |

1.) Letx’ occursin T, term, then

1 r
T,-+| — nc (ﬂZ)n—r(bxj

a "~ 22-2r—
:”Cr—bT‘.x, 2r r

+"C, 4"] when n is even

0C, (142"~

M

@

19-4""]thennisodd

ey

4.(8)

5.(8)

forx7:>22—3r=7:>r=5 .

.. . a
Hence, coefficients of x7 is ''C, ?

Let x" occurin T, term, then

1 r
Tr+1 — ”Cr (ax)”"‘(—;)?]

=uc 4 - RIEED
(b)Y
Forx'= 11 —-3r=-T7T=r=6
5
Hence, coefficient of x7 is ''C, a—s
4

Now ''C; £ a =1C, %
a5 ’
N a="c =
5 6 16
b
11 11 1
Csaz Cll-(,;
nC g=1¢ l
5 5
b
ab=1

Coefficients of (2r + 4)* and (» — 2)™ terms are equal.
1BC 18C (when "C = ncy’ thenx=yorx+y=n)

2r+3
2r+3+r-3=18 = r=6

According to the question,

“C _,MC,'*C arein AP, s0 {b = a;—c}
2' I4C:r = |4C’r—l + ]4Cr+l .
2.140 14! + 14!
A4—r)lrl Q4—r+DIr—1D! Q4=r—D!(r+D!
2 _ i
(14— r)(3-Nrr=D 1A5-r)14=r)13-r-D!
1
+
13- (r+Dr(r=1!
2 1 L]
(14-r)y ({A5-r)(14-r) r(r+1
2 I 1
14-ry r(r+1) (A5-r)(14-r)
3r—-12 1
rr+1) (15-r)
r=5o0r9
Let the three consecutive coefficients be "C _ = 28,
"C =56and"C,, =70,
"C, n-r+l 56
so that =———=7--=2 and
C._ r 28
"Cr+l — n—r _B_i
"C, r+1 56 4
This givesn+ 1 =3rand 4n—5=9r
dn -5
- =3= n=8
n+l

[\/XTJFT+\/;2——1]8+[\/?+__\/)62—_IT
2|:8C0(\/;2—+_1)3 48 Cz(\/xz—+l_)6( x2_1)2



+Sc4( x2+1)4(\/x_2—-1)4
s (G ()

which has degree 8.

50000
50000 — | |
6.(3) (1 +0.00002) ( + 50000) .

\ n
) 1
Now we know that 2 < (1 + —) <3Vn21 = Least
integeris 3 "

th
7.(0) Middle term is [%+1] Jle, @+ 1% de., T,

4
~sc [E] 2t 21120 = 3783 4 yin0
Ii="C (zj 2 1234
o120
70
= (P +4) (*-4)=0
. x=*2onlyasxe R
8.(4) T2 :nC'l (a1/13)n—1 . aa = 14a5l2
E
= n-al® =14q
n—14
= nal® =14
n-14 _0
13
=n=14
e 14! 20120 12
= 14 = =~ =4
c, 311 14! 3

9'(5) 23C‘I' + 2 23C‘Ir+ ] + 23C’r+2 = 24er-f»l + 24C!‘+2 = 25C’r+ ZZZSCIS

(r+2)canbe 10, 11,12, 13 and 15
so 5 elements.

10.(4) .
Sélogj Va¥ 144 N 1
510g5 %/;:[—;

8
. 1
= | (V45 +44)"° + [—]
[ 3}2,\'—1 +7

‘ 1
=| (4 +4) 4 ——
(( : (A +7)“3]
Now T,=T,  =3C, (4 + 44)"")

4 444
2747

Given 336 = 8C3[
Let2*=y
= 336= SCB(

2
o 136= 8xTx6[ 2(y* +44)
3x2x1 y+14

= y-3y+2=0 = y=0,2

y? +44
yI2)+7

11.6)T = ”Cr (xA=r (=1y x

= ”Cr x2n-3r(_ 1):—

Constant term = "C (= 1)"if 2n =3r
i.e., coefficient of x =0

hence, "C, , (- 1)**=15=5C,n=6

2a/3

1

12.9)/(n) = "Ca+'

= l (nco a'— nCl an—l + nC2 an—2+
a

— l ((a_l)n _(_l)n nC")
a

1 1 n
il Z[(s‘ﬁ‘(‘” B

n

35_ -1 n
fo) = —T"(—)
[32_23 + 1]
2007
3 4
= f2007) = “
3 4]
2008
3 223 -1
= f2008)= —
3223 4]
2007, 2008
223 223
= A2007) + f2008) = #
32—23+l
1
P43
= 1
3 41

|
[1+32_23]
= 39—_._l :3?
(1+3m)

= 3°=3*thenk=9

10
13.(5) We have 1+Y.(3"."%C, +r.'%C )

r=|
10 10
=1+3¥3°C +10¥°C
r=1 r=I
=1+4°_1+10-2°
=404 5210=210(4° 4+ 5)
=2"(a-4°+ ), soa=1and B=35

_ nC‘1 an—2 + uczan—3+

Binomial Theorem 6.53

+(_1 )u—] nC"_I aO
o+ (CIyIC a)
Sx)

_____,,_.
—————-dtn

Fig. 6.1
Now f(1)<0Oand f(5) <0
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<0 = -k<0 = k=0
and f5)<0
16 - k<0
kK -16>0
ke (=00, 4) U (4, )
Hence, the smallest positive integral value of £ = 5.

g Ul

14.4) We have b = coefficient of x° in
_ ((1+x+2x2+3x3)+4x“)4
= coefficient of x* in [*C(1 + x + 2x* + 3x%)° (4x4)?
+4C, (1 +x+ 207+ 35%) () + -]
= coefficient of x*in (1 + x + 2x% + 3x%)* =
Hence, 4a/b = 4.
5.DA+DE+T-DP=Q+NE-(1-7)"
=2[8C T+BC, TP+ - +8C, %] = (27 - 83) + 491
where / is an integer
Now 14 x 83 = 1162
Jhe .35
49 49
Remainder is 35
16.(0) Consider (5 + 2)!® — (5 —2)'®
=2 ['OOC] 59.2+ IOOC3 594 4 100C995 . 299]
=2 [1000- 5% + 1000."°C,. 5% + --- + 1000 - 2%]
= Minimum 000 as last three digits.

17.6) (1-2x+ 52— 10x%) ['C, + "Cox + "C3* + -]
=l+ax+ax’+ -

n(n——l)_zn+5

= a|=n—2anda2=

Given that a* = 2a,
= (n-2Y=nn-1)-4n+10
= n*-4dn+4=n"-5n+10
= n==0

18.(0) 1+2+22+2°+ ...+ 2%
_ 1(22000 _ 1) .
1
= 92000 _
=(1- 5)yto00 _
=1- IOOOC]-S + I000C2.52 4o lOOOCmOO.SIOOO -1
which is divisible by 5.

4 34—1( .X'k
19.) = g[m— k)!][ﬂ]

a( 3%k N 3k 4
Eo(m—k)!][ﬂjz

_ i o3ttt G’
k=0 41 4!
According to the question,
G+t 32
4! 3

= (B +x)'=256
= x+3=4 = x=1

n
e =0 n—ee 215

n r=l . nof
20.(1) lim 2 -517."Cr (Z rCI_3t) = lim Z— "Cr (47— 37

: 1‘ . n r < n r .
= lim ? [z Cr 4" — z C,. 3 J = lim —517 (5::_ 4n) - 1
n—e r=1 i r=1 n—oa
Subjective Type

1. Given that
C,+2C,x+3C, x>+ = + 20 C, X = 2n(1 + x)'

where
2n!
C= " )
Torli@n=-r)
Integrating both sides with respect to x, under the limits 0 to x,
we get :
X 2n "
[Cox+ e+ Cor o+ Ty =[ (14 2)" |
= Cx+Cx+ Cxl+ -+ c,x=a +x) -1

= C+Cx+CxR+Cx++Ca¥=(+x)™ (2)

Changing x by —1/x, we get

= Co K — Clx2n—l + szzu-i Z Csxz"‘3 4o CZn =(x-1D" (3)
Multiplying Egs. (1) and (3) and equating the coefficient of x™*~' on
both sides, we get

—C*+2C-3C++2nC;

2n

= Coefficient of x>~ 'in (x* - 1)~ '(x - 1)

= 2n[coefficient of x¥*~? in (x? — 1)*' — coefficient of x*"~' in
(xz _ 1)2:;»1]
= 2”[2"_|C"_|(_1)"_I _ 0]
= (___1):1—1 2nZn~IC:”_I
= C'-2C+3C!++2nC;,
- (_l)n ZnZu—IC”_l
n 2” n-=
= (=D n><[7 x 2 'C,H]
— (_l)n n ZnC”
=(-l)ynC, (™C =C)
2. See solved example 6.81
3. s, is in geometric progression, hence
n+l 1
s = q ,q# 1
n q- 1
(q + 1 JIH
2 - +1 ntl L 2n+|
= =) ®)
g+l PACESY
2

Consider
(n+I)C + (n+1)C s + (n+1)C S+ -+ (u+1)C s
1 221 33

ntln



2 ekl
e (q___ij_,_mmq i__ll 4 OC d 11
q- T q- q-

_ 1 [{(n+[)cq+(u+l)c ql+---+(”+])C qn+|
q _ 1 L 2 n+!

_{(m»ncI +(”+I)C2+"‘+(“+”Cn+(}

=(;1_—1)[{(1+q>"“—1}—{2"-*'—1}] | ' (B)

_ (1 4 q)n+l _ 2n+l
= q- 1

Thus, 1+l n+l
e C| + (”H)Cvsl e 4 DO _ QM

n+l%n
. qg-—1
But from (A), we have

n+lc:‘l + ("+|)Czs| 4+ (n+l)C’ s - 2nS"

w1 nl

i : 1o (3Y (7Y
4. D' x"C. —r+(—j +(—J + - m terms
EO [2 4 8
1—l + 1—3 + 1—Z + 1—E + --- m terms
2 4 8 16

1 1 1 1
+ —— + 5+ mterms

+ .
2:1 22n 23:1 2411

—1_ 1_(.—1_]Hl
o o o _ 1

—1_ = 2",” (2" - 1)

2”

5. Here f= R — [R] is the fractional part of R. Thus, if I is the
integral part of R, then

R=1I+f=(N5 +11)» and 0 <f< |
Let f" =55 — 11! Then0<f' <1 (as5+5 =11 <1)
Now, I +f~f =G5 + 11 = (545 — 11y
=20, (545 ) x 11+ 2C, (545 Prax 11 4 ]

= an even integer @9)]

= f- f’ must also be an integer
= f-f =0 0<f<1,0<f <1
= f=f
Rf=Rf =G5 + 1) (545 = 11!
= (125 — 121)2! = 42
6. S=C,~22C +3C,— - +(-1y(n+1)°C,
T =(1yrrc,
== r(r"C)
== rn'C )
=n(-1y ((r= D+ D' C_)
=n(-1y ((r- 1" C_ +"'C_)
=n(=1) (= 1y2C_,+"'C_)
=n(n-1)"2C _(~1y? ~n'C_ (1)

= S = iTr
r=0

Binomial Theorem 6.55

=n(n—1)(1 - 1y~2= (1 — 1)~

=0
7. Given that

2n 2n

Y, (x=2)'=2 b,(x-3) (1)
r=0 r=0
and
a=1Vk2n
InEq. (1), letusputx —3=yorx—3=yorx-2=y+ 1 and we
get
2n 2n

gar(Hy)':;b,_(y)r

= a+a (l+y)+-+a,_ (1+yy!

n—1
21

Ay Yy ()= Dby

r=0
[Usinga, =1,V k2n]
Equating the coefticients of y" on both the sides, we get

n C" +n+l C" + n+2C” 4o ’lnC" = b"

= (u+l C + n+|C”) + n+2C” ot ?.uC” - b"

ntl

[Using "C,="'C,, = 1]

= b" = "+2C”+| + n+2C” 4o+ ZMC'" [USlng "’C, + mc‘r_l = I"HC,_]
Combining the terms in similar way, we get

bn = 2”Cn+l + 2"C"
= bn = 2’H,IC‘HH
$ 3n
8. S= (3" VCs k= > and n is even
r=|
=k= 31? =3m

3m
=S= 2(—3)'-_]X GIHCZ:--I - mnCI _ 3 (m;c:4 + 32 6"‘C5 —a

r=1

(_3)3:::—1 6”,C6m—l
= ﬁ[ﬁﬁ Cl - (\./'3_)3 6 C3 + (\/—3_)5 6 C5

I (_1)3111—I(_\/§)6m—l 6mC6'"_] )

There is an alternate sign series with odd binomial coefficients.
Hence, we should replace x by J3iin (1 + x)5". Therefore,

(1+ \/:’Tl-)cm — 6”'Cn+ r"uuC](\/gi)+6111C2(\/—3—l-)2+6mc3(\/§i)3
' o +6mC6’"(\/§l-)6m

= \/_3_X6mcl_(\/§)3 f)mC:3 +(\/§)5 Gmcv5 o

6mn

= Imaginary partin (1 + x/gi)

om
=Im [2"’"’[l + —\/Ez] ]
2 2
6m
=Im|2{ cosZ + isinZ
3 3

=1Im [26"’ (cos2mm + isin2mmn )] =Im[2*"1=0
= 8§=0
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2 _ 42 2 _ 42 P
9. a;—al+ az‘ al+
two expansions

(1+x+xz)”=a0+a1x+a2xz+...+a2"x2n : (1)

suggests that we have to multiply

Replacing x by —1/x, we get
= (l-x+x=agp*—ax™' +ax"?- - +a, ?2)
Clearly,
a?~a’+a? - +a,} is the coefficient of x*" in
(A+x+x% (1 -x+x2)"
= al-al+al---+a?
= Coefﬁcxent of 12" in (1 + X2+ x¥y
In (1 + %2+ x*, replace 22 by y, then the coefficient of y" in

(1 +y+y»)isa, Hence,

a’-a’+a’----+a,’=a,
n C
10. =D’ L
’g(’) [ r+3 C3 J

n 1 n! 3lr!
=0 (n=nrr! (r+3)!

_3|Z( 1}

Y

(n+1)(n+2)(n+3)§.‘( D

— 3! Z( 1)r+3 n+3C
T+ D+ D35S

- _é[ n+3C n+3C ( )IH—} n+3C ]
(n+1)(n+2)(n+3) 3% 3

k)l
_ 3! |:("+3C0 _RC 4 C, SO, bt
(n+Dn+2)n+3)

(__l)u+3 "+3C"+3) _ (n+3C0 _ n+3C[ + n+3C2):|

31
P 1 _ n+3 1 _ 3
(n+ D)(n +2)(n+3) [( DTl n+3)

(4 3)n+ 2)]
2

= 3 [(1_,1_34_W}
(n+ D(n+2)n+3) 2

_ 3! (n*+3n+2) 3!
T+ D+ D +3) 2 T 2n+3)

11. We know that the coefficient of x"in the binomial expansion of
(I+xyis"C.

nC +n lC +u 7C +e +mC

m m

= Coefficient of x" in the expansion of [(1 + x)" + (1 + x)"*!
+(L+x)2+ -+ (1 +x)7]
= Coefficient of x” in [(1 + x)" + (1 + x)"' + (1 + x)"?

+ - +(1 + x)1] (writing in reserve order)

N {(1+x)n—m+l _1}

= Coefficient of x" | (1+x)
1+x-1

] {sum of G.P.]

[+ 2" = (14 )]
x .
= Coefficient of x*' in [(1 + x)"! — (1 + x)"]
_ n+IC
m+| \

u+lC

m+l

= Coefficient of x” in

Now, we have to prove

"C,+2"'C +3"C 4+ (n—m+1)"C, =""7C,

m+2

Let us consider
CS=0+x)+2(0+x) +3(1+ )2+ - +(n—m+1)
x (1+x)" (1)
U+x)S=Q+xy*+2(1+x)"+3(1 +x)' +
+m-m+ DA +x)" (2)
Subtracting (1) from (2), we get
xS=0+x0)"" + (1 +x+A+x)" +(1 +x)2+

+(+x)"+(m-m+1)A+x)"

]

1
1+x

+(n-m+1) (1 +x)"

G+ [+ x)m—-1]

n—m

: - nQ "
R +(n—-m+ 11+ x)

(l N x)m+| [(1 + x)n+l—m _ 1:|

= + (n - m+ 1)(1 + x)"' ‘

X
(1 + x)"+2 - (1 + x)"“'l N (n —m+ 1)(1 + x)m

2
X X

= §=

Now,
"C,+2x"'C, +3><”c At —-m+)"C,

m

= Coefficient of x" is §
= Coefficient of x* in

{u+@“z_u+gw'+

(nem+1)(1+ )
X2 x
= Coefficient of ¥ in [(1 + x)"? = (1 + x)"*']

= n+2C

2
12. (25y*! - 24n + 5735
= (1 + 24y - 24n + 5735
=mIC 4+ ™IC 24 +™IC242 + - —24n + 5735
=1+24(n+ 1) +"™CR4* + —24n + 5735

= 5760 + 24°(*C, + -

+mC 24

+m1C  24")
=24[10 + ("M C, + -

which is divisible by 242

+ n+l C"+124n—1)]



. 13, S< 2F nr) e n—1 k2 n—2
T 0hk 1 k-1 2 k-2
N n—k
_...+(_1) k 0

= 2k nCO an _ 2{(—1 nCl H— le—l R +(_1)k uCk n—kCO

k
= Z(_l)rzk—r "Cr n—rck_r

r=0
g (n=n)!
',=ZO( b (n—r)r! (k — P)i(n —k)!

" kn —k)'g( e r'(k r)!

k
="C, (-2 fC,
r=0

- an [kco2k _kclzk—l +kC22k—2 R (__l)k ka]
="C, 2-1)}="C,
Objective Type
Fill in the blanks
1. We have,
101%° = (100 + 1% = 100% + 50 x 100% + 5(;(‘119100“8 (1)
X
9950 = (100 — 1)* = 100% — 50 x 100* +
50 % 49 100% — @
2x1

Subtracting (2) from (1), we get

10150 - 99% = 100% 42 20X X8 15007 L 100%
X2x3

Hence, 101°°> 100% + 99%

2. If we put x = 1 in the expansion of (1 + x - 3x2)2‘63 Aj+Ax
+A,x* + --- we will get the sum of coefficients of the given
polynomial, which is equal to —1.

3. (1+ax)=1+8x+24x>+ -

= 1+nxa+ ___n(’;: 1) @x4 =1+ 8x+24x2 +

Comparing like powers of x, we get

nax=8=na=38 €))
~-1d*

n—(n%=24:>n(n—l)a2=48 @

Solving (1) and (2),n=4,a=2.
: 10
4, Let T, be the general term in the expansion of (\/E +3Y 5)

T, ="C, (2)""" 3"y (0<r<10)

= 10' 25—1'/2 3r/5

rid0 —r)!
T, will be rational if 252 and 3 are rational numbers. Hence,
5 — /2 and r/5 are integers. So, r = 0 and r = 10. Therefore,

T, and T, are rational terms. Now, sum of T, and T, is

10C, 20 % 30 4 10C 255 x 37 = 32 + 9 = 41.

Binomial Theorem 6.57

Multiple choice questions with one correct answer

= C

3.

1. a. Given that r and n are +ve integers such that r > 1, n > 2.

Also, in the expansion of (1 + x),

Coefficient of 3r" term = coefficient of (r + 2)™ term

3 = Co

= 3r-1=r+lor3r-1+r+1=2n
[using"Cx="Cy=>x=yorx+y= n]

= r=lor2r=n.

Butr>1

General term in this expansion is

10-r - rar
— -1) 3
Tm:mC{%] (};) - 'OCrx“H'( 2]2_r

For coefficient of x*, we should have r = 2.

(-1’3
Therefore, coefficient of x* is '°C, T =

¢. Since n is even, let n = 2m. Then,

405
256

LHS.=8S=——|C

zgm')” [C2-2C2+3C2 +o (-1

x (2m +1)C3, | )

2m!im!
S=W[(2m +1)C2 - 2mC? + (2m - 1)

c.)

n—r

XC 4+ G, | (2) (Using C, =
Adding (1) and (2), we get

-+ C2

2m :|

Now keeping in mind that Cg -Cl+ sz -+ (= ( )”/2 "C.,

if n is even, we get

'm!
2S=2—(n;$"(2m+2) (G -Cl+ G+

_ m! m! m Im
S=2G s m+ ) [ e, ]

=2 (g + 1)(—1)”’2

=(=1)" (n+2)
4. c. Let,
- 7
b=25¢ (1)
r=0 r
n n—r
= z,,— (we can replace rbyn—r)
7=0 Cn—r
@

gt nC
Adding (1) and (2), we have

n—r
_gnc Z

r=0




6.58 Algebra

5. ¢. The given expression is (x + JxT—T)S + (x — 3= 1)5 .

‘We know that ’ '
(x+a)+(x—ay'=2["C,x"+"Cx"?a +"C, x"a" + -]

Therefore the given expression is equal to 2[*Cx° +°Cx* (* — 1)

+ *Cx(x* = 1)’} ’

Maximum power of x involved here is 7, also only +ve integral

powers of x are involved, therefore the given expression is a
polynomial of degree 7.

e[
{HHL
LIHIH) e

7. b. (a-by,n=>5
In the binomial expansion,
T,+7,=0
— uC4 au—d b4 — "C5 an—S bS = 0

"C, a 4+1a "
= - 12 _ 5 2 =1 Using C :r+1
Cs b n—45b " n—r

r+l

4

8. ¢ 2°C7C

m—i

_ 10/~ 20 10~ 20
- Co Cm+ CI C”,_|+10C2 wC

m-2

+-+1°C, *C,
=Coefficient of x" in the expansion of product (1 +x)'® (x + 1)

= Coefficient of x” in the expansion of (1+ x)*
= 3OC‘I”
Hence, the maximum value *C is **C,..
9. d. A+ +') 1+
= (1 + tl? + t24 + t36) (1 + t2)12
Coefficient of £
= I x coefficient of #* in (1 + #)'* + 1 x coefficient of #? in
(1 + )2+ 1 x constant term in (1 + 2"

=1C,+""C,+2C,=1+"C,+1="C,+2

10. d. "'C.="C,,, (k- 3)

n-l
o K-3= Cr=r+1
nCr+l n
Now,
0<r<n—-1
= 1<r+1<n
= _l_sr_-i-lgl
n n
l1_ .
= -<k"-3<1
n

= 3+ opcan il k<2
n n

When n — oo, we have
V<k<2
= ke (3,2

11. a. Given series is

30C0 30Cm _ 30CI ]OCII + 30C2 30C|2 et 3OC20 3°C30
which is
30C0 30C20 _ 30C] aocl9 + 30C2 mcls et 30C20 JOCO
= Coefficient of x¥ in the expansion of (x + 1)"(1 ~ x)*
= Coefficient of x¥ in the expansion of (1 — x?)"
=%C

10



