In earlier classes, we have already learnt how to find the squares and cubes of
expression of the form a + b and a— b But for higher powers like(a + )%, (a — 5)'7,

ete. the ecaleulation become difficult. This difficulty can be overcome by using
binomial theorem. It gives an easier way to expand (a + b)", where n is a positive
integer.

BINOMIAL THEOREM
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BINOMIAL EXPRESSION

An algcbraic CXpression consisting of two terms with +ve or =ve sign between
them, is called binomial expression.

c.g. (a+25), [ ‘p: —%} [3x—£]
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PASCAL'S TRIANGLE
In carlier classes, we have already studied that
(i) (a+5)" =1 (ii) (a+b)' =a+b

(iii) (a+b) > =a’+2ab+ 6>  (iv) (a+b)’ =a® +3a%b+3ab* + b
) (a+8)* =a® +42°b+6a%6* + 4ab® + b*

In these expansions, we observe that
(i) The toral number of terms in the expansion is one more than the index.
(ii) Powers of first quantity ‘4’ is decreasing by 1, whereas powers of second
quantity ‘& increase by 1, in the successive terms.
(iii) In cach term of the expansion, the sum of indices of @ and 4 is the same
and is equal to the index of (a + ).
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Also, the coefficient of variables in the above expansions
follow a particular pattern, which is given below

Index Coefficients
a 1
1 Tyl
o g 2\";1
3 IvﬂvSvl
4 Igivépiy!
5 'IvSl;rlﬂv'leSl&rl

It can be seen that the addition of 1's in the row for index 1
gives rise to 2 in the row for index 2. The addition of 1, 2and
2, 1 in the row for index 2 gives rise to 3 and 3 in the row for
index 3 and so on.

Also each row is bounded by 1 on both sides. The strucrure
looks like a trianglc with 1 at the top vertex and running
down the two slanting sides. This structure or array of
numbers, is known as Pascal’s triangle.

PASCAL'S TRIANGLE WITH THE HELP

OF COMBINATION

To find the expansion of the binomial for any power
without writing all the rows of the Pascal’s triangle that
come before the row of the desired index. We can use a rule
which is based on combination.

n!

We know that "C,=———(0=r=n) and »n is
rl(n=r)!
non-negative integer. Here "Cy="C =1,
Write the Pascal triangle as given below
Index Coefficients
1] By
=11
1 Y gy
{=1) (=1
2 L o .
L e e
3 Co Cy Ca Ca
e =3 e
4 o (Y & o
I I
5 % o o ‘a6 i %G
{=1) (=5) =101 (=10) =5 =l

Clearly, with the help of this partern, row of the Pascal’s
triangk for any index can be written without writing the
carlier rows.

e.g. For n =7, the row would be

e, e, ’c, ¢, ¢, e, e, e,

Binomial Theorem for

any Positive Integer

Theorem If a and b are two real numbers, then for any
positive integer n, we have
(a+ b = "Co@"b® +"Coa* b +"Ca" = b

+od"Cah"

(a+b)"="Coa"+"C,a" " 'b +"Ca" " b +...+"C b"

= (a+b)"=Y"Ca"""V
r=10

whcrc,"f,'ﬂ."cl veeen 0 are called binomial coefficients.

These binomial coefficients can also be written as
CopClnnC,.

SOME IMPORTANT OBSERVATIONS

(i) The total number of terms in the expansion is one
more than the index, i.e. the total number of terms
inla+b)" isn+l

In the successive terms of the CXPansion, poOwers of the
first quantity @ go on decreasing by 1, i.e. it is 2 in the
first term, (n = 1) in the second term and so on ending
with zero in the last term whereas the powers of the
sccond quantity b increase by 1, i.c. it is zero in first
term, 1 in the second term and so on ending with # in
the last term.

(1)

(ii1) In each term of the expansion, the sum of the indices
of & and & is the same and is :qua] to the index of
a+bie n

(iv) The binomial cocfhicients of terms equidistant from
the beginning and end are equal.

N4 Important Formulae
(Related to Binomial Coefficients)

i G=—=m=" _(0sr<n
rlin—r)!

(il 'Cg="C,=L"G =n

(i) "¢, ="C,_,

iv) ¢, + "G, =""1G
(v) I'§171,=”'C],d::r."r=y'v|:|nrat+y=r|l

i) . _n-r+1
r

-1
Wil) "Cy+ "G+ "C .+ G, =2
i) °Cy + "C, + T, +..= "0 + "y + 0 + = 2™



EXAMPLE |1| Find the number of terms in the
expansions of following expressions.
(i) (x +3y)’ (ii) (1-2)*
Sol. (i) Given expression is (x +3y)’. Here, n=2
.. The number of terms in expansion is (n +1)
ie. 2+1=3
(ii) Given expression is (1 — z)*. Here, n=4

. The number of terms in the expansion is(n+1)
Le.4+1=5

EXAMPLE |2| Using binomial theorem,expand (x* + 2y)°.
Sol. By binomial theorem, we have
(a+b)'="Cya" +"C, d" " 'b+"C, d" " *b*+.+"C,(b)"
Here,a= x*,b=2yandn=5
s (xF +2y) =3¢, (2*) + 3¢, (x%) (2y)
+3C, () (290 +°C5 () (29)
+7C, (x*) (2y)" +°C5 (2y)°
= x" +5x% (2y) + 10x® (4y%) + 10x* (8y*)
+5x% (16y*) + 32"
=x"+ le'y +40:\"’yz +80x'y’ + 80x2y‘ + 32ys

n
EXAMPLE |3| Prove that 33" "¢, =4".
r=0 [NCERT]
)7 Use (14 x)' = "Cq + Cx + "Cox% + "Cax®+... +"C X"
and prove the result.

Sol. Wehave, ¥ "C,x3 ="C,3" +"C,3

r=0
+"C,32+°C3 +..+"C, 3"
[onputting r=0,1, 2, ..., n
="Cy+"C3+"C,3* +"Cy3* + ..+ "C,3"
=(1+3)" [Q+x) ="Co+"Cyx + "Cox? +...+ "C,x"]

=4" Hence proved.

Particular Cases of Binomial Theorem

(i) Expansion of (@ — #)" Replacing & by (=4) in the

expansion of (a+ 5", we get (a— b =[a+ (="

="Coa"="C1a" " "bt "Cra" "+ (=1)" "C "

(ii) Expansion of (1 + x)" Replacing @ by 1 and & by
x in the expansion of (a + 5", we get

1+ x) ="Cy1" + "C1" '+ "C,1" " x?
+o. 4+ "Cox"
=1+ "Cyx +"Cox’ +..4+"C x"

mn—1)

=1+|u'+—rx +..4x"
2!

(iii) Expansion of (1 — x)" Replacing @ by 1 and & by
(=x) in the expansion of (a + )", we get

(1=x)"="Cop="Cix+ "Cox’ +..4(= )" "C, x"

_n(n'—l) X =+ (=1 X"

=l—nx+
(iv) (x+a)" +(x=a)" =2["Cox" + "Cox""2a’+...]
=2 (sum of terms at odd places)

Note
(i) The last term will be "C,a" or "C,, _,xa" =" according as
nis even or odd, respectively.
(i) If nis odd, then number of terms in [(x + a)" + (x = a)"]is
Lz 1)andifniseven, then number of terms is(g + 1].

V) (x+ay'~(x=a)" =2("C\x"'a'+"Cy;x" 32 +...]
= 2(sum of terms at even places)

Note

(i) The last term will be "C,, _,xa” =" or "C,a" as nis even
or odd, respectively.

(i) i nis odd, then number of terms in [(x + a)" = (x=a)"]
is(n; 1)andifniseven, m«anmn'beronemlsis(g}

EXAMPLE |4| Using binomial theorem, expand the
following expressions.
(i) (2x -3)° (ii) (1-2x)°
Sol. (i) We have,(2x —3)* =°C, (2x)* - °C,(2x) x3
+°C, (2¢)* (3)* - °Cy (2x)* (3)°
+°Cy (2x)* (3)* - °Cs (2x)F + °C3°
=%C, 64x° =4C,32x° X 3+°C,16x* x 9-°Cy8x* x 27
+°C, 4x* x81-°C, 2x x 243+ °C,729
[*C, ="C,_,]

X
=64x°—6x32x3xx5+¥x16x‘x9

6% 5% 4x8Bx? x 27
6

6%5
+ = xdx’ X8l

— 6% 2x X 243+ 729
= 64x%— 5762 +2160x ' — 43205 + 4860x°— 2916x+729

(ii) Consider, {1 — 2xF =[1 +(— 2x)f
=3C, +°C, (- 2x)+ °C, (- 2x)" +°C, (- 2x)°
+3C, (- 2x)* + %05 (- 2x)
=1+5—2x)+10(4x") +10(— 8x") + 5(16x")
+1{-32x")
=1—10x +40x* —80x" + B0x* —324°
which is the required expansion.



&
EXAMPLE |5| Expand (%"-zi] .
X

0 Use {a-b)"="Cea" - "Ca" b+ "C.a" "% b*
d +o + (-1 "C B

4 4 3
Sol We have, [2—1 - i] = ‘C‘u[z—x] -, [Z_x) [i]
3 2x 3 3 2x
3 2 3 4
~elF) @) 3R )
3 2x 3 2x 2x

16xt gxi( 3 4x* [ 9
S1x e g [—]+E--—Jlr —)
[M]
16x°

81 27 \ax 9 hgqy?
[+4C,="*C,=1"C,="C, =1

2 27
- 4[—1][—3] +1x
3 Bx

and * pE— ——— =
2120 2x1x2!
16 16 9 81
=—xt - Zxfre-—+
81 9 xt 16xt

EXAMPLE |6] Find the number of terms in the
expansions of the following expressions.
[NCERT Exemplar]
(i) (x + @) + (x — a)'® (ii) (1+ VBx)" +(1— Bx)
(iii) (v + @) - (y - a)*
Sol (i) Given expression is (x + u]'m +(x— u]'m.
Here, n =100, which is even.

- Total number of terms = I +1= E +1=51
2 2

(ii) Given expression is (1+ J;x}? +{1— iEx )1_
Here, n =7, which is odd.
.. Total number of terms = okl = il = L =4
2 2 2
(ii1) Given expression is (y + u]m —(y— a}m.

Here n = 30, which is even.
n 30
. Total number of terms = 2 = > =15

EXAMPLE |7| Find (x +1)° + (x - 1)°. Hence,
evaluate I:-NE + 1]6 + [JE = 1]5‘ [NCERT]
Sol We have, (x +1)" = ﬁ'CDx"‘" + °Cl_ts ®1+ "Cyxt x 1y
+ 50, (1)} 4 SOt x (1) + Sox x (1F + fC,()t
= (x+1)° = "Cox® + °Cyx° + Cox’ + °Cyx”

ot 4 o + 5y [, =0, ]

6x5 b5 4
= (x +1)* = x* +62° + —x' § ———x*
2 ]
6x5
4 2

—_—x" +bx +1
2

= (x+1)% = x" + 62 +15x" + 200 +15x% +6x +1 i)

Similarly,

(x =1 =x"—6x" +15x" — 200 +15x% —6x +1  _{ii)

On adding Eqgs. (i) and (ii), we get

(x+1)" +(x -1 =2[x* +15x" +15x" +1]

Now, on putting x = qﬁ we get

(V2 +1)* + (2 1) = 2[(v2)* +15(v2)* +15(+/2)* +1]
=22 +15% 27 +15% 2+1)= 2(B+15x 4 + 30 +1)
=2(B+60+30+1)=2x09=198

EXAMPLE |8| In the expansion of (x +a)", if the sum

of odd terms is denoted by 0 and the sum of even terms by
E. Then, prove that

(i) 0 —E* = (" —a®)" (i) 40F = (x + a)*" — (x — a)™"
Sol (i) We know that, (x +a)"' ="C, x"a® + "Cir"_la]
R L R R R S A

Mow, sum of odd terms

ie. 0="Cpx™ +"Cox" " %a® + ...

and sum of even terms

ie. E="Cx" la+ "Cax" % + ...
Thus (x+a)'=0+E i)
Similarly,(x —a)' =0 -E (i)

Now, on multiplying Eqs. (i) and (ii), we get
(O+EY(O-E)=(x+a)" (x—a)
— 0% — E* =(x* - a®)"
{ii} Clearly, 4 OF = {0 + E)* —(0—-E)*
= 40E =[(x +al"]* = [(x - a)")*
[from Eqs. (i) and (ii)]

={x +af" —(x —a)*™

EXAMPLE |9| Evaluate
(x? -ﬁjl- x2) o+ (x? + 1= xH)5,
[NCERT Exemplar]

— )

Hence proved.

Sol. LetE=({x*—fi—x"V +(x*+

Put 4f1 — x = y, we get
E=(x*-y)' +(x* + )
= 2[4C,(x?)* 0 + 4C,(x) ¥P + 40 (xP) ¥
if nis even, then (x —a)" +(x +a)’ 1
=2{"C, x"a" +"C, x" M + "C " a +..._|J
=2[1x x® x1+6x x'y® +1x1x 3%

=2[x* +ex' (1—- x¥)+(1-x*)*] [put y=q1—x7]
=2(x" +6x' —6x® +1+ x* - 2x%)

=2x® —12¢f +14xt —axi 42



EXAMPLE |10| Using binomial theorem,
(x? =2x +1)* expand.
Sol. Wehave, (x* — 2x +1)° =[{x —1)*] =(x-1)°
= Cy (x)* = °Cy (xF (1) + °C, (x)* (1)
= Cy (x)' (1) + °C, (x)* (1) —*Cy(x)' (0F +° C,(1)°
=x% —6x +15x" — 200" +15x" —6x +1

Mote

To solve such questions we consider any two lerms as one term and
then expand by using suitable theorem.

EXAMPLE |11]| Expand, the following using binomial

theorem.
(i) (1-x + 2%

2 4
(i) [1+5—-J L x#0
2 x
Sol (i) We have, {1 - x + x*)" =[{1 - x) + x*]*
='Cy1-x) +fC - x)(x7) + e, - 2P (XY
+ 90,0 - X)) + 4C, (xH)*

[on taking (1 — x) as a and x* as b)

=(1-x)" +4x'(1 - x)* +6x'(1 - x)’
+4x®1—x)+1-2°
=|{1—-'-1:c+t_i.1c2 —ax' 4+ x‘}+4x2(1 —3x +3x° —.t!]
+6x*(1—2x + .tz}l+ a1 — x)x® + ¥
=1—dx+6x" —4x? + ' +4x® —1227 1120t — 4P
+6xt —12x% +6x® +4x% —4x7 + x8

=1—4x +10x? =162 + 192 — 162"+ 10x"— 42" + 2°
4 4
x 2 X 2
We have, [1+———] =|—[1+—]——-I
2 x |_ 2 xJ
X ¢ x ’ 2 x !
=‘c, [1 +—J -, [1+—J [—]+ ic, [1+—J
2 2) \x 2

2 4
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(i1

4 2 3 4
[Hi_i] =l1+a-Fre X e X X
2 X 2 4 8 16

2 3
g llisa Xy X X
x L B
1 x? 1 x). 16
+24-—1+x+— —32x—[1+—]+—
.'Cz 4 xS 2 x?
2z k| 4
3 8
=l1voe+ 24 2 4 X —[—+12+6.t+12]
2 2 16 x
24 24 32 16} 1
+[_2+_+45)— —3+—2]+_l
X X X X X
4 3
x x 3
=—+—+:c2[——1J+x[2—6}+[1—12+6]
16 2 2
1 1 32
+H(24-8)—+ (24 -16) - +—
x X X
4 3 2
x X X 16 .1 32 1o
bt x-S ——
6 2 2 x 2

TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

1 The total number of terms in the expansion of

(a+x)™ —(a—x)* after simplification is
(a) 51 (b) 26
(c) 52 (d) 102

The number of terms in the expansion
(1- 3x +3x*— x*)? is equal to

(a) 9 (b) 27
{c) 10 (d) 28

4
If x # 0, then [Jr2 + E] is equal to
x

08 81

a) x®+12x5+ 08 8L

(a) Tt =

(b) xs+1215+5413+@+3—l
X x

108 81
x ¥

{c) »®* +12x% + 54 x* +
(d) Mone of the above
Which among the following is /are true?
L (11)1%090 5 100
1L (1L1)'%090 < 1pQ
IIL (11)'°9°° = 1000

IV, (119 < 1000

(a) IandIV are true (b) Il and IV are true
(c) Iand IIl are true (d) Only IV is true

|

6

16

x

4



5 The number of terms in the expansion of
(2x+3y—-42)"is

(a)n+1 (byn+ 2
(c)!ﬂ_t_‘lz("_:’l). @) (n+1)(n+2)

VERY SHORT ANSWER Type Questions

6 Find the number of terms in the expansions of
the following expressions.

(i) 1+ x?) (ii) (1-x)°
7 7
(iii) (x + sz) (iv) (x - %)
(v) (3x +2y) (vi) (@ +2p)*)*

(vii) (4+ x% + 4x)®  (viii) (x? +1-2x)®

7 Find the number of terms in the expansions of
the following expressions.
(i) (x +2a)"° + (x —2a)"°
(i) (1+5v2x)? + (1-52x)°?
(iii) (y + )" ~(y -6)*
(iv) (z + 3a)" - (z - 3a)"
(v) (3x +2y)° + (3x -2y)f

(vi) (2x + %]74- (Zx -%]’

(vii) (z + 3y)® -(z - 3y)°
(viii) (2a + 5b)° - (2a - 5b)°

n
8 Provethat ) 5 -"C, =6".

r=0

SHORT ANSWER Type Questions

9 Using binomial theorem, expand the following

expressions.
(i) (2x + 3y (i) (2x - 3y)*
(idi) (1-x)f (iv) (1-3x)
(v) (x* +2a)* (vi) (Vx +fy)°
5 4
(vii) (x + %) (viii) (x’ + f’-) Lx#0.
. (x 1Y b\
@ (5+5) 09 (ax-3)
xi LY (xii) (1-2x + x?)°
X1 X -E) xnu — + X

(xiii) (¥x -y P

10 Using binomial theorem, expand the following
expressions.

(i) 2+ ~f§)7 +(2- ~/§)7
(i) (V2 +1f° + (v2 -1

12

13

(iii) (3+2)° -(3-42)°
(iv) (V3 +2F -(3 -2
Find the value of
() (y+1+y=-1F +(Jy+1-fy-1f
(i) (x + sz =1 (x-,}xz -1)°
Using binomial theorem, expand (x + P8 —(x-y)P.
Hence, find the value of (v2 + 1)® — (+/2 - 1)°.

Using binomial theorem, expand the following
expansions.

(i) (1+x +x2)?
(iii) (x2 + 3+ 243x)®

HINTS & ANSWERS

(b) We have (a+ x)*! —(a— x)™
Here, n= 51, which is odd

(ii) (1-x + x2)?

. Total number of terms = ch sl

(d) We have (1-3x +3x* — x*)’
=(1-x") " =(1-x)"

. Total number of terms = 27 +1= 28

(c) By using binomial theorem, we have

4 2
(,2 + 1) =4Cy(x*) + ‘C,(xz)’(zl + 4Cz(x2)2(3]
x x x
3 N
+ ‘C,(x’)(g-) + ‘C4(3)
X X

108 81
Ans. x® +12¢° +54x + — + —
x x*

(¢) (1-1)'™ =(1+0-1)""
= 1900 (1) + 1% (1)"(0-1)+ ...+ Other terms
=1+1000 + Other terms
= (1001 + Other terms) > 1000
= (1-1)'" > 1000
(c) We have,
(2x +3y —4z)" = [2x + (3y —42)}"
="Co(2x)" (3y - 42)" + "Cy(2x)" ' 3y — 42)!
+"C,(2x)" "3y —4z) + .. +
"Co_y(2x) By —4z)" "' +"C, 3y — 4z2)"
Clearly, the first term in the above expansion gives one

term, second term gives two terms, third terms gives
three terms and so on.

So, total terms =1+ 2+3+..+n+(n+1)
_(n+l)(n+2)
2



6. (i) Givenn=4
. Number of terms=(n+1)=4 +1=5
(ii) Solve as part (i). Ans. &
(iii) Solve as part (1). Ans. 8
(viil) Solve as part (i). Ans. &
(v) Solve as part (i). Ans. 5
(vi) Solve as part (i). Ans. 9
(vil) (4 + 2" +4x)* = f{(x + 2P =(x + 2)°
Now solve as part (i). Ans. 7
(viil) (x* +1—-2x)* = {{x —1)*P =(x —1)"¢
Now solve as part (i). Ans. 17
7. (i) (x +2a)" +(x - 20)"
n =10, which is even
. Total number of terms % +1= % +1=6
(ii) n =19, which is odd
. Total number of terms = Eil = 251 =5
2 2
(iii) Solve as part (i). Ans. 11
{iv) Solve as part (ii). Ans. 7
(v) Solve as part (i). Ans. 4
(vi) Solve as part (ii). Ans. 4
(vii) Solve as part (i). Ans. 5
{viil) Solve as part (ii). Ans. 5
8 Y 5. ="C,5+"C,5 +"C, 5" +..+"C, 5"
r=0
=(1+ 5}" ="

9. (i) Here,a=2x,b=3yandn=5
Given, {2x+3y)5
=3¢, (2x) +°C (2x)* (3y) +°C, (2x)* (3y)°
+3C, (2x)* % (3y)* +°C, % (2x)' % (3y)
+ 30, x(2x)" x (39
=32x" + 240x*y + 720x° ¥ +1080x7 y*
+B1l0xy* + 243y°
(i) Here,a=2x, b=3yandn=4
Given, {23:—3],1}"
=Y, (2x) =0, (2x) = (3y) + 10, (2x)F = (3y)
—tog(2e) = (3 + Yoy (2x)° (39
Ans.16x* — 06ty + 216x% 9% — 216xy" + 81y
(iil) Solve as part (ii).
Ans, 1-6x +15x° — 20x° +15x% — 62" + x®

(iv) Solve as part (ii).
Ans. 1—21x +189 x* — 045 & + 2835 x* — 5103 &°
+5103x% — 2187x7

(v) Solve as part (i).
Ans, x* + 8x% + 24x%0" +32x¢%" +16a°
{vi) Solve as part (i).
Ans, x° +mxwzy|.rz + 451"3«' + lZﬂx?ﬂy:”z + 211]13_'9'2

+ 252 4 2n0xty® +1200% TR

+45xy" #1057y 448

{vii) Solve as part (i).
10 5 1
Ans. x* +5x¥ +10x +—+—+—=
X x kY
(wiii) Solve as part (i).
108 81
Ans. ¥ +12x° +54 P b — + —

x x'

{(ix) Solve as part (i).
¥ s5x% 10x 10 5
Ans 42X X 72
243 81 27 9x 3’ ¥

(x) Solve as part (ii).

1

15a°h*
X
_6ab’  b°

4 (]
x x

() Selve mpart (i} * -2+ ¥ _5 , 5 __ 1
2 2 dx  16x’ 32
(i) 1 —2x + x*)P = {1 - )P =01 - x)
Now solve as part (ii).
Ans.1+4x +6x° +4x° + x*

(iit) R =3fy)*= (7 = y'#)*

MNow, solve as part (i).
Ans. x? — 6Py 41554 p — 20y
+ 15!2!!}]_4)‘3 _61”3]‘5!3 + Fz
10. (i) (2+3) =7C,(2F x(3)" + 'C, (2)* x(\[3) + 'C,
@F (V3)* + 7C, (2)* (W3)° + 7, (2)° (3)* + 7, (2
(V3) +7C, (2)' (\B)° + 7C, x 2° % (B) i)
and(2 - +B) = 7¢,(2) ({B)" = "¢, (2)° (+3)
+70, (28 (BY - 70, (2)° () + T, (2 ()
— e, (20 (VBY + 7, (2) (VB)* = ", 2°(NBY
i)

Ans. a*x®—6a'x* b+15ax*b*— 20a°b* +

Now add Eq. (i) and (ii), we get
(2+B) +(2-BY
=2["Cy (2" (B)" + 7, (2F (VB) + 7, (2) (+3)*
+7C, (2) (B3]
Ans. 10084
(ii) Solve as part (i). Ans 198



(iii) (3+ +/2F - (3 -2
(3++2F =3C, (3F x (+2)° + °C, (3)* % (+/2)
+3C, (3)° x (+f2)F + 5, (3F x (+2).
+3C, (3) % (J2)* + 3¢, (3)° x (J2) (i)
(3-2)* =3¢, (3 x(+2)° - °¢, (3* x (+/2)'
+%C, (3 % (2) = °c, (3" x (J2)°
+5¢, (3 x(+2)" - °c5 (3)° x (/2
Now subtract Eq. (ii) from (ii) Eq. (i),
(3+42F - (3-2F =11782
(iv) Solve as part (iii). Ans. 3966
1. (i) Solve as Example 9. Ans. 16y (4y* —3)
(ii) Solve as Example 9. Ans. 64x® —96x! +36x% - 2
1. (x+9)" —(x— _v}'i'
=50, + Oy + fOuxtyt 4 Oty 4ty
+ 50y + POyt = [FCx® + Oy (—y)
+ f0,xt (- )+ foyxt (-
+ 50— )+ BCx (- yF + °C (- v)f)

| TOPIC 2|

= 2{61’5_14 + Zﬂx!y! +ﬁ1}l5}

=dxp(3x* +10x%y? +39Y)
On substituting x = Jzand y =1, we get the answer.
Ans. 1402

B. (i) +x+*)P=[1+ 0+ 2"
='C 0+ x) + 7%, 1+ x)* (x) +7C, (1 + x) (2%)*
+7C,(x*)
=x®+3° +6x? +7x* + 62 +3x +1
(ii) (1—x+x*Y =[(1 - x)+ «°]
=*c, (1-x)* =*c, (1- x)*(x*)
+ :'C'2 (1—x) (x*) - SC! (x?)?
=—x® -3 +5x% —3x +1
(ii) (x® +3+ 243x)° = (x + +3)°
= C, (x)* x ()" + °C, 2* ()
+ "Cz X! i"-l"i}z + “C,:cs l.'\El!
+°C, X (f3)* + °C, ¥ (3T + °C, (\3)°
= x® + 63%° +45% + 6043x" +135x°

+54+f3x + 27

Applications of Binomial Theorem

Sometimes, the calculations for powers of higher numbers
like (98)°, (101)® etc., become difficult by using repeated
multiplication. Also, division of an expression, involving 7
(a rational number) as index by a number is difficult to
calculate by division method. Such problems can be solved

casily by using the binomial theorem which are given below

PROBLEM BASED ON EXPONENT
OF A NUMBER

If exponent of a number is integer and the given number
without index is less than or greater than 100 then write it
as difference of two numbers or sum of two numbers. Qur
of these two numbers by to take one number as multiple of
10. Also, if the given number without index is decimal,
then write it as the difference/sum of two numbers out of
which one number is 1 and then use suitable binomial
expansion.

EXAMPLE |1]| Compute the value of (96)°.

Sol. Here, given number without index is 96. Since, it is less
than 100, so it can be written as 100 — 4.

Now, (96)° = (100 — 4)*

= %C,(100)* - *C, (100)* 4 + *C,(100) 4* - *C,4*
[by binomial theorem]
= 1000000 — 3(10000)4 + 3(100)(16) — 64
= 1000000 — 120000 + 4800 — 64 = 884736
Note If given number without index is less than 100, then write it as

difference of two numbers and if number is greater than 100, then
write it as sum of two numbers.

EXAMPLE |2| Expand (102)°.
Sol. We have, (102)* = (100 + 2)°
=3C,(100F + °C,(100)*(2)" + >C,(100)*(2)*
+3C,(100)%(2)* + °C (100)(2)* + *C4(2)
=3C4(10)"° +3C,(10)* 2 + °C,(10)* x 4 + °C,(10)*
X8+ %C,(10)* x16+(*C,)x32 [ "C, ="C, _,]

X X
=1x10'°+5x10‘x2+5—21x10°x4+22—4x10‘

X8+5x100x16+32
= 10000000000 + 1000000000 + 40000000 + 800000
+ 8000 + 32
=11040808032



EXAMPLE |3| Find an approximation of (0.99)5, using
the first three terms of its expansion. [NCERT]
()" Write 099=(1-001) Then,use

(1= x)" ="Cy = "Cx + "C,x? = "Cyx® + "Cyx*

- ...+ (-1"C,x" 10 expand (0.99)°.

Note that there will be six terms but here we have to take
only first three terms.

Sol. We have, (0.99) = (1-0.01
=1-3C, % (0.01) +3C, x (0.01)* — ...
=1-0.05 + 10 X 0.0001—...
=1.001— 0.05=0.951

EXAMPLE |4| Which number is larger, (1.1)'%%

or 10007 [NCERT]
“(J- (i) Firstly, write the number (11)'%% in the form
(1+ 0.1)'%% and then use binomial theorem.
(i) Secondly, use the inequality.
Sol. We have, (1.1)"" = [1 + (0.1)]'"*
= 100 4 190 (0.1) + " C,(0.1)" + ...
[expanding by binomial theorem]
=1+10000(0.1) + Other positive terms
=1+ 1000 + Other positive terms
=1001 + Other positive terms > 1000
Hence, (l.l)’°°°° > 1000

PROBLEM BASED ON DIVISION

Firstly, write the term having exponent, as the sum or
difference of two terms or numbers in such a way thar after
expanding, terms will become a multiple of divisor. In the
expansion (1+ )" =1+ "C,ot+ "C,0> + ..+ "C, 0"
We can conclude that

(1+)" =1="Cia+"C0% +..+ "C 0"
is divisible by o i.c. it is a multiple of ct.

Note While writing the term having exponent as sum or difference
of two numbers, number should be a factor of given divisor.

EXAMPLE |5] If 25" is divided by 13, then find the

remainder. [NCERT Exemplar]
Sol We have, 25" = (26 —1)"%
='5Cn{26}'5 _ 15C1 (26)" (1)} +15 C, 26)*(1)* —.. - Cs

=Y, (26)° - ¥C, (260 +... —1-12+12
=("PC,zx13x(26)" = 0 2x13%(26) +.. .. —13) +12
=13, x 2x(26)" - B, x 2% (26) +.. —1)+12

It is clear that when right hand side is divided by 13, we
get the remainder 12.

EXAMPLE |6| Find the remainder, when 5 is

divided by 13.
Sol. We know that, 5'=625=13x48+1
= 5* =131 +1, where A is a positive integer.

= (Y)Y =03% +1)*
= M, (130)" + *c,(134)" + *C,(130)"
+ 4 HC(130) + 2C,,
[by binomial theorem]
= 5% =13[XCo137 MM +2 C 132 A +.. 4 C oAl + 1
= (a multiple of 13) + 1
On multiplying both sides by 5°, we get
5%.5% =5°. (a multiple of 13) + 5°
= 5% = [(a multiple of 13) +[13x 9 + 8]
[-5° =125=13x9 +8)

Hence, the required remainder is 8.

EXAMPLE |7| Find the remainder when 6" -5n is
divided by 25.
fj, Write 6" =(1+ 5)” and expand by binomial theorem and

then write in such a way that terms become multiple of
25. The remaining term gives the remainder.

Sol. We have, 6" —5n=(1+5)" —5n
="Cy + "Cy(5)+ "Cy(5)* + - + "C,5" —5n

=1+m+@x(25)+~-+1(5")-5n

i ]
= 25 X an integer +1
Hence, 6" — 5nleaves the remainder 1, when divided by 25.

n(n-1) i

=l+25[

EXAMPLE |8| Using binomial theorem, prove that
23" —7n - 1is divisible by 49, wheren e N.
Sol. We have, (2*)"—7n—1=(8)"-7n-1
Here, 8 can be written as1 +7. [ 7 is a factor of 49)

2 Tn-1=(1+7) =Tn—1
By using binomial theorem, we get
2 _Tn—1=("Cy + "C,7 + "CyT 4+ "C,T") - Tn—1
1 !
sl —— 7
n—-1)!  2n-2)

n—1
=1+?n+¥72+_“+?'—?n—1

7’+___+?‘)—?n—1

nin—1
L )] }?2+...+?"



Take common number outside, we get
2% —?n—1=72[M+ +?"‘“]
=
_golnn=1) 2]
2

L+T

Here, we see that above series is a multiple of 49.

Therefore, 2°" — 7n — 1 is divisible by 49. Hence proved.

EXAMPLE |9] Using binomial theorem, show that the
expression 7° +97 is divisible by 64.
Sol Wehave, 7° +9" =(1+8)" -(1-8)°
=T, +7C, (8)+ 7C,8) + TC, (8) +...+ 7C, (8))
—[*C, = *C, (8] + °C, (8 —...=" C, (8)"]
=[1+7 = (8) + 21 x(8)° +35(8)° ...+ (8)")
—[1-9x(8)" +36(8)° —...~(8)°]
=(7T+9)x(8) +(21—36)x (8)* +...
=2x64—15%64+. . =64(2—15+ )
Hence, it is clear that it is divisible by 64. Hence proved.

EXAMPLE 10| If a and b are distinct integers, then
prove that (a — b) is a factor of a" — b", whenever nis a
positive integer. [NCERT]
e H Use the expansion of (x + yf".
Yoie (x+ y)f =0 + "Cx" Yy e+ Cy"
S0l We can write, a® = (a — b+ b)", then using expansion of
{(x+y)
we get a" ="Cyla—b)" +"Cila—b""'b
+ " Cyla—b" T R+ O
[taking {a — b) as x and b as y]
= ad"=(a-b["Cyla-b""" +"Cila—b""*b
+"Cla—by T 0+ )+ B
L — b =(a—b)["Cyla—byt + ]

Hence, (a — b) is a factor of a" — b". Hence proved.

| TOPIC PRACTICE 2

OBJECTIVE TYPE QUESTIONS

1 Ifin the binomial expansion of (a + b)", the
coefficients of 4th and 13th terms are equal to
each other, then n equals

(a) 14 (b) 15
(c) 16 (d) 17

2 The value of (99)° is

(a) 9509900490
(b) 9509900495
(c) 9509900499
(d) None of the above

3 The greatest integer which divides the number
(101" — 1, is
(a) 100
(c) 10000

4 The remainder left out when 8% — (62)*"*+!is

divided by 9, is
(a) O (b) 2

SHORT ANSWER Type I Questions

5 Using binomial theorem, evaluate each of the
following,.

(i) (96)°

(b) 1000
(d) 100000

(c) 7 (d) 8

(ii) (101)* (iii) (90)°

6 Using binomial theorem, evaluate each of the
following expansions.

(i) (100.3)* (i) (997)% (i) (0.98)*

SHORT ANSWER Type 11 Questions
7 Which is larger (101)"% or 1007

8 Using binomial theorem, evaluate each of the
following.

(i) (12)° + (8)°
(i) (53)" - (47
(i) (13)° + (7)°
(iv) (33 - (27
9 Using binomial theorem, evaluate each of the
following,.
(i) (10.3)° + (9.7)°
(ii) (100.5)* - (99.5)"
(iti) (10.4)* + (9.6)*
(iv) (20.5)° - (19.5)°

10 Using binomial theorem, evaluate the following.
(i) (9999)*
(ii) (1001)5
(iii) (105)®
(iv) (98)°
(v) (103)°
(vi) (0.998)%

1l Show that2'® —15n —1is divisible by 225.



HINTS & ANSWERS

(b) The coefficients of the fourth and thirteenth terms in
the binomial expansion of (a + b)" are "Cy and "C,,,
respectively.
It is given that, coefficient of 4th term in{a + b)" =
coefficient of 13th term in{a +b)' = "C, ="C,,
Ans. 15 [v"C ="C =x=yorx+y=n]
(c) We have, (99) = (100 — 1)’

=3¢, (100} —*C, (100)* + ., (100)° - 3C, (100)°

+*C (100) - *C,(100)"

= (100F —5(100)* +10{100)* — 10{100)* + 5(100) —1

Ans. 9509900499

100-99
(100)* +..

1

100-99
= (101)" -1 =10,000 [1 + ?{IHJ

{c) (1+100)"™ =1+100-100+

Ans. 10000
(b) g _{ﬁz}ﬂnﬂ =(1463)" —{6‘3—1}2"'
=(1+63)" +(1-6a3y""
=2+63["C, + "C, (63)+
e3P S o L) oo g63) — s (—1)(63)%)
(i) (96)° =(100—4)" = *C, (100)" - *C, (1000)" (4)'
+'C, (100)" 4* + °C, 4°
= 884736
{ii) (101)* = (100 +1)*
= ‘o, o0yt + ‘o, ooy (1) + o, (100)* (1)
+ oy ooy (1)* + o, (1
= 104060401 Ans. 104060401
{iii) (90) = (100 — 10"
Now, solve as part (i). Ans. 5904900000

6. (i) (100.3)° = (100 + 15_3}"
=, (100)* + ‘o, (100)° (0.3)" + *C, (100)* (0.3)°
+ o, o) (0.3)° + 'c, (03)
= 1012054108
(i) (9.97)* = (10 — 0.03)°
Now solve as part (i). Ans. 98508.97
(iii) {0.98)* = (1 —0.2)* Now solve as part (i).
Ans. 0.922
7. Solve as Example 4. (1.01)"™™ is greater than 100,

(i) (12) + (8 =(10+ 2 + (10— 2

10+ 2F =°Cy % 10° + 30, % 10% % 24 °C, x10° % 2°
+ .. i)
(10— 27 = "¢, %530, 210" % 2+ °C, %10 x 2°._(ii)
MNow, adding Eq. (i) and Eq. (ii), we get
(12) +(8) = 2[ °C, (10) +°C, (10)° (2)° +°C, (10} (2)*]
= 281600
(i) (53)" — (47)" = (50 +3)" — (50 - 3)
(50 +3) =7C, (50 + 'C, (5)* (3)' + ', (50 (2)*
i)
(50-3y =7c, (507 -, (s0)* 3)' + 'C, (3 ..1i)
Subtract Eq. (ii) from Eq. (i), we get
(50 +3) —(s50-3)
=2["c, 50)* (3)' + ', (50)* (3)°
+ 7oy (50§ (3P + T, (3)7)
= 668088019374
(iii) Solve as part (i). Ans. 333100
{iv) Solve as part (ii). Ans. 904047480
(i) (10.3)° + (9.7F = (10 + 0.3 + (10 — 0.3
(10 +03f =5, 10° + °c, (10)* (0.3)

+3C, (100 (03)* +...  ..{i)
(10-03f =3C, 10° - °C, (10)* (0.3)'+ °C, (10)* (0.3)*
. Aii)

On adding Eq. (i) and (ii), we get
(10+03)F +(10-03) = 2[*C, (10F
+%¢, (10)* (0.3)° +°C, (10)' (0.3)")
Ans. 201800.81
(i1} Solve as part (i). Ans. 4000100
(iii) Solve as part (i). Ans. 20192.0512
{iv) Solve as part (i). Ans. 801000.0625
(i) (9999)" = (10000 — 1)*
Now solve as Q.5 (i). Ans. 996005996001
{ii) (1001)° = (1000 + 1]

Now solve as .5 (i) Ans. 1005010010005001
(iii) (105)° = (100 + 5
Now solve as Q.5 (ii) Ans. 1157625
{iv) (98 = (100 — 2}
Now solve as Q.5 (i) Ans. 9039207968
(v) (103)* = (100 + 3)°
Now solve as Q.5 (ii) Ans. 1092727
{vi) (0.998)" = (1 — 0.002)*
Now solve as Q.6 (iii) Ans. 09841114
Solve as Example 8.



SUMMARY

+ An algebraic expression consisting of two terms with +ve or —ve sign between them, is a binomial expression.
+ Bionomial Theorem for any Positive Integer If a and b are two real nurgbers, then for any positive integer n,
we have (@ + b)" ="Coa" +"C,a"~"b +"C,a"?b%+.+"C,b" = ¥ "C.a"""b"
r=0
where, "C,, "C;,--... , "C,, are binomial coefficients.
¢ The coefficients of the expansions are arranged in an array. This array is called Pascal’s triangle.
+ Important Points

(i) The total number of terms in(a + b)" isn + 1.

(i) The binomial coefficients of terms equidistant from the beginning and end are equal.
(iii) (x + )" +(x = )" =2["Cox" +"C,x"2a%+...]
n+1

If nis odd, the number of terms is( )and if nis even, then number of terms is (-g- + 1).

V) (x +a)" = (x =a)" =2["Cx""a" +"Cyx" a3 +...]

if n is odd, the number of terms is (22+—1)and if n is even, the number of terms is (g) .



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1. In every term, the sum of indices of aand b in
the expansion of (a + b)" is

(a) n (b) n+1 (c) n+2 (d) n=-1

2. 100y + (99)*° [NCERT Exemplar]
(a) <(101)*° (b) =101
(c) > (101)*® (d) >101

3. The coefficient of x” in the expansion of
(1+x)(1-x)"is

(a)(1=-n)
(c)n -1

(b) (-1)"(1 = n)
@(=1)"(n-1)

4. If the coefficients of 2nd, 3rd and the 4th terms
in the expansion of (1+ x)" are in AP then value

ofnis

(a) 2 (b) 7 (c) 11 (d) 14
5. If 6" - 5n is divided by 25, then remainder is

(a) O (b) 2 (c) 4 (d) 1

6. The coefficient of x** after simplifying and
collecting the like terms in the expansion of
(14 x)"%° 4+ x(1+x)*% + x2(1+ x) 2% +... + x10% s

[NCERT Exemplar]
(1001)! (101!

@ S0y wesn; ®) %oyi@o)

(c) Ll (d) None of these

{150) (851)!

7. The last digit in 7° is
(a) 7 (b) 3 (c) 9 (d) 1
SHORT ANSWER Type [ Questions
8. Find(a + b)* — (a - b)*.
Hence, evaluate (43 + 4/2)* — (/3 - J2)%. [NCERT]

9. Simplify the following expression

)

(i) 2+ 1) + (2=

SHORT ANSWER Type Il Questions
10. If P and Q are the sum of odd and even terms in
the expansion (y + b)", then prove that
(y+b)*" +(y-b)*" =2(P* + 0%).
11. Find the coefficient of x* in the expansion of
(1+x)% (1-x)5.

LONG ANSWER Type Questions

12. The first three terms in the expansion of (x + y)"

are 1, 56 and 1372 respectively. Find the values
of xand y.

13. Using binomial theorem, determine which
number is larger (1.2)“°°° or 800?
[NCERT Exemplar]

14. In a survey, it was found that (1.1)'°°° number of
people move on cycle (eco-friendly) and 1000
people use cars (need to be eco- friendly).
Which is larger of the two? Which value system
we should inculcate in public?

15. Show that 2*"** _15n — 16, wherene N, is
divisible by 225. [NCERT Exemplar]

HINTS & ANSWERS

1. (a) In the expansion of (a + b)", the sum of the indices of a

and b isn + 0 = n in the first term, (n =1) + 1 = n in the
second term and so on.

2. (a) Since, (101)%" =100 +1)*

=100% + *C,100% +% C100% +..+1 i
and (99) ={100-1)"
=100 —*C, 100" +* C, 100" — . +1 i)

On sublracting Eq. (i) from Eq. (i) we get (101)™ —(99)®
= 2% C, 100" +{2x™ C, x1007 +..)
=(100 x 100" + a positive number) > 100*

= 101)* =(99)* = qoo)*

s 101)™ = aoo)™ + (99)™



3. (b) Coefficient of x" in{l + x)(1 = x)"
=Coefficent of ¥" in(1 — x)"* + Coefficient of x" ™" in{1 — x)"
=) ", Hi) T e L =11+ (2 T e
Ans. (=1 {1=n)

4. (b) Hint 2"C, ="C, +"°C,

5. {d) For two numbers a and b, if we can find numbers g and
rsuch that a = bg + r, then we say that b divides a with g
as quotient and r as remainder. Thus, in order to show that
6" — 5n leaves remainder 1 when divided by 25, we prove
that6" —5n = 25k + 1, where k is some natural number.

We have,

(1+a)="Cy+"Cha+"Coa® + ...+ "Ca"
For a =5, we get
U+5"="C, +"C,5+ "C,5" + ...+ "C,5"

ie, (B =1+5+5""C,+5"C, +...+5"
or 6" —5n=25k+1, wherek="C, +5-"C, +...+5"77
Ans. 1
6. (a) Since, the given series is a geomeltric series with the
[ v 1ont |
[1+x}'°"“[1-[—] J
1+x
[ x
1= —
()
=(1+ x)'* - ™

Hence, coefficient of x™ is given by 100, 50
1001!

ns.
5019511
7. i) 7™ =)™ =(50-1)""
]”CD(flﬂ}I”(-lln +I”Cl(5|]}|“(-’1}]

: x .
common ralio ——, ils sum =

ot (5002 (=1

Thus, the last digit of 7% is "€ 1-1=1

8. Hint(a + b)* —fa - b)* =2[*'C, 'V + 'C, ab®]
=2[4a*h + dab®]=8 (a’b + ab*)
Puta=+3 b=+2 10 get the required answer.

1 N 1 “
9, {j}[y+—] -[_v-—] =2
¥ ¥

r . - -1

r \ 1 1 3 1 s'l
SC] ys—] {_] +6C!J’6—3[_] icsy !{ )
¥ ¥ ¥
—2[&y -—+2||.‘ry -—+6y~—]-12[y +L+E]
¥y ¥ ¥ 3
(ii) Use
(x+aflf +({x—af =2["Cy 2" +"C, " " *a* +..]
Here, x=2,g=.f-
10, (y+b)="Cy " +"C,y" "' b+ "Cy" " b*
+...4"C, b"
=P+Q i)

Iyn—l b-l—"C!y"_z B2
— .+ (=1, bt
=F-0 A}
Squaring Eqs. (i) and (ii) and then adding, we get
v+ b+ (y =B " =P+ Q) +(P-0)°
=P P+ Q" + 2P0+ PP+ QF = 2PQ=2(P" + Q7)

(y = by ="C, y" = "C

1. g+x*a-x)°
=1+ 2* +3x+3x%) 1+ S0 x4 °C, x* = °Cyx* + °C,
=t + o, 1)
Coefficient of x* = - *C, + *C, +3°C, —-3°C,
==6+15+45-6l=—-6
I2. Hint(x+y)"="C, "y +"C, "7 y+"C, "% y?
+°C, Tyt +
Given, "C, ¥"y'=1= " =1 -0
e, "y =56=nx"" y =56 i)
e, mtytaisnzs PO sz e gy )
Divide Eq. (i) by Eq. (ii), we get x'_" =L
nx" "'y 58
= i—]— =56 x =ny -.div)
ny 56
Divide Eq. (ii) by Eq. (iii}), we get
nx" "'y _56 _ _2x _ 56
ntnz-l}x.-z yi o 1372 (n=1)y 1372
= 2744 x =56(n — 1)y V)
Divide Eq. (i) by Eq. (iii), we get
x" 1
n(n=1) ,_, . 1372
2 =
2x* 1 .
ﬁm 7 —— = 2744x" -nl{n-l)y v
Salve Eqs. (iv), (v) and (vi).
3. 02" =0+ 02)™
=", + "™, (0.2) + sum of positive terms
=1+ 4000 (0.2) + a positive number
=1+ B0 + positive number
= 800
14. SolveasQ.13.
15. 2% 15n—16=(2)"" "' =15(n +1) =1
=16"*" —=15(n +1) -1

=1 +15""" =15(n+1) =1
= + + 15)° + +...+
.ln-rlC- l-rlc.lﬂs:l n+]czf5}1 ntlclﬂi}i
G, 05T =15 (n+1) -1
=1+15{n+1)+ "7'C,05)° + "o, as)’
B A o | 11 SRS T 'S B |
=25{""'C,+ " C,n8) v+ T, 08T

= 225 % a natural number,





