Determinants




7.2 Algebra
INTRODUCTION

A system of equations can be expressed in the form of matrices.
This 1means, a system of linear equations like

ax+by=c,

ax+by=c,

can be represented as

o ol

Now whether this system of equations has a unique solution
or not, is determined by the number a,b, — a,b,. The number
a,b, — a,b, which determines the uniqueness of solution is asso-

a b

ciated with the matrix A ={ b } and is called determinant of

a0y
A or det(A). Determinants have wide applications in engineer-
ing, science, economics, social science, etc.

Definition

Let a, b, ¢, d be any four numbers, real or complei(. Then the

b . .
symbol ¢ 4 denotes ad — bc and is called a determinant of
C

second order; a, b, ¢, d are called elements of the determinant
and ad — bc is called its value. As shown above, the elements of
a determinant are arranged in the form of a square in its desig-
nation. The diagonal on which the elements ¢ and d are situated
is called the principal diagonal and the diagonal on which the
elements. ¢ and b are situated is called the secondary diagonal.
The elements which lie in the same horizontal line constitute
one row and the elements which lie in the same vertical line
constitute one column.

Leta,a,a,b,b, bS, Cps €y €y be any nine numbers. Then
a a4,
the symbol |b b, by| is another way of denoting

G 6 G
b, by b b b b,
aq -a, +a,
c, G C G o 6

ie., a(b,c,—bc,) - a,(bc,—b,c)+ a,(b.c,—byc).

Here we see that +, — and + signs occur before a,a,and a,,
respectively.

Minors and Cofactors

Let us consider a determinant

a4y 4y
A=lay ay ay (D

Gy O3 dsg

In the above determinant, if we leave the row and the column
passing through the element a, then the second order determi-
nant thus obtained is called the minor of a; and is denoted by
M,. Thus we can get 9 minors corresponding to the 9 elements.

For example, in determinant (1) the minor of the element a,, is

iy g
M, =
Q3 ds3
a, a
. - 11 1
The minor of the element a,, is M, = }
B ’ Ay Ay

In terms of the notation of minors if we expand the determinant
along the first row, then

A=EDMa M+ (D™ a M, + (1) a.M,,
=a,M -a.M,+ a.M,

Similarly expanding A along the second column, we have
A= ~a,M,, +a,M,, - a,M,,

The minor M, multiplied by (-1)* is called the cofactor of the
element a,

If we denote the cofactor of the element a by CU, then
cofactor of a, is C,.j = (-1 MU.
Cofactor of the element a, is

a, a
Cy = (=1 My =— |2 M3

d3; ds;

In terms of the notation of the cofactors,
A=a,C +a,C,+a,C,

= aZ]CZI + aZZCZZ + a23C23

= a31C31 + a32C32 + a33C33

Also, anC2| + a|2C22 + a13C23 = 0"anC31 + a|2C32 + a|3C33
= 0, etc. Therefore, in a determinant the sum of the products
of the elements of any row or column with the corresponding
cofactors is equal to value of the determinant. Also the sum
of the products of the elements of any row or column with the
cofactors of the corresponding elements of any other row or

column is zero.
Value of n-order determinant,

4y 4y Gz o ot 4y,
Gy Ay Gy o o dyy,
a a a a
31 U3 A3 3n
A =
anl anl (1113 R (l””

= a”CH + alzcll + a13C13 +e +alnC1n

(when expanded along first row)

Note: For easier calculations, we shall expand the deter-
minant along that row or column which contains-maximum
number of zeros. o

Sarrus Rule for Expansion
Sarrus gave a rule for a determinant of order 3.

Rule: The three diagonals sloping down to the right give the
three positive terms and the three diagonals sloping down to the
left the three negative terms.
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Fig. 7.1
a b ¢ : _
a, b, <,|= abyc, +bca,+ ca,b,—ab,c ~bc,a —cab,

ay by o

A determinant of second order is made
with the elements 0 and 1. Find the number of determinants
with non-negative values.

Sol. There are only three determinants of second order with
negative values, viz.

1

1

0 § |01

1 0 |1 1
The Number of possible determinants with elements
0 and 1 is 2* = 16. Therefore number of determinants with
non-negative values is 13.

i
0

1 2 4
Find the valueof |[-1 3 0
4 1 0

Sol. Here in the third column, two entries are zero. So expanding
along third column (C,), we get

-1 3 1 2 1 2
A=4 -0 +0
4 1 |4 1 -1 3
=4(-1-12)-0+0
=-52

a b ¢
Sol. Let A=|a, b, c¢,| be adeterminant of order 3. Then,

ay by o
A=abye +abc,+abc —abge, - ab.c,

=(abc,+abc,+abc)- (abc, + abc,+abyc)

azblc

Since each element of A is either 1 or 0, therefore the value
of the determinant cannot exceed 3.

Clearly, the value of A is maximum when the value of each
term in first bracket is 1 and the value of each term in the
second bracket is zero. But a b,c, = a,b,c, = 1 implies that
every element of the determinant A is 1 and in that case A = 0.
Thus, we may have

I
N

1
0
1

>

I
—_ = O
D = -
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If a, b, c € R, then find the number of real
x ¢ b
roots of the equation A = |-¢ - x

_Example 7.4 §

b -a .x

Sol. From the symmetry of the determinant, it is s1mple to
expand by Sarrus rule.

A =x3+abc—abc+ (bPx+a*x+c*x)=0
= XP+xa+b+cH)=0
= x =00 x*=—(@+b0+c?)

= x =0o0r x=%iva® +b* +¢?

If x +y + 2 =0, prove that

a b ¢

ax by cz

¢y az bx|=xyzlc a b
bz cx ay b ¢ a
Sol. Since determinant is symmetrical it is simple to expand by
Sarrus rule.
ax by cz
cy az bx| =xyz(@ + b+ ) —abc(x* + y* + 2%)
bz cx ay
=xyz(@ + b+ -
22— 3xy7)
=xyz(a® + b* + >~ 3abc) — abc(x + y + 2)
X (2 + Y+ - xy - yz - 2%)

3abc)

3abc) — abe(x® + y* +

=xyz(@® + B> + 3~
a b ¢
=xyzlc a b

b ¢ a

——[ Concept Application Exercise 7.1 ’——

1. If A, B and C are the angles of non-right angled triangle ABC,
then find the value of

tan A 1 1
i tan B 1
1 1 tanC

2. If ¢ =cos 6 +1isin @, find the value of

1 eiﬂ/S ()in/4
e-iﬂ'/} 1 eillr/}
e—fﬂ/al e—ilﬂ/B 1

3. Find the number of real roots of the equation

0 x—a x-b

x—c¢|=0, a#b#cand bla+ ¢) > ac
x+b x+c 0

x+a 0

4. If a, B, y are the roots of ax* + bx> + cx + d = 0 and
a By
B v o =0 a#p+y
vy o B

then find the equation whose roots

area+f-y,f+y—aandy+a-pB.
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Some Operations

First, second and third rows of a determinant are denoted by R,,
R, and R,, respectively and the first, second and third columns
by C,, C,and C,, respectively.

(). The interchange of its i row and j* row is denoted by
R & Rj.
(i) The interchange of i column and j* column is denoted
by C, < Cj
(iii) The addition of m-times the elements of j* row of the
corresponding elements of i row is denoted by R, — R,
+ ij.
(iv) The addition of m-times the elements of j* column to the
corresponding elements of i column is denoted by C, —
C+ mCJ ’
(v) The addition of m-times the elements of /™ row to n-times
the elements of " row is denoted by R, — nR,+ mR.

PROPERTIES OF DETERMINANTS

Property L. The value of the determinant is not changed when
rows are changed into corresponding columns.
Naturally when rows are changed into corresponding
columns, then columns will change into corresponding

TOwS.
a b q
Proof: Let, A=|a, b, ¢
a; by

Expanding the determinant along the first row,

ab,c,—byc,)—blac, - a,c,) +c(a,b, - a,b,) (D
If A" be the value of the determinant when rows of
determinant A are changed into corresponding columns,

then
aq 4 &
AN=1ib b, b
g 6 &
=a,(b,c,—b,c,)—ayb,c,— b)) +ayb,c,-byc)

=a,(bc,—b,c,) — abc,+abc + ab.c,— ab,c,

=a(bc,—b,c,)~b(a,c,—ac)+ c(ab,—apb,) (2)

From Egs. (1) and (2), A=A
Property IL If any two rows or columns of a determinant are
interchanged, the sign of the value of the determinant is

changed.
aq b o
Proof:Let, A=l|a, b, ¢,
a; by o

Expanding the determinant along the first row,

A=a(bc,~bc,)—b(ac, - ac) +c (ab,—ab,) (1)
Now,
a by
AN=la, by ¢ [R <R)]

aq b g

=a,(b,c, ~bc,) — b(a,c —ac,)+ c,(ab,—ab))

=ab,.c, ~abc, - ba,c, +abc,+ cab —abc,

=—a(b,c,—byc,) + b (ayc, - ac,)—c(ab,—ab,) (2)
From Egs. (1) and (2), A" =-A

Property III. The value of a determinant is zero if any two
rows of columns are identical.
Proof: Let,

g b ¢
A=la, b, o
a b ¢
Then,
a b ¢ a b ¢
A=|a, b, c|=—|a, b, c|=-A [by R, <> R,]
a b ¢ o b ¢
Thus,
A=-A
= 2A =0
= A =0

Property IV. A common factor of all elements of any row (or
of any column) may be taken outside the sign of the
determinant. In other words, if all the elements of the
same row {or the same column) are multiplied by a cer-
tain number, then the determinant becomes multiplied
by that number.

aq b ¢
Proof: Let, A= |2, b, ©

a by
Expanding the determinant along the first row, we get
A=a/b,c,—b,c,)—b(ac,— ac,) +clab,—ab,) (1)

and
ma, mb mc
A=la b o
a b g
=ma,(b,c,-b,c,) —mb(ac, - a.c,)
+mc (a,b,—ab,)
= mA {from (1)]
“Thus,
ma, mb mc a b ¢
a b, o |=mja, b,
ay by G a by ¢
32 24 16 4 3 2
Example: |8 3 5[=8x|8 3 5
4 5 3 453

[taking 8 common from first row]
1 3 2
=8x412 3 5
' 1 53

[taking 4 common from the first column]



Property V. If every element of some col’;mn or (row) is the
sum of two terms, then the determinant is equal to the
sum -of two determinants; one containing only the first
terrm in place of each sum, the other only the second
terrm. The remaining elements of both determinants are
the same as in the given determinant.

Proof: We have to prove that
a +o b ¢ @ b | | b ¢
a, +0, by o|=a, b
a; +03 by | ja3 by | |05 by o
Let,
a+o b ¢
A=la,+a, b, ¢
a;+o; by o

Then,
b, ¢ (I b ¢
A:(a1+a1) —(a2+(12) +(513+a3)
by ¢ by o )
b, ¢, b ¢ b ¢ b, ¢
=q -a, +a| ' e :
by by o h G by ¢
b ¢ b ¢
—a, +0y
by b, ¢

a b oo | b ¢
=la, b,

ay by ool | by o

Note: .
a +b c+d g
a, +b, ¢, +d, e,
a;+b; cy+dy e

a ¢ e¢| | d &| |b ¢ e¢| (b d e
=la, & et 4

a ¢ e |a3 dy & by o g | 4 e

Property VI. The value of a determinant does not change
when any row or column is multiplied by a number or
an expression and is then added to or subtracted from
any other row or column.

Here it should be noted that if the row or column which is
changed is multiplied by a number, then the determinant
will have to be divided by that number.

a b ¢

Proof: To prove |a, b,

a+mb b ¢
cl=la, +mb, b, ¢,

ay by oy |a3+mby by ¢

a+mb, b ¢
Let, A=la, +mb, b, ¢,

a,+mb; by

Determinants 7.5

Then,
a b ol imb b ¢
A=la, b, c)|+|mb, b, ¢,

ay by | |mby by o

a b ¢ b b ¢
=la, b, ¢|+tmib, b, ¢,
a b o by by
a b ¢ b b ¢
=la, b, ¢ (b, by c|=0]
a b g by by o
1 3
Example: Let, A=]2 3 4=-7
2 05
5 2 13
A=12 3 4 [RI—>R]+2R3]
2 0 5
=5(15-0)-2(10-8) + 13(0-6)
=75-4-78=-7
17 6 19
A”==12 3 4
3
2 0 5

[Here A” has been obtained from A by applying
R, — 3R, + 2R}

=—:1;-[7(15—0)—6(10——8)+19(0—6)]=§(—21)=—7

In obtaining A” from A, R, has been changed and it has
been multiplied by 3, therefore, the determinant has
been divided by 3.

Note: ~ -~ . ..
o If mOre than one operation like R — R, + kR is done
in one step, care .should be taken to see that a row
that is affected in one operation should not be used in

another operation. A similar remark applies to column
operations. ,

® Many times we use this operation to get as many zeros
as we can.

IR IR A
Property VILIf A =| a b ¢

d e F

are functions of r and a, b, ¢, d, e, f are constants. Then,

where f,(r), £,(r), £,(")

AR ThHE BAE)

r=1 r=| r=\
YA = a b c
=t d e
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A fLilx) (0
Also for Ax) = a b ¢
d e f

are functions of x and a, b, ¢, d, e, f are constants, we have

where f,(x), f,(x), £,(%)

q q q
[fide [f0dx [ f(xdx
p 4 P

q
JAxdx=| a b ¢
P d

‘ ote‘ All the above propertzes are applzcable for
: -order a’etermmants also. /

SOME IMPORTANT DETERMINANTS

1 Xy z|=@x-»0-2k-0
x2 y2 ZZ
Proof
1 1 1
Xy z
x2 yZ ZZ

Applying C,— C,~C,, C, — C, - C,, we get
1 0 0
A=|x y-x) (z-y)

© -x)y+x) @-yNz+y)

1
=@—X)&—y)xy+x ity
(Expanding along R)
=x-»0-29@e-x
1 1 1
2. x y z|=(x-»0Oo-2@Z-x)x+y+2)
x3 y3 Z3

3. oy P =x-y) (-2 (@-x) (xy+yz+zx)

4, Circulant: Let a, b, ¢ be positive and not all equal.
a b ¢

Then the value of the determinant|b ¢ «|is nega-
tive. c a b

Proof: A=albc—a?] - b[b* - ac] + clab— ¢?]
=-[a® + b* + * — 3abc]
=—(a+b+c)[a*+ b+ c*—ab - bc - cal

=—%@+b+cﬂ@—b¥+@—c¥+@—@ﬂ<0

Asa+b+c>0,a,b, c are all positive and not all equal.

Syl WX Without expanding at any stage, prove
that the value of each of the following determinants is zero.

2

0 p-q p-r 4115 - w w
a. lg-p 0 qg-r| b. [19 7 9 ¢ |w w 1
r-p r-q 0 29 5 3 w1 ow

where w is cube root of unity

Sol.
0 p-qg p-r
a. Let,A=[g-p 0 g-r
r—-p r—q 0
0 g-p r-p
=lp-q 0 r—q|
p—r q-—r 0

[Taking transpose]

0 p-q p-r

=(-’lg-p 0 gq-r

r—-p r—gq 0

[Taking (-1) common from each row]

SJA=-Aor2A=00rA=0
4115
b. A=|79 7 9
29 5 3

Applying C, — C, + (-8) C,, we get

115
A={7 7 9|=0 [+ C, and C, are identical]
553

2
1 woow

c.let, A=|w w? 1|=0
1

2

w w

Applying C, — C, + C, + C,, we get

2
w w

T+w+w?
A=lw+w?+l w? 1

wr+l+w 1 w

2
woow
1

1]
[T ]
5]

w
1

w

[- 1+w+w=0]

" C, consists of all zeros]

abc b*c c*b
If A=|abc cla cd® =0, @, b,ce R
abc a*b ba

Example7.7

and are all different and non-zero) then prove that @ + b
+c=0.



Sol.
a b ¢
A=0 = bc.caablb ¢ a|=0
¢c a b

=  —a?bcHa + b+ —3abc) =0
(expanding by Sarrus Rule)

= azbzcz(az+b+c)%[(a—b)2 +(b—C)l2 +(c—a*)]=0

= a+b+c=0

x+1 x x
Provethata=0,| x x+a x |=0
x x x+d

represents a straight line parallel to y-axis.

Sol.
x+1 -1 -1
A=0=!x a 0|=0 C,—(C-C
x 0 a { }

C,—>C,-C

=@ +d+ax=-a
3

> x= —a which is a straight line parallel to y-axis
a’+a*+a
IEEUNSCRAR Prove that the value of the determinant
-7 5+3i 2_ 4i
3
5-3i 8  4+5i| isreal
2 +4i 4-5i 9
3
7 543 24
3
Sol. Letz=|5-3i 8 4+5i )]
2 +4i 4-5i 9
3

To prove that this number (z) is real we have to prove that
=12 :

Now we know that conjugate of complex number is distribu-
tive over all algebraic operations.

Hence to take conjugate of z in (1) we need not to expand
determinant.

To get the conjugate of z we can take conjugate of each ele-
ment of determinant.

-7  5-3i %+4i
3

|

=| 5+3i 8 4-5i (2)
2

——4i 4+5i 9
3

Determinants 7.7

Now interchanging rows into columns (taking transpose) in
@
-7  5+3i 2_ 4
3
we have 7 =| 5-3i 8 4+5i ‘ 3

%+m 4-5i 9

or 7=z
= zis purely real

(4) (from (1) & (3))

1
Ifa_=(cos2rr +isin 2rr)?, then prove that

a a, a

a, as; ag|=0.

a; a3 4

1 2re
g !
Sol. a, = (cos2rr +isin 2rm)® =e 9

a a,

= lay; a5 aq

a; ag a
2n 4r .6
— — —
e® e? e?
8 107 127

Jam o lom o 18m

e? e?% e?
2 4z 6m
e? e? e

ol am o amen or

=e%e? €9 e?9 |[taking ¢ common from

iﬂ l6‘ﬂ ,'18_” R?_]
e? e? e?

determinants,

103 115 114 |113 116 104
111 108 106|+|108 106 111|=0
104 113 116| {115 114 103

103 115 114 113 116 104
Sol. D=| 111 108 106 |+ 108 106 111
104 113 116 115 114 103

Dy Dy

In D,, interchanging C, and C,,

103 115 114 104 116 113
D=| 111 108 106 |-| 111 106 108
104 113 116 103 114 115

Dy Dy
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In D, interchanging C, and CS,

103 115 114 104 113 116
D= 111 108 106 |+| 111 108 106
104 113 116 103 115 114
Dy D
In D,, interchanging R and R,,
103 115 114 103 115 114
D=1{ 11l 108 106 |—| 111 108 106 | =0
‘| 104 113 116 104 113 116

Dy Dy

Find the value of the determinant

Jay+y3 25 5
J(15) +./(26) 5 J(10)
3+.(65) Jasy s

Jayy+y3 2
1 1
Sol. A=(/5)’|Ju5) +26) V5 2 > 5 GG
34465 VB 5

Now applying ¢, - C, - «/§C2 -J13)C,, we get
-3 2 1
A=510 5 2
0 V3 5
=53 (5-/6) (expanding along C,)

el JWAER Using properties of determinants, evaluate

a0 85
40 89 198
89 198 440
18 40 89
Sol. LetD={40 89 198
89 198 440
Let first reduce the value of elements by performing some
operation.
Applying R,— R, - 2R and R,— R, - 5R,
18 40 89
D=|4 9 20
-1 -2 -5

Applying C,— C, - 2C,

I8 40 9
D=4 9 2
-1 -2 -1
Now applying C,— C, - 2C, to get zeros in C,
0 40 9
D=0 9 2 =1!40 9!=80—8]=—1
9 2

1 -2 -1

x-2 2x-3 3x-4
Solveforx:|x-4 2x-9 3x-16{=0.
x—-8 2x-27 3x-64

K

Example 7.14

.

x=2 2x-3 3x-4
x—4 2x-9 3x-16|=0
x—8 2x-27 3x-64

Applying R2‘—> R,~R & R.— R, — R, then we get

x—2 2x-3 3x—4
or A=| -2 =6 -12 |=0

—6 —24 —60
x—2 2x-3 3x-4
or A= 1 3 6 =0
1 4 10

expanding along 1% row
or (x-2).6-(2x-3)4+3B3x-4).1=0
or x=4

Prove that

sin(o + 8)
sin(f+6)|=0
sin(y +J)

sina  coso
sinf cosf3
siny cosy

sin{(a + &)
sin(§ + &)
sin(y + &)

sin@  cos
Sol. A=|sin cosp
cosy

siny
sinocosd +sindcosor
sin Bcosd +sindcos B

sina cosa
=sin

siny cosy

cosf
siny cosd +sindcosy

sina cosa 0| :

=|sinf cosf 0| [R,— R,-cos R ~-sindR,]
siny cosy O
=0

Find the value of the determinant

Example 7.16 ¢

111 1
12 3 4
13 6 10
1 4 10 20
Sol. We have,
S A N N O RS T
12 3 4/ 01 2 3
13 6 10 [0 25
1 4 10 200 [0 3 9 19

[Applying R,— R,-R,R,—R,~-R,R,— R -R]



12 311 2 3
=2 5 9(=0 1 3
39 190 10 3 10
[Applying R, > R,~2R,R, —> R, - 3R]
=(10-9)=1
a-b-c 2a 2a
2b b—c—a 2b
2¢c 2c c—a-b

Sol. Applying C, — C, — C, and C, — C, — C; and taking
(a + b + ¢) common from each of C, and C,, we get

. -1 0 2a
D=(a+b+cyx |1 -1 2a
0 1 c¢—a-b

Now, R, — R, + R + R, gives

-1 0 2a
D=(@+b+c)x|1 -1 2b
0 0 (at+tb+o) .

Expanding along R,, we get

D=(@+b+c)a+b+c)=(a+b+c)

a b+c a

b c+a

c a+b ¢

a b+c a

Sol. A=[b c+a b*

c a+b

a 1 a

=(a+b+c)x b 1 b
c 1 é

[Applying C,— C, + C, and taking

(a + b + ¢) common from C,]

1 a 4°

=—(a+b+c)x |l b b

1 ¢ ¢
=—(a+b+c)a-b)b-c)c-a)

P -(y-2) ¢
Prove that |y* y*—(z-x)* =

2 2-(x-yP xy

=@ -0 -2DE-0x+y+2)07+y* + 2.

Determinants 7.9

¥ -0~ »
Sol. D= |y* y*—(z—x)* =
2 2P-x-y) xy
& =Py +) vz
=y? (P +y +7) w
22 _(xz +y2 +ZZ) Xy
[Operating C, — C, - 2C, - 2C,]

2

x° 1 yz
== +y+AY 1 oo
2
22 1 xy
¥ x oz

y oz
7 x Xz

(Multiplying R, R,, R, by x, y, z, respectively)
2 x 1 _

=-(+y )y v 1

2 x 1

=(x2+y2+zz)1 y y3

1 x z3
=x-O-2@-)@x+y+2) @ +y +2°)

If a, b, ¢ are all different and

a a& a*-1
b b

¢ & -1

b*-1|=0, show thatabc(ab + bc +ca)=a +b +c.

Sol. Expressing the given determinant as sum of two determi-
nants, we get
3 4 3 I

a a a a a
b B bbb B 1|=0
c & fle &1

2
1 a . @ a a 1
5 5
orabcld b -a* b -d|=b-a V-4’

0
2
0 2-a* - le—a F-a 0

[We take a, b, c common from the first determinant and
apply R, — R,— R, R, — R, - R, in both determinants. ]

As a, b, ¢ are all distinct, canceling out » — a and ¢ — a, we
get

b+a b*+a’>+abl || B +d’+ab

abc

2
ct+a E+d’+acl || P +a+ac

Applying R, — R, — R, and then cancelling ¢ — b on both
sides, we get
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1 b +a’+ab
0 a+b+c

b+a b*+a’+ab _

abc

1 a+b+c

abc(ab + b+ bc+a*+ab+ac-b*—a*—aby=a+b+c
or abclab+bc+ca)=a+b+c
Hence the result.

Ifx.=ab,c,i=1,2,3 are three-digit posi-

teg

4q 4 a4
some integer n, prove that |, b, b,| is divisible by 19.

€ € G
a4 a a3
Sol. A= by b, b,

(100q, JFIObI +¢) (100a; +10b, +c5)  (100a; +10b5 +¢3)
[R3 — R3 + 100R| + lORZ]

a ay | | g a, a,

=lb b, by|=| p b, by

X Xy x| [19m; 19m, 19m,

[where each m € N]

a4 4; a3
=195, b, by|=19n

myomymy)

4G 4 4
where n=[b b, b,| is certainly an integer.

mm, ms

(b+c)? ba ac
ZIICRRPY Provethat | ba  (c+a)  cb
ca cb  (a+b)*
b+ & a’
= & (c+a)Y b |=2abcla+b+c).
c? & (a+b)?

Sol. Multiplying R, Ré, R, by a, b, c, respectively, and dividing
by abc, we get

ab+¢)? ba* ca?

A= L X ab® b(c+a)* ch?
abe , 5 ,
ac” be cla+b)”

Taking a, b, ¢ common from C,, C, and C,, respectively, we
get

(b+¢)? a? a?
A=| b (c+a)’ b
e? ¢? (a+b)*

Now, applying C, - C,- C,, C, — C, - C, gives

(b+cy (a+b+cXa—b-c) (a—b-cla+b+¢)
A=| b2 (c+a+blc+a-b) 0
c? 0 (a+b+c)a+b-rc)

uch that each x,is a multiple of 19, then for

(b+c¢y a-b-c a-b-c
=(@+b+cy x| b cta—-b 0
¢ 0 a+b-c

Applying R, — R, — (R, + R) and then taking 2 common
from R , we get

bc —c -b
A=2a+b+cPx |b* c+a-b 0
e 0 at+b-c

Now, applying C, — bC,+ C, C, — C, + C, gives

) bc 0 0
A:z(“bﬁx B bcta) B
C
c? c? cla+b)
2 2 s
= Mzﬁbc[(bc +ba)ca+chb)—bc]
C
=2(a+ b + c)[belac + be + ab + a? ~ bc)]
=2abcla+ b+ ¢)’
a b-c c+b
RS ICYER Show that lavc b c-a

a-b b+a ¢
=(@a+b+0)(a®+ b+ ).
a b—c c+b
Sol. Let, A=|la+c¢ b
a-b b+a ¢

c—a

a’ b—c c+b
= a=Yatac b c-a [Multiplying first column by a]

2
a“—ab b+a C

a*+b*+¢* b—c c+b
=l a’+b* +¢? b c—a
¢ a+b+c® b+a c
(Applying C, — C, +bC, + cC|]
1l b—c c¢+b
=l(a2+b2+62)1 b c—a
“ 1l b+a c

[Taking @® + b*> + ¢* common from Cl

1 1 b-c c¢+b
:—(az+bz+('2)0 c -a—>b
“ 0 a+c —b

[Applying R,— R, R, and R, » R, - R]
c —a—b’

:l(c12+b2+c2)><1><
a a+c -b

[Expanding along C|]
= l(a2 + b*+ ¢ (=bc +a* + ac + ba + be)
a

=@+b*+cH(a@a+b+o)



Example 724 |
+ ¢? =1, Show that the equation

Let a, b, ¢ be real numbers with a? + b*

Determinants 7.1 1

[Taking common a, b, ¢ from R, R, R, respectively]

1+a® +b* +¢* b? c?

ax-by-c  bx+ay cx+a I D SR S R T [C,— C +C,+C)]
bx+ay —ax+by—c a+b =0 I+ +b2+* B P+l
cx+a cy+b —ax—by+c
represen ts a straight line. 1 c?
_ =(l+a@+b+c)|l b*+1
Sol. Given, 2 2
1 b c"+1
ax—by-c bx +ay cx+a
bx+ay —ax+by-c ey+b (=0 1 2 &2
cx+a cy+b —ax—by+c =(1+a2+b*+cD0 1 0
(a? +b2+M)x bx + ay cx+a 0 0 1
= |[(@>+b*+P)y —ax+by—c  cy+b |=0 [Applying R, > R,—R,and R, = R, — R|]
(a2+b2+cz) cy+b —ax—by+c =(l+a+b+c?)
[Applying C — aC, + bC, + cC,] s :
If a* + b* + ¢* = 1, then prove that
X bx + ay cx+ta
= —ax +by—c cy+b |=0 [ a+ b +c2=1] a® +(b* +c*)cos g ab(1— cos ¢) ac (1 - cos 9)
1 cy+b —ax —by+c ba(1 - cos¢) b+ (c* +a*)coso be(1 — cosg)
ay ; ca(l - cos¢) cb(1—cos¢)  ¢? +(a® +b*)cos¢
= —ax=c b =0 is independent of a, b, c.
1 cy —ax — by
[Applying C,— C,~ bC, and C, — C, - ¢C,] Sol. Multiplying C, by a, C, by b and C, by ¢, we have
@+ ab® + c*)coso ab*(1 - cos¢)
* “ “ A - ba*(1 - cos®) B +b(c* +a*)coso
= y —ax—c b|=0 " abe
2 +y2 +1 0 0 caz(l—cos¢) cb? (1 -cos ¢)

[Applying R, — R, + xR, + yR,, we get]
= P +y+ Daby+ax+ac)=0=>ax+by+c=0

ab*(1— cos¢)
be*(1-cosg) (

21 b ac c3+c(a:+bz)cos¢
Prove that | ab  b*+1 bc | =1+a Now take a, b and ¢ common from R , R, and R, respectively,
ac be c*+1 to give _ »
a’> +(b* +c*)cos d b* (1-cos )
5 A:a_b£ a* (1 —cos ¢) b+ (c? +at)cosg
a“+1- ab ac abe . ,
Sol. | ab K> +1  be a (1 —cos @) b (1 —cos ¢)
ac be ¢ +1 e (1=cos @) }
¢ (1 —cos ¢)
1 a@+1)  ab’ ac* > + (@ +b*)cos ¢
=— ab b +]) ¢ '
P JE: (A +1) Applying C, — C, + C, + C,, we get
[Multiptying C|, C,, C, by 4, b, c, respectively] ! , b’ (1 T C(:S 9) Ci (1=cos9)
A=l b +(c"+a")cos¢ ¢ (1—cos ¢)
e a*+1 7172 ? 1 b* (1 —cos ¢) ¢ +(a’ +b%)cos ¢
:_(ZTJZ a b™ +1 ?
a? b? A +1

[cat+b+ct=1]
Applying R, - R,— R and R, = R, - R,,
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1 b? (1—cos ¢) c? (1—-cos ¢)
A={0 (@ +b* +cPcos¢ 0
0 0 (a2+b2+c2)cos¢

. cos¢ 0
Expanding along C,, we get 0 cosd

r—1 n 6
LetA, =| (r—-1)* 2n*
(r-1% 34°

Exa mple 7.27

GassacssssS

that >_ A, is constant.

=t

Sol. Since CI has variable terms and C, and C3 are constant,.

summadtion runs on C -

n

Str-=1) =n 6

1

SA =X0r=-0) 27 4n-2
r=l 1
-1 30 3n*-3n
1
1(n Dn 6
—(n—- n
2

=%(n—l)n(2n—l) 2n*  4n-2

%(n—l)zn2 30 3n-3n

Taking %n(n —1) common from CI and » common from C,

we get
6 1 6
ZA, = Tli-nz(n -Dx(22n-1) 2n 22n-1)
3n(n=1) 3n% 3an-1

=0, which is constant [ C| and C, are identical]

I+a 1 1 1
1 1+5 1 1

(eI @R Prove  that
Nepveb 1 1+e¢ 1
1 1 1 1+d
1 1 1 1
=abed (1 +—+ n +=+ E] Hence find the value of the deter-
a c

minant if a, b, ¢, d are the roots of the equation px* + ¢x3
+rx*+sx+t=0.

. 1 1 1 1
Sol. Applying R, > —R,R, - ERZ’ R, —>— R,R, > i R,, we
a C .

get

1 1 1
+— = = =
a a a a
l 1 1 1
— 14— —_ —
A = abced b b b b
1 1 { 1
_ — 1+— -
C [ [ c
1 1 1 1
_ — 1+—
d d d d

* .7 I 1 1 1
Applying R, — R + R, + R, + R, and taking (1 PR R +Zj
common, we get ¢

1 1 1 1
1 1+l 1 1
111 1) |° b b b
A=abcd| 1+—+—+—+—|X]|1] 1 1 1
a b ¢ d) |- - 1+= =
c c c c
1 1 1 1
- — 1+
d d d d
NOW&pplyingC2—>CZ_CI,C3_>C3_C1,C4_,C4_C|,
1 0 00
% 1 00
A=abcd(l+l+l+l+l]x |
a b ¢ d) |- 0 10
C .
1 0 01
d

Expanding along R, we get

1 1 1 1 L oo

A:abcd(l+—+—+—+-)x 010
a b ¢ d

0 0 1

Expanding again along R, we get

A=abcd 1+l+l+l+l
a b ¢ d

2nd part: A = abed + (bed + acd + abd + abc)

Ios _i-—s

p p P

USE OF DETERMINANT IN COORDINATE GEOMETRY

Area of Triangle

The area of a triangle, the coordinates of whose vertices are
(x5 ), (x5, ¥,) and (x,, y,) is

1 x oy 1

—x, v, 1

5|1 Y
X,y 1

Condition of Concurrency of Three Lines

Three. lines are said to be concurrent if they pass through a

* common point i.e., they meet at a point.

Let a x+by+c =0 (D)
ax+by+c,=0 )
ax+by+c,=0 3)

a b g

be three concurrent lines then |a, b, ¢,| =0

a, by o



Condition for General 2" Degree Equation in x
and y Re present Pair of Straight Lines

The general second degree equation ax® + 2hxy + by* + 2gx
+ 2fy + ¢ = O represents pair of straight lines if

a h g
h b fI=0
g [ ¢
ple 7.29 Find the area of a triangle whose vertices

are A(3, 2), B(11, 8) and C(8, 12).

3 21
Sol. The areaoftriangleisA:l 11 8 1
g8 12 1
Operating R, —R - R,and R,—> R, - R,
. -8 -6 0
g 12 1
_ 18 -6
2|3 -4
= 25 sq. units

Ifx,x,x, as well as y,, y,, y, are in G.P.
with same common ratio, then prove that the points (x , y,),
(x,,y,) and (x,,y,) are collinear.

Sol. Since points are collinear, we have to prove that area is
. — g — 2 3 y = . ) — 2
zero. x, =x7, x, = x;7* and S0 is ¥, = y,1, ¥, = ¥,r
Xy 1

A=lx, y, 1

x oy 1
X, ¥, 1

X » 1

=0
Hence the points are collinear.

Example 7.31 : If thelinesa x +by+1=0,ax+by+1= 0
and ax + by + 1 =0 are concurrent, show that the points
@,b), (a, b,) and (a,, b,) are collinear.
Sol. The given lines are
ax+by+1=0 _ (hH
ax+by+1=0 (2)
and a,x+by+1=0 3)

Determinants 7.13

a b 1
If these lines are concurrent, we must have ja, b, 1 =0,
a, by 1

which is the condition of collinearity of three points (a,, b)),
(a,, b,) and (a,, b,).

Hence, if the given lies are concurrent, the given points are
collinear.

Find the values of ‘a’ for which the lines

2x+y-1=0
ax+3y-3=90
3x+2y-2=0
are concurrent.
2 1 -1
Sol. Lines are concurrentif [ 3 —3| =0
32 =2

Since C, and C, are proportional, lines are concurrent for
infinite values of a.

BCIWICWEER If the lines ax + y+1=0,x+by+1=0
and x +y + ¢ = 0 (a, b, ¢ being distinct and different from 1)
1 1

are concurrent, then prove that + + =1.
, 1-a 1-b 1-c¢
a 1 1
Sol. If the given lines are concurrent, then {1 b 1| =0
I 1 ¢
a l-a l-a
= |1 b-1 0}=0
1 0 c¢-1

(Applying C,—»C,~ C and C,—>C,— C))
= ab-1-1)-(c— D-a)y—-b-D{1-a)=0

a 1 1

+ + =0
l—-a 1-b l-c

(Dividing by (1 - a) (1 —=b) (1 —¢))

[ERIIVELN If lines px + gy +r=0,gx +ry +p=0and
rx + py + q = 0 are concurrent then prove thatp + g +r = 0
(where p, g, r are distinct).

Sol. For concurrency of three lines
px+gy+r=0gx+ry+p=0;rx+py+g=0

p q r
We must have, [¢ ¥ p| =0
rp q

= 3pgr—-p'-¢'-r'=0 )
= P+q+) P +@+r—pg—pr—rq)=0
= p+qg+i=0
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v+ A=0 represent a pair of stralght lines.

Sol. ax* +2hxy + by + 2gx + 2fy + ¢ = 0 represents a pair of

linies if
a h g
h b fl=0
g f ¢
2 7/2 4
- [7/2 3 7|=0
4 7 A
7 ) , 7Y
= 61+27)4) (E)—zm) -3(4) —A[E) =0

= 6A+196-98- 48—43—)’—0

N %_61_196 146 = 50

= 2 5022200 4
4 25

1. Prove that the value of each the following determinants is
Z€ero.

a la, + mb b
a.la, la, + mb, b,
ay lay; + mby by
a-b b-c c¢-a
b.x-v y-z z-ux

P=q g-r r—p

logx logy logz
C. [log2x log2y log2z
log3x log3y log3z
(@ +a™Y? @ —-a*)? 1
d "+ B -bY 1
(C+eY (=Y

'b+c a—b a

2. Provethat [c+a b-c b =3abc—a®—b*~ 3.

a+b c—-a c¢

Find the value of A if 2x? + 7xy + 3y? + 8x

_—LConcept Application Exercise 7?|__.

10.

11.

12.

13.

K@+ D)? (B +1)?

a2 p> cz
(¢ +1)%| = k(a - b)(b -c)(c - a), then
(a-1)* ®-1" (c-1°
find the value of k.
1 1 1

. Prove that A = a b c

be+a® ac+b® ab+ct
=2a-b)(b-c)(c-a)

Al 1+p I+p+g

. Showthat |2 3+2p 1+3p+2q|=1.

3 6+3p 10+6p+3g

1+a? - p? 2ab -2b
. Show that 2ab l—a®+5° 2a
2b —2a 1-a®-p?

=1 +a®+b%)

3a -a+b -a+c

. Show that |-b +a 3b -b+c

—-c+a —c+b 3¢
=3(a+b+c){ab + bc + ca)

yiozxoxy

. Find the value of |p 2g 3r|, where, y, z are respectively

1. 1.1
P, (2¢)" and (3r)" terms of an H.P.

. Show that if x, X, X, 70

X +ab, ab, ab,
asb, Xy +ayb, a,b,
a3, ash, X3+ asby
ab, ab, ab
=xxyu| e+ 222 T35
X, X, X,

2721 23 -1 45 -1
IfA=| o B 14

2" -1 3'-1 5" —1
a—x c b

, then find the value of A.

Solve the equation| ¢ pH—x 4 [=0

b a  c—x
where a + b+ ¢ # 0.
x =6 -1
Solve forx, |2 —3x x—3/=0.
-3 2x x+2

IfAB,C,A,B,C, and A, B, C, are three three-digit num-
bers each of which is d1v151b1e by k, then prove that

A B
A=|A, B, C, 1s divisible by .

A By G




PRODUCT OF TWO DETERMINANTS
a b oq o Bon
Let, A,=da, b, ¢|andA,=la, B, 7,

a by oo a B 7

Then row by row multiplication of A, and A, is given by
aoy +bf +ay, a0 +bp, +ay,
Ay X Ay = |40 + By +eyyy a0, + 0,8, ¥ 0375
a0 +byf + oy a0 + b3 + oy,
' a0 + b5+ oy
4,03 + by By + ¢33
4305 + by By + 373
Muttiplication can also be performed row by column; column
by row or column by column as required in the problem.
To express a determinant as product of two determinants,
one requires a lots of practice and this can be done only by
inspection and trial. :

Property: If A, B, C, ... are respectively the cofactors of the

elements a,, b, ¢, ... of the determinant
a b ¢ A B C
A=la, b, |, A#0,then |4, B, C,|=A?
a by o Ay By G
Proof : Given,
aq b ¢
A=la, b, ¢
a; by o
and A, B, C, ... are cofactors ofa,, b;’ ¢, ... Hence,

A B G
a, b, «|x|A, B, C
a; by oo |A; By G

a A + 5B +¢,C
= |a,A, +b,B, +¢,C,
A+ by B +5C

aA, +b B, +c,C,
ayA, +b,B, +¢,C,

@A, +b.B, +¢;C
T T LA+ BB, + oGy

ayAs + b,y B; + ¢, Cy
Ay + by By + Gy
(row by row multiplication)

0 0
=10 A 0| (asaA,+bB +cC =A,i=1,2,3and
0 A
aA;+bB +cC =0)
= A’ '
Al BI Cl AI BI Cl
= Ald, B, G|=A" or |4, B, C,l=A"
A, By G A, B G

Note: For n-order determinant A = A" where A, is the
determinant formed by the cofactors of A and n is order of
determinant. This property is very useful in studying adjoint
of matrix. '

Determinants 7.15

Prove that

a0 +bfy @, + 5,3, a0+ b
4,0 +b,f; a0, + 5,5, 4,05+ 5,3, =0
a0y +byfy a0, + D3P, ay05+ byf3s

Sol. The given determinant is the product of the determinants

a b O |y B O
a, b, Oxle, B, 0[=0
a; by 0 |0 By O
‘Example 7.3 If a, f, y are real numbers, then without

expanding at any stage, show that

1 cos(f—c) cos(y—o)
cos(c— fB) 1 cos(y —pB)|=0
cos(ox—7y) cos(f-7v) 1

Sol.

1 cosocos f+sin¢rsin B
A =|cosacos f+sinasin B 1

cosQcosy +sinasiny  cosBcosy +sin Bsiny

cosgcosy +sinasiny
cosycosfB+sinysinff
1

sinad 0| |cosa
sinf  0|X[cosf
siny 0

cosa sinoe 0
sin 0

siny 0

=|cosfB

cosy cosy

,+=0x0=0

1 x x2

x* 1|=3, then find the value of
1 x

-1 0 x—x*
0 x—x* -1

x—x' £ 0
ol 0 x—x*

Sol. D,=| 0 x—x* x'-1]is the determinant formed by

-1 0

4
X—X

the cofactors of determinant

Hence, D, =D*=3*=9.
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(a-x* (a-y? (a—z)
Prove that |(b—x)* (b-y)* (b-2)
|e=x)? (e-y)? (-2

Exarnple7.3

(1+ax)® (1+bx)* (1+cx)
= |1 +ay)’ (A+by) (A+cy)’|=200-c)(c-a)(a-b)
(1+az)* A+bz)> (A+cz)’

x(y—2)@z-x)(x-y)
(a—x) (b-x)

Sol. A=|a—y* -y
(a=2* (b-2)

(c—x)
(c—y)

(c-2

@ =2ax+x> bP-2bx+x* S -2ex+x’

=la® =2ay +)’ bz—zby+y2 2 =2cy +y*

@’ -2az+z> b -2bz+7* P =2cz+7

1 x x a” -2a 1
=l y y|x[p? -2b 1

1 z. 22| | —2¢ 1

1 x x*[a® 2a 1
=—1 y Yp* 2b 1
211.2

1 z z°fc® 2¢ 1

1 x X}l 2a d°
=l y ||l 2b b (insecond determinant C, < C,)

1z 221 2¢ ¢

1 x &2 1 2a &
=1 y yx|l 26 b?
1 2¢ ¢

=2(x -y - D@~ 1)@~b) (b~ c)c - a)
Multiplying row by row, we get

1+ 2ax + a*x® 14 2bx+b*x% 1+ 2cx + 22
1+2by + by’

1+2az +a%z*  142bz + b*F>

A= 1+2ay+azy2 1+ 2cy +¢%y?

1+ 2cz + 272

(+ax) (+bx) (1+ex)’
=l0+ay? (A+by)” (+ey)’
(A+az)® (A+b2)% (I+¢z)
2bc—-d* c? »?
ISCIWEAVY Express A = pe 2ca—b> 2
b’ a’ 2ab—c?

as square of a determinant and hence evaluate it.

Sol. Keeping in mind the term 2bc¢ — a?, we have

a b ¢l |—a ¢ b
b ¢ dx|-b a c=A

c a bl |-¢c b a

[row by row multiplication]

Therefore,

2

a b cla b ¢l |a b c
A=b ¢ d|lb ¢ al=lb ¢
c a

a bllc a bl |c b|.

= [a(bc — a®) + b(ac — b*) + c(ab ~ A}

=[3abc — a® - b* - *)?

2l Al Prove without expansion that
ah+bg g ab+ch ah+bg a h
bf +ba - f hb+bcl=a|bf +ba h b
af +bc ¢ bg+ fc af +bc g f

Sol. Rewriting the given determinant, we have

1ah+bg gc ab+ch ah+bg a ch
A=—|bf +ha fo hb+bcl=—|bf +ba h be

¢ ¢

af +bc ¢ bg+fe af +bc g fe

By operating in second determinant C, — C, + bC,, we get

ah+bg a ab+ch

A=LA —%lofsba n hb+be
¢ ¢ af +bg g bg+ fc
| | ah+bg —a* ab+ch
=—A+—|bf +ba —ah hb+bc
¢ ‘ af +bc —-ag bg+ fc
1ah+bg gc—a® ab+ch
=—|bf +ba fc—ah hb+bc
¢

af + bc cz—ag bg + fc

a h g 0 a b

fIxl—a 0 ¢/=0
g f ¢l |-b — O

Concept Application Exercise 7.3

1. Prove that )
2 o+p+y+06
at+tB+y+d 2o+ )y +6)
oaf + v of(y + 8)+ yd(a + B)
aff+ o
aff(y +8)+yé(o+ B)|=0
203y




2. Show that the determinant

A+ bP+c? be+ca+ab be+ca+ab

be+ ca+ab a*+b>+c® bc+catab

bc+ ca+ab bc+ca+ab _a?‘+bz+c2

is always non-negative. When is the determinant zero?

b+x)c+x) (c+x)a+x) (a+x)(b+x)
G+y)Nct+y) (c+yNa+y) (a+y)b+y)
b+2)c+z) (c+Na+z) (a+2)(b+2)

3. Prove that

=(b—c)c—a)a—b)(y—z)(z—x)}x—y)

4 Factorize the following:

3 a+b+c &+ +c
a+b+c a+br+ a+b+¢t
b+t PP+ P+l

DIFFERENTIATION OF A DETERMINANT
I Let A(x)bea determinant of order two. If we write

A(x) = [C, C,], where C, and C, denote the first and second
columns then

N(x) =[C/ C+IC, C/1,

where C,” denotes the column which contains the deriva-
tive of all the functions in the i column C,. In a similar
fashion, if we write

Alx) = R thenA’()—v Ri + R
(X)_ RZ’ o= R2 Ré

sinx logx
Example: Let, A(x) = Pt 0
Then, A(x)=l|cosx logx| |sinx 1/x
0 I/x e —1/x*

II. Let A(x) be a determinant of order three. If we write
A(x) =[C, C, C,], then

ANx)=[C/C,Cl+[C C/C]+I[C C,C/]andsimilarly
if we consider '

’ Rl

R, R, , R
Ax)= R, |, then A’(x) = | R, [+| R, |+| R,
R, Re| | & | |g/

III. If only one row (column) consists functions of x and other
rows are constant, viz., let

Determinants 7.17

Ay A0 fix)
Ax) =1 b b, by |(say)

(&} Cy C3
Then
@ £ £
by b, b

91 &) C3

Ax) =

and in general
@ L F®
Ax)=| b, b, b,

G ¢ G

where n is any positive integer and f"(x) denotes the »n®
derivative of f{x).
sinx cosx sinx p
Ify =|cosx -sinx cosx|, find 9.
x 1 1

Example 7.42 |

cos X —sinx CoOSx sin x cosx  sinx

d . - .
Sol. d—y =[cosx —sinXx CO§X|+|-Sinx —COSX —SInx
X

X 1 1 X "1 1
sinx cosx sinx
+{cosx —sinx coSx
1 0 0
sinx cosx sinx .
. . cos x  sinx
=0~|sinx cosx sinx|+1|
—sin x €oOS x|

X 1 1

=0+ (cos® x + sin* x)

n

x n! 2

4|, then find the

If f(x) =|cosx cos %

sin x

[f(x)]x=0(n eZ).

sinﬂ 8
2

dll

value of

dx"

T
dx"

n n

[f(x)]=ﬁ(cosx) cos% 4

Sol. d
dx"

n

—(sinx)
d‘xn

sin % g
2

(nez)
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d”
= E[f(x)],‘:o =0

| If f, g and £ are differentiable functions
f g .k
(xfy (xg) (xh) |,
(x2f)” (ng)” (xlh)//

of x and A(x) = prove that

f g h
A/(x) = f/ g/ %
(x3f//.)/ (ng”)/ (th/I)/

Sol. (xf) = xf’ +fand (2F)" = (2 + ] = 2f + dxf” + X"

S g h
xf'+f xg'+g xh'+h
2F+axf +x2f" 2g+dxg’+x’g” 2h+dxh +x*h”

= A=

R— R —R, and then R, — R, - 4R, - 2R,

fou ng” x2hu

Taking x common from R, and multiplying with R,, we have

f g h
A= f/ g/ h'
‘3 f// x}gu rJ/]/I
’ ’ X h
a |15 L5
= ——= g W+ f g h
dx 3 3 3 3 3 3
X fu x g// Oh X f// X g// oh
f I4 h
+ f/ g/ h
(XB‘f”), (XBg//)/ (x3h//)/
f 8 h
=0+0+| [f' g h

(x3_f,’)l (x3gl/)/ (.x3]7”),

Let a be a repeated root of a quadratic
eu = 0 and A(x), B(x), C(x) be polynomials of
degrees 3, 4 and 5, respectively, then show that
A(x) B(x) C(x)
A(e) Bla) (o)
A'(e) B'(a) C'(o)
denotes the derivatives.

is divisible by f(x) where prime ()

Sol. Since a is a repeated root of the quadratic equation
ftx) =0, fix) can be written as

fx) = k(x — a)?, where k is some non-zero constant.
A(x) Bx) C)

Let, glx) = |A(a) B(a) C(a)
Ala) Bla) C(a)

g(x) is divisible by f(x) if it is divisible by (x — &), ie.,
g(a)=0and g'(a) = 0.

As A(x), B(x) and C(x) are polynomials of degrees 3, 4 and 5,
respectively, deg. g(x) = 2. .

Now,
Ale) B(e) C(o)
gla)=|A(@) Bl@a) C(e)|=0
Ala) Ba) Clla) ,
(R, and R, are identical)
Also
A(x) B'(x) C'(x)
g =A@ B@ C@
Allay Bla) C'(a)
Ala) B(a) Cla)
g(@=|Ale) Bla) C(e)|=0
Ala) B(e) C'(o)

(R, and R, are identical)

This implies that f{x) divides g(x).

——_—{ Concept Application Exercise 7.4 ‘——

cos(x+x?) §in(x+x%) _—cos(x+x2)
1. Let fix) =|sin(x - x¥%) cos(x—x?) sin(x-x*) |. Find the
sin2x 0 sin(2x?)

value of 17(0).

2. If fix), g(x) and h(x) are three polynomials of degree 2,
then prove that

fey sy A
dx)=|f () g ) h'(x)|isaconstant polynomial.
I grle) B

f(x)
(x—a)x—b)x—c)
of degree <3, then prove that

3. If glx) =

, where f(x) is a polynomial

l a f(a)(x—-a)*2 @ a
L b fbYx=b)2|+|b* b 1
1 ¢ fleXx—o)2 12 ¢ |

dg(x) _
dx




SYSTEM OF LINEAR EQUATIONS

System of consistent linear equations: A system of (linear)
-equations 1S said to be consistent if it has at least one solution.

. . +y=2
(i) System of equations Ty
2x+2y=5

because it has no solutions, i.e., there is no value
of x and y which satisfy both the equations.

Example: } is inconsistent

Here the two straight lines are parallel.
. +y=2]. .
(ii) System of equations Ty 21 1s consistent
x-y=0
because it has a solutionx =1, y = 1.

Here the two lines intersect at one point.

Cramer’s Rule
I. System of linear equations in two variables:
Let the given system of equations be

+by+e =0
ax \y+e } (1)

ayx +hyy+c, =0
. :
where 2Lz 2L
a, -
Solving by .cross-multiplication, we have

X _ -y _ 1
bic, —byey  ac, - aécl ab, — ab,
X - . 1
or , =—2 =
b ¢ q < a b
by ¢ ay & |a, b

II. System of linear equations in three variables:

Let the given system of linear equatlons in three variables x, y
and z be

ax+by+cz=d, )
ax+by+cz=d, 2)
ax+by+cz=d, (3)
a bocf T ojd boq a d q
Let,A=|a, b, ¢,|,A=|dy, b, |, A=|a, dy ¢
a; by o dy by o a; dy o
a b d
Ay=la, b, d,
ay by dy
Let, A # 0. Now,
d b q ax+by+cz b ¢
A =ld, by, c=|ayx+byy+ecyz b, ¢,
d; by o] |ax+by+ez by o
ax b ¢ a b ¢
=lax by cf=xla, by, c,|=xA
ax by oy a; by

[Cl - Cl - yCz_ Zcz]
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A1
= —, where A0
A where A #

m A A
S. ] l 5 A = A SV = =2 d -_ 3
imilarly 5 y y A and z i

A,

A
The rule given in Eq. (4) to find the values of x, y, z is called
the Cramer’s rule.

Thus x =1,y = @)

. Note: . : : : ) .
@ A is obtamed by replacmg elements of " column by d,,
d d,wherei=1,2,3.
- @y Cramer s rule can be used only when A # 0

Nature of Solution of System of Linear Equations
Let the given system of linear equations be \
ax+by+cz=d,
ax+by+cz=d,
ax+by+cz=d,
Now there are two possibilities.
Casel: A+#0
In this case, from (i), (ii) and (iii), we have

Al 2 A}
x=—,y=—=andz=—

A Y A A
Hence, unique value of x, y, z will be obtamed and the system

of equations will have unique solutlon

CaseIl:A=0
(a) When at least one of A , A, A, is non-zero
Let A, # 0, then from (i), A, = x A will not be satisfied

for any value of x because A = 0 and A, # 0 and hence
no value of x is possible in this case.

Similarly when A, #0, A, = yA will not be possible for
any value of y and hence no value of y will be possible
when A, £ 0, A, = zA will not be possible for any value
of z and hence no value of z will be possible.

Thus if A =0 and any of A, A, and A, is non-zero, then
no solution is possible and hence system of equations
will be inconsistent.

(b)whenA:OandA1=A2=A3=0

Ay =xA
In this case A, = yA{ will be true for all values ofx ¥
Ay =zA

and z.

But since a,x + b,y + ¢,z = d,, therefore, only two of
x, ¥, z will be independent and the third will be depen-
dent on other two.

Thus infinitely many values of x, y, z are possible
and out of x, y, z only two can be given independent
values.
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Henceif A=A =A,=A,=0, then the system of equa-
tions will be cons1stent and it will have infinitely many
solutions.

S mmary

“Af A# O, then given system of equations is consistent and it has
umque ( one ) solunorz

A=0 and any of A, A A is non-zero\ then gzven System_of
_equations is mcons;stent and it wzll have no.solution.

allof A, A, and A are zero, zhen gtven system of equatzons is
C nszstent and has mﬁmtely many solutzons e

ConditionsforConsistency of Three Linear Equations
in Two Unknowns

System of three linear equations in'x and y

ax+by+c =0

- ax+by+c,=0

ax+by+c,=0
will be consistent if the values of x and y obtained from any two
equations satisfy the third equation.

Solving first two equations by Cramer’s rule, we have
X _ -y 1
b ¢ a b

b, ¢

a G

a, | |ay by

These values of x and y will saﬁsfy the third equation if

a b ¢
b ¢ a ¢ a b
a -b +c =0orla, b, ¢|=0
3p 3 3 b 2 D G
O ay 6 ay by X
as by

This is the required condition for consistency of three linear
equations in two unknown. If such system of equations is con-
sistent, then number of solutions is one.

System of Homogeneous Linear Equations

A system of linear equations is said to be homogeneous if the
sum of powers of variable in each term is 1.

Let the three homogeneous linear equations in three unknown

x,y,zbe
ax+by+cz=0 (@)
a,x+b,y+c,z=0 (i) (A)

ax+by+c;z=0 (iii)

Clearly x =0, y = 0, z = 0 is a solution of system of Eq. (A).
This solution is called a trivial solution. Any other solution is
called a non-trivial solution. Let, system of Eq. (A) has non-
trivial solution.

a b ¢
Let, A=la, b, o,

a; by o
From (i) and (ii), we have

X _ ¥ _ z _
bie, —byey ab, - azb, =k (say)

x =k(bc,-b,c)
y =—k(ac,—ax,)
z =k(ab,-ab)

Puiting these values of x, y, z in (iii), we get

€1y — 6y

kla,(b,c,—b,c)—bfac,—ac)+ clab,—ab)]=0
or aybc,—bc)-blac,—ac)+ c,(ab, b)=0
[+ k+#0]
a b '
or la, b, =0
a; by o
or A=0

This is the condition for system of Eq. (A) to have nontrivial
solution.

Summary:

(@) If A -0, then given system of equations has only trivial solution
and the number of solutions in this case is one.

(@) If A= O, then given system of equations ‘has non-trivial solution
as ‘well as trivial solutzon and number of solutions in this case is
infinite. :

Solve by Cramer’s rule

Example 7.46
xX+y+z=6
x—y+z=2
x+2y—4z=-5

Sol A=[l -1 1|=)t =2 o{=14
3 2 -4 3 -1 =7
6 1 1] |6 1 1

A =2 =1 1|=|-4 =2 0|=14
5 2 -4 19 6 0

1 1 6| |t t 6
and A_=|1 -1
3 2 -5 |0 -1 =23

Hence by Cramer’s rule,




f For what values of p and g, the system of
equatlon52x+py+6z 8, x+2y+qz=5, x+y+3z 4 has
(i) no solution,
(i) aumique solution,
(iii) infimnitely many solutions.
Sol. The given system of equation is
2x +py+6z=38
x+2y+qgz=5.
x+y+3z= 4
2 p 6
A=l 2 ¢
1 1 3

=2-pB-¢9

By Cramer’s rule, if A # 0, i.e., p # 2, g # 3, the system
has unique solution.
If p=2org=3,A=0,thenif A =A =A_ =0, the
system has infinite solutions and if any one of A JALA
# O, system has no solution. Now,
8 p 6
A =52 ¢

4 1 3

=30-8g—-15p+4pg =(p—2)(4g - 15)

2 8 6
A =l 5 ¢
1 4 3
=—8g+8¢=0
2
1
1

—_— Ny

8
5
4

=p-2

Thlus ifp=2,A=A =A =0forall g eR, so the

system has infinite solutions.

And if p#2 qg=3 A, A#0, the system has no
solution.

Hence the system has

(1) no solution, if p #2, g =3,

(i1) a unique solution, if p #2, g # 3,

(iii) infinitely many solutions, p =2, g €R.

Example 7.

Find 2 for which the system of equations

x+y-27=0,2x -3y +z=0,x — 5y + 4z = 1 is consistent and
find the solutions for all such values of A.

Sol. The given system is

x-5y+4z=4 (1)
x+y—2z=0 (2)
2x-3y+2z=0 ‘ 3)
1 -5 4 1 -5 4
A=l 1 =2/=|10 6 -6/=0
2 =3 1 o 7 -7

Determinants  7.21

7

Hence, system is consistent only when A = A‘. =A =0

Now,
A =5 4
A=10 1 -2/=-51=0
-3 1
= 1 =0

For A = 0, clearly A=A =0.

Therefore, system is consistent if 2 = 0. Then on eliminating
x from (1), (2) and (3), we have y—z=0.

Let, y = z=k €R. Then from (1), we have
x=5k~4k=k
Hence, solutionisx=y=z=keR.

For what values of k, the following system

of equatlons possesses a non-trivial solution over the set of
rationals: x +ky +3z=0,3x +ky -27=0,2x + 3y -4z = (.
Also find the solution for this value of k. :

Sol. The system
x+ky+32=0
3x+ky—-2z=0
2x +3y—4z=0

has non-trivial solution (i.e., non-zero solution) if the
determinant of coefficients-of x, y and z is zero. Here,

1 k 3
A=13 k -2/=0
2 3 4
= 2k-33=0o0rk=23372 )
Then the equations become
2x+33y+62=0 2)
6x+33y—-4z=0 (3)
2x+3y—4z=0 4
Eliminating x; we get from (2) and (4),
30y + 10z=0,1e.,3y+z=0 %)

Let,y=4€R. Then z = -3/ and so
2x=-331+ 181 =-15]

.x:——)s.
2

Hence, x = — %A, v=4,z=-3441€R.

‘ i If2ax -2y +3z=0,x +ay + 2z =0 and
Zx +az= 0 have a non-trivial solution, find the value of a.

Sol. For non-trivial solution, we must have
2a -2 3
1 a 2/=0
2 0 a
= 2a(@-0)+2(a-4)+3(0-2a)=0

= 2a*+2a-8+0—-6a=0
= 2a°-4a-8=0
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= a-2a-4=0
= a-2a+2a*-4a+2a-4=0
= da—2)+2aa—2)+2a-2)=0
= (@—-2)(@+2a+2)=0
= a=2
L CYAIR If x, y and z are not all zero and connected

by the equationsax +by +cz=0,ax + by +cz=0and
(p, + 2g)x + (p, +4q,)y + (p, + Aq,)z = 0, show that

a b ¢ lag b ¢
A=—lay, b, c,|+lay, b, ¢,
Py P2 P3| 4 92 93
Sol. Since x, y and z are not all zero, the determinant of the coef-
ficient of the given set of equations must satisfy ‘
a b, 1
a, b, c, -|=0
p+iq patAg, py+igs
a b ool |a b ¢
= la, b
b P P |4 92 43

Gl+lay by o

Solutions on page 7.38

Subjective Type

-at a-b -
1. Solveforx, [(x—a) (x—b) (x—cP|=0,azb=c.
(x+a) (x+b)’ (x+¢)
a- ¢ c¢—a a+c

b b-—c b+c

2. Provethat A= = O implies
a-b b-c 0 a-c¢
X y z l+x+y
that a, b, c are in A.P.or a, ¢, b are in G.P.

3. Iffix) is a polynomial of degree <3, prove that

1 a fla)/(x—a) 1 a o

. 2 f(x)
1 b fOY/(x=b)|+|l b b|=
(x—a)Xx—=b)x—c¢)

L ¢ f@OUx=] | ¢ ¢

4. Prove that forany A.P. g, a,, a,, ... the determinant

ap + ap+m + ap+2m

2a,+3a,,, +4a

p+m p+2m

aq + aq—Hn + aq+2m

2a,+3a,,, +4a

g+m g+2m

a, + Qrvm + Qrsom 20,. + 3ar+m + 4'ar+ 2m

4ap+9a +16a

prm “p+2m

461‘[ + 9aq+m + 16aq+2m =0

4(1'. + 9ar-}—m + l6ar+2m

———| Concept Application Exercise 7.5 J———

1. If the equations 2x+3y+1=0,3x+y—-2=0and
ax + 2y — b = 0 are consistent, then prove thata — b =2.

2. If x=cy+ bz, y = az + cx, z = bx + ay where x, y, z are not
all zeros, then find the value of a® + b* + ¢* + 2abc.

3. If the following system of equations is consistent,
(a+1x+(@a+2Py=(@+3)
(a+Dx+(@+2)y=a+3
x+y=1,
then find the value of a.

4. Solve the system of the equations:
ax+by+cz=d
ax+by+ciz=d
dx+by+ciz=4

Will the solution alWays exist and be unique?

EXERCISES

5. Let n and r be two positive integers such that n > r + 2 and
"C " Cr+| " r+2

’
n+l
Cr+l

— | n+l +1
Aln, ) =|"""C, "¢ ,,| Show that
”+2C,- n+2cr+] 11+2C’_+2=

n+2

Aln,r)= — 3 A(n—1,r—1). Hence or otherwise, prove
3

n+2c n+lC n—r+3c -
3 3 3

r+2 r+l 3
c, "*lc,.’c,

that A(n, r) =

6. Show that in general there are three values of ¢ for which the
following system of equations has a non-trivial solution:

(a—Nx+by+cz=0

bx+(c—tyv+az=0

ax+ay+(b-n:=0

Express the product of these values of 7 in the form of a
determinant.

7. Leta,, a,and 8, 3, be the roots of ax*+bx+c¢=0
and px? + gx + r = 0, respectively. If the system of equations
a,y+a,z=0and By + f,z=0 has a non-trivial solution, then
prove that b*pr = g’ac.

8. IfA, Band Care the angles of a triangle, show that the system of
equations xsin2A +ysin C+zsinB=0,xsin C+ysin2B+zsinA
=0 and x sin B + y sin A + z sin 2C = 0 possesses non-trivial
solution. Hence, system has infinite solutions.



10.

11.

12,

13.

14.

15.

Objective Type

Ifax?+by’+czl=ax? + by +cg =ax}?+ by} +cz! =d,
ax,xc, + byy + cz,z, = axx; +axx, + byy, +cz.z,
=ax x,+byy,+ cz,z,=f, then prove that

X o4 172
d+2
n % n= —f){(—f)}
abc
X3 Y3 .
2a.b, ab, +a,b,  ab; +azb

Let A =ab, +a,b 2a,b,
abys +ab,  azb, +a,by 2asb,

a,by + a;b,|. Expressing A

as the product of two determinants, show that A = 0.

Hence show that if ax® + 2hxy + by? + 2gx + 2fy + ¢

a h g
=(Ix+my+n)(Ix+m'y+n’),thenlh b f|=0.
g f ¢

Ifin a triangle, s denotes the semi-perimeter and a, b, ¢ denote
the lengths of sides, then prove that

a’? (s—a) (s—a)
(s—bY b7 (s—b)Y|=2s(s—a)(s—b)(s—¢)
(s — P (s—¢)? c?
COTC, TG
Evaluate |’C;, °C, 7G|
GG G

—-2a a+b a+c
Provethatlb+a -2b b+c|=4(b+c)(c+a)(a+b).
c+a c+b 2c

ax—by-cz ay + bx cx+az
Prove that| ay+bx  by—cz—ax  bz+cy

cx+az bz+cy cz—ax—by

=2+ Y+ D) @+ 0+ A (ax + by + c2).
a+x b+tx ¢+x

If Ax)=l|a, +x b,+x c¢,+ x| show that A"(x) = 0 and that
ay+x by+x cy+x

A(x) = A0) + Sx, where S denotes the sum of all the cofactors
of all the elements in A(0).

Solutions on pézge 7.42

Each question has four choices a, b, ¢ and d, out of which only
one answer is correct. Find the correrct answer.

1.

Ifp+qg+r=0=a+b+c, then the value of the determinant

pa gb rc
gc ra pblis
rb pc qa

. Ifz=3-4i 6

. Iflatc b
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a.0 b.pa+gb+rc

c. 1 d. none of these

. If a determinant of order 3 x 3 is formed by using the numbers

1 or —1, then the minimum value of the determinant is
a.—2 : b. 4
c.0 d.—8

-5 3+4i 5-7i
8 + 7i|, then z is

5+7 8-7i 9
a. purely real

» b. purely imaginary
c.a+ib,wherea#0,b#0

d.a +ib, where b =4

. If @, B, y are the roots of px®+ gx* + r =0, then the value of the

of Py
determinant |8y yx of}| is

v o Py
a.p b. g
c.0 d.r

cos2x sin’x cosdx

. When the determinant |sin” x cos2x cos’ x| is expanded in

cosdx cos’x cos2x
powers of sin x, then the constant term in that expression is

a. 1l b.0
c.—1 d. 2

. Ifa=cos @+isin b, b=cos26—isin 26, c=cos 38 +isin 360

a b c
andif b ¢ a|=0,then
c a b
a.0=2kn keZ b.0=Q2k+ Dr, keZ

c.O0=0k+ m, keZ d. none of these

a b-c c+b

c—a| =0, then the line ax + by + ¢ = 0 passes
a-b a+b ¢

through the fixed point which is

a.(1,2) b.(1,1)
c. (=2, 1) d. (1,0)
X” xn+2 xn+3

n n n 1 1 1
. Ify y+2 y+3 Z(X_y)(_V_Z)(Z"‘X)[;+—+—]’

y z

+2 +3
ZII le Z"

then n equals
a. 1 b. -1
c2 d.—2

. If flx) = a + bx + cx? and ¢, f, y are the roots of the equation

a b ¢
x*=1,then |b ¢ al isequalto

c a b
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10.

11.

12.

13.

14.

Algebra

a. fla) + f(B) +F(»)

b. f(@)f (B) + FB () +F (DS (@)
c. f@ )

d. (@) fBf)

If [ ] denotes the greatest integer less than or equal to the real
number under consideration, and —1 <x <0, 0<y<l,
1 < z'< 2, then the value of the determinant

K+l [ (2]
(K] D+l [ | s
B D1 [+l

b. [y]

d. none of these

a. [x]
c. [z]

Let a, b, ¢ €R such that no two of them are equal and satisfy

2a b ¢
b ¢ 2al=0,then equation 24ax’ + 4bx + ¢ =0 has
c 2a b

a. at least one root in [0, 1]

b. at least one root in| — _1_, l
22

¢. at least one root in[—1, 0]
d. at least two roots in [0, 2]

If p, g, r are in A.P., then the value of determinant

d+a v2p BE+2"243g C+p

2"+ p 2" g 2g | is
2+2+p b +2"+2g A—r
a. 1 b.0
c. a*bict-2" d.(@+ b +c)-2"q

If (x,— %) +0 Y, 2= g
G, —x )+ (0, m Yy =0
G, —x 2+ 0, ~y)=¢

x n 1

and k| x, y, 1 =(a+b+c)(b+c*a)(c+a—b)
x5 oy 1

x (a + b — c), then the value of k is

a. | b.2

c.4 d. none of these

ka k*+a® 1
The value of the determinant |kb K +b> lis
ke KP4+t 1

a. k(a + b)(b + c)(c +a)

b. k abe(a@® + b* + ¢

c. k(a—b)(b—c)c—a)
dika+b-c)b+c—a)c+ta—Db)

15.

16.

17.

18.

19.

20.

1 1 1

Ifla b ¢ =(a—b)(b—c)(c—a)(a+b+c),wherea,b,
a b
¢ are all different, then the determinant
1 1 1
(x-a)’ (x —b)* (x—c)? |vanishes when
(x—-b)x —_c) (x—c)x—a) (x—a)x—Db)
1
aa+b+c=0 b.ng(a+b+c)
1 .
.c.x=5(a+b+c) dx=a+b+c
Yy -xy X
The determinant |a b ¢ |isequalto
a b <
bx+ay cx+by ax+by bx+cy
“lbx+a’y x+by Clatx+ by bx+cly
bx+cy. ax+by| ax+by bx+cy
Tlbx+c’y ax+by o+ by bx+cy
b+t ab ac
If| ab 2 +a® be | = ka?b’c?, then the value of k is
ca ch a*+b°
a.2 b. 4
c.0 d. none of these
If a, b and ¢ are non-zero real numbers, then
bt be b+c
A=|c2a® ca c+a|isequal o
a*h® ab a+b
a. abc b. a*b*c?
c.bc+ca+ab d. none of these
-1 2 1
The value of | 3+ 2\/5 2+ 2\/_2' 1 |isequal to
3-22 2-242 1
a. Zero b_. —16\/5
c. —8\[2_ d. none of these
Let (D, D,, D, .., D”} be the set of third-order determinants

that can be made with the distinct non-zero real numbers @, a,,
...s 4. Then

b. 3 D=0
i=1

d. None of these

n
a. Yy D=1
i=1

c.D,.=DJ.,Vi,j



21.

22.

23.

24.

25,

26.

27.

If w is a complex cube root of unity, then value of
ay +bw aw’ +b  c +hw
A=|a,+bw aw’ +b, ¢, +bw is

a;tbhw aw’+by c;+bw

a.0 b. -1

c.2 d. none of these

Ifx, y,zarein A.P., then the value of the determinant

a+2 a+3 a+2x
a+3 a+4 a+2yis
a+4 a+5 a+2z
a.l b.0
¢ 2a d.a
a—x c b
Ifa+b+;‘=0,onerootof ¢ b-x a |=0is
b a c—x
ax=1 b.x=2
cx=a+bh+ct d.x=0
In triangle ABC, if
1 1 1
cot— cotE cot— =0, then the
2 2
tan— +tan-— tan%+% tan— + tan—

triangle must be
b. isosceles
d. none of these

a. equilateral
¢. obtuse angled

If a, b, ¢, d, e and f are in G.P., then the value of

2
a® d* x

b* ¢ y|dependson

c? f2 z

a.xandy b. x and z

c.yandz d. independent of x,yand z
l+a’x  (+bH)x (I+c¢*)x

Fa+b+c=—2andf)=|(l1+a’)x 1+b2x (1+c*)x,

U+a>)x (1+b)x 1+’ x
then f(x) is a polynomial of degree
a.0 b. 1
c.2 d.3
1 1 1
The value of the determinant |"C, ™*'C, ""’C| is
me, mrlc, me2c,
equal to
a.l b.—1
c.0 d. none of these

28.

29..

30.

31.

32.

33.

4.

Determinants 7.25

Ifx#y#zand |y y> 1+y°|=0, then the value of xyz is

x 22 1+
z ¢ 1+72
a.l
c.-1
1+x

Ifx#£0,y#0,z#0and|l+Yy 1+2y
1+z 143z

1+z
x'+y'+z"isequal to

b.2
d.-2

1 1 _
1 |=0, then

b. -2
d. none of these

The value of |p 2g 3r|, where x, y, z are, respectively, o,

b.0

a.-1
c.-3
yz zx Xy
1 171
(2¢9)" and (3r)" terms of an H.P., is
a.—1
¢l

d. none of these

Ifabc,ab.c,andab.c, are 3-digit even natural numbers and

| e L Al )
¢ a b

A=lc, a, by|,thenAis
¢ ay b

a. di{/isible by 2 but not necessarily by 4
b. divisible by 4 but not necessarily by 8

¢. divisible by 8
d. none of these

The value of the determinant of n™ order, being given by

x 1 1

1 x 1 .
is

i 1 x

ax-1y-'"x+n-1)
c(1-x)"(x+n-1)

b.x-1)y (x+n-1)
d. none of these

If @, b, ¢ are positive and are the p®, g" and r*" terms, respec-
pos P4 P

p 1

q Yis

r 1
b. log (abc)

d. none of these

mx+p

n-p | theny=fx)

mx+2n mx+2n+p mx+2n—p

loga
tively, of a G.P., then A = |logh
logce
a.0
c.~(p+g+r)
mx mx—p
If fi(x) = n n+p
represents

a. a straight line parallel to x-axis
b. a straight line parallel to y-axis

c. parabola

d. a straight line with negative slope
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35.

36-

37.

38.

39.

40.

41.

42.

- ¢. negative

Algebra

x 3 6 2 x 7 4 5 x
If|3 6 x|=|x 7 2|=15 x 4|=0, then X is
6 x 3 7 2 x x 4 5
equal to
a.0 : b.—9
c.3 d. none of these
xn xn+2 x2n
If| 1 x¢ a =0, V x e R, where n € N, then value
xn+5 xa+6 x2n+5
of ‘a’ is
an b.rn—-1
c.n+l d. none of these
3 4 5 x
4 5 6
IfA= =0, then
5 7 z
xy z 0
a.x,y, zarein A.P. b.x, y, z are in G.P.
¢. x, y, z are in H.P. d. none of these
2 +2 2x+1 1
letx< 1, thenvalueof | 2x+1 x+2 1 |is
3 3.1

a. non-negative b. non-positive

d. positive

x+y z Z

Value of X , where x, y, z are non-zero
y y

real numbers, is equal to

y+z X
Z+x

b. 2xyz
d. 4xyz

a. xyz
¢ 3xyz

Which of the following is not the root of the equation
x -6 -1
2 =3x x-31=0?

-3 2x x+2
a.2 b.0
c. 1 d.-3
x a a
Iffix)y=| « x a |=0,then
a a x

a. f(x) = 0 and f"(x) = 0 has one common root
b. f{x) = 0 and f'(x) = O has one common root
¢. sum of roots of flx) =01is —3a

d. none of these

Roots of the equation =0 are

D 8 Q %
oo = 3
(SR
— e e

43.

44.

45,

46.

47.

48.

a. independent of m and n
b. independent of a, b and ¢
c.dependonm, nanda, b, ¢

d. independent of m, nand a, b, ¢

If a, b, ¢ are different, then the value of x satisfying

0 *—a x*-b
x*+a 0 2 +c|=0is
*+b x-c 0
a.c b.c
c.b d. 0
b+c‘ cta a+b a b ¢
Ifla+b b+c c+a|l=klc a bl thenthe value of kis
c+a a+b b+c b ¢ a
a. 1 b.2
c3 d. 4
aq b g
Suppose D=|a, b, c¢,|and
a; by ¢
ay+pb, b tqc ¢ +tra
D'=\a,+pb, b,+qgc, c,+ra,| Then
ay+pby bytqey; ¢y tra;
a.D'=D b.D'=D(1 —pgr)

e¢.D'=D(1+p+g+01r d. D'=D(1 + pgr)

The value of the determinant

2 2 32 42
22 32 42 s
A= is equal fo
32 42 52 @
2 52 & 7
a. 1 b.0
c.2 d.3

If @ > 0 and discriminant of ax? + 2bx + ¢ is negative, then
a b

A=| b ¢
ax+b bx+c 0

ax+b
bx+c| is

a. +ve b. (ac — bY)(ax* + 2bx + ¢)
c.—ve d.0
(AIEEE, 2002)
Ifa,a, .., a,.. forma G.P.and g, >0, foralli 2 1,
loga, loga,, loga,.,
then |log a,,; loga,,, log a,,s|is equal to
10g 23 IOg [/ lOg Ayig



49.

50.

51.

52.

53.

54.

a.0 b. 1
c.2 d.3
(AIEEE, 2005)

Letz: = xrl? +y, j +zr'l;, r=1, 2, 3 be three mutually perpen-

X Xy X

dicular unit vectors, then the value of |y, y, y;|isequalto

3 L 4
a. zero b.x1
c.x2 d. none of these

sinx CcOSx COSXx

The number of distinct real roots of {cosx sinx cosx|=0

CosSXx Ccosx sinx
in the interval —m/4 <x <7/4is
a.0 b.2
[ d.3
AP4+30 A-1 A+3

Fpl* + g+l +sh+t=| A’+1 2-1 A-3|thenpis
A7 =3 A+4 31

equal to
a.—5 b. 4
c.—3 d.—2
a b-y c—z
If x, y, z are different from zeroand A= la—x b ¢ e

a-x b-y ¢

. . a b c.
=0, then the value of the expression — + — + —is
x y z

a.0 b. -1
¢ 1 d.2

If A, B, C are angles of a triangle, then the value of

2 i -iB
e iA e iC e i

_ . »

e iC t?_IB e iA is

e*IB €~IA 2iC
a1l . : b. -1
c.-2 d. -4

1 x x?
. 2

For the equation |x* 1 x|=0,

a. There are exactly two distinct roots
b. There is one pair of equation real roots
¢. There are three pairs of equal roots

d. Modulus of each root is 2

55.

56.

57.

58.

59.

60.

Determinants 7.27
Let m be a positive integer and
2r -1 "C, 1
A=lm* -1 2" m + 1|(0<r<m).
sin? (m?) sin’(m) sin®(m+1)
Then the value of Y, A, is given by
r=0 .
a.0 b.m?—1
c.2" d. 27 sin? (2™)
1 n n
IfD,=| 2k n*+n+l n’+n |and D, D, =56,
k=1
2k -1 n? n?+n+l
then n equals
a.4 b.6
c. 8 d. none of these
) n-2 Cr_z n-2 C,-_l n-2 C,—
The value of Y (-2)"| -3 1 1 |(n>2)is
=2 2 -1 0

a.2n-1+(-1)y b.2n+1 + (- 1)*!
c.2n-3+ (1) . -d. none of these

n C,-—l n Cr (r + 1) n+2 Cr+1
The value of the determinant | "C,  "C,,, (r+2) "2 C,,,|is

! Cr+l " Cr+2 (r + 3) " C7'+3
an+n-1 b.0

.n+3 n n n
c"C . d."C _ +"C +'C__

YL -y) -2 Y-

A=p200 -5 2P -x% (- y%)|and
VA -y - oG-
x ¥ 7

A, =|x* ¥y 2% Then A A, is equal to
PUNS

a. A%, b. A%

c. A d. None of these

L +m +n=1 et and [, + mm, + nn, =0, etc. and

L m n
A=|l, m, n,| then
L my
a. lAl=3 b. |Al=2
S elAal=1 d.A=0



7.28 Algebra

61. The value of the determinant

62.

63.

64.

65.

66.

67.

(@-b)Y (q-b) (@=-b) (a-b)

(a,-b) (a -b) (a,- b’ (a;- b,)

(@=b)? (a-b) (a—b)® (ay=b)*| 1
a0 (a—by)* (a,—b)* (a,—b)

a.dependantona,i=1,2,3,4

b. dependanton b,i=1,2,3, 4

¢. dependant on a; b,i=1,2,3,4
d. 0

be—a® ac—-b* ab-c?

The value of determinant |ac — B ab—c* bc—a?| is

ab-c* bc-a® ac—b
a. always positive b. always negative

¢. always zero ' d. cannot say anything

T+x  l4+xx 1+ xx*
Valueof | 1+x, 1+xx 1+xx* |dependsupon

I+x; l+xx 1+x3x2

a. x only b. x, only

¢. x, only d. none of these

A +A* ab+ch ca-bAl|A ¢ -b
Hlab—ch b*+A* be+akllc A a
ca+bd be—al F+AY|b -—a A

= (1 + @@+ b+ ¢*’, then the value of 11s

a. 8 b. 27
c 1l d. -1
cosx x 1
— 5 2 it
fx)=|2sinx x° 2x|. The value of hIT(l) is equal to
x—>
tanx x 1 *
a. 1 b. -1
¢. Zero d. none of these
b—c c—a a—-b
If the determinant | ' —¢” ¢ —a’ a’ =¥
bll_cll C’/_a// a’/_b’/

a b ¢
=mla’ b |, then the value of m is

a’/ b// CII
a.0 b.2
c.—1 d. 1

x 2 x
Let [x2 x 6| =Ax*+ Bx® + Cx¥* + Dx + E. Then the value of

x x 6

5A + 4B +3C+2D + Eisequal to

a. zero b.—16
c. 16 ' d.-11
x b b
. x b . )
. If Aj=|a x bland A, = are the given determi-
a x
a a x
nants, then
2 d =
a.A =3(A,) b. Ex—(A') =3A,

d 2
c. E(Al) =3(A,) d. A =3A"
y N »n
. Ify=sinmx, thenthe value of the determinant| y; vy, Y5 |,
Yo Y1 I8
d"y .
wherey = —=,1s
dxll
a.m’ b. m?
c.m’ d. none of these
a 1 1
. If the value of the determinant |1 & 1| is positive, then
(a, b, c>0) R E
a.abc>1 b. abc > —8
d.abc>-2

c. abc <8

. IfA,B,C, ... are, respectively, the cofactors of the elements

o b ¢

a, b, c,, ... of the determinant A = |a, b, ¢,|, A#0,then
a; by o

G, .
the value of is equal to
3 L3
a.a’A b.a A
c.a c.a’N

2cos’x sin2x —sinx

. Letflx) = sin2x 2sin?x  cosx |. Then the value of

sinx  —COSX 0

(2 [F () + (0} is

0

a.r b. z/2
c. 2x d. 372

. The number of positive integral solutions of the equation

x°+1 xzy x’z

xy2 y3+1 yzz =111is

xz2 yz2 2+1
a. 0 ‘ b.3
c.6 d. 12

. a, b, ¢ are distinct real numbers, not equal to one. If ax+y+2z

=0,x+by+z=0andx+y+cz=0havea non-trivial solution,

then the value of —1—-+—1—+
I-a 1-b 1-c¢

is equal to



75.

76.

77.

78.

79.

80.

81.

82.

b. 1
d. none of these

a—1
¢ zero

If the system of linear equations x + y + z=6,x + 2y + 3z = 14
and 2x + 5y + Az = u (A, 4 € R) has a unique solution, then

a.l#*8 b.1=8,u#36
cA=8u=36" d. none of these

If a, B,y are the angles of a triangle and the system of equa-
tions

cos (a—Px+cos (B-Py+cos(y—a)z=0

cos (O+Px+cos (B+Py+cos(y+a)z=0

sin (0t + Bx+sin (B+Py+sin(y+a)z=0

has non-trivial solutions, then triangle is necessarily

a, equilateral b. isosceles

c. right angled d. acute angled

Givena=x/(y~z),b=y/(z—x)and c = z/(x — y), where x, y
and z are not all zero, then the value of ab + bc + ca is

a.0 b.1
c.—1 d. none of these

If pg# # 0 and the system of equations
p+ax+by+cz=0.
ax+(@+by+cz=0
ax+by+(r+c)z=0

. . ) a b c.
has a non-trivial solution, then value of —+—4+—1is

p q r

a.—1 b.0
¢l d.2
The system of equations

ox—y—z=a—1

x—ay—z=0a—1

x—y—oz=0a—1
has no solution if « is
a. either —2 or 1 b. -2
c.l d. not —2

The set of equations Ax —y + (cos ) z=0,3x+y+2z=0,
(cos )x+y+2z=0,0< &< 2rx, has non-trivial solution(s)
a. for no value of 4 and 8

b. for all values of 4 and 8

¢. for all values of A and only two values of §

d. for only one value of A and all values of &

If a, b, c are non-zeros, then the system of equations
(a+ayx+ay+az=0,ax+(a+b)y+az=0,

ox + ay + (& + ¢)z = 0 has a non-trivial solution if

aol=—(@'+b'+ch b.a'=a+b+c

c.a+ta+b+c=1 d. none of these

If ¢ < I and the system of equations x +y—1=0,2x—y—c=0
and bx + 3by — ¢ = 0 is consistent, then the possible real

values of b are

a.be —3,2 b.be —i, 4
4 2

d. none of these

;o
.be|-—, 3
c e( ) J

83.

84.

Determinants 7.29

If a, b, c are in G.P. with common ratio r, and a, 8, y are in
G.P. with common ratio r,, and equations ax + ay + z =0,
bx + By +2=0, cx + yy + z = 0 have only zero solution, then
which of the following is not true?

ar#l b. r# 1

cr#r, d. none of these

If a, b, c are non-zero real numbers and if the equations
(@a—Dx=y+2z,(b—1l)y=z+x,(c—1)z=x+ yhave a non-
trivial solution, then ab + bc + ca equals

b. abc

c 1 d. none of these

a.a+b+c

Multiple Correct Answers Type Solu»tions;o'n page 7.53

Each question has four choices a, b, ¢ and d, out of which one
or more answers are correct. Find the correct answer.

1.

2.

Which of the following has/have value equal to zero?

8 2 l/a da* bc
a2 3 5 b. [t/ B* ac
16 4 /¢ ¢ ab
a+b 2a+b 3a+b 2 43 6
c. |2a+b 3a+b 4da+b d. |7 35 4
4da+b Sa+b 6a+b 317 2
a* exlogea x2
Ifgx)=|a™ &% %%, then
a—S.\' eS.\']og‘,u 1

a. graphs of g(x) is symmetrical about origin
b. graphs of g(x) is symmetrical about Y-axis

d*g(x)

ot | 0

x=0

a—x

) is an odd function

d. flx) = g(x) * log(

a+x

-x a b

IfA={b —x aj| thenafactorof Ais
a b -x

aa+b+x

b.xz—(a~b)x+a.3+b2+ab
cxX+(a+bx+at+b*—ab

da+b-—x
sinfcos¢ sinfsing cos@
If A=|cosf@cos¢ cosOsing —sin6)|then
—sinfsin¢ sinBcos¢ 0
a. A is independent of b. A is independent of ¢

dA

¢. A is a constant d. —:l =0
ag O=m/2



7.30

10.

Algebra

cos —sino 1
If ¢(a, B) = sinet cosa 1 | then
cos(et+ ) —sin(a+pf) 1

a. {300, 200) = {400, 200)
¢. f{100, 200) = {200, 200)

b. f(200, 400) = £(200, 600)
d. none of these

d+x  ab ac _
The determinant A=| ab  »*+x  bc | isdivisible by
ac be  +x
a.x ' b. x?
c.x’ ~ d.none of these
a -1 0
IfAx)=1ax a -l then f{2x)— fix) is divisible by
ax® ax a
a.x b.a
¢ 2a+3x d. x*
1 l+ac l+bc :
A=|l 14+ad 1+bd| isindependent of
1 l+ae 1+be
a.a b. b
c.c, d, e d. none of these

fx)
(x—a)x-b)x—c)’
degree < 3, then

If g(x) = where f{(x) is a polynomial of"

I a f@loglx—al I a @

a. [gxdx=[1 b f(b)loglx=bl+[l b b*|+k

I ¢ flloglx—cll 1 ¢ ¢
1 a flax-a)? @@ a 1
b.fd‘i’ixﬂﬂ b fB)x—-b)2+[p* b 1
1 ¢ fOx-o7 |& ¢ 1
1 a f(a)(x—a)_2 1 a 4

o X\ fOYx-b)2 <l b b
1 ¢ fOx=o? |l ¢ &2
"N a f@loglx—al |&8 a1
d. [gdx=|l b fB)loglx—bl=[b" b 1+k
1 ¢ floglx—cll |2 ¢ 1

> +4x-3 2x+4 13

If A(x) = 2x° +5x—9 4x+5 26|=ax’ + bx> +cx + d,
8x* —6x+1 16x-6 104

then

a.a=3 b.b=0

c.c=0 d. None of these

11.

12.

13.

14.

15.

16.

17.

sin@ cos@ sin6
If f{6) = [cos@ sin® cosh|, then
sin@

cosf sin@

a. f(6) = 0 has exacily 2 real solutions in [0, z]

b. f{f) = 0 has exactly 3 real solutions in {0, 7}

¢. range of function —&— is [—\/5 \/5 }

1-sin26
d. range of function i?)— is [-3, 3]
: sin26 -1
sin?A cotA 1
Iff6)=|sin®’B cosB 1},then
sin’C cosC 1
a.tanA +tan B+ C b. Cot A cot Bcot C
c.sin? A +sin? B + sin* C d. 0
xCr n—lCr n—lcr_l
The roots of the equation [**'C.  "C,  "C,_; |=0are
x+2 C n+l C n+l1 C
r r r-1
ax=n b.x=n+1
c.x=n-1 d.x=n-2
3 3x 3x% + 24
If f(x)= 3x 352 +24° 3x° + 6a’x , then
3x2 4247 3% +6a%x 3x*+12a° x% 424t
af'(x)=0

b. y = f(x) is a straight line parallel to x-axis
e f f(x)dr=324"

d. none of these

ye-xt m—yt xy-22| | 2w
If xz—y2 xy—z2 yz—x2=u2 r*  u*|, then
-2 yi-xt -y LI B
ar=x+y+z b.rr=x>+y"+7
C.ut=yz+zx+ Xy d. u?=xyz
n n+1 n+2
Let fin) = |"P, "'P, ""?P,.,| where the symbols have
+1 +2
! Cn ! Cn+l " Cn+2
their usual meanings. Then f(n) is divisible by
ant+n+l b. (n + 1)!
c. n! ) d. none of these

If a, b, c are non-zero real numbers such that
bc ca ab
ca ab bc [=0,then

ab bc ca



18. The values of k € R for which the system of equations

x+ky +3z2=0, kx+2y+ 2z =0, 2x + 3y + 4z = 0 admits of
non-trivial solution is :

a.2 b.5/2
c.3 _ d. 5/4
cos(0 +¢) -—sin(@+¢) cos2¢
19. If determinent| sin @ cos @ sin ¢ | is
—cosf sin@ cos ¢ |.
a. positive b. independent of 6

c. independent of ¢ d. none of these

Reasoning Type §

Each question has four choices a, b, ¢ and d, out of which only one is
correct. Each question contains STATEMENT 1 and STATEMENT
2.

" Solutions-on page-7.55

a. Both the statements are TRUE and STATEMENT 2 is the correct
explanation of STATEMENT 1.

b. Both the statements are TRUE but STATEMENT 2 is NOT the
correct explanation of STATEMENT 1.

¢. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

1. Statement 1: If A, B and C are the angles of a triangle and

1 1. 1
I+sinA 1+sinB 1+sinC |=0, then triangle
sinA +sin’A sinB+sin?B  sinC +sin’C

may not be equilateral.

Statement 2: If any two rows of a determinant are the same, then
the value of that determinant is zero.

2. Consider the system of the equations kx + y +z= 1, x+ky+z=k
and x +y + kz =K.
Statement 1: System of equations has infinite solutions when k =1.
1 11
Statement 2: If the determinant |k & 1|=0, then k =-1.

o1k
0 —a xX*-b
3. Consider the determinant fx) = P +a 0 ¥+l
b x-c 0

Statement 1: f(x) = 0 has one root x = 0.
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Statement 2: The value of skew-symmetric determinant of odd-
order is always zero.

4. Statement 1: If the system of equations
I+ (b-a)y+(c-az=0,(a-bx+ly+(c—-b)z=0and(a—-c)
x + (b — ¢)y + Az = 0 has a non-trivial solution, then the value of 1
is 0.
Statement 2: The value of skew-symmetric matrix of order 3 is
zero. v '
my+nz mq+nr mb+nc

5. Statement1: A=|kz—mx kr—mp kc—ma|isequaltoQ.
-nx—ky -np—kq -na—kb
Statement 2: The value of skew-symmetric matrix of order 3 is

ZEro.

6. Statement 1: If bc+ gr=ca+rp=ab+pg=-—1,

ap a p
then jbg b g|=0 (abc, pgr #0).
cr ¢ r

Statement 2: If system of equations a x + b,y + ¢, =0,
ax+ bzy +c,= 0, ax+ b3y te, = 0 has non-trivial solutions,

da b«
a, b, ¢|=0
a by

7. Consider the system of equation x + y + 2 =6, x + 2y + 3z = 10
and x + 2y + Az=p.

Statement 1: If the system has infinite number of solutions, then
u=10.

1 1 6

Statement 2: The determinant |1 2 10|=0 for 4 = 10.
1 2 u '
a, + bx* alxz +b ¢

8. Consider the determinant A =|a, +b,x* a,x* +b, ¢,|=0,

2 2,
ay+bx® ayx"+by o

wherea,b,c,eR(i=1, 2,3)and x € R.

Statement 1: The values of x satisfying A=0arex=1, —1.

a b«
Statement 2: If |a, b, ¢,|=0,then A=0.
a; by o

(RO NN EG L WYl Solutions on page 7.56

Based upon each paragraph, three multiple choice questions have
to be answered. Each question has four choices a, b, ¢ and d, out of
which only one is correct.

For Problems 1-3

x+c¢ x+a x+a
) =\x+b x+c, x+a and g(x) = (¢, — x)(c, = x)(¢c, ~ x)
x+b x+b x+tc
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1 . Coefficient of x in f{x) is

a gla)— f(b) b. g(=a)—g(=b)
b-a b—a
c. 8@ =) d. none of these

b-a

2. Which of the following is not a constant term in f{x)?
o, be(a)-ag(h) b, b8@—af(-b)

T ma) b-a)
c. M d. none of these
(b—a) -

3. Which of the following is not true?
a. fl-a) = gla) b. fl~a) = g(-a)
c. f(-b) = g(b) d. none of these

For Problems 4-6

2

a +x ab ac
" Counsider the function fx) = | ab b +x  be
ac bc cdHx

4. Which of the following is true?
a. f{x) = 0 and f'(x) = 0 have one positive common root.
b. f(x) =0 and f(x) = 0 have one negative common root.
c. fix) =0 and f(x) = 0 have no common root.
d. None of these. ’

5. Which of the following is true?
a. f(x) has one +ve point of maxima.

b. f(x) has one —ve point of minima.
¢. fix) = 0 has three distinct roots.

d. Local minimum value of f{x) is zero.
6. In which of the following interval f{x) is strictly increasing?
b. (-, 0)
d. None of these

a. (—oo, )
c. (0, o0)

For Problems 7-9

Given that the system of equations x = ¢y + bz, vy = az + ¢x, T = bx
-+ ay has non-zero solutions and at least one of the a, b. ¢ is a proper
fraction.

7.+ b+ s

a.>2 c.>3

d. <3 d. <2
8. abcis

a.>—1 b. >1

c. <2 d. <3

9. System has solution such that

a. xyv:iz= (1 -2a):(1 =267):(1 = 2¢2)

o
1-2a° 1-2b% 1-2¢°

b. xiviz=

a b ¢
1-a® 1-p* 1-¢

d. xyz= «/l—a2 :\/1—b2 :\/1—02
For Problems 10-12

Consider the system of equations

C. xiyiz

x+y+z=06

x+2y+3z=10

x+2y+Ai7=pu
10. The system has unique solution if

al#3 b.A=3,u=10

c.A=3u#10 d. none of these
11. The system has infinite solutions if

al£3 b.A=3,u=10

c.A=3 u#10 d. none of these
12. The system has no solution if

al#3 b.2=3 =10

c.i=3u#10 d. none of these

For Problems 13-15
Let a, 8 be the roots of the equation ax* + bx + c=0. Let §, = a"+ "

3 1+8, 1+S,
forn>land A=[1+S5, 1+5, 1+85;|.
I+S, 1+8; 1+,

13.If A < 0, then the equation ax® + bx + ¢ = 0 has
a. positive real roots b. negative real roots
¢. equal roots d. imaginary roots

14.1f a, b, ¢ are rational and one of the roots of the equation is 1 + \/5 s
then the value of A is

a.8 b. 12
¢ 30 d. 32
15.1f A > 0, then
a.f(l)>0 b. f(l)<0
c¢.f(1)=0 d. cannot say anything about f{1)

For Problems 16-18

—bc b +bc P +be
LetA=la*+ac ~ac  ¢* +ac]and the equation

a’+ab b +ab  -ab
px*+ gx’+ rx + s = 0 has roots a, b, ¢, where a, b, ¢ eR*.

16. The value of A is
a. /p? b. #/p?

c.—slp d. none of these

17. The value of Ais -
a. < 9r/p?
c. <275%p?

b. > 27s%/p*

d. none of these

18.If A =27 and &* + b* + ¢* = 2, then
a.3p+2¢=0 b.4p+3¢g=0

¢3p+g=0 d. none of these



For Problems 19-21

Consider the polynomial function
A+x° (+20° 1
fx)= 1 d+x* 1+ 2,{)b , a, b being positive integers.
(1+2x) I (1+x)°

19. The constant term in f{x) is

a2 b. 1
c.—1 d.0
20. The coefficient of x in f{x) is
o a 2° b.2¢ -3 x 20+ ]
c.O d. none of these

21. Which of the following is true?

a. All the roots of the equation f{x) = 0 are positive.

b. All the roots of the equation f{x) = 0 are negative.

¢. At least one of the equation f{x) = 0 is repeating one.
d. None of these.

For Problems ‘22—24
! X n r

fx>m,y>nz>r(x,y,z>0)suchthat | m y r=0.

m n z
22. The value of - IR S S
: xX—m y-n z-r
a. 1 b.-1
c. 2 d. -2
23. The value of m__ 1+ Y _ 1+ 4 is
xX—m y—n z—r
a.—2 b. -4
c. 0 d. -1
24. The greatest value of A is
(x—-m)(y—-n)z-r)
a.27 b 8
27
C. g— d. none of these
27

For Problems 25-27

Suppose f(x) is a function satisfying the following conditions:
DAO)=2,D=1,
(ii) f has a minimum value at x = 5/2
2ax 2ax -1 2ax+b+1
(iii) For all x, f'(x) = b b+1 -1
2ax+b) 2ax+2b+1 2ax+b
25. The value of f{(2) is

a. /4 b. 172
c.-1 d3

26. f(x) = 0 has
a. both roots positive ~ b. both roots negativb

¢. roots of opposite sign d. imaginary roots

27. Range of f{x) is

Determinants 7.33

a. [7/16, ) b. (~, 15/16]

c. [3/4, ) d. none of these

Matrix-Match Type Solutions on page 7.59

Each question contains statements given in two columns
which have to be matched. Statements a, b, ¢, d in column I
have to be matched with statements p, q, r, s in column IL If
the correct matches are a—p, s, b—r, c—p, q and d—s, then
the correctly bubbled 4 x 4 matrix should be as follows:

OO0
| OOOG
1 @OOO
11 ®OOE

1.
Columnl "| Column XX
. » x (1+siri)c)3 - cosx|
a. Coefficient of xin fx) = |1 log(l+x) 2 p. 10
‘ 2 1+x° 0
1 3cse 1 U
b. Value of |sind 1 3cosf|is q 0
1 sin@ 1
x+a x*+1 1
c.Ifa,b,carein AP andfx) ={x+b 2x°-1 1 |r._12
»then f(0) is xt+e 3x*-2 1
x 2 x .
dIf|l- x 6 |=ax'+ar+ar+ax+a, s. -2
x x x+1
then a, is
2.
Column I : Column IT
a. The value of the determinant
x+2 x+3 x+5
p. 1l

Jx+4 x+6 x+9|is
x+8 x+11 x+15

b. If one of the roots of the equation
7 6 x-13
2 x*-13 2 |=0isx+2 then | -6
#-13 3 7

sum of all other five roots is
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¢. The S/alue of
J6 2 3446 is

NN N No N 7 r.2

J& 2z i Imen| o

cos’@  cosfsin® - —sind

d. fff(é): cosBsin® sin*@ cos@ |,

of a
—b(b+c)a*c (a+2b+c)/ac ~bla+b)/ac®

is

=2
sin@ ~ —cos6. . 0 >

theri-;if(n/3)

3.

Column I Column IT
a.
1/c /e —(a+b)/c?

—(b+c)la Va 1a p. independent

sinacosb sinasinb cosa |

b. |cosacosb cosasinb —sinalis

@. independent

. . . of b
—sinasinbk sinacosb 0 .
1 1 1
sinacosb  sinasinb  cosa
-—cosa —cosa - Sina
€5 — >—| s )
sin” acosb sin“asinb cos‘a ) of ¢ ‘
sinb —cosh
sinacos?h. sinasin’b

. independent

d. If a, b, and c are the sides of a triangle and A,
B and C are the angles opposite to a, b, and c,
respectively, then

2

. a bsinA csinA ona,b
A=lbsinA 1 cosA

csin A cos A 1

s. dependent .

lntegerType

1. Let ¢, B, yare the real roots of the equation X’ + ax*+ bx + ¢ =0
(a, b, ¢ € R and g #0). If the system of equations (in «, v and w)

given by
ou+ fBv+yw=0
Bu+yp+aw=0
yu+ov+ Bw=0
has non-trivial solutions, then the value of a*/b is.

a
2. Ifa,a,a, 5,4, a,a,a,aare inHP,andD=|5 4
a, ag

then the value of [D] is (where [ ] represents the greatest inte-

ger function)

Solutions on page 7.60

10.

11.

13.

14.

1 1 1 1 1
o n+2 a4
L If Yy ¥ —()—2—/\—2][?—)—2}(1—2—

<ﬁ+y—a—&4(ﬁ+y—a—®zi

It |[(y+a-p-8*" y+a-p-67 1

(@+B-y-8" (@+f-y-8° 1
=—k(a- P (- (-8 (B-p (B- ) (y- ),

then the value of (k)" is.

Absolute value of sum of roots of the equation
x+2 2x+3 3x+4
2x+3 3x+4 4x+5 |=0is.
3x+5 5x+8 10x+17

The value of lad for which the system of equation
awx+y+z=0-1

x+oy+z=0-1

x+y+oz=0a-1

has no solution, is.

Sum of values of p for which, the equations: x +y + z = 1;
X+ 2y +4z=pand x + 4y + 10z = p* have a solution is.

Three distinct points P(3u?, 2u®) ; Q(3v?, 2v*) and R(3w?, 2w?)
are collinear then uv + vw + wu is equal to.

a b a+b a c¢ a+c
LetD =|c d c+d|andD,=|b d b+d then the
a b a-b a ¢ a+b+c
value of |— is where b # 0 and ad # bc,
p)
1 3cosf 1
If A= |sin8 1 3cos 8|, then the value of (A, )/21s.
1 sin@ 1.
X x4y x+y+2z
If|2x 3x+2y 4x+3y+2z|=064, thenthereal value of xis.

3x 6x+3y 10x+6y+3z

If a, ay,a, ..., d,, are in A.P. and
ads  a dy Aty Ay 4y

A =l|aya, a, a

3

Ay=\aya, a; a,

@Ga; Gy 44 @3ty Ay s
then A, A, =

.X” .1’”+2 X”+4

)

™~
L

n n+2 _n+d
Z Z 4

then — n is.
a b 2c f 2d e
Given A=|d e 2f|,B=|2n 4l 2m|, then the value of
[ m 2n ¢ 2a b
B/A is.
2x,y, XYy ¥ Xy X Y3 Xy
The value of |X,y; + X, 26, X3t Xy, s,

XY3 X3 XY+t X),; 2x3y



15. If (Q+ax+bxy =a,+ax+ax’+ -+ ap®, where a, b. a;
ay, @ a,

a,, G € Rsuchthata +a +a,#0and |a, a ag|=0
a, ay, a

then the value of 5% is.

m o Solutions on page 7.62

Subjective Type

1. For what value of k do the following sy'stem of equations

posses a non-trivial (i.e., not all zero) solution over the set of

rationals Q7
x+ky+3z=0
3x+kv—22=0
2x+3y—4z=0
For that value of &, find all the solutions for the system.
(IIT-JEE, 1979)

2. Leta, b, c be positive and not all equzﬂ. Show that the value of
a b c
the determinant b ¢ a|is negative.
¢ a b ~ (UT-JEE, 1981)

3. Without expanding a determinant at any stage, show that

2+ x x+1 x-2
252 +3x -1 3x  3x-—3|=xA+ B, where A and B are
X +2x+3 2x—-1 2x-1

determinants of order 3 not involving x. (IIT-JEE, 1982)

4. Show that the system of equations 3x —y +4z =73,
x+2y—3z=-2,6x+ 5y + Az = =3 has at least one solution
for any real number A. Find the set of solutions if 1 =-5.

(IIT-JEE, 1983)

! Cr * Cr+l ! Cr+2 ! C, ! Cr+l N Cr+2
5. Showthat|"C. *C, *Con|=|"C, M'Ci TCCa|
:C ‘ :Cl‘+1 :Cr+2 -C :+ICI‘+] :+2C’ 2

(HT-JEE, 1985)

6. Consider the system of linear equations in .x, y and 2 given by
(sin 30)x —y +z=0,(cos 20)x + 4y + 32 = 0,2x+7y+7z=0.
Find the values of 8 for which the system has a non-trivial
solution. - (IIT-JEE, 1986)

7. Let the three-digit numbers A28, 3B9 and 62C, where A, B, C
are integers between 0 and 9, be divisible by a fixed integer k.

A 3 6
Show that the determinant |8 9 C| is also divisible by the
2 B 2

same integer k. . (IIT-JEE, 1990)

10.

11.

12.

13.

14.

Determinants 7.35

p b ¢
fa#p, b#g c#rand j@a ¢ =0, then find the value of
a b r

p_, 49 4 T (IT-JEE, 1991)

p—a g-b r-c

n! n+DI (n+2)!
Forafixed positiveintegern,if A=|(n + DY (n+2)! (n+3)Y,
(n+2)! (n+3)! (n+4))

then show that A 3
(nh)

- 4:\ is divisible by n.
(IIT-JEE, 1992)

Let 7 and « be real. Find the set of all values of / for which
the system of linear equations Ay + (sin o)v + (cos @)z =
0, x + (cos @)y + (sin @)z =0, —x + (sin )y — (cos a)z = 0.

(IIT-JEE, 1993)

For all values of A, B, C and P, O, R show that
cos (A—P) cos(A- Q) cos(A-R)
cos (B—P) cos(B—Q) cosB-R)| =0
cos (C— P) cos(C—Q) cos(C—R)
(IIT-JEE, 1994)

Let a > 0, d > 0. Find the value of the determinant

1 1 i

—(7 ala+d) (a+d)a+2d)

1 1 1
(a+d) (a+dXa+2d) (a+2d)a+3d)

1 1 1
(a+2d) (a+2d)Xa+3d) (a +3d)a+4d)

(IIT-JEE, 1996)
be ca ab
Find the value of the determinant |p ¢  r wherea, band

1 1

¢ are, respectively, the p”, g™ and /" terms of a harmonic pro-
gression. (IIT-JEE, 1997)

Prove that for all values of 6. the value of the determinant

siné cosf sin 28

sin 9+2i] cos(9+2—ﬂ sin[29+4—n is 0.
3 3 3
sin[@—z—ﬂ cos(@—z—ﬂ sin[ZG—ﬁj

3 3 3

(IIT-JEE, 2000)
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Objectiive Type

Fill in tFze blanks
AP4+34 A-1 A+3
1. Let plP+ gl + r2 +sh +r=| A +1 —-2A  A~4| be an
A-3 A+4 34

identity in 4, where p, g, r, s and t are constants. Then, the value

of 7 is
(IIT-JEE, 1981)
. 1 4 20
2. The solution set of the equation [I -2 5 [=0
1 2x 5x°

is . (IIT-JEE, 1981)

3. A determinant is chosen at random from the set of all determi-
nants of order 2 with elements 0 or ! only. The probability that
the value of determinant chosen is positive is

(IIT-JEE, 1982)

x 3 7
4. Given that x = -9 is a root of |2 x 2|= 0. The other two
7 6 x

roots are and

(IIT-JEE, 1983)
5. The system of equation

x+y+2z=0

—x+Aiy+z=0

—x—y+iz=0

will have a non-zero solution if real values of 1 are given by
(IIT-JEE, 1984)

1 a a*-bc
6. The value of the determinant {I 5 5% —ca is
1 ¢ c¢*-ab
(IIT-JEE, 1988)

7. For positive numbers x, y and z, the numerical value of the

1 log, » log, z
determinant IOS,\V A 1 log, = 1s
log_x log.y 1
(IIT-JEE, 1993)
1 tan 6 1
8 If f(6) = |-tan@ 1 tan 8, then the set
-1 —tan 8 |

{f(@):OS9<%} is
(IIT-JEE, 2011)

True or false

1 a be 1l a &

1. The determinants|l b caland| 1 & b% are not identi-

1 ¢ ab 1 ¢ C2

cally equal.
(IT-JEE, 1983)

x n Y ja b 1 .

If |x, y, l=la, b, 1], then the two triangles with verti-
X oy 1 lag by 1

ces (x,, ¥, (£, ¥,), (x,, y,) and (a,, b)), (a,, b,), (a,, b,) must be

congruent.
(IIT-JEE, 1985)

Multiple choice questions with one correct answer

1.

Consider the set A of all determinants of order 3 with entries
0 or 1 only. Let B be the subset of A consisting of all determi-
nants with values —1. Then ‘
a. Cis empty
b. B has as many elements as G
c.A=BuUC
d. B has twice as many elements as elements as C
(IIT-JEE, 1981)
If w (# 1) is'a cube root of unity, then value of the determinant
1 1+i+e® o
I—i -1 o —1]is
i —it+o-1 -1
a.0 b.1
c. i d. o
(IIT-JEE, 1995)

Let a, b, ¢ be the real numbers. Then following system of

2 2 2 2 2 2
equations in x, y and z, x—2+—y—2—%=1, x—z—y—2+£2—=l,
- a b ¢ a b ¢
2 2 2
—12—+y—2+z—2=1,has
a b c
a. no solution b. unique solution
c. infinitely many solutions d. finitely many solutions
(IIT-JEE, 1995)
xp+y X y
The determinant|{yp + z y z [=0if
0 xp+y y+z
a.x,y, zarein A.P. b. x, y, zare in G.P.
¢ x,y,zarein HP. d. xy, yz, zx are in A.P.

(ITT-JEE, 1995)

The parameter, on which the value of the determinant

2
1 a a’

cos(p—d)x cospx cos(p+d)x|does not depend, is
sin(p—d)x sinpx sin(p+d)x



10.

11.

12.

a.a b.p
c.d d.x
(IIT-JEE, 1997)
1 X x+1
L WA= 2x x(x—1) (x+1x |then

3x(x-1) xx-D(x-2) x+1) x(x-1)
f(500)is equal to

a.0 b. I
¢. 500 d. —500

(IIT-JEE, 1999)

. If the system of equations x —ky —z=0,kx —y—2=0,

x +y— z = 0 has a non-zero solution then the possible values
of k are

a.—1,2 b. 1,2
c.0,1 d.-1,1
(IIT-JEE, 2000)
. Leto= — % +i g . Then the value of the determinant
1 1 1
1 -1—0* o*is
1 2 e
a. 3w b. 3w(w — 1)
¢ 3w’ d. 3w(l — @)
(IIT-JEE, 2002)
. The number of values of k for which the system of equations

(k + x + 8y =4k; kx + (k + 3)y =3k — 1 has infinitely many
solutions is

a.0 b.1
c.2 d. infinite
(IIT-JEE, 2002)

If the system of equations x + ay =0, az +y = Oandax+z=0
has infinite solutions, then the value of a is

a.—1 b. 1

c.0 d. no real values

Given2x—y+2z=2,x—2y+z=—4,x+y+ Az =4 then the
value of 4 such that the given system of equation has no solu-

" tion is

a.-3 b. |
c.0 d.3
(IIT-JEE, 2004)
6i -3 1
If{4 3i =1 =x+iy,then
20 3 i
ax=3y=1 b.x=1,y=3
cx=0y=3 d.x=0,y=0

(IIT-JEE, 1998)

Determinants 7.37

Multiple choice questions with one or more than one correct

answer
a
1. The determinant | b
ao +b

a.a, b; c' are in A.P.
b. a, b, c are in G.P.
c.a, b, care in H.P.

b act+ b
c bo +c|=0,if
bo +c¢ 0

d. o is a root of the equation ax® + bx +c=0 ~

e. (x — &) is a factor of ax® + 2bx + ¢

Matrix-match type

(IIT-JEE, 1986)

This question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, I, s in column II. The answers to
these questions have to be appropriately bubbled as illustrated in
the following example. If the correct matchs are a—p, a—s, b—q,
b—r, ¢c—q, d—s, then the correctly bubbled 4 x 4 matrix should

be as follows:

T S

OO
v @OOO
QOO
11 ®OOG

1. Consider the following linear equations:

ax+by+cz=0
bx+cv+az=0
cx+av+bz=0

Match the expressions/statements in column I with expres-
sions/statements in column I1. (IT-JEE, 2007)

Column I

Column II

" 4+ct=ab+bc+ca

a.a+b+c#0and &+ b*

p. the equations represent planeé
meeting only at a single point

b.a+b+c=0and &+ b?
+ct#ab+bc+ ca

g- the equations represent the
linex=y=z ’

ca+tb+c#0and i+ b+ ¢
#ab+ bc+ ca

r. the equations represent
identical planes

‘d.a+b+c=0and @+ b
+c2=ab+ bc+ca

s. the equations represent
the whole of the three-
dimensional space

Integer type
1. Let @ be the complex

the number of distinct
i+ w ®*

2 2
number cosTﬂ:ﬂ'sin—ﬂ:. Then

complex numbers z satisfying

o z+o 1 [=0 isequalto

2

w” 1 7+

(IT-JEE, 2010)
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ANSWERS AND SOLUTIONS

su bjective Type [ ‘ : : a ¢ 0 0
| e b 0 0
1. Applying R, — R, — R,, we have v la=b b-c atc-2b 0
xt—a? 2 —p* ¥ =c? * Y ehrmy |

A=| (x-a) (x-b) (x—cy ’ a ¢ 0

6x’a+2a> 6x*b+2b° 6x’c+2c =| ¢ b 0 (expanding along C,)
’ a—-b b-c a+c-2b

. 1
Applying R, — 5R3, then R, — R, + R,, we get . _ =(a+c-2b)ab-c?) (expanding along C,)
“ A=0 -
g ¥ b2 Wil = a+c-2b=0

or ab-c*=0
_ .3 2 .3 2 .3 2
A=2\x"+3xa” x"+3xb7 X +3xc = qa,b,carein AP.ora,c,barein GP.

Bxla+a® 3xb+b’ 3xc+c’
2

1 a a
Applying R, — (1/x) R and then C, —» C,- C,, ;= C, - C,, 3. Wehave [t b b’|=(a=-b)(b—c)(c—a)
we obtain . s
c ¢
x-a* a’ b’ a® -~ LL.HS.= @ b ! X )
a— —c)c—a
A=2x|x*+3d® (b2 -a?) 3c* —a?) ,
3+ 3x2(b—a)+b3—a3 3x2(c—a)+c3—a3 % f(a)(c—b)+ f®Xa-c) +f(c)(b—a)
A (x—a) (x—b) (x—0¢)
- —(a+b) . . (expanding along C.)
—2x(b— @)(c—a)| * +3a 3 +a) FrorTl R.H.S. by p;l(‘tl?)ﬂ fractions, we get
) by
2 3 2,52 2 RHS.=
3x‘a+a’ 3x"+b°+ab+a (x—a)(x—b)(x—0)
—(a+c¢) = A + B + ¢ [since degree of f(x) is less than 3]
) x—a x—-b x-c
3c+a) Then,
2, 2, 2
3x“+c+a +ac A f(x) _ fla)
(x=b)x-0)|,_, f(a-bla—c)
Applying R, — R, + 3R, and R, — R, + aR,, we get Similarly
. .xz—az —(a+b) —(a+c) = ——f(b—)—
) (b-a)b—0)
A=2x(b-a)lc—a)x| 4x 0 0 d
an
2 242 2, 2| -
4x*a  3x"+b° 3x"+c _ 1)
(c—a)c—b)
Expanding along R,, we have
. s - RHS.= !
A = 8x3(b — a)c -~ a){(a+ b)(Bx* + ) — (a + c)(Bx* + b))} (a=bYb-c)c—a)
=82 (b - a)(c = a)(3x3(b — c) + ac* + bc® — ab® - cb?} o e=hf@  (a-afb) b-a)fc)
(x—b) (x—b) (x—¢)

=853 (h — a)(c — a){3x(b —¢) + bc(c - b) + a(c* - b?))
Hence, LH.S. =R.H.S.

ap + ap+m + ap+2m

= 8x}b — a)(c — a)(b — ){3x* — (bc + ac + ab)}
Za[) + 3a[;+m + 4ap+2m

As a, b, ¢ are distinct, A = 0 gives x = 0 or x* = 1/3(bc + ca + 4 D=
ab). ¥f ab + bc + ca < 0, the only real root is x = 0. If ab + bc + ca

0. + 1 (b b) a, + Qrim + Qriom 2ar + 3ar-.Lm + 4ar+2m
> 0, roots are x =0, £,(—(bc+ca+ab).
3 4a[) + 9al)+m + 16a/;+2m

4aq+9a +16a

q+n q+2m

2. Applying C, — C,—(C,- C)and C, — C, - (C, + C,), we get 4a, +9a,,. +16a

rm r+2m

aq + aq+m + aq+2m

Zaq +3a +4a

g+m q+2m



a +2a

ap + ap+m +ap+2m p+m p+2m 5ap+m + 12ap+2m

= aq + aq+m + aq+2m aq+m + 2aq+2m 5aq+m + 12aq+2m

a, + ar+m + Griom Qrim + 2ar+2m 5ar+m + 12a1'+2m

[Applying C, — C,-2C, and C, — C, - 4C ]

Ap = 8piom Dprm + 2ap+2m 2ap+2m

=45 = Cpom Gt 2az,[+2m 2aq+2m

A, —Qiom Gyt 2aH-Zm 2ar+2m

[Applying C, — C - C,, C,— C,-5C)]

’ 1
Applying C, — C, - C;, then C, — C, + —C,, then taking 2
common from C,, we get 2

ap ap+m a

D =2a, a a

q g+m

p+2m
g+2m

T

a,+a —2a a a

p+2m p+m ptm p+2m
=2 a, + Agiom =~ 2aq+nz Qyvm Qyiom
a, a0y~ 2ar+m Qrvm  Grizm
[Applying C, — C + C,-2C))
0 ap+m ap+2m
=210 «a

q+m aq+2m

0 Grim  Griom

(asa,a  ,a are in A.P. like others)
P Tp+m’ Tp+2m

=0

5. We know that

nCr = ﬁ C‘r—l
r
ﬁ n—1 Cr—l L n-1 C,- L n-1 -
r r+l r+2
n+1 n+1l n+1
A , = n Cr_ n C'_ n
(n.7) r ! r+1 r+2 rl
n+2 n+l n+2 n+l n+2 n+l
r et "or+2 i
1 2
kDo),
r(r+D(r+2)
n+2
_ 3
= ’+2C3 An-1, r=1 (D
Repeating the process, we have
n+2C3 n+l! :
A(n,r) WTC}—A(H—Z r—2)

n+2 n+l n n—r+3 '
C c¢, "C C
= r+2 : r+l : r oo 3 : A(f’l =5 O) (2)
C3 C3 C3 C3

Determinants 7.39

Now,
n—r n-r n-r

CO Cl CZ
A(_ﬂ —r, 0) - n—r+lC0 n—r+IC1 n—r+lC2

n—r+2 C() n~r+2 Cl n—r+2 C2
1
1 n-r E(n—r)(n—r—l)
1
=1 n—-r+l -E(n—r+1)(n—r)

1 n—r+2 %(n—r+2)(n—-r+l)

1 n-r %(n—r)(n—r—l)

={0 1 n—r

1 n—-r+1

‘(R3—>R3—R2, Rz_’Rz‘Rl)
=n—-r+l-n+r=1 3)

Hence from (2) and (3), we get

(n+2 C3 )(n+l C3) .. _(n—r+3 C3)
(r+2C3)(r+1C3) .. _(3C3)

A(n, r)v=

6. The given system of equations will have a non-trivial solution
if the determinant of coefficients

A=|b c¢c-t a |=0 (1)
c a bt

A =0 is a cubic equation (equation of degree 3) in ¢ so it has

in general 3 solutions. Let 1, ¢, and £, be the solutions and

A=pp+pf+pt+p, )

Clearly, coefficient of £ is p, = -1. So

Lt =— 1_7 3= p; [constant term in the expansion of A, i.e.

(-1
A(t=0)]
Hence,
a b ¢
Hhty=b ¢ a

c a b
7. Clearly o, + a, = -bla, a\a, = c/a and B, + B,=-q/p. BB, =rip.

- System of equations ay + a,z=0, 8,y + f,z = 0 has a non-trivial
solution. So,

o o .
=0,ie,af,-apf =0
B B, : !
v BB
a, B
[94 (04 o+ (04704
o 4% _oato oo,

B :ﬁ—2 Bi+B, - BB,

o wte [oya,
B+ B, BB,
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-bla cla
= =, —
-q/p \rip

= bpr=glac

8. IDeterminant of coefficients is

RCEE A
=—2-I d f
abc
f fd
d+2f f f
=%d+2f d f
Waraf F d
1 f f
=(_d+bif>1 4 f
abc 1 f d
(d+2f)0 dff g
abc 1 F d
(d+2f)(d f)| fl
ab d
(d”f)w -5

[C,— C,+C,+C]

[R,— R,-R,)

2sinAcosA  sin(A+B) sin(A+C)
A=|sin(A+B) 2sinBcosB sin(B+C)
sin(fA+C) sin(B+C) 2sinCcosC|
sinAcosA+sinAcosA sinAcosB+sinBcosA
=|sinAcosB+sinBcosA 2sin Bcos B
sinAcosC +sinCcosA sinBcosC+sinCcosB
sinAcosC +sinCcos A
sin BcosC +sinCcos B
2sinCcosC
sinAcosA+sinAcosA sin AcosB+sinBcosA
—=|sin AcosB+sinBcosA sinBcosB+sinBcosB
sinAcosC +sinCcosA sinBcosC+sinCcosB
sin AcosC +sinCcos A
sin BcosC +sinCcosB
sinCcosC +sinCcosC
sinA cosA OllcosA sinA 0
=|sinB cosB OljcosB sinB 0
sinC cosC OflcosC sinC 0
=0
LTI T
9. Let,D=|x, y» 2,
X0V B
D*=DxD

XN 4y BN &
=X D
X3 Y3 23 X3
=——-Iax, by, cz3{X|x,

ax; by cz| |%

ax? + by +czf

1
=—|ax,x, + bylyZ +¢712,
abc
axyx, + by;y, + €237

Y2
Y3

2
23

ax,x, + by, y, + cz;z,

ax? + by} +cz3

axyxs + by, y; + €252

axyx) + bysy, + ¢332
ax,xy + by,y; + ;%

axf + by32 + cz32

_@+2H@-fy

abc

=>D=(d— f){d+2f} =RHS.

bc
ab +ha, ab,+ab aby+ba,
10.  A=|ab +bha  ab, +ab, abytasd,
ab +ba,  asby +bya,  azbyt+asbs
a b 0| |b @ O
=la, b, 0|x|b, a, 0|=0

a; by 0| |by a3 O

(row by row multiplication)

Now,
ax?+ 2hxy + by? + 2gx + 2fy + ¢

=(x+my+n) ('x+my+n’)

= [I'x?

Comparing the coefficients, we get

a=1ll'h= % U’ +ml),b=mm’, g = % (In" +I'n),

f= % (mn’ +m'n), c = ni’
a h g
h b f
g f ¢
’ 1 ’ ’ 1 ’ 2
I E(lm +ml’) —(In" +1U'n)
= l(lm’ +ml") mm’ l(mn’ +m’'n)
2 2 _

1
—n'+r
2(n n)

1
E(mn' +m’n’) nn

M

+ (I + mlxy + mm'y? + (0’ + Un)x + (mn” + m'n)y

+nn’



21 m"+I'm . In'+0n
= —(lm’+I'm 2mm’ mn’ +m'n
: I +l'n mn’+mn 2nn’

i

O [From (1)]

11. Puttings—a=a,s-b=8,5-c=y, we get
a=25-b-c=(-b)+(s-c)=a+p
Similarly, b=y +a, ¢ =a+f. Also,

a+pB+y=3s—-(a+b+c)=35s-2s=¢

B+yy¥ o o’
A= B @g+a} B
72 ,y2 (a+,B)2

B+y)? -B+y) - (B+y)
=| B (+a)-p? 0
y? 0 (a+ B —v*
[Cz—’cz_cl’ca_’CJ_Cll

B+’ a-p-y a-B-vy|
=(a+B+y)Y x| B y+a-p 0
| oy? 0 a+pB-y
[Taking (a + 8 + y) common from C, and Cl

. By -y -B
=2a+B+y)’x|B* y+o-p 0
y? 0 a+B-vy

1
(R, — R, —-R,-R,and thenRI — ERI]

Now applying C, — BC, + C, and C, — yC, + C,, we get

, By 0 0
A=A‘“’%ﬁx B Br+a) B
Y v y@+B)
S 2B 4 ) (a9 - By
By
=2(a+ B +y) [(afy* + F¥* + a’By + af*y - f*]
=2(a+f+y) afy

=253 —a)(s - b)(s—¢)

1 1
Ex(x -1 gx(x -D(x-2)

=

1 1
12. A=ly Ey(y—l) gy(y—l)(y—2)

&N

1 1 _
EZ(Z -1 gz(z ~1(z-2)

Determinants 7.41

1 x-1 x*-3x+2| -
.=i—2—xy21 y-1. y*=3y+2
1 z-1 22-3z+2

1 x x*-3x+2

=nyzl y ¥ -3y+2

T [R, - R, +R|]

1 z z2-3z+42

2

1 x x
1
=Exyzl y ¥ [R; > R, +3R, —2R|]
1 z 22

1
= Exyz(x - (y—2)(z—x)

-2a a+b a+c
13. Let, A=jb+a -2b b+
c+a c+b 2c

Putting a + b = 0 or b = —a, we get

—2a 0 ag+c
A=| 0 2a c¢—a

ct+a c—-a -2
Expanding along R,
A =-2a{-4ac—(c-a)*} -0+ (a+ c){0-2a(c +a)}
=2a(c + a)* - 2a(c + a)®
=0

Hence a + b is a factor of A. Similarly b + ¢ and ¢ + a are the fac-
tors of A. :

On expansion of determinant, we can see that each term of the
determinant is a homogeneous expression in a, b, ¢ of degree 3 and
also R.H.S. is a homogeneous expression of degree 3.

A=kla+b)b+c)c+a)
-2a a+b a+c ——
=|b+a -2b b+c
c+ta c+b 2

=k(a + b)(b + c)(c + a)
Puttinga=0,b=1, c=2, we get
6 1 2
1 -2 3|=k(0+1D(1+2)2+0)
2 3 4
= 0-1(4-6)+23+4)=6k
= 24=6k
k=4
Hence,
—2a a+b a+c
b+a -2b b+c|=4Ha+b)b+c)c+a)
c+a c+b 2
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14. Applying C, — xC, + »C, + zC, [to get the term (x* + ¥ + 2],
we get

) a(x? +y? +7%) ay + bx cx+az
1 i .
A=—|b(x*+y*+7%) by—-cz—ax  bz+cy
x
e +y 428 bzdcy  cz—ax—by

Nowv taking (x*+ y* + z%) common from C, and then applying R,
— aR, +bR,+ cR, [to get the term (a* + b* + D], we get

(Jc2 + y2 + zz)
ax

A=

(a2+b2+c2) y(a2+b2+cz) z(a2+b2+c2)
X b
¢ bz +cy

by—cz—ax bz +cy
cz—ax—by |

Taking (a® + b* + ¢*) common from R, and then applying
C,— C,—yC, and C, — C,-zC,, we get

0 0
2, .2, 2y, 2 32, 2
+ +
A:()c +y +z2°)a +b" +c )Xb —er—ax .
ax

c bz —ax —by

Now expanding along R, we get

A:—(x +y? +z ) @* +b* +c?)
ax x [aczx + bezy + a?x* + abxy — beyz)

=2+ + 2@+ b+ HDax + by + c2)

a+x b+tx ¢+x
1. Ax)=|a,tx by+x c+x
ay+x by+x ctx

1 hi+x ¢+x| |g+x 1 ¢q+x

AN (x)=|l by+x cy+x|+|a+x 1 ¢ +x

1 by+x cy+x| jaz+x 1 c3+x
a+x b+x 1

+la,+x by+x 1
a;+x by+x 1

Applying C,— C,—xC, and C; — C, - xC, in the first determinant
of RH.S., C,— C, —xC and C,—C, —xC in the second determinant
and C, — C - xC and C — C - xC in the third determinant, we

get
L b ¢l |l 1 ¢ |og b 1
N (x)=|l b, c+lay 1 ¢|+|ay, by 1

1 by o) |a3 1 | |aa by 1

Now consider the cofactors of

a b ¢
ADYy=1a, b, ¢
a; by ¢

which are b,c, - - b, c,a, a,b,—b,a,, etc. Clearly,

372 ”42’

1 b ¢ v
1 b, ¢|=e,-bgc,)+(cb,—cp)+ (bc,~bc)
1 by o

which is the sum of cofactors of the first row elements of A(0).
Similarly,

a 1 ¢ a b 1
a, 1 cyland|a, b, 1

a 1 o a, by 1

are the sum of cofactors of secong row and third row elements,
respectively, of A(0). Hence A'(x) = S, where S denotes the sum of all
cofactors of elements of A(0).

A(x)=0

Since A'(x) = S, A(x) = Sx + k. So,
AO) =k

Hence, '

A(x) = xS + A(0)

Objective Type K

pa gb rc
1. a. gc ra pb
rb pc qa
= pgr(@® + b* + ¢*— 3abc) — abe(p® + ¢ + P -3pqr)
=pgria+b+c)a®+ b+ ?—ab-bc—ca)
~abelp+ q + )PP+ g+ r° = pg—qr—pr)
=0
) dip A3
2.b. Let D= ay, Gy Gy

Gy Gy dy
Applying C, » C, - 42 ¢, C, — C, - 22 C;, we get

a 0 0

which has minimum value of —4.
-5 3+4i 5-7i
3.b. z=3-4i 6 8+7i
547 8-7i 9
-5 3-4i 5+7i -5 3+4i 5-7i
= z=|3+4i 6 8-7i|={3-4i 6 8+7ij=z
5-7i 8+7i 9 5471 8-7i 9 .
(Taking transpose)
= zis purely real



4.c. Operation C,—C +C, +C, gives (aff + fy + ya)

1 Br
1 oy of
1 af PBr

From the given equation, af + fy + ya = 0. So, the value of deter-
minant is O-

5.c
1—2sin’x sin’x 1—8sin2x(1—sinzx)
f(x)= sin? x 1-2sin’x 1-sin’x
I—SSinzx(l—sinzx) 1—-sin’x 1-2sin’x

The required constant term is

1 o1 100
FO=l0 1 Y=o 1 1j=10-1=~1
11141110

a b ¢
6.a. A=b ¢ a
c a b

=(a+b+c)@+ b+t —ab—bc—ca)

_—_%(a+b+c)[(a—b)2+(b—c)z+(C’fa)2]=0

= a+b+c=0o0ra=b=c
Ifa+ b+ c¢=0, we have
cos 0+ cos 20 + cos 39 = 0 and sin 0 — sin 26 +sin 36 =0
= cos20(2cos@+1)=0andsin28(1 —2cos §)=0 i)

which is not possible as cos 20 = 0 gives sin 26 # 0, cos ¢
+ 1/2. And cos 8 = -1/2 gives sin 26 # 0, cos 0 # 1/2. Therefore, Eq.
(i) does not hold simultaneously.

a+b+c#£0
a=b=c

or
il = g2 = g0

which is satisfied only by ¢ = 1,1i.e.,cos §=1,sin§=0s0 6
=2kn, ke Z
7.b. Applying C, — aC, and then C, — C +bC, + ECJ, and taking
(@* + b* + ¢*) common from C , we get
b—c c+b
2,42 2
+b° +
JRCa L iek:a0 R U A
4 1 b+a ¢

b—c c+b

c —a-b

O =

_ (a* + b* +c
a

]

a+c —b

(R, —R,-R,R,—>R,—R)

a

2 2 2
(@ b7+ (pe+ g2 +ab +ac + be) (expanding along C)

=@+ +Ha+b+o)

Hence, A=0=a+b+c=0

Determinants 7.43

Thcreforé, line ax + by + ¢ =0 passes through the fixed point (1, 1).

8.b. The degree of the determinantis r + (n +2) + (n + 3)
=3p + 5 and the degree of the expression on R.H.S. is 2.

3n+5=2=n=-1

9. d.

a o Q
Q o o

c
al= —(a3 +b+¢ = 3abe)
b

=—(a+b+c)(a+ba)2+ca))(a+ba)+ca)2)

(where @ is cube roots of unity)

=-fla) B f)

10.c.  -1<x<0
0<y<l .~[yl

1

o =-1
=0

<z<2 ~d=1

Hence, the given determinant is

0 01
-1 1 l|=1=[4}
-1 0 2

11. a. Given determinant,
2a(bc — 4a®) + bac - b?) + cQab - ¢?) =0
= babc-8a*-b'-c*=0

= Qa+b+0)[Ra-bP+@—-c)+(c-2aY1=0

= 2a+b+c=0
Let f(x) = 8ax* + 2bx* + cx

f0)=0
f[—;—jza+%+

So, f(x) satisfies the Rolle’s theorem and hence,

(v b#o)

c 2a+b+c _
2 2

[woa=1,8=wy=0

0

F’(x) = 0 has at least one root in [0%} .

12. b. The given determinant is

2H+p

at+2"+p

_2n+l _ 211 + p 2n+2 _ 211+l +f]

2H+l
b? +2" +2q

(UsingR, — R —R,and 2g=p + r)

2"+ p

at+2"+p

(2 2-D+p 2" @2-D+g

2n+l+q
b +2"" +2q

ptr
ptr

c —r

ptr
p+r

c —r



7.44  Algebra
2" +p 2" g pt+r
=| 2"+p 2""'+q  p+r|=0 (VR =R)

A +2+p BP+2" 429 -1

13. c. Consider the triangle with vertices B(x , y,), C(x,, y,) and
Alx,, ¥,), and AB =c, BC = a and AC = b. Then area of triangle is

Squaring and simplifying, we get

n oy 1
41x, ¥, H=(a+b+c)(B+c—a)(c+a—-b)la+tb—c)
Xy y3 1
Hence, k=4.

14. c¢. We have,

ka kK2 +a® U |ka &2 1 |ka & | a a*
W KE+b l=lkp k2 1+kb b 1=0+kjb b
ke k2+c® 1| ke K Y |ke 1 c ¢

=k(a - b)(b — c)(c — a)

15. b. We have,

1 1 1
ci=(a=-b)b-c)c—a)a+b+c)

e
—a =

(taking a,b,c common from R, R,, Ry)

a v

ab|
1 [(Multiplying R, by abc)

bc ac,

Then,

1 1 v 1
(x—a)’ (x - b)? (x—c)*
(x=b)x—c) (x-c)x—a) (x—a)x—b)

D

=(a-b)b-c)c-a)3x-a-b-0)

Now given that a, b, ¢ are all different, then D = 0.

1
1x1 »n 1 x=§(a+b+c)
ICIRE 1|=/s(s—a)s—b)(s—c) where2s=a+b+c
X oy 1 y o—wy &

16.d. Let, A=|a b
al bl C,

Then,
2 2
N A
A=—|ax b cy| [Applying C,—xC, C;—yC]
X ax b cy
| 0 —xy 0
=—|ax+by b bx+cy
ax+by b bx+cy
! (Applying C, = C, +yC,, C; = C; +xC]
1
. _ L |erby brroy [Expanding along R }
xy |ax+by bx+cly '
_|ax+ by bx+cy
Tlax+by bx+cly
B +c? ab ac
1y 1b.A=| ab  F+d ke
ca ch at+b?
Applying R, — aR,, R, — bR,, R, — cR,, we get
b2 +c? a’b a*c
A= L x| ab® b(c® + ah) cb?
abc 5 ; 2 2
ac bc cla“ +b°)

. 1 1 i
Now, applying C, - —C,C, — ZCZ, Cy; = —C,, we get
a c

pr+ct a* a*
A= aZC ¥ P+d b
abc
c? c? a® +b?
0 22 -2
=|p* *+a’ b* (R — R — R —R;]
o c? a’ +b*
0 —c* b’
=21b* &4 0

(Taking 2 common from R,
and applying R, — R, + R,
_andR, — R, +R)
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Evaluating along R, we get 22.b. Since x, y, z are in AP, therefore, x + z — 2y = 0. Now,

A = 2[cXa?b?) — b} (—a’cP)] _ ' a+2 a+3 a+2x 0 0 2(x+z-2y)
= 4a’b’c* a+3 a+4 a+2y|={a+3 a+4  a+2y
Hence., k=4. a+4 a+5 a+2z] |a+4 a+5 a+2z

18.d. Applying R, = aR, R, — bR, and R, — CcR,, we get [Applying R, — R, + R, = 2R,]

0 0 0
2.2
. ab’c® abc ab+ac : =la+3 a+4 a+2y [vx+z-2y=0]
A =Tazbc2 abc bc+ab } a+4 a+5 a+2z
abc
a*h’c abc ac+bc . o
bc 1 ab+
a’b?c? ¢ abrac 23. d. Operating C, — C, + C, + C,, we get
= ac 1 bc+ab
abe 1 ¢ b

ab 1 ac+bc
(a+b+c-x)1 b—x a |=0

Applying C, — C, + C, and taking (bc + ca + ab) common, we 1 a c¢—x

t
ge : & x=a+b+c=0
. bc 1 1 ‘
A =abc(bc+ca+ab)lac 1 1|=0 24.b. Applying C, — C, - C,, C, — C,~ C,, we get
ab 1 1 . .
[ C,and C, are identical] 0 0 1

' A B B C C
A=|cot——cot— cot——cot— cot—
2 2 2 2 2

19.b. Applying R, = R —R,, R, — R, - R,, we get
S o B A C B A B
tan——tan— -tan— —tan— tan—-+tan—

2 2 2 2 2

4-22 242 0

A=| 42 42 0 0 : 0 1
- - A B B C C
3 2\/5 2 2\/5 1 = COt?—‘COtE COtE—COt—z_ COtE—
=1(—(4+242) 42 + 242 x 42 v B P
cot——cot— cot— —cot—
=—16v2 2 2 2 2 tané+tan—1E
A B B C 2 2
COtE COtE CO[E CO[E
20. b. The total number of third-order determinants is 9! Since the ;
number of determinants is even and in which there are 91/2 pairs of
determinants which are obtained by changing two consecutive rows, = (cot A_ cot —](cot—— — cot—q) :
so ¥ D;=0.
i=1
0 0 1
a, +bw aw’+b o +hw : C
) _ X 1 1 cot—
21.a. A=|ay, +bw a,w” +by, ¢ +bw 2
_ A B
ay +byw aw’ +by  cy+byw tan —tan B tan — tan < tan A tan —
2 2 2 2 2 2
Operating C, — wC,, we have A B B C C A B
2 =| cot——cot— || cot——cot— || tan— —tan— |tan—
2 2 2 2 2 2 2

3 _
atbw aw +bw ¢ +hw Since A = 0, therefore

1 3 _
A=—la, +b,w aw’ +bw ¢, +bw A B B
w 3 — cot— = cot— or ¢cot— = cot— or tan— = tan—
a;+bw  aw’ +bhyw o+ byw 2 2 2 2 2
a+tbw a+bw o +bw Hence, the triangle is definitely isosceles.
25. d. Since a, b, c, d, e, f are in G. P. and if r is the common ratio

1 _
=—lay+bw a,+bw ¢ +Dbw (cwt=1)
w
a,thw ay+bw o+ byw of the G.P., then
-0 b=ar

c=ar
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d . a,ﬂ — mc[J m+ ICI —_m+ ICO mC]

e=ar =m+1-m
f=ar ‘ =1
Therefore, given determinant is
2 a5 x 28. c. Since each element of C, is the sum of two elements, put-
ting the determinant as sum of two determinants, we get
@t Aty Gy .
24 210 x> x* x I x x
avr ar 3 5 5
A=ly" y° y+l oy oy
1 1 x 2 2 oz 1 2 oz
=a%¥ S =r* ~? y
2 2
4 4 x x 1 1 x x
r r Z 2 2
B . . =xyz|y® y I+l y° vy
‘=arf’(0)=0'[.Cl,Czareldentlcal] 2210 2 2
26. c. Operating C, — C, + C, + C,, we get ’ 1 ox i
2
1422+ @+ +cHx A+6D)x Q+D«x ==(oz+DIl vy v
2
f=l+2x+ @+ +Hx 1+ x (A+H)x 1z z
142x+ (@ +b2+cHx A+b)x 1+x'x =—(yz+ D) G-y -2 @=)x+y+2)
Since A =0, x, y, z all are distinct, we have xyz + 1 =0 or
1 (+6H)x A+eHx xyz=-1.
=l 1+6*x (+cHx [ @+ B+ ==-2]
, ; 1+x 1 1
T +b%)x 1+c°x

29.c. |1+y 1+2y 1
l+z 14+z 3+3z

1 (1+b6)x (I+c)x
=0 1-x 0 1 | 1
0 0 1-x 1+ Pl -
[Operating R, — R, —R, and R, > R, - R|] N WL
= (1) [(1 - x7 - 0] A
N I+— 1+- 3+-
=(1-x)? Z ¥ Z i z
which is a polynomial of degree 2.
: 1 1 1
1 1 1
1 1 1 =xyz[3+—+—+—]1+l 2+l 1
27. a. m C] m+l1 C1 m+2 C] . X y Z y y y
1 1 1
m C2 m+lC2 m+2c2 1+= 14+— 34—
z z "z
1 1 1
—fm C] m+lcwl m+[C0 + m+lC-l 1 0 0
m m+l m+1 m+l 1 1 1 1
G G, G+76 =xyz|3+—+—+—|[1+— 1 -1
x ¥y z Y
1 1 - 0 1
m m=+l m+1 ' I+~ O 2
="G G G [Applying C,— C, - C,] z
m Cz m+1C2 nHv-lcvI | _ 2xyz [3 N l + l n lj
1 1 0 Yy
=|"c, "C,+ "¢, ™, Hence, the given equation gives x™' + y' + z7' = -3.
ne. me g ome, omHe 30. b. Let a be the first term and d be the common difference of
2 ! 2 ! corresponding A.P. Then
1 0 0 I/x Uy 1/7
="c, "c, "¢, [Applying C,— C,-C|] A=xyzip 29 3r
m C2 m Cl m+l C] 1 1 1




a+(p-d a+Q2q-1)d a+QGr-1d
= x)Z D - 2q 3r
1 1 1
Applying R, — R, —aR;, R, — R, — R, and then téking d
common from R,, we get
(p-D 2¢-1 Gr-D
A =xyd|(p-1) (2g-1) @r-1|=0

-1 1 1
31.a. As abc,, ab,c, and a,b,c, are even natural numbers, each
ofc,cp, €5 is divisible by 2. Let ¢, = 2k for i = 1, 2, 3. Thus,
ki a b
A=21k, a, b)) =2m
ky a3 b

where 7 is some natural number. Thus, A is divisible by 2.That A
may not be divisible by 4 can be seen by taking the three numbers as
112, 122 and 134. Note that

211
A=1]2 1 2|=2
4 1 3
which is divisible by 2 but not by 4.
32.a. We have,
x 1 1 - x T 1
1 x 1 | |[d=-% (-D 0

1 1 x | [a-» 0 (=D

[ApplyingR, = R,—-R,R,— R, - R, R —R -R|]
= x(r— D = 1y + (e= 1y + -+ (x = 1) (n— 1) times|
[Expanding along R ]
=x(x=1y"+@n- -1
=x-1)"x+n-1)

33. a. Let first term of G.P. is A and common ratio is B. Then,

a=AR'=loga=logA+(p-1)logR,etc.

loga p 1 logA+(p—1)logR p 1
= |logh g 1 =|logA+(g—NDlogR g 1

loge r 1 |logA+(r—DlogR r 1
(p-DlogR p 1
={(g-DlogR ¢q 1 [C,— C - (logA)C,]
(r—=DlogR r 1
(r-D
=logR|(g—1)
(r=D

~
—

ppl
=logR|g g 1€, —=C+C)

r r 1
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34.b. R, — R, - 2R, hence two identical rows = f{x) = constant.
35. b. In each determinant applying R, — R, + R, + R, and then
taking out (x + 9) common, we get

x+9=0=>x=-9

36. ¢. Taking x°* common from last row, we get

xn xn+2 x2n
Pl x* a|=0,VxeR
xn xa+l- x2n

= a+l=n+2=a=n+1

(as it will make first and third row is identical)

37.a. Applying R, — R, + R, - 2R, we get

0 0 0 x+z—-2y
A= 4 5 6 y
5 6 7 z
x Yy 2z 0
4 5 ’
=—(x+z-20) |5 6 7 [Expanding along R ]
Xy z
0 -1 6
=—(x+z-2y)| 0 -1 7
x-2y+z y—-2 Z
[Applying C, — C + C,~2C,and C,— C, - C]
. -1 6
=—(x+2z-2y) 17
=(x-2y+z)

Hence A=0=x,y, zarein AP.
38.¢c. Applying R, > R —R,and R, = R, - R, reduce the deter-
minant to

¥ -2x+1 x-1 0
2x-2 x—=1 0
3 3001

=(x-1P-2x—1P=@-1)?x-1-2)=(x-1(x-3),
which is clearly negative for x < 1.

39.d. Applying R, = R, — (R, + R,), we get

0 -2y -2x
D=|x y+z x
y 'y z*x

0 -y —x
=2|x y+z x
y ¥y z+x
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0 -y —x
=2x z 0 (R,—R,+R and R, =R, +R)
y 0 z
=4xyz
40. b. Operation R, — R, - R, gives
x=2 3(x-2) —(x-2)
A=| 2 —3x x=3
-3 2x x+2
1 3 -1
=(x-2)|2 -3x x-3
-3 2x x+2_
1 3 -1
=(x—2)0 3(x+2) x-1
0 2x+9 «x-1

[R,— R,~2R,,R,— R, +3R]

43. d. Since for x = 0, the determinant reduces to the determinant
of a skew-symmetric matrix of odd order which is always zero,
hence x = 0 is the solution of the given equation.

44.b. We have,
c+a a+b a b ¢
=klc a b

b ¢ a

b+c
a+b b+c
c+a a+b b+c

ct+a

12(a+b+c) cta a+b a b c
= |Na+b+c) b+c
2Aa+b+c) a+b b+c

[Applying C, — C, + (C,+Cyon LH.S.]

c+aj=klc a b
b ¢ a

a+b+c -b -c a b c
— 2la+b+c —a -bl=klc a. b
a+b+c - -—a b ¢ a

[Applying C, = C,-C, C, = C,-C ,onLHS]

=(x-2){-Bx+6)x-1)-(x~ 1.)(2x + 9}
=—(x—2)(x - 1)(5x + 15)

Therefore, A=0 givesx =2, 1,-3.

41. b. Applying C, — C, + C, + C,, we get

x+2a a a 1 a a
A=lx+2a x a=Gx+2a)]|l x
x+2a a x 1 a x

Applying R, = R - R, and R, — R, - R,, we get

0 a—x 0
A=(x+20)|0 x—a a-x=G-a)’(x+2a)
1 a x

x m.n 1
a0 P 5 " U_0R >R -R,R—R,~R,R—R-R]
a b x 1 - T :
a b ¢ 1
x—-a m—x 0 0
0 x-b n—x 0
= : =0
0 x—c a
b ¢ i
x—-a m-—x 0
= 0 x-b n—x|=0
0 0 x—c
—b —
N (x—a)(x ) n-—x _
0 (x—¢)

= E-a)x-b(x-c)= 0 = roots are independent of m, n

a -b —c a b c
= ¢ -a -bj=klc a b
—c -a b ¢ a
[Applying C, — C, + C,+ C,on LH.S ]
a b c a b ¢
= 2lc bl=klc a b
b ¢ a b ¢ a
k=2
a +pb b t+gc ¢t
45.d. D' = |a, + pb, by+qc, ¢ tra
a;+pby byt QC3 ¢y tray
a b +ge ¢ +tra pb, b +qc ¢ trq
=la, b,+gc, cytra+ pby, b, tgc, ¢, tra,
a; bytgey o3tra pby by t+qey G trag

In the first determinant, apply C, — C;~1C, and then
C,— C,—qC,
In second determinant take p common from C, and then apply
C, — C,— C,. Then take g common from C, and apply
C,—C,-C, Finally taking r common from C;, we have

1 4
4 9
46.b. A=
9 16
16 25
1 4
~ 9
- 7
15 21
14
49
=3
5 7
5 7

ultimately D’ = (1 + pgr)D.

25
36
49

(R3 - R3_ Rz’ R4_')R4 - R3)

16
25
11
33

16
25
=0 (R,—R,~R)

11



47. ¢c. Here a>0and 46> —4dac <0, i.e., ac - b* > 0.
ax2 +2bx+c¢>0,Vxe R

Now,
a b ax+b
A =b ¢ bx +c¢
0 0 —(ax®+2bx+c)
[Operating R, — R, = xR, - R,]
= —(ax® + 2bx + ¢) (ac — b?)
= —(+ve) (+ve) =—ve
48. a. We have,
A" = &G,
= 2loga,, =loga +loga,,
Similarly,

2 10g a,,+.s = lOg an+3 + log an+5
2loga,,,=loga,  +loga,
Substituting these values in second column of determinant, we

- get

log a, log a, + IOg ) IOg (%)
A= E IOg Q43 10g Oys3 + IOg s log Ayss
log (L 10gn+6 + IOg [ IOg a8

1 .
= 5 =0 [Using C, —» C,-C, - C]]

49.b. LT TS I R 4 T 4|

A=Y oy ni=x oy g

a 2 Bl %3 ¥ %3

o om N g

A? = X Y2 DX Y2 D

X3V G s 4
X5tz

2, .2, 2
Xty tz XXy + ¥ y) + 22,

_ 2, .2, .2
=X Tyt 27 Xty t23 XoX3 + Yo ¥3 + 2523

2, .2, .2
XX+ T 232 XXyt Yyt 252 X3 ty;+23

1 00
=0 1 O=l=>A=4I
0 01

50.c. Using C, —» C, + C,+ C,,

sinx+2C0Sx COSx COSx

A=|[sinx+2cosx sinx cosx
sinx+2cosx cosx sinx

1 cosx cosx
=(sinx+2cosx)|l sinx cosx

1 cosx sinx

Applying R, = R,— R, and R, —» R — R , we get

1 cosx cosx
A=(inx+2cosx)[0 sinx—cosx 0
0 0 sinx —cosx

=(sin x + 2 cos x) (sin x — cos x)*+
Thus, A=0=tanx=-2ortanx =1
As—-7/4 <x X7/4, we get —1 <tanx <1

Determinants 7.49

tanx=1=x=mn/4

51.b. We divide L.H.S. by 4* and C, by 2, C, by 4 and C,bylon
the R.H.S. to abtain

SORORERON

1+3/4 1-1/A 14374
=|1+1/2* 2/A-1 1-3/4
1-3/A% 1+4/4 3
Taking limit as A — oo, we get
11 1] 1 1 1
p=[l -1 1j=|0 2 0O|=—4
11 3 0o 0 2

[Applying R, = R, - R, R, > R,~R|]

52.d. Applying R, > R,-R,R, — R, — R, we get

a b-y c¢c—z
A=|-x y 0 |=0
-x 0 z

Expanding along C,, we get

—x Yy a b-
-2 =2 Y=o
-x 0 -x Y
= (-2 () +zlay+bx—xy)=0
= oxy—xyz+ayz+bxz—xyz=0
= ayz+bzx + cxy =2xyz
= £+£+£=2
Xy z

53.d. SinceA+B+C=znande"=cosn+isinnw=-1,
ei(ll+c) = e[(n~A) - _ eiA and e—i(B+C) = _eiA
By taking e*, e, ¢ common from R, R, and R,, respectively,
we have

eiA e—i(A+C) e—i(/H—B)
A=— e—i(B+C) eiB e—i(A+B)
e—i(B+C) e—i(A+C) e[C
e:A _eiB _elC
= |-t B i€
—E'A __eiB etC

By taking e*, e”, ¢ common from C,, C, and C,, respectively,
we have

Sdoc. A=(1+x+2[x> 1 x|=(+x+D)x—1)2
x x> 1

Therefore, A =0 has roots 1, 1, w, w, w?, o™
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55. A. Using the sum property, we get

S@er-1) Y"C 31
r=0

r=0 r=0
SA = m-1 2" m+1

sin? (m*) sin? (m) sin? (m+1)

m 1
But Z@r—.l)=5(m+1) @m-1-)=m?-1,
r=0 .

Y ™C =2"and 3,1=m+ 1. Therefore,
r=0 r=0

m* -1 2" m+1
SA = m-1 2" m+l | =0

sin® (m?) sin® (m) sin® (m+1)

k=
56.d. YD, =56=| Y2k nP+n+l n’+n |=56

k=1 k=1

i 2k —1) n*
k=1

n n n
= |n(n+1) n+n+l  n*+n |=56

2 : 2

n n n*+n+l

Applying C, —» C, - C and C, — C, - C,, we get

n 0 O
nn+l) 1 0 |=56 =>nn+)=56=n="7

n? 0 n+l
57. a. Applying C, — C +2C, + C,, we get

~2 -2
"Cr n Cr—l n Cr

S=Y 2y 0 1 1
= 0 -1 0
A
=Y (-2y"C,
r=2

- z (_2)1‘ ”C,- _ (HCO _ 2 71C‘)

r=0
=(1-2y-(1-2m=2n—-1+(-1)
"Cr_[ "C,— (r+1) "+2C,-+1

58.b.A=|"C, "C,, (r+2)"C,,
"Crn "Coy (r+3)"C,

Applying C, — C, + C, and using ”C,_=ﬁ "'C,_,in C,, we get
2 , 3

n+1Cr "C,- (n + 2) n+lC,. .
A= "HC,._“_I n CH.[ (I’L + 2) “HC,—.(.]

n+l n n+l
C'r+2 r+2 (n + 2) Cr+2

n+t n n+l
c, 'C, C,
- n+l n n+l
=(n+2) Conl Crai Cini

n+l " n+l
C‘r+2 r+2 Cr+2

=0(as C, and C; are identical)
59. a. The given determenant A is obtained by corresponding co-
factors of determinant A ; hence A = Al Now A A, = AJA,=A3
60. ¢c. We have, '
‘ Lom milh m om|-

AN=AA=|l, m, nylil, m n,

Lomy m|ily my m
7+ mi + n,2 LL + mm, +nny Ll +mymy +

=\l +mm, + mn, B a+mj+n; L +m,my + nyn,

2
L +mymy + iy Ll + mymy +nony B+mi+nd

1 00
=0 1 O|l=A=x1=IAI=1
0 0 1
61. d. The given determinant, on simplification, gives
> 2a, 10| |l b b O
A= a% —2a, 1 0| |1 b bzzo
a; 2a; 1 0 (1 by by O
a? —=2a, 1 0| |l b b ©
=0x0=0
' a b c
62. a. Determinant formed by the cofactorsof |5 ¢ a] is
c a b

2
be—a® ac-b> ab-c?

2
ac—b* ab-c* bc-a?

bc—a®> ac—b®

I+x I+xx 1+ xx

63.d. 1+x, I+xx L+ x,%°

I+x; 1+xx 1+x3x2

1 x5 Ol[1 x* 0

64. ¢. We observe that the elements in the pre-factor are the cofac-
tors of the corresponding elements of the post-factor. Hence,

A ¢ b .
- A a =[/1(/'L2+az+bz+cz)]3=(1+az+bz+cz)3
b —-a A
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Alterna tive solution: = x’+ 2> 3x, where x = (abc)'?
Writing a =0, b =0, ¢ =0 on both sides, we get _ = FX-3x+2>0=>Gx-1x+2)>0
AF=1=4=1 ' = x+2>0=x>-2= (abe)”?>-2 = abc>-8
-sinx 1 0 cosx x 1] |cosx x 1 71L.b. B,=ac,~ac, C,=ab,—ab,)
65.c. f/(x) =|2sinx x% 2x|+[2cosx 2x 2|+[2sinx x? 2x B,=—ac,-ax), C;=ab,-a,b,
tanx x 1 tanx x 1| [sec’x 1 0 B, C, _| @G asq ~aib; +asb,
B, C —aicy +aye,  ab, —ayb,
o1 oot oori | 3 (o 16, TG 410, — 40
= =0 0 0+2 0 2[+|0 0 o =0 ] ‘ _| 6 —-a)byl | acy; ash —asc;, —ab
00 1 loo 11 1o —ac; aby | |ac; —axb @me ab,
Now, 1im £  tim Fi(x) [asf0)=0] —a;¢,  azb
x—0 x x—0 —a,b,
=f(0)=0 a4 a5
66. a. Operating C, —» C + C, + C, on the L. H.S. we get =a? ¢ b +ab ¢ a;
0 c-a a—b a b ¢ e b G T
A=10 -a o =-b|=m|d b \ —a; —by —ay; Gy
0 r” _ ” ” _ bll ” b// r” . + alcl + blcl
¢"—a” a a c a, ) a, -a,
= m=0 =a{a,(b,c,—b,c,) - b (ac,—ac,)+c(ab, —ab,)}
67. d. Let the given determinant be equal to A(x). Then, a b
5A + 4B +3C+2D+E=A(1) + A'(1) =ajla; by c)]=aA
Now, A(1) =0 as R, and R, are identical. R a; by )
L0 [x 2« (x 2 x 72.a. Applying C, — C, - 2sinxC, and C, — C, + 2 cos x C,, we
AN(x) = ¥ x 6 +2x 1 O|+x* x 6 ’ get
x x 6 |x x 6 [1 10 2 0 -sinx
x)=1] 0 2 cosx
12111 21 R .
sinx —cosx 0
ANWy=02 1 0+{1 1 6=-17+12+1-1-6)=~11
1 1 6 |1 1 0 ) ‘ =2cos’ x +2sin x =2
s ff0=0
68.b. A = x(x* — ab) — blax — ab) + b(a® — ax) f 7(;2 b
=x'-3abx+ab*+ b Jo [f()+ f/(x)]=dx= _[0 2dx=m
%(Al) = 3x2—3ab=3(x - ab) = 34, £+l xy 'z
. . 73.b. | »® Y41 Yz (=11
69. d. We have y = sin mx, therefore y = m cos mx, y, = —m? sin mx,
etc. : xz2° v 2 +1
yonon Multiplying R, by x, R, by y and R, by z, we get
A= R
Y3 Ya s . Pex By 'z
Yo Y1 Y
s Y7 Vs 1 o ey Yz |=1
sinmx meosmx  —m’sinmx xy2 3 3

3 4
Xz ¥z 7 +z
= —m3 COsSmx ITZ4 sin mx ﬂ15 cosmx

6 . 7 8 . Taking x, y, z common from C,, C,, C,, respectively, we get
—m’ sinmx —m' cosmx m° sinmx

£+l X %
sinmx  cosmx  —sinmx Yooyl Y =1
=m"|-cosmx sinmx  cosmx|=0 3 3 3
. . z Z 7 +1
—Sinmx —COoSmx Sin mx
70. b. We have, Using R — R, + R, + R,, we have
a 1l 1 1 1 1
A=1|1 b 1ll=abc-(a+b+c)+2
D c—(a c) P+ +D] Y Yl Y =11
C
3 3 3
A>O0=abc+2>a+b+c Tl

+b+c
= abc+2 > 3abo) [ AM.>GM. = a_3_> (abc)m:l Using C,~ C,~C and C, — C, - C,, we get
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1 00
F+y+2+D)y 1 0 |=11
01

3
Z

Hence:
2+ +27=10
Therefore, the ordered triplets are (2, 1, 1), (1,2, 1), (1, 1, 2).
74. b. Since the system has non-trivial solution,
a 11
1 b 1=0
1 1 ¢
Applying R, — R - R, R, — R, — R;, we get
a-1 1-b 0.
A= 0 b-1 1—c]=0
1 1 c

= cl-a(1-B+1-b)1-c)-Q-c)a-1)=0
Dividing throughout by (1 —a) (1 —b) (1 - ¢), we get

=. +
l1-¢c 1-a 1-b

75. a. The given system of linear equations has a unique solution
if

1
2 =0
5

N — —
o o —

ie,ifA~-8#£0ori#8.

cos(or — ) cos(B-7y) cos(y —a)
76.b. Let, A=|cos(a + B)- cos(f+7y) cos(y +a)
sin(@+ B) sin(B+7y) sin(y + @)

It is clear that either a = S or f =y or y = a is sufficient to make
A = Q. It is not necessary that triangle is equilateral. -

Also, isosceles triangle can be obtuse one.

77.¢c. a=x/y-z)=>x—ay+az=0 1)y -
b=yl(z-x)=>bx+y-bz=0 )]
c=zdx-y)=>-cx+cy+z=0 3)

Since x, y, z are not all zero, the above system has a non-trivial
solution. So,

1 —-a a
A=|b 1 -bl=0
- ¢ 1

l+ab+bc+ca=0

p+a b c
78.a. A={ a g+b ¢ |=0
a b r+c

Applying R, — R, — R and R, — R, - R,, we get

p+a b c
-p g 0/=0
-p 0 r

= pgc+(glp+a)+bplr=0
Dividing by pgr, we obtain

a b ¢
—+—+—=-1
p q r
79. b. For no solution or infinitely many solutions
a -1 -1
1 —a -1{=0
1 -1 -«

a(@— D -1a~-D+1(1-a)=0

a(@-1)-2a+2=0

afa—1a+1)—2(a-1)=0

(a—D(*+a-2)=0

(a-D(a+2)a-1)=0

(a—DHa+2)=0

a=1,1,-2

But for a = 1, there are infinite solutions. When o = -2, we have

| A A A

2x~-y-—z=-3
x+2y-z=-3
xX-y+2z=-3

Adding, we get 0 = -9, which is not true. Hence there is no solu-
tion.
80. a. D = cosf — cos?. + 6 > 0. Since D > 0 only trivial solution is
possible.
81.a The given system of equations will have a non-trivial solu-
tion if
a+a o o
oa o+b o [=0
a oa  a+tc

Operating R, — R, - R, and R, —> R, - R,, we get

= aab +c(ab+ab +aa)=0= a(bc + ca + ab) + abc =0

= l=—[l+l+—1—j (v a,b,c#0)
o a b c
82. c. The given system is consistent. '
1 1 -1
A=|2 -1 —c|=0
-b 3b -c
= c+bc—-6b+b+2c+3bc=0
= 3c+4bc-5b=0
5b
C:
4b+3
Now,

c<1



- 56,
4p +3
L AP
4b +3
= b—3 <0
4b +3

3
= -—,3
be( 2 )

83.c. As a, b, c are in G.P. with common ratio r, and &, f, y are in
G.P. having common ratio r,, a # 0, a £0, b = ar,, ¢ = ar},
B=ar,y=ar

Also the system of equatfons has only zero (trivial) solution.
a o |
A=1ib B |#0
c v 1
_ 1 1 1
= acxin 1n 1#0
rlz "22 1
= aa(r,—1)r,- D(r, ~ rz) #0
= r#lLn#l andrl;&rzv
84. b. For non-trivial solution
a—1 -1 -1 ‘
1 (-1 1 [=0
1 1 ~(c—1)

a—1 -1 0

= 1 —~(b-1) b =0

1 1 —c
= (@-1{c-c-b)+(-c-b)=0
= abc—-ac—ab-bc+b+c-c-b=0

= ab+bc+ac=abc

Multiple Correct Answers Type

1.a,b, c.
8 2 17 8 2 7
12 3 5|=|4 1 2| [R,—R,-R,andR, —R,-R|]
16 4 3 4 1 =2
=0
1/a & bc 1 & abc
1
b b acl=—I1 b abc
5 abc 3
/¢ ¢ ab 1 ¢ abc
[R,—aR,R,— bR, R, — cR]
1 & 1
abc 3 .
= he 1 5" 1| [taking abc common from C,]
1 &1

Determinants 7.53

a+b 2a+b 3a+b| |la+b 2a+b 3a+b
2a+b 3a+b 4da+bl=| a .a a
4da+b 5a+b 6a+b 2a 2a 2a

[R,—R,~ R, R,— R,~R]

=0
243 6/ |21 6
7 =" 74 [C2—>C2—7c3]
317 20 33 2
1 1 6 .
=lo 7 4 [C,—C,-C)]
0 2
=2
2.a,c.
a_“ eloge ﬂ‘\‘ xz a_x aX x2
glx)= a3 el * =la> o & (eloga“‘ =”x)
a—5,\ loge o 1 a-—Sx a5,\ i
a* a* x2 a a xz
= gl=x)= & a xM=—|a & X
aS\ a—5r 1 a~5x ‘as_‘ 1
[interchanging 1% and 2" columns]
=—8(x)

= g +g(x)=0
= g(x) is an odd function
Hence, the graph is symmetrical about origin. Also, g (x) is an
odd function [where g,(x) is fourth derivative of g(x)]. Hence,
8,(x)=-g,(-x)
= g,0)=-5,0)

= g0=0
3.¢,d.
Applying C, — C + C, + C,, we get
a+b—-x a bl 1 a b
A=la+b-x —-x al=(a+b-x)l -x a
a+b-x b —x 1 b —x
1 a b

=(a+b—x)() —x—a a-b
0 b—a -x-b
[Applying R, > R,— R and R, = R, - R|]

=(a+b-x)[(x+a)x+b)+ (a—b)* [expanding along C|l

=(a+b-X)[*+(a+bx+a*+b*—ab]

4.b,d.
Applying C, — C, —{(cot ¢) C,, we get
0 sin@sing  cos@
A= 0 cos@sing -sinf

—sin@/sin¢ sinBcos¢ 0
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=- an o [sin ¢ sin® 8 — cos? § sin ¢]
sin@

=sin §

which is independent of ¢. Also,

d—A— =c0sf = d—A
20 a9 |, , =cos(n/2) =0
5.a, C.
cosQ —sinax 1
sinQ cosQ i
cos(a+f) —sin(a+f) 1
cosx —sina 1
=|sin@ cos« 1
0 0 1+sin B—cos 3

[Applying R, — R, — R (cos ) + R, (sin )]
= (1 +sin B —cos B) (cos?a + sin’a) = 1 + sin § — cos  which is
independent of a.

6.a, b,
@ +ax ab ac
1
A==| a* b +x bc
a 2 2
ac be c“+x

Applying C, — C, + bC, + cC, and taking a* + b* + c* + x
common, we get

a ab ac
1
A==@+b*++x)b b +x be
a
c be A+x

Applying C, — C,-bC and C, — C, - cC,, we get

a 0 0
A:—l—(a2+b2+c2+x) b x 0
“ c 0 x
=% (@+ b+ + x)(ax®) =xX @+ b+ + x)
Thus A is divisible by x and x2. '
7.a,b,c.
Applying R, — R, - xR, and R, — R, — xR, we get
a -1 0
fx)=|0 a+x ~1|=a(a+x)’
0 0 a+x
Hence,

fCx)~fx)y=alla+2x - (a+x) =ala+2x—a-x) (a+2x +
a+ x) = ax (2a + 3x)

8. a, b, ¢, Operating C, — C,- C,, C, = C, - C, we get

1 ac bc I ¢ ¢
A=|1 ad bd|=ab|l d d|ab(0)=0
1 ae be 1 e e
9. a,b.
By partial fractions, we have
(a) (b)
0= a)(fj: —bYa-c)  (b- a)(jcc —b)b-0)

f)
(c—a)c—b)x~c)

[expanding along C|]

= glx)=

1
(a-b)b—c)c—a)

y [f(a)(c —b) , [(B)a=0)  fle)b-a)
(x-b)

(x—a)

1 a a

N oa flay/(x—a)

= gx)=l b fBIx-b|=|l b b

. 1 a f(a)loglx—al a a
= Jgdx=| 1 b f®)loglx=bl+|1 b b* |+k
1 ¢ f(c)loglx—cl c 2
and ‘
1 a ~f@x-a? |1 a &
48X _| —fO)x-b)72 =] 1 b2
= 1 ¢ —fledx—c)?2| |1 c?
I a. f(a)()c—a)_2 a* a1l
=1 FBYx=b)?* +| b 1
1 ¢ flo)x=072 | & 1
10. b, c.
2x+4 2x+4 13| |F+4x-3 2 13
A(x)=|4x+5 4x+5 26/+2x*+5x-9 4 26
16x—6 16x—6 104] |8x2—6x+1 16 104

1 ¢ flofix=o)| I ¢

=0+2x13x(0)=0

= A(x)=constant=>a=0,b=0,¢c=0

11.a, c.

fB) =sin* G + cos® @ — cos F sin € (sin G + cos 6)

Now,

(x—c¢)

= (sin 6 + cos 6)* - 4 sin 4 cos G(sin 8 + cos §)

= (sin 8 + cos ) [1-sin 26]

f6)=0

= tan

§=-1orsin26=1

= f{#) =0 has 2 real solutions in [0, 7]

f(6)

Also, —————— =sin8 +cos€e[—\/5,x/5]
1-sin260

12.d. Applying R, — R,— R, and R, — R, - R, we get

Expanding along C,, we get

sin® A cotA 1
infA-B

Sin(B+ A)sin(B—4) SAZB)
sin A sin B
in(A-C

§in(C + A)sin(C — 4) SMAZC)
) sin A sin C

'.'cota—cotﬁz’s_nl—(‘B;gl

sin ¢ sin f3 |

|



A Sin(A=B)sin(4-C) [_ sin(B+4) _ sin(C + A)}

sin A

sin C sin B

_ sin(A - B)sin (A~ C)
- sin A

_sin(@—C) _ sin(z - 3)}

sin C sin B

_ sin(A - B)sin (A - C) _ sin C + sin B —0
sin A sinC  sin B
13. a,c.
x Cr n—I Cr n C;-
x+lCr ”Cr ”+1Cr =0 (1)
x+2 C,- n+lCr n+2 Cr
x! (n—1! n!
rli(x—r)! ri(n—r—-! ri(n-r)!
(x+1)! n! (n+D!
= =0
ri(x+1-r)! ri(n—r)! ri(n—r+1)!
(x+2)! (n+1)! (n+2)!
ri(x+2-n! ri(n+l=r)! ri(n—r+2)!
1
Taking - common from C,, we have quadratic equa-
ri(x+2-r)!
tion in x.

Now in (i), if weputx=n-1, C, and C, are the same, hence

x =n~1 is one root of the equation.

If we put x = n, then C, and C, are
root.

same. Hence, x = n is the other

14. a, b, Applying C, — C, —-xC,, C,— C,—xC,, we obtain

3 0
A(x)=| 3x 24°
3x% +24°

Applying C, — C, - xC,, we get

24*

2
4a°x

da*x  6a%x% +24°

3 0 1
A(x)=4a*| 3x 1 x
357 +24% 2x xP+24°
Applying C, — C, - 3C,, we get
0 0 1
A(x)=4a*l 0 1 x  |=16a°
—4a® 2x i +24°

15.Db, c.

In the left-hand determinant, each e
elements of the determinant

Xy z
Z  x|=A*(say)
z X Yy
Hence,
Xy zllx y z
A¥ =y z o xl|ly z ox
z x Y|z x y

lement is the cofactor of the
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P+y +? xytyrtzx xtyr+zy
=| Zoy 2’ Zxy
Zxy Zxy x?
2ol
=|u® P U [Since x* + Y’ + 2= 4, xy + yz + zx = 1]
2o P
16. a,c. '
n n+l n+2 n 1 1
fmy=n! (n+D! i+ =|n! nr! (r+Dn+1)!

1 1 1 1 0 0
(Applying C, — C,-C,and C, — C, — Cl
=+ D@+ D) —nl=n{n+1P-n]=nln+n+1)
Thus, f{n) is divisible by n! and n’ + n + 1.
17.a,b, c.

We have,

bc ca ab

ca ab bc|=0

ab bc ca
= (ab)* + (bc) + (ca)® — 3(ab)(bc)(ca) = 0

= (ab + bcw? + caw)(abw + bew? + ca)(abw? + bew + ca) =0
= ab+ bca? + caw =0, abw + bew* + ca= 0, abw® + bew + ca =0

1
= %+1+L=O,L+.l_+_z=o’l+i+%:
cw” a bw c® a bw ¢ aw bw
1 1 1
= 1+L+__2—0’ +L2+L:0,L+LZ+_=O
a bo cw bo® o aw bw® ¢
1 £ 3
18.a,b. ¥ 2 2/=0
2 3 4

= 8+4k+9%-12-4K-6=0
= 4-13k+10=0

= 4*-8k-5k+10=0

= (2k-5)k~-2)=0

= k=522
19. a, b.
Applying R, — R, +sin ¢ (R,)) + cos ¢ (R),
0 0  cos2¢+1
fx) =A=|sin® cos® sing
~cos¢ sin @ cos ¢

=(cos 2¢ + 1) (sin® B+ cos? 0)
= (1 + cos 2¢)
Hence, A is independent of 8.

Reasoning Type §

1 1 1
1+sin A 1+sinB 1+sinC |=0

sinA+sin’A sinB+sin’ B sinC+sin2C

1. a. ey
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Then A = B or B =C or C = A, for which any two rows are same.
For (1) to hold it is not necessary that all the three rows are same or A
=B=C. :

2.b. T he system of equations kx +y +z= Lx+ky+tz=kx+y

k1 1
+kz =k* isinconsistentif A={l k 1j=0 andone of AII, A, A is
non-zero where 1 1 k&
1 11 k1 1 k1 1
A,=kk1,A2=1k1A'3=1kk
o1kl - |1 Kk 11 K
We have,

A=k+2) k-1 A =—(k+1) (k- 12
A, =—k(k— 17, A=k + (k- 1)
The determinant given in statement 2 is A, = 0, for whichk=1or k
=-1.
k=1 makes all the determinants zero. But for k = -1, all the deter-
minants are not zero.
Hence, both statements are true but statement 2 is not correct expla-
nation of statement 1.

3.a. For x = 0, the determinant reduces to the determinant of a
skew-symmetric matrix of odd order which is always zero. Hence,
x =0 is the solution of the given equation.

4.a. As the given system of equations has non-trivial solutions,
hence

A b-a c-a
a-b A c¢—-b=0
a—-c b-c A
When 4 = 0, then the determinant becomes skew-symmetric of
odd order, which is equal to zero. Thus, A =0.

x yzg |0 m n 0 m n
5.a. A=|p g r |-m 0 k|where|-m 0 k| is skew
a b ¢ |-n =k 0 -n —k 0
symmetric.
A=0
6.a. We are given that
l+bc+qr=0 Q)
l1+ca+pr=0 (i1)
l+ab+pg=0 (iii)

The determinant in the question involves a column consisting the
elements ap, bg and c7. So multiplying (1), (i) and (iil) by ap, bq
and cr, respectively, we get

ap + abcp + apqr =0 @iv)
bq + abcg + bpgr =0 )
cq + abcr + cpgr=0 (vi)

Since abc and pgr occur in all the three equations, putting abe
= x, pgr =y, we get the system
ap+px+ay=0
bq +gx+ by =0 (vi)

cr+rx+cy=0

System (vii) must have a common solution (i.e., system is consis-
tent). So,

ap p a
bg q b|=0
cr 1 oc
ap a p
= |bg b qi=0
cr r
111
7.b. Let A=|l 2. 3|=0=A=3:Now,
12 A
6 1
A =10 2 3
u 2 A
6
={10 2 3=p-10 N
uo2
1 6 1 1 6 1
A,_ 11 10 3|=[l 10 3=20-2u
T Al 1ou 3
16
A, =11 2 10=u-10
1 2 u

Clearly, for = 10, all of A, A,, A, are zero.

a bl o 1 X 0
8.b. A=A A,whereA =|a, b, o) andA,=|x* 1 0
a; by 0 0 1

Hence, both the statements are true but statement 2 is not correct
explanation of statement 1.

Linked Comprehension Type

For Problems 1-3

l.¢,2.d,3.b.

Sol. In given determinant applying C, — C, - Coand C,— C, -
C,, we get

x+¢ a-—c 0
f)=|x+b c,-b a-c
x+b 0 c;—b
. 1 a-c¢ 0 6 a—-q 0
=x|l ¢,—b a—c|+b -b a-c
1 0 c;—b| |b 0 c;—b
So, Ax)is linear. Let fix) = Px + Q. Then
fi-a) = —aP + 0. fi-b) =—bP + 0
Then,
F(0)=0xP+ 0 0= ZLED=ICD) e

(b-a)
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Also, v X _ y _Z
g-a 0 0 ‘ ac+b bc+a 1-¢?
fCay=|b-a c,-a 0 v s 2 2
b-a b-a c-a 7= Y 7= 5
=(c,~a){c —-a)(c,-a) (ac+b)” (bc+a) (1-¢%)
o ! oo 2 2 2
Similarly, - or = -t [from (4)]
fcby= (e, b) (e, ~ by (c,~b) (A-a)i-) (A-p)1-c>) (- :
g(0) = (€, ~3) (¢, x) (¢, ~x) = gla) = fi-a) and g(b) =f-b) R -
Now from (1), we get 1-a® 1-p* 1-¢
70)= bg(a)—ag(b) From (5), we see that 1 — a2, 1 — %, 1 — ¢? are all positive or all
r-a) negative. Given that one of a, b, ¢ is proper fraction, so
P
For Problems 46 1-a*>0,1-5>0,1-c?> 0, which gives
4.d,5.4d,6.¢ @+ +cr<3 o ©6)
Srax  ab ac Using (4) and (6), we get '
1 ” ” 1<3+2abc
Sol. A=—| ab b +x bc
a B ) or
a‘c bc " +x abc > —1 ©)
Applying C, — C, +bC, + ¢C, and taking &> + b* + ¢ + x For Problems 10-12
common, we get 10.a,11.b, 12. c.
Lo a 2ab ac 111 .
A=—(@+bitc+xn)b biax be _ Sol. A=[l 2 3[=2A+3+42-2-2-6=21-3
c bc Hx ' 1 2 A
Applying C, — C, - bC, and C, —C, - cC,, we get 6 1 1
| a 00 A=10 2 3|=12A+3u+20-2u—-104-36
A:;(a2+b2+cz+x)b x 0 4 o2 A
¢ 0 x =2 +u—16
=l(a2+b2+c2+x)(axl) 16 1
a A, =11 10 3|=10A+18+u—-10-3u—-64
=2 (@+ b+ +x) .
1 u A
Thus A is divisible by x and x*. Also, graph of f{x) is
=41-2u+8
11 6
Ay=11 2 10/=2u+10+12-12-p-20
1 2 u
=u~-10
2 Thus the system has unique solutions if A # 0 or 4 # 3 and the
system has infinite solutions if A=A =A =A, =0o0r =23 and

u = 10. System has no solution if A = 0 and at least one of ALALA,
is non-zero or A = 3 and y # 10.

For Problems 13-15

For Problems 7-9

7.¢,8.a,9.d.
Sol. The system of equations 13.d,14.d,15.d.
—x+cy+bz=0 ey 14141 1+a+f l1+o+p?
cx-y+az=0 (2) Sol. A=|l+a+f 1+a?+f 1+’ +p°
prvay-i=0 @ 1+a?+ B2 1+ + B 1+a*+p°
has a non-zero solution if
whoe b 1ol o1
aspe -1 a)=0 =]l a p|x|l « | [multiplying row by row]
b a -1 1 0(2 ﬂz 1 aZ ﬁz

= A+b+A+2abc-1=0
= @+b*+*+2abc=1 (4) = D? (say)
Then clearly the system has infinitely many solutions. From (1)

’ Now,
and (2), we have
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For Problems 19-21

11
p={l a B 19.d,20. ¢, 21. c.
s o2 Let,
1 o B b
A+x)"  (1+2x) 1
=(l-a)a-HF-D i A+x)" (+2x)°|=A+Bx+Cx’ +--
=~ —a-p+1
(ﬂ (l) [(lﬁ ‘2 ﬂ+ ] (1+2x)h 1 (1+X)“
=(B-a)| S+=+1 =M(a+b+c) o
a a a Putting x = 0, we get
2
A=D2=Q——2ﬂ(a+b+c)2 I
. a 2 A=1 1 §=0
=—2(a+b+c)2{——2-4£} 111
a a a
1 Now differentiating both sides with respect to x and putting
=——4—(a+b+c)2(b2—4ac) x=0, we get
¢ a2 0 11111t
IfA<O0, ie., b 4ac <0, then roots are imaginary. B=li 1 1|+0 a 28/+|1 1 1]=0
If one root is 1+ /2 and since coefficients are real, the other root
1 1 1 1t 1} 2b 0 a
is 1- \/5 . Hence the equation is x> —2x— 1 = 0. Then the value of Ais
a-2- 24— 4(1)(-1)) =32. Hence coefficient of x is 0. Since f{x) =0 and f(0)=0,x=0isa
IfA>0,ie., b*—-4ac > 0, then roots are real and distinct but repeating root of the equation flx) = 0.
nothing can be said about f{1). For Problems 22-24
For Problems 16-18 : 22.¢,23.d,24. b.
16.a,17.b,18.¢c. x n r
Sol. Multiplying R, R,, R, by &, b, ¢, respectively, and then m y r/=0
taking a, b, ¢ common from C, C, and C,, we get mon z

. —bc ab+ac ac+ab
A=lab+bc —ac bc+ab
ac+bc bc+ac —ab

Applying R, — R, — R, and R, — R, — R,, we get
x-m n—y 0

0 y-n r—2/=0
Now, using C, = C, - C, and C,—~ C,-C,, and then taking (ab '

+ be + ca) common from C, and C,, we get " " ¢
—bc 1 1 = (x-my—-nz+nr-yr- Dm—n(r—x-m)=0
A=lab+bc -1 0|x(ab+bc+ (:a)2 Dividing by (x — m)}{y — n)(z — r), we have
ac+bc 0 -1 z m n
‘ + + =0
Now, applying R, — R, + R,, we get g=r x-moy—n
-bc 1 1 F4 m n
= —+ + =0
A=| ab 0 1 (ab+bc+ca)2 . 7—Fr XxX—m Yy-—nRn
ac+bc 0 -1 o L4l Mmoo+ +1=2
Expanding along C,, we get o y—n
A = (ab + be + ca)* lac + be + ab] - T L r Y _9-2
= (ab + bc + ca)’ z—r X-—m V-
= (rip)} = Plp? z | ,
= by =rip y . N S T, S e SRS EH
Now given a, b, ¢ are all positive, then 7—r x—m y—n
AM.>GM. )
bc+ac = mn + n + F_
ﬂ*:L’Z(aln(bcxac)“3 x-m y-n z-Fr
= (ab+bc+acy > 27a*b*c? Now,
= (ab + bc + ac)* = 27(s%p?) AM.ZGM.
If A =27, then ab + bc + ca = 3, and given that A+b+ct=3, L * y 3
from(a+b+c)2=a2+b2+c2+2(ab+bc+ca), we have - &zr x-—m y—"Z( z X Y j
a+b+c==%3 . 3 (z=r) (x=m) (y—n)
= a+ b+ ¢ =3 (since all the roots are positive) - z X Y < i

= 3p+g=0 i—rx-my-n 27



For Problems 25-27
25.b, 26.d, 27. a.

2ax 2ax -1 2ax+b+1

Sol. f'(x) = b o b+l =
2(ax+b) 2ax+2b+1 2ax+b

Applying C,— €, - C,, C, - C,- C;

—(b+1) —(b+2) 2ax+b+1

fx)=|G+h) (b+2) -1

' b b+1 2ax+b

Applying R, — R +R,and R, — R, -R,, we get
0 0 2ax+b-
flx)y=b+1 b+2 -1
-1 -1 2ax+b+1
= Qax+b)[-b-1+b+2]
) =2ax+b
fx) =ax’+bx+c
f0) =2=c¢=2
) =l=a+b+2=1l=a+b=-1
f(512)y =0=>5a+b=0
= a =1/{1,b=—55/4
2
Hence, f(x)—zx —Zx+2

Clearly, discriminant (D) of the equation f{x) = 0 is less than 0.
Hence, fix) = 0 has imaginary roots. Also, f{2) = 1/2. And mini-

mum value of f(x) is

25 1
47?7

16
2L 16

4 .
Hence, range of the f{x) is {%, ao] .

Matrix-Match Type

1. a—s; b—p; c—s; d—s.

a. Coefficient of x in f{x) is coefficient of x in | 1

Therefore, coefficient of x is 2.
1 3cosf = 1
b. Let D=|sin8 1 3cost
1 sin@ 1
= (3 cos § —sin 6)°
A, =10
. f0)=0
= =0
020
d. g;={1 0 6=-2(1)=-2
0 01
2. a—s; b—r; c—q, r; d—p.

x+2 x+3 x+5
a. ThegivendeterminantisA={x+4 x+6 x+9

x+8 x+11 x+15

Determinants 7.59

Applying R, —» R, - R, and R, — R, — R,, we have
x+2 x+3 x+5
A=| 2 3 4

4 5 6
x x x+1
=22 3 4 | [ApplyingR, — R —-R,and R, > R,—R)]
11 1
x 0 1 -
=22 1 1| [Applying C,— C,~C,and C,— C,~C,]
100 -
=2 [Expanding along R.]
7 6 x2-13
b. 2 xX-13 2
=13 3 7

Let x> — 13 =+ Then

F-67t+126=0
= 1=-92 7= x=%2,+20,+15
Hence sum of other five roots is 2.

J6 2i 346
A=W12 B+ & 32 + Jei
V18 2+ V12 i 27 o+ 2

Taking \/g common from C,, we get

1 2i 3+6
A=6IN2 B3+242i 32 +6i
BoV2+248i 3W3+2i
Applyinng—>R2—\/5RI andR3—>R3—\/§Rl,weget
1 2 3++6
A=J610 3 ei-243
0 V2 2i-3V2
3 J6i-2
|5 Ea
V2 2i-32
3243
=6 [Applying C, — C, - +/2i C|]
V232 P ‘

=6 (=36 + 2/6)

=—6, which is an integer
cos’®  cosOsin® —sinf

f(8)=|cosBsinO sin’ @ cos@
sin@ —cos8 0

Applying R, — R, + (sin ®)R, and R, — R, - (cos §)R,, we get

1 0 —sin@
f@=0 1 cosO
sin@ —cos@ 0

=sin?f+cos?@=1"

= f(n/3)=1
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3. a—p, q,r; b—q; cos; d—p, q, T. [Applying C, — C, - (sin B)C, and C, — C, - (sin O)C\]

. Multiplying C, by a, C, by b and C, by c, we obtain = a@*{cos? B cos? C - (cos A — sin B sin C)’}
a b _a+ b = a*[cos? B cos? C — (cos(B + C) + sin B sin C)?]
c c c = g?[cos? B cos? C — cos? B cos? C]
A= | _bEe b < =0
- abc a a a
) _b(b+c) b(a+2b +c) _b(a+l?) Integer Type
ac ac ac : N
. 1.3) Equation x* + ax* + bx + ¢ = 0 has roots ¢, f, 7.
Applying C, — C, + C, + C;, we get
oa+PB+y=-a
- b a+b .
0 - - of+ By+ya=b _
c c .
T b c . Since the given system of equations has non-trivial solutions, so
A=—I|\0 — — ‘
abc a a a By
o Mat+2b o) _blath) B v aj=0
ac ac y a P
This shows that A is independent of a, b and c. = B+F+7-3afy=0
b. Applying C, — C, - (cot b)C,, we get o (@+BrplaE+F+P-op-P al=0
0 singsinb  cosa :_3 ryd= 0
A= 0 cosasinb, —sina = (a+f3+y)[(a+ﬁ+y) _2 B+ py+yol=
—sina/sinb sina cosh 0 = -al@®-30]=0 = dlb=3
. a a4, 4
sina _ . . . .
= —2—— [-sin b sin? a — cos® a sin b] [expanding along C\] 2.2) WehaveD=|5 4 4
in
=sina a; ag G
c. Taking 1/sin a cos b, 1/sin a sin b, 1/cos a common from C,, 20 1
i Sin =—;d=—
C,C, respectlvely,lwe get mee a, " 20
A= A
sinfa cosa sinbcosh s 20 20 L1
| 1 |- 2 3 2 3
Hence, D = 2—0 2—0 2—0 —(20)3 1 i 3
where A, =|-cotg —cota tana ) 7 5 6 %7 5 3
tanb —cotb 0 20 20 20 7 7
& 2 22 1 &~ =2
0 1 1 7 8 9 8 9
= 0 ~cota tana R—R -RandR—> R, -R,
1/sinbcosb —cotb 0 -3 -1
MRTIEY
Applying C, —1> C, —C,, we get ) 20)° . 3 a1 50
A=————[tan a + cot a] T 4x7 40 9 21
sinb cosbh 7 7
- 1 1 L~
sina cosa sinb cosb 8 9
R = [D]=2
a bsinA csinA
+y—a-8" Bry-a-87 1
d. bsin A 1 cosA Bry )4 By )2
csind  cosA i 3.8) LetD= (y+a—ﬁ—6)4 (7+a—ﬁ—5)7 1
(@+B-y-8)" (a+B-y-0)y 1
a’ asinB asinC _ by v
=|asinB 1 cosA Applying R — R, - R,
asinC  cosA 1 R,—R,-R,
I sinB sinC B+y-a-8'—(a+p-y-8"
=a?|sinB 1 cos A = (}/+5—B—8)4—(a+[3—-7—5)4
sinC cosA 1 (a+B-y-6)*
! 0 0 Bry-o—-8"—(a+B-y-8" 0
. 2 2
=a*|sinB 1-sin®B cosA—sin BsinC (y+a-p-8y~(a+f-y-97 0

2
sinC cosA —sinBsinC 1-sin’C (a+B-y-9) 1



=4(B- 9 (v~ ). 4(a-0) (Y- B)

](,B+y—oz—6)2+(oz+ﬁ—y—6)2 1 0
=<|(y +oa—f-8) +(a+p-y—-5) 1 0
(@+p-y-8)° (@+B-y-98)7 1

Apply R, — R, —R,
= 16(8-9) (y- &) (@- 8).4(y- 8) (B- @)

1 0
(y+a-B-8+(a+p-y-5)* 1 0
(@+p-y-8)° (@+f-7-0" 1
=—64(a-p)(a-7 (a-8 (B~ (B-9) (r-0
x+2 2x+3 3x+4
4.4) A=|2x+3 3x+4 4x+5 |=0.
3x+5 5x+8 10x+17

ApplyingR.— R~R,and R, > R, - R,

x+2 2x+43 3x+4
A=ix+1 x+1 x+1 |=0
x+2 2(x+2) 6(x+2)

x+2 2x+3 3x+4
A=G+DGx+2) | 1 1 1 |=0
1 2 6
A=+ DE+2)[(x+2).4-2x+3).5+Cx+4).1]1=0
A=x+1)(x+2)(3x-3)=0
or (x+ 1Px+2)=0
Lox=-1,-1,-2
5.2)

System of équations

= ox+y+z=0-1 @))]
x+oy+z=0-1 ' )
x+y+oz=0-1 : . 3

Since system has no solution.
Therefore, (1) A=0and 2) a— 120

a 1 1
1 a 1|=0,a=1
1 1 «

R—>R -R,R—>R—-R,
a-1 0 l-«
0 oa-t l-a|=0
1 1 a

= (e-Dle(@e-1H)-(I-a))+U-)[-(x-1]=0

= (a-Da@-D+(e-D]+(x=1?2=0

= (a-1P{{a+D+11=0

= o=11,-2=a=1,-2

Since system has no solution, o # 1.

Looa==2

6.3) x+y+z=1 (H

x+2y+4z=p @
x+4y + 107 = p? 3)

8.2)

Determinants

11 1

A=|1 2 4
1 4 10
R—->R-R,,R—R,—R,
0 -1 -3
=10 -2 -6;=0
1 4 10

Since A =0, solution is not unique solution.
The system will have infinite solutions if A=0,A,=0,A,=0
1 1 1
A=|p 2 4[|=0
P’ o4 10
> C,-C,

I 10

p 2 2|=0

P4 6
1(12-8)-1(6p-2pH) =0
4-6p+2p'=0

2 -3p+2)=0
p-3p+2=0

p=1lor2

A =

L

Also for these values of p, A,, A, =0
3 2wl 1

7.0) {3 20® 1| =0

3w’ 2w? 1

R - R -Rand R— R,-R,

W= 0

2 2 3
= vV-wr Vw0l =0

2 2
u —v

2 3
w w 1

ut+v wr+vi+w 0

vView?+ww 0] =0

= Jv+w
w? w? 1
R— R -R,
U—w (uz—w2)+v(u~w) 0
= v+ w v w? +w O.=0
w? w? 1
1 u+w+v 0
= [(vi+w Vewlsww 0/ =20
. w? w? 1

= V+w+wm)-+Ew) [(v+w)+u]l=0

= V+wlt+uw—+wl-uv+w)=0

= w+w+wu=0 .

Using C,—> C, - (C, + C,)in D and D,, we have
D, —2b(ad-bc)

D,  blad—bc)

7.61
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1 3cosf

9.(5) A= sin@ 1
1 sin@

Applying R3—)R3-— Rl

1

= [sin8@

0 sin@—3cosf

3cosf
1

1

3cosB

1

1
3cosB
0

= —(sin 8- 3 cos) (3cos B-sin 6)

= (3¢cos & si

no)?

Now, —v9+1 <3 cosf-sin 6< /9 +1

= (3 cosf-sin < 10.1

ﬂ Amn.r. = 10
10.4)

1 x+y

x+y+z

A=x2 3x+2y 4x+3y+2z
3 6x+3y 10x+6y+3z

1

=x2 3

1 1
=x2 3

xX+y
4x+3y

6 10x+6y

1

Cy, = Cy-zC
C, —C,—yCy

41[Cy — Cy —yG,y]

3 610

=x*(6-8+3)=64
=>xr*=64>x=4

T 11.(1)

al+4ad a d

A =|a;+4ad a, d

ai+dad ay d

where d is the common difference of A.P.

2
a
4.2
=dla; "a,

2
a; 4

1

1| +4d|a,

1

a d
a, d
a, d

- d(a - a,)(e,  as)ay - @) = 24"

Similarly, A, = —2d".

1 x?

4

X

12.4) A=(2)"l ¥ ¥

= (xy2)" (22 =y =N = 1)

1-1 (L__l_
R

Clearly when
1

I’l:_4,A=[—2—

y

13.(2)
f d
B=22n |

c a

1 72

e
m
b

=

4

¢, > ¢,-C,)

[Taking 2 common from R, and C:]
2f d e
=212n 1

2 a b|

2c a b
=212f d e
2n I m
[R, <> R,,then R, &> R]
a b 2
=2|d e 2f|=2A

I m 2n

[C, ¢> C, and then C, ()

x » Oy x 0
14.0) A=|x, ¥, Oy, x 0=00=0
x09 Oy x
15.(8) Putting x =0, a; = 1
(1 +ax +bx®)*= (1 +ax+ bx») (1 + ax + bx")
(1 +ax + bx®) (1 + ax + bx?)
Clearly.a, = 1, a, = coefficient ofx=a+a+a+a=4a
a,= coefficient of x* = 4b + 6a>
Now A=—(a +a +a; —3a,a,a;)
agta +a, #0.
a=a=4a

0 1 2

b=

1=4a=6az+4b:>a=l
4" 32

Subjective Type
1. We should have
Ik 3
3 k -2(=0
2 3 4

=  1(dk+6)—k(=12+4) +3(9-2k) =0
= —2k+33=0:>k=§

Substituting k = 33 and putting x = m where m € Q, we get the
system as 2

33y+6z=-2m (1)
33y—-4z=-6m (2)
3y~4z=-"2m 3)

(H-Q2)=10z=4m=2z= %m

2
(1 :>33y=—2m—%n—=—Tm

BRAET



.. —2m 2m
Therefore , the solutionis x=m,y=——,2=—

15 5
a b c
b < 4 =—(a®+ b* + - 3abc)

¢c a b

=—(a+b+c)a®+b*+c?—ab—bc—cal

1
= -3 (a+b+0)[2a + 2b* + 2¢* — 2ab - 2bc — 2ca

=- % (a+b+o)(@a=by+(b-cy+(c— a)?]

Asa,b,c>0,thereforea+b+c>0.Alsoaib;&c.
(a— bR+ -c)l+(c-a)}>0

Hence, the given determinant is —ve.

x2+x x+1 x-2
2%x2 +3x—-1 3x 3x-3=Ax+B

x> +2x+3 2x—1 2x-1
On L.H.S. operating R, — R, - 2R, and R,— R, - R, we get

x> 4+x x+1 x—2

Determinants 7.63

3 -1 4
A =l2 2 -3=0

-3 5 -5

3 3 4
A=l -2 -3=0

6 -3 -5

3 -1 3
A=t 2 -2/=0

6 5 -3

ThusA=A =A =A = 0, so there exists infinite number of solu-
tions. Now eliminating x from the equations, we have

Ty —13z=-9

7y -13z=-9
which are same, so putting
z=ke R,y=(13k-9)/7 and so x = (4 = 5k)/7, where k is any
real number.
5. Applying C, — C,+ C,, C,— C,+ C, and using "C_+"C,_,
="IC , wehave

x—1
x+3

2
X

x-2 x+1
x-2 x+1
x +1 x-2 X x x—2

x—2 x+lU+ix-1 x-2 x+1

0
0 x-2 x+1| [x+3 x-2 x+1

X x x—-2
=0+{x-1 x-2 x+1
x+3 x=-2 x+1

x x+1 x-2

-l-1 = 3 |(OperatingR, > R,~R,and R, >R, - R))
4 0 0 '
x X 0 1 2

1 1 1 0 1 =2
=|-1 =2 3x+|-1 -2 3
4 0 0 4 0 O

=xA+B=RHS.
Hence proved.
3 -1 4
4. A=l 2 =3=74+35
6 5. 4

If74 + 35 #0, i.e. A # =5, system has a unique solution.
{~+ A #0 = unique solution]

But if A = -5, we have A = 0. Solution exists in this case if
A= Ay =A = 0. Now for A = -5,

*C, X+1Cr+1 "+1Cr+2
A=Pc, ¢ MG
c, :+|Cr+l Z+lcr+2
¢ i, x+2cr+2'
=l’c, ¢, "C., [Applying C, — C, + C,]
‘C, MCy PCs

6. The system has a non-trivial solution if

sin36 -1 1
A=l|cos260 4 3|=0
2 7 7

7sin39+7cos28-6+7cos20-8=0
sin 3@ +2 cos 260 =2 .
IsinG—4sinf @+2-4sin20=2
sin@(4sin2f+4sinf-3)=0
sin@(2sin8+3)2sinf-1)=0
sin @ = 0; 1/2, since sin 8 #-3/2
Hence, 8 = nwor nx+ (-1)' n/6;ne Z.
7. As A28, 3B9 and 62C are divisible by k, there exists m,, m,,
e Z such that
100A + 20+ 8 =mk, 300 + IOB+9=m2kand600+2O+C

L il

=mk.
Now, )
A 3 6
A=l8 9 C
2 B 2

Applying R, — 100R, + R, + 10R,, we get
A 3 6
A=|100A+20+8 300+10B+9 600+20+C
2 B 2
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A 3 6
=jmk mk mk
2 B 2
A 3 6
=kim m, m|=kA,
2 B 2

As all elements of A, are integers, A, must be integer.
-~ A=k xsome integer -
= Aisdivisible by .

1

= L sin 2a + cos 2a = L
V2 A V2
= oS (20{—%]=%:cos (Znni%J

= 2a=2m+2+%n being an integer
4 4

cos(A—P) cos(A—Q) cos(A—R)
1. icos(B—P) cos(B—Q) cos(B—R)
cos(C—P) cos(C—Q) cos(C—R)

. cosA sinA 0O ‘|cosP sinP 0
8. Given, .
. b b oc =[cosB sinB 0[x|cosQ sinQ 0
a g ¢ |=0 cosC sinC (] |cosR sinR 0
a b r =0x0=0
Applying R, — R - R,and R, — R, — R, reduce the deterrninant into 1
) - ) 12. Taking ————————— common from R,
p—a b—gq 0 ala+ d)(a+ 2d)
0 g-b c—rl=0 1 1
fromR, an
a b r (a+d)a+2d)a+3d) * (a+2d)a+3d)a+4d)
f
= (p-a)Xg-byr+alb—q)c-r -bp-a)Xc—r)=0 rom Ry, we have
Dividing throughout by (p — a) (g — b) (r - ¢), we get 1
‘ = 3 Y
r.e b, a(a+d)’(a+2d) (a+3d) (a+4d)
r—c p-a qg-b
b where
= +1+ +l1+—=2 (a+d)a+2d) a+2d a
rmeopmaath 2d)a+3d) a+3d a+d
: A =|(a+ + +
9. Taking n!, (1 + 1)!, (n + 2)! common from R,, R, and R,, (at2d)a+3d) a+3d a
(a+3d)Ya+4d) a+4d a+2d

respectively, we get
1 (n+1) (n+DHn+2)
A=)+ DI+ DI |l (n+2) (n+2)(n+3)
1 (n+3) (n+3)n+4)

A ' n+l (n+D(n+2)
'3=(n+l)2(n+2)><0 1 2An+2)
() 0 1 2(n+3)
[R,—R,~R,R,—.R, -
=(n+ D(n+2)2=2[n"+4n* +5n+ 2]
(nA')3 +4n'+5)
Hence, —— —4 is divisible by n.

10. The given system has a non-trivial solution if

A sin  cosa
1 cosa sina =0
-1 sina -cosc

By expanding the determinant along first column, we get

A =sin 2a + cos 2a
Now,

- 2§sin2a+c052a5\/5
= -2<i<\2
For A=1,

sin 2a + cos 2a = 1

(a+d)a+2d) 2d a
={(a+2dXa+3d) 2d . a+d |[ApplyingC,— C,-C)]

(a+3d)(a+4d) 2d a+2d
(a+d)a+2d) 2d a
=| (a+2d)2d 0 d fapplying R2—>R2—R1,R}—->

(@+3d)2d 0 d R,-R)]
= =2d[(a + 2d)2d* - (a + 3d)2d%] = 4d*

Hence, A = 4d%/[a(a + d)*(a + 2d)*(a + 3d)*(a + 4d)).

R}

13. Given that a, b, ¢ are p", g" and " terms of a H.P. Hence,

11
—,—, —are p", ¢" and 7" terms of an A.P. So,
a b c
1
—=A+(p-DD
a
1
—=A+(g-1DD (H
b
1
—=A+@r-DD
¢
Now given determinant is
LR

bc ca ab a b ¢
A=lp q rl=abclp q r

1 1 1 1 1 1



Substi tuting the values of 1/a, 1/b, 1/c from (i), we get

A+(p-D)D A+(q@-1D)D A+(r-1)D
N o=abc D q r

1 1 1

Operating R, — R ~(A-D)R, - DR, we get

0 0 0
A =abclp g r

1 11

_14. Operating R, — R, + R, + R, and using trigonometric identi-

ties, the given determinant becomes

s’in9+ZSin9(—%J cosO+2cosO(—-§—]

sin(0+z) cos 9+2—7E
3 3
sin[@.—z—ﬂ cos 9—2—77:
3 3
sin29+25in20(—%]
sin[20+4—nj
3
éin(29—4—n) ‘
3

0 0 0

=lsin| 0+ 2] cos| 0+ 2% | sin[20+2% ) =0
3 3 3
sin(B—.z—” cos 0—2—” sin 29—4—”
3 3 3

Objective Type
Fill in the blanks
_ 0 -1 3
1. Putting A =0, we have ¢ =| 1 0 —4/=0 (skew-sym-
metric determinant) _3 4 0

. Clearly for x=-1, R, = R, and for x = 2, R, = R,. Hence roots
are x =—1, 2.
. With O and 1 as elements there are 2 x 2 x 2 x 2 = 16 determi-
opi1 1111 0
0 1” 0 1’1 1
the three determinants whose values are +ve. Therefore, the
required probability is 3/16.
x 3 7
2 x 2[=0
7 6 x
Operating R, + R, + R,, we get
x+9 x+9 x+9
2 X 2 |=0
7 6 X

1 1 1
x+92 x 2(=0
7 6 x

nants of order 2 x 2 out of which only are

>

Determinants 7.65

Operating C,— C,-C, C, — C, - C,, we gei

A

(x+9)|-1
-1

1 1
A
-1 A

=0

= (x+9x~-2)x-7)=0 (Expanding along R))
= x=-927
5. The given homogeneous system of equations will have non-zero

solutions if
D=0
A1
-1 A
-1 -1

4

Be3i=

LU A

A=0

1 a a

a
b.

1
=1
1 ¢

(Taking

‘ tively)

1
1
A

0

2 _bc
6. 1 b b -ca

1 ¢ t—ab

2
a

=0

1 a
- b

1 ¢

MR+ 1A+ 1) +11+2)=0

AMA?+3)=0, but A+ 3 # 0 forreal A

bc
ca
ab

a a® abc

L b bt abc

abc

¢ ¢ abc

[Multiplying R, by a, R, by b and R, by c]

a a* 1

-6 b1

c 1

1 a
-1 b

1 ¢

log; y
1

log. y

logy

log x
logy
logx
logz

log x " logy log z

log x

1

logy

log z
1

a2

»?| [Applying C, +» C, and then C, > C,)

CZ

log, z
log_‘, z
1

log x
logz
logy

common from R, R, and R,, respec-
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. logx logy logz : 0 0 0
=———————logx logy logz =1-i -1 w? -1 [ 1+0+w?=0]
logx .logy logz '
logx logy logz -1 —-i+t+o-1 -1
=0 (Operatinng[ — R; -R,+ fj)

Z

3-b- Letx—:X,y—zY,—zz
a b* c?

8. R—>R +R,
Then the given system of equations is

0 0 2 X+Y-Z=1
= flB=|-tan O 1 tan 6 NN X_Y+Z=1
-1 -tamg 1 X+Y+Z=1
=72 (tan?0 + 1) = 2 sec?8 ‘ ' Coefficient determinant is
I 1 -1
True or false A=|1 =1 1}
1 a be ' -1 1 1
1. 1 b ca =1(=1-1) = (1 + )= 1(1 =1)
1 ¢ ab =—4+0
Hence, the given system of equations has unique solutions.
a a* abc R —>aR, . g y q q
1 5 ] 4.b. Given,
=——1b b abc| |R,—> bR, :
abc 5 R R xp+y X y
c ¢ abc 3 Ry w+z y z 1=0
2 0 xp+y yp+z
a a 1 ) .
b 1 Operating C, — C, - pC, - C,, we get
R 0 X y
c ¢ 1 0 . y z |=0
1 a & : , v ~(xp® +2py+2) xp+y yp+z
b (C' ”CBJ = (- yap+2py +2) =0
1 ¢ & CZHC3. = xz-y'=0
: = y=xz
Hence, the given statement is false. Hence, x, y, z are in G.P.
x on I |a b1 ‘ 1 a a’
2. x, ¥, li=la, b, 1 S5.b. Let, A=|cos (p—d)x cospx cos(p+d)x
xoy | Jas b L sin(p—d)x sinpx sin(p+d)x
x yn 1 a b 1 Expanding along first row, we have
= 5 x, ¥y, 1= ) a, b, 1 : 1[cos px sin(p + d)x — cos(p + d)x sin px]
X oy 1 a; by 1 —afcos(p — d)x sin(p + d)x — cos(p + d)x sin(p — d)x]

+ a*[cos(p ~ d)x sin px — cos px sin(p — d)x]

= Arcaof A =Areaof A, ,
= sin dx — a sin 2dx + a’sin dx

where A is the triangle with vertices (x,, y,), (x,, ¥,) and (x,, y,)

and A, is the triangle with vertices (a,, b.]), (a,, b,) and (a,, b,). which is independent of p.
But two triangles of same area may not be congruent. Hence, the 6. a. Taking x common from R, and x(x — 1) common from R,, we get
given statement is false. . x4l
Multiple choice questzon.s with one correct answer . o= =Dl x=1 x+1
1. b. Forevery ‘det. with 1’ (¢ B) we can find a det. with value 3 5 +1
x=2 x

— 1 by changing the sign of one entry of ‘1’. Hence there are equal

number of elements in B and C. Applying C, — C, - C,, we get

Therefore, (b) is the correct option. 1 X 1
0 l+o+o® 0 f)=x>(x-D2 x-1 2[=0
3 x-2 3

2.b [1-i -1 o’ —1 .
-1 -l+w-1 -1 - Thus, £500) = 0.



7.d. For the given homogeneous system of equations to have non-
zero solution, determinant of coefficient matrix should be zero, i.e.,

1 - -k -1
E -1 —l|=1@+D+kEk+)-k+1)=0
1 1 -1
= 2—K+k-k-1=0
= k=1
= k==l
8.b.Giventhatw:—%+i§,w2=—%—'%.Also,1+a)+w2

=0 and w? = 1. Now given determinant is
1 1 1 ft 11

A=l
1 0 o

“1-0® o=l o o

e o
[Using w =1 — @? and @* = 1]
Operating C, — C, + C, + C,, we-get
31 1
A=0 o o fasl+w+w=0]
0 o o

Expanding along C|, we get

3(w? - w*) =3(w* - w)

=3w(w-1)
9. b. For infinitely many solutions the two equations become

identical. Hence,
k+1

k  k+3 3k—1

10. a. The given system is

8 4k

- =1

x+ay=90
az+y=0
ax+z=0

- Itis a system of homogeneous equations, therefore, it will have
infinitely many solutions if determinant of coefficient matrix is zero.
Therefore,

1 a 0O
0 1 4=0
a 0 1
= 1(1-0)-a(0-a)=0
= l+a=0
= a‘=-1
= g=-1
11. d. Since the system has no solution
2 -1 2
1 -2 -1|=0
1 1 2

A2+ D+ 1A+ 1) +23)=0
4A+2+i+1+6=0

3.=9

A=3

L4ud

Determinants 7.67

6i -3i 1
12.d. |4 3 -1=x+iy(given)
20 3 i -
6i 1 1
= =-3l4 -1 -l=x+iy
20 i i

= x+iy=0+i0
= x=y=0
Multiple choice questions with one or more than one correct answer
1. b.e. Given that
a b aq +b
b c bo+c|=0
aa+b ba+c 0
Operating C, — C, — C,a - C,, we get
a b 0
b c 0 =0

ac+b ba+c —(ac® +bo+ba+c).

a b 0
= (aa?+2ba+c)| b = ¢ 0/=0
ac+b boa+c 1

= (ac—b*ac?+2ba+c)=0

eitherac —b*=0oraa®+2ba+c=0

U

= either g, b, ¢ are in G.P. or (x — a) is a factor of
axt+2bx +c

Hence, (b) and (e) are the correct answers.

Matrix-match type

1. a—r; b—q; c—p; d—s.

a b ¢
A=jb ¢ ¢
c a b

=——%(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

a. fa+b+c#0and @+ b*+c?=ab+bc+ca
= A=0anda=b=c#0
Therefore, the equations represent identical planes.
b. a+b+c=0and @+ b*+c*£ab+ bc+ca
= A=0
Therefore, the equations have infinitely many solutions.
ax+by=(a+b)z
bx+cy=({b+0)z
= (P-ady=F-ac)z=>y=z
= ax+by+cy=0=2ax=ay=>x=y=2
C. a+b+c#0and @®+ b*+ c*#£ab+ bc+ca
= A#0



7.68 Algebra

Therefore, the equations represent planes meeting at only one
point. ‘
d. a+b+c=0and a®+b*+c*=ab+bc+ca
= a=b=c=0
Therefore, the equations represent whole of the three-dimensional
space.

Integer type

1. (1)

@= ei27t/3

=
=
=

1 z+0* 1 |=0
1 1 2+

z[(z+m)2(z+w)—1—w(z+w—1)+w2(1—z—co2)]=0

2=0
z=0is only solution.



