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We have already seen in the Back to School part of this block the key interrela-
tionship between functions, equations and inequalities. In this chapter we are
specifically looking at questions based on equations—with an emphasis on qua-
dratic equations. Questions based on equations are an important component of
the CAT and XAT exam and hence your ability to formulate and solve equations is
a key skill in the development of your thought process for QA.

As you go through with this chapter, focus on understanding the core con-

cepts and also look to create a framework in your mind which would account for

the typical processes that are used for solving questions based on equations.

THEORY OF EQUATIONS

Equations in One Variable

An equation is any expression in the form f(x) = 0; the type of equation we are
talking about depends on the expression that is represented by f (x). The expres-
sion f(x) can be linear, quadratic, and cubic or might have a higher power and
accordingly the equation can be referred to as linear equations, quadratic equa-

tions, cubic equations, etc. Let us look at each of these cases one by one.

Linear Equations

2x + 4; we have the expression for f(x) as a linear expression in x. Conse-
quently, the equation 2x + 4 = 0 would be characterised as a linear equation.
This equation has exactly one root (solution) and can be seen by solving 2x + 4 =
0 -+ x=-2, which is the root of the equation. Note that the root or solution of the
equation is the value of ‘x’ which would make the LHS of the equation equals the



RHS of the equation. In other words, the equation is satisfied when the value of x

becomes equal to the root of the equation.
The linear function f (x) when drawn would give us a straight line and this
line will be intersecting with the x-axis at the point where the value of x equals

the root (solution) of the equation.

Quadratic Equations

An equation of the form: 2x2 - 5x + 4 = 0; we have the expression for f(x) asa
quadratic expression in x. Consequently, the equation 2xz - 5x + 4 = 0 would be
characterised as a quadratic equation. This equation has exactly two roots (so-
lutions) and leads to the following cases with respect to whether these roots are

real/imaginary or equal/unequal.

Case 1: Both the roots are real and equal;

Case 2: Both the roots are real and unequal,

Case 3: Both the roots are imaginary.

A detailed discussion of quadratic equations and the analytical formula based
approach to identify which of the above three cases prevails, follows later in this
chapter.

The graph of a quadratic function is always U-shaped and will just touch the
X-axis in the first case abowe; will cut the X-axis twice in the second case above
and will not touch the X-axis at all in the third case above.

Mote that the roots or solutions of the equation are the values of 'x' which
would make the LHS of the equation equal the RHS of the equation. In other
words, the equation is satisfied when the value of x becomes equal to the root of

the equation.



Cubic Equations

An equation of the form: x3z + 2x2 - 5x + 4 = 0 where the expression f(x)is a
cubic expression in x. Consequently, the expression will have three roots or

solutions.
Depending on whether the roots are real or imaginary, we can have the follow-

ing two cases in this situation:

Case 1: All three roots are real; (Graph might touch/cut the x-axis once, twice or

thrice.)
In this case, depending on the equality or inequality of the roots, we might

have the following cases:

Case (i): All three roots are equal; (The graph of the function would intersect
the X-axis only once as all the three roots of the equation coincide.)

Case (ii): Two roots are equal and one root is distinct; (In this case the graph
cuts the X-axis at one point and touches the X-axis at another point where the
other two roots coincide.)

Case (iii): All three roots are distinct from each other. (In this case the graph of
the function cuts the x-axis at three distinct points.)

Case 2: One root is real and two roots are imaginary. (Graph would cut the X-axis
only once.)

The shapes of the graph that a cubic function can take have already been dis-
cussed as a part of Back to School write up of this block.

Note: For a cubic equation ax3 + bxz + cx + d = 0 with roots as I, m and n:
The product of its three roots viz: [ = m = n = -d/a;
The sum of its three roots viz: 1 + m + n=-b/a

The pair wise sum of its roots taken two at a time viz: Im + In + mn = ¢/a.



THEORY OF QUADRATIC EQUATIONS

An equation of the form
ax+bx+c=0 (1)

where a, band ¢ are all real and a is not equal to 0, is a quadratic equation. Then,
D = (bz - 4ac) is the discriminant of the quadratic equation.
If D < 0 (i.e. the discriminant is negative) then the equation has no real roots.
If D = 0, (i.e. the discriminant is positive) then the equation has two distinct

roots, namely,

x,=(-b+ JD Y2a, and x,=(-b- /D V2a
and then ac+bx+ec=a(x- x,) (x—x,) (2)

If D = 0, then the quadratic equation has equal roots given by

Xy =X, = —b2a

and then a+bx+c=a(x-x) (3)

To represent the quadratic axz + bx + ¢ in form (2) or (3) is to expand it into
linear factors.

Properties of Quadratic Equations and their Roots

1. If Dis a perfect square then the roots are rational and in case, it is not a per-

fect square then the roots are irrational.

2. Inthe case of imaginary roots (D < 0) and if p + ig is one root of the qua-
dratic equation, then the other must be the conjugate p - ig and vice versa

(wherepandgarerealand ; = [-1).



3. If p + /g is one root of a quadratic equation, then the other must be the

conjugate p - /g and vice versa, (where p is rational and , /4 is a surd).

4, Ifa=1,b,c € Iand the roots are rational numbers, then the root must be

an integer.

Sign of a Quadratic Expression

Let fix) =y = ax2 + bx + cwhere a, b, c are real and a w 0, then y = f(x) represents a
parabola whose axis is parallel to y-axis. For some values of x, f(x) may be posi-
tive, negative or zero. Also, if a = 0, the parabola opens upwards and fora < 0, the

parabola opens downwards. This gives the following cases:
(i) a > 0 and D < 0 (The roots are imaginary)
The function f{x) will always be positive for all real values of x. So f{x)

>0 ¥ x € R. Naturally the graph as shown in the figure does not cut the

X-axis.

X' - X
(ii) When a » 0 and D = 0 (The roots are real and identical)

f(x) will be positive for all values of x except at the vertex where f{x) =

0.

So, flx) =z 0 ¥ x € R. Naturally, the graph touches the X-axis once.




(iii) When a > 0 and D > 0 (The roots are real and distinct)
Let fix) = 0 have two real roots o and B (o < ) then flx) will be positive
for all real values of x which are lower than a or higher than (; flx) will

be equal to zero when x is equal to either of o or f.

When x lies between a and b, then, f{x) will be negative. Mathemati-

cally, this can be represented as
fix)>0 ¥ x € (=, a) U (b, )

and f{x) < 0 ¥ x € (o, p) (Naturally, the graph cuts the X-axis twice)

X' a\\_/ﬁ X

(iv) When a < 0 and D < 0 (Roots are imaginary)

fix) is negative for all values of x. Mathematically, we can write f{x) < 0

% x €R.(The graph will not cut or touch the X-axis.)
X" X

(v) When a < 0and D = 0 (Roots are real and equal)

fix) is negative for all values of x except at the vertex where f{(x) = 0, i.e.

fix) <0 ¥ x € R (The graph touches the X-axis once.)



(vi)Whena<0andD >0

Let flx) = 0 have two roots a and B (a < () then fix) will be negative for
all real values of x that are lower than a or higher than B. fix) will be
equal to zero when x is equal to either of a or . The graph cuts the X-

axis twice.

N

When x lies between a and 5, then f{x) will be positive.
Mathematically, this can be written as

fix)<0V x € (—=,a) U (B, =)and fix)>0 V¥ x €(a, B).
sum of the roots of a quadratic

equation = -b/a.

Product of the roots of a quadratic equation = c/a
Equations in More than One Variable

Sometimes, an equation might contain not just one variable but more than one
variable. In the context of an aptitude examination like the CAT, multiple vari-

able equations may be limited to two or three variables. Consider this question



from a past CAT examination which required the student to understand the in-

terrelationship between the values of x and y.

The question was as follows:

4x- 17y = 1 where x and y are integers with x,y > 0 and x, y < 1000. How many
pairs of values of (x, y) exist such that the equation is satisfied?

In order to solve this equation, yvou need to consider the fact that 4x in this
equation should be looked upon as a multiple of 4 while 17y should be looked
upon as a multiple of 17. A scan of values which exist such that a multiple of 4 is
1 more than a multiple of 17 starts from 52 - 51 = 1, in which case the value of
x =13 and y = 3. This represents the first set of values for (x, y) that satisfies the
equation.

The next pair of values in this case would happen if you increase x from 13 to
30 (increase by 17 which is the coefficient of y); at the same time increase y from
3 to 7 (increase by 4 which is the coefficient of x). The effect this has on 4xis to
increase it by 68 while 17y would also increase by 68 keeping the value of 4x ex-
actly 1 more than 17y. In other words, at x = 30 and y = 7, the equation would give
us 120-119 = 1. Going further, you should realise that the same increases need
to be repeated to again identify the pair of x, y values. (x =47 and y = 11 gives us
188-187=1)

Once you realise this, the next part of the visualisation in solving this ques-
tion has to be on creating the series of values which would give us our desired
outcomes every time.

This series can be viewed as

(13,3);(30,7);(47,11); (64, 15)....and the series would basically be two
arithmetic progressions running parallel to each other (viz: 13, 30,47, 64, 81,....)
and(3,7,11, 15, 19,...) and obviously the number of such pairs would depend on

the number of terms in the first of these arithmetic progressions (since that AP



would cross the upper limit of 1000 first).

You would need to identify the last term of the series below 1000. The series
can be visualised as 13, 30,47, 64,... 999 and the number of terms in this series
is 986/17 + 1 = 59 terms. [Refer to the chapter on Arithmetic Progressions for de-
veloping the thinking that helps us do these last two steps.]

WORKED-OUT PROBLEMS

Problem 15.1 Find the value of u'[ﬁ +od6+-J6+..

(a) 4

(b) 3
(c) 3.5

(d) 2.5

Solution: Lety = Jﬁ + 46 +1‘|'|:'-. +...

Then,y = /6+y = ory2-y-6=0

or,(y+2)(y-2)=0=y=-2,3
y=-2 is not admissible

Hencey =13

Alternative: Going through options:

option (a): for 4 to be the solution, value of the whole expression should be equal
to 16. Looking into the expression, it cannot be equal to 16. So, option (a) cannot
be the answer. option (b): for 3 to be the solution, the value of the expression
should be 5.

So, the expression is = Jﬁ + 6+ F
But 5 =24 hence= s+ 84 = B9+ =3

(Since, the remaining part is negligible in value)

Problem 15.2 One of the two students, while solving a quadratic equation in x,



copied the constant term incorrectly and got the roots 3 and 2. The other copied
the constant term and coefficient of x2 correctly and got his roots as -6 and 1 re-

spectively. The correct roots are
(a)3,-2
(b)-3, 2
(cl—-6,-1

(d)6,-1
Solution: Let a, b be the roots of the equation. Thena + b= 5and a b = -6. 50, a pos-
sible equation is x2 - 5x- 6 = 0. The roots of the equation are 6 and -1.

Problem 15.3 If p and g are the roots of the equation xz + px + g = 0 then we can

conclude that:

(a)p=1

(b)p=1 IDI'D"D]‘.'—%

Cp=-2

(d)p=-2or0

Solution: Since p and g are roots of the equationxz + px + g= 10,
pz+pr+g=0andgz+pg+g=0
= 2p2+g=0andg(g+p+1)=0
= 2p2+g=0andg=0o0rg=-p-1
Whenweuse,g=0and 2pz+g=0
Wegetp =0.
Orwhenweuseg=-p—-land2pz+g=0
We get 2pz-p-1=0 - which gives us

p=lorp=-1/2



Hence, there can be three values forp

i.e.p=l,p=ﬂ,c:rrp=—%

Problem 15.4 Ifthe roots of the equation a(b - ¢)xz + b(c - a)x + c(a-b) = 0 are equal,

thena, b, carein
(a) AP

(b) GP
(c)HP

(d) Cannot be determined
Solution: Since roots of the equationa (b-c)xz + b{c—a)x + ¢ (a—b) = 0 are equal
= ba(c-a)2 -daclb-cXa-b)=0
= bo(c + a)2 - dabc(a + c) + dazc2 =0
= [b(c+a)-2ac]2=0=Db(c+a)-2ac=0
= b=(2ac)/(a+c) = a,b,c, arein HP

Problem 15.5 The number of roots of the equation
2 d .
X—x-— =L 15
(x—1) (x—1)

(a)o
(b) 1
(c)2

(d) Infinite
Solution: The equation gives x = 1.
But x = 1 is not admissible because it gives x - 1 = 0 which, in turn, malkes the
whole expression like this: x-2/0 = 1-2/0. But 2/0 is not defined. Hence, no solu-
tion is possible.

Problem 15.6 If the roots of the equation xz — bx + ¢ = 0 differ by 2, then which of

the following is true?



(a)cz=4(c+1)
(b)bz=4c+ 4
iclcz=h+4

(d) bz = 4ic + 2)
Solution: Let the rootsbecand a + 2.
Thena+a+2=b=a=(b-2)/2 (1)
andala+2)=c=az+2a=c (2)
Putting the value of a from (1) in (2).
((b-2)/2)z+2(b-2)/2)=¢
=(bz+4-4b)/f4+b-2=¢
=hbr+4-8=4c
=br=4c+4

- Hence, option (b) is the correct answer.
Problem 15.7 What is the condition for one root of the quadratic equation axz + bx
+ ¢ = 0 to be twice the other?

(a) bz = dac
(b) 2bz = 9ac
clcz=4a+ bz

(d)cz =9a-b2
Solution:
~a+2a=—bfa)and x x 2x =c/a
= 3g=—{b/a) = a=-b/3a
and 2az =c/a = 2(-b/3a)z =c/a



= 2b2/%az=c/a = 2b2 = 9ac

Hence, the required condition is 2bz = 9ac.

Alternative: Assume any equation having two roots as 2 and 4 or any equation

having two roots one of which is twice the other.
When roots are 2 and 4, then equation willbe (x - 2) (x-4)=x2-6x+ & =0.
Mow, check the options one by one and you will find only (b) as a suitable
option.

Problem 15.8 Solve the system of equations
{ I/x+1/y=3/2,

l/x* +1/y* =5/4

Solution: Let 1/x =u and 1/y = v. We then obtain

u+v=3/2,
W +v-=5/4
From the first equation, we find v = (3/2) - u and substitute this expression

into the second equation

uz +((3/2)-u)2=5/4or2uz-3u+1=0

when vt = 1 and uz = 1/2; consequently, vi = 1/2 and vz = 1. Therefore, x1 = 1,

yit=2andxz=2,y2=1
Answer: (1, 2)and (2, 1).

Problem 15.89 The product of the roots of the equation mxz + 6x + (2m-1) =01is-
1. Then mis

(a) 1

(b) 1/3



(c)-1
(d)-1/3
Solution: We have (2m-1)/m=-1=m-=1/3

Problem 15.10 If 13x + 17y = 643, where x and y are natural numbers, what is the

value of two times the product of x and y? Assume x, y are both >10.
(a) 744
(b) 844
(c) 924

(d) 884

Solution: The solution of this question depends on your visualisation of the
multiples of 13 and 17 which would satisfy this equation. (Note: Your reaction
to 13x should be to look at it as a multiple of 13 while 17y should be looked at as
a multiple of 17). A scan of multiples of 13 and 17 gives us the solution at 286

+ 357 which would mean 13 «22and 17 = 21 givingusxas 22 and y as 21. The
value of 2xy wouldbe 2 = 22 =21 =2 = 462 = 924,

Problem 15.11 If [x] denotes the greatest integer = x, then

[l] [I l} |:] 3] |:l IQH}
— |+ = — |+ = |+ ——|=
3 3 9 3 99 3 99
(a) 99

(b) 66

(c) 132

(d) 167

Solution: When the value of the sum of the terms inside the function is less than
1, the value of its greatest integer function would be 0. In the abowve sequence of

values, the value inside the bracket would become equal to 1 or more from the



value [l + ﬁ:l.
3 99

Further, this value would remain between 1 and 2 up till the term E - %].

There would be 99 terms each with a value of 1 between 66/99 to 164/99.
Hence, this part of the expression would each yield a value of 1 giving us:

1 667 [1 67 1 164
P haaoll W% focil ol ) THRRA otoctigedt P07
3 9] |3 99 399

‘
Further, from [l +£]+ [l +ﬂ] Con .[l + '_"ﬁ]
3 99113 99 399

=2x34=68
This gives us a total value of 99 + 68 = 167 which means that option (d) is the

correct answer.

LEVEL OF DIFFICULTY (i)

1. Find the maximum value of the expression —————.
x“+35x+10

15
(a) =
(b) 1
4
(c) I_‘F
]
d) =
(d) -
2. Find the maximum value of the expression (xz + 8x + 20).

(a) 4
(b) 2

(c) 29

(d) None of these



3. Find the minimum value of the expression (p +1/p); p > 0.
(a)1
(b) O
(c)2
(d) Depends upon the value of p

4. Ifthe product of roots of the equationxz—3(2a+ 4)x+ a2+ 18a+ 81 =0is

unity, then a can take the values as
(a)3,-6
(b) 10,-8
(c)-10,-8
(d)-10,-6
5. For the equation 2a+3 = 4a+2— 48, the value of a will be

m}%ﬁ
(b)-3
(c)-2
(d)1

6. Theexpressionaz +ab + bzis fora<0,b<0

(a)=0



7. Iftheroots of the equation xz + bx + ¢ = 0 differ by 2, then which of the

following is true?
(a) azcz = 4(1 +¢)
(b)db+c=1
clcz=4+b
(dYbz=4{(c+ 1)

8. If fix)=(x+ 2)and g(x) = (4x + 5), and h(x) is defined as h(x) = f(x) - g(x),

then sum of roots of h (x) will be

X
(a) 2

13
b E

2]

-3
(c) -

-3
Ed}T

9. Ifequationxz +bx+ 12 =0gives 2 asitsoneoftherootsandxz+bx+g=0
gives equal roots then the value of b is

49

(a) T

10. If the roots of the equation (az + b2)x2 — 2(ac + bd)x + (c2 + dz2) = 0 are equal
then which of the following is true?



(a)ab =cd
(b) ad = bc
(elad = Jpe

(d)ab = Jfod

11. For what value of ¢ the quadratic equation x2 —(c + 6) x + 2(2c— 1) = 0 has
sum of the roots as half of their product?

(a) 5
(b) -4
(©)7
(d)3

12. Two numbers a and b are such that the quadratic equationaxz + 3x + 2b =

0 has - 6 as the sum and the product of the roots. Find a + b.
(a) 2

(b)-1

(el 1

(d)-2

13. If a and b are the roots of the quadratic equation 5y2 - 7y + 1 = 0. then find

1 1
the value of = + —

B



(d)7

14. Find the value of the expression (Vx+ *J'r-‘ F(x—H))

{a}é[z J2x=1) +1]
(b) L[ V@ +1) +1]
(c) %[1 Jox—1) - 1]

(@)~ [V@x-n-1]

L1 i

15. Ifa =,~,|'1-,- + 43y, what will be the value Dfir.:: +1Jﬁ

(a)7
(b) 4
(c) 3
(d)2

16. If the roots of the equation (az + b2) x2 - 2b{a + ¢) x + (b2 + c2) = 0 are equal

thena, b, ¢, are in
(a) AP

(b) GP
(c) HP
(d) Cannot be said

17. If a and b are the roots of the equation axz + bx + ¢ = 0, then the equation

1 1.
whose rootsarea+ —and b + —is

f o

(a)abxz +blc+a)x+(c+a)z=0

(BY(c+a)xz+blc+a)x+ac=0



(lecaxz+ blc+a)x+{c+a)2=0
(dcaxz +blc+a)x+clc+a)z=0

18. If x2 + ax + bleaves the same remainder 5 when dividedbyx-1lorx+ 1,

then the values of a and b are respectively
(a)0and 4
(b) 3ando0
(c)0and 3

(d)4and 0
19. Find all the values of b for which the equation xz2-bx + 1 = 0 does not pos-

sess real roots.
(a)-1<b=<1
(b)o<b=2
(c)-2<b=<2
(d)-1.9<h<1.9

Directions for Questions 20 to 24: Read the data given below and solve the questions
that follow.

If a and b are roots of the equation xz + x- 7 = 0, then
20. Find az + bz,
(a) 10
(b) 15
(c) 5

(d) 18



21. Find az + bz,
(a)22

(b)-22
(c) 44

(d) 36

22. For what values of ¢ in the equation 2x2 - (c3 + 8c— 1)x + ¢c2 —4c = O the

roots of the equation would be opposite in signs?
(a)c €(0,4)

(b)c € (-4,0)

iclc € (0, 3)

(d)c € (-4,4)

23. The set of real values of x for which the expression xz - 9x + 20 1s negative

is represented by
(a)4=<x<4
(b)4<x<5
clx<dorx=5

(d)-4<x<5
24. For what values of k, the expression xz + kx + 9 becomes positive (given

that x is real)?

(a)k<6
(b)k=>6

(c) [kl <6



(d) |kl =6
25. If9a-2+ 3a+4=81a-11, then find the value of 3a-8 + 3a-&.
(a) 972
(b) 2916
(c) 810
(d) 2268

26. Find the number of solutions of a3 + 2a-1 = a4, given that n is a natural

number less than 100.
(a)o
(b) 1
(c)2
(d) 3

27. The number of positive integral values of x that satisfles x3-32x - 5xz2 +

64 = 01isfare
(a) 4

(b) 5
ic) 6
(d) More than 6

28. Find the positive integral value of x that satisfies the equation x3-32x-
5x2+ 64 =0,

(a) 5

(b) 6



c) 7

(d) 8

29_ If a, b, c are positive integers, such that LWL 4 1 -,r_g how many sets of (a,
i iC F

b, c) exist?
(a) 3
(b) 4
(€)5

(d) 6
30. The variables p, g, r and s are correlated with each other with the follow-

ing relationship: so.5/p = g/r2. The ranges of values for p, g and r are re-

spectively: 004 <p=<-0.03,-0.252g=<-0.09,1=r=7

Determine the difference between the maximum and minimum value

of 5.
(a)-0.2
(b) 0.02
(c)0.1

(d) None of these

Directions for Questions 31 to 34: If graph of y = f{x) is shown in the diagram below,

then answer the following questions
Y

101> ,

0 /|
AR




31. If fix) = 0 has ‘'n' real roots thenn =
32. Sum of all roots of f{x) = 0is

33. Total number of roots of f(x) = 2 is
34, Total number of roots of f{|x]) = 01is

35. If m,naretherootsof pxz + gx + r=0and m + k, n + k are the roots of the

equationaxz + bx+c=0thenk=7?

(d) None of these

36. If m, n are the roots of the equation pxz + gx + r = 0 and km, kn are the roots

of the equation axz + bx + ¢ = 0, then k is

(a) |E
ar

(b) |Z
ap

(c) .|
cr

(d) None of these

37. For how many real values of x, is x2 = |x|?

38. For how many different values of p, does the equation 16x2 + px+9=0

have equal roots?



39. If m, n are the roots of the equation xz - 6x + 3 = 0, then the equation

whose roots are mz, nz could be
(a)xz-36x+9=0

(b)x2 - 18x-6=0
(clxz-42x+9=0

(d) None of these

40. If m, n are the roots of the equation xz + ax + b = 0 and m, n, a, b all are real

numbers then which of the following options can never be a value for (g,
b)?

(a)(1,1)
(b)(3,2)
(c) (4, 4)

(d)(7,3)

41. If a and b are roots of the equation xz + ax + b = O then
(a)a=1,b=-2
(b)a=0,b=-2
icla=1,b=0
(d) None of these
42. Find the numbers of real roots of the equation xz + 3|x| + 2 = 0.

43. The number of real roots of the equationxz + (x + 1)z + (x - 2)2=0

44. The numbers of real solutions of the equation 32v+3=1 _



Directions for Questions 45 and 46: f(x) = -x2 + x - 4, then answer the following

gquestions.

45, If x € R, then which of the following statements is true about fix) if fix) =

0 has no real root?

(a) The graph of flx) = -x2 + x - 4 opens upward and f{x) = 0 has no real

root.

(b} Graph of fix) = -x2 + x - 4 opens downward and f(x) = 0 has two real

roots that are equal.

(c) Graph of fix) = -x2 + x - 4 opens downward and f(x) = 0 has no real

root.

(d) None of these

46. If a, b are two positive integers and both a and b are greater than 1000
then fla).fib)is

(a)>0
(b) <0
(c)=0

(dy=0
47. Find the number of real roots of the equation |x|z - 2|x| - 3 = 0.

48. For how many real values of x is 3x'-2=-1 _ 2

49. For how many values of k, the absolute value of the difference between

the roots of the equation x2 + kx +15 =015 27



51. In the above question for what value of x, does f(x) attain its minimum

value?

LEVEL OF DIFFICULTY (I}

1. The sum of roots of the equation pxz + gx + r = 0 is equal to sum of squares
of their reciprocals. If p, g and r are real numbers and p = 0, then pgz, rpz,

grz are in

(a) A.F.

(b) G.F.

(c)H.P.

(d) None of these

2. If oneof the roots of the equation axz + bx + ¢ = 0is less than -3 and other

is greater than 3, wherea > 0,then 4a-2b +cis
(a)>0

(b) <0

(c)=0

(d) Cannot be determined

3. Inthe previous question, Sa + 3|b| + cis

(a)>0

(b) <0

(c)=0

(d) Cannot be determined



4. Iffix)=x3-3x2+ 2x+5andg(x) = x3 + x2 + 7x + 6 then what is the number

of common roots of f{x) = 0 and g(x) = 0?
Directions for Questions 5 and &:

5. Find the number of integral solutions of the equation, x2-4xy + 3y =0

where x and y are non-zero real numbers.
6. Inthe above question what would be the maximum possible value of x +
e
7. flx)=x3-(5+a)xz+(6+ 5a)x-6a, where ‘a’' is an even prime number.
For which of the following value of 'x, is fix) = 0?
(a)-1
(b) 1
ic)2
(d) None of these

8. Inthe above question if‘a’ is a double-digit odd prime number then, for

which of the following range of x, f{x) is greater than 07

(a)3<x<aorx<?2

(b)2<x<3orx<a
)3 <x=<a
(d)2<x<3orx>a

9. Letfix)=4az-8 + 8 (x-1)-x2, where a is a constant. If the maximum

value of f(x)is 16, then the valueofa =72



(a) 2

(b) -2

(c) 3

(d) Either (a) or (b)

Directions for Questions 10 to 12: f(x) = ax3 + bxz + cx + d where a, b, c and d are nat-
ural numbers. When f(x) is divided by x, the remainder is ks, where 'k is a prime
number. The square root of the remainder when f(x) is divided by (x - k) is the
perfect cube of a natural number. If a, b, c and d are in increasing geometric pro-

gression, then answer the following questions.
10. Find the value of ‘%"

11. What is the value of a?

12. fi4)=>2

13. f(x) = x8 -4 and f(k) = 0. The value of (k— 1)(k12 + k13 + k14 + k15 + ..... + k51)
=?

14. fix)=px3-2x+c

f(1) =-5and f(4) = 52. For how many values of x, f(x) = 0?

15. fix) =x3-gx2-p2x+ 288.If p, g and -12 are the roots of the equation f(x)
= 0, then find the value of f{2).

16. Find the sum of values of x that satisfies the equation

(x* -4x 4)’1- P

—_——

17. Find the product of the roots of the equation .2 | . . 19 -2y . 10y 422"

18. How many common roots do the equations g2 + 1001y +1 =0 and

¥ +1001x + 1000 = 0 have?



Directions for Questions 19 and 20: The equation * _sg4 — ;" & jn? 4+ o has exactly
three distinct integral roots. If a, b and ¢ are real numbers, then answer the fol-

lowing questions:
19. Find the largest value of b’.

20. Find the minimum possible value of a.
Directions for Questions 21 and 22 If the roots of the equation v - 5= +ge+r =0

represent the length of the sides of a triangle PQR and the length of the sides are

perfect integers, then answer the following questions:
21. Find the maximum possible value of r.

22. Find the minimum possible value of the product of in radius and circum-

radius of the triangle.
23. Find the number of real roots of the equation 4 " + 2y =5.

24, The sum of the reciprocals of the roots of the equation pw’ + gv+r=0is
7/23 and the product of the roots of the equation rx* + ge + p =015 1/23,

find the sum of the roots of the equation g + px+r =0
(a)1/7
(b)-7
(c)-1/7
(d)-7
25, If 37+ —g+% then find the product of all possible values of x.

26. One day each of Neha's friends consumed some cold drink and some
orange squash. Though the quantities of cold drink and orange squash

varied for the friends, the total consumption of the two liquids was ex-



actly nine litres for each friend. If Neha had one-ninth of the total cold
drink consumed and one-eleventh of the total orange squash consumed,

find the ratio of the quantity of cold drink to that of orange squash con-
sumed by Neha on that day?

(a)3:2
(b) 5:4
(c)2:1
(d) 1:1

27. Qi(x) and Qz(x) are quadratic functions such that Qi1(10) = Q2(8) = 0. If the
corresponding equations Qu(x) = 0 and Qz(x) = 0 have a commeon root and

Q1(4) = Qz2(5) = 36, what is the value of the common root?
(a) 10

(b) &

(c) Either 9 or &

(d) Cannot be determined

28. For the above question, if it is known that the coefficient of x2 for Q1 (x) =
0is 1/15 and that of Q2(x) = 0 is 1, then which of the following options is

a possible value of the sum of the roots of Q2(x) = 0?

(a) 18
(b) 36
(c) 25

(d)11



29. Which of the following could be a possible value of 'x' for which, each of
the fractions is in its simplest form, where [x] stands for the greatest inte-

ger less than or equal to 'x'?

1x]+7 Ix]+18 [x]+3] [.1'J+-'|ifﬁl___‘{1rj+l-1-?§‘-} ang 111567

o " 1 o1zt o3 39 40

(a) 95.71
(b) 93.71
(c)94.71

(d)92.71

30. x—-y=6and P = 7x2 - 12y2, where x, y > 0. What is the maximum possible

value of P?
(a) Infinite

(b) 352.8
(c) 957.6

(d) 604.8

31. Iftheequations 5x + Sy + 17z=a,4x+ 8y + 12z=hand 2x + 3y + Bz =
have at least one solution for x, y and zand a, b, and c m 0, then which of

the following is true?
(a)da—-3b-3c=0
(b)3a-4b-3c=0
(clda-3b-4c=0

(d) Nothing can be said



32. If theroots of the equation x3—axz + bx— 1080 =0areintheratio2:4:5,
then find the value of the coefficient of xz.

(a) 33
(b) 66
(c)-33

(d) 99

33. If the roots of the equation px3 - 20x2 + 4x- 5 =0, where p = 0, are |, m and

. 1 1 1
n, then what is the value of —+—+—7

imi BiR A

(a) 5
(b) -4
(c)4

(d) 8
34. The cost of ten pears, eight grapes and six mangoes is ¥ 44. The cost of
five pears, four grapes and three mangoes is ¥ 22, Find the cost of four

mangoes and three grapes, if the cost of each of the items, in rupees, isa

natural number and the cost of no two items is the same.
(a)#17

(b)¥18

c) ¥ 14

(d) Cannot be determined

35. The number of positive integral solutions to the system of equations a1 +

az+ai+aa+as=47andai1+az=371s



(a) 2376
(b) 2246

(c)2024
(d) 1296

36. If f (x) is a quadratic polynomial, such that f(5) = 75 and f (-5) = 55, and f
(p) =f(g) = 0, then find p = g, given that the value of the constant term in
the polynomial is 10.

(a) 2
(b) -3
ic) 5
(d) Cannot be determined
37. If|la|+a+b=75anda+ |b|-b =150, then what is the value of |a| < |b| ?
(a) 105
(b) 60
ic) 90
(d) Cannot be determined

38. If [x] represents the greatest integer less than or equal to x, then the value
1 17 1 r l .
Df[3|5*]+[3|ﬁ*J+[J!?*]+"j:515?]15

(a) 1383
(b) 1379

(c)1183

(d) 1351



39. a,b,c,d and e are five consecutive integersa<b<c<d<eandaz+ bz +¢c2 =

d 2 + e2. What is/are the possible value(s) of d?

(a)-2 and 10
(b)-1and 11
(c)0and 12

(d) None of these

40. The 9-to-9 supermarket purchases x litres of fruit juice from the Fruit
Garden Inc for a total price of § 4x2 and sells the entire x litres at a total

price of § 10 = (15 + 16x). Find the maximum amount of profit that the 9-

to-9 supermarket makes in the process.
(a) 1700
(b) 1,000
(c) 1,750

(d) 1,300
41. If a, p are the roots of the quadratic equation xz + mx+ 1 =0andy, b are

the roots of the equation xz + nx + 1 = 0, then the value of (o - v) (f - y) (&
+ 8)(p + 6)isequal to

(a) nz - mz
(b)Y mz - nz2
(c) 2 m2 - nz

(d) None of these



42. Find the roots of the quadratic equation bxz - Zax + a=0.

{a} i
vhtJa-b

b Ya
vbta-b

_Na
Jgi a=5h
@__Ya

Jatfa+b

(c)

43, If x2 + 3x - 101s a factor of 3x4 + 2x3 —ax2+ bx - a + b - 4, then the closest

approximate values of a and b are

(a) 25,43
(b) 52,43

(c) 52,67
(d) None of these
44 If x is real, the smallest value of the expression 3xz - 4x + 7 is
(a)2/3
(b) s
(c)7/9
(d) None of these
45. If 0 < p < 1 then the roots of the equation (1 - p)x2+ dx+p=0are __ ?
(a) Real and of opposite sign

(b} Real and both negative



(c) Imaginary
(d) Real and both positive

46. The number of possible real solution(s) of y in the equation y2 - 2y cos x +

1=0is 4

(a)0
(b) 1

(c)2
(d) 3

47. A polynomial ax3 + bx2 + cx + d intersects the x-axisat 1 and -1, and y-

axis at 2. The value of b is
(a) -2

(b) 0

fc)1

(d) 2

48. If x3 - mxz + nx - p = 0 has three roots a, B, y. If we add 3 in each of the

roots of x3 - mxz + nx - p = 0, then we get the roots of the equation x3 -

axz +bx - 27 =0. What isthevalueof p + 9m + 3n?
(a) O

(b) 1

(c) -54

(d) 54



49. If the roots of the equation x3 + gx2 + rx + s = 0 are in GP, then which of the

following is true?
(@a)rz=gqzs
(b)r3=gq3s
(c)r=gs2

(d)r=gs3

50. The graph of axz + bx + ¢ is shown below. Then which of the following is

true?

- !

b Y-Axis

X-Axis

g0l 80

(a)a<0,b<0,c>0
(b)a<0,b<0,c<0

()a<0,b>0,c>0
(d)a<0,b>0,c<0

!
0 (a, 0)\(2.0)

-

51. If 'x' is a real number then what is the number of solutions for the equa-

tion: (xg + 12)1/2 = x4 - 22

(a)0



(b) 1
(c)2
(d) Cannot be determined

52. How many integer values of ‘p’ are there such that the inequality x2 + 4px
+(p + 3) = 01is true for all values of x?

53. If g(x)=x"— pr’ — & _r can be factorised as (x - p)(x-q)(x-r),thenfi4)=72

4

54. Theroots of x3 - px2 + gx - r=0are a, b, c while the roots of x3 + wxz + yz -

47 =0area+2,b+2,c+ 2, thenthevalueofd4p+2g+r=2

Directions for Questions 55 and 56: One of the roots of the equation x2 + bx + 3b =0 (b

€ R)is thrice the other root, then answer the following questions.

55. What is the value of 3b?

56. Which of the following options correctly represents roots of the equation
x2-33x+17b=02?
(a)b,b+1

(BYb-1,b
clbh-1,b+1
(d) None of these

57. Therootsofx2 + 5x + a= 0are pand g while therootsofxz + 23x + b =0 are

gandr. If p, g, r are in an arithmetic progression then the value of |a = b|

=7

58. f(x)=(x-2)x2+2x+5)

Ifa, b, c are the roots of f{x) = 0, then find the value of a3 + b3 + ca.



59. If fix) = px2 + gx + r and f{x) is exactly divisible by (x + 2) and (x + 3) but
leaves remainder of 7 when divided by (x - 1), find the approximate value

of g.

60. If f(x)=4x~ 74+, which of the following statements is true about the roots
of the equation f(x) = 2?

(a) It has only one real root which is not an integer
(b) It has no real root

(c) It has one real root which is a positive integer

(d) It has two real roots

61. If the equation axz + bx + a = 0(a > 0) has real and positive roots then

which of the following is always true?
(a)b < 2a

(b)b<0

(c)b=-2a

(d) All the options are true

62. If p, g, rarereal and (x - p)(x - g)+(x - g)(x - r)+(x - r)(x - p)=0ifp=g=7

then which of the following options is true?
(a) Roots of the given equations are imaginary.
(b) Roots of the given equation are real.

(c) Roots of the given equation are equal.

(d) None of these



63. If fix) = px2 + gx + rand g(x) = rxz + gx + p.If one root of fix) = 0is 2 and one
root of g(x) = 0 is 14, then find the sum of the roots of f{x) and g(x).

64. The number of distinct points at which thecurve ya -4yz +xz2 - 5x+ 3y =
0 intersects either the y-axis or the x-axis is.
65. If the sum of the roots of the quadratic equation pxz + gx + r = 0 is equal

to the sum of the square of their reciprocals, mark all the correct state-
ments.

(a) r/p, p/gand g/rarein A. P.
(b)p/r,g/pandr/gareinG.P.
(c)p/r,g/pandr/garein H. P.
(d) Both {(a) and (c).

66. In the Maths Olympiad of 2020 at Animal Planet, two representatives

from the donkey's side, while solving a quadratic equation, committed
the following mistakes:

(1) One of them made a mistake in the constant term and got the roots as
Sand?s.

(ii) Another one committed an error in the coefficient of x and he got the
rootsas 12 and 4.

But in the meantime, they realised that they are wrong and they

managed to get it right jointly. Which of the following could be the qua-
dratic equation?

(a)xz+4x+14=0



(b) 2xz2+ 7x-24=0
(c)xz-14x+48=0

(d)3x2-17x+52=0

LEVEL OF DIFFICULTY (111}

1. fix)=axz2+bx+c&a=<0.

The equation f{x) = 0 has two distinct roots which is from the set | -2,
-1, 0, 1, 2}. How many different pairs of roots of f{x) are possible such
that f{0) is greater than or equals to 02.

(a) 4
(b) 6
(c)8
(d) 10

2. pxz + gx +r=0has one root greater than 3 and other root less than 1.

Which of the following is necessarily true?
(@pl4p+2q+1)<0
(b)p(4p +2q+7)>0
(C)pl4p-29+71)<0

(@) p(sp -3g+7r)<0
3. If flx,y) = 4" » ¥ then what is the total number of solutions for the equa-
tion fix, y) = 5.

(a)O

(b) 1



(c) 2
(d) More than 2.

Directions for Question 4 and 5: 1f ‘d’ is a root of the equationaxz + bx+c=0and ¢’
is aroot of the equation axz + bx + d = 0 and if ¢ = d then answer the following

questions:
4, Findthevalueofc+d

(a)alb - 1)

b-1
a

(b)
(d) None of these

5. Which of the following equations has roots -¢, -d?

(a)axz+alb-1x+b-1=0
(blaxz —a(l-b)x+1-b=0

(laxz+al(l-b)x+1-b=0
(d) None of these

6. The values of a quadratic function f{x) is a positive for all values of x, ex-

cept for x = 4. If f{0) = 10, find the value of f{ -4).

7. Find all values of ‘a’, such that 4 lies somewhere between the roots of the

equation 3xz + 4ax + (a + 3) = 0 for all values of x.
(a)a=<-3
(bla<-2

cla=3



(d)a=2

8. flx)=x3-(5+k)x2+(6+5k)x - 6k, where ‘' is an odd prime number and k

> 3, What is the range of values of x for which fix) < 0?
(a)2<x<3orx=k

(Blx=<2,3<x=<k

iclx<3, x>k

(d) None of these
9. fix,p)=alx-p)2+ b(x - p) +c,wherea, b, care constants and a < 0 and ‘p' is
a natural number. It is given that the roots of the equationaxz + bx+c=0

are 3, 4. Then,the value of x at which f{x, 5) attains its maximum value is
(a) 9

(b) 8.5

(c) 7.5

(d) 5.5

10. fix) = [x]z - 11]x] + 30, where [x] represents the largest integer less than or

equal to x, then what is the sum of all integer solutions of the equation

flx) = 0?

11. If all the three roots of the equation x3 - 12x2 + px - 42 = 0 are unequal
and prime. Then find p.

Directions for Questions 12 and 13:

If fix) = x3 - px2 - 2gx + v and g(x) = (x - p)(x - q)(x - r), answer the fol-

lowing questions.



12. Find the value of p + g for which f(x) = g(x),

13. Find the value of f{4), if fix) = g(x),
14. If f(x)=(b-1)x2+(c+d)x+eanda:b=1:2,b:c=2:3,c:d = 3:4,d:e = 4:5,
then find the square of difference of the roots of the equation f(x) = 0.

15. logz x xlog3 y + log3z z x log3 xy = 11, where x, y, z all are real numbers.
If (log3x)2 + (log3 y)2 = 14 - (log32)2 and yz = kf = :’ then &k, +k, =?

Directions for Questions 16 to 18: f(x) =ax2 - 150x + 5b where a and b are two positive

integers. Then answer the following questions
16. For how many ordered pairs (a, b) will (x - 3) be a factor of f(x)?

17. Find the maximum possible value of a + b for which (x - 3) is a factor of
Sfx).

18. If a and b are integers then for how many ordered pairs (a, b) will (x - 3) be

a factor of f(x)?
(@9

(b) 18

(c) 180

(d) None of these

Directions for Questions 19 and 20: If f(x) = x3 - 12x2 + 47x = 60. then answer the fol-
lowing questions:
19. How many quadratic equations of the form xz +bx + ¢ = 0, can be formed
such that both the roots of the quadratic equation are commeon with the

roots of f(x) = 0?



(a) 3
(b) 5
(c) 6
(d) None of these

20. If the product of all the roots of the quadratic equations of the form xz +
bx + ¢ = 0, that can be formed such that both roots of the quadratic equa-

tion are common with the roots of f{x) = 0is p then find p1/4.
(a) 30
(b) 40
(c) 50
(d) 60

Directions for Questions 21 and 22: If all the roots of (x - k)3 (x - 7) - 27 = 0 are integers

then answer the following questions:

21. How many integer values can k have?
22. Find the difference between the maximum and minimum possible values
of k.

23. Find the value of p for which the sum of the square of the roots of the
equation xz - (p - 3)x + (p - 4) = 0 is minimum.
24 If f(x) = x2,8(x) = x3 - 2x, where x is a positive integer then for how many

values of x, is f{x) = g{x)?

Directions for Question 25 and 26: If h(x) is a quadratic function which attains its

maximum value of 10 at x = 4. If t{x) is a function such that 3h(x) + 5t{x) = 0, then

answer the following questions:



25. Which of the following option is true?
(a) h(x) and t(x) have roots of opposite sign
(b) Sum of roots of h(x) and t(x)is 0
(c) Sum of roots of h(x) is equal to the sum of roots of t(x)
(d) None of these
26. Find the minimum value of t{x).

27. The curve shown below can possibly represent which of the following

equation (assume the curve does not exist at x = 0).

[a}£—5+ X

Xl

6
b ——=_'.:|— X

&

[l

(d) None of these

:5—'1‘|

(c)

28. If fix) = max(|xz2 - 4|, 2x + 4) then find the number of solutions of the equa-

tion f{r}=%

29. Find the number of real solutions of the equation ||x| - 1| = ex



30. Find the number of real solutions of equation ||x|-1]- 2

where ‘p’ is a positive integer then find g.

|

P | i
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Solutions and Shortcuts
Level of Difficulty (1)

1. For the given expression to be a maximum, the denominator should be
minimised. (Since, the function in the denominator has imaginary roots

and is always positive). x2 + 5x + 10 will be minimised at x = -2.5 and its

minimum values at x =-2.51s 3.75.
Hence, required answer = 1/3.75 = 4/15.
2. Has no maximum.
3. The minimum valueof (p + 1/p)isatp = 1. The valueis 2.
4. The product of the roots is given by: (az + 18a + 81)/1.
Since product is unity, we get:az + 18a + 81 = 1.
Thus,az + 18a+80=0

Solving, weget:ta=-10anda = - 8.
5. Solve through options. LHS = RHS fora = 1.

6. Fora, b negative, the given expression will always be positive since, az, bz

and ab are all positive.
7. To solve this, take any expression whose roots differ by 2.
Thus, (x-3)(x-5)=0
= x2-8x+15=0
Inthiscase,a=1,b=-8andc=15.

We can see that bz = 4(c + 1).



8. hix)=4xz+13x+ 10.
Sum of roots— 13/4.

9. x2+bx+12=0has 2 asaroot.
Thus, b =-8.

10. Solve this by assuming each option to be true and then checlk whether the

given expression has equal roots for the option under check.
Thus, if we check for option (b),

ad = bc,
Weassumea=6,d=4,b=12,c=2 (any set of values that satisfies ad =
bc).

Then (az + b2)x2 —2(ac+ bc)x + (c2 +d2)=0
180x2-120x+20=0

We can see that this has equal roots. Thus, option (b) is a possible
answer. The same way if we check for a, c and d, we see that none of them

gives us equal roots and can be rejected.
11. (c+6)=1/2=2(2c-1)=2c+6=2c-1=¢c=7
12. -3/a=—6 = a= 15,
2bfa=-6anda=1"2
Givesusb=-1.5
a+b=-1
13. 1/a+1/f=(a+B)/ap

= (7/5)/(1/5) = 7



= |  —
14. ¥ WrtwxdAdxnEe

=¥V= .,‘".1 + ¥

= y2=x+y

y2-y-x=0

Solving quadratically, we have option (b) as the root of this

equation.

15. The approximate value ofa = /{3 97 = 3.6 (approx.)a+ 1/a=3.6 + 1/3.6is

closest to 4.

16. Solve by assuming values of a, b, and ¢ in AF, GP and HF to check which

satisfies the condition.
17. Assume any equation:
sSayx2-5x+6=0
The roots are 2, and 3.
We are now looking for the equation, whose roots are:
(2+1/3)=233and(3+1/2)=35
Alsoa=1,b=-5andc = 6.

Put these values in each option to see which gives 2.33 and 3.5 as its

roots.

18. Remainder when xz + ax + b is divided by x - 1 is obtained by puttingx =1
in the expression. Thus, we get.

a+b+1=5and

b-a+1=5



=b=4anda=0
19. b2—-4<0=-2<h<2
20. (az + b2) =(a + b)z2 - 2ab
=(-1)2-2x=(-7)=15
21. (a3 + b3)=(a+ b)3a-3abla+ b)
=(-1)3-3=(-7)(-1)
=-1-21=-22
22. For the roots to be opposite in sign, the product should be negative.
(c2—4c)/2<0=0<c=<4

23. Theroots of the equation xz2 - 9x + 20 = O are 4 and 5. The expression

would be negative for 4 < x < 5.
24, The roots should be imaginary for the expression to be positive
ie kz-36<0

thus,-6<k<6or|kl < 8.
25. Simplifying the equation 9a-2 + 3a+4=81a-11, we will get: 32a-4 + Ja-4=

34a-44. This gives us:
2Za-4-a-4=4g-44 - a-8=4a-44 - 3a=36 v a=12

Hence, we have to evaluate the value of 34 + 36 =81 + 729 = 810.
Hence, option (c) is correct.
26. In order to think of this situation, you need to think of the fact that "the
cube of a number + a power of two" (LHS of the equation) should add up

to the fourth power of the same number.



27. The values of x, where the above expression turns out to be negativeor 0

arex=2,3,4,5,6,70r8.
Hence, option (d) is correct.
28. The value of the LHS will become 512 -256 -320 + 64 = 0 when x = 8.

29. The above equation gets satisfied ata = 9, b = 8 and ¢ = 6. (In order to
visualise this, look for sets of 3 numbers with an LCM of 72). All different
arrangements of (9, 8, and &) will be possible values of (a, b, ¢). Possible

arrangements of (a, b, c) are (9, 8, 6), (8, 9, 6), (6, 8,9),(8, 6,9), (6, 9, 8), (9,
6, 8). Thus, there are a total of six such sets possible. Hence, option (d) is

correct.

30. The equation can be rewritten as s** = P—,q or ;= (pq_)-

r 7

The maximum value of s will happen when pq is maximum and r is
minimum. pq is maximum whenp =-0.04 and g =-0.25 and r = 1 simi-

larly s will be minimum whenp =-0.03 andg=-0.09and r = 7.

_ (-0.04 x —0.25) _ (-0.03 x —0.09)
T = : = -
(-0.04 x -025)* (-0.03 x —0.09)’
el = =
1 74
= 0.0001

31. Graph of f(x) = 0 cuts x-axis at three distinct points. Therefore f(x) = 0 has

three roots.

32. Sumofrootsof fix)=0is-1+1+3 =3,



(0.1)

I'
33. 1) / \ /
: X
/ (10) ja,u;

The y = 2 line intersects the curve y = f{x) at only one point, hence total

number of roots of fix) = 2is 1.

34. Process to draw graph f{|x]), if graph of f{x) is given: First erase the nega-
tive x portion of f(x) then take a mirror image of positive X portion. Curve

of y = f(|x]) is shown below.

(1.0

. (3.0)

Here we can see that the curve of y = f(|x]) cuts the x-axis at four distinct

points, hence y = f(|x|) has four real roots.

35 m+n=—< (1)
P
b
(m+k)+(n+k)=——
a
m+n+2k=—— )
= @)
Subtract equation (1) from equation (2):
b
ok=—243

a p



;;:l[i_i]

2|l p a]

=

Option (b) is correct.

-
36, M =—
P

(mk)(nk) = mnk” = o

a

Equation (2) + equation (1)
K o

— ¥

a r
ar
Thus, option (a) is correct.
37. Forxz0:xz=Xx
=x2-xXx=0
=x(x-1)=0

=x=0,1

Forx<0:x2=-x
=x2+x=0
=x(x+1)=0

=x=0,-1

(1)

(2)

Therefore, for three real values of x, we will get xz = |x].

38. l6x2+px+9=0



For equal roots, the discriminant of the above equation must be zero.

pz-4x16=x9=0

pz=4x16x9

p=+(2x4x3)=2+24

Therefore for two different values of p, 16x2 + px + 9 = 0, has equal roots.
9. m+un=6,mn=-3

(m+mn)2=m2+nz+2mn

36=mz+nz-=6

mz + n2 = 42 (Sum of roots of the required equation)
Also, since mn = -3, the value of mznz = 9 (product of roots of the re-

quired equation)
Therefore the equation must be xz - 42x + 9 = 0.,
Hence, option (c) is correct.

40. Checking from the options, if weputa =1 and b = 1 (from option (a). then
we get the equation, x2 + x + 1 = 0, and this equation does not have any

real roots.) So, this option is correct.

41. a+b=-a,ab=0b

=ab=>b
=ab-b=0
=(a-1)b=0

This gives us two possibilities:b=0o0ra =1

Forb=0,a+0=-a,=a=0



Forb=0,a+0=-a,=a=0
Fora=1,1+b=-1=hbh=-2
Option (a) is correct.

42. Forx >0

=x2+3x+2=0
=x2+2x+x+2=0

=(x+2)(x+1)=0
=x=-1lor-2
But here x > 0, so these values of x are not possible in this case.
Forx<0.
=x2-3x+2=0
=(x-2)(x-1)=0
=x=1o0r2
But here x < 0, so these values of x are not possible in this case.
Therefore, the given equation has no real root.
43 xz+(x+1)2+(x-2)2=0

Itispossible whenx=0,x+1 =0, x - 2 = 0 (Since each of the terms

within the brackets in the given expression is non-negative).

Thus, we get the required valuesof x = 0,x = -1, x = 2 all at the same
time. It is not possible that a variable would have the same. Therefore,

the given equation has no real root.



44. ax can never be equal to 0 for any real value of x. Therefore, 32°+5+<1 can
never be equal to 0 for any real value of x. So the given equation has no

real solution.
45 fix)=-x2+x-4

The discriminant of the equation f{x) = 0 is less than zero. Therefore, fix)
= 0 has no real root and the coefficient of x2 is less than 0. Therefore, f{x)

= -x2 + x - 4 opens downward. Hence, option (c) is correct.
46. fix)is less than O for all real values of x (As D < 0,a < 0).

Therefore, fla) < 0, fib) < 0

fla).fib) > 0

Hence, option (a) is correct.

47. |x|2 -2 |x| -3 =0
= (|x| -3) (x| +1)=0
= |x|=3,-1
Ix| = -1 is not possible
= |x|=3

=Xx=13

Therefore, for the given equation only two real roots are possible.
48. 313_:.:_: e

=x2-2x-1=2

=x2-2x-3=0

=(x-3ix+1)=0

=x=3,-1



The given equation has two solutions. Hence, there are two values of x at

which the equation is satisfied.
49. Let the roots of the equationxz + kx + 15 =0bem, n.
m+n=-kmn=15m-n=2

(m+n)z-dmn=_(m-n)2

k2 -60=4
k2 =64
k=+8,-8

The correct answer is 2.

50. fix)=x2-8x+12=(x-2)(x-6)

%

s fix)=0forx=2,3,4,5and 6
.. the correct answer is 5.

51. fix) = 0 has two roots 2, 6 and curve of f{x) opens upwards. So f(x) is
minimum for £'(x) = 0. This gives us 2x - 8 = 0. Thus, the function would

attain its minimum at x = 4.
Therefore, f(x) is minimum for x = 4.
Level of Difficulty (1)

1. Lettheroots of the equation be a and b. According to the question:



a+h='—;'+'—..'
b

a
a+b=2 .;F{,’
b2
(a+b) —2ab
a+b= =
ab*

(_i]'_’i
e N O ’P=’2rpz=pqz+qr2
p

l

pq2, rp2,and qr2, arein A.P.

2. Thegraph of ;i + jy + ¢ = would look like:

So, at x = -3 and +3, the value of the given function must be negative for
all values between (-3, 3). At x = -2, we have
a(--Z)2 +b(-2)+c<0 or 4a-2b+c<0
Hence, option (b) is correct.
3. f(3)=9a+3b+c<0,f(-3)=9a-3b+c<0
9a+3b|+c <0

Hence, option (b) is correct.



4. -3 +2x+5=0+x +Tx+6
4x" +5x+1=0
x==lor-1/4
MNone of the two values satisfies the given equations. Hence, the two

equations do not have any commeon roots. Hence, correct answer is 0.

5. x° —4xy+3y =0.Thisis a quadratic equation in the variable x. Using the

formula for the roots of a quadratic equation, we have:
| 3
x=2yt 4y -3y

For x to be an integer 43 — 3, must be the perfect square of an integer.

3EN9+1687 | where k is an integer. Again, for y to be an

s
integer, 16k2 + 9 should be an integer.

4y —3y=4tor ;!

Thus, where ‘a’ is an integer.
(4k-a)(4k +a)=-9

The only permissible values of k and a are 1 and 5 respectively.

Thus, the only possible value of k for which yisanintegeris k= 1.

3+5
B

==y = =land y -2+ .1 =1and 3.

Hence, there are two possible integer pairs which are (1, 1) and (3, 1).
6. Maximum possible valueofx +y=3+1=4.

7. Since ais an even prime number, the expression becomes: f{x) = x3 - Tx2 +

16x-12=(x-2)2({x-3).

For f(x) > 0, we have: (y —2)%(x—3) =0 We get (x -3} > 0 or x > 3. Hence, for

none of the given values of x, fix) > 0.



Hence, option (d) is correct.
8. Theexpressionis: (x-a){xr-2){x-3)>0
As, a is a double-digit prime numbersoa=11,13,17 or 15.
So, (x—a)(x-2)(x-3) =0=0

The above inequality holds true if all the three brackets are positive,
which would occur for x > a, or if two of the brackets are negative and one
bracket is positive. This occurs, if 2 < x < 3. Hence, option (d) is correct.

9. 4a’ -848(x-1)-x* =[x -8x+16)+4a’
=—(x- 4)2 +4a°
f(x) will be maximum at x = 4. Hence, at x = 4, fix) = 44> =160ra=* 2.
Hence, option (d) is correct.
10. When, f(x) is divided by x, the remainder will be f(0) = d = ka.
Now, ‘k’ is prime number and a, b, ¢ and d, form an increasing G.P.

a=k,b=Fkz c= k3, d= ks, and subsequently the expression is: f(x) = kx3 +

k2x2 + k3x + ka.
11.a=2

12. f(4) =

2x4 +22x42 +23 x4 4+2 =128+ 64 +32+16=240



40
At this point, we can replace: (1 skt ...+ k2 ), with: (k '). Thus, we get:
k-1

(k1)K (k% 1)

k-1
=1023x8 =8184

— 32 (k‘“’ -l)=(8)x(2'° -l)

14. (1)=p-2+c=-5
p+c=-3 (1)
f(4)=64p-8+c=52
64p +c=60 (2)
Solving equations (1) and (2), weget:p=1,c =-4.
f(x)=x -2x-4
There is only one real root for f(x) = 0. Hence, the correct answer is 1.

15. The sum of the roots of a cubic equation ax3 + bx2 + cx + d = 0 are given by:
-b/a.

Hence,p+q-12=qorp=12
Also, using the product of roots, we get: p x g x (-12) = -288. Using p =
12, weget,q = 2.
Hence, = fix) = x* —2x° —144x+ 288
f(2)=2"-2x2" —144x2+288=0
Hence, f(2) = 0.

i

16. ‘.r2—4x—4)l: l6—1=Oor(.\'2~-&t~4) =]



This is possible when 2 _ 4y -4 =1ar+* =16 =0
For: ;2 _4y_4=1*weget:x=50r-1
For: & 1=+ we get x=-4 or +4.
Sum of all possible roots of the equation=-1+5-4+4 =4,
17. Let: \fm- Then, ;2 410x+19=u* -3

Thus, the equation becomes: ,* _31- 7,

.,
N —2u—3i=0

{ﬂ —3}{'& + I] ={
u = 3 and by definition u = -1 (as a value inside a square root cannot be

negative). The equation we have is:

2 +10x+19 =2V +10x+22 —
2 +10x+19 =2x%3
X+ 10x+13=0
Product of the roots = ¢/a = 13.
18. Let'’s first find the intersection points of the two functions underlying the

equations.

1000x” +1001x +1=x" +1001x+1000 —
999x” =999 — x=+1
Of these two values of x, we can see that +1 is not a root of the equations,
while -1 is a root for both the equations. Hence, the two equations have

only 1 common root.

Solutions for Questions 19 and 20:

Let the roots of the equation % 594 _ 4" —h? —cv—parep, p,gandr.



parqrpr+pp+pg+pr=-bandpxp=q=r=-534

bwill be maximum when pg +gr+ pr+ p.p+ pg+ pris minimum. For this to be min-
imum,p=1,g=2andr=-297.

Hence, the maximum possible value of b =

(x14+1x2+1x(=29T)+1%x2 +1x(=297) + 2 x (-297))
—1183.

For an equation with the highest power of x being the power 4, we have:

Generic Form: ax4 + bx3 + ¢x2 +dx + ¢ = 0. Let the roots be: p, g, 1, 5.

Then:p+g+r+s=-bfa,pg+pr+ps+qr+qgs+7rs=c/a;,pqr+pgs + prs + qrs =
—d/a; and pgrs = e/a

20. p+p+g+r=aor2p+qg+r=a. awillbe minimum when 2p+¢ +ris mini-
mum. For this to be minimum, p=-297,g=1and r= 2.
a=2p+g+r=-594+2+1=-591

Solutions for Questions 21 and 22:
21. Let the roots of the equation be a, b and c.

a+b+c=5asa, bandcarethe sides of atriangle. &a+b>c
The only possible values of (a, b, ¢) are (1, 2, 2). Product of the roots
== Ix2xd - r=4

22. In-radius = a
X

Circum-radius = abc/4A

Product of in-radius and circum-radius =
A abc abe 4

—

s 4A 2(a+b+c) 10

Hence, the product of in-radius and circum-radius = 0.4,



23. 477 =5-2x

The graphs of 4-xand 5 - 2x are shown above. There are exactly two in-

tersection points of 4-x and 5 — 2x. Hence, the correct answer is 2.

24. Let the roots of the equation py* + gx +r = 0are aand b.

BN 2

1 1 a+b ( p) q

=== = =2 =713 1

a+b ab T r (1)
p

p.1 )

r 2

.3
Equation 1/ equation 2:: - = -g'i':’-or . =
23

P

r

Sum of theroots of gy* + px+r =01is -5 which would be equal to 1/7 in this
case.

Hence, option (a) is correct.

25. fix)=0

3|2x-I| _g*xsSor j)x-il _3%4x-5)



Or [2x +1| =2 x(4x-5)

This gives us two scenarios: 2x+1=2%(4x-3)or

2x+1=-2x(4x-5)

When, 2x+1=2x(4x-5)
Jr+l=8y—l0oréx=1lorx=11/6

When, we use; 2x+1=-2x({4r-5)or 10x=9orx=9/10

Product of the possible values of x = I_EL —=1.65.
]

26. Let there be 'n’ friends of Neha which would mean that the amount of
total liquids consumed by the group would be 9n. Further let the total

amount (in litres) of cold drink consumed by Neha and her friends be ‘x'
litres. Then, the amount of orange squash consumed by the friends will
be 9n—x. As per the given information, we know that Neha has consumed
one-ninth of the total cold drink (i.e. x/9) and also that she has consumed
one-eleventh of the total orange squash (9n-x)/11. Also, since Neha has
consumed a total of 9 litres of the liquids, we will get:

3 (9n— x)

i =9=9
9 11

= 1lx+81ln-9x =891
+ 2x+81n=891 - x=(891-81n)+2

In this equation, n is an integer and x should be less than 9n. This gives

rise to the inequality:

O<x<5n -+ 0<(891-81n)/2<9%n -+ 0<851-81n<18n
The only value of n that satisfies this inequality is at n = 10.

This means that there were ten friends in the group and the amount



of liquids consumed in total would have been 90 litres (9 litres each).
Putting this value in the equation, we get: 2x+ 810 = 891 —+ x = 40.5. This

would mean that Neha consumes 40.5/9 = 4.5 litres of cold drink and
hence, she would consume 4.5 litres of orange squash. The required ratio

would be 1:1.

27. Let the common root be ‘m’. Since we know that Q1(10) = 0, it means that
10 would be one of the roots of Q1. By the same logic it is given to us that

8 is one of the roots of Q2. Using this information, we have:
Q1=c1% (x-10) x (x—m)

and Qz = c2 * (x—8) = (x—m). (Note: c1 and cz are constants (each not

equal to 0)).

The only information we have beyond this is that the product Q1 (4) =
Q2 (5) = 36. Howevwer, it is evident that by replacing x = 4 and x = 5 in the
expressions for Q1 and Q2 respectively, we would not get any conclusive
value for m since the value of m will depend on the values of c1 and cz.

You can see this happening here:
c1x—6x(d-m)xcz=x-3=(5-m)=136
c1xc2x(20-9m+mz)=2

In this equation, it can be clearly seen that the value of the common root
‘m’' would be dependent on the values of ¢c1 and ¢z and hence we cannot
determine the answer to the question. Option (d) becomes the correct

dAINsSWer.

28. Since we got: c1 * ¢2 * (20 - 9m + mz) = 2 as the equation in the previous
solution, we can see that if we insertci1 = 1/15 and ¢z = 1 in this equation

we will get:



mz—-9m+20=30+mz2-9m-10=0 - (m-10)(m+1)=0 -+ m=10orm
=—1.1.e.,the common roots for the two equations could either be 10 or-1

giving rise to two cases for the quadratic equation Qz = O:

Case 1: When the common root is 10; Q2 will become -+ (x-8) (x-10) =

x2— 18x + 80. The sum of roots for Q2(x) = 0in this case will be 18.

Case 2: When the common root is -1; Q2 will become = (x-8)(x + 1) = x2

— Tx - 8. The sum of roots for Q1(x) = 0 in this case will be 7.

Option (a) gives us a possible sum of roots as 18 and hence, is the correct

dIlsWer.

29. In order to solve this question, the first thing we need to do is to identify
the pattern of the numbers in the expression. The series 7, 18, 31, 46,
etc., can be identifiedas 7,7+ 11 = 1; 7+ 12 = 2;7+ 13 = 3 and so on.
Thus, the logic of the term when 39 is in the denominatoris 7 + 39 = 38 =

1489 and the lasttermis 7+ 40 = 39 = 1567.

The series can be rewritten as:

[x]+7 |+{I]+T 1+[:r]+'.-' 3+[1']+-.""I:u+[.‘l.']+-."

10 T 12 13 39
[x]+7
40

and 30 +

For each of these to be in their simplest forms, the value of [x] should be
such that [x] + 7 is co-prime to each of the 31 denominators (from 10 to
40). From amongst the options, option (c) gives us a value such that [x] +
7 =101 which is a prime number and would automatically be co-prime
with the other values.

30. x-y=6 = x =6+ y. Substituting this value of x in the expression for the

value of F, we get:

P=7(6+y)2- 12y



P=252+7yz2+ 84y - 12y2=84y-5y2+252
Differentiating F with respect to y and equating to zero we get:
84-10y=0-+y=8.4

The maximum value of F will be obtained by inserting y = .4 in the ex-
pression. It gives us:

84=84-5=x842+252=705.6-5=70.56+252=957.6-352.8=
604.8

31. Only in the case of option (c) do we get the LHS of the equation 4a - 3b - 4¢
= 0 such that all the x, y and z cancel each other out. Hence, option (c) is

the sole correct answer.

32. The equation can be thought of as (x - 2m) (x— 4m) (x - 5m) = 0. The value
of the constant term would be given by ( - 2m) = (- 4m) = (- 5m) which
will give us an outcome of - 40m3 which is equal to- 1080. Solving -
40m3 =-1080 = m = 3. Hence, the roots of the equation being 2m, 4m
and 5m will be 6, 12 and 15 respectively. Hence, the equation would be-
come (x-6){x-12)x—-15) = 0. The coefficient of xz will be (-15x2 - 6x2 -
12x2) = -33x2. Hence, the value of ‘a’ will be +33. Hence, option (c) will be

the correct answer.

. 1 1 1
33. The value of the expression ;_+_+,.'_ =imn(l+m+n)/l2mzn2=(1+m
L4 T M

+ n)/l mn. For any cubic equation of the form ax3s + bxz + cx + d = 0, the
sum of the roots is given by — b/a; while the product of the roots is given
by -d/a. Theratio(l+m+n)/imn=b/d=-20/-5=4.

Option (c) is correct.



34. When you look at this question, it seems that there are two equations
with three unknowns. However, a closer look of the second equation

shows us that the second equation is the same as the first equation.

le. 10p+8g+6m=44and 5p + 4g + 3m = 22 are nothing but one and
the same equation. Hence, you have only one equation with three un-
knowns. However, before you jump to the ‘cannot be determined’ an-

swer, consider this thought-process.

The cost of ten pears would be a multiple of 10 (since all costs are natu-
ral numbers). Similarly, the cost of eight grapes would be a multiple of 8

while the cost of six mangoes would be a multiple of 6.
Thus, the first equation can be numerically thought of as follows:

By fixing the cost of ten pears as a multiple of 10 and the cost of & grapes

as a multiple of &, we can see whether the cost of six mangoes turns out

to be a multiple of 6.
Total cost of | Total cost Total cost of
Total cost
10 pears of 8 grapes & Mangoes

44 10 16 18 Possible

44 10 24 10 Mot possible

44 10 32 2 Mot possible

44 20 8 16 Mot possible

44 20 24 0 Mot possible

44 30 8 & Not possible, since

both the cost of
mangoes and grapes
turnsouttobe 2 1
per unit (They have
to be distinct.)




Thus, there is only one possibility that fits into the situation. The cost
per pear = ¥ 1. The cost per grape = ¥ 2 per unit and the cost per mango =
? 3 per unit. Hence, the total cost of 4 mangoes + 3 grapes =12+ 6 =7 18.

Option (b) is correct.

35. There are 36 ways of distributing the sum of 37 between al and az such
that both al and az are positive and integral. (From 1, 36; 2, 35; 3, 34; 4,
33...;36,1)

Similarly, there are 9cz2 (= 36) ways of distributing the residual value of
10 amongst a3, a4 and as. Thus, there are atotalof 36 = 36 = 1296 ways of
distributing the values amongst the five variables such that each of them

is positive and integral. Option (d) is the correct answer.
36. Let the polynomial be f(x) = axz + bx + 10.
The value of f (5) in this case, would be:
f(5)=25a+5b+10=75
fi(-5)=25a-5b+10=45

f(5)-f(-5)=10b =30 = b = 3. The polynomial expression is: axz +3x +
10.

Further, if we put the value of b = 3 in the equation for f (5), we would
get: 25a+15+10=75 =+ 25a=50 —+ a=2.

Since f(p) and f(g) are both equal to zero, it means that p and q are the
roots of the equation 2xz + 3x + 10 = 0. Finding p * g would mean that we
have to find the product of the roots of the equation. The product of the

roots will be equal to 10/2 = 5. Option (c) is the correct answer.



37. The various possibilities for the values of a and b (in terms of their being

positive or negative) will be as follows:
Possibility 1: a positive and b positive;
Possibility 2: a positive and b negative;
Possibility 3: a negative and b positive;
Possibility 4: a negative and b negative.

Let us look at each of these possibilities one-by-one and check out which

one of them is possible.
Possibility 1: If a and b are both positive the second equation becomes

a = 150 (since the value of |b| - b would be equal to zero if b is positive).
However, this value of 'a’ does not fit the first equation since the value
of the LHS would easily exceed 75 if we use a =150 in the first equation.
Hence, the possibility of both a and b being positive is not feasible and

can be rejected.

Through similar thinking the possibilities 3 and 4 are also rejected. Con-
sider this:

For possibility 3: a negative and b positive: the second equation will
give us a = 150 which contradicts the presupposition that a is negative.

Hence, this possibility can be eliminated.

For possibility 4: a negative and b negative: the first equation would give
us b = 75 (since the value of |a] + a will be equal to zero if a is negative)
which contradicts the presupposition that b is negative. Hence, this pos-
sibility can be eliminated.



The only possibility that remains is possibility 2: a positive and b nega-

tive. In this case, the equations will transform as follows:
la|+a+b=75willbecome 2a+b=75;

i+ |b|-b=150will become a-2b=150.
Solving the two equations simultaneously, we will get the valueof a = 60

and b =-45.
Thesumof |a| + |b| = 60 + 45 = 105,
Option (a) is the correct answer.

38. The value of the expression will be dependent on the individual values of
each of the terms in the expression. [3151/3]) will give us a value of 6 and
so would all the terms upto [3421/3]. (as 63 = 216 and 73 = 343). Hence,
the value of the expression from [3151/3] + [3161/3] +...+ [3421/3] =28 = &
= 168.

Similarly, the value of the expression from [3431/3] + [3441/3] +...+
[5111/3] =169 =7 =1183.

Also, the value of the expression from [5121/3] + [5131/3] +...+ [5151/3] =
4x8=32.

Thus, the answer = 168 + 1183 + 32 = 1383. Option (a) is correct.

39. The five consecutive integers can be represented by: (c-2); (c- 1);¢; (c + 1)
and (c + 2).

Then we have az + bz + ¢z = dz + ez, giving us:

(c-2)2+({c-1)2+ca=(c+1)2+{c+2)2 =



3c2-6c+5=2c2+6c+5 =
c2—12c=0 =
c=0orc=12
Hence, the possible valuesofd =c + 1 would be 1 or 13.
Option (d) is correct.
40. The profit of the 9-to-9 supermarket would be:
Total sales price — Total cost price
=10 =(15+ 16x)—-4x2
=—4x2 + 160x + 150

The maximum value of this function can be traced by differentiating it

with respect to x and equating to 0. We get:
—8x+ 160 =0 = x=20. The maximum value of profit will occur at x = 20.

The maximum profit willbe=-4 = 202 + 160 = 20+ 150 =-1600 + 3200
+150=1750,

Option (c) is the correct answer.

4la+pf=-mandaf=1

=y+5=-nandys=1

(o= y)(B - y)a+ E)P + &) = (a0 - y)P + 8B - y)a + &)
= [ + ab - yp - yo][ap + BS - ay - yb]
=[1+a6-yp-1][1+p6-vya-1]

=(ad - yBIBSE - ya)



= 1.62 - a2.1 - B2.1 +y2.1 = (62 + y2) - (a2 + B2)
= [(6 + y)2-26y] - [(a + B)2 - 2af]

=[(-n)2-2.1] -[(-m)z2 - 2.1] =n2 -m2

Option (a) is correct.
42. Roots of the given equation = i 4:;. i
_ax Ja > _ab
e

_Ja'(JZiJﬁ)xJZ;M_ Ja
S b JazJa-b JatJa-b

Option (c) is correct.

43, (x2+3x-10)=0

(x-2)x+5)=00rx=2,-5
Therefore, forx=+2andx= -5

3xa+2x3-axz2+bx-a+b-4=0
Forx=2-3(2)+2(2)3-4a+2b-a+b-4=0
48+16-4a+2b-a+b-4=0

5a-3b=60 (1)

Forx=-5,
Fx(-5)a+2x(-5)3-ax(-5)2+bx(-5)-a+b-4=0

1875 -250-25a-5b-a+b-4=0
26a+4b=1621 (2)

By solving equation (1) and (2) we get:



a=52b=67
44, Letfix)=3xz2-4x+7
filx)=6x-4=00rx=2/3

The minimum value of f{x) will then be given by: 3(2/3)2 - 4(2/3) + 7 =
17/3

45. Discriminant of the given equationis 16 -4 (1 -p)por16 -4p(1 -p)>0
forO<p<1.

Sum of roots ‘
(1~ p)

Productofroots(lp ’> O0,forO<p<1
\1-p

)<0for0<p< 1

Therefore, roots of the given equation are real and negative.
46. y2—-2ycosx+1=0 (1)

Forrealy, D 2 0, we get that 4 cos2x > 4

This will be true when cosx 21 and cosx < - 1.

As -1 < cos x < 1: Hence, the only possible value of cosx for which

4(cos2x-1)>0areland -1.
Hence, number of possible real solutions are 2.
.Option (c) is the correct choice.

47. We are given that the expression ax3 + bx2 + cx + d intersects the x-axis at
1 and -1. It means that at x = 1 and -1 the value of the given polynomial
isequal to 0.

sa+b+c+d=0and-a+b-c+d=0



s2b+d)=0
sb+d=0 (1)

We are also given that; axs + bxz + cx + d intersects the y-axis at 2. This

means that at x = 0, the value of the given polynomial is equal to 2.
O+d=2
sd=2 (2)
From equations (1) and (2), b = -2
48 (a+3)(B+3)y+3)=27
afy + 9(a+ p+y)+ 3(ap + Py + ya) + 27 = 27

p+9m + 3n = 0 (Note: the product of the roots of the equation x3 - mxz +
nx -p = 0 will be equal to p; the sum of the roots would be equal to m; the

pair-wise product of the roots will be equal to n.)
49. Using mathematical induction, let us assume the rootstobe 1, 2, and 4.
Thesumoftheroots=1+2+4=-g -+ g=-7
Theproduct of theroots=1.24=-5-+5=-8
The pair-wise product of theroots, r=1x2+2x4+4x1=r=14

Only option (b) satisfies forr=14,g=-7,5= -8

So option (b) is correct.
50. Graph opens downwards,soa <0
Aswecanseethat, a<2,p<-3

So sum of roots of axz + bx + ¢ is less than 0 or

{a



or— >0
a

Asa<0,50b<0
Product of the roots is also less than 0.

-
af=—<0
a

Asa=<0,50c>0
Hence, option (a) is correct.
51. x& + 12 is always greater than xa.
So (xs + 12)1/2 will always be greater than (x8)1/2 = xa

xa will always be greater than x4 - 2

so (xs - 12)1/2 will always be greater than x4 - 2. Hence, the LHS and the
RHS of the given equation can never be equal to each other. This means
that there are no solutions for the given equation. Hence, option (a) is

correct.

52. For the inequality to be true for all values of x, the quadratic expression xz
+ 4px + (p + 3) should have imaginary roots. Using the discriminant < 0,

we get:
16pz -4p+3)<0
lopz -4p-12<0

dp2 -p-3<0
dpz -4p+3p-3<0

4p(p-1)+3(p-1)<0



(4p+3)p-1)<0

peE (-3/4,1)

Only possible integer value of p in this range would be at p = 0.

Hence, there is only one integer value of p that satisfies the condition.
53. g(x)=x' - pr’ =L —r = (x= p)x—g)x-7)

prgq*r=p _

g+r=0 (1)

U
h
|

pgtgr+pr= —% = plg+r)+qr=-

ta |y
s | e

A
qE

pgr=r
pg=1
p=2

g(4)=(4) -2(4)° -%{4}%

=

1
=64-32-1+—

=31.5

54. (@a+2)(b+ 2)(c+2) =47
abc+da+b+c)+2(ab+bc+ca)+8=47
dp+ 2g+71=39

55. Lettherootsof x2 + bx + 3b=0areaand 3a.



a+3a=-b=4a=-b (1)
3az=3b=az=b (2)
By solving equation (1) and (2), we get
a=-4b=16
Valueof 3b=3 = 16 = 48
56. The given equationisxz - 33x+17=16=0
x2-33x-272=0
Roots of the equation are 16, 17 or b, b + 1. Hence, option (a) is correct.
5T.p+gq=-5
g+r=-23
p+2g+r=-28or(p+r)+2g=-28 (1)

Since, p, g and r are in arithmetic progression, the value of (p + 1) = 24.

Using this in equation (1), we get:

4g=- 28 or g =-7. Using the logic of the Arithmetic Progression, we can

get the values of p and r respectively, as:

p=2,r=-16
la=bl=|pg=gr|=|pg2r|=|2=-72x-16|= 1568

58. fix)=(x-2)(x2+2x+5)=x3-2x2+2x2+5x-4x- 10
=x3i+x-10
a+b+c=0abc=10

Ifa+b+c=0,then



a3 +bi+ci=3abc=3=(10)=30
59. fix)is exactly divisible by (x + 2), (x + 3)

Therefore, f{ -2)=f{-3)=0

dp-2g+r=0 (1)

9p-3g+r=0 (2)

Also, since the remainder of f{x) when divided by (x - 1) is 7, we can use
fi1) = 7, which in turn gives us that:

p+g+r="7(3)

By solving equations (1), (2), (3) we get g = 2.92

60. f(x)=4x=T4fx=2
LEtF:-JE
= 4tz - Tt=2
= 4t2-7t-2=0

=4t(t-2)+1(t-2)=0
1

= t=--2
4

=2 x=- _lTﬂr 2. (However, the value of Jx = —% is not possible)
Jr=2-+x=4
. Only option ic) is correct.
61. 5% _4,° = p(roots are real)
(b-2a)b+2a)z0

Both the roots are positive, therefore, the sum of the roots must be

greater than 0.



b

__:,.ﬂ
a

But a > 0, s0 b must beless than 0

sb-2a<0orb<2a&b+2a=00rb = -2a Therefore, all the options are

trjue.

62. (x-plHx-g)+(x-glx-r)+(x-rx-p)=0
=x2-(p+qx+pg+xz-(g+rix+qr+xz-(p+r)x+pr=0
3xz-2(p+g+r)x+pg+qgr+pr=0
Discriminant of the above equation = 4(p + g + )2 - 12(pg + gr + pr)
=4[pz +qz+12 + 2pq + 2pr + 2qr - 3pg - 3pr - 3g7]
=4[pz2 +qz +rz - pr - qr - pr]

== 2{(p-a/ +(g-1} +(p-1]
=2[(p-ql+(q-rz+(p-r)2

As p, g, rare not equal to each other, so the discriminant of the given

equation is always greater than 0, therefore the roots are real.

Thus, option (b) is true.

o (2)es{2] o)
=rx2 + gx * p = g(x)

Therefore, the roots of g(x) and f{x) are the inverse of each other.

~. The roots of f{x) =0 are 2 and 4.



The roots of g(x) =0 are %

e lJll—

3 1
Required sum = 1+4+;+;: 6.75

64. When the curve intersects the x-axis, theny =0
=x2-5x=0
= (x)x-5)=00rx=0,5

When the curve intersects the y-axis thenx =0

yi-dyz+3y=0
yiyz-4y+3)=0
yy-3)p-1)=0
¥=0,1,3

But the points x = 0 and y = 0 would coincide at the origin. So there area
total of 4 points.
These are (0, 0), (0, 1), (0, 3), (5, 0).
65. Let x and y be the roots of the given equation. Then,
x+y . and x=x ¥ ol
B p

3 3 2
1 1 x+y° (x+y)'—-2xy
Now, —+—= - Tibea 5
X ¥ L) ()




As per the question:

= 2p2r=pq2 + qQr2

_ 2P _ P4 9 (dividing by pqr)
pgr  pgr par

(1)

e . S

g TP

>

From equation (1) itis clear that —, gand 9 are in arithmetic progression so
r

option (a) is correct.

g BT P so option (b) is incorrect.

AsZ BT P

' P A
-
Option (c): As e f and < are in arithmetic progression; their reciprocals are
r

in harmonic progression. Therefore this option is also correct.

Hence option (d) is correct.

66. From (1), we have sum of roots = 14

and from (2) we have product of roots = 48. Checking the options, for

option (c) we have that the sum of roots is 14 and the product of the roots

is 48. Hence, option (c) is correct.

Level of Difficulty (1)

1. f{0)is greater than or equals to 0 means that the value of ¢ = 0. Also, since

‘a’ 1s negative as given in the question, the product of the roots given by

£ will be negative or zero. So, the roots of f{x) = 0 are of opposite sign or
ia



their product is zero.

So the possibilities for the two roots from the given values are: (0, 2), (0,
1),(1,-2),(0,-1),(0,-2),(-1,2),( -2,2),( -1, 1). Therefore a total of eight
different sets are possible for the roots of f{x) = 0.

. option (c) is correct.
2. Letfix)=pxz+gx+r

pxz + gx +r = 0. Here, two cases are possible:

Casel:p=>0

When p > 0then px2 + gx + r will open upwards and p = f{2) < 0 will give
us that p(4p + 2¢ + r) < 0. This is the same value as option (a). Hence,
option (a) is correct. Option (b) is automatically rejected since it is the op-

posite of option (a).

(Note: Option (c) is rejected because In this case whether p = f{ -2)
[Which will give us p(4p - 2g + r]is greater than or less than zero depends
upon the location of the other root which is less than 1.Similarly, Option
(d) is rejected as it is asking you to commit about the valueof p = fi -3) <
0. Whether this value is greater than or less than zero depends upon the
location of the other root of fix) = 0 (which is less than 1)).

So option (b), (c), and (d) are not necessarily true.
Case2:p=<0
When p < 0then p f(2) < 0 [because f{x) will open downwards].

In this case whether p f{ -2), p f{ -3) will be greater than or less than zero
depends upon the location of the other root of f{x) = 0. S0 only option (a)

is correct in this case too.



3. fx,¥)=5
4 +x¥ =5
If x = 1, then the above equation satisfies for any integral value of y. So,

option (d) is correct.

4. disarootoftheequationaxz +bx+c=0
sad2+bd+c=0 (1)
cis aroot of theequationaxz + bx+d =0
sacz+bc+d=0 (2)
Equation (2) - equation (1):
a(c2-d2)+b(c-d)+(d-¢c)=0
alc-d)c+d)+blc-d)-(c-d)=0

(c - d)[a(c +d) + b - 1] = 0. In this expression, the value of [a(c + d) + b - 1]
has to be zero because it is given that ¢ = d.
Solving:[a(c+d)+b-1]=0,we get(c+d):ﬂ
a
. option (c) is correct.

b-1

a

5. —(c+d)=

(iii) (From the solution of the previous question) (Note: This gives us the

sum of the roots of the required equation, whose roots are -c and -d.

Mext in order to get the product of the roots of the required equation: Di-
vide equation (1) by d and equation (2) by ¢ and then by equating, we get:

ad® +bd +c¢ 3 ac> +be+d
d c




(ad+b+§]=ac+b+i

C
a(c_d)_i-iz(c-d)(c+d)
d © cd
cd=c+d=l-,b
a a

(iv) (product of roots of the required equation)
Equation whose roots are -¢, -d is
x2 - (sum of roots)x + product of roots = 0

R O

X
a a”

ax2+a(l-bx+1-b=0

.. option (c) is correct.
6. Letfix)=axz+bx+c

f(4)=16a+4b+c=0 [Atx =4 fix) = 0]

flo)=c=10

o

(—4,0) (4.0) (12,0)
flx) is symmetric about x = 4.

A3)=f5)

Sa+3b+c=25a+5b+c



léa+2b=0
8a+bh=0
b=-8a

fidy=0
16a+4b+10=0

léa-32a+10=0
10 5

16 8
fl-4)=16a-4b+ 10

5 5
=16 x——4x(-8)x—+10
8 8

=10+20+10=40

Alternative method: the minimum value of f{x) must be 0 and this min-

ima occursatx = 4.
Let fix) = a(x - 4)2

flo)=16a=10

a=—
3

Hence, 7(x)= %{x _g)
5
f(-4)==x(-8)" =40
8
7. 4 lies in between roots of the equations, so:
3(4)z2+4a(d)+a+3<0

43+ 16a+a+3<0



17a+51<0

a<-3
. option (a) is correct.

8. flx)=x3-(5+kx2+(6+5kx-6k
Letk=5
flx)=x3-10x2+31x-30
By factorisation, we get:
flx)=(x-2)(x-3)x-5)
fix)<0forx<2,3<x<5

Similarly, we can put few other values of x and confirm that f{x) < 0 for x
<Z2andfor3<x<lk

9. flx,5)=alx-5)2+b(x-5)+c

ax2 + bx + chasroots 3, 4. Then roots of fix, 5)are 5+ 3,5+ 4 =8, 9.

. . . g+9 17
flx, 5) attains its maximum value at —=—=85

. option (b) is correct.
10. [x]z - 11[x]+30=0

O [x]z - 5[x] - 6[x]+30=0
([x] - 5)([x] - 6)=0

[x]=5,6
The integer solutionsof xareatx=5and 6

Sotherequired sum=5+6=11.



11. If the three roots are x, v, Z
=x+y+z=12
Only one combination of (x, v, z) = (2, 3, 7) is possible.
Product of theroots =2 = 3 = 7=432,
So the chosen values are correct.
p=2x3+3=xT+2=xT7=6+21+14=41
12. fix) = g(x)
xi-px2-2gx+r=(x-p)x-q)(x-7)
prq+r=p=g+r=0 (1)
pg+qr+pr=-1q
plg+r)+qr=-2q

As g + r= 0 from equation (1), therefore, gr = - 2q

r=-2
q=+2
pgr=-r

pqg=-1

p=-1/2

[ |

So the requured valueof p+g=- % +2=

13. fix) = g(x)



flx) =g(x) = (x - p)(x - g)(x - 1)

f(4)= [ 4+%'}(4- 2)(4+2)

X2x6

oo

54

14. a:b:c:d:e = 1:2:3:4:5
fix)=x2+7x+5
Let the roots of f(x) =0be Aand B

(A-B)2=(A+B)2-4AB=(-7)2-4x5=29

15. logsx = log3y + log3z = logaxy = 11
logax = logay + logaz [logax + logay] = 11
Letlogax = Alogiay=Blogiz=¢
AB+(C[A+B]=11
AB+BC+AC=11
&Az2+B2=14-C2
Az+Bz+C2=14

This clearly identifies the values of A, Band Cas 1,2, and 3. Thus, we get
x,yandzas 3, 9and 27 in no particular order. Also,

xyz=36=(32)3=(33)2
Therefore ki = 33and kz = 32

E1+k2=33+32=27+9=13§8



16. (x - 3)is a factor of fix) then f(3) =0

S9a-150=3+5b=0

9a-450+5b=0

a= SD-E&
9

a and b are positive integers, therefore, b must be a multiple of 5.

Forb=9,a=45

b=18,a=40

b=27,a=35

b=36,a=30

b=45a=25

b=54,a=20

b=63,a=15

b=72,a=10

b=8l,a=5

Therefore, total possible ordered pairs of (a, b) is 9.
17. Maximum possible valueofa + b= 81 + 5 = 86.

18. If aand b are integers then a and b both can be negative then there are

infinite pairs of (a, b) for which (x - 3) is a factor of f{x).
Hence, option (d) is correct.

19. fix)=x3-12x2+47x-60=(x-3)(x-4)(x-5)



The possible equations are:

(x-3)2,(x-4)2,(x-5)2,(x-3)(x-4)(x-4)x-5),(x-3)x-5). Wegeta

total of six such equations. Hence, option (c) is correct.
20. Required product=32x4z2x 52 x4 x5x3x5x3 x4
p=3a4x44x= 54
pria=3x4x5=60
Option (d) is correct.
21. (x-E3({x-7)-27=0
(x-E)3(x-7)=27

Roots of the equations are integers, which mean that xis an integer. Now

the following four cases are possible:
Case1:(x-k)3=27,x-7=1
Case2:(x-k)3i=1,x-7=27
Case3:({x-k)3=-27x-7=-1
Cased:(x-k)3=-1x-7=-27

Casel:x-7=1=x=8

(8 -Fk)a=27
8-k=3
k=5

Case2:(x-T7)=27 = x=134

(x-k)3=1=34-k=1



Case3:(x-k)3=-27,x-7=-1

Therefore, x =6

Cased:x-7=-27,x=-20
x-k=-lork=x+1=-20+1=-15
Therefore, four values are possible for k.
22. Required difference = 33 - (-19) =52
23. Let the roots of the quadratic equation be a, b.
a+b=(p-3)
ab=(p-4)
az+b2=(p-3)2-2(p-4)
=(p-3)2-2(p-4)
=(p-3)2-2(p-3)+1+1
=(p-3-1)2+1
=(p-4)2+1
(az + b2) is minimum for p = 4
24. flx) = g(x)
Xz=X3-2X
X3-x2=2X%

xz(x-1)=2x



forx=2;x2(x-1)=2x

For x > 2, either xz2 or (x - 1) is odd and hence, x2(x - 1) cannot be equal to

2x. Therefore, f{x) = g(x) only for one value of x.

25. 3h(x)+ 5t(x)=0

t(x) = —%h{:r]

If h(x) = - (x - p) (x - g) then ¢(x) :%(.x -pXx—gq)
Therefore, roots of t(x) and h(x) are same, so their sums are also equal.
Option (c) is correct.
26. If h(x) is maximum at x = 4 then t(x) will be minimum at t = 4 and its min-
imum value will be -%times of the maximum value of h(x).

1(3) b=~ 2 (3) = -2 X10 =6

27. If we see the graph carefully, then we get:
Forx < 0f(x) = (x - (-3)) (x - (-2)) = (x + 2) (x + 3)
Forx > 0 f() = (x - 2)(x -3)
= f(x) = (Ix| - 2)(Ix| - 3)

Ix|]2 - 5|x| +6=0
i
—=5-|x|
I
.. Option (c) is correct.
Alternately, you can try to put the valuesof xas -2, -3, 2 and 3 in the
options to see which of the given options satisfies the conditions of the

problem.



28. fix) = max(|x2 - 4|,2x + 4)

f(x)
|x2 4| (4,12)
2X + 4

0.4)
y=5/2

84 B a—
(—2.0)| (20)

As we can see in the diagram shown above that y = %intercepts flx) at two

different points, therefore, the given equation has two solutions.

29. |Ix| - 1]l =ex

x| 1]

. 1)

(-1,0) (1,0)

The curve of ex cuts the curve of ||x| - 1] at three points. Therefore, the

given equation has three solutions.



30. ||x| - 1| would lock like the figure shown below:
Y

(0,1)

(—.,0) (1, 0)

Ilx] = 1| = 2 will look like the figure shown below:

Y
(-3, 0)\/ ©0-1 / @0
e
Y.

| be| =1 -2]

(%)'AVQ 4\\7 i




The graph of (1/2)x cuts the graph of |||x| - 1| - 2| at five distinct points.

Therefore the given equation has five solutions.



