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la;qDr Qyu
(Composite Functions)

01

1-01 izLrkouk ,oa iwokZH;kl (Introduction and previous learning)
iwoZ d{kk esa geus lEcU/k ,oa fo'ks"k izdkj ds lEcU/k ¼Qyu½ dk v/;;u fd;k gSA xf.kr ds v/;;u esa Qyu ,d vk/kkjHkwr

ladYiuk gS vr % bldk vkSj vf/kd foLrkj ls v/;;u fd;k tkuk vko';d izrhr gksrk gSA foLrfjr v/;;u ls iwoZ dqN vko';d
eq[; ladYiukvksa dks ;gk¡ fn;k tkuk v/;;u esa lgk;d fl) gksxkA
Qyu % fdlh leqPp; A ls leqPp; B esa ifjHkkf"kr Qyu ;k izfrfp=.k ,d ,slk fu;e ;k laxrrk gS ftlds vUrxZr A dk izR;sd
vo;o B ds ,d vf}rh; vo;o ls lEc) gksrk gSA
Qyu ds izkar] lgizkar rFkk ifjlj % ;fn f leqPp; A ls leqPp; B esa ifjHkkf"kr dksbZ Qyu gS rks leqPp; A dks Qyu f  dk
izkar rFkk leqPp; B dks Qyu f dk lgizkar dgrs gSaA leqP;; B ds mu lHkh vo;oksa dk leqP;; tks A ds vo;oksa ds izfrfcEc gS]
f dk ifjlj dgykrk gSA bls f(A) }kjk iznf'kZr fd;k tkrk gSA
vpj Qyu % ,d ,slk Qyu ftlds vUrxZr mlds izkar dk izR;sd vo;o lgizkar ds ,d gh vo;o ls lEc) gks] vpj Qyu
dgykrk gSA
rRled Qyu % fdlh leqPp; A ls A esa ifjHkkf"kr ,slk Qyu ftlds vUrxZr A dk izR;sd vo;o Lo;a vkSj dsoy Lo;a ls lEc)
gks] A dk rRled Qyu dgykrk gS bls IA ls fu:fir fd;k tkrk gSA
rqY; Qyu % nks Qyu f rFkk g rqY; dgykrs gS ;fn

(i) f dk izkar = g dk izkar (ii) f  dk lgizkar = g dk lgizkar (iii) ( ) ( ),f x g x x 
vo;oksa dh lEc)rk ds vk/kkj ij Qyuksa ds izdkj fuEu gS %

(i) ,dSdh Qyu % ;fn : f A B  ,d Qyu gks] rks  f  ,dSdh Qyu dgykrk gS ;fn f ds vUrxZr A ds fHkUu&fHkUu vo;oksa

ds B esa fHkUu&fHkUu izfrfcEc gksA

(ii) cgq&,Sdh Qyu % ;fn : f A B  ,d Qyu gks] rks f cgq,Sdh Qyu dgykrk gS ;fn f ds vUrxZr A ds nks ;k vf/kd

vo;oksa dk B esa ,d izfrfcEc gSA

(iii) vkPNknd Qyu % ;fn : f A B  ,d Qyu gks] rks f vkPNknd Qyu dgykrk gS ;fn B dk izR;sd vo;o A ds fdlh

u fdlh vo;o dk izfrfcEc gks vFkkZr~ B ds izR;sd vo;o dk A esa de ls de ,d iwoZ izfrfcEc fo+|eku gksA

(iv) vUr{ksZih Qyu % ;fn : f A B  ,d Qyu gks] rks f vUr{ksZih Qyu dgykrk gS ;fn B esa de ls de ,d ,slk vo;o

fo|eku gks tks A ds fdlh Hkh vo;o dk izfrfcEc ugha gks vFkkZr~ ftldk dksbZ iwoZ izfrfcEc A esa fo|eku ugha gksA vr % f

vUr{ksZih gS ;fn   f A B

(v) ,dSdh&vkPNknd Qyu % ;fn : f A B  ,d Qyu gks rks f ,dSdh&vkPNknd dgykrk gS ;fn f ,dSdh ds

lkFk&lkFk vkPNknd Hkh gksA

1-02 ekuk A B C, , rhu vfjä leqPp; gaS  rFkk f A B:  rFkk g B C:   nks Qyu gSaA

pwafd f A, ls B esa Qyu gS]   A ds izR;sd vo;o x ds fy, B esa ,d vf}rh; vo;o  f x fo|eku gksxkA

iqu % pwafd g B, ls C esa ,d Qyu gSA  B ds bl vo;o  f x  ds fy, C esa ,d vf}rh; vo;o  g f x    fo|eku

gksxkA
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bl izdkj ge ns[krs gSa fd nksuksa Qyuksa f rFkk g ij ,d lkFk fopkj djus ij A ls C esa ifjHkkf"kr ,d u;k Qyu

izkIr gksrk gSA bl Qyu dks g rFkk f dk la;qä Qyu dgrs gSa rFkk bls  gof ls fu:fir djrs gSaA  bls fuEu izdkj

ifjHkkf"kr fd;k tkrk gS  %

ifjHkk"kk % ;fn f A B:  rFkk g B C:  nks Qyu gksa rks Qyu   : ,gof A C  tks fuEu izdkj ifjHkkf"kr gks

    ,gof x g f x x A    
g rFkk f dk la;qä Qyu dgykrk gSA

vkÑfr 1-01

fVIi.kh %   gof dh ifjHkk"kk ls Li"V gS fd  gof rHkh ifjHkkf"kr gksxk tc A ds izR;sd vo;o x ds fy,   ,f x g ds

izkUr dk vo;o gks rkfd bldk g izfrfcEc Kkr fd;k tk ldsA

vr%  gof Qyu ifjHkkf"kr gksus ds fy, Qyu f dk ifjlj] Qyu g ds izkUr dk mileqPp; gksuk vko';d gSA

n`"Vkarh; mnkgj.k

mnkgj.k-1- ;fn      1, 2,3 , 4,5 , 7,8,9A B C   rFkk f A B:   rFkk g B C:  fuEu izdkj ifjHkkf"kr gks  %

         1 4, 2 4, 3 5; 4 8, 5 9f f f g g     ] rks g f  Kkr dhft,A

gy % rc   :gof A C ds vUrZxr

      
      
      

1 1 4 8

2 2 4 8

3 3 5 9

gof g f g

gof g f g

gof g f g

    

    

    

              1,8 , 2,8 , 3,9gof 

mnkgj.k-2- ;fn   : , sinf R R f x x   rFkk    2: ,g R R g x x   rks g f  ,oa f g  Kkr dhft,A

gy% ;gk¡ ij f dk ifjlj]  g ds izkUr dk mileqPp; gS rFkk g dk ifjlj] f ds izkUr dk mileqPp; gSA  vr %

 gof rFkk  fog nksuksa gh ifjHkkf"kr gSaA

         2 2sin sin singof x g f x g x x x     

      2 2sinfog x f g x f x x    

;gk¡            gof fog

f g

A B C

x

gof

 f x  g f x  
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mnkgj.k-3- ;fn  : , 2f N Z f x x 

rFkk         : , 1 2g Z Q g x x   gks] rks f g  ,oa g f  Kkr dhft,A

gy %           2 2 1 2,gof x g f x g x x x N       

bl ifjfLFkfr esa  fog fo|eku ugha gSA

1-03 la;qä Qyu ds xq.k (Properties  of  composite  of  functions)
(i)  la;qä Qyu }kjk Øefofues; xq.kÄeZ dk ikyu djuk vko';d ugha gS (The  composite  of  functions
is  not  necessarily  commutative)

ekuk f A B:   rFkk g B C:  nks Qyu gksaA  rc la;qä Qyu    :gof A C fo|eku ,oa ifjHkkf"kr

gksxk D;ksafd f dk ifjlj] g ds izkUr dk mileqPp; gSA  ijUrq bl fLFkfr esa  fog fo|eku ugha gksxk D;ksafd Qyu g dk

ifjlj] f ds izkUr A dk mileqPp; ugha gSA  vr % ;fn  ,C A fog fo|eku ugha gksxkA

;fn C A gks rks f A B:  rFkk g B A: 

bl fLFkfr esa   :gof A A rFkk   :fog B B nksuksa fo|eku gksaxs ijUrq fQj Hkh    gof fog  D;ksafd

nksuksa ds izkUr rFkk lgizkUr fHkUu gSaA

;fn A B C  rc   :gof A A rFkk   :fog A A gksaxsa fQj Hkh nksuksa dk cjkcj gksuk vko';d ugha gSA

mnkgj.kkFkZ % ;fn  : , 2f R R f x x   rFkk   2: ,g R R g x x  gks rks

   : , :gof R R fog R R   ijUrq

        2 22 2 4gof x g f x g x x x     

      2 22fog x f g x f x x    

vr %    fog fog

fVIi.kh % fo'ks"k ifjfLFkfr esa gh  gof rFkk  fog cjkcj gks ldrs gSaA

mnkgj.kkFk Z% ;fn   2: ,f R R f x x 

  3: ,g R R g x x  gks] rks

        : , :gof R R fog R R 

rFkk         32 2 6gof x g f x g x x x     

        23 3 6fog x f g x f x x x     

vr %         fog gof

ijUrq lnSo ,slk gksuk vko';d ugha gSA
(ii) la;qä Qyu lkgp;Z xq.kÄeZ dk ikyu djrs gSa (Composite  of  Functions  is  Associative)
izes; 1-1 ;fn rhu Qyu , ,f g h  bl izdkj ds gksa fd la;qä Qyu  f g h  rFkk  f g h  ifjHkkf"kr gksa rks

    f g h f g h   
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izek.k % ekuk rhu Qyu , ,f g h  fuEu izdkj ifjHkkf"kr gaS  %

: , : , :h A B g B C f C D  

rc nksuksa la;qä Qyu  fo goh  rFkk   ,fog oh A ls D esa ifjHkkf"kr gksaxsA

vFkkZr~    :f o goh A D   rFkk     :fog oh A D

Li"V gS fd nksuksa ds izkUr A rFkk lgizkUr D gSaA vr % budh rqY;rk ds fy, gesa fl) djuk gS fd

                ,fo goh x fog oh x x A

ekuk fd   , ,x A y B z C bl izdkj gS fd

   h x y  rFkk     g y z

rc
       

      
      

      

fo goh x f goh x
f g h x f g y f z

          fo goh x f z   ( )1

iqu%                  fog oh x fog h x fog y

                f g y f z ( )2

vr% ( )1 rFkk ( )2 ls

                ,fo goh x fog oh x x A

           fo goh fog oh
fuEu vkÑfr }kjk bls iznf'kZr fd;k tk ldrk gSA

vkÑfr 1-02
(iii )  nks ,dSdh vkPNknd Qyuksa dk la;qä Qyu Hkh ,dSdh vkPNknd gksrk gSA (The  composite  of   two
bijections  is  a bijection)
izes; 1-2 ;fn f vkSj g bl izdkj ds nks ,dSdh vkPNknd Qyu gksa fd  gof ifjHkkf"kr fd;k tk lds rks  gof Hkh

,dSdh vkPNknd gksxkA

izek.k % ekuk f A B:  rFkk g B C:  nks ,dSdh vkPNknd Qyu gksaA  rc la;qä Qyu  gof leqPp; A ls leqPp; C esa

ifjHkkf"kr fd;k tk ldrk gSA  vFkkZr~

  :gof A C

fl) djuk gS fd  gof ,dSdh vkPNknd gSA

D

 g h

 f z

 f g

 y h x

  z g h x 

( ) ( )f g h f g h   ;k

Z

fA x
h

g
B

C



[ 5 ]

,dSdh % ekuk a a A1 2,  bl izdkj gSa fd

       1 2gof a gof a

               1 2g f a g f a

               1 2f a f a [ g ,dSdh gS]
      a a1 2 [ f ,dSdh gS]

  gof ,dSdh gSA

vkPNknd % ;fn c C rc

    c C b B bl izdkj gS fd   g b c [ g vkPNknd gS]

iqu % b B a A    bl izdkj gS fd   f a b [ f vkPNknd gSA]
bl izdkj c C a A    bl izdkj gS fd

                  gof a g f a g b c

vFkkZr~ C dk izR;sd vo;o A ds fdlh u fdlh vo;o dk izfrfcEc gS nwljs 'kCnksa esa C ds izR;sd vo;o dk iwoZ&izfrfcEc

A esa fo|eku gSA vr %  gof  vkPNknd gSA

vr %  gof ,dSdh vkPNknd Qyu gSA

izes; 1-3 ;fn f A B:  gks rks fo I I of fA B  ] tgka IA rFkk IB leqPp; A rFkk B esa ifjHkkf"kr rRled Qyu gSA
vFkkZr~ fdlh Qyu dks rRled Qyu ls la;qä djus ij ogh Qyu izkIr gksrk gSA

izek.k %    I A AA :   rFkk f A B:      :Afo I A B
ekuk x A rc

          A Afo I x f I x f x       ,AI x x x A

          fo I fA  (1)

iqu % f A B:  rFkk I B BB :      :BI of A B

ekuk z A rFkk   f x y ] tgk¡ y B

           B B BI o f x I f x I y y       ,BI y y y B

      f x (2)

(1) o (2) ls           B AI o f f f I -

n`"Vkarh; mnkgj.k

mnkgj.k-4- ;fn   3: ,f R R f x x  rFkk  : , 3 1g R R g x x    rc   gof x rFkk   fog x dk eku

Kkr dhft,A ;g Hkh fl) dhft, fd fog gof .

gy % Li"Vr %  :gof R R rFkk   :fog R R

      3 33 1gof x g f x g x x     

iqu %         33 1 3 1fog x f g x f x x      

             333 1 3 1x x  

        gof fog
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mnkgj.k-5- ;fn   2: , 2f R R f x x    rFkk  : ,
1

xg R R g x
x

 


gks] rks  gof  rFkk  fog  Kkr

dhft,A

gy % Li"Vr %   :gof R R rFkk   :fog R R nksuksa gh fo|eku gSaA

ekuk x R

rc � � � � � �
2 2

2
2 2

2 22
2 1 1

x xgof x g f x g x
x x

����������� �� �� ���

rFkk       
 

22 2

2

2 1
2

1 1 1
x xx xfog x f g x f

x x x
                    

mnkgj.k-6- fuEu rhu Qyuksa ds fy, lkgp;Z xq.k/keZ dk lR;kiu dhft, %

   0 0
1: , 2 ; : ,f N Z f x x g Z Q g x
x

     rFkk  : , .  xh Q R h x e

gy %  0 0f : N Z , g : Z Q, h : Q R  

  go f : N Q  rFkk   0hog : Z R A vc   0hog : Z R, 0f : N Z

  hog of : N R

rFkk  h : Q R, go f : N Q    ho go f : N R  bl çdkj nksuksa gh Qyu  hog of  rFkk  ho go f leqPp;

N ls R esa ifjHkkf"kr gSaA  vc gesa fn[kkuk gS fd

       ho g of x ho go f x , x N         

vc              1 212 2
2

xhog of x hog f x hog x h g x h e
x

                   
(1)

rFkk          ho go f x h go f x h g f x           

                   1 212
2

xh g x h e
x

         
(2)

(1) rFkk (2) ls ge ns[krs gSa fd

              hog o f x ho go f x .       
vr% Qyu f ,g ,h dh lkgp;Zrk lR;kfir gksrh gSA

iz'uekyk 1-1

1- ;fn :f R R rFkk g R R:  nks Qyu fuEu izdkj ls ifjHkkf"kr gks rks   fog x rFkk   gof x Kkr dhft,

( )i        22 3, 5f x x g x x ( )ii       2 38, 3 1f x x g x x

( )iii     ,f x x g x x ( )iv        2 2 3, 3 4.f x x x g x x

2- ;fn     , , , , ,A a b c B u v w
rFkk f A B:  rFkk g B A:  fuEu izdkj ifjHkkf"kr gks

       , , , , ,f a v b u c w ;        , , , , ,g u b v a w c

rks  fog rFkk  gof Kkr dhft,A
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3- ;fn f R R:   rFkk  g R R:   fuEu izdkj ifjHkkf"kr gks

    2f x x rFkk   g x x

rks gof rFkk fog Kkr dhft,A  D;k ;s rqY; Qyu gS\

4- ;fn f R R:  rFkk g R R:  nks ,sls Qyu gSa fd    3 4f x x rFkk     1
3

4g x x rks   fog x rFkk

  gof x  Kkr dhft, rFkk   1gog dk eku Hkh Kkr dhft,A

5- ;fn f g h, , rhu Qyu R ls R ij bl izdkj ifjHkkf"kr gS fd    2 ,f x x     cosg x x  ,oa    2 3h x x rks

   2ho gof dk eku Kkr dhft,A

6- ;fn f rFkk g fuEu izdkj ifjHkkf"kr gks rks   gof x Kkr dhft,

( )i      2: , 2f R R f x x x     4: , 2 4.g R R g x x x

7- ;fn 2{1, 2,3, 4}, : , ( ) 3 1A f R R f x x x    

   : , 2 3g R R g x x rc Kkr dhft,%

( )i    fog x ( )ii    gof x ( )iii     fof x ( )iv    .gog x

1-04 izfrykse Qyu (Inverse  function)
(a) ,d vo;o dk izfrykse (Inverse  of  an  element )

ekuk fd A vkSj B nks leqPp; gaaSa rFkk f A, ls B esa ifjHkkf"kr dksbZ Qyu gSA  vFkkZr~ f A B:  ge ns[k pqds
gSa fd ;fn f ds vUrxZr A dk dksbZ vo;o ' ' ,a B ds vo;o ' 'b ls lEc) gS rks b dks a dk f -izfrfcEc dgk tkrk gS

rFkk bls  b f a  }kjk O;ä fd;k tkrk gSA  vo;o ' 'a dks Qyu f ds vUrxZr ' 'b dk iwoZ&izfrfcEc ;k izfrykse dgk

tkrk gS rFkk bls    1a f b  ls O;ä fd;k tkrk gSA

fdlh Qyu ds vUrxZr fdlh vo;o dk izfrykse ,d vo;o gks ldrk gS] ,d ls vfÄd vo;o gks ldrs gSa ;k
dksbZ Hkh vo;o ugha gks ldrk gSA okLro esa ;g lc Qyu ds ,dSdh] cgq&,dSdh] vkPNknd vFkok vUr{ksZih gksus ij fuHkZj
djrk gSA
;fn Qyu f dks fuEu vkÑfr }kjk ifjHkkf"kr fd;k tk,A

vkÑfr 1-03

rks ge ns[krs gSa fd   1
1 2 ,f b a

     1 1
2 3 1, ,f b f b a

         1 1
4 3 4 5 5 6 7, , , , ,f b a a a f b a a

   1
6 .f b

a
a
a
a
a
a
a

1
2
3
4
5
6
7
















b
b
b
b
b
b

1
2
3
4
5
6

A                                                B



[ 8 ]

mnkgj.kkFkZ % ;fn       1,1, 2,2,3 , 1,4,6,9A B  rFkk f A B: ,     2f x x  }kjk ifjHkkf"kr gks] rks

                1 1 11 1,1 , 4 2,2 , 6f f f  rFkk     1 9 3 .f

mnkgj.kkFkZ % ;fn    2: , 1f C C f x x  gks rks   1 5f  rFkk f 1 8a f Kkr dhft,A

gy % ekuk    1 5f x  rc    5f x

 x2 1 5      2 4x ��    x  4

 x i 2 . nksuksa gh C esa gSA

iqu % ekuk   1 8f x rc    8.f x

 x x x2 21 8 9 3     , nksuksa gh C esa gSaA

vr %      1 8 3,3f

vFkkZr~       1 5 2 , 2f i i  rFkk      1 8 3, 3 .f
(a) izfrykse Qyu (Inverse  function)

ekuk A rFkk B nks leqPp; gSa rFkk f A B:  ,d Qyu gSA  ;fn fdlh fu;e ds vUrxZr ge B ds vo;oksa dks
A esa muds iwoZ&izfrfcEc ls lEc) djsa rks ge ik;saxs fd B esa dqN vo;o ,sls gksaxsa tks A ds fdlh Hkh vo;o ls lEc) ugha
gSA ;g rc gksxk tc vkPNknd ugha gSA blfy, ;fn B ds lHkh vo;oksa dks A ds fdlh u fdlh vo;o ls lEc) gksuk
gS rks f ,d vkPNknd Qyu gksuk pkfg;sA blh izdkj f ;fn ,d cgq&,dh Qyu gS rc bl fu;e ds vuqlkj B ds dqN vo;o
A ds ,d ls vfÄd vo;oksa ls lEc) gksaxsaA vr % B dk ,d vo;o A ds ,d vkSj dsoy ,d vo;o ls rHkh lEc) gksxk
;fn f ,d ,dSdh Qyu gksA

bl izdkj ge ns[krs gSa fd ;fn f A B:  ,d ,dSdh vkPNknd Qyu gS rc ge B ls A esa ,d u;k Qyu

ifjHkkf"kr dj ldrs gSa ftlds vUrxZr B dk izR;sd vo;o y, A esa vius iwoZ&izfrfcEc  1f y ls lEc) gksA  bl Qyu

dks f dk izfrykse Qyu dgrs gSa rFkk bls f 1 }kjk O;ä fd;k tkrk gSA

ifjHkk"kk  % ;fn f A B:  ,d ,dSdh vkPNknd Qyu gks rks f dk izfrykse Qyu f B1, ls A esa ifjHkkf"kr gksus okyk

og Qyu gS ftlds vUrxZr izR;sd b B , ,d vf}rh; vo;o a A ls lEc) gS tgka    .f a b

vr %         1 1: ,f B A f b a f a b

Øfer ;qXeksa ds :i esa bls      1 : , ,f b a a b f ls fu:fir djrs gSaA

fVIi.kh % fdlh Qyu f dk izfrykse Qyu f 1 rHkh ifjHkkf"kr gksxk tc f ,dSdh vkPNknd gSA

1-05 izfrykse Qyu dk izkUr ,oa ifjlj (Domain and range of inverse function)
ifjHkk"kk ls Li"V gS fd

f 1 dk izkUr  f dk ifjlj

rFkk       f 1 dk ifjlj  f dk iazkr

mnkgj.kkFkZ % ;fn     1,2,3,4 , 2,5,10,17A B  rFkk    2 1f x x  gks rks

           1 2, 2 5, 3 10, 4 17f f f f

                1,2 , 2,5 , 3,10 , 4,17f

Li"Vr % f ,dSdh vkPNknd gSA  vr % bldk izfrykse Qyu f B A 1:  fo|eku gksxk rFkk

             1 2,1 , 5,2 , 10,3 , 17,4 .f
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mnkgj.kkFkZ % ekuk    : , 3 4,f R R f x x rc ;g vklkuh ls fl) fd;k tk ldrk gS fd f ,dSdh vkPNknd gSA

vr% f R R 1: fo|eku gksxkA
ekuk x R ( f dk izkUr)  rFkk y R ( f dk lgizkUr)

ekuk      ,f x y       vr % � �1x f y��

vc    
     

43 4
3

yf x y x y x

         
1 4

3
yf y

vr %    
 1 1 4: ,

3
xf R R f x  ls ifjHkkf"kr gksxkA

1-06 izfrykse Qyu ds xq.k/keZ (Properties  of  inverse  functions)
izes; 1-4 ,dSdh vkPNknd Qyu dk izfrykse vf}rh; gksrk gS (The  inverse  of  a bijection  is  unique).
izek.k % ekuk f A B:  ,d ,dSdh vkPNknd Qyu gS rks fl) djuk gS fd f dk ,d vkSj dsoy ,d izfrykse fo|eku
gksxkA
;fn laHko gks rks ekuk g B A:  rFkk h B A f: , ds nks izfrykse Qyu gSA  ekuk y B, dk dksbZ vo;o gSA

ekuk    1g y x rFkk    2h y x

vc � � 1g y x�  � �1f x y� [ ,g f dk izfrykse Qyu gS]

rFkk    2h y x    2f x y [ ,h f dk izfrykse Qyu gS]

    1 2f x f x  x x1 2 [ f ,dSdh gS]

vFkkZr~       ,g y h y y B
vr %     g h
vFkkZr~ f dk izfrykse vf}rh; gSA

izes; 1-5 ;fn f A B:  ,dSdh vkPNknd Qyu gk s rFkk f B A f 1: ,  dk izfryk se Qyu gk s rk s

fof IB
 1  rFkk 1 ,Af of I   tgk¡ IA rFkk IB Øe'k % A rFkk B ds rRled Qyu gSA

izek.k  % f A B:  rFkk f B A 1:

        1 :fof B B rFkk         1 :f of A A

vc izR;sd a A ds fy, ,d vf}rh; b B gSA

tgk¡   f a b ;k   1f b a

                
1 1fof b f f b f a b

         1 ,fof b b b B

            fof IB
 1

blh izdkj                              
1 1 1fof a f f a f b a

                     1 ,fof a a a A

            f of I A
 1 -
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izes; 1-6 ,dSdh vkPNknd Qyu dk izfrykse Hkh ,dSdh vkPNknd gksrk gS (The  inverse  of   a  bijection
is  also  a  bijection).
izek.k  % ekuk f A B:  ,d ,dSdh vkPNknd Qyu gS rFkk g B A f: ,  dk izfrykse Qyu gSA  rks fl) djuk gS
fd g Hkh ,dSdh vkPNknd gksxkA
ekuk fd a a A b b B1 2 1 2, ; ,   ,sls vo;o gS fd

  1 1g b a vFkkZr~   1 1f a b  [ ,g f dk izfrykse Qyu gS]

rFkk   2 2g b a vFkkZr~   2 2f a b [ ,g f dk izfrykse Qyu gS]

vc    1 2g b g b  a a1 2

    1 2f a f a  b b1 2

 g ,dSdh gSA

iqu %    a A b B    ftlds fy,   f a b

vc      f a b g b a

 a A b B    bl izdkj fd   g b a

 g vkPNknd gSA
vr % izfrykse Qyu g Hkh ,dSdh vkPNknd gSA
izes; 1-7 ;fn Qyu f vkSj g nks ,sls ,dSdh vkPNknd Qyu gS fd la;qä Qyu gof ifjHkkf"kr gks rks
gof dk izfrykse Qyu fo|eku gksxk rFkk

   1 1 1gof f og

izek.k % ekuk f A B:  rFkk g B C:  nks ,dSdh vkPNknd Qyu gSaA  fn;k x;k gS fd   :gof A C ifjHkkf"kr gSA

vr% izes; 1-2 ds vuqlkj gof Hkh ,dSdh vkPNknd gksxkA vr% la;qä Qyu gof dk izfrykse Qyu fo|eku gksxk rFkk

  1 :gof C A

fl) djuk gS fd    1 1 1gof f og

vc] f A B:  ,dSdh vkPNknd gSA  f B A 1: fo|eku gSA

iqu% g B C:  ,dSdh vkPNknd gSA  g C B 1 : fo|eku gSA

    1 1 :f og C A fo|eku gSA

bl izdkj  1gof  rFkk   1 1f og  ds izkUr rFkk lgizkUr leku gSA

ekuk a A b B c C  , , ,sls vo;o gSa fd

          f a b rFkk   g b c

               gof a g f a g b c

       1gof c a  (1)

iqu %      f a b    1f b a (2)

     g b c    1g c b (3)

                
1 1 1 1 1f og c f g c f b [( )3 ls]

 a                 [( )2 ls] (4)
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vr % ( )1 rFkk ( )4 ls C ds fdlh vo;o x ds fy,

        1 1 1gof x f og x

blls ;g fl) gksrk gS fd

        
1 1 1.gof f g

n`"Vkarh; mnkgj.k

mnkgj.k-7- ;fn     2: , 5 9f R R f x x x gks] rks  1 8f  rFkk  1 9f  dk eku Kkr dhft,A

gy % ekuk fd   1 8f x       8f x

        x x2 5 9 8      x x2 5 1 0  

          x 
  


 5 25 4

2
5 21

2

            1 11
2 2

8 5 21 , 5 21f

iqu % ekuk fd   1 9f x     9f x

        x x2 5 9 9           x x  0 5,

              1 9 0, 5 .f

mnkgj.k-8- ;fn    2: , 1f R R f x x gks] rks   1 5f  rFkk  1 26f  Kkr dhft,A

gy % ekuk fd    1 5f x  rc    5f x

 x2 1 5            x2 6          x   6

vc 6 dksbZ okLrfod la[;k ugha gSA

   6 R         1 5f

iqu %ekuk   1 26f x  rc    26f x

     x2 1 26    x2 25    x  5

         1 26 5,5f

mnkgj.k-9- ;fn    3: , 2f R R f x x gks rks fl) dhft, fd f ,dSdh vkPNknd gSA  f dk izfrykse Qyu Hkh

Kkr dhft,A

gy % ekuk x x R1 2,  rc    1 2f x f x

              x x x x x x1
3

2
3

1
3

2
3

1 22 2
vr % f ,dSdh gSA

iqu % ekuk y R rc    1 32y R  bl izdkj gS fd

         
1 32 2 2f y y y

lgizkUr ds izR;sd vo;o dk izkUr esa iwoZ&izfrfcEc fo|eku gSA vr % Qyu vkPNknd gSA
vr % f ,dSdh vkPNknd Qyu gSA



[ 12 ]

D;ksafd f ,dSdh vkPNknd Qyu gS rks f R R 1: fuEu izdkj ifjHkkf"kr gksxk

      1f y x f x y

ijUrq    3 2f x x  x y3 2 

           1 32x y

          1 31 2f y y              1 31 2f x x

vr %           1 31 1: , 2 .f R R f x x

mnkgj.k-10- ;fn � �: , 2f Q Q f x x�� rFkk : ,g Q Q�     2g x x  gks rks fuEu dk lR;kiu dhft,

    1 1 1gof f og

gy % pwafd f o g nks jSf[kd Qyu gaS  vr % f rFkk g ,dSdh vkPNknd Qyu gSA  vr % buds izfrykse f 1 rFkk

g1 fo|eku gS rFkk

f Q Q  1 ,   1

2
xf x ]       x Q (1)

g Q Q  1 ,    1( ) 2g x x     x Q (2)

ge tkurs gSa fd nks ,dSdh vkPNknd Qyuksa dk la;qä Qyu Hkh ,dSdh vkPNknd gksrk gSA  vr % � � :gof Q Q� Hkh

,dSdh vkPNknd gS rFkk bldk izfrykse Qyu fo|eku gS ,oa

  1 :gof Q Q                  2 2 2gof x g f x g x x

            1 2 2gof x x (3)

iqu %    1 1 :f og Q Q

rFkk                
1 1 1 1 1 2f og x f g x f x [ (2) ls]

         2 2x                  [ (1) ls (4)]

( )3 rFkk ( )4 ls    � � � � � � � �1 1 1 ,gof x f og x x Q� �����

          1 1 1.gof f og

iz'uekyk 1-2
1- ;fn     1,2,3,4 , , ,A B a b c gks rks A ls B esa pkj ,dSdh vkPNknd Qyu ifjHkkf"kr dhft, rFkk muds izfrykse

Qyu Hkh Kkr dhft,A

2- ;fn    3: , 3f R R f x x gks rks fl) dhft, fd f 1 fo|eku gksxk rFkk f 1 dk lw= Hkh Kkr dhft, vkSj

 1 24f  rFkk  1 5f  ds eku Kkr dhft,A

3- ;fn f R R:  fuEu izdkj ifjHkkf"kr gS  %

( )i    2 3f x x ( )ii    3 5.f x x
rks fl) dhft, fd nksuksa fLFkfr;ksa esa f ,dSdh vkPNknd gS vkSj f 1 Hkh Kkr dhft,A

4- ;fn        1,2,3,4 , 3,5,7,9 , 7,23,47,79A B C  rFkk f A B: ,         22 1, : , 2f x x g B C g x x

gks] rks  1gof  vkSj f og 1 1  dks Øfer ;qXeksa ds :i esa fyf[k;sA
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5- ;fn     : , , 0f R R f x ax b a  ls ifjHkkf"kr gks rks fl) dhft, fd f ,dSdh vkPNknd Qyu gSA  f 1 dk lw=

Hkh Kkr dhft,A

6- ;fn      : , cos 2f R R f x x  gks] rks fd D;k f 1 fo|eku gS\

7- f 1 Kkr dhft, ¼;fn fo|eku gks½ tcfd f A B: , tgk¡

( )i            0, 1, 3,2 , 9, 3,0,6 , 3 .A B f x x

( )ii         21,3,5,7,9 , 0,1,9,25,49,81 , .A B f x x

( )iii     3, .A B R f x x

1-07 f}vkèkkjh lafØ;k (Binary  operation)
ekuk S ,d vfjä leqPp; gSA  S S ls S esa ifjHkkf"kr fdlh Qyu dks S esa ,d f}vkèkkjh lafØ;k dgrs gSaA  vFkkZr~

leqPp; S esa ifjHkkf"kr dksbZ f}vkèkkjh lafØ;k ,d ,slk fu;e gS ftlds vkÄkj ij S ds vo;oksa ds izR;sd Øfer ;qXe

 ,a b ds fy, S dk ,d vf}rh; vo;o izkIr fd;k tk ldrk gSA  lkekU;r % f}vkèkkjh lafØ;k dks , o� vFkok  fpàksa

ls fu:fir fd;k tkrk gSA  �  lafØ;k ds vUrxZr  ,a b  S S ls lEc) gksus okys vo;o dks a b* ls O;ä djrs gSaA

ifjHkk"kk % fdlh leqPp; S ij ifjHkkf"kr dksbZ f}vkèkkjh lafØ;k * ,d ,slk fu;e gS ftlds vk/kkj ij S ds fdUgha

nks vo;oksa ds fy, S dk gh ,d vf}rh; vo;o çkIr fd;k tk ldsA

vFkkZr~ , , ,*a S b S a b S a b S     

mnkgj.kkFkZ 1- iw.kkZadksa dk ;ksx   ,  O;odyu   vkSj xq.ku    iw.kkZadksa ds leqPp; Z esa f}vkèkkjh lafØ;k,¡ gSa tks

Z ds fdUgha nks vo;oksa a b, dks Øe'k % Z ds vf}rh; vo;o     ,a b a b  rFkk ab ls lEc) djrh gSA

2 - fdlh leqPp; S ds ?kkr leqPp; (Power set),  P S  esa leqPp;ksa dk la?k   rFkk loZfu"B   f}vkèkkjh

lafØ;k,a gSa D;ksafd

        ,A P S B P S A B P S  rFkk  A B P S
3- ifjes; la[;kvksa ds leqPp; Q esa *, tks fuEu izdkj ifjHkkf"kr gS  %

    , ,
2
aba b a b Q����

Q esa ,d f}vkèkkjh lafØ;k gS D;ksafd a Q b Q ab Q   , 2
4- okLrfod la[;kvksa ds leqPp; R esa  , tgka  fuEu izdkj ifjHkkf"kr gks  %

a b a b ab a b R     , ,
R esa ,d f}vkèkkjh lafØ;k gSA D;ksafd

        ,a R b R a b ab R
5- izkd̀r la[;kvksa ds leqPp; N esa ;ksx rFkk xq.ku ,d f}vkèkkjh lafØ;k gS D;ksafd

 
 

      
      

, , ,
, , ,

a N b N a b N a b N
a N b N a b N a b N

ijUrq N esa O;odyu rFkk foHkktu f}vkèkkjh lafØ;k ugha gSA
6- foHkktu] fdlh Hkh leqPp; Z Q R C N, , , , esa ,d f}vkèkkjh lafØ;k ugha gS ijUrq ;g Q R0 0, rFkk C0 ij f}vkèkkjh
lafØ;k gSA
7- ekuk S A, esa ifjHkkf"kr lHkh Qyuksa dk leqPp; gks rks ßla;qä QyuÞ S esa ,d f}vkèkkjh lafØ;k gS D;ksafd

f g S f A A g A A, : , :   
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   :gof A A

1-08 f}vkèkkjh lafØ;k ds izdkj (Types  of  binary  operations)
(i) Øefofues;rk (Commutativity)

ekuk S ,d vfjä leqPp; gS ftlesa ,d f}vkèkkjh lafØ;k  ifjHkkf"kr gSA  ;fn a b S,  rc ge tkurs gSa fd

   , ,a b b a tc rd a b u gksA  vr % ;g vko';d ugha gS fd  ds vUrxZr  ,a b  rFkk  ,b a ds izfrfcEc leku

gksA nwljs 'kCnksa esa ;g lnSo vko';d ugha gS fd
a b b a a b S    , , ,

;fn a b b a a b S    , , , rc S esa  lafØ;k Øefofues; lafØ;k dgykrh gSA
ifjHkk"kk % fdlh leqPp; S esa ifjHkkf"kr dksbZ f}vkèkkjh lafØ;k ,d Øefofues; lafØ;k  dgykrh gS ;fn
a b b a a b S    , , , .
mnkgj.kkFkZ 1- okLrfod la[;kvksa ds leqPp; R esa ;ksx rFkk xq.ku Øefofues; lafØ;k,¡ gaS ijUrq O;odyu Øefofues;
ugha gSA

2- fdlh leqPp; S ds ?kkr leqPp;  P S esa leqPp;ksa dk la?k    rFkk loZfu"B    Øefofues; lafØ;k,¡ gS ijUrq

leqPp;ksa dk vUrj Øefofues; ugha gSA
(ii) lkgp;Zrk (Associativity)

ekuk fd fdlh vfjä leqPp; esa dksbZ f}vkèkkjh lafØ;k  ifjHkkf"kr gSA  ekuk a b c S, , , . ;fn ge * *a b c ij
fopkj djsa rks ge ns[krs gSa fd pwafd f}vkèkkjh lafØ;k S ds fdUgha nks vo;oksa ds fy, gh ifjHkkf"kr gS ijUrq ;gk¡ S ds rhu
vo;o fo|eku gSaA

vr % gesa   a b c vFkok   a b c ij fopkj djuk pkfg,A ;g vko';d ugha fd

     , , ,* * * *a b c a b c a b c S  lnSo lR; gksA ;fn          , , ,a b c a b c a b c S  rc lafØ;k

 dks lkgp;Z lafØ;k dgrs gSaA

ifjHkk"kk % fdlh leqPp; S esa ifjHkkf"kr lafØ;k  lkgp;Z lafØ;k dgykrh gS ;fn  � � � � , , , .a b c a b c a b c S�������

mnkgj.kkFkZ 1- iw.kkZadksa ds leqPp; Z esa ;ksx rFkk xq.ku dh lafØ;k,¡ lkgp;Z gSa ijUrq O;odyu dh ugha D;ksafd

� � � � , , ,a b c a b c a b c Z�������

   � � � � ,a b c a b c�����     a b c Z, ,

ijUrq        a b c a b c

2- fdlh leqPp; S ds ?kkr leqPp;  P S esa leqPp;ksa dk la?k rFkk loZfu"B lkgp;Z lafØ;k,¡ gSa D;ksafd fdUgh

 , ,A B C P S  ds fy,

      A B C A B C

rFkk        .A B C A B C
3- ;fn A dksbZ vfjä leqPp; gks rFkk S A, esa ifjHkkf"kr lHkh Qyuksa dk leqPp; gks rc S esa ifjHkkf"kr lafØ;k ßla;qä
QyuÞ ,d lkgp;Z lafØ;k gS D;ksafd

     , , , .fog oh fo goh f g h S

(iii) f}vkèkkjh lafØ;k dk rRled vo;o (Identity  element  for  a binary operation)
ekuk fd  , leqPp; S esa ,d f}vkèkkjh lafØ;k gSA  ;fn S esa ,d ,slk vo;o e fo|eku gS fd

,a e e a a����  a S ,
rks vo;o e dks S esa  lafØ;k ds fy, rRled vo;o dgrs gSaA
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mnkgj.kkFkZ 1- iw.kkZadksa ds leqPp; Z esa 0vkSj 1 Øe'k % ;ksx ,oa xq.ku lafØ;kvksa ds rRled vo;o gSa D;ksafd
a Z ds fy, 0 0   a a a
rFkk  1 1   a a a
2- izkd̀r la[;kvksa ds leqPp; N esa ;ksx lafØ;k ds fy, rRled vo;o fo|eku ugha gS ijUrq xq.ku lafØ;k ds fy,
1 rRled vo;o gSA

3- ?kkr leqPp;  P S  esa S ,oa  Øe'k % loZfu"B ,oa la?k lafØ;kvksa ds rRled vo;o gS D;ksafd izR;sd  A P S ds

fy,

A S S A A     rFkk     .A A A
4- ifjes; la[;kvksa ds leqPp; Q esa ,d f}vkèkkjh lafØ;k * fuEu izdkj ifjHkkf"kr dh xbZ gS  %

   , ,
2

aba b a b Q

bl izfØ;k ds fy, 2 Q rRled vo;o gS D;ksafd izR;sd a Q ds fy,

2 2
2

 


a a a   rFkk   


  
22 .

2
aa a

izes; 1-8 ;fn fdlh leqPp; esa ,d f}vkèkkjh lafØ;k dk rRled vo;o fo|eku gks rks og vf}rh; gksrk
g SA
izek.k % ;fn laHko gks rks ekuk fd leqPp; S esa lafØ;k  ds fy, e rFkk e nks rRled vo;o fo|eku gSaA

   *e e e e e     [ ,e S esa rRled gS rFkk  e S] (1)
iqu %   *e e e e e     [ , e S esa rRled gS rFkk e S ] (2)
(1) rFkk (2) ls        e e 
vr % fdlh lafØ;k dk rRled vo;o] ;fn fo|eku gks] rks vf}rh; gksrk gSA
(iv) izfrykse vo;o (Inverse element)

ekuk fd , leqPp; S esa ,d f}vkèkkjh lafØ;k gS vkSj e bldk rRled vo;o gSA  ekuk a S . ;fn leqPp; S esa
dksbZ ,slk vo;o b fo|eku gks fd

a b b a e   

rc b dks a dk izfrykse vo;o dgrs gSa rFkk bls a1 ls fu:fir djrs gSaA
;fn fdlh vo;o a dk izfrykse vo;o S esa fo|eku gks rks a, O;qRØe.kh; vo;o (Invertible  element ) dgykrk gSA  vr
%

a S O;qRØe.kh; gS    a S1

fVIi.kh& ekuk fd leqPp; S esa  f}vkèkkjh lafØ;k ds fy, e rRled vo;o gS rc e e e e e    . vFkkZr~ ;fn fdlh leqPp;
esa fdlh lafØ;k ds fy, rRled vo;o fo|eku gks rks og O;qRØe.kh; gksrk gS rFkk rRled vo;o dk izfrykse rRled vo;o
gh gksrk gSA

mnkgj.kkFkZ 1- iw.kkZadksa ds leqPp; Z esa] izR;sd iw.kkZad a ds fy,    ,a Z ;ksx lafØ;k ds fy, izfrykse vo;o gS D;ksafd

         0a a a a ¼rRled½

vr % Z dk izR;sd vo;o ;ksx lafØ;k ds fy, O;qRØe.kh; gSA
2- ifjes; la[;kvksa ds leqPp; Q esa izR;sd v'kwU; la[;k xq.ku lafØ;k ds fy, O;qRØe.kh; gS rFkk

a Q a a a   0 11a f D;ksafd   (1/ ) (1/ ) 1a a a a   

3- ÄukRed ifjes; la[;kvksa ds leqPp; Q esa ,d f}vkèkkjh lafØ;k fuEu izdkj ifjHkkf"kr dh xbZ gS  %

a b ab a b Q    2 , ,



[ 16 ]

ge ns[k pqds gSa fd bl lafØ;k dk rRled vo;o 2 gSA  bl lafØ;k ds lkis{k a Q  dk izfrykse   4 a Q gS D;ksafd


 

4 (4 / ) 2
2
a aa

a
¼rRled½ rFkk  


 

4 (4 / ) 2
2

a aa
a

 ¼rRled½

izes; 1-9 ,d lkgp;Z lafØ;k ds lkis{k fdlh O;qRØe.kh; vo;o dk izfrykse vf}rh; gksrk gSA
izek.k & ekuk fd , leqPp; S esa ,d lkgp;Z f}vkèkkjh lafØ;k gS ftldk rRled vo;o e gSA  ekuk fd a S, dk ,d
O;qRØe.kh; vo;o gSA  ;fn laHko gks rks ekuk fd S esa b rFkk c a, ds nks izfrykse vo;o gSA

vc      b a c b e b c a 1

rFkk  b a c e c c    a f b a 1

ijUrq lkgp;Z xq.k/keZ ls                b a c b a c vr %   b c

vFkkZr~ izR;sd O;qRØe.kh; vo;o dk izfrykse vf}rh; gksrk gSA

1-09 ekM~;wyks i)fr es a ;k sx ,oa xq.ku dh lafØ;k,a  (Addition  and  multiplication
operations  in  modulo  system)

;fn a rFkk b ,sls iw.kkZad gks fd  a b ,d /kukRed iw.kkZad m ls foHkkT; gks rks bls  a b ¼ekWM m ½ ladsr ls

O;ä djrs gS rFkk "a lokZaxle b ekM~;wyksa m" ;k (a is congruent to b modulo m) i<+rs gSaA
vr %     a b ¼ekWM m ½       m a b

mnkgj.kkFkZ    18 6 ¼ekWM 2½       18 6 12 2  , ls foHkkT; gS
  14 6 ¼ekWM 4 ½          14 6 20 4, ls foHkkT; gSA

iqu % ;fn m ,d /kukRed iw.kkZad gS rFkk a b, nks iw.kkZad gks rks foHkktu Qyu fofÄ (Division algorithm) ls vU; nks iw.kkZad
r q, ,sls fo|eku gksaxsa fd

a b mq r r m    , 0
rc r dks a vkSj b ds ;ksx ekM~;wyksa m (Addition  modulo  m) dk le'ks"k dgrs gSa rFkk bls ladsr ds :i esa

   moda b r m  ;k a b rm  ls O;ä djrs gSaA

vr %       
;fn
;fn

,
,m

a b a b ma b r a b m
, tgk¡ r, a + b esa m dk Hkkx nsus ij izkIr _.ksÙkj 'ks"kQy gSA

mnkgj.kkFkZ    2 3 14   2 3 5 1 4 1    

  10 3 14         10 3 7 2 4 1
blh izdkj ;fn m ,d /ku iw.kkZad gS rc fdUgha nks iw.kkZadksa a b, ds fy, ;fn

a b mq r r m    , 0
rks r dks a vkSj b ds xq.ku ekM~;wyksa m ( )Multiplication  modulo m  dk le'ks"k dgrs gSaA  bls ladsr :i esa a b r  ¼ekWM m½
;k a b rm  ls O;ä djrs gSaA

vr %    
;fn
;fn

,
,m

ab ab ma b r ab m , tgk¡ r, a b esa m dk Hkkx nsus ij izkIr _.ksÙkj 'ks"kQy gSA

mnkgj.kkFkZ 5 3 34   15 4 3 3  

5 6 03   5 6 30 10 3 0    

1-10 ifjfer lewg ds fy, lafØ;k lkj.kh (Composition  table  for  a  finite   set)
;fn fn;k x;k leqPp; ifjfer (finite) gks rks ml ij ifjHkkf"kr fdlh f}vkèkkjh lafØ;k ds fy, ,d lkj.kh rS;kj

dh tk ldrh gS ftls lafØ;k lkj.kh (Composition  table) dgrs gSaA  lkj.kh cukus dh fofÄ fuEu mnkgj.kksa ls Li"V gks
tk,xhA
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mnkgj.kkFkZ 1-    21, , ;S x   tgka , bdkbZ dk dkYifud ?kuewy gSA

2

2

2

2 2

1
1 1

1
1

 
 

  
  



2-     40, 1, 2, 3 ;S

4 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

bl izdkj izkIr lafØ;k lkj.kh ls gesa fuEu ifj.kke Kkr gksrs gSa  %
(i) ;fn lkj.kh eq[; fod.kZ ds lkis{k lefer gS rks ifjHkkf"kr lafØ;k ml leqPp; esa Øefofues; gksrh gSA

(ii) ;fn a j ls izkjaHk gksus okyh iafä lcls mijh iafä ls laikrh gS rFkk a j ls izkjaHk gksus okyk LraHk lcls ckbZ vkSj ds LrEHk ls

laikrh gS rc aj , leqPp; S esa lafØ;k dk rRled vo;o gSA

(iii) leqPp; dk dksbZ vo;o O;qRØe.kh; gksxk ;fn lkj.kh esa mlds laxr iafä rFkk LrEHk esa rRled vo;o fLFkr gksA

n`"Vkarh; mnkgj.k
mnkgj.k-11- okLrfod la[;kvksa ds leqPp; R esa  lafØ;k fuEukuqlkj ifjHkkf"kr gS

   a b a b ab a b R     , ,  rFkk 1a
( )i  dh Øefofues;rk rFkk lkgp;Zrk dh tkap dhft,A
( )ii  dk rRled vo;o] ;fn fo|eku gks] Kkr dhft,A
( )iii  ds lkis{k R ds O;qRØe.kh; vo;oksa dks Kkr dhft,A
gy % (i) ;fn a b R,  gks rks ifjHkk"kkuqlkj

    a b a b ab b a b a        ¼la[;kvksa ds ;ksx rFkk xq.ku dh Øefofues;rk ls½
           b a

  ,d Øefofues; lafØ;k gSA

iqu %         a b c a b ab c

     
          

      
a b ab c a b ab c

a b ab c ac bc abc

           a b c bc ca ab abc (1)
rFkk      a b c a b c bc     a f a f

            a b c bc a b c bca f a f
           a b c bc ca ab abc (2)

(1) rFkk (2) ls Li"V gS fd        a b c a b c

     ,d lkgp;Z lafØ;k gSA
( )ii ;fn laHko gks rks ekuk  dk rRled vo;o e gks rc fdlh a R ds fy,]

a e a   ¼rRled dh ifjHkk"kk ds vuqlkj½
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    a e ae a           1 0e a

    e R 0 [  1a ]
 dk rRled vo;o 0 gSA

( )iii ekuk a R  ;fn laHko gks rks ekuk fd a dk izfrykse vo;o x gS]
rc ifjHkk"kk ds vuqlkj

a x  0  ¼rRled½

    a x ax   0      1x a a

     ,
1

ax R
a

 
    a  1

    1a R a  O;qRØe.kh; gSA

mnkgj.k-12- ;fn     , , , 0S a b a b R a  rFkk S esa ,d lafØ;k   fuEu izdkj ifjHkkf"kr gks  %

       , , ,a b c d ac bc d  rc

( )i  dh Øefofues;rk rFkk lkgp;Zrk dh tkap dhft,A
( )ii  dk rRled vo;o] ;fn fo|eku gks] Kkr dhft,A
( )iii  ds lkis{k S ds O;qRØe.kh; vo;oksa dks Kkr dhft, rFkk O;qRØe.kh; vo;o dk izfrykse vo;o Kkr dhft,A

gy % ( )i ekuk    , , ,a b c d S

rc        , , ,a b c d ac bc d  rFkk        , , ,c d a b ca da b

bl izdkj           , , , ,a b c d c d a b

    lafØ;k  Øefofues; ugha gSA

iqu % ekuk      , , , , ,a b c d e f S

vc                     , , , , ,a b c d e f ac bc d e f

          , ,ace bc d e f ace bce de f (1)

rFkk           
 

      
  

, , , , ,
,

a b c d e f a b ce de f
ace bce de f

 (1) o (2) ls                          , , , , , ,a b c d e f a b c d e f (2)
vr %  ,d lgpkjh lafØ;k gSA

( )ii ekuk S esa rRled vo;o  ,x y gks] rc  ,a b S ds fy,

      , , ,a b x y a b  [rRled dh ifjHkk"kk ls]

      , ,ax bx y a b
     ax a rFkk     bx y b 
vc     ax a       x  1 [ ]a  0
rFkk   bx y b         b y b  [ ] x  1

      y  0
vr %     , 1, 0x y S

  S dk rRled vo;o  1, 0 gS

D;ksafd       , 1,0 ,a b a b rFkk        1,0 , , .a b a b
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( )iii ekuk  ,a b S vkSj  ,a b dk izfrykse vo;o  ,x y gks rc izfrykse dh ifjHkk"kk ds vuqlkj

      , , 1,0a b x y   [rRled]
       , 1,0ax bx y
           ax  1, bx y  0

ax  1,    1x a                   0a

rFkk bx y  0    y b a   0a

vr %  ,a b dk izfrykse  1/ , /a b a  gSA

mnkgj.k-13- ;fn  , , ,S A B C D  tgk¡  , , A B a b    , , , ,C a c D a b c   fl) dhft, fd leqPp;ksa

dk la?k , S esa ,d f}vkèkkjh lafØ;k gS ijUrq leqPp;ksa dk loZfu"B , S esa f}vkèkkjh lafØ;k ugha gSA

gy% ge ns[krs gSa fd

            , , ,A B a b a b B     ,A C C A D D   

       , , , ,B C a b a c a b c D    

        , , , , , ,B D a b a b c a b c D     C D D 

bl çdkj esa , S ,d f}vkèkkjh lafØ;k gS iqu %      , ,B C a b a c a S     vr % , S esa f}vkèkkjh lafØ;k

ugha gSA

iz'uekyk 1-3
1- dkj.k lfgr crkb, fd  dh fuEu ifjHkk"kkvksa esa ls dkSulh muds lEeq[k fn, x, leqPp; esa ,d f}vkèkkjh lafØ;k gS vkSj

dkSu lh ugha
(i) a b a N  , esa (ii)   a b a b N    3, eas
(iii) a b a b N   3 , eas (iv)   a b a b Q  , eas
(v) a b a b R   , easA

2- fuEu esa ls izR;sd ds fy, Kkr dhft, fd lafØ;k  Øefofues; rFkk lkgp;Z gS ;k ugha

(i) N esa  tgka  2* aba b (ii)  N esa  tgka    2*a b a b a b
(iii) Z esa  tgka  a b a b (iv) Q esa  tgka a b ab  1
(v) R esa  tgka    7a b a b

3- ;fn iw.kk Zadksa ds leqPp; Z esa ,d lafØ;k       , , ,a b a b a b Z1  }kjk ifjHkkf"kr gks rks fl) dhft, fd
 , Øefofues; rFkk lkgp;Z gSA  bldk rRled vo;o Kkr dhft,A  fdlh iw.kkZad dk izfrykse Hkh Kkr dhft,A

4- leqPp;   1R ij ,d f}vkèkkjh lafØ;k fuEu izdkj ifjHkkf"kr gS  %

  a b a b ab a b R      , , 1l q
fl) dhft, fd  Øefofues; rFkk lgpk;Z gSA  rRled vo;o Kkr dhft, rFkk fdlh vo;o a dk izfrykse Hkh Kkr
dhft,A

5- leqPp; R0 esa pkj Qyu fuEu izdkj ifjHkkf"kr gS  %

             1 2 3 4, , 1 , 1f x x f x x f x x f x x

^Qyuksa dk la;qä* lafØ;k ds fy, f f f f1 2 3 4, , , dh lafØ;k lkj.kh cukb,A rRled vo;o rFkk izR;sd vo;o dk
izfrykse Hkh Kkr dhft,A
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fofo/k ç'uekyk&1

1- ;fn         3: , 2 3; : , 5f R R f x x g R R g x x  gks rc    1fog x  dk eku gksxk

¼d½ 
 

 
 

1 37
2

x
¼[k½ 

  
 

1 37
2

x ¼x½ 
 

 
 

1 32
7

x
¼?k½ 

 
 
 

1/ 37 .
2

x

2- ;fn    


1 ,
1

xf x
x y

rks  f y  dk eku gksxk

¼d½ x ¼[k½ x 1 ¼x½ x 1 ¼?k½ 1 .x

3- ;fn   



3
1

xf x
x

gks rks     f f f x cjkcj gS

¼d½ x ¼[k½ 1 x ¼x½ x ¼?k½ 1/ .x

4- ;fn     cos logf x x  gks rks             
1
2f x f y f x y f x y  cjkcj gS

¼d½ 1 ¼[k½ 0 ¼x½ 1 2 ¼?k½ 2.

5- ;fn    : , 2 1f R R f x x  vkSj    3: , ,g R R g x x  rks    1 27gof cjkcj gS

¼d½ 2 ¼[k½ 1 ¼x½ 1 ¼?k½ 0.

6- ;fn f R R:  rFkk g R R: , tgka    2 3f x x rFkk    2 1g x x  rc   2gof  dk eku gS

¼d½ 38 ¼[k½ 42 ¼x½ 46 ¼?k½ 50.
7- ;fn leqPp; Q0 ij ,d lafØ;k     , , ,a b ab a b Q2 0  }kjk ifjHkkf"kr dh tk;s rks bl lafØ;k dk rRled

vo;o gS

¼d½ 1 ¼[k½ 0 ¼x½ 2 ¼?k½ 3.
8- okLrfod la[;kvksa ds leqPp; R esa ,d f}vkèkkjh lafØ;k  a b ab a b R    1 , ,  }kjk ifjHkkf"kr gSA  rc lafØ;k  gS

¼d½ Øefofues; ij lkgp;Z ugha ¼[k½ lkgp;Z ij Øefofues; ugha
¼x½ u lkgp;Z u Øefofues; ¼?k½ lkgp;Z rFkk Øefofues;A

9- iw.kkZadksa ds leqPp; Z esa O;odyu (subtraction) ,d ,slh lafØ;k gS tks
¼d½ Øefofues; rFkk lkgp;Z gSA ¼[k½ lkgp;Z ijUrq Øefofues; ugha
¼x½ u Øefofues; u lkgp;Z ¼?k½ Øefofues; ij lkgp;Z ughaA

10- iw.kkZadksa ds leqPP; Z esa ,d lafØ;k  , a b a b ab a b Z   = + , ,  }kjk ifjHkkf"kr gSA  bl lafØ;k ds lkis{k fdlh

vo;o  1a dk izfrykse gS

¼d½ 
a

a 1
¼[k½ 

a
a1

¼x½ 
a

a
1

¼?k½ 
1
a

11- R esa ifjHkkf"kr fuEu esa ls dkSu lh lafØ;k Øefofues; gS

¼d½ a b a b*  2 ¼[k½ a b ab*  ¼x½ a b a b ab*    ¼?k½ a b a b a b*    2

12- fuEu rhu Qyuksa ds fy, la;qDr Qyu lafØ;k ds fy, lkgp;Z fu;e dk lR;kiu dhft,

 0 0: , ( ) 2 ; : , ( ) 1/ ; : , ( ) xf N Z f x x g Z Q g x x h Q R h x e     

13- ;fn f R R:   rFkk g R R:   fuEu izdkj ifjHkkf"kr gks

    2 ,f x x g x x  rks gof rFkk fog Kkr dhft,A D;k ;s Qyu rqY; gS\
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14- ;fn      : , cos 2f R R f x x gks rks Kkr dhft, fd f izfrykseh Qyu gS ;k ugha dkj.k lfgr vius mŸkj

dh iqf"V dhft,A

15- ;fn   1,1A rFkk A esa ifjHkkf"kr nks Qyu f rFkk g gS tgka    2 ,f x x       
 

sin ,
2
xg x rks fl) dhft,

fd g1 fo|eku gS tcfd f 1 ughaA  g1 Hkh Kkr dhft,A

16- ;fn f R R:  rFkk g R R:  ,sls Qyu gS fd    3 4f x x  rFkk    


4
3

x
g x  rks   fog x  rFkk

  gof x  Kkr dhft,A lkFk gh   1gog  dk eku Hkh Kkr dhft,A

egRoiw.kZ fcUnq

1- ;fn f rFkk g nks Qyu gkas rks mudk la;qä Qyu gof rHkh ifjHkkf"kr gksxk tc f dk ifjlj , g ds izkUr dk
mileqPp; gksA

2- la;qDr Qyu }kjk Øefofues; xq.k/keZ dk ikyu djuk vko';d ugha gSA

3- la;qä Qyu lkgp;Z fu;e dk ikyu djrk gS vFkkZr~    fog oh fo goh
4- nks ,dSdh vkPNknd Qyuksa dk la;qDr Qyu Hkh ,dSdh vkPNknd gksrk gSA
5- ,dSdh vkPNknd Qyu dk izfrykse vf}rh; gksrk gSA
6- ,dSdh vkPNknd Qyu dk izfykse Hkh ,dSdh vkPNknd gksrk gSA

7-    1 1 1gof f og

8- fdlh leqPp; A esa ,d f}vkèkkjh lafØ;k A A ls A esa ifjHkkf"kr Qyu gSA
9- leqPp; S esa lafØ;k  ds fy, ;fn dksbZ ,slk vo;o e fo|eku gks fd

a e e a a a S     , rks e dks lafØ;k  dk rRled vo;o dgrs gSaA
10- S esa  lafØ;k ds fy, fdlh vo;o a dk izfrykse S esa fo|eku ,slk vo;o b gS tgk¡ a b b a e    .

11- vo;o a ds izfrykse dks a1  ls fu:fir fd;k tkrk gSA
12- fdlh leqPp; S esa  lafØ;k ds fy, fdlh vo;o dk izfrykse rHkh gksxk tc S esa  lafØ;k ds fy, rRled vo;o

fo|eku gksA
13- ;fn fdlh leqPp; S esa  lafØ;k ds fy,

         , , ,a b c a b c a b c S
gks rks  lafØ;k lkgp;Z dgykrh gSA
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mÙkjekyk
ç'uekyk 1-1

1-          2 2( ) 4 12 14, 2 13i gof x x x fog x x              
32 6 3( ) 3 8 1, 9 6 9ii gof x x fog x x x

      ( ) ,iii gof x x fog x x            2 2( ) 3 6 13, 9 18 5iv gof x x x fog x x x

2-               , , , , , ; , , , , ,fog u u v v w w gof a a b b c c

3-       , ,fog x x gof x gk¡ rqY; Qyu gSA

4-           , , 1 5 3fog x x gof x gog 5- 5

6-            
42 2( ) 2 2 2 4i gof x x x x x

7-      2( ) 4 6 1i fog x x x      2( ) 2 6 1ii gof x x x

       4 3 2( ) ( ) 6 14 15 5iii fog x x x x x     ( ) 4 9iv gog x x

ç'uekyk 1-2

1-                   1
1 11, , 2, , 3, , 4, ; ,1 , ,2 , ,3 , ,4f a b c d f a b c d

                  1
2 21, , 2, , 3, , 4, ; ,1 , ,2 , ,3 , ,4f a c b d f a c b d

                 1
3 31, , 3, , 2, 4, ; ,1 , ,3 , ,2 , ,4f d b a c f d b a c

                 1
4 41, , 3, , 2, 4, ; ,1 , ,3 , ,2 , ,4f a a b c f a a b c

2-              1 31 1 13 , 24 3, 5 2f x x f f 3-        
   1 31 13 , 5

2
xf x f x x

4-               1 1 17,1 , 23,2 , 47,3 , 79,4gof f og 5-    
1 x bf x

a
6-   ugha

7-               1( ) 9, 3 , 3, 1 , 0,0 , 6,2i f   ( )ii f 1  fo|eku ugha gSA   1 1 3( )iii f x x

ç'uekyk 1-3
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15-  


 1 12 sing x x 16-          
  
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fog x gof x x gog




