Exercise 15.4
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Since there is no easy way to use only horizontal or vertical segments fo integrate over, polar
coordinates should be used to integrate.

The function has a radius of 4 and goes from 0 to 3m/2. Therefore, the solution is:

w2

o Jof (reos(), rsin(@)rd rd @
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It is easier with rectangular coordinates.

R= {f'(x,y)iﬂ <p<l—x’, —1 E.xﬂl}

e

Jar(xv)aa= [L, [§7 f e ) dydx
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The objective is to write H.f(-"-.‘»’)‘” as an iterated integral using rectangular or polar
R

coordinates.

The region of integration is shown below:
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Find the limits of integration. It is use to use rectangular coordinates to determine limits of
integration.

From the diagram,

The value of x for the region changes from —Jtp 1 -

The line passing through the points (~1,0);(1,1) -

Let (o) = (=1.0)i(x. ) = (L1)
The slope of line joining these points is,

Y2~ N
X=X
C1-0
T+l
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2

The equation of the line is,

=

_]-"—_}31=m{.1'—.l'|}
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~0=—(x+1
y=0=—(x+1)

_x+l

T
S— . x+1
This implies the value of y for the region changes from () to T ;
S0, the region of integration is in rectangular coordinates is,

R:{(I,}')l —Iﬂxﬂlﬂﬂﬂ_ngTH}

Therefore, the integral becomes,
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The given region R can be descriubed as,

R={(x,p)|x20,9<x"+y <36}

Here, the given region is a the half-ring shaped region between the circles:
x2 4+ y* =9 and x2 + »® = 36 lying on the fourth and first quadrants.

It's easy to use polar coordinates, to write it as an iterated integral.

In polar coordinate system,

x=r cosl
y=rsind
II +_]-"2 = rl
dxdy = rdrd@
The given region R can be descriubed in polar coordinates as follows:
R={(r,5)|3£r£6, %ﬂgag%ﬁ}

Therefore, the iterated integral is,

5mf2 &

fff{x,y]a’A= f ff(rcnsﬂ,rsinﬁ')rdrdﬂ,
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Consider the integral,
Ir
4 2
[ [rdrao
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From the integral, observe that the rlimits are from | to 2-

And the @ limits are from % w0 %

Hence the region = {[:-,E”I <r< 2,% <f< %r} is shown below.
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Now, evaluate the integral as:
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Therefore, the value of the integral ] I_,, dr dg's

mid 0
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Consider the integral,

a Isin@
I j rodrdf

"2 0

From the integral, observe that the r limits are from () to 2sin @-

And the g limits are from % to 1.

Hence the region D= {[rﬁ]]ﬂ <r<2sin &Eg () ﬂ;r]r is shown below.
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Now, evaluate the integral as:

x 2sind z [ 2 sind
[ [ rdrde = ]'[’E] a6

"z 0 "l i

FEsinzﬁdﬁ
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I [1-cos26]d0 Since cos26 =1-2sin’ @
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Therefore, the value of the integral I j rodrd@ is .
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Consider the integral H-“-’E.Vd-”’
i

Since D is the top half of the disk with center the origin and radius 3.
50, x=rcos and y=rsind.
In polar coordinates the area of a region is given by

B k(8]
j j f(reos@, rsin@)r drdf.
a fy[ &)



On substituting x with pcos@ and y with |:J we get x2y as 3 ops® @sin -
The limits for r is obtained as (0, 9) and the limits for @ as {{L fr].

Now, evaluate the integral.

thd.éz r' cos’ @sin @) rdrdo

[}
O M— E e Sy

]

A

5

I[rd‘ cos” @sin 3) drd@

1] , y

[%J cos’ @sin 0d0
AR

= I[—}:os dsinfdo
% 5

= 625}::053 Gsin 0d0
1]

Suppose u =cosf then du = —sin8do
Limits: When g=0=un=1

When g=gz=u=-1

Therefore,

j'j'a. ydd = ﬁzsfms Gsin6do

=6 J dtr
]
I
=625 | u du
J
3 |
=625 i}
3 =
-1~
1250
T3
1250

Therefore, H,ﬁyd&: iz e I
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Consider the integral ”{21—)”}5"4
"

Here R is the region in the first quadrant enclosed by the circle * +J;2 =4 and the lines
x=0and y=x._

Sketch the graph is shown below:

If £ iscontinuous on a polar rectangle Risgivenby O<a<r<h a =8 < ff. where

0<f - a<2x. then

b

H,ﬂ:L y)dd = ”_J"{rcns&rsin Q)rdrdd.
R

o



Since x =rcosé and y =rsing.
Then

2x — y = 2rcosf — rsind
=2(2cos@-sinfd)

From figure, the limits for integration of r as {{},2) and the limits for @ as [% E]_

Ab
Substitute the known values in ”f{r{:ﬂs&:rsin H]rdrdﬁ" and evaluating the integral. obtain
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r(2cos@ —sin@)rdrdd
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(2cos@ —sin&][%] do
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Consider the integral _“jz';in[x1 +,1": }JA, here g is the region in the first quadrant between
I3
the circles with center the origin and radii 1 and 3.

To evaluate the integral by changing the polar coordinates, use the theorem change to polar
coordinates in a double integral.

Sketch the graph of the region:
Ir._r"




The description of the region g in terms of rectangular coordinates is
/3
R:{{r,ﬂ}llirilﬂiﬁig}.

Since the region is enclosed

Change to polar coordinates in a double integral:

It fis continuous on a polar rectangle Risgivenby 0<a<r<h a =8 < i, where
0 f-a<ln,
Then

Hf{x, y) d4 =JTJ‘:f(rcusé',rsillf?)rdrdﬂ ,
R

Let x =rcos® and y = rsind, then

¥ +y =ricos’ @+ sin’ @
1
=r

Thus, sin(,r:+ yE] = sinr?,

The limits for integration of » is [1,3) and the limits for g is [ﬂ, E].

B
Plug in the values to the formula ”f'[rmsﬁ,rﬁiﬂ H]rdrdﬂ and evaluate the integral.

Lrartl

- | g

3
J-rsin P drdf = (sinudu}dﬂ' [Taking # =H,rdr=%du]
1

b

b | —
C i | 3
] N —

Tid

_.‘ (—cos zr]?dﬂ
(1]

b | =

= L J-(CGS]—CDS 9)d@

2 ik
=%{cusl—cos‘9][€]g"z
= i[vn.:q:»:;l - Cos 9}[5—0]

2 2

= %(cc:-sl ~cos9)

Therefore. the value of the integral ”5i"[1’1 +y }dA, s |Zcosl - Zcos9)|
R 4
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Consider the integral H 2}’ —dA
R ¥ +.}I‘
Where R is the region that lies between the circles x* + y* =4® and x® + y* = p* with

O<a<h-

The region is shown in the following figure:

-

Let x=rcos@,y=rsin@ then x* 4+ =p? dd=rdrdf
Rcan be expressedas R= {[;*,E’} D<as<r<bh 0= Esr} :
If fis continuous on a polar rectangle D given by

D={(r.0)|0<asr<ha<f<p0<pf-a<2r)

Ab

Then H‘f{x“v}dfd =Ijlf'{rm:¢ﬁ¢rsin E)rﬂ'rdﬁ'
i¥ Fr ]



Therefore,

(I f}j = hi e 5:_?2 0 rdo
A @
=Tirsin39drd£"
0 a
" b
- | [%rlsinzﬁ] do
i il
= f __?I,: h* sin? &?—%az sin’ H}!&?
0 b=
=%:b3 —al]TSinz 00
[1]
:%:b" -af]fzsinf 0de
1]

Continuing the above step.,

.2 - -
[[—X—da=1[5-a*] [ (1-cos26)d0
=X 4L o

o 2 [ ﬂ—lsinzﬂ]
ri et i L
= [#~a*][22-0-0+0]
= Zpt gt
2 L~ -
_Vz N2 2
Therefore, 'E!Iz = dd = E[b - J
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Consider the following double integral:

[[e s
¥l

Here. p is the region bounded by the semicircle , — ,||'4_y2 and the y-— axis

Consider
Squaring on both sides
=4y
d+yt=4
Use the Polar Coordinates,
x=rcost
y=rsinf
E -|~_y3 =
dA = dxdy = rdrd @
In polar form 2 — 4

r = 2 Since radius is positive

xr= ,14_},3 S0 x is never negative.

Therefore, the region is a semicircle that lies in the first and fourth quadrants

Therefore ? <<t

2
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Evaluate the integral is as follows:
[[err aa=[fet s

= i. j‘e":r'drd&'
0
2

Let j-"z =1
2edr=di
J'H:a".i":ﬂ

2

If »=2then r=4

Substitute in above integral.

4
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Continuation on above

Hr =" dA =%[:I —e '1] j- did

¥
i

ﬂﬁffmhéu-ejwﬁ,

2

1 .
:Eu_eq[g+g]
1
= E(] — e 4 ];T
T 4
-30-)
Therefore, the value of the integral is %{] -2 "]
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(3VEnD _”n::cus x4y dd

D
Iff iz continuous on a polar rectangle R is givenby 0 2qg =r 2b a =8 = 5, where

£
0= - @=2m, then ”f[x, y) dd = J-If[rcosﬂ,rsinﬂjrdrdﬂ.
I

[ -

Wehave x = rcosd and y = rsin & Then, cc}s(ﬂ.'x2+y3J =

We get the limits for integration of 7 as (0, 2) and the limits for & as (0, 27).

Substitute the known walues in (r cos & Fsin 5')3" drd @ and evaluate the integral

2
I]7
52 =
I smr _I-smr.:i'r:l:.(ﬂ
0 0
=T [r smr s1n m’r}é‘
oL

q:.l—i:'—"

2
Ir‘ cosrdrd 8
o

[(r sinr —cogr }i
=f|

rsmr n::c::usr ]dE'

EITTIE

2}‘?)[25111 2+cosd—0-—rcos EI)

2 )[25111 2—!—':952—1)
= dmsin 2427 cos s — 2T

Theretore, the integral evaluates to [drsin 24 2Tcos 2 — 27
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Here giventhat1<x* +3* <4

That is in polar ferm1=#* =4
=lzr<?

'y
And0=y<xr=028x< A

Therefore ” arctan (%) A
E

tan'l(rsmg]rdm?ﬂ

roosd

tan (tan H)r.::t'r 248

& roar 48

Sl Sl S, S

|:x,_:-|“"m
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Consider the following equations of circles:

¥eyvi=dandx® +y' =2x

The objective is to evaluate the integral ”ﬂ” where D is the region between the circles in
f

the first guadrant.

The region D is as shown below:

i\}r

X' +y'=2x

5 3
0 (2,0) '

Change the eqguation of circle x? +J,~3 = 2x to polar co — ordinates as follows:
Put x=rcosd,v=rsind
r*cos’ @+ 7 sin’ @ =2rcosd
r [t:-:::s2 @ +sin” B‘) =2rcosé
r* =2rcosf since cos” @+sin° @ =1
r=2cosf

Change the equation of circle »? +J.~"’ = 4 to polar co — ordinates as follows:
Put x=rcosf,y=rsinf

ricos’@+risin*@=4

1-2(c0513+5in33):4

o
-

s since cos’ @+sin®d=1

]
| SR %

IS



Compute the value of integral is as follows:

.u._-’
/2

g.ﬁ: dd = !

2
I r cosOdr do

2
‘.' [rcosﬂ}rdr&'ﬂ

Zoosd

72 i e
= jcnsﬁ[,—j‘] di

[[waa =.§ T(cas 0 -cos' 0)d6
0

%

#

=§ siru?—l cos’ @sind +§E+33inﬂcnsﬂj
3 4 2 2

! 1]
=§ 1—1[U+3—E+ﬂﬂ
3| 4 4
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Consider the polar curve:

r=cos3f

Sketch the region to identify the limits of integration.

Figure showing the sketch of the polar curve:

&

Observe from the sketch, the loop is given by,

D= {[rﬁj]ﬂ%i HE%,DEP EcusEﬁ"}

Use double integral to calculate the area of the loop.

A(D)=[[ a4

£

F
=% I cos’36do

6



Use the identity cos® 38 = lz[| +cg5.59) and solve further.

b,
E

cos” 30d0

ml~

| =

(1+cos66)dd

di + cos 6846

Il

| =

ﬂ‘:“l.—‘m;-‘ mhl—'uch... g.!a‘-'_iﬂ"*

da f
B i | B
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"
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—
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=
i
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w
=
=
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Simplify further.
l[g :]+2L4(31mr sin(—7))

T |
=-—+—(sinz+sinx)

12 24

=Z +—(0+0
12 24( )
sl

12

Therefore area enclosed by one loop of the rose is |—
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Consider the following cardioids

r=1+cosf and r=]-cosf
Its need to find the area of the region enclosed by both of the cardicids

The graph helps identify the region of intersection of the two cardioids.

¥ =1— 8088 r=1+cosé

The desired region is the portion in the middle shaped like a figure eight that is common to
both cardioids.

Note that 1+cos(@)<1-cos(8) for —% <9<z

2

Therefore, the area can be computed as:
72 pl—oosf? 32/2 pl+eosd
A= j' - j“ rdrd@ + _[2 j{_ rdrd@

However the region is symmetric both across the x-axis and across the y-axis.

Use this symmetry to simplify the formula for the area.

A=a[" [ rarde



Evaluate the integral as follows:
72 pl-casd
A=4["" [ rdrdo

=4[" [.LI """‘“"rdr)dt?

2
= 21-:: {I —2cos @+ cos’ 6':] do
'

dé

2[*( 1-2c050.+ 12528
2

b

e
=" 1—2cosa+l+°°s‘w]d9
2772

b
o

= 2]’“ L. —Ecu59+lcnsz4§' dt
2 2

b

Continuation to the above

3 W
A=2| =8-2s5inG+—-—sin 28

2 2 2 o
a2

z(iﬁ—zsinmlsin m]
2 4

¢

2 [EE—Esin£+~L3inEfr]—[i-l]—lsinﬂir-l-sinﬂ]
24 2 4 2 4
=2{[3:1’—2-1+LHJ—(<}—2-D+U}}
2 4

Az

3Ky
2

Hence, the required area is A’:[%ﬁr—zl] sq units
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Consider the region bounded by the following curves.

(x=1) +y*=12and ¥’ +y* =1

The objective is to find the area of the region bounded by inside circle [x_]}l +_1,3 =] and
outsides the circle x* + y* =1.

The region is shown below.

¥

[+-1]" 240" 2-1=0

—— :,:A2+_|r|"‘2_‘| =0



Using polar coordinates to find the area of the region, the transformation formulas are
_r: -|-_'.|_,.'2 = rg and x= ?‘C‘.‘GEE, ¥ =rsinf
We can write
2 2 ) 3
(x=1) +y*=1=x" +y* =2x
Thus,

rt=2rcost
r=2cosfd
And

Thus, the region of integration is D = {I <r<2cosf, -

w N

gagﬁ}
3

The area of the region can be obtained by the following integral.

2 [T

L]

i[4ﬂﬂ$ G- I]dﬁ"
0

% I+msln9 —|:|d|9

[[ Esmzﬁj_g}l
o

2

3.

e

3

ﬂ.!—'_,.. E

20 T
+ 5i0 ————
3 3

“|f‘..ﬂ

Therefore, the area of the region is £+_ 5
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We are required to find the area of the region inside the cardicoid » = 14+ cos & and outside

<~
|
£ ] / '

To find the points of intersection of the given curves, we equate the curves and solve.
l+cos8=3cos 8

Zeosf=1

the corcle 7 = 3cos &

e

=

cogd=—

ol and 2B o
3 3

£
The required area is ”flix y dﬂ:.l-.l-f rcos 8. rsn 5') rard 8
R oo

Observe that the region shaded 15 symmetric about x — axis. So, we find the area of the
upper halt and multiply 1t with 2 to get the area of the entire shaded region.
While the region enclosed lies between the lower curves » = Zcos & and the upper curve

#=1+4+cos 8 between 5'=g,and5'=g and from E=gtc} &=, only the curve

% l+ose x I+ose
¥ =14+cos8 exsts, the area of the region 13 2 _[ _[ lr.::t'rd5'+_|- I rolrd &
a'r-E-:-:lsﬂ % a0
] 2 2 71 2
=2 [5[(1“955) ~ (3005 8) )d5+[5[1+c055) a6
3 F]

.:os 28

(2[:055‘ 3— 41::0525}1’54— [ +2c055‘]c‘£5

%
{. T } { :?r} { 2:-‘1"}
sin— — sin — - x—2esin T—sin —
3 3

£
E fin T— sinE +l{sin 27— s1n ;?T}
2 2 4

Il
[T ] .—iUIH

2

Il
=134
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The region under the cone z = Jx° +3* and above the disk z* +y* =4 is shown by the

cote and the plane z=2 as

=
—
l

=
=
|

o
[da]

—a
e

—
i

rJ
=

rJ
(du]

The conversion from a Cartestan volume integral to a polar one 15 as follows:
& phie] ;
”f{x,y}.:iﬂ:j' j oy reos8rsin B)rdrd8 .. (1)
zlg
i

where the region over which we are integrating 1s

D={{r )| a=8=b gl =r =k}
The function to be integrated 15 z = 7 [x,y) =5 +y2 = «J'r_z =

Also, the region is above the over which we are integrating is the disk x° +»* =4, which

12 a disk of radius 2. The limits of integration are therefore 8=0to 2 for and r=010 2

Tsing these details in (1), we get .I-;:J-; (rirdrd 8

3

B x
="yig

3}u 1o

lém

3
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Consider the paraboloid z =]18-2x" -2y".

It is required to use polar coordinates to find the volume of the given solid below the paraboloid
and above the Xxy-plane.

Recall the following:

The change of polar coordinates formula for double integrals is as follows:

an(x,y} =J{f}I:f{rcns!9.rsin ) r dr dé

Here g isthe region in rectangular coordinates,
0<agsr<h. a<f<f. and 0 f-a<2n.

The fundamental theorem of calculus states the following:
[[ () de=F(b)-F(a)

Here F(x) isthe antiderivative of f(x) .

The rectangular and polar coordinates are related as follows:

x=rcosf
y=rsind

& =tan"' [J—J
X

Rewrite the paraboloid as,

z=18-2(x"+y)

=182
If == .then the intersection with the xy-plane is,
0=18-25°
r=3

This is a circle of radius 3 units.
From this information, the region of integration is the circle of radius 3 centred at the origin,

Write the region in polar coordinates as,
D={(r,0)|0<r<3,0<g<2x}.

So write the integral as a polar integral.

[7[(18-2r) r dr do=[" [ 18r-2r* dr a0



First evaluate the integral with respectto r.

r 18 =21 dr = [91'3 —-—I-J" }
! 2 Pl

|96 -3()"|-{o)
s
2

Evaluate the integral with respectto 8.

[ % 40 = %D‘t f".:m}

HI =2
E E[ﬂ}:}zu
=8lx

Hence, the volume of the given solid is 81x].
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2

Cne part of the hyperboloid z°— 2° — 3* =lintersected by the plane z = 2is given by

1.0

The conwversion from a Cartestan volume integral to a polar one 15 as follows:

_I;!f(:':,y).:iﬂz_[: oo fCeos,rsin@yrdras .. ()

where the region over which we are integrating 1s

D={(r.8)|a<8<b g(d=r=h@)



To tind the limits when the surface intersects the plane, we substitute z =4 [x,y) S i

;32[;;,};):32_;;2_};2:1 to give x° +3° =3

Thiz 1z a circle of radius «.,"'g

We now change all the rectangular system into polar coordinates.

The given functionis z = f(x,y) =k (xy)-k(x,y)= Pt +_;u2

=0, f[r cos & rsin 5') =2—1+r* where risthe radius varies from 0 through N@ and
Avaries from 0O through 27

dx
We now substitute all these details i (1) to get I f(? — 1477 )rcfrcfé'
00

dlt
Suppose 1+7° = ¢, then we get rdr = — and when » =0, we get =1

When = ﬁ,we get =4

B3| =

2

. 2—1
=0, the abowe integral becomes _[
0

2

did &

1 T—

1 2 4
:z}fﬂ}ﬁz—ixgxz:‘}fﬂ}ﬁ’

=6:‘r—%[8—1]2;-‘r
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The boundary circle has equation x* + y* =4 and the sphereis x*+y? 421 =16

or 22 =16-(x"+*)

Changing to polar co — ordinates the region of integration becomes

R:{{“7HJGEEEEE~E£IE4E



The required region is inside the sphere x* + y* 4 z* = |6and outside the cylinder x* 4 y* =4
which can be shown in the following diagram as follows.

}I

7 ol
2+ yt=:

+yi+zi=16

The volume of the required region will be (V) =2 J]- J16-x"—y* dA

dsxtap=in

2 [ J16—x% =2 dA:ETiJlﬁ—r} rdrd@
[1]

dsitayi=l6 2

= Ezf :.-*Sjihl'l 6—r dr
1]

-

=2(8). [_?’(16—r3f’5£
=‘§[zg}(n_m*é]
= %’r[lzﬁ)

= (3237
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Consider the sphere of radius g and the center origin as,

C+y 4+ =a
Z :i\/az —(x? +)?)
The sketch of the sphere x* +)* +z* = &’ is shown below:

Ul
I

-

I

since the sphere 1s symmetric, we can determine the volume of the top half of the sphere
and multiply it by 2.
So the volume of the sphere x* +_1,?2 +7t =a'is,

V=2 dA
fl['[gz

-2 [| )

The polar equations of the sphere are given as,
x=rcost y=rsmd&, dd=ddy =rdrdf
r0—af:0=2r

Then,

2 +y* =(rcos8) +(rsinf)’
=r'cos’ O+r'sin’ @

:j"z



Use these equations; the volume of the sphere 1s,
ik a

V:ij‘xf'az—rznﬁ'dﬂ
[ ¥

2

[

e

:

s[4

&1

i+1

j(._rf—r*)é (-2r)drd8

2 37
oz E{ai _r1)3:|
] —3 =l
F[ 3 3
-2 o]
=
== [d'do
0
Zﬂa ix
ZT{:H):}
_4;?&13
s
So the volume of the sphere x* + ) +2° =a’is, ?
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The portion of the paraboloid z =1+2x* + 2y* when intersected by the plane z =7is

given by




oo, the upper surface 15 2 =4 (x,y) =7 and the lower surface 1s

z:ﬁzz[x,y:l:1+2xg+2y2

=o, the function to be integrated 12 F (x,y) =4 [x,;_u) — A, I:x, y)
= 6—2x% —2y°

To find the limits of inte gration, we equate the given surfaces and find the pomnts of
intersection.

e, 6-2x =2y =0
This 15 nothing but the circle of radius «J'E and angle 15 0 through ?—;only while the entire

region is inthe 1% Octant,

The conversion from a Cartesian volume integral to a polar one 15 as follows:

”f{xy].:iﬂ = .I-a Ik:::f{r cos &, rsin firdrd & where the region over which we are

2 lg

i

integrating 15 D ={{r.8)|a =8 =£b,g(&) =r = 2(F)}
substituting the abowe details in this, we get

f[ﬁ—z(x%ﬁ])rma

q:,!—.mlq

(6—2&)@.@5

I
D‘—ib..*]hl
b C"_"-f:n

Er . ,
= T}EEE}UH _T}f Dn‘?
—fr ] EKE—EKE

A

9

4
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Consider the cone - — [,? +y* andsphere x* +y* +2" =1.

Find the volume of the solid above by the cone and below by the sphere, use polar
coordinates.

Sketch the solid above the cone - = I'I.r’ +y* and below the sphere x* +y* +z* =1is shown

below:

z=1}x2 +y2

< Required solid




Convert the rectangular coordinates to polar coordinates, use the following equations,

x=rcos@,y=rsin@.x’ +y° =r and € =tan™' (iJ
X

Rewrite the equation of the sphere x* + y* 4+ z* =1 as follows:

z =l—{x‘j' +y?]

Substitute x =rcos#, y = rsin@, and * + y* = p* in equation of the cone - = [, gt

.T:."=-|,|||IE+_].-"1
P

=F

Substitute x* + y* = p? in equation of the sphere z = f] _(f + _},3) .

Find the point where the cone intersects the sphere by equating the formulas for -2 and
solving for ».

r=1-r
2 =1
ok
2
1
r=,l—
2

So the solid lies under the sphere and above the disk D given by

D:{[r,&]WﬂrgL,ﬂsﬁgzz}.

NG



Therefore, the volume of the solid is,

V

bk
Iy
rai—]

=~

I
] eif—
E"—

[ -Jrl:? - r)r.:frdﬂ

it | =

-

[J'm—rz)dx'dﬁ' """ (1)

I
=
o ey

Let y =1—p*. implies that gy = <2pdr
1

——du = rdr
2

For p=(. then 4 =1

1
For ¥y =—, then w:l
2

NG

Substitute 5 =12, —édu = rdrin (1),

|
133
=—E£I(JE—J1—H).M9
) ]
. I*I -I4r .
=_l]” Jlfz _—(Il—u]E 20
| R
. 2 |
i 1
3 1 2
='“1T 2;;1"—2[1—1;}1 44
24173 3
L= 1

Continuous to the above step,

:_lT 2[%]3-_2[1_%];—2(1} +_2(1_1:'% 0

3 3 3 3

| Bk

3 | R E
Ir ] 2[_]
I 2 2 0 4o
. 3

]
1132




:_l_‘l{ﬁ_z—iim
29 3 |
' X
__1fV2-2 | do
£ 3 -
2 — .
11222
2 3 .
£ b1
=5 JE_E[EH—M
A 3
(2-2)x
3
_2=( 1)
3 1EJ
Hence, the required volume of the solid is ' = «2-’3 1—-]-—J :
30 V2
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If we putz = 3x° +33° in the equation of parabolic z =4 — z* — y* we
getd [:Jf:2 +y° ) =4 orx® +3* =1. This means that the two parabolic intersect in the

circle x° +¥¥ =1. So the solid lies under the parabolicz =4 — [xg +y2:l and abowve

the disk D givenbyz =4 - [xg +y2:l and abowe parabolic z = 3[}:2 +y2:] and
under disk I
D= {[r,é?) 0=8=2m, Diril] Inpolar co — ordinates

Then the volume ofthe solid 12
—I[ x+y ].:L‘El _[3[;: +_;|J)cf.z":1

I[4 r? |rdrde- !

32 e 48

—D}dé‘——[l—ﬂ):{fdﬂ
fl dg-2 Idﬂ

@f—m—gpﬂ—m



- ——

e «—z=3(x"+y)

Chapter 15 Multiple Integrals 15.4 27E
The solid formed by the cylinder and the ellipsoid is shown below:

x2+yi=4
Required solid

Iy a4yl y2=64




The two parts of the required solid is symmetrical about the plane = =((xy-plane).

Now, evaluate the total volume of the solid.
First, find the volume of the solid above the plane, z=( (xy-plane), and multiply this by 2.

Suppose that D is the circular disk, is the projection of the required solid in xy-plane.

Thus, the total volume of the solid is given by the following:

V=2sz.d
o

= Eﬂzdrdy
il

:ET j 64— 41" rdrdd

G=lh p=ib

- J'H [f_“ﬁ'ﬁal — 4t (—Brdr]] dt)

—f =0

)] o v [ )20

r

= %j:’[(wg)}i ~(64)2 )]d&?

Confinue the above to gEt the Tﬂ”ﬂ‘n"ﬁ"iﬂg:
2 G
I—’:—? 48./48 - (8%)
15
= —3[4344_3— 64 % s]
I
= —E[E-ﬁu'iﬁ& —st]
BT
= —?(zcwﬁ - 64)

=3?""'(:54—24J§}

Hence the volume of the solid is 3_"'*'{54_ 24..,6) |
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y
i e,
-~ e | r] — =3 .
i - M
4 \
/ \
/ K \
F 1
| I
| h r, |
\ /
\ /
3 /
% —_——— 7
~ S ~ P
~ N
o s I -
(4
Here the region in xv — plane 1z the annular region
D=rlsx’+y* =4
LAndthe desired wolume is twice that above the xy — plane.
Then: w= 2”-. [ — (xg +_}r2) A
i
By changing to polar co — ordinates the region becomes
[[r,é‘): O=8=dm n=r Erg}
2x¥%
Then v= 2_[ J--.lll.?f —r? rdrdd
0%
dx P
-14y2 o
= EI (—]—[I[r; — )’éj| d8
N -
3 dx
- —%[0—@3 —rf]ﬂ [148
0
2 ;
==l -7)% (2n)
4

v |




(B)
‘When h is the height of the ring then from the figure

1 2
rf = rlz +[Eﬁz]

2
3 2_3_.';3
iie m—R=—

4

Then the volume becomes
3
ar( BV
T £ [l
314
E;f
3

1E v=
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The objective is to evaluate the iterated integral by converting to polar coordinates:

J: L:I g i -":cafr dx.

Sketch the region < py<J4-x* 0<x<2.

sty

Lis




AS p=qJ4-x? then x¥*+y’ =4 and 0<x<2,

Therefore, the region of the integral is a semi-circle with radius 2 in the first quadrant.
Use polar coordinates x=rcosf,y=rsinfd toget 0<r<2,020< %.

Also
X+ =rfcos’ @+ sin’ @
=r*(cos’ @ +sin’ )
=t

And dxdy = rdrd@.

2 I __'1 P
Substitute all the values in j f“ e Vdpdx.
o*®

2 i E"!_’gdydx= ;_ ze"jrdrdﬂ
g: ¥ vy
~Jileraan

First integrate with respect to » using substitution method.

Take 2 = then 2pdy=dt.
The limits of ¢ are:

For r=0, r=0=0.

For p=2, 1=2=4,

Then the integral is evaluated as:
4

r re " dr= j le"dr
0 2

o



Substitute the value in J‘J* s *"c,rl.{h-:J‘?I:;-g ? drdé.
1] L 2 0 L

&

J‘:L:IL i = . "-Iﬂ'_r'l'fi’.l‘:J‘“:%(]_c q}tf.{}'

:%(I—c 4]] 146

=(1-¢*)[6%;

o~ 3

x X i kX d-x" L y k.
Therefore, the value of the integral J J“ e dydy IS i“ )|
L]

n

Chapter 15 Multiple Integrals 15.4

The conversion from a Cartesian wvolume integral to a polar one 1z
3 ok
”f{x,y}dﬁ =I I ::;f{r cos &, ron Srdrdd L (1) where the region over
2 g
i
which we are integrating 15 D={(r,8)|a =8 =d,g(&) =r 2 k(8]

To find the limits of integration, we examine the region over which we are integrating.

a a
(miven integral 13 I I x vidxdy
i S

Given limits are —Ja” —¥° to 0 for x and 0 to @ fory. This region is a quarter of a circle
of radius @. To see why, realize that the lower x limit 1z

et Il'az_yz

B =gl =R

x* +3* = a® which is the equation for a circle of radius @ centered at the origin.

Further, we observe that the limits of xare in the negative region and the limits of v are
positive.

=0, the part of the given circle lies in the pa quadrant.

Consequently, in the polar coordinates the R gquadrant 1z denocted by EE & = rrand the
radius 15 0= r =g

i [x,y) = xzy and so, f [r cos &, 7 sin 5) =r’cos® Psin 8

$ 3. i
=r anf—risin” &



Tzing these details in (1), we get I I 7 sin 8 —r?sin E:]r‘circiﬂ
o

2

- I Er* sin &fm‘ﬂ+f Ir‘* (j—ﬁin 35—§sin H}im‘ﬂ
5

xi2 a2

j X
:{%}E[—msé‘) +{— }n[ %c9535+§cosﬂlm

a’ T 1 LT 3 3 o
= —3—CcosA+cos—— —cCos ST+ —cos —+ —Ccos AT — —Cos —
5 2 12 12 2 4 2
3
sl pggediopes P
5 T 4
3
= 18
15
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Consider the following iterated integral by converting to polar coordinates:

4 1 I"-

| )dxd
j:J' X+ ) dvdy

¥

Here, y ranges from 0 to 1 and

xrangesfiom y=ytox=+2—1v°.
The region is between the line x = y and arc of the circle P +_1~3 =72 as shown below:

The region is divided into horizontal lines for particular y =y, ,such that 0 <y, 1.






The polar coordinates for region Ris x =rcosf, y =rsind.

The limits of » is () to radius of circle v'rE

For limits of @, observe that the region is part of the circle up to angular line g = %
The line ¥y =x makes angle E with y—axis in positive direction (antilock wise direction).

¢ is ranges from 0 to %

ddy = rdrdd

-.\l!z—_r 3 42
I (x+y)dvedy = J j (rcos@+rsin@)rdrdf

G=0i r=l)

r
42

I jr (cos@+sin8)drd6

=l =0

e,

(cos @ +sin E]

fely

ey | Y
1
rﬁ
[
l—l
=
k=]

L
11 Wy 5. | 29

(cos @ +sin 6) ——D]d

L

It can be further simplified as shown below:

E
=£ I (cos@+sin0)d6
zJ' -
——[sinf—-cosd]:
_i' E_ i

sin——cos—:|— £Isin 0-cos IJ]
3 4 4 3

Zﬁzl_l}_E
3 V2 V2

-2 227,

22
3

2o

| vl—l.‘
Therefore, !' I (x+y)dxdy = ﬂ
(1]
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Consider the integral,

j-n: J- :"_5.1-—.1-" m d_}' 7N

The objective is to evaluate the iterated integral by converting to polar coordinates.

To convert the integral into polar coordinates, we make the following substitutions:
x=rcosd
y =rsinf
ST — (1)
dxdy = rdrd @

X4y =p

The region is shown below.

¥

To find the limits, we look at the region first set up by the limits:

r* =2rcosd from(1)

= r=2ros8
Therefore, the radius goes from 0 to 2 cos@. which is the distance from the origin to a point on

the circle. Also, the angle goes from () to % as the circle is only in the first quadrant.

Hence the region in polar coordinates is R = {(r,&] [0£r<2cos0,0£0< E}



Now, compute the integral in polar coordinates as follows:

2easd

j j":\/im dx—.?r [ r.rdrdo

72 1 Zcasi
= h(, ), do

= l I Scos &do
3 (]

cm ‘a9 cnq{? di

h-llll'}ﬂ

( —sin* @ ms&)dﬁ

[J
0o
=— I(ms ¢ —sin” # cos ﬁ?)dﬂ
= E[sin-‘53'—1,':11}1{1 ﬂ]z
3 3 o
=2 :ﬂ;inE—ls;w[n’"E 5 sin{}—isin"{]
3 2 3 2 3 3
ﬁ[; )
3

3

16
9

Therefore, _L. .[::‘ ’ Jad + 17 dy dx = _
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Convert the integral to polar coordinates, and then evaluate.

om a disk of radius 1, the limits of integration in & go all the way around the circle, from
0to 27, and the limits of integration in » are the origin to the circumference of the disk,

of Dto 1. We use the conversion #* = x° + »* to change the integrand to polar

coordinates and enter these limits of integration; in converting the integral to polar
coordinates we must add a factor of 7

L7 o

L jﬂ [e r )dar



Integrate in terms of & to make a single integral in terms of #
Iul .I-;: (erdr).:i Edr

Iul (erdré?) zzdr
E(EHQ’A? e U}dr
E(E.?Terdr)ﬁ(r

We now have a single integral in terms of #, as the problem asks. As specified we will
use the calculator to find an approximation, reaching the solution g 5951

Chapter 15 Multiple Integrals 15.4
iZonwvert the integral to polar coordinates, and then evaluate.

The region of integration 15 the quarter of a disk of radius 1 that lies in the first quadrant.
The limits of integration in » are the origin to the circumference of the disk, or Oto 1.
The limits in & bound the region in the first quadrant, going from Oto xS 2.

e use the following conversions from rectangular to polar coordinates to convert the
inte grand.:

rg :x3+y2
X=rcosd
y=rsnd

Change the integrand to polar coordinates and enter the limits of integration; in
converting the integral to polar coordinates we must add a factor of 7

.I-Ulll-:xg[(r cos ) sin &) (m)r}d&ﬁ-
.I-l_l-nﬂg[{r"3 cos &sin &) (\m)}i&fr

0
Tze the trigonometric wdentity sin 28 = Zsin fcos &, rewritten
assin Scos & =1/ 2)(s1n 28) | to substitute and then integrate in terms of & {note that the

& integration could also be done via substitution if desired):

Iulfum['i’j(” 2)(sin 28} (\m)}%
’ %E L’”[(sm 20)(r* mﬂd -

F.1]

ofr
o 7]

B lj-l [(—cos 28 (f3m):|

0

" (~cos 2071 2) [P 147 ) = (- cos 2(0)) (rzmﬂw
I:_(—cosﬂ)(fE\m)_(_D(rzm)}r




= E[(l)(rwlw?)+(:~3Jl+r3ﬂdr
I:|:2 (r‘3f~..|'l+r"2 J}ir

1¢1
= E.I-I:l (.?"3'\"1"'.?"2 }i’"
We now have a single integral in terms of 7, as the problem asks. As specified we will

use the calculator to find an approxzimation, reaching the solution [0 1605

P = o] =
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Consider the circular swimming pool with diameter 40ft. depth is constant along east west

lines and increases 2 ft at the south end to 7 ft at the north end.
The objective is find the volume of water in the pool.
If we set the top of the pool as the xy-plane with its centre as the origin, we can describe the

region as x? + y* £400. or in polar coordinates, D= {(1',9]{ﬂ£3£2ﬁ, 0D=r 1:2(!}.

We can set the depth of the pool as the positive z-axis, and let the y-axis represent the position
at the top of the pool as we move south to north, so ;=2 correspondsto y=-20. and
z =7 corresponds to y=20. Thus we can represent the depth of the pool as the line

T 2020y 20
I 9
=3
which in polar coordinates is z = :?-Sin 9+§

This allows us to write the volume as a polar integral:

}'”j’m[ir sin @+ 3] FalE-dt= jz f"(lrl sin 3+E;-] dr do
il i 3 2 [}] [}] 8 2

First, evaluate the integral with respect to -

e i
j-_“l,.z sinﬁ‘+2r' dr:[Lr" sin fi‘+2r2j|
¢ 3 2 24 4

ruld
- E%[m}" sin ﬂ+§~(2nf -0

= mmsinﬂﬂi{}[}




Now evaluate the integral with respectto g:

ik Pwlx
I_ AL sin @+ 900 df = [—E;I—ﬂ*cosﬁ+%ﬂi?}

2B
=[-M+90n(23)}—[—w}
3 3
= 18007 ft}

Therefore, the volume of water in the pool is 18004 % |-
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(a)

The objective is to calculate the amount of water supplied use integration with polar
coordinates.

Use the change of polar coordinates formula for double integrals:
Suppose f is continuous on a polar rectangle g givenby 0<ag<r<h. a <0< . where
Ao 4
0< f—a<2x then ka(.r,y)=‘|; L f(reos@,rsing) rdr dé
The following rectangular to polar conversions are used:

x=rcosf
y=rsint

& =tan™ [i]
x

Since the depth of ,-rfeet per hour at a distance of pfeet from the sprinkler, » = =" orto
maich the problem, - = %,

The region of integration is a punctured disk centered at the origin.

From the given information write the region in polar coordinates as
R={(r.0)|0<r<100, 00 <2x}.

Since sprinkler distributes the water in a circular region of radius 100 ft.

The required polar integral as:
e plin .

f I —re" dr df
L] 0

Since the depth of ,-rfeet per hour at a distance of » feet from the sprinkler,

So, consider »—_o"



Evaluating the integral as follows:
g plon . r 108y o
[ —redrde=|"de| -re" dr
o[

i}

= [EH—G]L —=re”" dr

[LLA}
=—2;?rj-{_ re " dr

= —E:rlim.l.mr'e'* dr
=l <1

T N
=—21r}1;:‘_1[rje dr-J-EJ-E .:;1’1"a-.1"1r':|r
= —Zfr'ljm[—re" +'J-f:!'_r ::.’r:I:m
=27 him [1'&" +e’ ]m

fpil’® ¢

Continuous to the above step,

=2r rtirg;[lﬂﬁe""” +e' —(te" 4 ﬂ
=2z lim[ 101 ~¢ " (1+1)]
=27[101e™ ¢ (0+1)]

= z;ar[mle'“” -1]

Use integration by parts

) : Iz pl00 o _ 100
Hence, the required value of the integral L L -re " dr df = Er.r{ll[]le -I] .




(b)

The average value is defined as:
: 1
K ===\ S dd
A(ﬂ}{#F
Over the region, the area of the punctured disk is:

AD)=[" [\ ardo =[7([! rar )ao

(% e

Continuous to the above step,

{5

=R’
Hence, the required area is ,q(_[)):

Compute the average value integral.

Je = H f dd

mrzl 2"]’ -m‘fdraf&_—[ do[ -re” dr

.'F!'R“ Iﬁ'] j- re" dr

- [2?:' ~0] I: —re”" dr

TR
2T ¢

=——0p0 | —pe” dr
R0



Continuous to the above step,

- ; j: —re " dr

i T dre _, § ; ;
=—— rj-e n’r—j;je dn:.fr:| Use integration by parts
L i
- —%:—re 2 +Ir: J a’r]
= _i:—re" —c"r:IR

R
o

L

2 —
== [Re " +e* 1]

R— L
Hence, the required average amount of the water per hour per square foot supplied to the

2
R

region inside the circle of radius g is fmx =

(e (R+1)-1)
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Y x=142
x=1 =
x={2
T V=X
‘x._\> )
D1 —| b3 -
> X




The given integrals are

Where Dl{iixil, l—xziyix}

D3=[@5x52, 05;:544—;;2]

On changing to polar co — ordinates we see that the integral 15 over the region D
where I 15 the combination of given region D, D2 and D= and

Dz{[x,ﬂ): Dgac_:ii, 1::@2}

Then the given integral becomes

H rcosﬂ) [r sinﬂ)r.:ir.:fﬂ
Ji]

FoosfsinSdrdd

Il
G‘—il\:
et —

r¥sin 28dr d 8

L] —
1t —

L] L]
I = ‘_'-lh

2
s'nzadajr3 e
1

L] —

=

4 o1 &
1. ”(rn:c:-sé')(rsiné‘)rdrdﬂz%[ EO;25:| 4[%1

n i

o+3) 33
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(A) T T )y

-0~



. a2
Mow in, | rdr

B o By F2

Fut F D f
2y =gt

=% r’.:i'r’:ﬂil—E
2

This integral will reduce to
2

%]. g it = lg[—e"’]:i

0

1 1
g
21 2°
1 1
£
2 22
Therefore
T e ] 1
11m_[e rar=lim—|1-—
A= ﬂ—}mz Ea.
ot
2

122
=§!d5
- el
=T

Hence T Te{xiﬂi).cifi:ﬂ'




. Lt
How in | rdr

M = ]

Fut =2

Er.:fr =
Oy Far=—

at

_[ 2™t
0

l\_?|-—L

Therefore I m?r =
=]

1

2
_1'_1]’
2| fl

1

2

at

Lo

afa 2=
s 1 1
Theretore _[ _I-e?_r rdr dé':_l-—(l——q]dé'
o Lo b 2 G
ix
. 1—# I.:fé'
2 B
]. ]. dx
== | i | B2
2 Eﬂ [ ]I:l
1 1
el e | Jr
2 g
1
=T 1__1
Eﬂ

Let 11, 1z the disc with radius Za and centre atregion.
dxla

Therefore, .I-ﬂ,_ J-é'_(x ] il = _[ _[ mi'r d&

1
| i
[ e“J

since ., 18 the square with vertices
|:+_.:z,i.:z:l ie —@E=xEa, —a=y=a

Therefore 1t 15 clear that 2 = 5, =0,



Singe. L S )L

N

Therefore Iﬂ. Ie{xiﬂijdﬂ E.I-s, Ie{x e j.:iﬂ = Ljh _Ile_(th:lciﬂ

= ﬂ[l—%]ilsnje{xﬁ”ﬂciﬂiﬁ(l— 41]

= =

1
Az @ — oo both the terms o and e tend to zero.
2 2

Therefore lim -LJ, Ie{x?ﬂ?).:ir?lﬂ lim .[s, _I-e_(xﬁﬂ?)ciﬂ =lim _I..I-E{xufjciﬂ

a—Fm a—rw a—rm

=  g<lim L-., je{”“”’“).:m <

a—Fn

= }li_}ﬂiISnIE_(XQJrﬂciﬂ: - S (A

Hence T e'”i.:ixll. e'f.:iy =IFF

’ '
Since | e dx

}L"—ﬁh

E'J’idy

1l
e i
L, ——

w3

£
it R LR
e
L—s

Ty

1

B,

b
N D

S

Therefore I o™ dx = \f.l-: _I: e_(x o :I.:;M

Hence I e dx = N




w Kﬁ

@) j ¢ 2dx

Put B q,"Et

dx = ~2dt
Therefore

T e_%:fx = T et w,l@.:fzf

—

\EI 2~ dt
\EI 2~ dx
= J2- since wehave.

Té‘—x*dx :\E
T

= o

2

Hence I g 2dr= ﬁ
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(A) sze'xi.:fx: Tx(xe'xi)dx
i

]

How to evaluate _I-;';E'xqcfx

Fut =t
2xdx = ot
rdx = ﬁ
2

Therefore, I xe ™ dx = l I a7 it
]

g
2
I



Again

2 e,
£
4
-]

B o 1
e dx Lzmnx(xe :I.::t'x

2
_ a2 _ — :
Now, Lim |: 0 }: Li m[ } [E}.r L'hospital mle]

And given I &

Hence

(B) T xeTdx
i}

Put x=1t
e dx = Pidt

Therefore T\l'?e'xdx :T Jz_ze"i it
0

_ EJ'I:; _;ﬂ

: 2
3in og Ix e dx =

Il
&2

5 L|§|‘]
g

h|§]

| |

-2

Hence

I xe T dx =

g
MEl






