(Principle of Mathematical Induction)

**Analysis and natural philosopy owe their most important discoveries to
this fruitful means, which is called induction. Newton was indebted
to it for his theorem of the binomial and the principle of
universal gravity. - LAPLACE %

4.1 W(Introduction)
o feaT &1 % emumed fagia frmfte qoh R
THIE o 1T W SGd Ueh ST IR frmfes qeh
1 SEEIT A HU § e aeh ¢

(a) GHFT@ TF 7T 2

(b) Tft T Tl €, sEfery,

(c) gUd TN B

e Ho (a) 3 (b) TA &, a1 () 1 Feaar enfud 2l
T el 30T 1 MO a9F % faw g9 fom g B

() @3 9 9 B
(i) = ¥ 9 FE Hen T gen ¢, g, G Peano
(ii) TS TH T Hew B (1858-1932A.D.)

T THR G&Y | FRHE u ufwan B foed wE e
fag =@ & T s @, | fv o wr: T STTATA AT (conjecture) FE
YBT HEd §, qeh S TIE o =101 O fohT ST € 31 ok Squfa €fid i ST Hehdl
%,aw;ﬁaﬁww&ﬁ%,mﬁﬁmmﬁaﬁrﬁﬁﬁnﬁ%ﬁwmﬁw
STYAT T

A o faudid, STee o goie Feefd & o7eded W STeTia eidl © aon 56y
Y% U9 X 99d fRufq &l =M o Wad gu weet o e g us STHita shed
forenfira foran ST €1 SRl TIfora o Wrg: waw feman wan @ e o= e, STl sienei
T TS q1 TIRTCT0 I SI1 |, 1 T€ &I SMUN 2| 39 YhR, TS 991 H eH w8
Hehd & fop oA v o1 a1 fafyre feuferll @ qesll § SRl A 9 R
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s & =1 I 1 3T st W, e UW uRem 91 %o e R T
¥ QU o ISI § e feRaT ST 21 U@ el i fag % ok forg fafvre qeie
LK WW&HWW%G}WW ot Tagia (Principle of Mathematical
Induction) HEad 2l

4.2 UTum (Motivation)
IoTa H, &9 Ul ST T U T Y O S wed §, e B €1 T

SR 95T oF o i THeH oF T, oo HifeT foh T Tdell STAARRR 2Tsall
e T fl W W@ 7, 99 ek 4.1 ¥ wsfea 2

TR A 4.1

e g 2ed i s fawn § e fan < @t weft et iR S gofa:
gifyea en & fog o gl ere fir smd, san s 9oia @ fm

() 9o 23 iRt ©, 3R

(b) ST T | S I < Rl 8, ST SuLasi atfera: R 2

7t Tt e fagid T STER 2l

B0 WA ® TR UIehd gemell %1 ggsea N adfos gems a1 faem wiha
U= B| O o, R %1 G99 Biel Suegeed N ¥, e frefafea 1o 2

Th G=Ed S MHiTeR WHerd (Inductive set) HESA B AR le S 3R
x+1e SSd wfixe S. HfH N, st for Tk A Tq==g €, R %1 99 3
SuET=E €, URoTHa: R ford off U8 Sumg=aa ® S St §, N e &g
T gafed B 2
g
A AT o &9 Trehd F@SHT 1, 2, 3,...,n, % A o foIT T Wt e =ed © e
T GI AR =3 FATI+2+3FAA MR, n=4F fAC 1 +2+3+4FH
A 2§ sefel 3R 7 offSe for 20 frelt g @ = fovarg A o fog 9Rd e

Tfh A1 +2+3+.4+n= n(n;l)ﬂﬁ 2l
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7% G ad | 9 fag R s gt 22 &9, fafved & 2 o TeER 9R T,
¥ quiieh T o fIT e ki Tenfud #R Thd ®, foRq 59 iR 1 O 1 % gl
AT ok foTe T 1 fag T X Thdl 21 0ok folT Uk Tt foman et &1 eTawashd
2, TSR 99Td 30 bR 1 @1 foF T aR el o quies o fow oo & fag & s e
o W% AN e quiteRl o folq ¥ PR oT0H o9 fag Sl €1 3W YRR e
fore sfeen o1 Tord S fafd gR S WHE S Eehdl 2

4.3 TUTAS A T g (The Principle of Mathematical Induction)

Foqdl HIT o9 quifes P(n) @ Wag TH a1 wUq 3@ YR 2 &
() n=1 % fau weM g & 31eiq P(1) ¥ © I
(i) A n=k Th Yha &, & o0 HoH TA B Al n=k + 1, o fag o
FUT T € AU P(k) FT Il 1 qedd B P (k + 1) T G
q: Wl Wiehd W@ n ok Y P(n) @A B
O (i) W e BT e §1 UE uRfEfaet of e wendl € S 1 >4 % @ JE
o fau e ¥ Bl 39 feafa o, 9om =10 1 =49 IRY B IR gW uiomm @l
n=4 o fau s1iq P(4) St &l
1 (ii) iesiterd qorerd @1 Fe FresEgds T2l sed & f&@ wem n=k % fow o 7,
g Shec SA1 HEdl € TR AR T8 n=k o T wed A €, Al n= k+ 1 fog sft
T B TH YRR U 1 Heaal fag A o fau oheer wfesifea |@e (conditional
proposition) %! fig % &: “AfK n=k ok AT oA TA B A T n=k+ 1 o faQ
ft g1 2”1 39 Fofi-F+fi S &1 =ROT (Induction step) el Sl 21 TH AN
T H ‘n=koh AT FUF 9T 2! H1 AfqyRen (assumption) ATHA afereuqr
(Induction hypothesis) gt 2l
SereTonel; IO | SgeT Uk ol @ISt ST Hehdl € S fehet U o erey el €,
=l
1=1% =1
4=22=1+3
9=32=1+3+5
16=4=1+3+5+7, 30|
e S o6 gem < faom wreha wenet &1 @ fgdia wieha wen @1 o #, vem A
farom Wieha WS 1 AN JAIA Wiehd @A 1 o ¢, gAfal 37 39 Yed § wdfta g
g fom
1+3+5+7+..+@Qn—1)=n?, A4q
T foITH Wrehd WSt 1 A w1 A @
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oM difse fo

Pn):14+3+5+7+..+2n-1)=n?

T4 g &3 9=d € 6 P(n), n o 9sft 9l o foru g =1 fvrdta s o
TN It ITUf o 9o RO § P(1) i 9 fag i €1 39 =R 1 gl TRT Fed
%IW%:

1 =123 P(1) T 2|
STTAT =07 TRTAT =0T (Induction step) HE 2l ﬁ@WW%WP(k)
TcT B el k, Tk Wiehd GEA ® 3 W P (k + 1) ! a1 TG T 1 SAagdehl
g @it P (k) 93 ®, 3:

Pk :1+3+5+7+...+Ck-1D=Fk (D
P (k+1) W fo=ar =ifsT
Phk+1):1+3+5+7+..+Qk—1)+ {2(k+1)—1} (2
=k2+ Qk+ 1) [(1) % T3 9]
=(k+ 1)

AT, P (k + 1) Ted & 31R 376 e Squfa qof g2l
31a: weft Wb wEmet n % oy P(n) @ €

SR8 1> 1% fou, fag sifsg

124224 32+ 4+, 4+ n? =w.
T AW wifeg foh e wed P(n)%, et
P(n): 1P+ 22+ 3+ 4+ .+ n? =W
n=1% faw,  P(I):1= 1(1+1)(62><1+1)= 1X§X3=1a‘rﬁsw%|
et o quifer ko foauw shew HIfSTT & P(k) 9 @, stefq
k(k+1)(2k+1)
P+ 22+ 32+ £+ + & = s (1)

3@ &n g #3 fF P(k+ 1) o1 2,
(12 +22 432 +4% +.. .+ )+ (k+1)?

_ wﬂm)z [(1) % it ]
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_k(k+D) 2k +D+6(k +1)°
- 6

_ (k+D) (k> +7k+6)

- 6

(kD +1+D{2(k+ D +1}
- 6

39 THR, P(k+ 1) §F & Sd &4 P (k) 99 I
3a: ot e fagia o @ Wieha W@met N o fau e P(n) 9 Bl

SEENUT 2 |t ¥ quiieh n o fau fag wifse & 20> n

el 9 diteie T P(n): 2" > n
e n=1, 2'>1. 3@: P(1) 9 2l
FHeql Sty & frdl o= quis k& faw P o € steiq
Pk) : 2% >k (D)
a1e &9 g 0 fF P(k +1) ¥F & 9 &t P(k) 99 2|
(1) o <A 9eli § 2 71 00 HH W W
2.2k> 2k 9| i 2
ERIGY 2k Sk =k+k>k+1
AT, P(k + 1) G © 59 F+ft P(k) T €1 37 O STTHA 511, Toish o qurieh
ne foag P(n) 9 B

saretor 3ad QUi n > 1 % foe, fag +ifu:
111 1 n

+...+ =
1.2 23 34 n(n+1) n+l-

el WM eiftoe fof f&a sem P(n) © e &9

1 1 1 1 n

Y ..+ =
Pm): 15723734 n(n+l) n+l

e ©

T YHR P(l):i=l=L,Twﬁ'ﬁW%IW:P(n),n:la?ﬁEW%l
12 2 1+l

HeqAl Hifery o quies ko faw P(k) o ©
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11
el 12 23 34 7 k(k+1) k+1 - (D)

1 1 k
— .t

THP(k + 1) i T Tog & € 9 P(k) T B 36 8q faiad w fommr sifsmy)

11 1 1 1
—t+—+— ..t +
1.2 23 34 k(k+1)  (k+1) (k+2)

111 1 1
- | —t—+—+..+ +
{1.2 23 34 k(k+1)} (k+1)(k+2)

k 1
= %+l krD(k+2) [(1) % T )
k(k+2)+1 (K> +2k+]) (k+1)° (k+1)  (k+1)

T k+D(k+2) T kDG T (k1) (k+2)  (k+2) (k+1)+1

T YhR HEAP(k + 1) Tcd & S8 9 P(k) T B o7 Tt e fagra g @t
ikl n>1 % A Pn) ¥ 2l

SETEIUT 4 Y% oA Ui n ok fa, fag #ife & 7037, 4 9 fafem e 2

ol OH ofifSw fean wem Pn) € steiq
P(n): 7"—3", 4 ¥ fawfem 21
T U €
P(1): 7'-3'=431 fF 4 ¥ faqfead g1 1 39 9K P(n), n= 1 o foT I 21
SHedl HI fh Th o qoii &k o forg P(k) O ©,
arertd, P(k) : 75— 3%, 4 © fasfsa g 2
Iq: en fa@ ghd € 7 -3t =4d, &l de N.
e, g9 g e =ed € P+ 1) §a ©, Sd &4l P(k) & 2
A J_ 3D = JhaD 7 3k 4 73k 3k D)
= 7(7% = 3% + (7 — 3)3
= 7(4d) + (7 - 3)3
= 7(4d) + 4.3¢ = 4(7d + 3Y)
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g dferd @ &9 <@d € T 7¢+) —3¢+D, 4 § fawiferd e 81 38 TR, P(k + 1) §A
2 a0 90 P(k) T 81 gHie, TS e fagia @ Yeksh oA qutieh 1ok feIT e
P(n) 9 I

SETET0T 5 WA Wiehd WeAst n & fau fag wiNT R (1 +x)7 2 (1 + n), @I
x>-—1.

o1 U ey fom f&an wem P(n) ®

37eIiq P(n): (1 +x)">(1 +nx), x>— 1% fag

& n=1,P(n) T T FH (1+x) > (1 +x) S x>—1 o fow g
HE ity TR
P(k): (1 +x)F > (1 + kx), x> — 1 G Bl o (D)

9 &H Tog wET =ed © T P(k+ 1) 9 B, x> —1 o fou, Sta i P(k) 3 =1
()
TEamaT (1 +x) = (1 +x) (1 +x) R fa=r =ifsm)
fen @ 6 x>—1,39 YRR (1+x) > 0.
THfeT (1 + %) > (1 + kx), 1 JAT T 89 90 2,
A+ >0+ ko) +x)
3T (1 + )1 > (1 +x+ kx + kxd). E)
Tl k Toh Wihd W@ § 3R 2 2039 TR kx> > 0. 3T,
(1 +x+kx+kx®) > (1 +x + kx),
3R 39 YFR, TH U@ wW ©
I +x}*t >0 +x+ kx)
7M1 (I +x)¢" > [1+ (1 +kx]
70 YRR, e (2) fag e {1 or: g s fagid @ @it wiehd wemsti n %
fa P(n) 9 21

3aTE0T 6 Tog #IfST fF 9t ne N faw 2.77+ 3.5 5,249 959 21

T 9H efeu fF %o P(n) 39 YR uRwfia © fF
P(n) :2.7"+3.5— 5,249 w59 ©

& n=1% AU P(n) T B 89 94 ©
27+35-5=24< T 249 99 B
FEU HIFTT T P(k) T B
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7M1 2.7 +35¢-5=24¢g, Sk ge N (D)
9 &9 g & 9'd © Pk + 1) 9 21 5/ &9t P(k) 99 2
T UW T,
2.7 43551 - 5=27.7" +3.5.5 -5
=727 +35-5-35+5]+35.5-5
=7 [24qg - 3.5+ 5] + 15.5* -5
=7x24g-21.5+35+15.5-5
=7 x 24q — 6.5 + 30
=7%24g -6 (5 -5)
=7x24g -6 4p) [(5*—5),4 =1 o € (F?), pe N
=7 x24q -24p
=24 (7q - p)
=24xr,r=7q—p,3|ﬁ'sﬁ§l'|§7'_d“€|"{§’i{'[%| .. (2)
ek (1) o1 <A 9 24 F 9T R
T TR, Pk + 1) T B, 1@ ®41 P(k) T3 B 21a: Tordig e fagia |, et
ne N& fau P(n) ¥ B

mﬁa@ﬁﬁqﬁ:

3
n
12+ 22+ ... +n? >?,neN

T " s fe fen weM P(n) B,

3
FAA, P(n) : 12+ 2 + ... + 12 >%, ne N

3
T EM W 8 R oa= 1% fau, P(n) ¥ € FifE P(1): 17 >%
FHeAl HIST T Pk) 99 ¢,

3

k
A, P(k) : 124+ 22+ ..+ K2 > 5 . (1)

a9 &9 g # fF P(k+ 1) 99 © Sa & P(k) @ 21
TH UL S, 12+ 22+ 3+ .+ K2+ (k+ 1)

3

=(12+22+...+k2)+(k+1)2>%+(k+1)2 [(1)%F ST 9]
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[ + 3k> + 6k + 3]

W | —

1
[(k+ 1)+ 3k + 2] > g (k+ 1)

W | =

39 YR, P(k + 1) T €31 51a &l P(k) T €1 37d: 09 A R ne N o faw
P(n) 9 I

SETETUT 8 Y% UIhd W@ n o faw Torde omm fagid g smaiei @1 fem
(ab)" = a’b" &G =IfSIU

& 9 ety o sweM P(n) B
FAA P(n) : (ab)" = a'b.
T I 3 € fF n=1 % T P(n) T4 ©, I (ab)'= a'b'.

FHE FITTC P(k) T &
FAQ (ab)* = ab* . (D)
29 fag 01 fF Pk + 1) 9 © 5@ T P(k) 93 2
¥, B9 9N T,

(ab)<*' = (ab)* (ab)
(a* b") (ab) [(1) ¥]
(@ . a") (b*. b

= gkl | pktl

TEMAT, Pk + 1) T & 5/& et P(k) ¥ B1 37a: Tord 31 fegid g qeieh Wiehd
&N n o fau P(n) ¥ B

yyAtaet 4.1
Tt ne N fau nforda 2mma fagia & ¥ g fag wifse f:

()

1. 1+3+32+...+3 1= 2

n(n Jrl)j2

2. 13+23+33+...+n3=( >

1 1 1 2n
+ + +o.t =
1+2) (1+2+3) A+2+3+..1) (n+1)°

3. 1
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nn+)(n+2)(n+3)
4

1.23+234 +...+ n(n+1) (n+2) =

Q2n-1)3"+3
4

n(n+1)(n+2):|

13+232+333+...+n3"=

12+23+34+...+n(n+l)= { 3

n(4n2 +6n—-1)
1.3+35+5.7+..+42n-1) 2n+l)= ——

3
1.2+222+322+ .. 4n2"=(n-1)2"*' + 2
1 1 1 1 1
—t+—4—+..+—=1-—
2 4 8 2" 2"
R ! n

+—+—+.+ =
2.5 5.8 8.11 (Bn-1)(Bn+2) (6n+4)

1 1 1 1 n(n+3)
+ + ot =
123 234 345 nn+D(n+2) 4n+1)(n+2)

a(r"—1)

r—1

[1+§j [1+§J [1+Zj ...[1+(2”+Dj:(n+1)2
1 4 9 n’
[1+1j [1+lj [1+lj ...[1+lj:<n+1)

U 2)U T3 n

n(2n—1)2n+1)

a+ar+ar*+..+ar' =

12432 +52 + ..+ (2n-1)7 =

3
11 1 n
— b ——F—— ..+ =
1.4 47 17.10 Gn-2)3n+1) Gn+l)
[ 1 n

.ot =
35 57 179 2n+1)2n+3) 3(2n+3)
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18.

19.
20.
21.
22.

23.
24.

Tfora

1
142+4+3+...+4n< §(2n+1)2

n(n+1)(n+5), 9O 3 H1 TH N 2l
10>+ 1 5@ 11 9§ 967 2
K-y (x+y) ¥ I B
322 _gn 9, & § W 9T T
41"~ 147, G&A1 27 1 Th O 2|
2n+7) <@+ 3)
arIIT
¢ Tforda o &1 TF got MR s faee ®) e % fawd,
st foeem, f9=1 Semeti o 7o gR Ush STAId %o fasmfad &
W 3R X 7, Taaw o & TR <90 w1 Yayor 7 F forn @
¢ Tfordia e fagid Tk tE e @ e wEn fafay yer & i
FHe 1 fag G & U foman 1 g1 ©1 o9 Uil @ FeEfd 39 TR
o YT HUT i P(n) WM Od €, TR Tl n= 1ok fow Si=l St @)
3Ok 9% fREt o1 QUi k, & AT P(k) & T H AF FR P (k+1) Fi
oI g e €

fgTiaes gy

31 GeheuAtet iR faferat o faadia wfordter s grr sudf fandt safem forgie
g Tt ffvea e o fopan o enfashr &t 1 9% el S © T fvrdi
3T fa§1d Phythagoreans 1 STd &l T STHA fagTd o YR &3 H1
99 HIEE TS Blaise Pascal &1 f&@1 STl €1 W T8 1 WA SIS
Tforad John Wallis = foan ol 1% # 59 fogia &1 7@ fgug 7=a &t 3qufa
I &< | foRaT 11 De Morgan = T o6 &= § fafy= fom@i W sga amke
fopan 21 o Yot = &, f=iq 50 afefig fohan @ siR wifvrdta stmme =@ fean
%HWWW%ﬁWWW%WDeMorganWﬁW
faenfaa T

G. Peano = TIeqd] e SATHROTST o6 YR §RI WTehd WEATSTl o6 01 ohl
Heafd & 1 STuliae foran, iR o fuar & sifeia sed 81 faml &
AR W W ek w1 YAk T ST T THgid B
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