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2. Twocircles x’ + y* =6 and x° + y* — 6x + 8 = 0 are given.
Then the equation of the circle through their points of

Single Correct Answer Type

1. A square is inscribed in the circle ¥’ + y* = 2x + 4y + 3 intersection and the point (1, 1) is
= 0. Its sides are parallel to the coordinate axes. One vertex a. X +y -6x+4=0
of the square is b. X’ +y*=3x+1=0
a. (1 +v2,-2) b. (1-v2,-2) e P+y —dy+2=0
c. (1,-2+V2) d. none of these d. none of these (IIT-JEE 1980)
(II'T-JEE 1980) 3. The equation of the circle passing through (1, 1) and

the points of intersection of x* + y* + 13x = 3y = 0 and
2 + 2" +4x-Ty=25=01s




10.

a. 4 +4y° -30x-10y-25=0
b. 4° +4y" +30x-13y-25=0
c. 4 +4y - 17x-10y+25=0
d. none of these (IIT-JEE 1983)

The locus of the midpoint of a chord of the circle x* + y
= 4 which subtends a right angle at the origin is

b.xX+y =1
dx+y=1

(IIT-JEE 1984)
If a circle passes through the point (a, b) and cuts the circle

x* + y? = I orthogonally, then the equation of the locus of
its center is

a. 2ax+2by-(a*+b*+k)=0
b. 2ax+2by— (@’ -b*+Kk)=0
¢, X+y -3ax—-4by+ (@ +b*-kK)=0
d. X+yV-2ax-3by+(@-b"-k)=0
(ITT-JEE 1988)

a. x+y=2
c. X+y' =2

If two circles (x = 1) + (y = 3)’=r and X’ + y* - 8x
+ 2y + 8 = 0 intersect at two distinct points, then

a. 2<r<8 b.r<2

c. r=2 d.r>2 (IIT-JEE 1989)

. The lines 2x = 3y = 5 and 3x — 4y = 7 are the diameters of

a circle of area 154 sq. units. Then the equation of this
circle 1s

a. X+yv +2x-2y=62

b. X+ y +2x-2y=47

. X+y —2x+2y=47 |
d. P+y -2x+2y=62 (IIT-JEE 1989)
The center of the circle passing through the points
(0, 0) and (1, 0) and touching the circle x* + y* =9 is

a. (372, 172) b. (1/2, 3/2)

c. (1/2,1/2) d. (172, -2)

(ITT-JEE 1992)
The locus of the center of the circle which touches the
circle x* + y* — 6x — 6y + 14 = 0 externally and also touches
the y-axis is given by equation
a. x—-6x—10y+14=0
b. *-10x-6y+14=0
c. ¥ —6x—10y+14=0
d. ¥-10x-6y+14=0 (IIT-JEE 1993)
The angle between the pair of tangents drawn from
a point P to the circle x* + y* + 4x — 6y + 9 sin’a
+ 13 cos’a = 0 is 2a. Then the equation of the locus of
the point P is
a. C+y +4x-6y+4=0
b. X +y' +4x-6y-9=0
c. X+y +4x-6y-4=0

d. C+yV +4x-6y+9=0 (ITT-JEE 1996)

11.

12.

13.

14.

15.

16.

17.

18.

19.

If two distinct chords drawn from the point (p, g) on the
circle x* + y*— px — gy = 0 (where pq # 0) are bisected by
the x-axis, then

a. p’=q b. p’ =8¢

c. pP<8q d. p* > 84" (IIT-JEE 1999)
Triangle POR is inscribed in the circle x* + y* = 25.

If O and R have coordinates (3, 4) and (-4, 3),
respectively, then ZQPR is equal to

a. w2 b. ©/3 c. 4 d. w6

(ITT-JEE 2000)
If the circles x* + y* + 2x + 2ky + 6 = 0 and x* + y* + 2ky

+ k = 0 intersect orthogonally, then k 1s
a. 2or-3/2 b. -2 or -3/2

c. 2or3/2 d. -2 or 3/2

(ITT-JEE 2000)
Let AB be a chord of the circle x* + y* = r~ subtending a
right angle at the center. Then, the locus of the centroid

of triangle PAB as P moves on the circle is
a. a parabola b. a circle

c. an ellipse d. a pair of straight lines

(IIT-JEE 2001)
Let PQ and RS be tangents at the extremities of the
diameter PR of a circle of radius r. If PS and RQ intersect
at a point X on the circumference of the circle, then 2r
equals

R
a. VPORS b. (PQ; %)
2PQ x RS 4 V(PO + RSY)
“ PO +RS ' 2
(IIT-JEE 2001)

If the tangent at the point P on the circle x* + y* + 6x + 6y
= 2 meets a straight line 5x — 2y + 6 = 0 at a point () on
the y-axis, then the length of PQ is
a. 4 b. 2\5 C. 5 d. 3V5

(IIT-JEE 2002)
The center of the circle inscribed in a square formed by

the lines ** —8x+ 12=0and y’ - 14y +45=0s

a. (4,7) b. (7,4) c.(9,4) d. (4,9)
(IIT-JEE 2003)

If one of the diameters of the circle x* + y* = 2x - 6y + 6

= 0 is a chord to the circle with center (2, 1), then the
radius of the circle 1s

a. V3 b. V2 d. 2

(IIT-JEE 2004)
A circle is given by x* + (y — 1)’ = 1. Another circle
C touches it externally and also the x-axis. Then the locus
of its center 1S

a. {(x,y):x*=4y} U {(x,y):y<0]}

b. {(x,y): X+ (- 1 =4} U {(x, y): y <0}

¢. {(xy):x=y}u{(0,y):y<0}
d. {(x,y): =4y} U {(0,y):y<0)

c. 3

(ITT-JEE 2005)



20. Tangents drawn from the point P(1, 8) to the circle x* +
v* — 6x — 4v — 11 = 0 touch the circle at points A and B.
The equation of the circumcircle of triangle PAB is
a. v +Vv+4x-6y+19=0
b. v +v —4x-10y+19=0
C. * +y —2x+6y-20
d. “+y -6x-4y+19=0 (II'T-JEE 2009)

21. The circle passing through the point (-1, 0) and touching
the y-axis at (0, 2) also passes through the point
a. (=3/2,0) b. (-5/2,2)

c. (=32,52) d. (4,0) (IIT-JEE 2011)

22. The locus of the midpoint of the chord of contact of
tangents drawn from the points lying on the straight line
4x - Sy=20tothecircle ¥ +y° =9 is
a. 20(x* +y")-36x+45y=0
b. 20(x* +y* )+ 36x—-45y=0
c. 36(x°+y*)-20x+45y=0
c. 36(x"+y°) +20x-45y=0 (IITJEE 2012)

Multiple Correct Answers Type
1. The equations of the tangents drawn from the origin to
the circle x> + y° = 2rx = 2hy + h* = 0 are
a. x=0 b. y=0
c. (W=r)x=2rhy=0 d. (W -rx+2rhy=0
' (II'T-JEE 1988)
2. If the circle x* + y* = a” intersects the hyperbola xv = ¢

at four points P(x,, y,), Q(x,, v,), R(x;, v;), and S(x,, v,),

then

a x +x+x,+x,=0 b. v,+v,+Vv;+y,=0
L] ® ] L] — 4

d. yy,n v, =¢

(IIT-JEE 1998)

3. Circle(s) touching the x-axis at a distance of 3 units from
the origin and having an intercept of length 2 J7 on the
y-axis is (are)

a. X +yv -6x+8y+9=0
b. ¥+ -6x+7y+9=0
C. *+y -6x-8y+9=0
d x+)y -6x-7v+9=0 (JEE Advanced 2013)

4. A circle S passes through the point (0, 1) and is orthogonal

to the circles (x = 1)° + v = 16 and X’ + y* = 1. Then

4
Ei ‘Ilrrz.r?r.l — {-‘

a. radiusof S1s 8 b. radius of S1s 7 .
c. centreof Sis(=7,1) d.centreof Sis (=8, 1)
(JEE Advanced 2014)

Linked Comprehension Type

For Problems 1-3

ABCD is a square of side length 2. C, is a circle inscribed in
the square and C, is a circle circumscribing the square. P and Q
are any two points on C, and C,, respectively. Also R, 1s fixed
point and L 1s a fixed line in the same plane. A circle C touches

line L and circle C, externally. S is a point which is equidistant
from given point R and fixed line L. Point R coincides with B.

(IIT-JEE 2006)
 PA’+PB’+PC’+PD* _
" QA%+ QB+ QC*+QD?
a. | b. 1.75 c. 0.75 d. 1.5

2. A circle touches the line L and the circle C, externally
such that both the circles are on the same side of the line.
Then the locus of the center of the circle 1s a/an

b. hyperbola

¢. parabola d. pair of straight lines

3. Aline M through A is drawn parallel to BD. Point S moves
such that its distance from the line BD and the vertex A is
the same. If the locus of S cuts M at 7, and T; and AC at
T,, then the area of AT, 7,7, 1s

b. 2/3 sq. units
d. 2 sq. units

a. ellipse

a. 1/2 sq. units
¢. | sq.units

For Problems 4-6

A circle C of radius 1 is inscribed in an equilateral triangle
PQOR. The points of contact of C with the sides PQ, OR, and RP
are D, E, and F, respectively. The line PQ is given by the equa-
tion V3x + y — 6 = 0 and the point D is (3+/3/2, 3/2). Further, it is
given that the origin and the center of C are on the same side of
the line PQ. (IIT-JEE 2008)

4. The equation of circle C 1s
a. (x-2V3V¥+(y-17=1

b. (x-zﬁ)h(“%)z:l

c. x-V3P+@+1)Y=1

d -V3)V+(y-17=1
S. Points E and F are given by

53 z
e (23024 a(G3(LY

6. The equations of the sides QR and RP are, respectively,

a 1=%x+l v-—%x-l
b. y=-{!l-j_~x,1=0
C v=-\!—2§-x+],1=——\gx-l
d. y=V3x,y=0

For Problems 7-8

A tangent PT is drawn to the circle X’ + y* = 4 at the point
P(3.1). A straight hne L, perpendicular to PT, is a tangent to

the circle (x - 3)* + y* = 1. (IIT-JEE 2012)



7. A possible equation of L is

a. x—ﬁy=l b.x+\/§y=l
c. x-3y=-1 d. x+3y=5

8. A common tangent of the two circles 1s

a. x=4 b.y=2
c. x+3y=4 d.x+2J2y=6
Matching Column Type

1. Match the statements in Column I with the statements

in Column II.

Column I Column 11

have a common
tangent

(a) | Two intersecting circles | (p)

have a common
normal

(b) | Two mutually external | (q)
circles

(¢) | Two circles, one strictly | (r) | do not have a common

inside the other, tangent
(d) | Two branches of a (s) | do not have a common
hyperbola normal
(ITT-JEE 2007)

2. Match the conics in Column I with the statements/

expressions in Column Il

Column 1 Column 11

(a) |Circle (p) | The locus of the point (h, k) for which
the line hx + ky = 1 touches the circle
X+y'=4

-

(b) |Parabola | (q) |Points z in the complex plane satisfying
lz+21-1z-21=+£3

(c) |Ellipse (r) |Points of the conic have parametric

2
representation x = \E (l 2 ).

1+1°
2t

141

y =

(d) |[Hyperbola | (s) | The eccentricity of the conic lies in the
interval | Sx<eo

(t) |Points z in the complex plane satisfying
Re(z+ 1)V=1zF+1

(ITT-JEE 2009)

Integer Answer Type

1.

The straight line 2x — 3y = 1 divides the circular region x*
+ y*< 6 into two parts.

o (400

then the number of point(s) in S lying inside the smaller
part is (ITT-JEE 2011)
The centers of two circles C, and C, each of unit radius
are at a distance of 6 units from each other. Let P be the
midpoint of the line segment joining the centers of C, and

C, and C be a circle touching circles C, and C, externally.
If a common tangent to C, and C passing through P is
also a common tangent to C, and C, then find the radius

of circle C. (IIT-JEE 2009)

Assertion-Reasoning Type

1.

Tangents are drawn from the point (17, 7) to the circle x*
+y* = 169.

Statement 1: The tangents are mutually perpendicular.
Statement 2: The locus of the points from which mutually

perpendicular tangents can be drawn to the given circle is

X +y =338

a. Both the statements are True and Statement 2 is the
correct explanation of Statement 1.

b. Both the statements are True but Statement 2 is not
the correct explanation of Statement 1.

¢. Statement 1 is True and Statement 2 is False.

d. Statement 1 is False and Statement 2 1s True.
(IIT-JEE 2007)

. Consider

L:2x+3y+p-3=0

L:2x+3y+p+3=0

where p is a real number

andC: ¥ +v +6x—10y+30=0

Statement 1: If line L, is a chord of circle C, then line
L, is not always a diameter of circle C.

Statement 2: If line L, is a diameter of circle C, then line
L, is not a chord of circle C.

a. Both the statements are True and Statement 2 is the
correct explanation of Statement 1.

b. Both the statements are True but Statement 2 1s not
the correct explanation of Statement 1.

c. Statement 1 is True and Statement 2 is False.

d. Statement 1 is False and Statement 2 is True.
| (IIT-JEE 2008)

Fill in the Blanks Type
1. If A and B are points in the plane such that PA/PB = k

(constant) for all P on a given circle, then the value of

k cannot be equal to (ITT-JEE 1982)
The points of intersection of the line 4x — 3y — 10 =0 and
the circle x> + y° — 2x + 4y — 20 = 0 are and

(ITT-JEE 1983)

The lines 3x — 4y + 4 =0 and 6x - 8y — 7 =0 are tangents
to the same circle. The radius of this circle is ;
(IIT-JEE 1984)

. Let X + y* —4x =2y — 11 = 0 be a circle. A pair of

tangents from the point (4, 5) with a pair of radii form a
quadrilateral of area (IIT-JEE 1985)
From the origin, chords are drawn to the circle (x — 1)’
+ y? = 1. The equation of the locus of the midpoints of
these chords 1s (IIT-JEE 1985)




10.

11.

12.

13.

14.

1S.

The equation of the line passing through the points of
intersection of the circles 3x° + 3y* = 2x+ 12y -9 =0and
Y+Vy +6x+2y—-15=0is

(IIT-JEE 1986)

. From the point A(0, 3) on the circle x* + 4x + (y = 3)* =0,

a chord AB is drawn and extended to a point M such that
AM = 2AB. The equation of the locus of M is .
(IIT-JEE 1986)
The area of the triangle formed by the tangents from the
point (4, 3) to the circle X’ + y* = 9 and the line joining
their points of contact is - (II'T-JEE 1988)
If the circle C,: x* + y° = 16 intersects another circle C,
of radius 5 in such a manner that the common chord is of
maximum length and has a slope equal to 3/4, then the
coordinates of the center of C, are

(II'T-JEE 1988)
The area of the triangle formed by the positive x-axis and
the normal and the tangent to the circle x* + y* =4 at (1,
V3) is (IIT-JEE 1989)

If a circle passes through the points of intersection of
the coordinates axes with the lines Ax — vy + 1 = 0 and
x—2y + 3 =0, then the value of A is

(IIT-JEE 1991)
The equation of the locus of the midpoints of the circle
4x’ + 4y — 12x + 4y + | = 0 that subtend an angle of

27/3 at its center 1s (ITT-JEE 1993)

The intercept on the line y = x by the circle x* + v* — 2x
=0 1s AB. The equation of the circle with AB as a diameter
IS : (IIT-JEE 1996)
Two vertices of an equilateral triangle are (-1, 0) and
(1, 0), and 1ts third vertex lies above the x-axis. The
equation of its circumcircle is

(IIT-JEE 1997)
The chords of contact of the pair of tangents drawn
from each point on the line 2x + y = 4 to the circle X’ +
y* = | pass through the point

(IIT-JEE 1997)

True/False Type

1.

2.

No tangent can be drawn from the point (5/2, 1)
to the circumcircle of the triangle with vertices
(1, V3), (1, =V3), (3, =V3). (IIT-JEE 1985)
The line x + 3y = 0 is a diameter of the circle
X+y -6x+2y=0. (IIT-JEE 1989)

Subjective Type

1.

Find the equation of the circle whose radius is 5 and which
touches the circle x* + y* — 2x — 4y — 20 = 0 at the point
(5, 5). (IIT-JEE 1978)

10.

11.

12.

13.

14.

Find the equation of the circle which passes through the
point (2, 0) and whose center is the limit of the point of
intersection of the lines 3x + Sy = 1 and (2 + ¢)x + 5¢°
y=1asctendsto 1. (ITT-JEE 1979)
Let A be the center of the circle X’ + y* = 2x — 4y — 20
= (. Suppose that the tangents at the points B(l, 7) and
D(4, -2) on the circle meet at the point C. Find the area
of quadrilateral ABCD. (IIT-JEE 1981)
Find the equations of the circle passing through
(=4, 3) and touching the linesx + y=2and x -y = 2.
(ITT-JEE 1982)

. Through a fixed point (h, k), secants are drawn to the circle

X+ y* = . Show that the locus of the midpoints of the
secants by the circle is x* + y* = hx + ky.
(IIT-JEE 1983)

. The abscissa of two points A and B are the roots of the

equation x* + 2ax — b’ =0 and their ordinates are the roots
of the equation x* + 2px — ¢° = 0. Find the equation and
the radius of the circle with AB as diameter.

(ITT-JEE 1984)
Lines 5x + 12y — 10 = 0 and 5x — 12y = 40.= 0 touch
a circle C, of diameter 6. If the center of C, lies in the

first quadrant, find the equation of the circle C, which is
concentric with C, and cuts intercepts of length 8 on these

lines. (IIT-JEE 1986)

. Let a given line L, intersects the x- and y-axes at P and

Q, respectively. Let another line L,, perpendicular to L,,
cuts the x- and the y-axis at R and S, respectively. Show
that the locus of the point of intersection of the lines PS
and OR is a circle passing through the ongin.

(ITT-JEE 1987)

. Thecircle X’ + y* = 4x -4y +4 =0is inscribed in a triangle

which has two of its sides along the coc-dinate axes. The
locus of the circumcenter of the triangle is x + y — xy +
k(x* + v*)'* = 0. Find &. (II'T-JEE 1987)

Let S=x*+y’ + 2gx + 2fy + ¢ = 0 be a given circle. Find
the locus of the foot of the perpendicular drawn from the

origin upon any chord of § which subtends a right angle
at the origin. (IIT-JEE 1988)

If (m, 1/m),m >0,i=1,2, 3,4, are four distinct points
on a circle, then show that m mmm = 1.

(ITT-JEE 1989)
A circle touches the line vy = x at a point P such that
OP = 4\2, where O is the origin. The circle contains the
point (-10, 2) in its interior and the length of its chord on
the line x + y = 0 is 6V2. Determine the equation of the
circle. (IIT-JEE 1990)
Two circles, each of radius 5 units, touch each other at (1,
2). If the equation of their common tangents is 4x + 3y
= 10, find the equations of the circles. (IIT-JEE 1991)
Let a circle be given by 2x(x —a) + v(2y - b) =0, (a # 0,
b #0). Find the condition on a and b if two chords, each



13.

16.

17.

18.

19.

bisected by the x-axis, can be drawn to the circle from (a,
bi2). (IIT-JEE 1992)

Consider a family of circles passing through two fixed
points A(3, 7) and B(6, 5). Show that the chords in which
the circle X’ + y> — 4x — 6y — 3 = 0 cuts the members of
the family are concurrent at a point. Find the coordinates

of this point. (ITT-JEE 1993)

Find the coordinates of the point at which the circles
X +y —4x=2y=—4 and x* + y* = 12x — 8y = =36 touch
each other. Also find the equations of common tangents
touching the circles at distinct points.

(ITT-JEE 1993)

Find the intervals of the values of a for which the line
y + x = 0 bisects two chords drawn from the point

(l +\f§a1 : _fﬂ)tﬂ the circle 2% + 2y? — (1 + V2a)

2
x=(1-v2a)y=0. (IIT-JEE 1996)

Consider a curve ax* + 2hxy + by’ = 1 and a point P not
on the curve. A line from point P intersects the curve al
points Q and R. If the product PQ- PR is independent of
the slope of the line, then show that the curve is a circle.

(IIT-JEE 1997)
Let C be any circle with center (0, V2). Prove that at the

most, two rational points can be there on C (a rational

Answer Key

JEE Advanced
Single Correct Answer Type
1. d. 2 b 3. b 4, ¢ 5. a.
6. a. 7 C. 8. d. 9. d. 10. d.
11, d. 12. c. 13. a. 14. b. 15. a.
16. c. 17. a. 18. ¢. 19. d. 20. b.
21. d. 22. a.

Multiple Correct Answers Type

1. a..c 2 a.b.c.d 3. a.,c 4. b.,c
Linked Comprehension Type
1. a. 2 & 3. C. 4. d. 5 a
6. d. 1 & 8. d.
Matching Column Type
1. (a) - (p), (q); (b) = (p), (q); (c) = (q), (r)
2. (p)-(a)

20.

21.

22,

point is a point both of whose coordinates are irrational
(ITT-JEE 1997)
C, and C, are two concentric circles, the radius of C, being

numbers).

twice that of C,. From a point P on C,, tangents PA and
PB are drawn to C,. Prove that the centroid of triangle
PAB lies on C,. (IIT-JEE 1998)

Let T, and T, be two tangents drawn from (-2, 0) onto the
circle C: x* + y* = 1. Determine the circles touching C and
having 7', and T, as their pair of tangents. Further, find the
equations of all possible common tangents to these circles,
(ITT-JEE 1999)
Let 2x* + y* — 3xy = 0 be the equation of a pair of tangents

when taken two at a time.

drawn from the origin O to a circle of radius 3, with center
in the first quadrant. If A is one of the points of contact,
find the length of OA. (IIT-JEE 2001)
For the circle x> + y* = /7, find the value of r for which
the area enclosed by the tangents drawn from the point

P(6, 8) to the circle and the chord of contact is maximum.

(IIT-JEE 2003)
Find the equation of the circle touching the line
2x + 3y + 1 =0 at (1, —=1) and cutting orthogonally the
circle having line segment joining (0, 3) and (-2, —1) as

diameter. (II'T-JEE 2004)
Integer Answer Type
1. 2 2. 8 units
Assertion—Reasoning Type
1. a. 2 L.
Fill in the Blanks Type
1. 1 2. (4,2)and (-2, -6) 3. 3/4
4. 8 sq. units 5. X +y'-x=0
6. 10x-3y-18=0 7. X+y"+8x-6y+9=0
192 : [ Y 12)
8. —— sq. units 9. |-, F—
T 5'7s
10. 243 $q. units 11. 2
12. (x=32)+(y+ 1/2)*=9/16
13. x(x-1)+y(y-1)=0

f+y3—ﬂ -1=0

14 15. (1/2, 1/4)
V3
True/False Type
1. True

2. True



Subjective Type

1.

10.

12,
13.

S8 & b

X+ -18x-16y + 120=0
25X +25y"-20x+2y-60=0
735 sq. units

(x—hY+y' =

X+y+2ax+2py-b'-q" =0
(x-5)7+(y-2)3=5

+1

CHY +gx+fy+ ;- =()

h—2)*
L  where h= —=10+36

X+y +18x-2y+32=0

X+y - 10x-10y+25=0and X’ + y* + 6x - 2y - 15
=0

14. a* > 2 b?
15. (2, 23/3)

14 8
16. | —,—|,y=0,7Ty-24x+
L5 5] b 4 b J X
17. (—o0, =2) U (2, o)

21. (x-4)*+y*=3%and (.r+§

NI
22. 33+ 410)
23. r=5
24, 2 +2y* - 10x-5y+1=0

Hints and Solutions

JEE Advnced

Single Correct Answer Type

1. d.

Radius of the circle,
CQO=V2

Since ZQSR = 45°, the coordinates of Q and § are given by

(1 £ V2 cos 45°, -2 + V2 sin 45°) or Q(2, -1) and S(0, -3).

The coordinates of P and R are given by (1 + V2 cos 135°

—2 + V2 sin 135°) or P(0, -1) and S(2, -3).

. b. The circle through the points of intersection of the two

circles ? +y’ -6=0and X’ +y* - 6x+8=0is
(P +y —6)+ A +y -6x+8)=0

As 1t passes through (1, 1),

(141 -6)+A1+1-6+8)=0

orA=1

Therefore, the required circle 1s
2 + 2y -6x+2=0
orX+y -3x+1=0

. b. Circle through points of intersection of given two circles is

(C+yV+13x-30)+A (27 +2y  +4x-Ty-25)=0

= (14208 +(1 + 24 + (13 +4Ax + (-3 -TA)y-25A=0

As it passes through (1, 1),

16=0

2
J+7

(

l

3

:



142441 4+22 413484 -3 -T2 -254=0

= -24A+12=0 = A=1/2
: Required circle 18
.
26 + 2y + 15x - l;-‘—"; =0

or 44X +4y" +30x-13y-25=0
. ¢. Let AB be the chord with midpoint M(h, k).
As ZAOB = 90°,

AB=V224+2 =242

s AM =42

By the property of right-angled triangles,
AM =MB = OM
SOM=N2orkP+k=2

Therefore, the locus of (h, k) is x* + y* = 2.

. a. Let the equation of the circle through (a, b) be

X+ +2ex+2fy+¢c=0 (1)
So,a’ +b*+2ag+2bf +c=0 (11)
Since circle (i) cuts x* + y* = k* orthogonally, we have
20(0)+2f(0)=c-k orc=k

Putting ¢ = £* in (ii), we get

2ag + 2bf + (@ + b + k)= 0

So, the locus of the center (-g, —f ) is
2ax-2by+ (@ + b+ =0

or2ax +2by- (@ + b’ + k) =0

Alternative Method:

As shown in the figure, circle C, intersect the circle C,: x* + )’
= k* orthogonally at point Q.

Circle C, passes through the point P(a, b). We have to find
the locus of center R(a, ) of circle C,.

Now from the figure, RQ = RP = radius of the circle C,
RP* = RO’
RP’ = OR’ - OQ*
(@-a)y+(B-by=(c+p)-K
2a00+ 2bB-(a* + b* + k) =0
locus is 2ax + 2by - (@’ + ¥ + k) =0

. a. If 4 is the distance between the centers of two circles of

radii r, and r,, then they intersect at two distinct point if

lr,=ril<d<r +r,

Here, the radn of two circles are r and 3 and the distance
between the centers is 5. Thus,
Ir-3l<5<r+3

So=-5<r-3<Sandr>2
SLO<r<8andr>2
L2 ereg

7. c¢. The given diameter are

10.

2x - 3y=15 (1)
and 3x -4y =7 (i1)
Solving (i) and (ii), we get

x=],y=-]

Thus (1, —1) is the center. Now,

Area of circle = i’ = 154

L2154
L= 23 x7=49

Hence, the equation of the circle 1s
(x=1Y+(y+1)7=49

or x> +y' = 2x + 2y = 47

d-l

» X

From the diagram,

\{r(-%)l+f=%url=iﬁ

Hence, the centers of the circle are (1/2, +V2).

d. Let the center of the circle be (h, k).
Since the circle touches the axis of y, its radius is A.

The radius of the circle x* + y* —6x -6y + 14 =0 is 2 and it has
its center at (3, 3).

Since the two circles touch each other externally,

Distance between the centers = Sum of the radii
orV(h-3)+(k-3) =lh+2

ork’— 10h-6k+14=0

Hence, the locus of (h, k) is y* = 10x - 6y + 14 = 0.

d. The center of the circle

X+ +4x-6y+9sin’a+ 13 cos’a=0
1s C(= 2, 3) and its radius is

V2° + (-3)* - 9 sinar - 13 cos’cx

V4+9 -9 sinar— 13 cos’ax =12 sin |

A

(h, k)



11.

12,

13.

14.

Let P(h, k) be any point on the locus. Then ZAPC = a.
From the diagram,
AC 2sina

sin =——= -
PC ;Z{h +2)% + (k = 3)°

or(h+2°+(k-3)>=4

orh*+k+4h—-6k+9 =0

Thus, the required equation of the locus is

X+y +4x-6y+9=0

d. Let B(h, 0) be the midpoint of the chord drawn from point

AP, 9).
Also, the center i1s C(p/2, g/2).
Then, we have BC L AB. Therefore,

(qu}—[}(q—[}]=_l
(p2)=-h\ p-=h

=0
(pf?.h)(z—h =

2k -3ph+p*+q¢' =0
Since two such chords exist, the above equation must have two
distinct real roots, i.e.,

Discriminant > 0
L9 -8t +¢H) >0
or p* > 8¢*

¢. We know that
£QPR =7 ZQOR

O being the center (0, 0) of the
given circle x* + y* = 25,

Let m, = Slope of og:%

andmz=SlnpeufOR=-+%

As mym, = -1, we have

ZQOR = g or ZQPR =~£‘f

a. Given circles are
C+y+2+2ky+6=0andx’ +y +2ky+k=0
Wehaveg=1,f=k,c=6and g’ =0,f =kand " =k
Circles intersect orthogonally

~288" +2ff ' =c+

or2x1x0+2kk=6+k

or2kl -k-6=0
or(2k+3)k—-2)=0
T .
k=2, 3

b. X + y* = 7 is a circle with center at (0, 0) and radius

r units.
Ya

ﬁrms 6, r sin )
- » X

16.

17.

18.

19.

. a. From the figure, we have

Any arbitrary point P on it is (r cos 6, r sin 6) choosing
A and B as (-r, 0) and (0, —r), respectively.

For the locus of the centroid of AABP,

rcos @-r rsin@-r
( 3 3 )E[x.yl

;. rcos @—r=3xand rsin - r =3y
orrcos @=3x+rand rsin 8=3y+r

Squaring and adding, we get (3x + r)? + (3y + r)? = /7, which is
a circle.

P

P_g = tan [%—H] =cot €
RS

MEPR

_PQ RS _
" PR PR

=tan @

or (PR)* = PQ-RS
or (2r)* = PO-RS

or 2r = yPQ-RS

c. The line 5x — 2y + 6 = 0 is interested by a tangent at P to the
circle X* + y* + 6x + 6y — 2 = 0 on the y-axis at Q(0, 33.

In other words, the tangent passes through (0, 3). Therefore,
PQ = Length of tangent to circle from (0, 3)

=Vv0+9+0+18-2

= V25=5
ar—-8x+12=0o0r(x-6)(x-2)=0
yV-14y+45=00r(y-5)(y-9)=0
Thus, the sides of square are

x=2,x=6,y=5,y=9
Then the center of the circle inscribed in the square will be

(258552)e 0

c. The given circle is X’ + y* = 2x - 6y + 6 = 0.

Its center is H(1, 3) and radius 1s 2.
AH =2

Radius of the required circle = AC

=VAH: + CH* =2 +5 =3

d. Let the center of the circle C be (h, k).
As this circle touches the axis of x, its radius is lkl.




21.

L

Also, it touches the given circle X* + (y = 1)* = 1, with center
(0, 1) and radius 1, externally. Therefore,

Distance between centers = Sum of radii

or \(h=0)2+(k—-1)> =1+ Ikl

or P+ -2k+1=1+2kl+Kk
or i* = 2k + 2Ikl

Therefore, the locus of (A, k) is X = 2y + 2lyl.
Now, if y > 0, it becomes x° = 4y.

Also, if vy <0, it becomes x = 0.

Combining the two, the required locus is

((x, y): X =4y} U {(0,y): y <0}

''''''''

The center of the circle is C(3. 2).

Since CA and CB are perpendicular to PA and PB, CP is the
diameter of the circumcircle of tnangle PAB. Its equation is

(x=-3Nx-D+(-2)(v-8)=0
orr+y —-4x-10y+19=0

d. The circle touching the y-axis at (0, 2) is

x-0P+(y-27 +Ax=0

It passes through (-1, 0). Therefore,
l+4-A=00rdA=5

.. Equation of circle 1s

C+y +5x-4y+4=0

Putting y =0, we getx = -1, 4.

Therefore, the circle passes through (-4, 0).

22. a.

. 4., ¢. The figure shows circles

The equation of the chord AB bisected at P(h, k) is
hx + ky = h? + k& (i)
Let any point on the given line be

(rx.iauti)
5

The equation of the chord of contact AB 1s

m+(%a—4]y=9 (i)
Comparing (1) and (11), we get

h_ kKK

a (45 -4 9

o= 20h (From 1* and 2™ ratio)

4h - 5k
 h(4h -5k) _h* +k°
"~ 20h 9

or 20(h* + k) = 9(4h - 5k)
or 200 + y*) - 36x + 45y =0

Multiple Correct Answers Type

1. a.,c. The equation of any line through the origin (0, 0) is

y =mx (1)
If line (i) is tangent to the circle x* + y° — 2rx — 2hy

+ h* = (), then the length of perpendicular from center (r, h) on
(1) 1s equal to the radius of the circle, 1.e.,

=P+ h - I

lmr — hl
Nm® + 1
(mr—h)*=(m* + 1)r

0-m*+ Qhrm+(r -h)=0

Substituting these values in (i), we get the tangents as
x=0and (h*-r)x-2rhy=0

. a., b, c., d. Putting y = ¢’/x in X + y' = a@*, we get

4

2, € 2

I+—z=ﬂ
X

orx'=a’x+c*=0 (i)
As x|, x,, x,, and x, are the roots of (1), we have

X, + X, + Xy + x, = 0 and x,x,0,x, = ¢*

Similarly, forming equation in y, we get

Yo+ y,+ )y +y,=0and yy,yy, =c

A

touching the x-axis at A(3, 0) D

and having intercept BD =
2J7 onthe y-axis.

From the figure, the abscissa of
center is 3.

Also. BC = Radius of the circle
= JVCM? +BM? =9+7 =4,

A(3,0)
P x

<




Therefore, AC=4
So, the centers of the circles are C(3, 4) and C'(3, 4).
Hence, the equations of circles are

x-3P+(v+4)=16

orc+y -6xx8y+9=0
. b,c.
Given circles
S,:xX+y --15=0
and S,: X +y'-1=0
Center of the circle which intersects above two circles
orthogonally lies on the radical axis of the circles which is
§$,-5,=0o0rx+7=0
Let the centre of the required circle be C(-7, k).
Circle passes through the point A(0, 1).

radius, r = J?3+ (k —1)°

Also, radius = length of the tangent from C to the any one of
the given circles.

r= J?:'l-kz—'l
On comparing, we get 7+ (k- 1)’ =7+ k* - |
or 2k+1=-1
or k=1

r=7,

Linked Comprehension Type

For Problems 1-3
1. C.

AV

Consider square ABCD with coordinates as shown in the
figure.

Clearly, circle inscribed in square is Cp: x* + y* = 1
and circle circumscribing the square is C, : x* + y* =2
Let P(cos 6, sin 8), Q ( V2 cos @, V2 sin @)

=  PA’+PB’+ PC’+ PD’

=2(cos 0-1)*+ 2 (sin 8- 1)’ + 2(cos 6+ 1)
+2(sin @+ 1)°

=2[2(1 +cos’ @+ | +sin° )] =4 x 3 =12 units
Similarly, QA® + QB + QC* + QD'
= 2[{«5:{15 o- I):+{\Ecvz:ﬂfn:::r+1)2 + (wﬁ sin & — 1)°
+ (ﬁsinﬂ+l)1]
=2[2(2cos’ a+ 1 +2sina+1)]=4x4=16

PA’+PB’+PC’+PD* _12_3 _ .,
QA +QB*+QC*+QD* 16 4

2. c. Let R be the center of the required circle.
Now, draw a line parallel to L at a distance of r, (radius of C))

from it.

Now, RP, = RM. Therefore, R lies on a parabola.
3 c

I

Since, AG = V2, we have AT, = T,G. (As A is the focus, T is
the vertex and BD is the directrix of parabola.)

Also, T,T, is a latus rectum. Therefore,

i T

V2
*AreaﬂfﬁTTT=lx ! X 4 = ]
N SL A s T Y
For Problems 4-6
4. d.

Equation of PQ1s L, : ng+_v-6=0 (1)

Slope of PQ is —3
1

slope of CD 1s T
3

Equation of line CD in parametric from is

33 3

X——— y-—
T2 . 2,
cos30° sin30°

33 3

X—— y—-—

2 __ 2 _

or 433— = -1-‘——!"..

7] 2
Forcentre C.r==% |

Two possible co-ordinates of centre are (2\@. 2). {ﬁ W 4 7
According to the question (center) lies on the same side where
origin lies with respect to line PQ.




Now L (0,0)=-6<0

AndL, (\3,1) =3+1-6<0

So Centre C must be (v/3,1)

Hence, equation of the circle is (x - Jng +(y=1)* =1

. By simple geometry PD = V3 (APQR is equilateral)

Equation of PQ in parametric form is

33 3

L
A

cos 12_[]“’r - sin 120°

)
or = =r
A A3
. 2
Now points at distance V2 from point D on line PQ are given

by

ﬂ + ﬁ[-l),—% +3 ﬁ or (24/3,0) and (+/3,3)
2 2} 2 2

Point C divides the join of P and E inthe ratio 2 : 1.

Similarly, C divides join of Q and F in the ratio 2 : 1.

Thus, co—ordinates of E and F are [J?in %] and (\ﬁ. 0).

Equation of line PR which is parallel to DE and passes through
Fis U'—D}:ﬂ(x—ﬁ):}y:[].

Similarly, equation of line QR which is parallel to DF and
passes through the point E is

/ 3 i,

(3|

\

J

= y=31x

For Problems 7-8
7. a. The equation of tangent at P(\/i , 1) 1s

x+ y=4
The slope of line perpendicular to the above tangent 1s YAE)
So, the equations of tangents with slope I3 10 (x=3P+y'=

1 will be

l ]
y = -3l |/l +-
A R

orvldy=x-3%x(2)
le.Vviv=x-1 orv3y=x-35

8. d. The point of intersection of direct common tangents is

(6, 0).

So, let the equation of common tangent be
y—0=m(x-06)
As it touches x* + y* = 4, we have

0-0—6m
-.JI +m’

or9m’=1+m?

ﬂrm:iﬁli

So, the equations of common tangents are

1 |
= — (x-06),y=- x—6),andalsox=2
W hy=-77" “

Matching Column Type
1. (a) - (p), (q); (b) - (p), (q); (¢) - (q), (r)

E XY

C| C:

It is clear from the figure that two intersecting circles have a
common tangents and a common normal joining the centers.

It is clear from the figure that two intersecting circles have a
common tangents and a common normal joining the centers.

. Two circles, when one is completely inside the other, have a

common normal C,C,, but no common tangent.

Note: Solutions of the remaining parts are given in their
respective chapters.



R+ k= (-—) which is a circle.

Note: Solutions of the remaining parts are given in their
respective chapters.

Integer Answer Type
1. (2)L:2x-3y-1
S:X+y' -6

If L, >0 and §,< 0, then the point lies in the smaller part.
Therefore, (2, 3/4) and (1/4, 1/4) lie inside

-
N2

3

In APFB cos o=

Lﬁnﬂ=%
In ADEP

2\2

sl

2\2

or R=m=3umls

Assertion-Reasoning Type

1. a. The equation of director circle of the given circle
F+y=169is ¥+ =2 x 169 = 338.
We know that from every point on a director circle of given
circle, the tangents drawn to the given circle are perpendicular
to each other.
Here, (17, 7) lies on director circle.
Therefore, the tangents from (17, 7) to the given circle are
mutually perpendicular.

2. c.Circle=(x+3)'+(y-57°=4

Distance between L, and L, = %3 < Radius

Therefore, statement 2 is false.
But statement | is correct.

Fill in the Blanks Type

Let given points are A(x,, ¥,) and B(x,, y,).

Now, consider locus of point P(x, y) such that -E% =k

or PA’=IPPB’
or (x-x)+(y-y)=~Flx —x,)" + (y = y,)°]
Clearly, locus in above equation is circle for any real value k
other than ‘I" as for k = 1, we have PA = PB. In this case locus
of P is perpendicular bisector of line segment AB.
Line: 4x -3y - 10=0 (1)
Circle: x +y' = 2x+4y-20=0 (11)
Solving (i) and (i1), we get

(3_v+ I{}l)2 L 2(3}* + H}) wdy 30 =0

4 y 4 -

or 9y" + 60y + 100 + 16y* — 24y — 80 + 64y - 320=0
or 25y* + 100y - 300 =0
ory'+4y-12=0
ory=2,-6
S X=4,=2
Hence, the points are (4, 2) and (-2, -6).

. Since the given lines 6x - 8y + 8 =0 and 6x -8y -7 =0 are

parallel and touching the circle, the diameter of the circle is the
distance between parallel lines, i.e.,

‘ 8 + 7 15 3

Vie+64' 10 2

. Radius of circle = 5 (AB) = 3
The equation of the circle is X’ + y* = 4x -2y — 11 = 0.

Its centeris (2, 1) and radius is V4 + 1 + 11 =4 = BC.

D
@
A
(4,5)
N/
B
AC = 2V5
LAB=2
. Area of quadnlateral ABCD = 2 x (Area of AABC)
=2x%xABxBC
=2x%x2x4
= 8 sq. units

The origin O(0, 0) satisfies the circle.
If the midpoint of the chord from the origin is P(h, k), then P is
the midpoint of OR, where R(2h, 2k) lies on the circle. Hence,

2h- 1Y+ 2k =1
or+y' —x=0



6. The equalinninf the two circles are

S=xX+y -Sx+4y-3=0 (i)

and S,=xX+y +6x+2y-15=0 (i1)
Now, we know that the equation of common chord of two cir-
cles§,=0and §,=01s
S 5 =0

20x

ur—-j*"—-ly—u:ﬂ

or 10x-3y-18=0

. The equation of the circle 1s
CH+yY +4x-6y+9=0
Given that AM = 2AB

or AB = BM

Let the coordinates of M be
(h, k).

Then B is the midpoint of AM.
Therefore,

_(O+h 3+k\_(h k+3
B=( 7 2 )*"(2' ) )
 As B lies on the circle, we have (1)

(553 olt)-o5) o5
orh®+kK +6k+9+8h-12k-36+36=0

orh>+k+8h—-6k+9=0
Therefore, the locus of (h, k) is X’ + y* + 8x -6y + 9 =0.

Let R be the point of intersection of OP and T7".
The equation of the chord of contact 77" is

4I+3}'=9 {”
Now, OR = Length of perpendicular from O to TT"
_Px0+3xﬂ-ﬂ_g
V4% + 3 )
OT = Radius of circle =3
N === S0 R ) (R
:. TR=NOT* - OR* =9 e =
Also, OP =5
: - _e 9_16
. PR=0OP-0OR=5 5= s
1 9
MeaufMW:lpRHT;':_‘ﬁxA:E
2 2S5 5 25
Alternative Method:
From the figure in APTO ainﬁ L E
¥ "2 OP 5
sin9=25inﬁmsﬁ=2x§xi=g
2 2 5 § 25

W 0y N8B,

10.

11.

12.

Area of APTT

1

=EPT>:PT'sinH= 24 0k

$Q. units

Clearly, the diameter of C, will be the common chord.
Let the common chord be PQ and the center of C, be A(h, k).

We have AP = 5, PB = 4. Therefore, AB = 3 units, where B =
(1, 2).

Using the parametric equation of line, we get

h-0_k-0_
35 45 B
=2 k=22
5 5
orh=2k="2
5 5
. Centers are [i?- ;E)
5 5
i gt e Mg 8
orh=-z k= 5 orh=%rk=—%
The equations of the tangent and Yo
the normal to x* + v* = 4 at (1, B
V3) are, respectively, x + V3y = f SP(L 3)
o - \
4 and y = V3x. | - Q P\
The tangent meets the x-axis at o
(4, 0). Therefore, e yma

y

Area of AOAP = % (4)V3
= 243 sq. units

The given lines are Ax—y + |
=0and x - 2y + 3 =0 which
meet the x-axis at A(=1/4, 0)
and B(-3, 0) and the y-axis at
C(0, 1) and D(0, 3/2),
respectively.

Then, we must have
OAxOB=0Cx0D
nr(%.)(fi)-_':] x—%

oriAi=2

Given equation of circle is 4x* + 4y* — 12x + 4y

or xz+y1—3x+y+i=ﬂ

_ 3 1
Center of the circle 1s C[E, -E]
Radius AC = Jg+l—l =:1
4 &4 & 2



13.

14.

15.

Given ZACB =

ol wlg

ZACD =

2 2
()
n CD \/ 2 2

Now in AACD, cos—= =
3 AC

Lmusis(:~§~)z+('+1]z“?—
2) "\’72) "1

The points of intersection of the line y = x and the circle x* + )’
— 2x = 0 can be obtained by solving these two equations.
Solving, we get

2+ -2x=0
~nx=0,1
S y=(,1

LA=2(0,0),B=(1,1)

Now, the equation of circle with AB as diameter is
x(x-1D+yviy=-1)=0

Let ABC be the given equilateral
triangle. Then C must lie on the
y-axis.

Let C = (0, a), Also, AC = AB..
Therefore,

Vi+a® =2 AN (-1, 0) 0 (1,0 "X
orl+a*=4
ora=\3

- C=(0,V3)
Then, the centroid of AABC is (0, 1/7/3).

yé
C(0,a)

But in an equilateral triangle, the circumcenter coincides with
the centroid. Therefore, the circumcenter is (0, 1/v3). Also,

Radius of circumcircle = C\B

q

=\{(1 —0)=+(0--\;—§)'

Therefore, the equation of circumcircle is

c-07+o- 5 (5]

, 2y 1 _4

Dr.):z+}"—ﬁ+3-3
2

nrf+f-—F§—l=0

Let (h, k) be any point on the given line.

Then, 2h + k = 4. Chord of contact to circle from (h, k) is
hx + ky = |

orhx+(4-2hy=1

or(dy—1)+h(x-2y)=0

It passes through the point of intersection of 4y — 1 = 0 and
x=2y=0o0r(172, 1/4).

True/False Type

1. The circle passes through the points A(1,v3 ), B(1,-V3), and

(3, -V3).

Here, line AB 1s parallel to the y-axis and line BC is parallel to
the x-axis.

Hence, ZABC =90°.

So, AC is a diameter of the circle.

Therefore, the equation of the circle is
(x=1)x=3)+(y-V3)y+¥3)=0

orx +y —4x=0 (i)
Let us check the position of point (5/2, 1) with respect to the
circle (1).

S, = gf+l-lﬂ-:0

Therefore, the point lies inside the circle.
S0, no tangent can be drawn to the given circle from point (5/2,
1)

Therefore, the given statement is true.

. The center of the circle x* + y* — 6x + 2y = 0 is (3, —1) which

lieson x + 3y =0.
Therefore, the statement 1s true.

Subjective Type

1. The given circle is

X+y -2x-4y-20=0

whose center is (1, 2) and radius is 5.
The radius of the required circle is also 5.
Let its center be C,(a. f).

Both the circles touch each other at
P(5, 5).

It is clear from the figure that P(5, A5, 5)
5) i1s the midpoint of C,C..

Therefore,

orx=9and f=8

Therefore, the center of the required circle 1s (9, 8) and its
equation is

(x-9Y +(v-8)y =25

orxX +y - 18x-16y+120=0

. The point of intersection of the lines 3x + S5y = | and

Q+c)x+5cy=1is
( 1-¢* _ c-1
24c-3¢ 2+c-3¢
If (A, k) is the center of the required circle, then
fedfiig—d—

c=12+c-3c

-1 (1-c)1+c)
—t_l_r.r: (1 -¢)2+30)

L+ 2

eeet 236 5




and k= lim c-1
c—=152+c-3c

= lim = S———
el 52+3c) 25

Therefore, the center 1s (2/5, —1/25).

Also, the circle passes through (2, 0). Therefore,

Radius = «J(—QT%_)I + (%)E % @

Thus, the equation of the required circle is

2 2
(-3 oo & -
or 25x° + 25y - 20x+ 2y -60 =0
. The equation of the circle is
X+y -2x-4y-20=0
Center=(1,2)and radius=V1+4+20 =5
The equation of tangent at (1, 7) 1s
x-l+y-7-(x+1)-2(v+7)-20=0
ory-7=0 (1)
Similarly, the equation of tangent at (4, -2) is
4x-2y-(x+4)-2(y-2)-20=0
or3x-4y-20=0 (11)

B(1,7)

. .
.} C(16,7)
-3

D(4,-2)

For point C, solving (i) and (i1), we get x = 16 and y = 7.
Therefore,

C=(16,7)
Now, clearly,
ar(quad. BCDA) = 2 x ar(AABC)

=2x%xABxBC

=AB x BC
where AB = Radius of circle = 5

and BC =15
. ar(quad. ABCD) =5 x 15 =75 sq. units

Since the circle touches both the linesx+y=2and x -y =2,
its center must lie on the x-axis. Let the center of the circle be
(h, 0).

Now, the radmus of the circle is equal to the perpendicular
distance of the pomnt (A. 0) from the linex+y-2=0, 1.e,,

h+0-21 -2

S = V2 V2
Then, the equation of the circle 1s
(h =2y

(x=hy+(-0y="—
Since the circle passes through the point (-4, 3), we have

. (h=2r
(4-h*+3-0)y= 3
or h +20h+46=0
-20 + V400 - 184
or n=
2
=-10+3V6
. From the diagram,
CM L BP
()’1 J"]_k
4 xl)(11—h)-_]
C(0, 0)
P(h, k) M(x,, 8

So, the locus of M is
2 +y =hx+ky

. Let x,, x, and y,, y, be the roots of x* + 2ax - b* = 0 and x* +

2px — q° = 0, respectively. Then,
X, + X, = -2a, x,x, = b’
and y, +y,=-2p,yy,=~q
The equation of the circle with P(x,, y,) and Q(x,, y,) as the
endpoints of diameter is
(x—x)x=x)+ -y Ny-y)=0
or X4y -x(x;+x)-y),+y)+xx+yy,=0

or X+y +2ax+2py-b'-4'=0

. Let the equation of tangent PAB be 5x + 12y — 10 = 0 and that

of PXYbe 5x- 12y -40=0.

Now, let the center of circles C, and C, be C(h, k).

Let CM 1 PAB. Then

CM = Radius of C, =3

Also, C, makes an intercept of length 8 units on PAB. So,
AM =4,




8. From the figure in APQS,

———— s

Thenin AAMC, we get AC = V4 + 32 =5,

Therefore, the radius of C, is 5 units.

Also, as
S5x+12y-10=0 (1)
and 5x - 12y -40=0 (11)

are tangents to C,, the length of perpendicular from C to AB is

3 umts. Therefore,
Sh+ 12k - 10 _

3 -
i.e.5h+12k-49=0 (i)
orSh+ 12k +29=0 (ii)
Similarly,
B
1.e.,Sh—=12k-79=0 (111)
orSh-12k-1=0 (1v)

As C lies in the first quadrant, A and k are positive.
Therefore, (ii) is not possible.

Solving (i) and (ii1), we get h = 64/5 and k = -5/4 which is
also not possible.

Now, solving (i) and (iv), we geth=5and k = 2.
Thus, center for C, is (5, 2) and radius is 5.
Hence, the equation of C, is (x - 5)* + (y = 2)* = 5°.

’ 3

PQ L SR, PR L QS -

Then we have QT L PS (as the
altitudes of a tmangle are concur-
rent).

Therefore, points O, R, T, and §
are concyclic.

Hence, the locus of T is a circle
which passes through the origin.

9. The equation of the given circle is
Ay -dx-4y+4=0

or (x-2)+(y-2)7=4

This circle touches both the axes.

> X
0 (2h. 014 >~

Variable line AB touches the circle.

Now, the circumcircle of triangle OAB is the midpoint of
hypotenuse AB.

10.

11.

Let the midpoint of AB be M(h, k).

Therefore, the coordinates of A and B are (2h, 0) and (0, 2k),
respectively.
So. the equation of AB is

.
2h 2k

Since this line touches the given circle,
CM=2

T
s
2h 2k

1 ¥ [1 :

— + St
{Zh) 2&)
or lh+k—-hkl= Jh +k?

or the locus is (x + y — xy) %

=2

g S
x“+ vy = 0. Therefore,

k==l.
The equation of the given circle is
X+y' +2ex+2fy+c=0 (i)

Let P(h, k) be the foot of
perpendicular drawn from the origin
to the chord LM of circle S.

Slope of OP =
h

Slupt:ﬂf.{..*\’.‘:-E ,

Therefore, the equation of LM is

h
y—k=="(x-h
. k( )

orky — k> =—kx+ I’
orhx +ky=h" + Kk (11)

Now, the combined equations of lines joining the points
of intersection of (1) and (ii) to the origin can be obtained by
making (i) homogeneous with the help of (ii) as follows:

hx + ky hx + ky\?
; ) +C ( ) =()
h + k R+ K
or (h* + I)’(C + y) + (B + I2)(2gx + 2fv)(hx + ky)

+clhx + ky)’ =0 (iii)
Equation (iii) represents the combined equation of OL and OM.
But ZLOM =90°.
Therefore, from (111), we must have
Coeff. of x* + Coeff. of y' =0

or (h* + k) + 2gh(h* + I2) + ch® + (h* + K2 + 2fk(h* + )
+ck=0

2+ 4+ (2gx +2fy) (

nrh:+kz+gh+ﬂc+“§ =0
Therefore, the locus of (h, k) is X* + y* + gx + fy+%={l

Given that (m, 1/m), m,> 0, i =1, 2, 3, 4, are four distinct
points on a circle.

Let the equation of circle be x* + y* + 2gx + 2fy + ¢ = 0.

As the point (m;, 1/m,) lies an it, we have

e 2f
m+—3 +2gm+ —+c=0
m m



12.

13.

orm'+2gm' +cm +2fm+1=0
Since m,, m,, m,. and m, are the roots of this equation, the
product of roots is 1, i.e.,

mmmym, = |
Let AB be the length of chord intercepted by the circle on y
+x =0,
Let CM be perpendicular to BA from center C(h, k).

Yy
'y

x +y=0

x-y=0

>\

v

Also, v —x=0and y + x = 0 are perpendicular to each other.
Therefore, OPCM is a rectangle. So,
CM=0P=4V2
Let r be the radius of the circle.
Also, AM =32,
Therefore, in ACAM,
AC? = AM* + MC*
or  rF=03V2Y+(@\V2)
or r=(5V2)
or r=5V2
Also, the coordinates of P are
(0 — 42 cos 45°, 0 — 4V2 sin 45°) or (-4, 4)
The slope of PC is -1 and CP = 5V2.
Therefore, the coordinates of C are
(=4 + 5V2 cos 135°, -4 + 5v2 sin 135%) or (-9. 1)
Hence, the equation of circle is
(x+9)y +(v=1)=50
or x4+vV+I18x-2y+32=0
Since the circles touch at (1. 2), the line joining the centers and
the point (1, 2) are collinear and perpendicular to the common
tangent 4x + 3v = 10. Also, the centers are at a distance of 5
units from (1, 2). Now, the slope of the line perpendicular to

the common tangent is 3/4 = tan o

14.

15.

Therefore, the equation of the line perpendicular to the common
tangent through (1, 2) [in symmetrical form] is given by

x-1 y-2

cos@=smO="

For C, and G,
x—1 y-2

4/57 315
So, the centers are (5, 5) and (=3, -1).

Hence, the equations of the circles are

(x=5P+(y=57=25 and (x+3)°+(y+1)°=125

e ' +y —10r-10y+25=0and X + ¥y +6x+2y-15=0

. X-axis

Ala, b/2)

The given circle 1s
2x(x—a)+y(2v—-bh)=0(a, b #0)
or f+y’—-m:—%}'=0 (i)
[ts center is C(a/2, b/4).
Also, point A(a, b/2) lies on the circle.
Since chord is bisected at point B(h, 0) on the x-axis,

we have
(Slope of BC) x (Slope of AB) = -1

{[bmy—uH{mz)-o}
or =]
(@2)-h|| a-=h

1 L4 E_: b_z_
h-32h+2+8—0

Since two such chords exist, the above equation must have two
distinct real roots. for which its discriminant must be zero, i1.e.,

or 9§:—4(%1+%!)}{}

or a*>2b

The equation of the line passing through the points A(3, 7) and
B(6.5)1s |

_1'—7=—§(.r-3}

or 2x +3y-27=0

Also, the equation of the circle with A and B as the endpoints
of diameter is

(x=3)x=6)+(v=7)Nv-5)=0

Now, the equation of the family of circles through A and B 1s
X=3Nx-6)+(y-N(-5+ AM2x+3y-27)=0 2))
The equation of the common chord of (i) and x* + y* — 4x - 6y
— 3 = 0 is the radical axis, which is

[((x = 3)x — 6) + (v = T)(v — 5) + A(2x + 3y - 27)]
~ X +y —4x-6y-3]=0

or 2A—5)x + (34 - 6)y + (274 + 56) =0

or (=5x =6y + 56) + A(2x + 3v-27)=0



16.

17.

This 1s the family of lines which passes through the point of
intersection of =5x = 6y + 56 = 0 and 2x + 3y - 27 = 0, i.e.,

(2, 23/3).
The given circles are

C+y—4x-2y+4=0 (i)
and ©+y -12x-8y+36=0 (11)

with centers C,(2, 1) and C,(6, 4) and radii 1 and 4, respectively.
Also, C,C,=5.

As r, + r, = C,C,, the two circles touch each other externally at
P.

Clearly, P divides C,C, in the ratio 1 : 4.
Therefore, the coordinates of P are

[agegsa adge i)

Let AB and CD be two common tangents of the given circles,
meeting each other at T.

Then T divides C,C, externally in the ratio | : 4. Hence,

I x6-4x2 1x4-4x1\_(2.
e o )=(300)

Let m be the slope of the tangent. Then the equation of tangent
through (2/3, 0) is

el

}*-U=m(.r+%)

or v—mr+%m=0

Now, the length of perpendicular from (2, 1) to the above
tangent is the radius of the circle. Therefore,

ll-2m+%—m

=]

*
[

or (3-4mVP=9m’+1)
or 9-24m+ 16m>=9m*+9

or Tm’-24m=0

or .m:li].l_;i

Thus, the equations of the tangents are y=0and 7y - 24x + 16
= ().
Let the given point be

E(I+;§H

I—ﬁa]

" 2

(p.P)
Therefore, the equation of the circle becomes

c+y -px=-px=0

.xt+y=0

18.

19.

Since the chord is bisected by the line x + y = 0, its midpoint
can be chosen as (h, —h). From the figure, BC 1 AB. Therefore,

1r{ﬁ£2}+hHﬁ+h}__l

(pl2)=h) | p—h
rj)+2h) ﬁ+}:) \
or \p-2h/\p-h]~

or  p’+3ph+2h =-p’+3ph-2k
or 4 -3(p-ph+p +p =0
Since two such chords exist, the above equation must have

two distinct real roots, for which its discnminant must be zero.
Therefore,

9p - p)* - 16(p* +p*) >0
or T@P'+p)+18pp<0

or (1) @+aarl) 1 -2a)<0

or 32-84'<0a’>4
or ae€(-x -2)U(2 x)
The given curve is
ax’ + 2hxy + by’ = | (i)
Let the point P not lying on curve (i) be (x,, y,).
Let @ be the inclination of line through P which intersects the
given curve at Q and R.
The equation of line through P is
X=-x Y=y
cos@ “sin@ =7
or x=cos @+,
and y=rsinB+y,

For point Q or R, the above point must lie on curve (1). So,
alx, + r cos O + 2h[x, + r cos B[y, + rsin 6]
+ by, + rsin 6] = 1
or (acos’@+ 2hsin @cos 8+ b sin*@)r + 2(ax, cos 6+ hx,
sin 8 + hy, cos 8+ by, sin 0) r + (mt + 2hxy, + byf -1 )
=0

It is a quadratic in r giving two values of r for PQ and PR.
Therefore,

Product of roots = PQ: PR

ax + 2hx,y, + by — |

" acos’ 0+ 2hsin @cos @+ bsin’ 6

Here, ax, + 2hx,y, + by — 1 #0as (x,, y,) does not lie on curve
(1). Also,
Denominator = a cos*@ + 2h sin 8cos 8 + b sin’8

—a+2hsin 8cos 8+ (b—a)sin°@

(b—a)
51 ~cos 26)
=(222) + hsin26+(%52) cos 26

which is independentof 8if h=0,and (a - 5)/2=0,1.e., h=0
and a = b.

=a+ hsin 20+

Hence, the given equation is a circle.

There cannot be three points on the circle with rational
coordinates for then the centre of the circle, being the



circumcentre of a triangle whose vertices have rational
coordinates, must have rational coordinates (. the coordinates
will be obtained by solving two linear equations in x, y having
rational coefficients). But the point (0, JS._' ) does not have
rational coordinates.

Also the equation of the circle is

x-01+(y-2)=r

=

y= \ﬁ:tv'rz-xl

For suitable r, x, where x is rational, y may have two rational
values.

For example, r=2,x=0, y= 1, -1 satisfy y = 2 +r? = x°
So we get two points (0, 1), (0, —1) which have rational coordi-

nates.

20. Let r be the radius of C, and 2r be the radius of C,. Then,
OA=0B=r
OP =2r

and

Since PA and PB are tangents to C,,

LOAP = ZOBP =90°

Let OP meets C, at G.
Let ZOPA = 6. Then,
, G_OA_r_l
SMY=opP= 2,72
or 6=30°
or ZAOP = 60°
In AOAC,
o OC
cnsﬁﬂ-—OA
or %=O—f‘ur{)€=%
r_J3r
!-"C‘—ZJ"—:Z—2
e 4
Also, C'GF-r—tﬁ?(’j’-.iv'—z-2

Clearly, CG =+ PC

3

Therefore, G is the centroid of AABP.
21. The given circle 1s
2+y =1 ‘ (i)
Center = 0(0, 0) and radius = |
Let T, and T, be the tangents drawn from (=2, 0) to the circle (i).

From the figure, APLO and APMC, are similar. Therefore,

or

OL CM
OP C,P

r

2 h +2

or 2r.=h +2

Also, the circles are touching externally. Therefore,

h=r +1
From (i1) and ().
rr=3and h, =4
Hence, the equation of the circle 1s
(x-4Y+y =9
Also, APLO and APNC, are similar. Therefore,
OL C,N

OP G,P
|

272+ h,

or 2r,=2+h,

or

Also, the circles are touching externally. Therefore,

From (v) and (v1),

e _ 4
r,= chdhz- 3

Hence, the equation of the circle is

(e +w=(3]

(11)

(1)

(1v)

(V)

(Vi)

(vii)

Since circles (i) and (iv) are two touching circles, they have

three common tangents: 7, T,, and x = 1 = 0.

Similarly, the common tangents of circles (1) and (vii) are

I,T, and x=-1]

>
For the circles (iv) and (vii), there will be forr common
tangents: two direct and two indirect.

Two common direct tangents are T, and 7,.
Let us find two common indirect tangents.

N 3
C,N 173
1.e., N divides C,C, in the ratio 9 : 1. Therefore,

NE(Q x(—4fl3{;+ | x4‘0)5(ﬁ‘ 0)

Any line through N 1s

- 4
y=m(x+ 5)
or Smx—S5y+4m=0
If it is tangent to circle (iv), then
| 20m+4m | _ 3

N2Smi+25'
or 24m=15Vm* + 1

or  64m’=25m*+25




or 39m’=25 Now, in right-angled APLN,

— 2 _ pr?_
or  m=x LN* = PL P!:” N T
Therefore, the required tangents are ===y * 100
y=22=(x+5) V100 -
T N39 3 or LN =" 0
22. The equation 2x* — 3xy + y* = 0 represents a pair of tangents
OA and OA’. 100 = A
Let the angle between these two tangents be 26. Then, S =TS el

- Areaof APLM = A =%xIM:< PN

__]_xr’!lOD#erlDO—rl
=2 5 10

= 70g [7(100 - A

—_— zl—
oy 24(-32)" -2 x1

2+1

For the maximum value of A, we should have

dA _
dr ~
nr-llﬁ [100—:-’)“+r%(100—r3)'” (-2r) =0
5 or (100 - A" [100-r=371=0

i.e,r=10o0rr=5 |

- 2tan 6 | But r = 10 gives the length of tangent PL. Therefore, r # 10.

| —tan’ @ 3 Hence, r = 5.
or tan’@+6tanf-1=0 24. We are given that line 2x + 3y + 1 = 0 touches the circle
V36+ 4 ) S=0at(l,-1).
or tan9=_61236+4=—3tvfl_ﬂ

As @is acute, tan 6= V10 - 3.

Now, we know that the line joining the point through which
tangents are drawn to the center bisects the angle between the
tangents. Therefore,

ZAOC=#6
In AOAC, )
fenfi= 3 So, the equation of this circle can be given by
OA , 70 4 3 =1+ @+ 1P+ A2x+3y+1)=0,A€R
or OA= J10-3 V10 +3 [Here, (x = 1) + (y + 1)’ = 0 represents a point circle at
0A = 3(3 + V10) (3, 1) |
23. The given circle is x* + y* = r*. From point (6, 8), tangents are or X’ +y + (A= 1)+ y3A+2)+(A+2)=0 (1)
drawn to this circle. But this circle is orthogonal to the circle the extremities of
whose diameter are (0, 3) and (-2, -1), 1.e,,
Xx+2)+(=3)(y+1)=0
orx +y+2x-2y-3=0 (ii)
Applying the condition of orthogonality for (i) and (ii), we get
2A-1)x 1 +2(3)';2) X(=1)=A+2+(=3)
(28,8, + 2f = ¢, + c)]
Then, the length of tangent is 0r2A~-2-3A-2=4-1
. or2A=-3
PL=V6+8 -7 =100 -7 13
Also, the equation of chord of contact LM is 6x + 8y — * = 0. orA==3
PN = Length of L from P to LM Substituting this value of A4 in (i), we get the required circle as
5 |
_36+64-~ 100-7 | CRy — B -y +g=0

V36 + 64 5 or2x’ +2y* = 10x-5y+ 1 =0



