APPLICATION OF

DERIVATIVES

BASIC CONCEPTS

1. Tangents and Normals:

Equation of tangent to the curve y = f(x) at the point (x, y,) is given by

(y-y1)=(%){ (x-1x,)

X1- 1)

Equation of normal to the curve y — f(x) at P(xq, yy) is

2. Increasing Function: A function f(x) is said to be an increasing function in (g, b) if
Xy <Xy = flx) £f(x3) Vx,xy€ (a,b)
3. Decreasing Function: A function f(x) is said to be decreasing in the interval (a, b) if

X <Xy = Axy) = f(x;) ¥V xy, x5 € (a,b)
4., Maximum and Minimum Value of a Function
(or Absolute Maximum or Minimum Value)

A function f is said to attain maximum value at a pointa € Dy, if f(a) 2 f(x) V x € D,then f(a) is

called absolute maximum value of f.

A function f attains minimum value at x =b € Dy, if () < f(x) YV x € D, then f(D) is called absolute

minimum value of .

5. Local Maxima and Local Minima (or Relative Extrema)
Local Maxima: A function f(x) is said to attain a local maxima at x =g, if there exists a neighbourhood
(a—0,a+0) of ‘a” such that f(x) <fa) Vx € (a—9,a + d), x # a, then f(a) is the local maximum value
of f(x) at x = a.
Local Minima: A [unclion /(x) is said lo allain a local minima al x =g, if lhere exisls a neighbourhood
(a—293,a+9d)of ‘a"such that f(x) > f(a) V x € (a—9,a + d), x # a, then f(a) is called the local minimum
value atx = a.

6. Test for Identifying Relative (Local) Maxima or Minima

(/) First Derivative Test
Step I: Find f'(x)
Step II: The equation f'(x) = 0 is solved to get critical points x = ¢y, ¢y, ........ ., C

H"

Step III: The sign of f'(x) is studied in the neighbourhood of each critical points.
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Let one critical point be x = c.
|

. !

If the sign of /" (x) changes If the sign of f'(x) changes
trom +ve to —ve as x increases from —ve to +ve as x increases
through ¢ (from left to right of ¢). through ¢ (from left to right of ¢).
x = ¢ is relative maxima and x = ¢ 1s relative minima and
f (c) is relative maximum value. f (¢) is relative minimum value.

(ii)) Second order derivative test
Step I: Find f'(x) = 0.
Step II: The equation f'(x) = 0 is solved to get critical points x = ¢y, ¢y, ......... B
Step III: 1"(x) is obtained and the sign of f"(x) is studied for all critical points x = ¢4, ¢, ......... By

Let x = ¢ be one critical point.

F____________+____________1

Iftf'"(c)>0 If f""(c) <0 ey =0
x=cisrelative minima  x =cis relative maxima Second derivative
and f (c) is relative and f (¢) is relative test fail and first
minimum value. maximum value. derivative test is used.

7. Critical point: A point x = ¢ is called critical point of the function f(x), if f(c) exists and either f'(c) = 0
or f'(c) = » (does not exist).

8. Point of Inflexion: If f(x) is a function and x = ¢ is critical point, then

x =c is called point of inflexion if

(@) f(c)=0 (i) f(e)=0 (ii)) f"(c)#0

MULTIPLE CHOICE QUESTIONS

Choose and wrile the correct option in the following questions.

1. The interval in which the function f given by f(x) = v e is strictly increasing, is

|CBSE 2020 (65/2/1)]
(@) (-, ) (D) (=, 0) (c) (2, ) (d) (0,2)
2. The abscissa of the point nrithe curve 3y = 6x — 5x”, the normal at which pagses through origin is
(@) 1 () = (c) 2 (d) =
3. f(x) =x" has a stationary point at
(a) x=c () x =+ (c) x=1 (d) x=4e
4. The two curves x° — Bxyz +2=0and 3x°y-y =2 INCERT Exemplar]
(a) touch each other (b) cut at right angle
(c) cutatan angle % (d) cut at an angle %
5. The slope of normal to the curve y =2x" + 3 sin x at x = 0 is
1 1
(a) 3 D) = (c) =3 (d) -3
6. The equation of the normal to the curve y = sinx at (0, 0) is
(a) x=0 (D) y=0 (c) x+y=0 (d) x-y=0
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The tangent to the curve y = ¢ at the point (0, 1) meets v-axis at

1
@) (0,1) ) (0,2) © (-5 (@) (2,0)
The line y =x+1 is a tangent to the curve y: = 4x at the point
The point on the curve x* = 2y which is nearest to the point (0, 5) is
(a) (2v2,4) (b) (2v/2,0) (c) (0, 0) (4) (2,2)
The slope of tangent to the curve x = 2+ 3t — B y= 2t 2t — 5 at the point (2, -1) is
22 6 7 -6
W) = v & © 2 @) =
The greatest of the numbers 1, 2”2, SHS, 4“4, 5“5, 6'® and 7”?, 18
(ﬂ‘) 21;"2 (b) 31![3 (C) 4134 (d) 71,!"?
The minimum value of x" (x > 0) is E
; 1
(a) 1 (b) e/ (c) (;) (d) none of these
The values of a for which y = ¥ + ax + 25 touches the x-axis are
(a) O (b) +£10 (c) 4,-06 (i) £5
If f(x)=— : , then its maximum value is
4x~+2x+1 1
(@ 0 ) 5
(¢} £5 (d) Maximum value does not exist.

The function f(x) = tan (sin x + cos x) is an increasing function in

5

T T T T T M T
@ (07) W (-33) @ (53] @ (-33)
Let the f:R — R be defined by f(x) = 2x + cos x, then f
(a) has a maximum, at x =0 (b) has a minimum, at x =7
(c) is an increasing funclion (d) is a decreasing function
At x = 5%, flx) =2sin 3x+3 cos 3x is
(a) O (b)) minimum (c) maximum (d) none of these
At (0, 0) the curve y = v? has a
(a) a horizontal tangent parallel to x-axis (b) a vertical tangent parallel to y-axis
(c) an oblique tangent (d) tangent does not exist.

a b

If the tangent at (a, b) to the curve X’ + 4’ = ¢’ meets the curve again in (a,, b,) then Fl+?1 is
equal to )
(a) 1 (b) -1 (c) ) -

The point of intersection of the tangent drawn to the curve x’y = 1 — y at the points where it is
met by the curve xy =1 -y, is given by

The values of a for which the function f(x) = sin x — ax + b increases on R are
() (- oc, ) (b) |-1, 1] (c) (—oc, —1) (d) none of these
2x% -1

The function f(x) = , X > 0, decreases in the interval

Tfl

(a) (—co,0) (b) [1,68) (c) [-1,-1] (d) none of these
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The least value of the function f(x) = ax+ ?(H >0, b>0,x>0) is
(a) % (b) 2yab (c) O (d) none of these

The condition that the curve ax”+ byz =1 and ﬂlxz +b, > =1 may cut each other orthogonally
is

(@) a,+a=Db +b (b) a,—a=Db ~b
I 1I_ 1 1 A O O |
W ﬂ_lmg_b_l_E (@) ﬂ1+ﬂ_b1+b

ﬂ

If m be the slope of a tangent to the curve ¢/ =1 + x~ then
(@) |m| >1 (b)) m«<1 (c) |m]| <1 (d) |m|<1

If at each point of the curve y = x’ — ax” + x + 1 the tangent is inclined at an acute angle with
positive direction of the x-axis then

(a) a>0 (b) a<43 (c) -V3<a< /3 (d) none of these

Slope of tangent to the curve y = x” — v at the point where the line y = 2 cuts the curve in the first
quadrant is

(a) 2 (b) 3 (c) =3 (d) None of these
The slope of the tangent of the locus y = cos™ (cos x) at x = - 1 is

(@) 1 (b) 0 (c) 2 (d) -1

Let the parabolas y = x*+ax+b and y = x(c - x) touch each other at the point (1, 0). Then
(@) a=-3 (b) b=1 (el ig =2 (d) b==-2

Let y = f(x) be the equation of parabola having its axis parallel to y axis, which is touched by the
line y = x at the point where v =1. Then

(@) f(0)=f(1) () £/ (1)=0
© O+ O+ (0)=1 (d) 2f(0) =1~ f7(0)

A point on the ellipse 4x” +9y” = 36 where the tangent is equally inclined to the axis is

9 4 9 4 9 4
@ (Fm7s) O T ©(dmoyE) @ At
If xy = a*and S = b*x + cly where a, b and ¢ are positive constants then the minimum value of
S is
(a) abc (b) beya (c) 2abc (d) none of these

The global minimum value of f(x) =x"-x"-2v+6 is
(@) 6 (D) 8
(c) 4 (d) does not exists
The minimum value of f(x) =3 cos-x + 4 sin’x + cos % + sin % is
(a) 4 (h) 3+2 (c) 4+42 (d) none of these
If a>b>0,the minimum value of a sec O -btan0 is
(@) b-a (b) a*+b? (c) Va*-b> (d) 2¢/a® -1
The number of values of x where the function f(x) = cos x + cos (/2 x) attains its maximum is
(a) O (b) 1 (c) 2 (d) infinite
7C

If O+ = - then sin O sin ¢ has a maximum value if O is

T 27 T
(a) A (D) 3 () z (d) none ol lhese
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38. If f(x) =alog |x|+ bx® + x has extremum at x =1 and x = 3 then

3 1 3 1 3 1
(a) ﬂ—mz,b—mg (D) H—z,b——g (c) ﬂ——z,b—g (d) None of these

39. Let f(x) be a function such that f (a) # 0. Then at x = a, f(x)

() cannot have a maximum
(b) cannot have a minimum
(c) must have neither a maximum nor a minimum

(d) None of these

40. The function f(x) = sintx + cos*y increases if

T [ 3T 37 5m 5 3m
(a) Ofixcig (D) Ei:{{? (C)Tili? (d) ?':II-::T
41. If f(x) =———and g(x) = ——, where 0 < x < 1, then in the interval

SIn x tan x
(a) both f(x) and g(x) are increasing functions
(b) both f(x) and g(x) are decreasing functions
(c) f(x)is an increasing function.
(d) g(x)is an increasing function.

42. Let hi(x) = f(x) - {f(0)}” + {f(x)}” for all real values of x. Then
(a) his increasing whenever f(x) is increasing
(b) h is increasing whenever f'(x) <0
(¢c) his decreasing whenever f is increasing

(d) nothing can be said in general

T 7T
43. If f(x) =sinx, - — < x <—, then

g — &g

" : T T

(a) f(x) is increasing in the interval |-, =
T T
(D) fif(x)} is increasing in the interval |- 5

(c) lf(f(?f)) is invertible in |- %, %
(d) All of these

_ ’ T
44. Letf(x) =2 sinv-3sin“x+12sinx +5, 0 < x < 5 Then f(x) is

T
(1) decreasing in |0, 5
" W TE -
(b) increasing in |0, >
= W] T
(c) increasing in (0, 7 and decreasing in i)

(d) none of these

7T
45. Which of the following function is decreasing on (U, E)’
(a) tan 2x (D) cos x (c) cos 3x (d) none of these
46. The tangent to the curve given by v = . cos t, y = e'.sin t at + = — makes with v-axis an angle:
7L 7T 7T
(@) 0 ) % © 2 @ 5
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47. The equation of normal to the curve 3x” — y” = 8 which is parallel to the line x + 3y = 8, is

(a) 3x—-y=28 (b) 3x+y+8=0 (c) x+3y£8=0 (d) x+3y=0
48. The equation of tangent to the curve y(1 +x?) = 2 - x, where it crosses x-axis, is
(@) x+5y=2 (b) x-5y=2 (c) bx -y =2 (d) Sx +y =2

49. The interval on which the function f(x) = 27 +9v= + 12y —11is decreasing is
(H) [_1: w) (b) [—2; _1] (C) (_ % _2] (d) [_1:' 1]

50. The function f(x) =4 sin’x — 6 sin’x + 12 sin x + 100 is strictly

e, 3 3t S
(a) Increasing in ('ﬂ:, 5 ) (b) decreasing in ( o :ﬂ:)
o I
(c) decreasing in ( X 2) (d) decreasing in (0, E)
51. The function f(x) =tan x - x
(a) always increases (b) always decreases

(¢) never increases
(d) sometimes increases and sometimes decreases

52. If xis real, then the minimum value of x> —8x + 17 is

(a) -1 (b) 0 (c) 1 (d) 2
53. The smallest value of polynomial v’ —18x" + 96xin [0, 9] is
(a) 126 (b) 0 (c) 135 (d) 160
54. The function f(x) = 2y’ = 3x"—12x + 4, has
(a) two points of local maximum (b) two points of local minimum
(¢) one maxima and one minima (d) no maxima or minima

55. The maximum value of sin v . cos x is

1 1

@ 7 ) = © V2 (@) 2/2
56. The maximum slope of curve y = - X #3x+ 9% =271is

(a) O (b) 12 (c) 16 (d) 32
57. If x +y = 8 then the maximum value of xy is

(a) 8 (b) 16 (c) 20 (d) 24
58. Find the slope of normal line to the curve: - Xy + Syz -5y =0atx=2.

13 3 -1 -8 1 8 )

@ (53] o (55) © (33 @) (56
59. Find the point at which the normal to the curve: y = 2x* — 2x + 7 has a slope %

(H) (_11 _11) (b) (]r _11) (":) (_L' 11) (d) (_]r _9)
60. Find the angle of intersection of the two curves x’y =2 and xy” = 4.

(7) tan’ % (D) tan™'3 (c) tan —; (d) None of these
61. Itis given that for the function f given by f(x) = v’ + bx” + ax, xe|1, 3], then

(a) a=11,b=-6 (b) a=-6,b=11 (c) a=6,b=11 (d) None of these
62. The slope of the curve 2y* = ax* + b at (1, -1) is -1. Find a, b.

(2} w=2,b=1 b)a=2,b=1 (c)a=0,b=2 (d) a=1Db=2
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63. The angle between the curve y” = x and X" = y at (1, 1) is

3 4
(a) 90° (b) tan™ o (c) tan™ o (d) 45°
64. Find the maximum and minimum values of f(x) = x + sin 2x in the interval [0, 27].
(a) Maximum value = 2n (b) Maximum value =0
Minimum value = 0 Minimum value = 2n
(c) Maximum value =0 (d) None of these

Minimum value = 0

65. If the curve a y + x° =7 and ¥’ = y, cut orthogonally at (1, 1), then the value of a is
(@) 1 (b) O (c) -6 (d) 6

66. The total revenue received from the sale of x units of a productis given by: R(x) = 5x° — 4x%, find
the marginal revenue of x = 20.

(a) 5860 (b) 5840 (c) 5000 (d) 5600
67. Find the equations of a tangent to the curve 2 e ZJL':y + ry: =1at (1, -1).

(@) 2x =y =3 (i) =D (c) 2x+y=3 (d) 2x +y==3
68. The point on the curve y = 12x — x> where the slope of the tangent is zero will be

(a) (3,9) (b) (2, 10) (¢c) (6, 30) (d) None of these
69. Find the intervals in which f(x) = —x* - 2x + 15 is increasing or decreasing

(a) Increasing (—oo, =1) (b) Increasing (o, —2)

Decreasing (-1, =) Decreasing (0, o)
(c) Increasing (— oo, —4) (d) None of these

Decreasing (— 4, o)

70. The maximum value of SIUPE of the curve ¥ =— ¥’ +3x +12v—51is

(a) 15 (b) 12 () 9 (d) 0

71. It is given that at x =1, the function f(x) = ¥t — 62x° + ax + a attains its maximum value, on the

interval [0, 2]. The value of a is

(2) 20 (b) =120 (c) 120 (d) 52
Answers

1. (d) 2. (a) 3. () 4. (b) 5. (d) 6. (c)
7. (&) 8. (a) 9. (a) 10. (D) 11. (b) 12. (b)
13. () 14. (b) 15. (b) 16. (c) 17. (b) 18. (D)
19. (b) 20. (c) 21. (c) 22. (b) 23. (b) 24. (c)
25. (d) 26. (c) 27. (D) 28. (a) 29. (a) 30. (d)
31. (d) 32. (¢) 33. (c) 34. (¢) 35. (¢) 36. (D)
37. (a) 38. (a) 39. (d) 40. (b) 41. (c) 42. (a)
43. (d) 44. (b) 45. (b) 46. (d) 47. (c) 48. (a)
49. (b) 50. (D) 51. (a) 52. (c) 53. (D) 54. (c)
55. (b) 56. (b) 57. (D) 58. (b) 59. (c) 60. (a)
61. (a) 62. (a) 63. (b) 64. (a) 65. (d) 66. (D)
67. (a) 68. (c) 69. (a) 70. (a) 7. i(E)

Application of Derivatives |191



CASE-BASED QUESTIONS

Choose the correct option in the following questions.

1. Read the following and answer any four questions from (i) to (v).

The Relation between the height of the plant (y in cm)

with respect to exposure to sunlight is governed by the

1

following equation y=4x - EIZ where x is the number

of days exposed to sunlight.

Based on the above informations answer the following;:
(i) The rate of growth of the plant with respect to sunlight is

@) 4x - (0) 4 -x (c) x -4 (@) x-=27
(ii)) What is the number of days it will take for the plant to grow to the maximum height?
() 4 (0) 6 (¢) 7 (d) 10
(iii]) What is the maximum height of the plant?
(a) 12 cm () 10 cm (c) 8cm (d) 6 cm
(iv) What will be the height of the plant after 2 days?
(a) 4 cm (b) 6 cm (c) 8 cm (d) 10 cm
(v) If the height of the plant is %cm,. the number of days it has been exposed to the sunlight
18
(@) 2cm (b) 3 cm (c) 4 cm (d) 1 cm
Sol. (i) We have, J
the rate of growth = %
1.5
) d(4x 5 )
- dx
—4-x

. Option (b) is correct.

(i1) For height to be maximum or minimum

dy

_“=U — 4—_1::0:‘):{:4

dx

dzy

727 =-1<0 = y will be maximum when x =4
X

.. Number of required days =4
.. Option (a) is correct.

(ii7) We have, y=4x - %xz

.. When x = 4 the height of the plant will be maximum which is
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y=4x4—%x(4)2=16—8=8cm

- Option (c) is correct.

(iv) Height of the plant after 2 days is given by

y=4:~<2—%x(2)2:8—2:6cm

.. Option (b) is correct.

(v) Given height of the plant, v = %
Z— l 2 . _ )
2_41‘—21’ =5 F =8k =X
—2 F-BE37=0 = r-7W-247=0

= x(x-7)-1(x=-7)=0
= (x-1)x-7)=0
—> x=lorx=7
x#7
x=1cm
.. Option (d) is correct.
2. A rectangular hall is to be developed for a meeting of farmers in an agriculture college to

aware them for new technique in cultivation. It is given that the floor has a fixed perimeter P
as shown below.

D Floor C

A B

Based on the above information answer the fnlluwing.

(/) If x and y represents the length and breadth of the rectangular region, then the relation

between the variables is
(@) x+y =P (b) ¥ +y* =P () 2(x+y)=P (d) x+2y=P

(i7)) The area of the rectangular region 'A' expressed as a function of x is
1 . 1
() E(P + x2) (b) %(Px ~225 (¢) E(Px +2x%) (d) Px —2x~

(iii) Principal of agriculture college is interested in maximizing the area of floor 'A'. For this to
happen the value of x should be

P 2P P
(a) P b) = (€) =3~ ()
(iv) To maximizing the area of floor 'A'. For this to happen the value of y should be
P P P 2P
(@) — Gl (©) 3 (d) —=-
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() The maximum value of area of floor'A' is
p? 2P P P?
(@) ) (b) o (c) 10 (d) 73
Sol. (i) Perimeter of rectangle ABCD =2(1 + b) = 2(x + y)
Option (c) is correct.
(i) ‘~A=xy Given
B o Perimeler = P
=X = 2(x+y)=PF
_PI—-ZIE :;ry=§--x
. P - 2x
2

Option (D) is correct.

Px - 2x°
(i) © A= Tz -

dA _ P-4x
dx 2

—

For maximum or minimum value of x

dA ~ P-4x

F EEIR A e
2
= P-4x=0 = x= 7
d°A
Also, 5 = -2 (~ve)
dx= st
1
Option (d) is correct.
5 Publing Ein For——
(iv) Putting x = Y=
P
P~2xz
= Y= 5
_4P-2P 2P P
8 8 4

Option (b) is correct.

(v) Since A = length x breadth

=I}(y
P B P
474 16

Oplion (d) is correct.

3. Dr. Ritam residing in Delhi went to see an apartment of 3 BHK in Noida. The window of
the house was in the form of a rectangle surmounted by a semicircular opening having a
perimeter of the window 10 m as shown in figure.
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Based on above information answer the following.

(/) If x any y represents the length and breadth of the rectangular region, then the relation
between the variables 1s

X

(a) x+y+§=10

X X
(be+2y+§—10 (c)x+2y+n§=10 (d) 2x+2y =10

(ii) The area of the window (A) expressed as a function of x is

3 L2 R
B X I_ . X TCX
(a) A—x——S -5 (b)A—SJ:—Z -3
~ x*  3x? o x* N Tx*
(c) A-SA—Z—B (d) A=5x 5 3
(i17)) Dr. Ritam is interested in maximising the area of the whole window. For this to happen
the value of x should be
20 ; 20 20 . 20
@ = ) = © 50— @) §
(iv) For maximum value of A, the breadth of rectangular part of window is
20 " 20 10 4 5
@ §— ) = © 1= @) 5o
(v) The maximum area of window is
@ 100 ) 107 (0 800 @) 200 + [0
a sq.m ' — 3q.m C sq.m — sq.m
@+m? @+m? @+m? @+m?
Sol.  (7) Since perimeter of window = x + y + y + perimeler of semicircle
1 X X
= x+2y+—x2nx— |Here radius of semicircle is —
0 2 2 2
N T.X
= xt+2y 5
Oplion (c¢) is correct.
. 1 (x’ \
(i1)) A=xxy+ ST 3)
T x Tr\ T’ CAATAT BTy
:Ixy+8 :I_5w2h4)+8 ’ X nx
= y={5-3-7)
2 2 2 i 2
I X N S
= Ob—y—g g T -y

Option (D) 1s correct.
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(iif) For maximum value of A

dA_
dx =0
K X
- — — _|__:
=% b—x 1 0 =% X 1 3
= 4dx + tx =20 = x(4+m)=20
20
— X =
487

Oplion (d) is correct.

e X X
(iv) "y 5—2— 1
B 2¥FnEy 2-1-1'[)
“5”( 1 )‘S'I( 1
- 20 2+m  20(4+m)-20(2+m)
AT R 4(4+m)
 80+20m-40-20r 40
- 4 (4 + m) 4(4+m)
- 10
4+m

Option (c) is correct.

(v) Area of window = ar(rectangular part) + ar(semi circular part)

20 10 1 (x)2

= +— 7. =
4+m 4+ 2 T\ 2

200 x4 200 :ft( 20 )2

= i— e i
(4+m)> 8 (4+m?* 8 \4+m

200 400m 200 + 50 70
 (4+m)° 8(d+m*  (d+m)’

Option (d) is correct.

4. On the request of villagers, a construction agency designs a tank with the help of an architect.
Tank consists of rectangular base with rectangular sides, open at the top so that its depth is 2

m and volume is 8 m3 as shown below:

N -
V =8 m3 /

2m 2m

L_U -_U m

Based on the above information answer the following questions:

(/) If x and y represent the length and breadth of its rectangular base, then the relation
between the variables is

(4) x+y=8 (b)x.y=4 () x+y=4 m)§=4

156] Mathematics—XIl: Term-1



(ii) If construction of tank cost <70 per sq. metre for the base and J45 per square metre for
sides, then making cost 'C' expressed as a function of x is

4 4
(1) C=80 +80(x +;) (b) C = 280x -|—280(I+;)
4 X
(c) C:280+180(I+;) (d)C:70x+7D(:r+E)

(i1i) The owner of a construction agency is interested in minimizing the cost 'C' of whole tank,

for this to happen the value of x should be
(a) 4 m (b) 3 m (c)1m (d) 2 m

(iv) For minimum cost 'C' the value of y should be

() Tm (b) 3 m (c)2m (d) 4 m
(v) The Pradhan of village wants to know minimum cost. The minimum cost is
(@) <2000 (b) 4000 (c) 11,000 (d) 1000
Sol. (i) Volume of tank = length x breadth x height (Depth)
8=x.y.2
= 2xy =3 = xy =4

Option (D) is correct.
(if) Since 'C'is cosl of making tank
C =70xy +45 x 2 (2x + 2y)

= C=70xy + 90 (2x + 2y)
—> G — 7011{ + 180 (x + ];{) 2.x.y=8
C=70 E+180( +i) = =i
= = 70x %~ X v ¥ =5
A _4
— C = 280+180(x+;) — YT x

Oplion (c) is correct.

(iii)) For maximum or minimum

dC
ax Y
d | 4 1
5(280'5“180(1 +;))=U =4 18{}(14‘4(_?)):0
. 1 "
= 180(1—_2)=0 = 1-—5=0
% %
4
— — 1 — x’=4
X
= x=%2
== x =2 (length can never be negative)
d*C 8
Now, = =180| +—%
dx X"
Fgiol 8
= : =180 x , =180 =+ve
dx? |, 8
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Sol.

158

Hence, to minimize C, x = 2m

Oplion (d) is correct.

(iv) . XYy = 44 h
= y=7 = =g = Yy=2m
Option (c) is correct. 4

(v) -. C=280+ 180(1: + ;) =280 +180 (2 + 2)

=280 + 180 x 4 = 280 + 720 =1000
Option (d) is correct.

These days chinese and Indian troops are engaged in aggressive melee, face-offs skirmishes at
locations near the disputed Pangong Lake in Ladakh.

One day a helicopter of enemy is ﬂying along the curve represented by y = x2 +7. A soldier
placed at (3, 7) wants to shoot down the helicopter when it is nearest to him.

|
I'.IIP (x4, 24)
it =+
L j k E j i K E I L ..-..II:_,_:'_\_:'-'._.-. = ...I.I:I'
"'l\.'.!l""ul =
o’ SR T
RN/ L e - oL
R —_—'E?:}:i"l-.-l' \..-l:'f:i;'{'.&{ j.r""“::_\_-'-__\' - ; £ ="
e AN B
B et g e T = -
I _‘_-E_J-__-i::fj " i\ ipbe,
;--._'_,_--" e e | _\___,__-\—o—'__ | M 555 T s g
e L S e TR A
'_-FF_:J_,_'_'__-.'; = M g S < _—'-—_-—'—
B el el ———
PANGONG b
1 "o
LAKE :

Based on above information answer the following questions:

(i) If (x,, y,) represents the position of helicopter on the curve y = x> +7, when the distance D
from soldier placed at S(3, 7) is minimum, then the relation between x,, y, is

(@) x,=y;+7 b) vy, =x; +7 (c) v, +x =7 (d) yi+x,=7
(i) The distance 'D' expressed as a function of x, is
(@) D=x] —6x;+x; (b) D=x; —6x; +9+x;
(c)D*=x%—6x;,+9+x] (d) D*=x7+6x, -9 +x;

(11/)) The soldier at S wants to know when the enemy helicopter is nearest to soldier, then the
value y, should be

(a) 4 (b)3 (c) 8 (d) 5

(iv) When the enemy helicopter is nearest to soldier, then the value of D should be
(a) 4 units (D) 5 units (c) V5 units (d) /7 units

(v) The nearest position of helicopter from soldier is

(@) (1,4/5) (b) (1, 8) (c) (1,7) (d) (1,4/7)

(7) . (x1, yp) lie on curve y = X7
= (xy, ;) satisfy the equation of curve
= h=x+7

Option (b) is correct.

(i7) Here, since soldier is at (3, 7)
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D = \/(Il—e’)z‘{“(}fl—?)z = D*=(q -3 +(n-7)
(xq, y1) lie on curve y = Vi
= y =xp+7
D?=(x% =3P +(x2+7 7Y
D?=xf—6x;+9+x]
Option (c) is correct.

(iif) We have  D*=x7 —6x; +9+x;

d(D?)
- =2x; 6+ 4:&:?
For minimum value of D i.e. D
d(D?)
= ()
ax,
= 20, ¥ 4J:f -6=0
= £3(%- 1) (1-1) = 6(%, ~1) =0
= (¥ = 1)(4x] +4x; +6) =0
= xr—1=0
[ 41”12 +4x;, T6=0 have no real roots i.e, real value of x; is not possible.]
— Il = 1

= For minimum points, (distance) or nearest distanct x; — 1

d*(D?) . d*(D?)
Also 5 =24 1 2xs = 3 =+ pe
dx; dxy |
Since (x;, y;) lieon curve y = x* + 7
= =i +7
= =12 +7 |For nearest value of D, x; = 1]
=1+7=8

Option (c) is correct.
(iv) For nearest distance D i.e. minimum value of D, x; =1
D*=x; —6x; +9+x]
D? = 12—6.(1) 9 4 (1)
D*=1-6+9+1
D*=5
D= ﬁ units

Oplion (c) is correct.

J U 4 J

() For minimum value of D
xy=1landy, =8
Nearest position of helicopter is (1, 8).

Option (b) 1s correct.
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ASSERTION-REASON QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(@) Both A and R are true and R is the correct explanation of A.

(b) Both A and R are true but R is not the correct explanation of A.

(¢) A is true but R is false.

(d) A is false and R is also false.

1. Assertion (A): The rate of change of area of a circle with respect to its radius r when » = 6 cm is

1271 em?/em.

Reason (R) : Rate of change of area of a circle with respect to its radius r is ﬁéf , Where A is the

area of the circle.
2. Assertion (A): f(x) =tan x —x always increases. ;
Reason (R) : Any function y = f(x) is increasing if % > (.

3. Assertion (A): f(x) = 1t s decreasing in the interval (0, «0).

d
Reason (R) : Any function y = f(x) is decreasing if % <0.

4. Assertion (A): The slope of the tangent to the curve y = x”’ where it cuts x-axis, is 0.
d
Reason (R) : Slope of tangent to the curve y = f(x) at point (x, y) is % at (xy, Yo)-

_Answerg
1. (a) 2. ia) 3. (d) 4. (a)

HINTS/SOLUTIONS OF SELECTED MCQS

1. Wehave, f(x)=x"¢"
— Fix)= e +2xe N =xe " (2-x)
for f(x) to be strictly increasing, f'(x) > 0
= xe 2-1)>0 = x2-x)>0
= x(x-2)<0 = Dex&?
x € (0, 2)
Option (d) is correct.
2. Let (xq, y;) be the point on the given curve 3y = 6x — 5x° at which the normal passes through the
dy

origin. Then we have (E

)( | = 2. 53:12 . Again the equation of the normal at (x;, y,) passing
1. 1

= -3
through the origin gives 2 — S,If‘ = s | =

Vi 6-5x;

. Since x; = 1 satisfies the equalion, therefore,

correct answer is (a).
3. Wehave, f(x)=x"
Let y=x"
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11.

and log y = xlog x

1
}1; : ;}i = ‘f% +logx.1 | Differentiate both sides]
d %
~ Fi:(l‘“lﬂgxl.r”
dy : )
EZU = (1+logx).x =0 [ %% % 0]
= logx ==1= logx = lﬂge‘l
= Yr=el= x= r

e
Hence, f(x) has a stationary point at x = 3—

Option (b) is correct.
dy

E_D

From first equation of the curve, we have 3x° — 3};2 — 6XV

:
dy _x* -y’

= dx 2xy

» dy 5 dy dy -2xy
+ S — s L = — [ -
oxy + 3x I 3 7 0 = x 2 ("M, )say

Since m; . m, ==1. Therefore, the cut at right angles

= (m,) say and second equalion of the curve gives

Option (D) 1s correct.

-

- (L) -
7. = cosx. Therefore, slope of normal = . .

Hence, the equation of normalisy-0=-1(x-0)orx +y =0.

Therefore, correct answer is (c).

Here, y = e
dy

| d
= ——=2" = =7 =2xe’=2x1=2
dx dx Jp 1)

. Slope of tangent to the curve y = e at (0,1) =2

= Equation of tangent to the curve y = ¢ at (0,1) 1s
yﬁ1=2 = y=2x+1
x-0 :

For meeting point with x-axis, putting y = 0, we get

O0=2x+1 = Xx=-

Hence required point is (— > 0) :

Option () is correct.

For critical point
fx)=0 = 1l-logx=0
= logx=1 = x=¢ (critical point)

Now, f(x) ]FE, = —-ve
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= x=e is maxima of f(x)=x"".

= ¢/° is greatest value of f(x)=x"".
Also, f(4)= 41/4 _ 92x1/4 _ 51/2 - £(2)

. By Rolle’s theorem f(a) = f(b) ..dc(a, b)s.t. f (c) =0
And1<2<e<3<4<5<06<7
Hence, 3173 is the greatest number.

Option (b) is correct.

dy

13. Given, yy =x" +ax + 25 = E—Zxﬂ:z ..()

The curve (i) touches the x-axis implies that x — axis is tangent to curve at meeting point.

dy

= = = X+a=10
dr

e
’ X

a
= The co-ordinate of meeting point are (—~ = U), therefore it satisfies the curve (i)

2}'

( "’—“)2+( i)+z5—o
- \T2) A7)
2 2

= -5 +25=0 =  -22+100=0
= a==+10
Option () 1s correct.
16. f(x) =2x + cosx
fx)=2-sinx>0VxeR
= f(x) is an increasing function
Option (c) is correct.
17. f(x) =2 sin 3x + 3 cos 3x
=  f'(x)=6c0s3x-9sin 3x
=3 f” (x)=—18sin 3x — 27 cas 3x

| .
)—— 85111( ) 27(:05(7)

” : 1 T
= f (?)=—-185m(2?t+—)~27cos(2:rt+—)

2 2
. L 7C
=—-18sIin 2—27c05 5 =-18<0
OT G
- At x= - 1S Minimuim.
Option (D) is correct.
; dy 1
18. y=x"=>—==
s dx  24x
ay
i —
dx 0, 0)

= Tangent of the curve y = x'/?at(0,0) is parallel to y-axis.

Option (D) is correct.
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2. f(x)=sinx—ax+b
= f'(x)=cosx—a
For increasing function
fx)=0
cosx—a=0=cosx =4
L.e. 1 <COoS X a2 < min (cosx) =-1
. A€ (-oo0,—1).

So option (c) is correct.

2x% 1
22.  fl(x)=—
X
Y- (027 —Tyds” 5 _ 245 4 443
; _I(I) (2x _)(1)_4;,; — 8x" +4x
f(l')— 4. ? - 8
(x7) X
=0y —da® 4
IE xS

fis decreasing if f (x) <0

2 2
~4x5+4i _}4::: ;430
X X

—

= x’-120=x"=1=|x|=1landx>0
= x€|1, )
Option (D) is correct.

25. We have ! =1 + x?

d
adx
dy 2x 2X _
— —J:—: -.-ey:1+x2]
2x o] 3¢
—  m= 201‘|TH|=
1+%x 1-|—|:1:‘|2

As 1+|xF =2lx|=(1-1x])*>=0

2 2| x
=% 1+lx["=2]x] = 1> | |2:|m|
1+|x]
= [m]|=<1
Option (d) is correct.
26. We have
d
y=x3~ﬂx‘?+x+l—}di=3xzu2ﬂx+1
| _ i '
From question —‘j"-i“‘: 0=3x"-2ax+1=>0Vx

dx
D024 -12<0=240°<12=02<3
= |la|</3=-y3<a</3

Option (c) is correct.

{
27. We have yzxz—xé ;i =2y =1
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di
Slope of tangent m = d—; =21

Since the line y = 2 cuts the curve y =x°—x

= 2=xf-x=>x"=-x-2=0
tx-2x-2=0=x(x+1D=2x+1)=0
= (x+1)(x-2)=0

= x=-=-1 or2

—

Point of intersection of the line y = 2 and the curve
y = x* - xare(-1,2), (2, 2)
As point (2, 2) lies in tirst quadrant
. Slope of tangent at (2,2) from (i) ism=2x2-1=3
Option (D) is correct.

29. y=cos” (cos x)
= COS Y =COsX
o e
—sin y— == —sin x
dy sinx
=5 = —
dx siny
n(-3) -7
dy _sm “1) R |
de .. X ( n) -1/v2
sin { =

Option (a) is correct.

32. S=0b+ CZ}; and xy = a*
o 3,
a°c
= S=bx+
X
s ., c*a
Srg= S e =)
dx X
2 2
5 c’a 9 c*a’ ca
— b= 5 =0 —>x°= > — e
X b b
)
a*S B D¢y
dx’ x>
d*S gl o) o 0
T T e— :::.
dx® | .o Pad ca
b
b ca c’a’
. Minimum value of § = b*x E_?+ /T = abc + abc = 2abc

Option (c) is correct.
33. f(x):fl—xz—2x+6
= =t -0n-2
g Pl =0=4x"=2x =2=]
= 2 -x-1=0
= 2°-2°+2%-x-1=0

= 2% 27+ -2x+x-1=0
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= 2@ -D+2x@E@x-D)+1x-1)=0

= (x-1)2x*+2x+1)=0

= x=1las2x’+2x+1#£0 for any real x.

& ) =12 -9

S FP1)=12-2=10>0

Global minimum value ﬂff(x):14-12-2x1+6:4.

Option (¢) 1s correct.

f(x) = CcOS X + COs (\/51)
J2+1 /2 -1

; i o
. f(x) =2 cos 5 X oS T r=2
e | g — 1
and it is 2 when cos [2 1 and cos J 5 are both Equal to 1 for a value of x. This is pClSSib]E

only when x = 0.

Option (D) is correct.

Let f(x) = | x| is not differential
= f7(0) # 0 but f(x) has a minimum at x = (
Option (d) is correct.

f(x) = sin®x + cos*x = f(x)=4 sin’

3

XCcosx—4cos xsinx

A(x) is increasing if ' (x) > 0

= 4sin°x cos x — 4 cos x sin x >0

2

= 4 gin ¥ cos ¥ (sin®x —cos?x) > 0

= — 2(2 sin x cos x) (cos*x — sin“x) > 0
= —-2sin2xcos2x >0
= —sin 4x >0

c.—sin4x >0 = sin 4x <(

T Tt

= — —
oA AN8 20 4{:1?{2

T 37T
= — X< —

4 8
Option (D) is correct.

; SINX —XCOsX tan x — x sec x
i) = o 13 g (x) = 2
i SIN™ X tan x

Now E(smx~xcusx)=cosx+xsmx—c05x

=xsinx>0for0<x<1
sin X — X €Os X 1s an increasing function.
Butatx=0,xsmxi1s 0
SoInO<x=<1,simx-xcosx>0
. ffx)>0for0<x=1

So f(x) is increasing in the interval O <x = 1.
. d ) >
Again ——(tan x — x sec”x) = sec

dx
= _Jxsec’xtanx<0for0<x<1

2 2

X —2xsecxtan x —secx
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. ¢(x) isdecreasing in O <x =<1

Option (c) is correct.

42.  h(x) = f(x) = {f()}* + {f ()}
I (x) = £ (x) = 2(F(0)f" (x) + 3{(FOVS (%)
= (1= 2(f(x) + 3{(FC}f (x)

Y 2]
=313 - 3f0) () [f @)

| fi 1] 2
(3] 2 - S 5|+ 3 )
VT e
=370 -5] +3| £ @

If A(x) A increasing, f' (x) >0 and therefore i’ (x) > 0

i.e., h(x) is increasing
It f(x)is decreasing, f (x) <0and /' (x) <0 i.e., h(x) is decreasing.
Option (a) is correct.

43. f(x)=sinx

ks il 1 8 i i I HNEES iNAE
s +—+—Vzaxis .
il ESMUEE BRI ‘T 7 05
: ;o o T T
[t is clear from the graph that f(x) is increasing in |- 51

Af(x)) = sin (sin x)

d

¥ ——1f(f(x))} = cos (sin x) cos x = 0, _% q%

"« fif(x)} is increasing in |-

LA

2 2
T T T\ |

As fif(x)} is strictly increasing in (— o E) and f(]‘(— E)) = sin(Ein (—

=sin(-1)=-sin 1

st A15)-onfon ) s

)

| =

T T
and the values *sin 1 are not attained at any point in (— o E)’ we tind that f(f(x)) is invertible in
oy
S 272)

Option (d) is correct.

2

44. f(x)=251n3x—-35m x+12smx+5

f'(x) = 6sin“x cos x — 6 sin x cos x + 12 cos &
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=6Cos X {sinzx —sin x + 2}

1 1 1
i ;
= { ~2sin: e .
6cm53:ksm.x Sin X x =+ =7 }
6 ( 1)27:}0@* eoﬁ]
=bcosxyl|sinx——=] +—(= X | =
\° 2] "4 2
L] L] - L] IE
. f(x) is increasing in 0,3
Option (b) is correct. |
f dx _ oo f :
46. :c=ecost,ﬁ=€cosf~€5mf=€(cost—5mt)
b W t b
1{=€'5mf,?=€smf+e cost=e (sint+cost)
) [

_ dy _ dy/dt _cost+sint
dx  dx/dt cost-sint

7T
Slﬂpe of tangen[ to curve at — = x

4
Tangent makes an angle of % with the x-axis.
Option (d) 1s correct.
49. f(x)= 2x°+9x° +12x — 1

f(x)=6x"+18x+12
fis decreasing so f'(x) <0

le., 6x2+18x+12<0=x*+3x+2<0

= X+ x+2x+2=0=2x(x+1)+2(x +1) =0

= (x+1)(x+2) <0

. f(x) is decreasing in [-2, -1].
Option (D) is correct.

50. f(x)=4sin’x - 6sin’x +12 sin x + 100

" . .
= f (x)=12sin"x cos x =12 sin x cos x + 12 cos x

:.:rf’(x)c:Uifxe(%,ﬂ)

Option (b) is correct.
51. f(x)=tanx-x
= F(x)=sec’x =1=0
- Range (sec x) = (— o0, 1] U [1, o0) , hence f(x) always increases.
Option (a) is correct.
52.  f(x)=x"—8x+17
=>fx)=2x-8=0=>x=4
ff(x)=2>0
x =4 point ol minima

Minimum value of f(x) =16 -32 + 17 =1
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Option (c) is correct.
53. f(x)=x"-18x" +96x
fx)=0V xc|0,9]
= Minimuim value of f(x) in [0, 9] is O.

Option (D) is correct.
i

55. flx)=sinxcosx= 5 sin 2 x
-1<sin2x <1.
T 1 1
- — < —q1 =
] 2_251n21_2 1
Hence maximum value of f is 5 -

Option () 1s correct.

56. VY = x>+ 3x" +9x - 27

y' (x) = -3x%+6x +9 = slope of the curve = m
m(x)y=—6x+6=0=>x=1

m (x)=—6andm” (1)=-6<0
Hence x =1 is the point where slope is minimum.
Hence minimum value of slope
m(l)=-3+6+9=12
Option (b) 1s correct.

57. Wehave xty=8=y=8-x
Let f(x) =xy=x(8-x)=8x—x"
=f(x)=8-2x=0=>x=4

= y=4
f ) ==2
f"4)=-2<0

oo f(x) is minimum when x = 4
. Maximum value of f(x) = xy =16
Option (D) is correct.

59. Given curve y=2x"—2x+7

dy
.. Slope of tangent = i =y
1
.'. Slope of normal = - Ty _ 2
Gi  JPY 6=4x — 2
1ien—4xP2—6—;~— =

=4dx=-4=x=-1
Whenx=-1,y=2+2+7=11
. Required point = (-1, 11)

Option (c) is correct.
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62.

64.

65.

68.

69.

71.

We are given curve Zyz =ax*+b...(A)
and point (1,-1)is2=a+b,a+b=2
Differentiating (A), w.r.t x we get

d dy  ax
4yd—i~=2ax_:- d:vi =§
ii-y— = Givenﬂ =—-1
dx g, 1 2 dx | q, -1
=>a=2
) =b0=2-2=0
ca=2,b=0

Option (a) is correct.
f(x)=x+sin 2x
f(0) =0and f(2n) = 2x

Hence f(x) has maximum value 271 and minimum value is 0.

Option (a) is correct.

R(x)=5x" - 4x%, R’ (x) = 15x° - 8x
R (x)], -,y = 6000 - 160 = 5840
Option (D) is correct.

dy

y=12x—x2—} d:c = &= 2o

*.* Slope of tangeht =0

=12-2x=0 = x=6
SX=6=>y=72-36=36

. Required point is (6, 36).
Option (¢) is correct.

f(x) = —x*-2x+15
ff(x)=—2x-2=-2(x+1)>0
ifx<-1ie,in(-o0,-1)
f(x)<0ifx>-11e.,in (-1, o0)

Hence f(x) is increasing in (— oo, — 1) and decreasing in (-1, o)

Option (a) 1s correct.
f'(x) =4’ - 062 x 2x +a
) =4x" - 124x + a

As function attains maximum atx =1 € [0, 2]

f(1)=0
— 4-124+a=0 = a=120

Option (c) is correct.
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