Integral
Calculus

It is worth noting that the notation facilitates discovery.
This, in most wonderful way, reduces the minds labour.
- Gottfried Wilhelm Leibnitz
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11.1 Introduction

Gottfried Wilhelm Leibnitz (1646-1716) and
Sir Isaac Newton (1643-1727) independently
discovered calculus in the mid-17th century. Leibnitz,
a German philosopher, mathematician, and political
adviser, importantly both as a metaphysician and as
a logician, was a distinguished independent inventor
of the Differential and Integral Calculus. Sir Isaac
\ Newton had created an expression for the area under a
Newton curve by considering a momentary increase at a point.

In effect, the fundamental theorem of calculus was built

into his calculations. His work and discoveries were not limited to mathematics; he also developed
theories in optics and gravitation.

One cannot imagine a world without differentiation and integration. In this century, we witnessed
remarkable scientific advancement owing to the ingenious application of these two basic components
of Mathematics. Calculus serve as unavoidable tool for finding solutions to the variety of problems
that arise in physics, astronomy, engineering, chemistry, geology, biology, and social sciences.

Leibnitz

Calculus deals principally with two geometric problems.

(i) The problem of finding SLOPE of the tangent line to the curve, is studied by the limiting
process known as differentiation and

(i1) Problem of finding the AREA of a region under a curve is studied by another limiting process
called Integration.

In chapters 9 and 10, we have studied the differential calculus. In this chapter let us study some
fundamentals of integration.

Consider some simple situations illustrated below.
Situation 1

The shortest distance between two points A and B in a plane is the line segment joining the straight
line A and B. Suppose it is required to find the line connecting two points A and B that do not lie
on a vertical line such that a moving particle slides down on this line from A to B in the shortest
time (minimum time). Most of us believe that the shortest distance path in Fig. 11.1(a) will take the
shortest time.
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B B
The shortest distance The shortest time
path between A and B route between A and B
Fig. 11.1 (a) Fig. 11.1 (b)

Certainly this route is not the shortest time route joining the points A and B, because the velocity
of the motion in the straight line (Fig. 11.1(a)) will be comparatively slow; whereas it take a curve
that is steeper near A (Fig. 11.1(b)), even though the path becomes longer, a considerable portion of
the distance will be covered at a greater speed. The solution to this problem is solved by Integral
calculus. This is called Brachistochrone problem which initiates the study of calculus of variation
using integral tool.

Situation 2

In elementary geometry we have learnt to evaluate the measure of the following regular shape of
the figures given below by using known formulae.

b h
|
l b
@ Perimeter Area Surface Area \olume @
2(I+b) (1/2)bh 7l (413)zr?
Fig. 11.2 (a)

How can the measure of the following figures given by functions be calculated?

f

Length of
the curve Area Surface Area Volume

Fig. 11.2 (b)

Though the problems look so difficult, integral calculus solves it without any difficulties.
Situation 3
At a particular moment, a student needs to stop his speedy bike

to avoid a collision with the barrier ahead at a distance 40 metres
away from him. Immediately he slows (acceleration) down the bike

applying brake at a rate of 8 meter/second®. If the bike is moving
at a speed of 24m/s, when the brakes are applied, will it stop before
collision?

Also look at the following problems that occur naturally in our —
life. Fig. 11.3
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¢ What speed has to be applied to fire a satellite upward so that it never returns to the earth?

¢ What is the radius of the smallest circular disk that can cover every isosceles triangle of given
perimeter P?

¢ What volume of material is removed from a solid sphere of radius 2r if a hole of radius r is
drilled through the centre?

¢ If a strain of bacteria grows at a rate proportional to the amount present and if the population
doubles in one hour, how much will it increase at the end of two hours?

Integration will answer for all the above problems.

4
@ Learning Objectives

On completion of this chapter, the students are expected to

e understand the definition of an indefinite integral as a result of reversing the process of
differentiation

¢ find the indefinite integrals of sums, differences and constant multiples of certain elementary
functions.

e use the appropriate techniques to find the indefinite integrals of composite functions.

e apply integration to find the function, when the rate of change of function is given.

11.2 Newton-Leibnitz Integral

Integral calculus is mainly divided into indefinite integrals and definite integrals. In this chapter,
we study indefinite integration, the process of obtaining a function from its derivative.

We are already familiar with inverse operations. (+,-), (x,+), (( )“,Q/_) are some pairs of inverse

operations. Similarly differentiation and integrations (d, J) are also inverse operations. In this section
we develop the inverse operation of differentiation called ‘antidifferentiation’.

Differentiation
f'(x) 7(x)

Integration
Fig. 11.4

Definition 11.1
A function F(X)is called an antiderivative (Newton-Leibnitz integral or primitive) of a

function f(X)on an interval I if
F'(x) = f(x), for every value of X in |
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Ilustration 11.1 }rf’
If F(X)=x2+5 then yoo
g
F'(X) = 2X. &
Thus if f(x)is defined by o .
f (x) =2x, then
we say that f(x)is the derivative of F(x) and that F(x) is X
an antiderivative of f(x)
Fig. 11.5
Consider the following table
F(x) F'(x) = f(x) Antiderivative of f(x)=2x
P(X)=x*+0 P'(x) = 2x
Q(X)=x*+2 Q(X)=2x  f(x)=2x F(X)=x>+?
H((x)=x"-1 H'(x) = 2x

We can see that the derivative of F(x),P(x),Q(x)andH (x)is f(x), but in reverse the

antiderivatives of f (x) =2x is not unique. That is the antiderivatives of f (x)is a family of infinitely
many functions.

Theorem 11.1
If F(x) is a particular antiderivative of a function f(x)on an interval I, then every
antiderivative of f(x)on I is given by

j F(x)dx=F(x)+c
where c is called an arbitrary constant, and all antiderivatives of f(Xx)on | can be obtained
by assigning particular value to c.

The function f(x) is called Integrand.
The variable x in dx is called variable of integration or integrator.

The process of finding the integral is called integration or antidifferentiation (Newton-Leibnitz
integral).

The peculiar integral sign J' originates in an elongated S (like ) which stands for sum.

Ofteninapplications involving differentiation it is desired to find a particular integral antiderivative
that satisfies certain conditions called initial condition or boundary conditions.

For instance, if an equation involving % is given as well as the initial condition that
X

y =y, when x=x,then after the set of all antiderivatives is found, if x and yare replaced by

X, and vy, , a particular value of the arbitrary constant is determined. With this value of ¢ a particular
antiderivative is obtained.

Illustration 11.2
Suppose we wish to find the particular antiderivative satisfying the equation

ﬂ:ZX
dx
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and the initial condition that y =10 when x = 2.

From the given equation

ﬂ:ZX
dx

y:ijdx

y=x’+cC

We substitute y =10 when x = 2, in the above equation

10=2°+c = c=6

When this value ¢ =6 is substituted we obtain

y=x"+6

which gives the particular antiderivative desired.

11.3 Basic Rules of Integration

Standard results:

Since integration is the reverse process of differentiation, the basic integration formulae given

below can be derived directly from their corresponding derivative formulae from earlier chapter.

Derivatives

Antiderivatives

d .
® &(0) =0, where c is a constant

_[de =C, where ¢ is a constant

d .
&(kx) =k, where k is a constant

J.k dx = kx+c where ¢ is a constant

d Xn+l .
— =X
dx\ n+1

n+l

+cC, n=-—1 (Power rule)

n X
-[de_n+1

d 1
9 flog ) - [;j

Ii dx = log|x|+¢
X

d .
&(—cos X) =sin x

jsinxdx=—cosx+c

d, .
&(sm X) = oS X

_[cosxdx:sin X+C

%(tan X) = sec’x

jsecz xdx =tan Xx+c¢
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cosec’x dx =—cotx+c

di(—cotx) = cosec?x I

X
di(secx)zsecxtanx jsecxtanxdx=secx+c

X

d —
o (—cosecx) = cosecx cot x jcosecx cot X dx = —COSecx + ¢
di(ex):ex J.exdx:e“rc

X
(e =a* jaxdx= 2 e
dx | loga loga

— H _1
i(sin—lx): 1 I — dx=sin" x+c
dx 1-x2
i(tan-l x)= I dx=tan™" x+c
dx 1+ x° 1+ x?
@ @

Example 11.1

Integrate the following with respect to x.

(i) x° (ii) % (iii) VX (iv) %
Solution
n+l
[ e know that X'ax = +c, n#-1
(i) We know th "d 1
n+
Putting n=10, we get
X10+1 11
Ixmdx = +C=—+C
10+1 11
10+1
i) [=dx=[xPdx=2 C=———+C
(i '[ 10 '[ -10+1 9x°
1 8]
1yt X2 9 3
(i) [Vxdx=[x2dx=2—+c="m+c=2x7+c
1 3 3
i+1 —
2 2
1 X——+l
(iv) J'—dx:J‘x_de: =2Jx+c
Vx —;+1
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Example 11.2
Integrate the following with respect to x.
cot x sin x

(i) (i) — (i) —
cos® X sin x C0S“ X
Solution
(i) J 12 dx = J'sec2 xdx =tan x+c¢
COS“ X
j cotx dx = J. COSec x cot X dx = —cosecx + ¢
(i) J~smx dx _J~smx ——dx= Itanxsecxdx SecX+C
COSX COSX
(iv) '[ dx = sin™ x+c
V1-x?
Example 11.3
Integrate the following with respect to x:
L1 X 1
(i) = (i) — (i) —
e X X
Solution

() J.é dx :Iexdx:ex+c

—3+l

—3+1 2X

(iii) j—dx IX’B dx =

EXERCISE 11.1

Integrate the following with respect to x:

M () * (i) = (i) 3"
@) () =5 (i) X (i) <
3) (i) 12° (ii) i—z (iii) e*
4 (i) @+x3)* (ii) (1—x2)_%

11.4 Integrals of the Form | f (ax+b)dx
We know that

%{%}:(x—af :I(X_a)ngZ%_‘_c

%[sin(x+ k)] =cos(x+k) = J'cos(x +k)dx =sin(x+k)+c
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It is clear that whenever a constant is added or subtracted with the independent variable x, the
fundamental formulae remain the same.

But
dl|1
£|:7(elx+rn):| — elx+m — Ielirmdx — %e(lxﬂn) +c
d|l . 1.
—| —sin(ax+b)]| = cos(ax+b) = Icos(ax +b)dx = —sin(ax+b)+c¢
dx| a a

Here, if any constant is multiplied with the independent variable x, then the same fundamental
formula can be used after dividing it by the coefficient of X

That is, | if j S(X)dx=g(x)+c, then | Flax+b)dy = gax+b)+c
a

The above formula can also be derived by using substitution method, which will be studied later.

Example 11.4
Evaluate the following with respect to x:

(i) j(4x+5)6dx (ii)j (15— 2x) dx (m)j e dx
Solution X+ )
: s . 1(4x+5)" (4x+5)
(i) J.(4x+5) dX:Z S5 oo +C
15-2x)2"  (15-2x)2
@ (ii) I./lS 2x) dx = le 2x 2. dx= ( J((]/Z)Jr)l =—( e ) 40 ®
(iii) J. dx = j3x+7 dx== (3X 7) + == 1 =+C
x+7) 3 —4+1 9(3x+7)
Example 11.5
Integrate the following with respect to x:
(i) sin(2x + 4) (ii) sec’(3+4x) (iii) cosec(ax +b)cot(ax +b)

Solution
0] Isin(2x + 4)dx = (%J (—cos(2x + 4)) +c= —%cos(2x +4)+c
(ii) Isecz (3+4x)dx = %tan(3+ 4X)+cC
(iii) jcosec(ax +b)cot(ax+b) dx = (é)(—cosec(ax + b)) +Cc= —icosec(ax +b)+c

Example 11.6
Integrate the following with respect to x:

i) e i) e iii iv
o () ) 5 ) 555
olution
5-4x
(i) .|'e3X dx = %e?’x +C (ii) J'es‘4X dx =— +C
189 Integral Calculus
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1 1 . 1 1
I (iii) '[(3X—2) dx:glog|(3x—2)|+c (iv) J.(5—4x) dx:—zlog|(5—4x)|+c
Example 11.7
Integrate the following with respect to x:
1 .. 1
L+ (2x)° w 1-(9x)° W e
Solution
. 1 1 .. 1 1.
(i) ~dx==tan™"(2x)+c (i) | ——=—=dx==sin"(9x)+c
Frma LG s
1 1 1.
(iii) dx = dx ==sin™(5x)+c
/ V1-25x* J h-(5x 5 (5x)+
EXERCISE 11.2
Integrate the following functions with respect to x:
. . N 1
(1) (1) (x+5) (i) 230 (iii) ~/3x+2
(2) (i) sin 3x (i) cos(5-11x) (iii) cosec’(5x—7)
.\ 3x-6 T 1
@) ()e (i) e (iii) P
@ L ) ®
(4) (i) sec c (if) cosec(5x + 3) cot(5x + 3) (i) sec(2-15x) tan(2 —15x)
. 1 .. 1 1
e 0 V- (4x) o V1-81x? () 1+36x°

11.5 Properties of Integrals

(1) If k is any constant, then I kf (x)dx = kJ-f (x)dhx

@ [+ f(Ndx = [ fi(x)dx [ f,(x)dx
Note 11.1
The above two properties can be combined and extended as

= o -
BDL 7HU

J'(kl £ £k, f,(x) £k, fo(x) £+ 2k, f (X)) dx
= k[ L,00dxxk, [ £, ()dxtk, [ f,00dxx-- £k, [ £, ()dx
That is, the integration of the linear combination of a finite number of functions is equal to the
linear combination of their integrals

Example 11.8
Integrate the following with respect to x:
- 4 - 2 7 2 - - 2 2
(i) 5x (if) 5x* -4+ —+— (iii) 2cosx—4sin x+5sec” X +cosecx

X x
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Solution

4+1 5
() [5x‘dx = 5Ix4dx=5: 1:5%=x5+c.
+

(i) I(5x2—4+;+%]dx = 5[x%dx- 4.|'dx+7.|' dx+2j—dx

1
2+1 - §+1

- 5% —4x+7|og|x|+2X
2+1

= §x3—4x+7log|x|+4\/§+c

(iii)  [(2cos x—4sin x+5sec? x + cosec®x)dx

2] cosxdx —4]sinxdx +5]sec? xdx + | cosec?x dx

2sin x+4cosx+5tan x—cot x+c

Example 11.9
Evaluate the following integrals:

. 12 6 ..
i + +16e"+3 ii
® (4x—5)°  3x+2 (I

Solution

. 12 6
i 16e™*° | dx
()I((4x—5)3+3x+2+ j

—8cot(4x+ 2)cosec(4x + 2)

15
\5x—4

dx+6 j dx+16 j e“*3dx

zlj(x—>

3X+2

=12 (lj [-%} +6 (1] log|3x + 2| +16(1j e* 4
4)\ 2(4x-5) 3 4

4x+3

= —L+2Iog|3x+ 2| +4e
2(4x—5)°

i 8cot(4x + 2)cosec (4x + 2)) dx

(ii)j(\/%

dx-8 J. cot(4x+ 2)cosec(4x + 2) dx

=1SI\/557_4
= 15( j(Z\/S——) 8[ j( cosec(4x+2))+c

= 6+/5x—4 +2cosec(4x+2) +cC.
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EXERCISE 11.3

Integrate the following with respect to x:

5 24
1) (X+4)° +———cosec?(3x -1 2) 4cos(5-2x)+9e* 4+ ———
(1) (x+4) (2-5%)° (3x-1) () ( ) .
(3) sec’ 2 +18cos2x +10sec(5x +3) tan(5x+3)  (4) s . 2r b -
5) \/1_(4)()2 \/_']__9)(2 1+ 25x%
) 6 12 (6) lcos(f—4j+ 7 e
1+(3x+2) \/1_(3_4)()2 3 3 7x+9

11.6 Simple applications

So far in this section we have been using x as the variable of integration. In the case of applications,
it is often convenient to use a different variable. For instance in the equation of motion the independent
variable is time and the variable of integration is t.

In this section we discuss how integration is used to find the position and velocity of an object,
given its acceleration and similar types of problems. Mathematically, this means that, starting with
the derivative of a function, we must find the original function. Many common word which indicate
derivative such as rate, growth, decay, marginal, change, varies, increase, decrease etc.

Example 11.10

@ If £/(x)=3x%—4x+5 and f () =3, then find f(X). @

Solution

Giventhat f'(x)= di( f(x))=3x"-4x+5
X

Integrating on both sides with respect to x, we get
[ f(xyex = [ (3x" —4x+5) dx
f(x) = x* —=2x% +5x+¢
To determine the constant of integration ¢, we have to apply the given information f (1) =3
f)=3= 3=(1)°-2(1)* +5()+c=>c=-1
Thus f(x) =x*-2x*+5x-1.

Example 11.11
Atrain started from Madurai Junction towards Coimbatore at 3pm (time t = 0) with velocity
v(t) = 20t +50 kilometre per hour, where T is measured in hours. Find the distance covered by

the train at S5pm.
Solution

In calculus terminology, velocity v = % is rate of change of position with time, where s is

the distance.The velocity of the train is given by
v(t) = 20t + 50
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Therefore, % =20t +50
To find the distance function s one has to integrate the derivative function.

Thatis, s= _[(ZOt +50) dt

s =10t* +50t +C
The distance covered by the train is zero when time is zero. Let us use this initial condition

s=0at t =0 to determine the value c of the constant of integration.
=s=10t*+50t+¢ =c=0

Therefore, s =10t + 50t
The distance covered by the train in 2 hours (5pm-3pm) is given by substituting

t =2 in the above equation, we get
$=10(2)* +50(2) =140 km.
Example 11.12
The rate of change of weight of person w in kg with respect to their height h in centimetres is

given approximately by(;—\;]v =4.364x10°h’. Find weight as a function of height. Also find the
weight of a person whose height is 150 cm.

Solution
The rate of change of weight with respect to height is

aw =4.364x10°h’
dh

W= j 4.364x10°h? dh

3
w=4.364x10" (h?j +C

One can obviously understand that the weight of a person is zero when height is zero.
Let us find the value ¢ of the constant of integration by substituting the initial conditionw =0,
at h=0, in the above equation

3

W =4.364x107 [%j+c =c=0
The required relation between weight and height of a person is
h3
w=4.364x10" (?J

When the height h =150cm,

3
w=4.364x10" (1530 ]
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When the height h = 150cm, the weight isw = 49kg (approximately)
Therefore, the weight of the person whose height 150cm is 49 kg.

Assume that when t = 0, the height is 5 cm.
(i) Find the height of the tree after 4 years.
(i) After how many years will the height be 149 cm?

Solution
The rate of change of height h with respect to time t is the derivative of h with respect to t.

dh 18 L
Therefore, £& = —==18t 2
a At

So, to get a general expression for the height, integrating the above equation with
respect to t. 1 1
h= jlsﬁdt =18(21%)+c =361 +¢

Given that when t = 0, the height h =5 cm.
5=0+c=>c=5
h = 363t +5.
(1) To find the height of the tree after 4 years.
When t = 4 years,
h=3631+5=h=36\4+5=77
The height of the tree after 4 years is 77 cm
(i) When h =149cm
h =36Vt +5=149 =36/t +5

V=20 gntais
36
Thus after 16 years the height of the tree will be 149 cm.

Example 11.14
At a particular moment, a student needs to stop his speedy
bike to avoid a collision with the barrier ahead at a distance
40 metres away from him. Immediately he slows (retardation) g

the bike under braking at a rate of 8 metre/second®. If the bike
is moving at a speed of 24m/s, when the brakes are applied,
would it stop before collision?

Solution

Example 11.13
Atree is growing so that, after t - years its height is increasing at a rate of 1—\/?_cm per year.
| Let a be the acceleration, v be the velocity of the car, and s be the distance.

X
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. . . ds . . s
Stated in calculus terminology, velocity,v = e is the rate of change of position with time,

. dv . . s
and acceleration, a= e is rate of change of velocity with time.

The acceleration to be negative because if you take the direction of movement to be positive,
then for a bike that is slowing down, its acceleration vector will be oriented in the opposite
direction of its motion (retardation).

Given that the retardation of the car is8 meter/second?.
@
dt
[adt=[-8dt=—8t+c,

= —8 meter/second’.

Therefore, a

Therefore, v
v = —8t+c,.
When the brakes are applied,
t =0, and v =24m/s.
So, 24 = —-8(0)+c,=c, =24
Therefore, v = —8t+24.

That is, é = —8t+24.
dt
It is required to find the distance, not the velocity, so need more integration in order.
® s = [vdr=[(-8t+24)dt ®
s = —4 +24t+c,

To determinec,, the stopping distance s is measured from where, and when, the brakes are
applied so thatat t =0, s=0.
s = -4 +24t+c, = 0=~ 4(0)’ +24(0)+c, = ¢, =0
s = —4t* +24t

The stopping distance s could be evaluated if we knew the braking time. The time can be
determined from the speed statement.

The bike stopswhen v=0, = v=-8t+24 = 0=-8t+24 =>t=3.
When t =3, we get
—4t? + 24t = s = — 4(3)* + 24(3)
s = 36 metres < 40 metres
The bike stops at a distance 4 metres to the barrier.

S

EXERCISE 11.4

(1) If f'(x)=4x-5 and f(2) =1, find f(x).
(2) If £/(x)=9x*—6x and f(0)=-3, find f(X).
(3) If £"(x)=12x—6 and f (1) =30, f'(1) =5 find f(x).
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(4) A ball is thrown vertically upward from the ground with an initial velocity of 39.2 m/sec. If
the only force considered is that attributed to the acceleration due to gravity, find

(1) how long will it take for the ball to strike the ground?
(i1) the speed with which will it strike the ground? and
(iii) how high the ball will rise?

(5) A wound is healing in such a way that t days since Sunday the area of the wound has been

decreasing at a rate of — 0 0 cm’ per day where 0<t<8. If on Monday the area of the

+2)°
wound was 1.4 cm?

(1) What was the area of the wound on Sunday?

(i) What is the anticipated area of the wound on Thursday if it continues to heal at the same
rate?

11.7 Methods of Integration

Integration is not as easy as differentiation. This is first due to its nature. Finding a derivative of
a given function is facilitated by the fact that the differentiation itself has a constructive character. A
derivative is simply defined as

i f (x+Ax)— f(x)
Ax—0 AX

Suppose we are asked to find the derivative of log x, we know in all details how to proceed in order
to obtain the result.

When we are asked to find the integral of log X, we have no constructive method to find integral or
even how to start.

In the case of differentiation we use the laws of differentiation of several functions in order to find
derivatives of their various combinations, like their sum, product, quotient, composition of functions etc.

There are very few such rules available in the theory of integration and their application is rather
restricted. But the significance of these methods of integration is very great.

In every case one must learn to select the most appropriate method and use it in the most convenient
form. This skill can only be acquired after long practice.

Already we have seen two important properties of integration. The following are the four important
methods of integrations.

(1) Integration by decomposition into sum or difference.

(2) Integration by substitution.

(3) Integration by parts

BDY3YH

(4) Integration by successive reduction.

Here we discuss only the first three methods of integration and the other will be studied in higher
classes.
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11.7.1 Decomposition method

. EEEs

Sometimes it is very difficult to integrate the given function directly. But it can be integrated after
decomposing it into a sum or difference of number of functions whose integrals are already known.

2
For example (1— x*°’)2 , x—3>)<+1
X

2%

. e’ -1
, cos5xsin3x, cos’x, ——,
e

do not have direct formulae

to integrate. But these functions can be decomposed into a sum or difference of functions, whose
individual integrals are known. In most of the cases the given integrand will be any one of the
algebraic, trigonometric or exponential forms, and sometimes combinations of these functions.

Example 11.15
Integrate the following with respect to x:

2
. G|
(i) (1- x3)2 (||)%
Solution
(i) Ja-x) dx = [@-2x+x)dx
= J'dx—2.[x3dx+jx6dx
= x——4+—+c.
2 7
2 2
(i) et (G R SR

o
>
|

Example 11.16
Integrate the following with respect to x:

(i) cos5xsin3x (i) cos® x.
Solution
0] cos5xsin3xdx = 1 2c0s5xsin 3xdx
2
1l .
= Ej(sm8x—sm 2x)dx
Icosstin3xdx = 1(—COSSX+COSZXJ+C
2 8 2
(i) .[cosgxdx = 1'[(3cosx+0033x)dx
4
1( . sin3xj
= —| 3sinx+ +
4
197
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Example 11.17
Integrate the following with respect to x:

2X

() = (i) & (¢ -1).
Solution
. e 1 (e 1)
i dx = —— | dx
(i) [= o)
= J'(ex—e‘x)dx:ex+e‘x+c.
3 s ) s s e5x e3x
(ii) Ie (e -1)dx = J'(e —e¥)dx = =3¢
Example 11.18
Evaluate : I;dx.
sin’ xcos” X
Solution
1 sin? X + cos® X
— —  dx = |—————dx
Isinzxcoszx I sin® xcos? x
1
= dx +
jcoszx J.sm X
@ = jsec2 xdx+jcosec xdx
= tan Xx—cot x+c.
Example 11.19
sin x
Evaluate : _f ——dx.
1+sinx
Solution
in sin x 1-sinx
[Sinx dx:_[( _ ][ | jdx
1+sinXx 1+sinx/ \1-sin X
- - 2 - - 2
sinx—sin®x , sin x —sin?® X4 sin x sin? x
= = dx = dx —
J. 1-sin?x I cos? x -[coszx -[coszx

tan xsec xdx — | tan? xdx
] ]

jtan xsec xdx — .[ (sec’ x —1)dx

Sec X —tan x+ X +c.

Example 11.20

Evaluate : I 1+ cos2x dx.

Solution

J\/1+cost dx = I\/ZCoszx dx=ﬁjcosxdx:ﬁsin X+C
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‘ ‘ 11_11th-Maths-Vol2-Unit11.indd 198 @

dx

23-03-2019 10:14:50 ‘ ‘



[ [

Example 11.21
(x 1) i

Evaluate : I

Solution

J(X 1)?

X3+ X

Example 11.22

Evaluate : I(tan X+ cot x) dx.

Solution

J' (tan x + cot x)? dx

Example 11.23

Evaluate : j Lo dx.
1+cos X
Solution
J-l— COS X dx =
1+cosx

Example 11.24

Evaluate : J'\/1+sin 2x dx.
Solution

'[\/1+sin 2x dx

‘ ‘ 11_11th-Maths-Vol2-Unitll.indd 199

dx

B J-x2+1—2xdx
o x(x?+1)
J-( (x> +1) 2X
X(x° +1) X(x° +1)J

j;dx_2I1+x2 dx

log|x|-2tan™* x+c.

I[tan2 X + 2 tan x cot X + cot? x] dx

= j[(secz X —1) + 2 + (cosec’x —1)] dx

j (sec® x + cosec’x) dx

tan x + (—cotx) +c¢
tan x —cot X +cC.

2sin2 X
= I 2 dx:ftan2 dx
2c0s’ =
tan =
= j(secz——ljdx=T2—x+c
2
= 2tan§—x+c.

J'\/(cosz X +sin’ X) + (2sin xcos x) dx

199 Integral Calculus

®

23-03-2019 10:14:50



___"EEEEN ® [ [ [ [

j«/(cosx+sin x)%dx = j(cos X +sin x)dx

Sin X —COS X+C

Example 11.25
X3 +2

Evaluate : J' dx.
-1
Solution 3,0 . . ; .
J‘X + dx = J'X -1+ dX=I X —1+_ dx
x—1 x-1 x-1 x-1
_ 2
:J~ (x=1)(x +X+l)+ 3 dx
x—1 x—1
= _f(x2+x+1+i) dx
x-1

x* X2
= —+—+x+3log|(x-1)|+c.
3t gl (x=1)|

Example 11.26
Evaluate : (i) jaxexdx (ii) Iex"’gzex dx.

Solution
@ : gy ‘o (ae)" ®
(1 J.a e‘dx = I(ae) dx—m+c
(i) jex"’gzexdx = Ie'°gzxexdx:jzxexdx
= ey dr= 20 .
log(2e)

Example 11.27
Evaluate : I(x —3)Vx+2 dx.

Solution
J.(x—3)\/x+2 dx = J.(x+2—5)\/x+2 dx
= j(x+2)\/x+2 dx—SI\/x+2 dx
3 1
= j(x+2)2dx—5j(x+2)2dx
3 3
_ (x+2)2 [ (x+2)?
= 5 5 3 +C
2 2
2 ° 10 2
= —(Xx+2)2——(x+2)% +c.
5( ) 3( )
XI - Mathematics 200
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Example 11.28

Evaluate : j ;dx.

x+1+\/;

Solution

|_\
=

- 1 Verl-vx |,
- Jx+1+x x+1\/—

x+l-vx dx
[+T)- ()

= J'de:j(m-\/;)dx

X+1-—Xx

1
J.—er\/;dx

=

jﬁdx—j&dx = [(x+1);dx—J‘x;dx
(x+1)g :
3 3

|
I
1
—~
>
—+
N
N w
>
N w
I
+
(@]

(O] 11.7.2 Decomposition by Partial Fractions

One of the important methods to evaluate integration is partial fractions. If the
integrand is in the form of an algebraic fraction and the integral cannot be evaluated by simple
methods, then the fraction need to be expressed in partial fractions before integration takes

p(x)

place. We will assume that we have a rational function prs (g(x)#=0)in which degree of
q(x

p (x) < degree of g (x). If this is not the case, we can always perform long division.

Example 11.29

Evaluate : (i) [ AT g, (i) | _XH3 g
X°—3x+2 (Xx+2)°(x+1)
Solution
(i) j 7 I_d _ J_ dx Resolving into
= 2 partial fractions
= 13log|x—2|-10log|x—1|+c
(ii) jx—lﬁdx = __de_j 1 . dx.,.J' 2 dx Resolving into
(x+2)°(x+D) X+2 e L partial fractions

2| L dx— | 1 xe2 —dx
X+ 2 (x+2)° x+1

—2Iog|x+2|—_[(x+2)’2dx+2Iog|x+14+c

—2Iog|x+2|+i+2log|x+1|+c.
X+2

201 Integral Calculus

‘ ‘ 11_11th-Maths-Vol2-Unitl1l.indd 201 @ 23-03-2019 10:14:54



EXERCISE 11.5

X:
1) x° ‘x72 “x 2 l | @ o
4 X+ tan (5) X— (©)

x= XC0S
@ " ®) o
+
(10) cos3x cos2x (11) (12) +cos
(13) (14) x+ - 15) x -
s (17) s (18) .
(19) x (20)
X—LUX+2Z0X + -1 —

function in differentiation. By using a suitable substitution, the variable of integration is changed to
new variable of integration which will be integrated in an easy manner.

® We know that, if u is a function of x then ®
Hence we canwrite f uu'dx=|f u

Thus, fgx g xdx=|f udu u=g X
The success of the above method depends on the selection of suitable substitution
either x = ¢(u) or u = y(x

Note 11.2
The substitution for the variable of integration is in trigonometric function, use a rough
diagram to find the re -substitution value for it. Suppose the variable of integration X is substituted

as x =tan @ . After integration suppose the solution is sec & + cosecd

For example, if x =tan@, then from

the figure
VI+X° J

X

cosecO = {

secO =[mJ

1

Then Sec 0+ cosech = \/1+7+( -

X1 - Mathematics 202
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Example 11.30
Evaluate the following integrals :

(1) IZXV1+x2dx (ii) J'e—xzxdx (iii) _[ sin x

1+cosx

(v) Ix(a—x)8 dx

Solution

0] IZX\H +x’dx

Putting 1+x° =u, then 2x dx=du

ij\/1+x2dx = Ix/adu

. EEEs

3
2q E _2 2 =2l 2%
ju u_g c_gu +Cc=—(Q+x%)?+cC
2
(ii) j e xdx
Puttingx® =u then 2x dx=du
Therefore, Ie xdx = je‘“ ]
= —Ie‘“du :1(—e‘”)+c:—1e‘u +c:—1e‘Xz +cC.
Sin x 2 2 2 2 (O]
(i) f
1+cosx
Putting 1+cosx=u, then —sinxdx=du
Therefore,f SIY —I—z—log|u|+c-—log|l+cosx +c.
1+cosx
Putting x =tanu, then dx=sec’ udu
J~ 1 dx:.[ sec’ u Isec Uy —jdu—u+c
1+ X2 1+tan2u sec’u
I —dx = tan™ x+c.
1+Xx
(v) Ix(a—x)g dx
Putting u=a-x, then du=-dx
Ix(a—x)adx = Ix(a—x)gdx
203 Integral Calculus
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u10 u9
=——a—+¢C
10 9
0 9
jx(a—x)sdx _(a x) a(a—x)
10 9
11.7.4 Important Results
f'(x)
1 ——=dx = log| f(x)|+c
(1) [ o gl f ()]
n+l
) j /OO f ()] dx = PO o e
n+1
Proof
1) Leti= | P09 4
f(x)
Putting f(x)=u then f’'(x)dx=du
d
Thus, 1= [ =log|u|+c
u
Therefore,I&dx =log| f(x)|+c.
©) Let |= j /([ f ()] dx
Putting f(x)=u then f'(x)dx=du
n+l
Thus, I:Iu"du: “ +c
n+1
n+l
Therefore, j FOLf(x)] dx = ACY) RN
+1 a8
Example 11.31
Integrate the following with respect to x.
(i) [ tan x dx (i) Jcotxdx  (iii) | cosec x dx (iv) ['secxdx
Solution .
0] Let1=ftanxdx=.fsmxdx
COS X
Putting cosx=u then, —sinx dx=du
Thus, [ = j—ldu =—log|u|+c=—log|cosx|+c=log|secx|+c.
u
(ii) Let 7 =/cotxdx=[=""dx
Sin x
Putting sinx =u then, cosx dx=du
Thus, 7 =jldu =log | u|+c = log | sin x | +c.
u
XI - Mathematics 204
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[ cosec x(cosec x —cot x) dx

(iii) Let 1= [cosec xdx =
C0Sec X —cot X

dx

_ I COSec’X — COSECX COt X
COSECX — COt X

Putting cosecx —cotx =u, then (cosec’x—cosecx cotx)dx = du

Thus, | = j%du=Iog|u|+c=|og|cosecx—cotx|+c.

dx

sec x(sec x + tan x) dx — j sec’ X +sec x tan x

iv Let | = [secxdx =
(V) j Sec X + tan x Sec X + tan x

Putting secx+tanx =u, then (sec’ x+secxtanx)dx = du
1
Thus, | = I—du =log|u[+c = log [sec X + tan x|+ ¢
u

Therefore, [secxdx =log|secx + tan x|+ c.

Thus the following are the important standard results.

(1) [tanx dx = log|sec x|+c

) Jcotx dx = loglsinx|+c

3) J.cosecx dx =log|cosec x —cot x|+c
@) [secx dx = log|secx+tan x| +c

Example 11.32
Integrate the following with respect to x.

2X+4
iii
()Ix +4x+6 u )IX|09X
(iv) Is!nx+cosxdx ( I . COS 2X _dx
sin X —Ccos X (sin x+cos x)
Solution
. 2X+4
[ Let | = [ ———dx
® J‘x2+4x+6
Putting x° +4x+6=u, then 2x+4)dx=
du ,
Thus, I=I—:10g|u|+c:10g‘x +4x+6‘+c
u
Therefore, J.ﬂd = log|x +4x+6|+C.
X +4x+6
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(i)

(iii)

(iv)

(v)

X

€ dx.
1

eX

LetI:I

Putting e —1=u, then e'dx=du

_ (9u_ _logle”
Thus, | = I - =log|u|+c =log|e ]4+c
Therefore, jexex_ldx = log ex—]J+c.
Let] = jxljgxdx.

Putting logx =u, then la’x =du
X

Thus, [=J.@=log|u|+c=log|logx|+c
1 u
Therefore, f@dx = log | log x| +c.

sin X + €os X
Let | = j_—dx.
Sin X —Cos X

Putting sinx—cosx =u, then (cosx+sinx)dx=du

du .
Thus, | = I—:Iog|u|+c:Iog|smx—cosx|+c
sin x 4+ cos x u )
Therefore, _[.—dx = log|sin x—cos x | +C
SIN X —COS X
COS 2X COS 2X
Letl= [— =2 _dx= [——

(sin x +cos x) 1+sin2x

Putting 1 + sin2x =u, then 2cos2x dx =du

Thus, | = j%:%log|u|+c:%Iog|1+sin2x|+c.

EXERCISE 11.6

Integrate the following with respect to x

X

V1+x?

sin/x
Jx

M)

(®)

sin™t x
1-x2

(13) tan x~/sec x

9)

X1 - Mathematics
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XZ

1+x°

)

cot x
log(sin x)

Jx
1++/x

(14) x(1-x)"

(10)

g —e™*
e +e*

@)

cosecx

X
log| tan—
og(anzj

(11) L

()

x log xlog(log x)

(15) sin°xcos® x

206

10x° +10" log, 10

4

@ 10% + x*°
sin 2x

8 - - -

®) a®+b?sin® x

(12) apx“ e

COS X
cos(x—a)

(16)
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11.7.5 Integration by parts

Integration by parts method is generally used to find the integral when the integrand is a product
of two different types of functions or a single logarithmic function or a single inverse trigonometric
function or a function which is not integrable directly. From the formula for derivative of product of
two functions we obtain this useful method of integration.

If uand v are two differentiable functions then we have
d(uv) = vdu + udv
udv =d(uv)—vdu
Integrating
Judv = Jd(uv) —Ivdu

J.udv = uv—jvdu

Iudv in terms of another integral J- vdu and does not give a final expression for the integral

_[udv. It only partially solves the problem of integrating the product « dv. Hence the term ‘Partial

Integration’ has been used in many European countries. The term “Integration by Parts™ is used in
many other countries as well as in our own.

The success of this method depends on the proper choice of u
(i) If integrand contains any non integrable functions directly from the formula, like logx,
tan”' X etc., we have to take these non integrable functions as u and other as dv.
® (if) If the integrand contains both the integrable function, and one of these is x" (where n is a ®
positive integer) then take u = x".
(iii) For other cases the choice of u is ours.

Example 11.33
Evaluate the following integrals

(1 Ixexdx (i) jxcosxdx (iii) Ilogxdx (iv) jsin’lxdx
Solution
(i) Let | = [xe'dx.

Since x is an algebraic function and e is an exponential function,
so take u = x then du = dx

dv=e'dx=>v=¢"
Applying Integration by parts, we get

J.udv = uv—jvdu

:>Jxexdx xex—jexdx
That is, Ixexdx = xe*-e*+c.
(i) Let |

Since x is an algebraic function and cos x is a trigonometric function,

jxcosxdx

207 Integral Calculus
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so take u = x then du = dx
dv = cosxdx = v=sinx
Applying Integration by parts, we get

Iudv uv—jvdu

:>jxcosxdx = xsin x—J'sin x dx

:>_[xcosxdx = XSin X+CoSX+C

(iii) Let I = [logxdx

Take u = log x then du :idx
X
dv=dx=v=x
Applying Integration by parts, we get

Iudv = uv—jvdu
1
= Ilogxdx — ongx—Ix—dx
X
= Ilogxdx = xlogx—x+c¢
(iv) Let I = Isin‘lxdx
® u = sin™(x),dv = dx ®
1
Then du = V=X
1-x?
Isin’l xdx = xsin x— [ dx
1-x?

Isin’1 xdx = xsin’1x+lji,wheret:1—x2
27t

= xsintx++/t +¢

= xsintx++/1-x%+c

Example 11.34

Evaluate : _ftan‘1 [1 2x 2] dx

—X
Solution
Let | = Itanl( 2X2j dx
1-x
Puttingx = tan@ = dx=sec’4d@
2
Therefore, | = j tan‘l(Lnf] sec’6do
1-tan“ @
XI - Mathematics 208
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I tan ' (tan 26) sec’0 d @
jzesec29 do
2[(0)(sec” 0 d0)

Applying integration by parts

Ja

2| 6tan 0~ [tan 6do |
2(6tan @ —log|sec o)) +c

2xtan” x—2log|V1+x | +c

J'tan_1 22
1—x?

11.7.6 Bernoulli’s formula for Integration by Parts

If uand vare functions of X, then the Bernoulli’s rule is

_[udv =uv—-u'v, +u'v, — -
where u’,u”, u”,...are successive derivatives of u and

V,V,,V,,V,, - are successive integrals of dv

. EEEs

1+x

tan @ = x

secd =1+ x?

Bernoulli’s formula is advantageously applied when u = X" ( n is a positive integer)
For the following problems we have to apply the integration by parts two or more times to find the
solution. In this case Bernoulli’s formula helps to find the solution easily.

® Example 11.35
Integrate the following with respect to x.
(i) x%e* (i) x®cosx (iii) x%™
Solution

(i) Ix2e5*dx.
Applying Bernoulli’s formula

judv=uv—u’vl+u”v2—---

Sx Sx Sx Sx 54
sze”dx:(xz)(es j_(zx)(‘; j+(2)(653 j_(o)(; }+0+...+0+c

X2e5x 2xe5x . 2e5x

5 25 125
(i) I x° cos X dx.

S CH

Applying Bernoulli’s formula
J.udv =uv—u'v,+u'v, —--
[ % cos xdx = (x°) (sin x) —(3x* ) (—cos x)

+(6x)(—sinx)—(6)(cosx)+c
= x3sin x + 3x% cos X — 6xsin X —6.C0S X + C.

209
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_ 5x @
dv=e"dx
5
2 e’
Uu=x V=
5
5
1 ex
u'=2x V1_52
S5x
e
u" =2 1/2—53
Sx
u”7=0 V3=

dv = cos x dx
u=x°, v=sinx
u'=3x,> vV, =—CosX
u”"=6x, Vv,=-sinx
u”=6, Vv,=cosx

Integral Calculus
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(iii) [ x%"dx.
Applying Bernoulli’s formula dv = e *dx
Judv:uv—u’v1+u”v2—--- u=x’, v=-e”
3,—X 3 —X 2 —X UI - 3X2’ Vl - +e_x
J.XE dXZ(X )(_e )_(3)( )(e ) u” =6x, v2=_e‘x
+(6x)(—e’x)—(6)(e’x)+c =6, v,=c"
=—x%™* -3x%* —6xe ¥ —6e* +c.
EXERCISE 11.7
Integrate the following with respect to x:
(1) (i) 9xe* (if)  xsin3x (iii) 25xe™ (iv)  xsecxtanx
(2 (i) xlogx (i) 27 x%e* (iii) x%cosx (iv)  x*sinx
. Xsin™' X . . 8x : . 2X
3) (i i) x°e* iii) tan™ iv) sin™
@) () N (i) (iii) (1_16)(2) (iv) (szj

11.7.8 Integrals of the form (i) [esinbxdx (i) [e cosbxdx

The following examples illustrate that there are some integrals whose integration continues

forever. Whenever we integrate function of the form e® cosbx or e* sinbx, we have to apply the
Integration by Parts rule twice to get the similar integral on both sides to solve.
Result 11.1

(i) [e™sinbxdx =

ax

Z—bz[asin bx —bcosbx]+c

a +

ax

(i) [e™ cosbxdx = z—bz[acosbx+bsin bx]+c
a +

Proof : (i)
Let | = je"‘* sinbx dx

Take u =sinbx;du =bcosbx dx

ax

dv =e®;v="—,
a
Applying Integration by parts, we get
| = e—s.in bx—je—bcosbx dx
a a
1= sin bx—EJ'eaX cosbx dx
a a
Take u = cosbx;du =—-bsinbx dx,
dv =e*™;v :e—,
a

Again applying integration by parts, we get

| = e—sin bX—E|:e—COSbX+J.e—bSin bx dx}
a al a a
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eax ] b eax b2 .

| = —sinbx ———cosbx—— | e sinbx dx
a aa a

eax ) b b2

| = —sinbx ——e* coshx —— |
a a a

b? ae®™ sinbx —be® cosbx
1+? I = az

a’ +b? e*[asinbx —bcosbx]
aZ I aZ

€ .
——[asinbx—bcosbx]+c

Therefore, |
a‘+b

ax

Therefore, .[eaxsinbxdx %[asin bx —bcosbx]+c
a“+b

ax

Similarly, jeaxcosbxdx %[acosbx+bsinbx]+c
a“+b

ax

[esinbxdx = Ze ~[asinbx—bcosbx]+c
a“+b

ax

aze o [acosbx +bsinbx]+c
+

J'e""X coshxdx =

Caution

In applying integration by parts to specific integrals, the pair of choice for u and dv once initially
assumed should be maintained for the successive integrals on the right hand side. (See the above two
examples). The pair of choice should not be interchanged.

Examples 11.36
Evaluate the following integrals

(i) _|'e‘°’X cos 2x dx (i) _|'e‘SX sin3x dx

(i) jesx oS 2x dx

Using the formula

ax

Ieax cos bx dx :%[acosbx+bsin bx]+c
a“+b

For a=3and b=2, we get

3x

[ e ) .
3x 2 d ==
.[e CoS 2x dx k32+22J (30032x+25|n2x)+c

3x

e :
=5 (3cos2x+ 2sin 2x)+c.
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(i) [e™" sin3x dx

Using the formula

ax

———[asinbx—bcosbhx]+c

je“sinbxdx =
a“+b

for a=-5,b=3, we get
—5x

—5X i ( e \ -
je sin3x dx = LTJ (-5sin3x —3cos3x)+c
-5) +3

(&5

Ie‘5xsin3x dx = _L ”

J (5sin3x+3c0s3x)+¢

EXERCISE 11.8

Integrate the following with respect to x

(1) (i) e*coshx (i) e*sinx (iii) e™cos2x
(2) (i) e*sin2x (i) e™**sin2x (i) e cosx
Result 11.2

J.ex[f (X)+ f'(x)]Jdx = e*f(x)+c
Proof

Let 1= [e*[f(x)+ F'(x)]dx

= j e* f (x)dx + j e* f'(x)dx
Take U= f(x); du = f'(x)dx,in the first integral

dv=e*;v=¢*,
Thatis, = e*f (x)—[e*f'(x)dx+ [e" f'(x)dx+c

Therefore, 1= ¢e*f(x)+c.

Examples 11.37
Evaluate the following integrals

(i) jex(%—%] dx (ii) [e*(sinx+cosx) dx (iii) Iex(ll;z(z] dx
Solution
(i) Let I = [e’ G—%} dx

Take f(x) = % then 1“(x)=x—21

X1 - Mathematics 212
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This is of the form Iex[f (x)+ f'(x)]dx

X(l 1) 1
Ie ———|dx = e —+cC.
X X X

(i) Let | = Iex(sin X + €0s X) dx
Take f(x) = sinx, then f'(x) =cos x

This is of the form J.ex[f (xX)+ f'(x)] dx

Iex(sin X+cosx)dx = e*sinx+c.

W 1-X ?
(i) je (1+x2j dx

2
Let | = fe* (-x) dx

2X

|ff(X) = (1+X2

1 [
m, then f'(x)=-

Using Iex(f (x)+ f'(x))dx=e*f (x)+c

fo (i o= e{<1+1x2>‘<1+2f2>2]d”x )

EXERCISE 11.9

Integrate the following with respect to x:

(1) e*(tanx+logsecx)

4 eX(2+sin 2xj

1+ cos2x

W x=1
@57

(5) ptan ' (Mj (6)

1+ x°

11.7.9 Integration of Rational Algebraic Functions

;

log x

(3) e"secx(l+tanx)

(1+logx)’

In this section we are going to discuss how to integrate the rational algebraic functions whose

213
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Type I
dx dx dx dx
Integrals of the form jazixz’ sz—az’ '[\/azixz , '[\/xz—az
. dx 1 a+x
I = —1Ilo +
® I612—X2 2a ga—x ¢
.. dx 1 xX—a
I = —1Ilo +
W sz—a2 2a lx+al €
dx 1, (X
iii = —tan"| —|+¢C
(i) J.a2+x2 a (aj
i dx . (X
iv ———— = sin"| = |+C
) I\/az—x2 (aj
dx
(V) — = Iog‘x+x/x2—a2 +C
I /X2_a2
. dx
(vi) —_— = Iog‘x+\/x2+a2 +C
.[ /X2+a2
Proof
. dx
@ (i) Let | = J.az—le @
_J‘ dx
T a-x)(a+x)
1 1 1 Resolving into
= — || —+——|dx _ _
2a’|a+x a-—x partial fractions
1
- z—a[log|a+ X|—logla—x|]+c
1 a+x
= —Ilog +C
2a a—x
J' de 1 log a+x|, .
2 2 = 4
a —x 2a a—X (]
. dx
(if) Let | = sz_az.
_J' dx
~J (x—a)(x+a)
1 1 1 dx Resolving into
- 2a’'|x-a x+a partial fractions
XI - Mathematics 214
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1
= 5[Iog|x—a|—|og|x+a|]+c

1 X—a
= —Ilog +C
2a X+a
X—a
= —Ilog +C
2a X+a -
dx
Let I= '
(i) et 1= [
Putting x= atan0 = 0 = tan~' X
a
dx= asec’d
asec’ @ asec’ 0 asec’ 0 1
|= 0= dé = =—|d@
ja2 +a’tan’ @ ja2(1+tan20) J.az sec’ @ j
- l6’+c:£tanl(§j+c
a a a
1, (X
Therefore, _[ = —tan"| — |+C
a’ +x° a a -
. d
(iv) Let | = X .
@ a?—x? ®
Putting x = asin9:>6’:sin1(£j
a
dx = acosé@
_ .{ acosd J- acosd dH:IaCOSHdH:IdH
\/az—azsinze Ja’(l-sin® o) acosd
= ¢9+c:sin‘l[5] +C
a
Therefore, A sin‘l(ﬁ}tc
a’—x? a -
v Leti=| dx
x* —a’
Putting x = asecd = 6 =sec™ (5)
a
dx = asecfdtan £do
= I asecdtan@ dQ:I asecftand jasecgtangdﬁzjseceda
Va’sec’ 0-a’ NER 1 atané
= log|secO +tanf | +C
215 Integral Calculus
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X —a

log +c X

X
~+
a

a

Iog‘x+\/x2—a2 ~loga+c 0

Iog‘Xer/x2 —a’|+c, wherec =c—loga | g p_X
a

dx
Therefore, [ ——— = log X+/x2 —a’|+¢ tang = Y
a

Putting x = a tand = # =tan™* (ﬁ)
a

dx = asec’0da

2 2
| - I asec ¢ dH:I asec ¢ 40 g X
Ja’tan® @ +a’ Ja’(tan® 6 +1) a
a’ + x?
asec’ 0 R
= J'—dH:J'secedH
@& asecd @®

log|secO +tan0 | +C

X x2
—+,4|—=+1
a a

log +c

Iog‘x+\/x2+a2 —loga+c

Iog‘x+\/x2+a2 +¢, where ¢, =c—-loga

dx
Iﬁ |Og‘X+\/X2+aZ +C,
a +x

Remark: Remember the following useful substitution of the given integral as a functions of

2 2 2 2 2 2
a —x",a"+x" andx” —a’.

Given Substitution

a’—x° X = a sinf

a’ +x° X = atand

x2—a® X = a sech
XI - Mathematics 216
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Examples 11.38
Evaluate the following integrals
: 1 S 1 : 1
i) | —————dx i dx  (iii dx V) | ————=0dx
Ozt Oles®™ OEEs W5ES
Solution
. 1 1
i Let | = | ——dx=|—————dx
® -[(x—2)2+1 I(x—2)2+12
Putting x —2 =t = dx=dt
_ 1 _ -1 _ -1
Thus, | = Imdt—tan (t)+c=tan"(x-2)+c
XZ
i = d
(i) Let | sz+5 X
x?+5-5 5 5
= -[—x2+5 dx:j(l—xz+5jdx=fdx—sz+5dx
= X—5J- L 5 dx
x2+(\/§)
1 X
@ = x—5—tan‘1£—j+c @
J5 J5
| = x—\@tan‘l(ij+c
J5
1 1
(iii) Let | = | ——dx=|—=0dx
J-\/1+4x2 '.'«/1+(2x)2
Putting 2x = t = 2dx=dt = dx= %dt
1 1
Thus, | = = | ———=dt
ZI [12+t2
| = %Iog‘t+\/t2+1‘+c=%log ‘2x+«/(2x)2+1‘+c
| = %Iog‘2x+\/4x2+l‘+c
. 1 1
(iv) Let | = [——dx=[-—dx
J-\/4x2—25 I\/(2x)2—25
Putting 2x = t=> 2 dx = dt = dx = %dt

‘ ‘ 11_11th-Maths-Vol2-Unitll.indd 217
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Integrals of the form j

Thus, |

1

1
Ejmdt
%Iog‘tﬂ/tz—S2

= %Iog‘2x+x/4x2 —25‘+c

+C

ax’+bx+c

and j

dx
Jax? +bx+c

First we express ax”+bx+c as sum or difference of two square terms that is, any one of the

forms to Type I. The following rule is used to express the expression ax”+bx+c as a sum or
difference of two square terms.

(1) Make the coefficient of x* as unity.

(2) Completing the square by adding and subtracting the square of half of the coefficient of x.

Thatis, ax’*+bx+c = a

Examples 11.39

Evaluate the following integrals

. 1
0 J‘xz —2x+5dx
Solution
()
(i)

X1 - Mathematics
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J

(ii) J‘;dx
VX2 +12x+11

1
-[x2—2x+5d

VX2 +12x+11

dx

[, b ¢
X2+ —X+—
a a

_( b jz 4ac—b2}
Xt | +———
2a 4a m

- __d
(I”) j :|.2—|-4-X—X2 §

1
J 5 5 dx
X =20)x+ Q)" +4
1

————dx
J'(x—1)2+22
itan‘l(x—_l}rc
2 2
I;dx

J(X+6)* =25

1
S
'|‘1/(x+6)2—52 "
log ‘x+6+\/(x+6)2 —5¢

+C

218
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Therefore, J. dx = log

X+6+vx> +12x+11 ‘Jrc
VX2 +12x+11

1 1
- 4x = d
4l '[\/12+4x—x2 " I«/lz—(x2—4x) ”

=j L dx
J12-{(x-2)?-4}
:J-;dx
V4 —(x-2)°

=sin™ (—(X_Z)jw
4

EXERCISE 11.10

Find the integrals of the following :
1

(i) i (iii) 57
. 1 . 1 1
@07 Dears W iz
® 3) () 1 (i) IR (i) 1 @
J+x?-1 S —ax+5 Jortx

Type 11T

Integrals of the form Ide and _[ X+ 9

ax” +bx+c Jax? +bx+c

To evaluate the above integrals, first we write

PX+q Adi(ax2+bx+c)+B
X

px+q = A(2ax+b)+B
Calculate the values of A and B, by equating the coefficients of like powers of x on both sides
(1) The given first integral can be written as

I pPX+qQ dx :JA(Zax+b)+Bd

ax’+bx+c ax“ +bx+c
- Aj—fa”b o|x+E;j—1
ax” +bx+c

(The first integral is of the form J.m dx)

()
1
= Alog | ax’ +bx+c|+BI—dx
ax” +bx+c

The second term on the right hand side can be evaluated using the previous types.

219 Integral Calculus
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(i) The given second integral can be written as

J» pXx+q dx = IA(ZaX+b)+de
Jax? +bx+c Jax? +bx+c
2ax+b J‘ 1
= I dx

Jax® +bx+c Jax? +bx+c

(The first integral is of the form I f'(X)[ T (x)]"dx)

_ [ay? 1
= A(Z ax +bx+c)+8jmdx

The second term on the right hand side can be evaluated using the previous types.

Examples 11.40
Evaluate the following integrals

3x+5 X+1 2X+3 . 5x—7
d —dX
O Fam®™ Oagmt M0 Wi 5s™
Solution
(i) Let I = j%dx

3x+5= Adi(x2+4x+7)+B
X

3x+5= A(2x+4)+B
Comparing the coefficients of like terms, we get

2A=3=A= %;4A+B:5:>B:—1

§(2x+4)—1
X +4x+7
3 2x+4
= — — d
J‘x2+4x+7 g J‘xz+4x+7 gy
= Elog|x2+4x+7|—j ! > dx
2 (x+2)2+(«/§)
3 1 X+ 2
= Zlo x2+4x+7——tan1(—]+c
2" R e
.. Xx+1
ii Let |z | ————dx
(i J.x2—3x+1

X+1= Ai(x2 —3x+1)+B
dx

X1 - Mathematics 220
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x+1= A(2x-3)+B
Comparing the coefficients of like terms, we get

2A=1= A=%;—3A+B=1:> B=g

—(2x 3)+—
| = gdx
X —3x+1

2X—3
IZ_I el _I 3x+1

1 g 5 1
= EIog|x _3X+1|+§I =V (75 5 ax
X_i —_ —
-2
3 6
= 1Iog|x2—3x+1|+E ! log "2 2 +C
2 2 (\@] 3 5
2 — R —
2 2 2
1 5
= —log|x* —3x+1+—Io
2 9 ] 2 gzx 3+J_
2X+3
(i) Let | = | ———=0dx
J.\/x2+x+1

2X+3 = Ai(x2+x+1)+B
dx

2x+3=A(2x+1)+B
Comparing the coefficients of like terms, we get
2A=2=A=1, A+B=3 = B=2

|- J-(2x+1)+2

\/X +x+1

| = J- 2X+1

1
— __dx+2| ————dx
X+ x+1 '[\/x2+x+1

= 2\/x2+x+1+ZI L dx

‘ ‘ 11_11th-Maths-Vol2-Unit11.indd 221 @
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2 2|
= 2Jx* +x+1+2log x+%+\/(x+%j +£§] +C

Therefore, 1= 2vx*+x+1+2log x+%+\/x2+x+l +C
(iv) J‘de
V3X—x* =2
S = Ai(Sx—x2—2)+B
dx
5« — 7= A(B-2x)+B
Comparing the coefficients of like terms, we get
5 1
—2A = 5:>A=—E;3A+B=—7:>B=—
_—5(3—2x)+£
= 2 2dX
N3X—X2+2
| = _E idx_kl"';dx
@® 2° \3x—x*+2 27 \3x—x*+2 ®
5 - 1 1
= [——j 243X — X +2+—I - dx
2 27 117 ( 3)2
[ p— X_i
(2 2
w3
= —5\/3x—x2+2+£sin’1 — 2 |4c
™" | I
2
— 2 1 =1 2X_3
Thus, |= —5y3x—x*+2+=sin +C
2 J17
EXERCISE 11.11
Integrate the following with respect to x :
. 2x-3 .. S5x-2 3x+1
1 ) ——— N —————~ i) ————
S X2 +4x—-12 (i 242X+ X’ (i) 2x* —2x+3
. 2x+1 . X+2 2x+3
@2 () — (ii)
V9 +4x—x? VX -1

(iii) —————
VX +4x+1
X1 - Mathematics 222
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Type IV

Integrals of the form I\/a2 + x*dx, J‘\/x2 —a’dx

Result 11.3

1) J.\/a —X dx_gxla - X +a?sm (aj+c

2) J'\/xz—azdx:i
3 J.\/x +afdx== \/x +a’ +a?log‘x+\/x +a’|+c

Proof :

2

2
a
Vx? —a? —7log‘x+\/x2—a2 +C

(1) Let I= I\/az — x%dx
Take u= +a?-x? thendu :idx

dv=

2\Ja? —x?

dx=v=x

Applying Integration by parts, we get

judv = uv—_[vdu

= |

Therefore,

2l =

G

a’—x

(X
xva? —x? +a’sin 1(—]
a
2
X a? . . (x
Ex/az—x2 +sin 1(—j+c
a

Similarly we can prove other two results.

Note 11.3

The above problems can also be solved by substituting x = asinf

Examples 11.41

Evaluate the following :

(i) [V25x° =9dx (iii) [Vx*+x+1dx (iv) [(x-3)(5—x)dx

(i) [V4—x dx

‘ ‘ 11_11th-Maths-Vol2-Unitll.indd 223
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Solution

(i)

(i)

herefore, |

(iv)

X1 - Mathematics
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Let | = +4—x%dx

Therefore, | =

Let |

Therefore, | =

(iii) Let I = [ +x+1dx

.[\/22—x2dx

2
5\/22—x2+2—sin’l X e
2 2 2
X 4—x2+23in1(5j+c
2 2
[25x* —9dx

j (5x)% — 32dx

2
%[S—X\/(M)z -3 —%Iog ‘5x+\/(5x)2 -3

2

}Lc

%[5—2’(\/25% 9 —%Iog‘5x+\/25xz —9H+c

J.\/(x+%jz+(§ydx

2X+1

x2+x+1+glog

+C

x+%+\/x2+x+1

Let | = j‘/(x—3)(5—x) dx

Therefore,

I\/8x—x2 —15 dx

j 1% — (x—4)%dx

X=4 2 (x—ay +lsinl(x;4j+c
2 2 1

X—4

— —/8x-x*-15 +lsin’1(x—4) +C
2 2

224
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EXERCISE 11.12

Integrate the following functions with respect to x :

@) (i) VF+2x+10 (i)
) (i) 9-(2x+5)?

Choose the correct or the most suitable answer from given four alternatives.

VX2 =2x-3
(i) +/BL+(2x+1)’

EXERCISE 11.13

(1) If [ f(x)dx=g(x)+c, then | f (x)g'(x)dx

(1) J(f (x))?dx

@) If j 3
(1) log 3

() [Tg(dx  (3) T f'(x)g(x)dx

=k (3 )+ ¢, then the value of k is

(3) _L

2) —log3
(2) —log log3

Q) If j f/(x)e* dx = (x—1)e* +c, then f(x) is

2
(1) 2x3—X7+ X+C

@ (4) The gradient (slope) of a curve at any point (X, y) is X ;

3

(i) J(6—x)(x—4)
(i) J(x+1)? -4

. EEEs

(4) I(g(x))*dx

4) @

3

2
(2)X?+3x2+4x+c (3) X* +4x> +6x+C (4)%—x2+x+c

2

point (2, 7), then the equation of the curve is

1) y= x+£+3

()I6(1+X)

cos®(xe*)
(1) cot(xe*)+c

(1) Vtanx +c
(7) [sin® xdx is

(1) _73 COS X — C0S 3x

(3) _—3cos X+ C0s 3x
4 12

eGlogx __ blogx

( ) e4I0g>( _e3log>< dX IS

(1) x+c

‘ ‘ 11_11th-Maths-Vol2-Unitll.indd 225

2) y:x+£+4 (3) y=x*+3x+4
X

(2) sec(xe*)+c  (3) tan(xe*)+c

(2) 2Jtanx+c  (3) %\/tanx +C
2 §cosx+ C0s 3x
4 12
+C 4) _—35in X_sm3x
4
X3 3
2) —+¢C 3) —+c¢C
(2) 3 3) 3
225

+C

4 . If the curve passes through the @

(4) y=x*-3x+6
(4) cos(xe*)+c

—/tanx +c¢

4 iz+c
X
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SecXx

®) I \/C0S 2x

(1) tan~*(sin x) +c¢

1-cos2x

10) |tan™
( )I 1+ cos2x

(1) x*+c

(11) j 250X is

3(23x+5)

@) log 2

sin® x —cos® x

(12) |

1-2sin? xcos’ X

(1) %sin 2X+C

(2) 2sin*(tan x) +c¢

2

(2) 2x*+c (3) X?+c

3x+5 3x+5

- +c (3 +c
@) 2log(3x+5) c@ 2log3

dx is

2 —%sin2x+c 3) %cost+c

(13) |

x?+1

X2 +COS X

9 [———

(1) cotx+sin"t x+c

(3) —tanx+cot™ x+c¢

(15) Ixz cos x dx is

(1) x*sin X+ 2xCcos X —2sin X +C

(3) —x*sin X+ 2XCOS X+ 2Sin X +C

(16) I /i;—zdx IS

(1) V1-x* +sin'x+c
—N1-x* +c

x+V1-x°

(3) log

(1) log|e®|—log|e* —1|+c
(3) log|e* —1|-log|e" |+c

X1 - Mathematics
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(1) e*tan*(x+1) +c (2) tan'(e*)+c

X [ 2 -1 -1
e*(x“tan” x+tan— x+1) dx is

tan* x)?
x ( ) Lo

(3) & —

cosec?xdx is

(2) —cotx+tan" x+c

(4) —cotx—tan" x+c

226

®

(2) sin'x—+/1-x* +c
(4) V1-x* +log ‘x+\/1—x2 +c

(4) log|e" +1|—log|e’

(3) tan"*(cosx)+c¢ (4) sin*(tanx) +c¢

(4) ——+c

3x+5

+
“) 3log?2 ¢

(@) —%cos 2X+C

(4) e*tan" x+c

(2) x*sinx—2XCos X —2sinX+C

(4) —x?sin X —2XC0S X+ 2sin X +C

(2) log|e* |+log|e" —1|+c

| +c
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(18) je“‘x cos x dx is

e—4x

17
.
17
2
sec’x 4

1)

[4cosx—sinx]+c¢

4X

3)

[4cosx+sinx]+cC

(19) [

tan® x—1

1—tanx

(1) 2log +c

1+tanx

1

tan x +1
(3) E log

+cC

tanx—1

(20) J‘e’” sin 5x dx is

—7X

(1)e [-7sin5x—5c0s5x]+¢C
74
e—7x

(3) o [7sin5x—5c0s5x]+c¢

(21) Ixzeidx is
(1) x’e2 —4xe? —8e? +c
(3) 2x%e2? —8xe? +16e2 +¢
X+2
(22)
j\/x2 -1
(1) Vx* —1-2log |x+\/x2 -1 |+c

(3) 2log |x+\/x2 -1 |—sin’1x+c

1

RN

(1) log |x+\/ﬁ|+c

(3) log ‘logx+m‘+c
(24) [sin</xdx is

(1) 2(—\/§cos\/§+sin\/§)+c

(3) 2(—ﬁsin\/§—cos\/§)+c
(25) feﬁdxis

(1) 2Jx@-e™)+c

(3) 2™ (1-v/x)+¢

dx is

dx is
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e—4x

17

e—4x

17

()

[-4cosx+sinx]+c

[-4cosx—sinx]+cC

(4)

) log 1+ tan x +c

1-tanx

tanx—1

1
4) —lo +c
() 2 8 tan x +1

e—?x

74

e—7x

74

()

[7sin5x+5c0s5x]+¢c

(4)

[-7sin5x+5c0s5x]+¢C

X

(2) 2x%e2 —8xe? —16€2 +¢

7 ge? g2
(4) 2%—%+%+c

(2) sin™' x—2log |x+\/x2 -1 |+c
(4) Vx* —1+2log |x+\/x2 -1 |+c

(2) log ‘log x+,/log x—5 ‘+c
4) log ‘log x —4/(log x)2—5‘+c

(2) 2(—\/;COS\/;—sin\/;)+C
(4) 2(—\/;Sin\/;+c03\/;)+c

2) 24/x(e -1) +¢
@) 26" (\/x -1) +¢
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SUMMARY

Derivatives

d

Antiderivatives
d—X(C) =0, where C is a constant

_[de =c, where ¢ is a constant

&(kx) =k, where Kk is a constant
d Xn+l .
_ =X
dx{ n+1

L logx = ( 1)
dx X

Ik dx =kx+c where C is a constant

Xn+1
Ix”dx =

n+1

+c¢, nx-1 (Power rule)

Il dx =log|x|+¢
X

&(—cos X) =sin x

J'sin XdX =—COS X +C

&(sm X) = Ccos X

Icosxdx=sin X+C

&(tan X) = sec’X

Jseczxdx:tan X+C

&(—cotx) = cosec’x

.[coseczx dx=—cotx+c

—(sec x) =sec x tan x
dx

_[secxtan xdx=secx+c

d—(—cosec X) = cosec x cot X
X

J.COSEC X cot X dx = —cosec X+ ¢

J'exdx:eX +C

d( a* . . a*
—_— =a =
dx[log aj ja x

+C
loga
i(sin‘lx): ! I ! dx=sin*x+c
dx 1-x2 1-x?
—(tan* x) = dx=tan™ x+c
x( ) 1+ %2 J.1+ x?
XI - Mathematics 228
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(1) If k is any constant, then jkf (x)dx = kI f (x) dx
@ [ (1,09 £,09)dx = [ f,(dx=* [ £, (x)dx

If [ f(x)dc= g(x)+ec, thenjf(ax+b)dx=l g(ax+b)+c
a

(1) [tanx dx = log|secx|+c

(2) [cotx dx = log[sinx|+c

3) Icosecx dx =log|cosec x —cot x| +¢
4) [secx dx = log|secx+tan x| +c

Bernoulli’s formula for integration by Parts:
If uand vare functions of X, then the Bernoulli’s rule is
Iudv =uv—u'v, +u'v, +...
where u’, u”, u”,...are successive derivatives of u and
V, V;, V,, V,,..., are successive integrals of dv

ax

.[eaxsinbxdx: 2e >[asinbx—bcosbx]+c
a“+b

. -
Ieax coshxdx = ———[acosbx+bsinbx]+c
a +b
d .

J' de 2:ilo a* Xl ¢ I al :sm‘l[£j+c

a"—x" 2a a—X at—x a

dx 1 X_a dx 1 -1 X
J 2 > = A +C Iﬁ:—tan = |ar@

x“—a° 2a X+a a +x° a a

dx dx
J.—m: Iog‘x+\/x2—a2 +C j—mzlog‘x+\/x2+a2

+C

2
jVaz —xza’ngxla2 —x* +a?sin’1 (£j+c
a

2
J.\/xz—azdx:g\/x2 —a’ —%Iog‘x+\/x2—a2 +C

2
j\/x2+a2dx=§\/x2+a2 +%|09‘X+\/X2+az =G

229
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ICT CORNER 11(a)
Integral Calculus

Expected Outcome R \

Step 1
Open the Browser type the URL Link given below (or) Scan the QR Code.

GeoGebra Workbook called “XI standard Integration” will appear. In that
there are several worksheets related to your lesson.

Step 2

Select the work sheet “Simple Integration”. You can enter any function in
® the f(x)box. Graph of f(x) appear on left side and the Integrated function will ®
appear on right side. (Note: for x° enter **5) Move the slider “integration
constant” to change the constant value in integration.

4 A
{ | | | i r} |
e oS / | fi=
T j— // 1, — 1+t h s N
Stepl Step2

Browse in the link:
Xl standard Integration: https://ggbm.at/c63hdegc

B162_11_MAT

X1 - Mathematics 230
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ICT CORNER 11(b)

Expected Outcome

Step 1

there are several worksheets related to your lesson.
Step 2

Open the Browser type the URL Link given below (or) Scan the QR Code.
GeoGebra Workbook called “XI standard Integration” will appear. In that

Select the work sheet “Algebraic type-1”. The graph of the function given on

® left side and the Integration of the function appear on right side. Click on both ®

Author; Dvava B

to see the graph. You can move the slider “a” to change the value. Algebraic
types are grouped as 4 types open other three Algebraic types and observe.

-n'n r : - Algebraic formula type-1

ah
————

= ' i
M@= mm=15a

| = [l B EeRDn s, !
Stepl

Browse in the link:
Xl standard Integration: https://ggbm.at/c63hdegc

Step2

231
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