
CHAPTER XXXIII.

Determinants.

485. The present chapter is devoted to a brief discussion of

determinants and their more elementary properties. The slight

introductory sketch here given will enable a student to avail

himself of the advantages of determinant notation in Analytical

Geometry, and in some other parts of Higher Mathematics

;

fuller information on this branch of Analysis may be obtained

from Dr Salmon's Lessons Introductory to the Modern Higher
Algebra, and Muir's Theory of Determinants.

48G. Consider the two homogeneous linear equations

a
]

x + b
l
y = 0,

a
2
x + b

2y = 0;

multiplying the first equation by bsi the second by 6 , sub-

tracting and dividing by x, we obtain

This result is sometimes written

a
x

b
x

a„ b„

-0,

and the expression on the left is called a determinant. It consists

of two rows and two columns, and in its expanded form each

term is the product of two quantities; it is therefore said to be

of the second order.

The letters « , b a
a , b

2
are called the constituents of the

determinant, and tile terms «,/>,,, ab. are called the elements,
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487. Since

a.

a.

aA - «A = a. a„

it follows that the value of the determinant is not altered by chang-
ing the rows into columns, and the columns into rows.

488. Again, it is easily seen that

«
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hence

a

*i

^3 C
3

(I. «., ft..

*, K \
<\ C

2
C
3

that is, the value of the determinant is not altered by changing the

rows into column*, and the columns into rov)S.

a.,

491.

6.

From the preceding article,

c
2

=«,
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492. The determinant a
x

b
l

c
x

<** h
2

C
2

% b
3

C
3

= «, (KC
3
~ KC

2) + h
l (
C2«3 - C/h) + C

, («A " «362 )

= " b
l(
a
2
C
B
~ ««C») ~ Cl

l (
C
2
b
3
- CJ>>) - C

l (Ka3
~ 6A) >

hence

«, K
a

2
b
2

c.

b
x

a
x

a

(i
3

C
3

Thus it appears that if two adjacent columns, or rows, of the

determinant are interchanged, the sign of the determinant is

changed, but its value remains unaltered.

If for the sake of brevity we denote the determinant

a
x

b
t

c
x

(l
2 h C

2

«3 K °3

by (a
x
b2c3), then the result we have just obtained may be written

(VsO = - (»Acs)-
Similarly we may shew that

(
ci«A) = - (

aAb
3) = + («AC

3)-

493. If two rows or two columns of tlie determinant are

identical the determinant vanishes.

For let D be the value of the determinant, then by inter-

changing two rows or two columns we obtain a determinant
whose value is — D; but the determinant is unaltered; hence
J) = — D, that is D = 0. Thus we have the following equations,

a A, — aA n + aJL m = D.
1 1 2 2 3 3

494. If each constituent in any row, or in any column, is

multiplied by the same factor, then the determinant is multiplied

by that factor.
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For tna
x

ma2

ma
a

by
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These results may easily be generalised; thus if the con-

stituents of the three columns consist of m, n, p terms respec-

tively, the determinant can be expressed as the sum of mnp
determinants.

Example 1. Shew that b + c

c + a

a + b

a- b

b-c

c — a

a

b

c

— Babe -a3 - b3 — c3 .

The given determinant

b
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and the last two of these determinants vanish [Art. 494 Cor.].

Tims we see that the given determinant is equal to a new one whose

first column is obtained by subtracting from the constituents of

the first column of the original determinant equimultiples of the

corresponding constituents of the other columns, while the second

and third columns remain unaltered.

Conversely,

a

C
2

c.

a
{
+ j)b

x
+ qc

}
b

{

a
., + PK + <7C2 ^2

c„

and what has been here proved with reference to the first column

is equally true for any of the columns or rows ; hence it appears

that in reducing a determinant we may replace any one of the

rows or columns by a new row or column formed in the following

way

:

Take the constituents of the row or column to be replaced,

and increase or diminish them by any equimidtij)les of the cor-

responding constituents of one or more of the other rows or

columns.

After a little practice it will be found that determinants

may often be quickly simplified by replacing two or more rows

or columns simultaneously : for example, it is easy to see

that

a
i
+ 2 }b

}
b

}
- qc

x
c,

% +Ph
2 K ~ C1C2 °2

a
3 +2jb

3 K-Qc
s

c
3

€l
l

Ct
2

a..

b
2

b„ c.,

but in any modification of the rule as above enunciated, care

must be taken to leave one row or column unaltered.

Thus, if on the left-hand side of the last identity the con-

stituents of the third column were replaced by c
l
+rali

c
2
+ ra^

c, + ra respectively, we should have the former value in-

creased by

a
x
+ 2>b

t
b

x

— qc
x

ra
x

«
a
+ i'K K - vci

ra„

ra..



416 HIGHER ALGEBRA.

and of the four determinants into which this may be resolved

there is one which does not vanish, namely

ra,

pb
s

- qc
2

. „
9

ra

Example 1, Find the value of I 29 26 22

25 31 27

! 63 54 46

The given determinant

3 26-4l = -3x4x
-6 31 -4

9 54 -8

1
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[Explanation. In the first new determinant the first row is the sum of
the constituents of the three rows of the original determinant, the second
and third rows being unaltered. In the third of the new determinants the
first column remains unaltered, while the second and third columns are
obtained by subtracting the constituents of the first column from those of
the second and third respectively. The remaining transformations are suffi-

ciently obvious.]

497. Before shewing how to express the product of two de-

terminants as a determinant, we shall investigate the value of

«i«i + &A + ^7, »A + hA + c
i?2

a
i

a
3 + bA + r

i7-s

Vi + KPt + c
*y, %% + hA + c*y2 «2

<*
3 + hA + c

aya

a
3
a

i
+ hA + Wi %% + bA + ^

3y2 «3a3 + &A + c
3y3

From Art. 495, we know that the above determinant can be
expressed as the sum of 27 determinants, of which it will be
sufficient to give the following specimens :

a
3
a
2

*1<S

«
2
ft

3

«3a3

a
x

a
{
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.(2).

(3).

where X
l
= a^ + a

2
x

2\

^=A*i+/W
Substituting for X, and X

2
in (1), we have

(a^ + 6^) x, + (a^+bfij x
2
= 0\

(a
t
a

x
+ b

2P }
) x

x

+ (a
2
a, + bfi2 )

x
2
= Oj

In order that equations (3) may simultaneously hold for

values of x
x

and x2
other than zero, we must have

a^ + bfr a
x
a

2
+ bfi2

= (4).

But equations (3) will hold if equations (1) hold, and this

will be the case either if

a
a

b
2

(5),

or if X
l

= and X
2
= 0;

which last condition requires that

a.

a.

ft

ft

= o .(6).

Hence if equations (5) and (6) hold, equation (4) must also

hold ; and therefore the determinant in (4) must contain as

factors the determinants in (5) and (6) ; and a consideration of

the dimensions of the determinants shews that the remaining

factor of (4) must be numerical ; hence

«i
a

i
+ &A »ia, + hA

the numerical factor, by comparing the coefficients of afyafl,
on the two sides of the equations, being seen to be unity.

a
l
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4
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12. Without expanding the determinants, prove that

a

x

P

b

y

c

z

r

x

z

b

a

c

1

P
r

x

P
a

y

b

z

r

c

13. Solve the equations

14.

15.

16.

17.

1

1

1

1

a

a?

x

x2

a

b

c i

1

b

y

y
2

zx

a"

b2

1

c

c3

= (b-c)(c- a) (a - b).

= (b - c) (c - a) (a - b) (a+ b + c).

6

*2

18.

19.

yz zx xy

-la a+ b

b+ a -26

c + a c+b

(b+cY

62

^2

= (y-z)(z-x) (x -y)(yz + zx+ xy).

a+ c

b + c

-2c

4(b + c)(c+ a)(« + b).

{c+ af
a-

62

(a+bf

2dbc{a+b+cf.

20. Express as a determinant f

c

b

c b

1)
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22. Fi
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499. The properties of determinants may be usefully em-

ployed in solving simultaneous linear equations.

Let the equations be

a
x
x + h

x
y + c

x
z + d

x
= 0,

a
2
X + b

2y + c
2
z + d

2
= 0,

aja + bg + cji + d^O;

multiply them by A
lt
-A

s
, A.

A
respectively and add the results,

A , A j A 3
being minors of alt

a2i a
a
in the determinant

D = a,

a„

*,

«3 ^3 ^

The coefficients of y and z vanish in virtue of the relations proved

in Art. 493, and we obtain

(Mi -M* +M 3) * + (M i
-M 2 + Mb) = °-

Similarly we may shew that

(6,5, - 6A + 6A) 2/ + (<*A - <*A + <*A) = 0,

and

fcff, - e,C, + c
3
C

3 ) + (dfi, - dfia + d
3
C,) = 0.

Now «A - a
t
A, +«A - - (6,5, - 6,5, + 6A)

hence the solution may be written

x —y z

<*,
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a
x
x + b

x
y + c,s + d

x

u — 0,

a
2
x + b

2y + c
2
z + d

2
u = 0,

a
3
x + b

3y + c
3
z + d

3
u = 0,

ax + b Ay + c Az + du = 0.
4 W 4 4

From the last three of these, we have as in the preceding article

x —y z — u

K
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The left-hand member of this equation is a determinant which

consists of n rows and n columns, and is called a determinant of

the II
th

- order.

The discussion of this more general form of determinant is

beyond the scope of the present work ; it will be sufficient here

to remark that the properties which have been established in the

case of determinants of the second and third orders are quite

general, and are capable of being extended to determinants of

any order.

For example, the above determinant of the nth order is

equal to

a
1
A

1
-b

1
B

l
+ c

1
C

1
-d

1
D1+ ... + (-l)"- 1 k

1
K

l ,

or ct
l
A

1
-a

2
A

2
+ a

B
A

3
-a

4
A

4
+ ... + (-1)"- 1 an

A n ,

according as we develop it from the first row or the first column.

Here the capital letters stand for the minors of the constituents

denoted by the corresponding small letters, and are themselves

determinants of the (n-l) th order. Each of these may be ex-

pressed as the sum of a number of determinants of the (n — 2)
th

order ; and so on ; and thus the expanded form of the deter-

minant may be obtained.

Although we may always develop a determinant by means of

the process described above, it is not always the simplest method,

especially when our object is not so much to find the value of

the whole determinant, as to find the signs of its several

elements.

502. The expanded form of the determinant

a
l
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cording as it can be deduced from the leading element by an
even or odd number of permutations of two suffixes ; for instance,

the element a
3
b
2
c

1

is obtained by interchanging the suffixes 1 and

3, therefore its sign is negative ; the element ajb
1
c
2

is obtained

by first interchanging the suffixes 1 and 3, and then the suffixes

1 and 2, hence its sign is positive.

503. The determinant whose leading element is a
x

b
2
c
3
dA ...

may thus be expressed by the notation

%^aJ>a
e
B
d
A ,

the 2 * placed before the leading element indicating the aggregate

of all the elements which can be obtained from it by suitable

interchanges of suffixes and adjustment of signs.

Sometimes the determinant is still more simply expressed by
enclosing the leading element within brackets; thus (a^crf ...)

is used as an abbreviation of 5 ± a,b„c„dA ....

Example. In the determinant (a^c^e^ what sign is to be prefixed to

the element a^c^e.,1

From the leading element by permuting the suffixes of a and d we get
a 4

b2c3dx
e
5 ; from this by permuting the suffixes of b and c we have a4b3c2

d
1
e
5 ;

by permuting the suffixes of c and d we have aib.ic 1
d2e5 ; finally by permuting

the suffixes of d and e we obtain the required element rt4&3c1
rf5?2 ; and since

we have made four permutations the sign of the element is positive.

504. If in Art. 501, each of the constituents 6 , c , ... k is

equal to zero the determinant reduces to a A ; in other words
it is equal to the product of a

y
and a determinant of the (n — l)th

order, and we easily infer the following general theorem.

If each of the constituents of the first row or column of a
determinant is zero except the first, and if this constituent is equal
to m, the determinant is equal to m times that determinant of lower

order ivhich is obtained by omitting the first column and first

row,

Also since by suitable interchange of rows and columns any
constituent can be brought into the first place, it follows that if

any row or column has all its constituents except one equal to

zero, the determinant can immediately be expressed as a deter-

minant of lower order.

This is sometimes useful in the reduction and simplification

of determinants.
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Example. Find the value of
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EXAMPLES. XXXIII. b.

Calculate the values of the determinants

1. 1 1

I 2

3.

1

1

a

1

1

3

4

1
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Solve the equations

:

12. x+ y+ 0=1,

ax+ by+ cz=k,

a2x + b2y+ c2z= l 2
.

14.

15.

where

13. ax+ by+ cz=k,

a2x+

b

2y + c2z=

k

2
,

a?x+ b3y + c?z= P.

x+ y+ z+ u=l,

ax + by + cz+ du=k,

a2x+ b2y+ c2z+ d2u= k2
,

cfix+ bsy + c3z+ d3u= P.

Prove that

b+c—a—d
c+a—b—d
a+b-c-d

16. Prove that

be — ad be (a+ d)-ad(b-t-c)

ca — bd ca(b-\-d) — bd(e+ a)

ab — cd ab (c+ d) -cd{a+ b)

= -2 (b- e) (c-a) (a-b) (a-d) (b - d) (c-d).
\

a2 a2 -(b — c)
2

b2 b2 -(c-a)2

c2 c2 - (a - b)2

be

ca

ab

= (b-c)(c-a){a-b)(a+ b+ c)(a2+ b2+ c2).

17. Shew that

a b

f «

e f
d e

c d

b c

c

b

a

d

c

b

f cc

e f
d e

e

d

c

b

a

f

f
e

d

c

b

a

ABC
CAB
B C A

A=a2 -d 2+ 2ce -2bf,

B=e2 -b2 +2ac-2df,
C=e2 -f 2+ 2ae-2bd.

18. If a determinant is of the ?i
th order, and if the constituents

of its first, second, third, ...n
th rows are the first n figurate numbers of

the first, second, third, ...n
th orders, shew that its value is unity,.


