Chapter 6. Application of Derivatives

RateMeasure Approximations and
Increasing-Decreasing Functions

1 Marks Questions

1. The amount of pollution content added in air
in a city due to x diesel vehicles is given by
P (x) = 0.005x° +0.02x" + 30x
Find the marginal increase in pollution
content when 3 diesel vehicles are added and
write which value is indicated in the above
question? Dethi 2013; Value Based Question

Given, P(x) = 0005x° + 0.02x% + 30x

On differentiating both sides w.r.t. x, we get
P’(x) =3 x 0005x> + 2(0.02)x + 30
On putting x = 3, we get |
P(3) =3 x0.005x9 +2(002) (3) + 30
=0135+012+30=30.255(1/2)

Pollution content in the city increases with

the increase in number of diesel vehicles.
(1/2)

2. The total cost C(x) acsociated with provision
of free mid-day meals to x stude:its of a
school in primary classes is given by
C(x) = 0.005x° —002x” +30x + 50.

If the marginal cost is given hy rate of

change ic of total cost, then write the
X

marginal cost of food for 300 students. What

vai.e is shown here?
Delhi 2013C; Value Based Question
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Given, C(x) =0005x° —0.02x” + 30x + 50

On differentiating both sides w.r.t. x, we get

idfi = 00053x2) — 0022 + 30
X

=0015x% —004x + 30

On putting x = 300, we get

‘;_C — 0.015(300) — 0.04(300) + 30
X

=1350-12+30=1368 (1/2)

By providing free mid-day meals to students of
primary classes, care and concern is shown
towards their health and nutritional status.(1/2)

3. The money io be spent for the welfare of the
employees of a firm is proportional to the
rate of change of its tutal revenue (marginal
revente)

If the totai revenue {in ?) received from the
sale of x units of a product is given by
R(x) = 3x* + 36x + 5, then find the marginal
revenue, when x = 5 and write which value
does the qu=astion indicate.

All India 2012; Value Based Quiestion

We know that, marginal revenue is the rate of
change of total revenue with respect to the
number of units sold.

. Marginal revenue (MR) = ar
dx
d a2
= —3x“+36x+5)=6x+ 36

dx
When x = 5, then
MR =6(5)+36 =30+36=66
Hence, the required marginal revenue is ¥ 66.
(1/2)

More amount of money spent for the welfare
of the employees with the increase in marginal
revenue. (1/2)



4 Marks Questions

4. Find the intervals in which the function
fix) =3x" — bx” — 12¢* + Gis
(i) strictly :ncreasing.
(i) strictly decreasing. Delhi 2014

Civen function is
fix) =3x* — 4 —12x% +5

On differentiating w.r.t. x, we get
700 =12 —12x* — 24x (1)

On putting f’(x) =0, we get
12 —12x* = 24x =0
12x(x* =x-2)=0
12x[x* -2x+x-2]=0
12x(x+1)(x=-2)=0
x=0,—-1or2 (1)

Now, we find intervals in which f(x) is strictly
increasing or strictly decreasing.

F0=12x(x + D

I

Interval | (x - 2) Sign of f'(x)
x<-1 | (6O -we
Gex<0 | WA e
0<x<2 HEHE e
_ x>2 E (+) (+) (+) +ve

i

We know that, a function f(x) is said to be
strictly increasing, if f* (x) > 0 and it is said to be
strictly decreasing, if f’(x)<0. So, the given
function f(x) is

(i) strictly increasing on the intervals [-1, 0}

and [2, ).
(ii) strictly decreasing on the intervals (—eo, — 1]
and [0, 2]. (2)

5. Find the intervals in which the function given

2 4 £y . 36Hx _
by f(x)=— -x" A R i S G

10 5 5
(i) strictly increasing.
(i) strictiy decreasing Al Indlia 2014C



Given function is
3x* 4 36x

fli e T B 5]
10 B 5
On differentiating both sides w.r.t. x, we get
12x° 2
=t B g 08 gy (1)
10 5 5
On putting f*(x) =0, we get
2
128 12x e B s
10 5 5

g-(x—~1)(x+2}(x—3)=0

=> X—=1=0o0rx+2=0
or X—3=0
= x=-2,13 (1)

Now, we find intervals in which f(x) is strictly
increasing or strictly decreasing. |

F0=8x-1
Interval 5  Sign of F(x)
a (x + 2)(x 3)
(_mz] (_)( ) ( ) : -
[-2,1] () (+) () +ve
[1 3] (+) (+) (9 —ve
[3, ) (+) (+) (+) + ve

We know that, a function f(x) is said to be
strictly increasing, if f* (x) > 0 and decreasing, if
f'(x) < 0. So, the given function f(x) is

(i) strictly increasing in [-2,1] U [3, ).

(ii) strictly decreasing in(—e, — 2] U [1,3].  (2)

6. Find the value(s) of x for which
y = [x(x—2)?]is an increasing function.
All India 2014



Given function is y = [x(x — 2)]2 = [x* - 2x]?
On differentiating w.r.t. x, we get

dy =2(x2 - 2x) — d (x% — 2x)
X dx

=2(x2 = 2X) 2x = 2) = 4x(x — 2) (x = 1) (1)

On putting EX =0, we get
dx

Ax(x — 2)(x=1)=0
= x=0,1and 2 (1)

Now, we find interval in which f(x) is strictly
increasing or strictly decreasmg

H

Interval Slgn of f(x) Nature of y(x)

et L s s _:_. AR Ll AL — e 2o . A R

(=<,0] (9 () [-~) =—ve  Strictly decreasing

[0,1] 1 (+) () (=) =+ ve Strictly increasing
[1, 2] (+) (-) (+) =—ve Strictly decreasing

[2, =) §{+)( (+} + ve éStnctiy mcreasung

S—— o - ]

Hence y is increasing in [0 1] and [2, =), i.€.

x € (0,1) and (2, ). (2)
1. Using dsffei‘ent!alﬁ find the approximate
value of (3.968) Delhi 2014C

Lety = f(x) = (x)%2
On differentiating both sides w.r.t. x, we get

; 3

f/(X)=—+X (1)
2

Let x=4 and x+ Ax=3.968
Then, Ax =-0.032 (1)



Now, f(x + Ax) = f(x) + f" (x) Ax
(x + A¥? = (x*? + % ("2 .(=0.032) (1)

= {4 - 0.03272 = (@¥* + -3— (4HV?.(-0.032)

—  (3.968)* =8+ % -2 -(=0.032)
—8-0.096 =7.904 (1)

8. Find the intervals in which the function
= ; x* —4x* — 45x% + 51is

(i} strictly increasing.
(i) strictly decreasing. Foreign 2014C



Given function is
f(x) = %x“ — 4x° — 45x% + 51

On differentiating w.r.t. x, we get
f7(x) = 6x° —12x* —90x
=6x(x* —2x —15) 1
Now, on putting f’(x) =0, we get
6x(x* —2x—15)=0
= 6x(x? —5x+3x=15)=0
= 6x(x=5)(x+3)=0
= =205 )

Now, we find intervals in which f (x)is strictly
increasing or strictly decreasing.

Interval |f'(x) = 6x(x — 5)(x + 3)| Sign of £'(x)

(=311 QOE | v
[-3,00 (5 () (+) L tve
0,51 (+) () (+) ~ ve
(5,09 (+) (+) (+) O 4ove

(1)

We know that, a function f(x) is said to be

strictly increasing, if f*(x) >0 and decreasing,

if f”(x) < 0. So, the given function f (x) is

(i) strictly increasing in [-3,0] U [5, =).

(ii) strictly decreasing in (—ee, — 31 U [0, 5). (1)
9. Find the approximate value of f(3.02), upto

2 places of decimal, where f(x) = 3x” + 5x +3,
Foreign 2014



{;7 F|rstly, spht 3 02 into two parts X and Ax, SO that
; * x+ Ax=3.02 and f(x + Ax) = f(3.02).
 Now, write f(x+ Ax) =f(x)+ Ax-f’(x) and use
thls result to find the requ uired value |

Given function is f(x) = 3x* + 5x + 3

On differentiating w.r.t.x, we getf’ (x)=6x + 5
Let x =3 and Ax=0.02 (1)
So that f(x + Ax) = f(3.02)

By using f(x + Ax) = f(x) + Ax f’(x), we get

f(3.02) =3x* +15x+ 3 + (6x + 15) - Ax (1)
=303)* +153) + 3 + [6(3) + 15](0.02)(1)
=27+ 45 + 3 + 33(0.02)

=75+0.66 =75.66
Hence, f (3.02) = 75.66 (1)

10. Using differentials, find approximate value of
&9 3. Delhi 2012



f") Flrstiy, dwlde 49 5 mto two parts as x = 49 and
: Ax=0.5. Now, let y=+/x and find 2 dy . Finally, ﬂnd

dx
Ay using the formula dy=-§z Ax.
X
Let x=49, Ax=0.5 and sz;
On differentiating both sides w.r.t. x, we get
dy 1
——=—F= (1)
dx  2+/x |
dy 1 1
Atx = 49, —( )
[ x]x_4g 2749 2x7 14
We know that, dy— ay - AX
dx
5 e e e L (M)
14 140 28
J49.5 =y + Ay=+/49 + — = 7+$
[oy=vx=+49 = 7]
=196+1=197:7_035 1)
28 28

Hence, approximate value of v49.5 is 7035.

11. Aladder 5 m long is leaning against a wall. -
Bottom of ladder is pulled along the ground
away from wall at the rate of 2 m/s. How fast
is the height on the wall decreasing, when
the foot of ladder is & m away from the wall?

HOTS: All india 2012



Q) The ladder when leaning against the wall forms a
~* right angled triangle with length of ladder equal |
to the hypotenuse of the triangle and base and
altitude equal to the distance of foot from wall

and distance of top from ground. Further, use

the Pythagoras theorem to make an equation '

and then differentiate it. '

Let AC be the ladder, BC = x and height of the
wall, AB=y.

A\

om




As the ladder is pulled along the ground away
from the wall at the rate of 2 m/s. So,

%=2 m/s

dt

To find %::i when x = 4, (1)
In right-angled AABC, by Pythagoras theorem,
we get

(AB)? + (BC)? = (AC)?

= x* +y? =25 ..(0)
=% (4)2+y2:25
= 16+y*=25=y?=9
- y=o
v 3 (1)

On differentiating both sides of Eq. (i) w.r.t. ¢,
we get

[dividing both sides by 2]
On substituting the values of x, y and 3—:, we
get
(4x2)+3x g)i =0

=5 8+3><ﬂ=0 (1)

Hence, height of the wall is decreasing at the
8
rate of 5 m/s. (1)

NOTE In a rate of change of a quantity, +ve sign
shows that it is increasing and —ve sign shows that
it is decreasing.



12. Show thaty =log(l + x) - ——%{---, x>—1isan
2+ X

increasing function of x, throughout its

domain. Foreign 2012
2x

24X

On differentiating both sides w.r.t. x, we get
dy 1 2+x-2-2x-1
——= (1) (1)

Given function isy = log (1+ x) —

=" ]}

dx 1+ x 2 + x)?
- 1 44 2y—0K
1+ x (2 + x)?
CR+x*P-40+%
1+ (2 + %2

_4+x2+4x—4-4x
1+ X (2 + x)?

X2

=(1+x)(2 4 58

wask)

(1%2)

Now, x%, (2 +x)? are always positive, also
1+ x>0 forx>—1 (1/2)

From Eq. (i), dy > 0 for x> .
dx

Hence, function increases forx > — 1. (1

13. Find the intervals in which the function given
by fld=sinx-+cosx,0<x<2nis
{Ii) increasing. (i) decreasing. Delhi 2012C



Given function is f(x) = sin X + COs X

On differentiating both sides w.r.t. x, we get
f'(x) = cosx — sinx (1)

Now, put (=0

= cosx—sinx=0= tanx=1

— X:E,S—n,aSOSXShC (1)
4’ 4
Thus, f/()=0 in [0, "} f() <0 in [E, 5-’5]
4 4 4
and f’(x}20in[57n,2n]. (1)
Hence, the function is
(i) increasing in [0, n] and li—S—E, 215].
4 4
: s o AR I
(ii) decreasing in | —, —|. 1
g [4 r ] (1

14. Find the intervals in which the function given
by f(x}) = x* —8x° +22x* ~ 2bx + 21 is
() increasing.
(i) decreasina All Delhi 2012C



Given function is
f) = x* —8x> +22x% — 24x + 21
On differentiating both sides w.r.t. x, we get
f(x) = 4x° — 24x* + 44x — 24
= 4 —6x*> +11x — 6)
= 4x —1) (x* = 5X + 6)

= 4(x = 1) (x — 2) (x -3) (1)
Put =0
4(x =N (x=-2)(x-3)=0
=5 ¥e1 2. 3
So, the possible intervals are
(—o, 11,1, 2], 2, 3] and [3, eo). (1)

For interval (— o, 1], f/(x)<0
For interval [1, 2], f’(x) =20
For interval [2, 3], f’(x) <0

For interval [3, =), f'(x)=0
(i) Function increases in [1, 2] and [3, ). (1)

(if) Function decreases in (— o, 1]and [2 3].
(1
15. Sand is pouring from the pipe at the rate of
12 cm?/s. The falling sand forms a cone on a
ground in such a way that the height of cone
is always one-sixth of radius of the base. How
fast is the height of sand cone increasing
when the height is 4 cm? Delhi 2011



Let V be the volume of cone, h be th_ height
and r be the radius of base of the cone.

Given, c;—\:=12cm3/s (i) (1/2)

Also, height of cone =1/6
(radius of b.se of cone)

h:%r or r=6h i) (1/2)
We know that, volume of cone is given by
v =21 nh | (i)
3

On putting r = 6h from Eq. (ii) in Eq. (iii), we
get . ,
v=§n(6h)2-h = v=1.361

3
= V=12nh’ ¢)
On differentiating both sides w.r.t. t, we get
V12 x3n. B
dt dt
N _gen? L (1)
dt dt
. dV 3
On putting gy =12 cm’/s and h=4 cm, we
get
12 =36:tt><'|6><gﬁ
dt
dh 12
s —
dt 36mx16
=3 il sl cm/s (1)
dt 48w

Hence, the height of sand cone is increasing
at the rate of 1/48n cm/s.

4sin© . : ,
—— —01Is an increasing
2 +cos®

function in [O, ;] : All India 2011

16. Prove thaty =



_ ;:) To prove that given function is increasing, prove
© that 2z 0foralle,
dé

Even funclionis ps BN H, . g (i)
2 + cosB

We know that, a functiony = f(x) is said to be an

: : .
increasing function, if EX >0, forall values of x.
X

On differentiating both sides of Eq. (i) w.r.t. 6,
we get

— —

(2 + cos 0) x i(4 sin 6)
- de

—45sinB X d— (2 + cos 9)
do

dy _1 -1 .1/2)
de (2 + cos 8)?

(2 4+ cos0) (4 cosB)—4sinB(0 —sin6) :
(2 + cos 0)?

8 cosB + 4 cos? 0+ 4sin’ 6 ]
|: — (2 + cos 6)°
2 + cos 6)*
8c059+4(c0528+sin26)]
[ — (4 + cos® 0 + 4 cos 0) (1)
(2 + cos 6)
[ (a+ b)? = a? + b* + 2ab]
8050+ 4—4—cos’0—4cosH
- 2 +cos®)?

[ sin®0+ cos? 8 =1]

L

1

_4cosH - cos’ 8
(2 + cos 6)°

dy cos6(4 - cos8)
A (7 4+ roc )2

(1)




Tl W \‘_ L} R

Now, as cos0=0,V Be [O, g—]

and (2 + cos®)? being a perfect square is

always positive for all 6 e [O, gjl ;

Also, for8 e [O, g} we know that,
0<cosB<=.

4 — cosO>0forall 96[0, g]

Hence, we conclude that
cos 0 (4 — cos 0) >0V 0e [0, g]

(2 + cos 6)2
2 d—YEO,VBe[O,E].
do 2

Hence, v is an increasing function in [0, g] (1%)

17. If the radius of sphere is measured as 9 cm
with an error of 0.03 cm, then find the

approximate error in calculating its surface
area. All India 2011



Let S be the surface area, r be the radius of the
sphere.

Given r=9 cm.

Let dr = Approximate error in radius r

and dS = Approximate error in surface area
(1)

Now, we know that surface area of sphere is

given by

S = 4nr?

On differentiating both sides w.r.t. r, we get
EJE=4:'c><2r=81tr (1)
dr

1 dS =8mr-dr

— dS=8nx9 %003
[-r=9cmanddr=0-03 cm]

= - dS=72x0-03n

= dS=216m |

Hence, approximate error in surface area is

2167 cm?, 2)

18. Find the intervals in which the function
f(x) = sin x + cos x,0 < x < 2m is strictly
increasing or strictly decreasing.
HOTS; Foreign 2011; All India 2009



.| () Forstrictly decreasing function, f*(x) <0 and for
. * strictly increasing function, f "(x)> O.

i i ety APy e e L i,

The given function is
f(x) =sinx+ cosx,0<x<2n

On differentiating both sides w.r.t. x, we get
f’(x) = cos x — sin x (1

On putting f’(x) =0, we get

cosx—sinx=0

=5 COS X = sin X
sin x
— 1=
COS X
= 1=1anXx
T
. tan x = tan —
4
or tan x = tan T

tanE:1andtanE—E=1
4 4

T 5w
X=— 0r —-4 (1)

Now, we find intervals and check in which interval f(x) is strictly increasing or strictly decreasing
Interval | Test value f(x)= cos x — sin x . Sign of F'(x)
o<x<® | Atx=1T l:usf-:t;iﬂﬂ:‘ﬁ—|=ﬁ | +ve

" 6 ] 6 2 2 2 -
E{x{é_n : .E\E)tzll:E :CGSE—SiI‘IEIG—']:—I I —ve
4 4 2 2 2 ;
3% xedn | Au:% Scos?—sin%‘:n—[—l}:l ' +ve
A i s R =




Since, f'(x) >0 for0<x<g- and 5%4. X<2m,

so f(x) is strictly increasing in the intervals
(0, ’E] and (57",21;). While f/()<0 in

%{ XL 5711: , so f(x) is strictly decreasing in the
interval [E EE) : (2)
4 4

NOTE When we check that function [ is
increasing/decreasing in an interval, we take any
value in that interval and put them in function f’
and check whether it is positive/negative.

BN Ny B S ey e emgr e mEmmso

19. Show that the function f(x) = x> = 3x* +3x,
x € Ris increasing on R All India 201 iC

We know that, a function y = f(x) is said to be
increasing on R, if 3 >0,VxeR (1)
X

Given,y = x> - 3x* + 3x
On differentiating both sides w.r.t. x, we get

dy—3x 6x+3=>ﬁ=3(x242x+1)
dx dx
= ﬂ=3(x—1)2 (1)

ax
Now, 3(x — 1)* 2 0 for all real values of x, i.e.
Y xeR

ﬂ20,\7",\“-3!‘3
X

Hence, the given function is increasing on R.
(N

20. Find the intervals in which the function

Flx)=(x—1)° (x = 2)*is
(i) increasing. (i) decreasing.  Allindia 2011C



Given, f(x) = (x = 1) (x — 2)*
On differentiating both sides w.r.t. x, we get

f'(x) = (><—1)3*-%(;»<—2)2 $(E—7 -j;(x1)3

[ d dv du]
v —(Uv)=u—+v—
dx dx dx



= fR=x=-1°2(x-2+x-22%-3(x-1>2
=(x-12(x-2R2Kx-1+3((x=2)]
=(x=12(x-2)(2x-2 +3x—6)

= f'(x)=(x—1)%(x - 2)(5x — 8)

Now, put f(x) =0

= (x-1?x-2)(5x-8)=0

Either (x—1)2=00rx—2=0 or 5x—8=0

x=1,§,2 (1)
5

Now, we find intervals and check in which
interval f(x) is increasing and decreasing.

F=x=10" | ot (0

Interval : ,
i x-2)6Bx-8
x<1 (+) (D) +ve
1x<® | HEE | e
8 <2 (+) (=) (+) —ve
5
x>2 (D) +ve
(1)

We know that, a function f(x) is said to be an
increasing function, if f’(x) > 0 and decreasing,
if f’(x) < 0. So, the given function f(x) is

8
increasing on the intervals (—eo, 1] [1, g] and

(2, o] and decreasing on [—g— , 2]. (1)

Since, f(x) is a polynomial function, so it is
continuous at x =1, o 2. Hence, f(x) is

(ii) increasing on intervals (—eo, 1], [1, ﬁ] [2, o).

(ii) and decreasing on interval [g , 2]. (1)



21. Find the intervals in which the function
f(x) =2x> +9x* + 12x + 201is

(i) increasing. (i) decreasing.  Delhi 2011C

The given function is
f(x) = 2x +9x* +12x + 20
On differentiating both sides w.r.t. x, we get
f(x) = 6x> +18x +12
Put f(x) =0, we get
6x° +18x+12=0
6(x*+3x+2)=0
6(x+1)i{x+2) =0
x+N{x+2)=0
x+1=0
X+2=0
_ x=-2,-1 (1)
Now, we find intervals and check in which
interval f(x) is increasing and decreasing.

S AR

Interval £(x)= 6 (x +1)(x + 2) Sign of f/(x) |

Rc~2 | (+)(=)(=) +ve
“2<x<-1 (+)()(+) I
X>—1 (+)(+)(+) +ve

We know that, a function f(x) is said to be an
increasing function, if f’(x) = 0 and decreasing,
if /(x) <0. So, given function is increasing on
intervals (—eo, — 2] and [-1, ) and decreasing
on interval[-2, —1]. (1)

Since, f(x) is a polynomial function, so it is
continuous at x = -1 — 2.
Hence, given function is

(i) increasing on intervals (—e, — 2] and [—1, ).
(ii) decreasing on interval [-2, —1]. (1



22. Find the intervals in which the function
f(x) = 2x> —9x* + 12x -151s
(i) increasing. (i) decreasing. Delhi 2011C

The given function is
f(x) =2x> —9x* +12x =15
On differentiating both sides w.r.t. x, we get
f(x) =6x* —18x +12
On putting f’(x) =0, we get
6x* —18x+12 =0

= 6(x*—3x+2)=0
— 6x-1(x—-2)=0
— x—1=0o0rx-2=0
wel d (1)

Now, we find intervals and check in which
intervals f(x) is increasing or decreasing.

Interval ~ £(x)= 6(x ~1)(x -~ 2) | Sign of F(x)

x<1 (+)(—)(-) +ve
1<x<2 | (+)(+)(-) —ve
X>2 (+){+)(+) +ve

1)

Now, we know that, a function f(x) is
increasing when f’(x) 20 and it is decreasing
when f’(x)<0. So, the given function is
increasing on intervals (—eo, 1) and (2, ) and
decreasing on intervals (1, 2). (1)
Since, f(x) is a polynomial function, so it is
continuous at x =1, 2.

Hence, given function is

(i) increasing on intervals (—eo, 1] and [2, o).
(ii) decreasing on interval[1, 2] (1)

23. Find the intervals in which the function
f(x) = 2x> — 15x? + 36x + 17 is increasing or

decreasing. All India 2010C



Do same as Que. 22.
[Ans. Increasing on (—e,2] and [3, ) and
decreasing on [2,3].]
24. Find the intervals in which the function
flx) = 2x° — 9x% +12x + 15is

(i) increasing. (i) decreasing.
All India 2010C, 2008, 2008C

Do same as Que. 22.

[Ans. (i) Increasing on (— o, 1} and [2, oo)
(i1) Decreasing on [121]]

25. Find the intervals in which the function
flx)={x—1) (x— 2)%is increasing or
decreasina. All India 2009C

The given function is f(x) = (x = 1) (x — 2)°

On differentiating both sides w.r.t. x, we get

d -
00 =(x—1 —"—2Z
{ (x J x(x )

gl T d (x — 1(1)
dx

= =Kx-12x=-2)+Kx=-2)""1
= F0=2(x=1)(x=2)+(x-2)°
=(x—-2)2x—-2 +x~ 2]

= ' =(x-2)3x- 4

On putting f'(x) = 0, we get
(x—2)3x—-4=0

=5 x-2=0

or 3x—-4=0

4
X =i O 2 1
e (1)



Now, we find the intervals in which f(x) is
increasing or decreasing.

' o

Interval | P00 =(x-2@x - &) signof {0
X< (=) &) | +ve
Ll ger (=) (+) —ve
3 :
x>2 (+) (+) +ve

A A S £ e VAR o L b . e 34 e I R S————— SRS R

(1)
We know that, a function f(x) is said to be an
increasing function, if f’(x) > 0 and a decreasing
function when f’(x) £ 0.So, f(x) is increasing on

(— o, -;) and (2, =) and decreasing on (g ; 2) :

Since, f(x) is a polynomial function, so it is
continuous at x = 4/3 and 2.

Hence, given function is increasing on

intervals (—w, ﬂ and [2, «) and decreasing on
interval {%, 2il. (1)

26. Find the intervals in which
f(x) = x> —12x* +36x + 17 is increasing or
decreasing function. Delhi 2009C
Do same as Que. 23. '
[Ans. Increasing on (—e,2] and [6,) and
decreasing on [2,6].]
2. The length x of a rectangle is decreasing at
the rate of 5 cm/min and the width y is

increasing at the rate of 4 cm/min. When x =8
cm and y = 6 cm, find the rate of change of

(i) the perimeter. (ii} area of rectangle.
HOTS:; All India 2009C



() Using the relation perimeter of rectangle, |
* p=2(x+y) and area of rectangle, A=xy,
differentiate both sides with respect to tand put -

them in rate of change value and get the result.

Given that length x of a rectangle is decreasing
at the rate of 5 cm/min.
dx
dt

Also, the breadth y of rectangle is increasing at
the rate of 4 cm/min.

= — 5 cm/min -

oy = 4 cm/min (i) (12)

dt
(i) Here, we have to find rate of change of
perimeter, i.e.dP/dt (D

and we know that, perimeter P =2 (x+ Y)
On differentiating both sides w.r.t. t, we

get
dt dt dt

28. Find the intervals in which the function f
given by f(x) = x* + —% XIS
X

(i) increasing.
(ii) decreasing. Delhi 2009C



e 1
Given function is f(x) = x> + —, x 20

p
On differentiating both sides w.r.t. x, we get
fr(x) =3x" - -?} (1)
X
On putting f’(x) =0, we get
| 3 - 3x° -3
W - => —=0
X" x*
= 3x-3=0 = 3¢ =3
=5 x® = =5 . x=%1
X =M° and & = (=1)° 1)
= X = and x=-1

Now, we find intervals in which f(x) is
increasing or decreasing.

6 :
Interval ~ F(x)= ?_’_»_\’x; 3 sign of f(x)

x<—1 (+) +ve
(+)

1< x<1, (_"') -ve
x#0 (+)

x>1 (_4‘1 +ve
(+)

Now, we know that a function f(x) is increasing
when f’(x) >0 and it is said to be decreasing
when f’(x) € 0.So, f(x) is increasing on intervals
(—oo, —1) and (1, =) and it is decreasing on
(-1, 1)-{0}.

Also, f(x) is continuous atx =1 —1

Hence, f(x) is

(i) increasing on intervals (—eo, — 1] and [, o).
(ii) decreasing on interval [-1, 1] - {0}. 1)
29. If f(x) = 3x? + 15x + 5, then find the

approximate value of f(3.02) using
differentials. Delhi 2008C

Do same as Que. 9. [Ans. 77.66]

6 Marks Questions



30. Prove that the function f defined by
Hx) = x* — x + 1is neither increasing nor
decreasing in (-1, 1). Hence, find the intervals
in which f(x) is
(i) strictly increasing. (ii) strictly decreasing.
Delhi 2014C

%o 3] (1)

Given function is f(x) = x

On differentiating w.r.t. x, we get

f'(x) =2x -1 (1)
For f(x) to be increasing, we must have
f’(x)>0 (1)
= 2x=1>0= x<1/2
So, f(x) is decreasing on (—eo, 1/ 2]. (1)
Hence, f(x) is neither increasing nor
decreasing in[-1,1]. (2)

31. Find the intervals in which the function
f(x) =20 —9x + 6x? — xis

(i) strictly increasing. (i) strictly decreasing.
All India 2010



The given function is f(x) = 20 — 9x + 6x” — x.
On differentiating both sides w.r.t. x, we get
f/(x) =—9 +12x — 3x° (1)
On putting f’'(x) =0, we get
-9 4+12x—-3x*=0

=3 —3(x?—4x+3) =

=% -3x-Nx—-3=0

= (x—-N{x-3)=

= x—1=0o0rx—-3=0

: x=1or3 (2)

Now, we find intervals in which f(x) is strictly
mcreasmg or strlctly decreasmg

In’aar'»'alE f’(x)#—B(x D(x 3)

Slgn of f (x)

x<1 (—)(~ )( -) -ve
1<x<3§ (D)) | +ve
X>3 (D)(+)(+) s —ve

(1)
Now, we know that, a function f(x) is said to be
strictly increasing when f’(x) > 0 and it is said
to be strictly decreasing, if f’(x)<0. So, the
given function f(x) is
(i) strictly increasing on the interval (1, 3) and

(ii) strictly decreasing on the intervals (—ee, 1)
and (3, ). (2)

32. Find the intervals in which the function f
given by f{x) =sinx —cos x,0< x<2n

is strictly increasing or strictly decreasing.
Delhi 2010



Given function is
flx)=sinx—cosx,0<x<2n

On differentiating both sides w.r.t. x, we get
f’(x) = cos x + sin x (1)
On putting f”(x) =0, we get

cosx+sinx=0 = sinx=-— COSX

Sin X
= =-1= tanx=-1
COS X
3 3
For xe [0, 2x], tanx=tan—£_—_>x=_n_
4 4
/T /T
or tanx=tan—=>x=—
4 4

3n 7w
X=—,—
4 4

(2)



[.-tan @is —1 in 2nd quadrant and 4th quadrant]

Now, we find the intervals in which f(x) is
strictly increasing or strictly decreasing.

Tost & au ; Sign
Interval value .f(x)—cosx+smx of £(x)
0<x<>T At gf»(_tﬂ.):cosLSmE | +ve
¥ s A2 2 2
WAt =0+1=1
3% x<—n§m L 2% =cc.s-‘r-’f—+~5in5—1rt
4 Bl =% L6 6 6 |
3
T
=(C05 n——~)
( 6
i+sin| T——
( 6
- =—cosT+sin® e
6 6
: 2 2 ¥, j
L W At éf"(?_n)=c95211:+sin2:rt tve
;. - X=2T =cos2m—0°) +sin2w —0°)

= c0s0°-sin0°=1-0=1

(2)
We know that, a function f(x) is said to be
strictly increasing in an interval when f’(x) >0
and it is said to be strictly decreasing when
f’(x) < 0. So, the given function f(x) is strictly

increasing in intervals [0, 3%) and (Zg—,‘?n]

and it is strictly decreasing in the interval

3 I
—, — 1
(4,4] (1)



Tangents and Normals
1 Marks Questions

1. Find the slope of tangent to the curve y = 3x? - 6 at the point on it whose x-coordinate is 2.
All India 2009C

A a? Flrstly, dlfferentlate the gwen functlon Wlth

respect to x and then determine the value of jy at |
X

| x 2

Given,y =3x> -6
On differentiating both sides w.r.t. x, we get
dy

—— =6X

dx
At x =2, slope of tangent

=% [d_y] =6{2)=12
x= 2

dx
. Required slope = 12 (1)
2. Find the slope of tangent to the curve y = 3x” — 4x at point whose x-coordinate is 2. Delhl 2009C

Given, y = 3x% — 4x

On differentiating both sides w.r.t. x, we get
dy

——=6x—4
dx

At x= 2, slope of tangent
= [Q}i} =6(2)-4=12-4=8

dx|, -
. Required slope = 8 (1
3. Find the slope of the tangent to the curve y = 3x* — 4xatx=1 All India 2008C
Do same as Que. 2. [Ans. 8]
4. For the curve y = 3x + 4x, find the slope of tangent to the curve at point, where x-coordinate is —2.
Delhi 2008C
Do same as Que. 2. [Ans.— 8]

4 Marks Questions



5. Find the equations of the tangent and normal to
T
the curves x =a sin°6and y =a cos* 0 atf = 7

Delhi 2014

Given, x=asin’0
On differentiating w.r.t. 6, we get

dx . )

— = a(3 sin” 0 cos 0)

do
= f."_i‘_:ga sin” @ cos O

do
and y =a cos’ 0 (1)

On differentiating w.r.t. 6, we get

ﬂ=——3al cos’0sind

do
dy

dy _dg _ —3acos’Bsind

Then, =
dx  dX  3asin?0 cos®
do
= Y cot 8 (1

dx



3 3
Also, at0 = E, X=a (smzc—) =4 (cosﬁ]
4 4 4
i x:a(l)yzfy:a(])m
2 2
[ sin X = il and cos ™ = ——le
4 2 4 2

Now, equation of tangent at the point

a "y
072 )72 >

Y—y:%(X+x}
& Y_(z;’z"_)[xi%]
ey Y+X—(22)ir2
= Y+X=5% (1)
= x+v—j%=o

-

Also, slope of normal =
Slope of tangent

=D Slope of normal =1
. Equation of normal at the point

da d .
{2)3!'2 4 (2)31’2 IS

a d
g [X I 337’“2_]

= X-Y=0 (1)




6. Find the equations of the tangent and normal to
2 =
the curves gf - % =1 at the point (v2a,b). 2014

The equation of the given curve is

X2 }"2
LI
On differentiating both sides w.r.t. x, we get
2
. Slope of the tangent at point (v2a, b) is
. (g) _+2ab® _2b o
dX)f7a,6)  ba® .

Hence, the equation of the tangent at point
(v2a, b) is

y—b=—@(x—ﬁa)

a
=  aly-b=v2b(x-+2a)

=5 ay — ab =+2 bx ~2ab

=  2bx - ay—ab=0

Now, the slope of the normal at point (\2a, b)

B

v2b

(1)
Hence, the equation of the normal at point

(v2a, b) is
(y—b)=———;——(x—\/za)

) x ) [-—azv]
= - 2
Slope of tangent | b*x (v2a, b)

V2b
= V2bly-b=-alx-+2a)
— N2 by -2 b? =—ax + /2 a°

=5 ax+\/5by—\5(a2+b2)=0 (1)



. Find the points on curve y = x> —11x + 5 at

which equation of tangentis y = x - 11
Delhi 2012C; HOTS

§{;> Firstly, find the slope of given curve and given
| * tangent, then equate them to get value x. Put value |
of xin given curve to find required points.

Given equation of curve is

y=x-11x+5 ..(i)
Slope of the tangent to the given curve is %z—
dy _ 332 11 (D) (1)
dx
Also, slope of the tangenty = x —11is 1.
OF .
dx
= 3x2 —11=1 [from Eq. (i)] (1)
=5 3x° =12 = x*=4
. et (1)
Then, from Eq. (i)
When X =2
then y=02®-112) +5
=8-22+5=-9
When x=-2, then
y=(=2P -11(-=2) + 5
=-8+22+5=19
Hence, the required points on the curve are
(2, -9) and (-2, 19). (1)

8. Find the points on the curve x* + y*—2x-3=0
at which tangent is parallel to X-axis.  Delhi 2011



i

<> We hnow that when a tangent is parallel to X -axis,
then 9 0.So, put -~ = 0 and find value of x from |
it. Then, put this value of x in the equation of the
gwen curve and fmd value of fy.

Given equation of curve is
x?+y?-2x-3=0 ..(0)

Now, differentiating both sides of Eq. (i)
w.r.t. x, we get

2x+2y?—-2=0

X
- 2y — dy =2 -2x
dx
dy _2-2x
dx 2y
dx vy
We know that, when a tangent to the curve is
parallel to X-axis, then %}i =0. (1)
X

On putting % =0, we get
X

1-x=0 = x=1 (1
Now, on putting x =1in Eq. (i), we get
T+y?~2-3=0
— y2—4:0 — y2=4 = y=x2
Hence, required points are (1, 2) and (1, -2).

Find the points on the curve y = x3 at which the

slope of the tangent is equal to y-coordinate of
the point. HOTS; Foreign 2011



(? Gwen a tangent is equal to_y coord:nate of the
point, so put dy = y and find value of x from it.

X

Then, put this value of x in the equation of the

~ given curve and ﬂnd the value ofy

Given equation of curve is y = x°. (i)

On differentiating w.r.t. x, we get
dy

=L =3x°

dx
. Slope of tangent = :—?i = 3x? (1
X

Now, given that slope of tangent
= y- coordinate of the point

d

- Py d
= 3x? = y [ d—z = 3x2]
= 3x? =% [ry= x3]
=3 I -x=0=x*@-x=0
= Either x> =00r3-x=0

x=0,3 (1)
Now, on putting x =0, 3 in Eqg. (i), we get

y=0)>=0 [at x = 0]
and y=(3)3 =27 [at x = 3] (1)
Hence, the required points are (0, 0) and
(3, 27). (1

10. Find the equation of tangent to curve x = sin3t,

7T
= 2tatt=—.
J 7 All india 2011C, 2008



We know that, the equation of tangent at the
point (x;, y1) IS Yy —y; =m(x — X;)

where, I = [ﬂl’_} (1)
AdX Jixy, yy) (1/2)
Now, given x = sin 3t ...(11)
%E =3 cos3t [differentiate w.r.t. t]
and y = cos 2t i
% =—2 sin 2t [differentiate w.r.t. t]
KE’Z\
dy \dt) -2sin2t
Then, = = (1)
dx (dx) 3cos3t
\dt }
On puttingt = % , we get
. T
dy =2 SII 5 =3
. g- n B 3n B 3
Xf:; 3cos— ——F=
4 2

— —

. T 3n T
* sin—=171and cos — = COS(TE - -—)
2 4 4

:—cosE=—i
4 2

_n2

-3

(1)

= m



Also, to find_ (xy, Yy), we putt = % in Eqs. (ii) and

{ii1), we get
. 3n . ( n) .1
X;=sin—=sin{t——|=sin—=—
4 4 4 2
T
and y,;=cos—=0
2
L A% ) = ( ] (1/2)
; 1
Now, on putting (x;, y;) = [——- ; 0)
Y1 NG
and m= g—\—/?— in Eqg. (i), we get
2f [ i ) 2
y—0= —— | = =2J2x-=
3 U V2 ’ 3
Hence, required equation of tangent is
6+2x — 9y — 2 =0. (1)

11. Find the equations of tangents to the curve
y=Kx"-1)(x— 2) at the points, where the curve

cuts the X-axis. All India 2011C



(\') The curve cuts the X-as -axis, SO put y ~0and get the

* corresponding values of x. Further, differentiate |
and determine the slopes at different points. And
then use the formula y—y, =m(x—x) to:
determine the equation of tangent.

Given equation of the curve is
=(x* =1 (x-2) ..(0)
Since, the curve cuts the X-axis, so at that point
y- coordinate will be zero.
So, on putting y=0, we get
X -1 (x-2=0

= x>=1or x=2

= x=*1 or 2

= x=-112

Thus, the given curve cuts the X-axis at points
(=1, 0), (1, 0) and (2, 0). (1)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

d—y=(x2—1)-1+(x—2)—2x
dx
[by product rule]
= DY 52 ~1+25E — 4x
dx _
= %=3x2—-4x—1 (1
- dx

12. Find the equation of tangent to the curve
4x* +9y? =36 at the point (3 cos 8, 2 sinB).

Delhi 2011C



Given equation of curve is

4x% +9y? =36
On differentiating both sides w.r.t. x, we get
dy dy
8x+18y——-=0 = 18y—=-8x
dx dx
— ay . B%
dx 18y
—4x .
= gy _=Ix ..(0) (1)
dx 9y

But given that, tangent passes through the
point (3 cos 6, 2 sin 6).

On putting x =3 cos6,y = 2 sin@ in Eq. (i),

we get

dy -12 cose
dx 18 sin®
dy -2 cos
— =
dx 3sinB
| —2 cos6

(1)

. Slope of the tangent, m = :
3sinB

[wm-[2] }

Now, equation of tangent at the point
(3 cos 6, 2 sin ) having slope

_ 2c058
3S|n8
y—yi=mx—x)
25 y-—ZsinE):%%g(x—Bcosﬂ) (1

= 3ysin®—6sin?@=—2xcosO+6 cos’ O
= 2xc0s0 + 3y sin@® — 6 (sin? 8 + cos” 6) =
—=2xcosO+3ysin6-6=0

[ sin’ @ + cos> 0 =1]

which is the required equation of tangent. (1)



13. Find the equation of tangent to the curve
y=x"-6x>+ 13x% — 10x + 5 at point

x=1,y=0. Delhi 2011C
Given equation of curve is
y=x*—6x +13x* —=10x+5

On differentiating both sides w.r.t. x, we get

ﬁ=4x3-18x2+26x-—10 (1)
dx

Slope of a tangent at point (1,0) is

m=[—d—y-] =4-18+26-10=2 (1)
x=1

dx
. Equation of tangent at point (1,0) having
slope 2 is (1)
y=0=2(x-1)
=5 y—2x 2
Hence, required equatlon of tangent is
2x —y =2. (1)

14. Find the values of x for which f(x) = [x(x - 2)}* is

an increasing function. Also, find the points on
the curve, where the tangent is parallel to X-axis.
Delhl 2010

() (l) Flrstly, differentiate the given function with

respect to x and put f’(x) =0, then find the |
value of x and check the interval in which |
| f"(x)20.

(i) The tangent is parallel to X-axis, i.e. j—y =0 get
. X

different values of x and put in the given |
_curve to get corresponding values of y.

The given function is f(x) = [x (x — 2)]°.

= f(x) = (x* = 2x)° (D)
We have to find the values of x for which f(x) is
an increasing function.

On differentiating both sides of Eq. (i) w.r.t.x,
we get

f(x) = 2(x* = 2x) i(xz — 2%
dx



=2(x*-2x (2x-2)
On putting f’(x) =0, we get
| 2(x>-2%Q2x-2)=0

= 4x(x—-2)(x-1)=0
= 4x=0o0rx-2=00rx-1=0
. x=0,12 LT

Now, we find the intervals in which f(x) is an
increasing function.

Interval | '(x)= 4x (x— 1)(x — 2) Sign of £(x)

x<0 ) . -ve
0<x<1 (+)(;)(—) _5 +ve
1< X< (+)(+)(-) 1 ~ve
_x>2 (+)(+)(+) | +ve

From the above table, it is clear that the given
function f(x) is an increasing function when
O<x<1 and when x> 2. Because at these
values of x, f*(x) is positive and we know that,
f(x) is said to be an increasing function
whenever f’(x) > 0. (1)

Also, we have to find the points on the given
curve where the tangent is parallel to X-axis.
We know that, when a tangent is parallel to
X-axis, then

dy _g
dx
=2(x* =2X(2x-2)=0
=y x=0,12

When x=0, theny=[0(-2)]* =0
When x=1then y=[1(-1)]° =1

When x=2,theny=[2(0)]*=0

Hence, the tangent is parallel to X-axis at the
points (0, 0), (1, 1) and (2, 0). (1)



15. Find the equation of tangent to the curve
x—17

-~ " atthe point, where it cuts the
X’ —5x+6
X-axis. All india 2010C, 2010
‘Given equation of curve is:
) S :
iinder . el
X~ —~aX+6

On differentiating both sides w.r.t. x, we get
dy _ (x> =5x+6)-1—(x— 7) 2x — 5)

dx (x? = 5x + 6)?
) . &
.4 (g): dx__ dx
dx v2

| (x2—5x+6)—-y(x2—5x+6)
. dy | (2x-5)
©dx (x* = 5x + 6)?

X—7
X* —5X+6
5 (x=7) =y (x* =5x+6)
dy 1-(2x-5)y '
dx  x2—5x+6

[dividing numerator and denominator
by x? = 5x + 6] (1)

Also, given that given curve cuts X-axis, so its
y-coordinate is zero.
- Puty =0 1n Eq. (i), we get

X—=7 '

. given,y =

— ...(ii)

= X f (1)
So, curve passes through the point (7, 0).

Now, slope of tangent at (7,0) =m = [Q-I



LAX 7 o)
49 -35+6 20

Hence, the required equation of tangent

passing through the point (7, 0) having slope
1/20 is

(1)

1
y 0—-2—0-(,)(— 7)=20y=x-7
= x=20y=7 )
16. Find the equations of the normal to the
curve y = x> + 2x + 6, which are parallel to

line x + 14y + 4 =0. HOTS; Delhi 2010

<> We have to find equation of normal which is
. * parallel to line x+ 14 y+ 4 =0. Here, slope of |
normal is equal to that of given line. So, first find |

slope —{d—yl—— of the normal and equate it to slope
(&)
of the given line. Then, find the required
equation. !

.......... A b . . i 4 A 4 e st 854 ek

Given equation of curve is
y=X +2x+6 ..()
and the giveh equation of line is
X+14y +4=0

On differentiating both sides of Eq. (i) w.r.t. X,
we get '

oY 3x% +2
dx
Siope of RO =t S
rmal = &=
ope of no (__) ~
dx
i o
Also, slope of the linex +14y + 4=015— —.
(1)

r . e e Al

[ P



[ slope ot the lne AX + by + L = U 15— B J

[-- we know that, if two lines are parallel,
then their slopes are equal]

3> +2=14
= 3x?=12 = x"=4
= x=+2 . (1)

From Eq. (i), when x =2, then
y=02) +2(2) +6
=8+4+6=18
‘and when x=-2,then
y=(-2P+2(-2)+6

=—8-4+6=-06
. Normal passes through (2, 18) and (-2, -6).
-1

Also, slope of normal = "

‘Hence, equation of normal at point (2, 18) is

-18=—I(x-2
y 14( )

) 14y—252:—'x+2
= X+ 14y = 254 (1
and equation of normal at point (-2, -6) is

y+6=-l(x+2)
14

= 14y +84=—-x-2
= X+ 14y = — 86 (1

Hence, the two equations of normal are
X + 14y = 254 and x + 14y = — 86.

17. Find the equation of tangent to the curve

x* + 3y = 3, which is parallel to line
y—4x+5=0. Delhi 2009C



Given equation of the curve is
x2+3y=3 (1) (1/2)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

2x+3 g! =0 = gl =- o
dx dx 3
:. Slope (m) of tangent = — 2—3’5 (1/2)

Given equation of the line is
y—4x+5=0= y=4x-5

which is of the form  y=mx+c.

~. Slope of the lineis m=4.

Now, tangent is parallel to the given line.

. Slope of tangent = Slope of line.

=5 —m=4=-2x=12

= xX=—6 _ (1
On putting x = — 6 in Eq. (i), we get
(-6)2 +3y=3 = 3y=3-136
) Jy=-33
y=—11 )]

So, the tangent is passing through point
(-6, —11) and it has slope 4.

Hence, the required equation of tangent is
y+11=4(x+6)= y+11=4x+24
= 4x-y=-13 1)
18. Find the equation of tangent to the curve
y = /3x — 2, which is parallel to the line

Lx—2y +5=0. Delhi 2009
Do same as Que. 17. [Ans. 48x — 24y = 23]

19. At what points will the tangent to the
curve y = 2x> — 15x* + 36x — 21 be

parallel to X-axis? Also, find the equations
of tangents to the curve.



Given, equation of curve is

y=2x —15x* +36x — 21 ()
On differentiating w.r.t. x, we get
d—y=6x2—30x+36 (1)
dx
dy

On puttting — =0, we get
dx

6x>—30x+36=0 = 6(x*-5x+6)=0
= x2-5x+6=0 = (x-2(x-3=0
=5 i (1)
Now, when x = 2, then from Eq. (i), we get
y=22P =152 +36(2) - 21
= y=16-60+72-21
=88 -81=7



Also, when x = 3, then from Eq. (i), we get
y=203)°-1503)?%+36(3)-21
=54-135+108 — 21
=5 y=162-156=6
Hence, the tangent passes through the points
(2, 7) and (3, 6).

Now, we find the equation of tangents to the
given curve.

. Slope (m,) of tangent at point (2, 7) is

m, = [ﬂ] =6(2)*-30(2) +36
dx 2,7,
=24-60+36=0 (1
and slope (m,) of tangent at point (3, 6) is
m, = [ﬂ} =6(3)* -~ 3003) + 36
dx )3 6
=54-90+36=0

. Equation of tangent at point (2, 7) having
slope 0 is
y=-7=0(x-2) = y-7=0=y=7
and equation of tangent at point (3, 6) having
slope O is
y—6=0(x-23)

= y—6=0=2y=56 (M
Hence, equation of tangents arey = 7andy = 6.

6 marks Questions
20. Find the equations of the tangent to the
curves y = x> —2x+ 7 which is

(i) parallel to the line2x—y +9 =0,
(i) perpendicular to the line
Cv—-18y =13 Delhi 2014C



Given equation of curve is

y=x*-2x+7 ..(0)
On differentiating w.r.t. x, we get
dy
—=2x-2 1)
dx :
(i) The equation of the lineis2x—-y+9=0
=5 y=2x+9

which is of the formy =mx + ¢
. Slope of the line ism =2

If a tangent is parallel to the line, then slope
of tangent is equal to the slope of the line.

dy

Therefore, -~ =m
dx

=% ER= 2]

= X=.2

When x = 2, then from Eq. (i), we get
y=22-2x2+7
= Ve f (M

The point on the given curve at which
tangent is parallel to given line is (2, 7) and
the equation of the tangent is
y—7=2(x—2)
= 2x-y+3=0
Hence, the equation of the tangent line to
the given curve which is parallel to line
2x—-y+9=0isy—-2x-3=0. Q)
(ii) The equation of the given line is
5y -15x=13
15x+13 13
=——=3X+—
5 5
which is of the fromy = mx + c.
~. Slope of the given line is 3.

If a tangent is perpendicular to the line
5y -15x=13.

=

Then, the slope of the tangent = —%



.'.2)(—2:_—.l =3 Xz~5—
6

When x = %’ then from Eq. (i), we get

5 (5
()
i F;
T 36
. The point on the given curve at which
tangent is perpendicular to given line is

(1)

=

[E ’ EEJ and the equation of the tangent is
6 36 ' |
217 -4( 5)
Y i S| e
36 3 6
36y —-217 —x 5
= e
36 3 18
= 12x+36y-227=0 (1)

Hence, the equation of the tangent line to
the given curve which is perpendicular to
the line 5y —15x =13 is
36y +12x—227 =0. (1)
21. Find the equation of the normal at a point
on the curve x* = 4y, which passes

through the point (1, 2). Also, find the
equation of the corresponding tangent.
Delhi 2013

Given curve is x* = 4y

On differentiating both sides w.r.t. x, we get
il wy LK (1)
dx dx 2

Let (h, k) be the coordinates of the point of
contact of the normal to the curve x* = 4y.

Then, slope of the tangent at (h, k) is given by

@] b
dXJip gy 2

and clanna Af tlha nAavmaal A+ k1A

—2



atiu Jupc vl uic iwrninar at i, K — ———

h
Therefore, the equation of normal at (h, k) is

y—kz%?&—m () (1)

"+ equation of normal in slope

form isy—}/]:——l—(x-xT)
m

Since, it passes through the point (1, 2), so on
putting x =1 and y =1, we get
~2

2 _k="20_#
= 0-h
= k:2+%u—m e

On since, (h, k) also lies on the curve x* = 4y,
SO

h? = 4k (i) (1)

On solving Eqs.(ii) and (iii), we get
h=2andk=1

Substituting the values of h and k in Eq.(i), the
required equation of normal is

Y"‘1'—‘:2*2—(X—2) = x+y=3(1)

Now, equation of fngent at (h, k) is
y—kziw—m

On putting h=2 andk =1, we get
y-1=§(x—1)=> y—=1l=x-2

= y=x-1 (1)

22. Find the equations of tangents to the
curve 3x° — y? = 8, which passes through

T
the point (—, 0).
3 HOTS; All India 2013



Q Flrstly, differentiate the gwen curve with respect
| to xand determine & ; . Then, find the equation of |
i X
' tangent at (x;, y,) and since it passes through |

given point (x4, ¥ ), so this point will satisfy the |
tangent and curve also. !

Given equation of curve is
3x* —y? =8 ..(i)

On differentiating both sides w.r.t. x, we get
9 g = H N

6X — i 1
* ydx dx vy L
Equation of tangent at point (h, k) is
dy
y—k=(—) (x—h)
dX Jih, 1y
= y—kzi—h(x——h) .. (i) (1)

Since, it is passes through the point (g, OJ.

o—k—@[——h) = —k*=3h

k \3

=3h* -k’ ~4h=0 (i) (1)

Also, the point (h, k) satisfy the Eq. (i), so we get

3 —k*=8 ...(iv)
Now, on solving Egs. (iii) and (iv), we get
4h=8 = h=2

On putting h =2 in Eq. (iv), we get
322-k?=8 = k=4

= k=2 (1

Now, putting the values of h and k in Eq. (ii),

we get

(4 - 3h)

3(2)
—(+2) = 22 (x —
y — (£2) = (x—2)
= yF2=23(x—2) = y=23xFox2
= y=1%3xF 4 (1

It will gives four possible equations but out of
them only y=-3x+4 and y=+3x-4

satisfies the point (g ; OJ. Hence, there are two

required equations of tangent. (M

23. For the curve y = 4x> —2x°, find all the

points on the curve at which the tangent
passes through the origin. Delhi 2013C



Given curve isy = 4% — 2x° b

Let any point on the curve is (x; , y;).

v, = 4% = 2x7 i)
On differentiating both sides of Eq. (i), we get
Y 12x% —10x* (1/2)

dx

Equation of tangent at point (x,, y;) is

d
V—}ﬁ:(d—z] (X = xy)

= v =y, =[12(x)% =100x;)*1(x = x;) (1)

Since, it passes through the origin.
0 -y, =012x7 —10x)(0 — x,)
= vy =(012x5 —10x)x, ...(ii) (1/2)
From Egs. (ii) and (iii), we get
(12x7 =101 )%, = 4C - 2x7
= 2x%(6 —5x)) =222 - x?)
= 254 -4x))=0= x;=00r4—4x2=0
=5 x;=0o0rx, =1 (1)
On putting the values of x,=0, 1 and -1
respectively in Eq. (i), we get
Atx;=0=vy,=0
At x, =1
=y =40 -200=4-2=2 , (1
and at x, = (-1), y, = 4-1)* - 2(-1)°
=4-1)-2(-N=-4+2=-2 (1)
Hence, all points on the curve at which the
tangent passes through origin are (0,0), (1, 2)
and (-1 — 2). (1)

24. Find the equations of tangent and normal
tothe curvex=1-cos0,y =0 -sin0 at

b T
T4 | All India 2010



i? Firstly, differentiate the given curve with respect

to0and then determine j—yate = g Further, use
X

the formula, equation of tangent at (x,, y,) is
y=yr=mx-x)
and equation of normal at (x,, y,) is

1
Y=n=—=(x-x)
m

Given curve is x=1-cos®andy =0 — sin .
On differentiating both sides w.r.t. 8, we get

g_x_ =i(1—- cosO) =sinB
do do
and %=§§(B~sine)=1—mse

dy _ dy/de _1-cos®
dx dx/dé sin@

1
1— cos 1=
Ate;ﬁ}[ﬂ] _ ___ A2
Xlo=2 sin — b
! V2
=3 =1 (1
Also, at 9=E,x1_1_COSE:]_ 1 =x/§—1
4 52 &2
T T T 1
and =— =80 —=——— (1)
Y1 y 2773 \/2‘

Now, we know that equation of tangent at (x,y)
having slope m is given by
y—y;=mi(x—-x)

. y—(j—%—)ﬂﬁ—»n[x—{%}]

T 1 (2 —1)?
=+ —==xW2-1N-" (1)
- YTt RT NG

s 1 — (7 a1_ 2.072)



— y~—'i+—-—:x(\/2 L | P Ml

V2 J2
[ (a—b)? = a% + b%-2ab]

= [Y_E+i):x(\/§_1)_@__2_@

4 2 V2
o —poyo3-2¥2 m 1
— )~y \E 4+\E

Hence, the equation of tangent is
\WZ 1)y 1278Y2 - Vom + 4
42
= X8 — 4/2) — 42y = (16 — /21 - 8+2) (1)

Also, the equation of normal at (x,y;) having

1« 5
slope —— is given by
m

m
z,,y_(n__vz_-u (Y21
4 2) - V2
{
-y [¥2m=4) 5,
=y ) =5 (2 -1)
AT~
= 1
+ ‘E (1)
21 — V21 — 442 + 4
I | .
=3 y(w/_ ) ( G ]
=—-J5x+ﬁ—-1
2
=  42yW2-1)-2n+2n+4/2 -4
=— 42x+ 42 - 4

e 4\/5x+4x/§5/(«/5—1)=2n—x5n
= 4«/§x+y(8—4ﬁ)=2n-ﬁn
=  42x+8-4M2)y=12-v2) )



Maximaand Minima
Previous Year Examination Questions
4 Marks Questions
1. The sides of an equilateral triangle are

increasing at the rate of 2cm/s. Find the rate
at which the area increases, when the side is

10 cm. All India 2014C
Let the side of triangle be a.
-cia- =2 cm/s [given] (1)
dt

Now, area of equilateral triangle having side a
is given by

[352
K v3a® (1
4
On differentiating w.r.t.t, we get
dA \;”3' da
o V- R (1)
d 4 dt
On putting %a: =2 cm/s and a =10 cm, we get
{
dA 3

20 Al it =100 cmtls 4D
dt 4

2. The sum of the perimeters of a circle and
square is k, where k is some constant. Prove
that the sum of their areas is least, when the
side of the square is double the radius of the
circle. Delhi 2014C; All India 2008

Let r be the radius of circle and x be the side of
a square. Then, given that

Perimeter of square + Circumference of circle
= k (constant) (1)

i.e. 4x + 21r =k



_Kk-=2mr

sy X = — (1)
4
Let A denotes the sum of their areas.
A=x"+qr (i)

-+ area of a square = (Side)”
and area of circle = nr?

On putting the value of x from Eq. (i) in Eq.(ii),

we get
2
Je — .
A:[_< 27“') _E_n:r"-)
4 .

On differentiating w.r.t. r, we get

C!A = 9 [k__ 2TU')(- gn] + 27r
dr 4 4

:-—%(k—Qnr}%-an (D

. . A
For maxima and minima, put -— =0
r

= »E—(k-2nr]+2nr=0



2

= -Zp+Xliom=0
4 2
= =Lk
2 4
= r= ; ..(ii)
2n+ 8
d?A d(dA) d n ]
Now, —— = —|—|=—|2rr— — (k- 2mr)
dr?  dr\.dr dr 4
2 2
=21t+12~—n—=2n+n—>0
4 2
2
g—?—:- 0 = A is minimum.
dr
From Eq. (ii1), we get
k
r=
2+ 8
= 2rm+8r=k
= 2rn+8r=4x+2nr [ k=4x+2mr]
— 8r=4x orx=2r

i.e. Side of square = Double the radius of circle

Hence, sum of area of a circle and a square is
least, when side of square is equal to
diameter of circle or double the radius of
circle. &)

6 Marks Questions

3. If the length of three sides of a trapezium
other than the base are each equal to 10 cm,
then find the area of the trapezium, when it
is maximum. All India 2014C, 2010; Delhi 2013C



Let ABCD be the given trapezium in which
AD =BC =CD =10 cm.

Let | AP = xcm
AAPD = ABQC
QB=xcm 1

Daau10 cme——es O
1Dcm/ \10cm

i e

Ae—— xcM—s =—10cm————+ «— xcm—B
P Q

In AAPD,

DP = v10?% — x* [by Pythagoras theorem]
Now, area of trapezium,

= % X (Sum of parallel sides)x Height

=%x(2x+10+10)xx/100—x2
= (x + 10)v100 — x> .. (D

On differentiating both sides of Eq. (i) w.r.t. x,
we get

R _er10—E2 s fioo w7

x+10) . 1 B,
dx 24100 = X2
" = DR T O

B V100 = x2

— 2_
_ 2x 10x +100 (i) (1)

V100 — x?

For maximum, put d—A =)
dx

-2x* —=10x+100
100 - x?
= 2x+100(x-5)=0=x=50r-10 (1)

Since, x represents distance, it cannot be
negative. So, we take x = 5.

On differentiating both sides of Eq. (ii) w.r.t. x,

we get
[ V100 — x*(~4x —10) ]
S ’ : ( —2x \

0



25— 1O + T00) — e
d2A=[ Lz 100—x2JJ
dx? (V100 — x?)?

[by quotient rule]
(100 — x%)(—4x — 10)
—(=2x2~10x + 100){—x)]
(1 0y < x2)31’2
[_400x — 1000 + 43 + 10;1

+=2x> =10x% +100x)
(1 00 — x2)3f‘2
_ 2x> = 300x -1000
- (100 — xz)sfz
d?A _ 2(5) - 300(5) -~ 1000
dx? 100 - (5)212
250 -1500 —~1000 _ —2250
T a00-252 75475

Thus, area of trapezium is maximum at x =5
and maximum value is

(1)

At x=35,

0

—

A = (5 +104100 — (5)2 [put x = 5 in Eq. ()]
=15v100 =25 =15475 = 754V3cm? (1)

4. A window is of the form of a semi-circle with
a rectangle on its diameter. The total
perimeter of the window is 10m. Find the
dimensions of the window to admit

maximum light through the whole opening.
Foreign 2014; All India 2011
Let the dimensions of the window be 2x and
2y, i.e. AB=2x and BC =2y. Again, let P
denotes the perimeter of the window and A
denotes its area.




To find dimensions of the window, so that
maximum light pass through the whole
opening.
From the figure, we can see that perimeter of
the window is given by
P=2X+2y+ 2y + 17X

[ in the semi-circle, 2x is the diameter,

so radius is x]

— P=2x+ 4y + 1tx
= 2x+4y+nx=10 [ P =10 m]
" y=‘°"z“2" L0

Also, area of the whole window is given by
2
A= (2x) 2y) + %

[ area of window = area of rectangle ]

+ area of semi-circle
2

— A=4xy+E;— (i)
On putting value of y from Eq. (i) in Eq. (i), we
get
| 2
P (10 X 2x)+ 194
| 4 2
x>
=y A:10anx2—2x2+—2—
o) TCX2
=3 A=10x —2x b (1
On differentiating w.r.t. x, we get
CA il g
dx 2
=10 — 4x — X (1)

For maxima and minima, put %’i =0
X



= 10-4x—-mx=0

10
= X=

== )
T+ 4

On putting value of x in Eq. (i), we get

T+ 4 T+ 4

y= 4
10-10% _ 20
n+4 n+4
=5 e
4
20 5
=5 y: = (1)
4n+4) mn+4
X= 10 andy =
n+4 n+4
2
Now, d—Az-d—(gé]—i(m—M—m)
dx?  dx\dx/ dx
=—4-n<0

. A is maximum,

Hence, maximum light passes through the
window.

And dimensions of window are

2% = and 2y = 10

(1
n+4 T+ 4

5. Find the point p on the curve y* = 4ax, which

is nearest to the point (11 g, 0).
All India 2014C



Let the point on y* =4ax be (x;,y,). Then,
yr =dlax,, b

Distance between (x,, y;) and (11a,0) is given
by

D =(x, —11a) + (y, - 0)°

= \/(x1 ~11a)2 +y;

- J(:q —11a)? + 4ax, [from Eq. (i)] (1)

On differentiating both sides w.r.t. x;, we get
dD 1

d  2,(x, —11a) + 4ax,

[2(x, — 11a) + 4ax,] (1)
dD  2x,—22a+4a

dx 2y(x, - 11a)% + 4ax,
dx \/(x1 —11a% + 49x,

=0




dD

= Put —=0 = x,-9a=0
dx,

=5 X;=9a
If x,=9a, then y; =36a° |
= y; =t 6a (1
Hence, required points are (9a, 6a) and
(9a,-6a).

12
— dD=d dD (1)

dx’  dx [ dx,

_d X; —9a
d { J(x, —112)% + 49x, |

1-[2(x —11a) + 4a]

\/()q ~11a)% + 4ax, —(4 —9a) -
2,/(x, —112)? + 4ax,

(x, —11a)% + 4ax,
2

At 9a,6a), d——?—>0 (1
dx _

So, at(9a,6a), D is minimum.
Hence, required point is (9a,6a). (1)



Let r be the radius of the base, h be the height,
V be the volume, S be the surface area of the
cone and 0 be the semi-vertical angle.

)
/

(M

Then, V= -;— nr’h

= 3V =mnrth
=5 9v?2 = n%*h? [squaring on both sides]
%
- w2t
and curved surface area, S = wtrl |
= 5 = f\(r‘? Y [o]=+h?+r?]
= SP=n%(? +h7)

[squaring on both sides]

2
" pd_ o {9\/ $ er [from Eq. (i)]

— h? )M

nr?

2
= §2=2"_ 4 %44 (i)
r2



When S is least, then S is also least. (1)

d .o 18V° 2
Now, —(5%)=- + 4n % ...(iii)

dr r
For maxima or minima, put ;i $H=0 (1)

r
2
+18r3v +4n’r =0 = 18V? = 4n%°

= 9V? =2n%° (V) (1)

Again, on differentiating Eq. (iii) w.r.t.r, we
get

2 2
5—2(52)=54f +12n°r?
r r
At 9v? = 2t4°,
d2 2 54 2752!'6 g4
—5)=— +12n’r
drz( ) r4( 9
_12n%°

= +12n%r? =24n%% >0
r

So, $? and S is minimum, when
9v: =2n%° (1)
On putting 9V? = 2% in Eq. (i), we get

2n%® =ni'h?

= 2r=h* = h= \/Ef
Y E = \/E = cotb= ‘\/5
r
[from the figure, cot® = h]
,
= 0=cot™'\2

Hence, the semi-vertical angle of the right
circular cone of given volume and least curved
surface area is cot™' +/2. (1

Hence proved.

7. Of all the closed right circular cylindrical cans
of volume 1287 cm?, find the dimensions of

the can which has minimum surface area.
Delhi 2014



Let r cm be the radius of base and h cm be the
height of the cylindrical can. Let its volume be
V and S be its total surface area. Then,

\\—__’/Jk

h
,f’__—-__-l\__‘{_r.—' h 4 -
Can (-l)
V =128% cm’ [given]
= nr’h=128n
. h=128 (i)
2
.
Also, S =2nr* +2mrh ...(ii)
128 ; ;
— S=2nr*+2nr (——2-—) [using Eq.(i)]
r
(1)
=3 S=2mr+ 0% L)
r
On differentiating Eq. (iii) w.r.t. r, we get
gi: 4mr — 25?“ LLiv) (1)
dr r
. - 5
For maxima or minima, put P =0.
=5 4nr = 255”‘
’
= p=220
4
=5 ' r =64
Taking cube root on both sides, we get
r=64"
- r=4cm . (1)

Again,on differentiating Eq. (iv) w.r.t. r, we
get



d?s 5121

—— =4m +

dr? =
At r=4,

d* 512n

. — + 47

dr? 64

=8n+4n=12n>0 (1)
2

Thus, g—§>0atr= 4, so the surface area is
r

minimum, when the radius of cylinder is 4 cm.

On putting value of r in Eq. (i), we get

128

Hence, for the minimum surface area of can,
the dimensions of the can are r=4 cm and
h=8 cm. (1)

8. ABis a diameter of a circle and C is any point
on the circle. Show that the area of AABC is
maximum, when it is isosceles. All India 2014C

Let the side of AABC be x and y and r be the

radius of circle.

Also, ZC =90° [ angle made in semi-circle]

4)
Iin the AABC, we have

(AB)2 = (AC)? + (BC)?
= 202 = (0% + (y)°

= 42 = x* +y? (D)

b |



Area of AABC (A) = -;;—x- %

On squaring both sides, we get

1
a3 1 53
XY

Let A?=S
Then, S = —l:xzyz

From the Eq. (i), substituting the value of v,
we get

5= l x2(4r® — x?)
4

— §= %(4):21"2 = x7) (1
On differentiating w.r.t.x, we get
% _ 1 g2 40
dx 4
; . dS
For maximum and minimum, put e =1,
X
= 0= %(Brzx — 4x%)
= 8rix=4x = 8r’=4x’
=% 2=2r" = x= @

Then, from the Eq.(i), we get
2 - 42 212 =2r?

=5 y = J2r (1)

i.e. x =y, so triangle is isosceles.



2
Also, :’Tg jx[ (8r’x — 4x }] (1)
= Z[arf3 —12x% = 2r% - 3x2
2
At x:@,%—%=2r2—3x2<0
X

= Area is maximum.

Hence, area is maximum, when triangle is
isosceles. (1)

9. Show that the altitude of the right circular
cone of maximum volume that can be
inscribed in a sphere of radius r |s 5 Also

show that the maximum volume of the cone

S 3 of the volume of the sphere.
7 All India 2014



Let R be the radius and h be the height of the
cone, which inscribed in a sphere of radiusr.

OA=h-r -
In AOAB, by Pythagoras theorem, we have
rr=R?+(h-n? |
= o= R+ +12 ~2th

= R?=2rh-h? ()

The volume of sphere = gnr3

and the volume V of the cone,
1

V = — nR’h
3
= V= % nhQrh-h* [from Eq. (i)]
= vzgn(znh2 - K ...(ii)
On differentiating Eq. (ii) w.r.t. h, we get
%=%R(4rh_3h2) L)

. o dv
For maximum or minimum, put 7y =0.

= %n(élrh ~3h9=0

= 4rh=3h?> = 4r=3h
e
3

=

[-h=0](1)



Again, on differentiating Eq. (i) w.r.t. h, we
get

d*Vv 1
= — nt (4r — 6h
G 30 )
2
Ath=ﬁ, g ;/ :ln(rlr—ﬁxﬂ)
3 dh h=4__r_ 3 3
3
T . PT
3
; : 4r
= V is maximum ath = 7 (1)

On substituting the value of hin Eq. (ii), we get
2 3
Lol
3 3 3
=E[£r3_&f’ir3 _Falil o4
319 27 3 <
239[96—64 _m (32
3 27 3 27

8 4 -
s [_ mj] - % X (Volume of sphere)(1)

. . 8
Hence, maximum volume of the cone is — of
27

the volume of the sphere.

10. If the sum of the lengths of the hypotenuse
and a side of a right-angled triangle is given,
then show that the area of the triangle is
maximum, when the angle between them is
60°. All India 2014



Let ABC be a right angled triangle.

Given, AC + BC =constant= k (1)
A
X
B =C (1)

Let ZACB =6 andAC = x.
Then, BC = x cos® and AB = x sin®
Let y be the area of AABC.

Then, y=%BC-AB=%xc05(—)-xsine

x% sin® cos O ... (i)

.

2

From Eq. (i), x + x cos 0 = k
k

1+ cosB
On putting the value of x in Eq. (ii), we get
_k?* sin® cos®

2 (1+ cos6)?
On differentiating w.r.t. 8, we get
(1+ cos 6)? (cos” @ — sin® 6)

dy Kk \i— sin® cos O 2 (1+ cos B) (- sin 9)]
dx 2 (1+ cos ©)*

(1+ cos8) [(1+ cos 6) (cos? 0 — sin’ B)}
'S [ + 2 sin° @ cos 6]
[ (1+ cos ©)*

= X = LN

(1)
c0s20—sin?0+ cos’ @ — cos O sin’ 0
k? +2 cos0sin’0

2 (14 cos 8
k22 cos?® — 1+ cos’ @ + cos 0 sin” 6)
) 2(1+ cos 6)’
P sin?@ =1— cos’ 6]

K2 cos? 8 — 1+ cos B (cos” B + sin” 6)]
- 2(1+ cos 6y’

-



k£
= (2 cos’8+ cosB —1)

2(1+ cos 8)’
[ cos’ 0 + sin?@ =1] (1)
2
S‘:ince,0<:9~<E =5 ¢ 3>0
2 2(1+ cos 6)
Sign  of %Y- will be depend
X

2 cos’ 0+ cosO —1
Now, 2 cos*0+cos0—1=0
= (2 cos®—1)(cos®+1) =0

= cosﬁz-;- [ cos # —1]
= 0=60° ["0<B<90°](1)
Then, sign scheme for gx, i.e. for
X
(2 cos*0 + cos® —1) is
yis yis
increasing  MaX decreasing
0° +ve 60° —ve 90°

Thus, v has maximum value, when© = 60°.(1)

11. Show that the semi-vertical angle of the cone
of the maximum volume and of given slant

height is cos™ 1/\«% Delhi 2014
Let O be the semi-vertical angle of the cone.

It is clear that® e (O, g)

Let r, h and | be the radius, height and the slant
height of the cone, respectively.

(1

The slant height of the cone is given, i.e.
consider as constant.

[ LB N » T L5 1 mtea Dy A k| ~Ac O



NOW, IN AADC, =1 5IN0diu il =1 Lwudv
Let V be the volume of the cone.

Then, V = % r’h

= V=%n(l’? sin28) (I cosB)

= V=%nl’3 sin” @ cos (1
On differentiating w.r.t. 8 two times, we get
dav Prn
————[ in’0 (- sin6)
de 3
+ cos 0 (2 sin O cos 0)]
Pr

= —3~ (— sin° @ + 2 sin @ cos’ 0)

d*%V P=n

and — = T (~35in’0 cosO+2 cos’ O
do 3
— 4in*0 cos )
2 3
- d—-\;_rn&cosﬁ 7 sin% 0 cos 0) (1)
do 3
. i |74
For maxima or minima, put — =0.
do
— cin@=2sin® cos’® = tan’0=2
— tanB8 =42 = B=tan"' V2 (1)
Now, when 6 = tan™' 4/2, then tan”6 = 2
= sin@ =2 cos’®
Then, we have
d Pr

——2-*=—~w(2 cos’ 0 — 1‘4c0539)
de 3 .

=— 47l cos’0<0, forﬁe( ) (1)

. Vis maximum, when 8 = tan™' ¥2 or

71_5. [ cosO = —}5]

0 =cos”



Hence, for given slant height, the

semi-vertical angle of the cone of maximum
, -1 1

volume is cos™ —. (1)
.\‘;‘3

12. Prove that the height of the cylinder of
maximum volume that can be inscribed in a

: o o .
sphere of radius Ris —= Also, find the
y
maximum volume, |
All India 2014,2012C,2011; Delhi 2013

Let h be the height and a be the radius of base
of cylinder inscribed in the given sphere of
radius (R).

C
i\
R
\
=
I-'E—é—P-i
In AABC,
AB? + AC? =BC* by Pythagoras theorem]
2 | ) h2
s a’")+(] =R = a’=R*'-"— (1)
2 4
Volume of cylinder, V = na’h
- 2 \ . F
= nth [R‘2 - h—J - (4R*h — ) (1)
4] 4
On differentiating both sides two times w.r.t.
h, we get
dV_T a2 -
dh 4
dV =n 3nh
1T I AL LT A7, . i) (1)
dh* 4 2

_hr



dh
= Tur?2-3mY=0
4
Ay h S -4
3
— h= ‘Z— R (1)
V3

[ height is always positive, so we
do not take -’ sign]
On substituting value of hin Eq. (i), we get
d*V =3m 2
e S e R R0 D)
dh* 2 &3
= V is maximum.

: . o . 2R

Hence, required height of cylinder is =—.
||t

v3

Now, maximum volume of cylinder

, h*) 2R 1 4
=nh|R’ - —|= —[R -Rz)
[ 4] i 4 3

purh= 2. |
V3

_2nR (3R* -R%) _ 4nR® ,
= Cu units (1)

NE 3 %8

Hence proved.

13. Show that a cylinder of a given volume which
is open at the top has minimum total surface
area, when its height is equal to the radius of
its base. Foreign 2014; Delhi 2011C, 2009



Let r be the radius, h be the height, V be the
volume and S be the total surface area of a
right circular cylinder which is open at the top.
Now, given that
vV .
Vemrh = he—e (i) (1)
e ;
Also, we know that, total surface area S is
given by
S =2nrh + mr?

[~ cylinder is open at the top, therefore

S = curved surface area of cylinder
+ area of base]

= S =2m(—\-f—d)+nr2
T
{putting By V, from Eq. (i)]
nr ]
ey )
s Sulagmd (1)
r
On differentiating w.r.t. r, we get
dS 2V
— ==Ll 2my
dr re
: _ 4
For maxima and minima, put = =0
r
= 2—1{ +2nr=0
2
— V=nr
= nreh = nr [V = nr’h, given]
SN her (1)
1e f iaiz
Also, d-s? _d (05_) _4d (——EV + 2nr]
dre dr\dr) dr\ (2
2
=5 g 5— . +27 (1

¥
cr- P



On putting r = h, we get
2
d_g gi¥-+2n>(}ash>0 (1)
dr p h

2

Then, %g- >0 =S5 is minimum.
r

Hence, S is minimum, when h=r, i.e. when
height of cylinder is equal to radius of the base.

(N
14. Find the area of the greatest rectan%le that
2

can be inscribed in an ellipse 2--2 + %;2— =1
All India 2013
Let ABCD be a rus-:-ct:%ngle2 having area A
inscribed in an eIIipsex—2+ y_2:1 .. ()
_ a-~ b

Let the coordinates of A be («, ).
Then, coordinates of B = (o; = B)

C=(a;—-p

L) = (qu - B) (1)
Area, A = Lengthx Breadth = 20 x 2
= A = 4o

| 2
— A:m.\;bz[T—%) (1)

-+ (o, B) lies on e_e_l_l_i_ps_e_f

v

2 2 | gl
.'.a, +‘B—"‘_1,I.E‘-B:\ii]bz(1 a}

3

a°

[on squaring both sides]

12



o2
Y
o B) ] (o B)
D A
\\
,_)(' < \ 5 | » X
- B
s e ~B)
\/i’

On differentiating w.r.t. o, we get

2 2
16 :
dA7) = t; 2a’o — 4o.7)
do a
For maximum or minimum value, put
ot
- 2a%0 - 40 =0
. 20a? =20 =0
= o=0,0= o (1)
2
202 2 "
Again, 9’—(’2—) = @;} (2a’ —1207)
do.* a
2 242
v2 do” ) _a
2 2
=16?-[2 E o s ]—0 (1)
a

a . . .
= Rae o‘::-ﬁ,.A2 i.e. A s maximum.
N2

Then, from Eq. (i), we get} = %

N

. Greatestarea= 40} = o b—— =2ab (1)
J2 V2

Alternate Method



Llet A (acosH, bsin®) be the parametric
2 2

: . X" ®
coordinates of an ellipse - + i =1, where 0

a8
is the eccentric angle. (1)
Y '
(-acos®,bsin® |  (acos® bsing)
B_—

X - \ 0 — X
C - D |
(~acos 8, —bsin6) (a cos 8, —b sin B)

Y

¥ (1
Here, length of AB = a cos + a cosf
=2a cosB
and length of AD = b sin® + b sin®
=2bsind (1)

Now, area of rectangle ABCD
= (2a cos0) (2b sin)
=2ab (2 sin® - cosH)
~=2ab sin26 (1%2)

Here, area of rectangle ABCD is greatest,
when sin 20 is greatest.

l.e. sin20 = 1= sIn90°

= 20=90"= B =45° (1%)
Hence, area of greatest rectangle is equal to
2ab, when eccentric angle of an ellipse is 45°.

15. Show that the height of a closed right
circular cylinder of given surface and

maximum volume is equal to diameter of
base. Delhl 2012

:' “-Z ) Here use the relatfons total surface area of
cylinder, S= 27r® + 2nrhand volume of cylinder
U = nr*h. To make a relation between Vand S
and differentiate with respect to r. Then, put :

il 0. And determine r and then check _q'_U’ i

dr dr2

it is negative. then maxima and if it is positive. |



~ then minima.

Let S be the surface area, V be the volume, h
be the height and r be the radius of base of the
right circular cylinder. We know that,

Surface area of right circular cylinder,

S =2nr’ +2nrh (D)
B 2
ca poo 2mr” G (M)
271r

Also, volume of right circular cylinder is given
by

V =nr’h
.
=% V=mr (SA] [from Eq. (ii)]
27r
2
On differentiating w.r.t. r, we get
dv S -6nr’
_ T 1
dr 2
; e dv
For maxima and minima, put s 0
r
g
S ~OXF _ 4 = 5=6n (1)
From Eq. (ii), we get
b ol
fi = oy = = Ji= 2
27r
. Height = Diameter of the base (1)
dv d [d\/) d(S-6nr
Also, —=—|—|=—|——
dr® dr\dr) dr 2
=—6nr<0
=V is maximum. 1)

Hence, V is maximum at h = 2r.



16. Prove that radius of right circular cylinder of
greatest curved surface area which can be
inscribed in a given cone is half of that of the
cone. All India 2012

Let VAB be the cone of base radius r and height

h. And radius of base of the inscribed cylinder

be x.
v
pal
A’ B’

Secl)

A <<x>»| ¥ D B

Now, we observe that

AVOB ~ AB'DB = YO _OB
B’'D DB

h _ ! " B,D=h{r—x) 1
B'D r-x r

Let C be the curved surface area of cylinder.
Then,

C =2r(0OC) (B’'D)

= C:27‘<'.>|rh(r-x) =2nh(rx—x2) M
r r

On differentiating w.r.t. x, we get

d—c=@(r_2x)

dx r
For maxima and minima, put C;—C =0

X
=>-;—Z£é(r—2x)=0 = r-2x=0
r

— r=1x= x=% (1)

Hence, radius of cylinder is half of that of
cone.

d’C _d [Znh(r - 2x)~‘

Also, — s
dx?  dx r



2nh —4nh

=) ="""coashr>0(1)
r r

= C is maximum or greatest.

Hence, C is greatest at x = % (1)

Hence proved.

17. An open box with a square base is to be
made out of a given quantity of cardboard of

area C?sq units. Show that the maximum
3

volume of box is C_ cu units. Allindia 2012
6+/3

Let the dimensions of the box be x and y. Also,
let V denotes its volume and S denotes its total
surface area.

Now, S = x* + 4xy [-S = area of square base

+ area of the four walls]



Given, x* + 4xy = o
C* —ix~
4x
Also, volume of the box is given by

=5 V= LD (D)

2 5
V=xy =V=x° [C : } [from Eq. ()]
4x
2 .3
4
On differentiating w.r.t. x, we get
CZ = 2
gy _C —3x 1)
dx 4
For maxima and minima, putdV/dx=0
C?-3x* 2 a2
= —-'—T—— ={) = W
i X = wa 3
Also, dV d dv =E’_ % R
dx? dx dx
= :E’f_ — 3X <0
f
2 .
g—V<O:>ViS maximum. (M
dx®
Now, maximum volume,
2 3
Vzi(;"_f_:l[xcz_,g]
4 4

i [

(5] o

_ife_ceoipe-c
4(\3 33| 4] 343

_1.2¢ _¢C
473V3 643
3
Hence, maximum volume of box is —= cu

6+/3

units. (1)



18. Prove that the area of a right-angled triangle
of given hypotenuse is maximum, when the
triangle is isosceles. Delhi 2012C

Let a and b be the sides of right angled triangle.

B = (1/2)



From AABC, we have
c?=a’+b’

1
Area of AABC (A) = % a- b= 5 a\}cz —a?

[-b=+c?=a’l(1)

On differentiating w.r.t. a, we get

dA 1 2 9 1 l (_23)
— = —slualc® = @ +-2- a- T

da 2 2 Je2-3
2
1 2 2 a )
=5|V¢ T TTo_
'\‘JC —d
o A dA
For maxima and minima, — =0
da
2
a
= - Cz—az——,——'-zu——z- =1
2 1JC —d
- c2-a3’-a’=0 = c?=2a?
¢
= A

1 c’a 1
:_E(C2_32)332<0 (1%)
- Area of AABC is maximum and
b=yc?-a’=q2a’-a’=a (1)

Hence, triangle is isosceles.  Hence proved.

19. Show that the right circular cone of least
curved surface and given volume has an
altitude equal to /2 times the radius of the

base. HOTS; Delhi 2011



- () Using the result, volume of cone, V= 3 nr°hand

curved surface area, 5= mrl. Make the relation |
between U and S, differentiate it and simplify to
L e

Let C denotes the curved surface area, r be the
radius of base, h be the height and V be the
volume of right circular cone.

To show, h=+2r
We know that, volume of cone is given by
Velah o h=2r L0
3 Tr

Also, the curved surface area of cone is given
by C =nrl, where [=+r’>+h? is the slant
height of cone.
C = nr+Jr? + h*
On squaring both sides, we get
Cl=nr r+h) = C=n7" +n7rh

Let C*t=7

Then, Z =’ + ¥’ ..(i1)
2
= Z=n%"+ nzrz(?’—q [from Eq. (i)]
r |
2
= Z=nr* + 1%’ x 934 (1%)
T
2
= Z =’ + 9—2
;
On differentiating both sides w.r.t. r, we get
dz 23 18V
— = 4nr — (%)
dr r
For maxima and minima, put %Z~ =0
r
18V* 23 18V?
= 4 - ——=0= 4n¥’=
3 E

{“I \2 r - _]



= An%® =18 lgl :rl:rth t Vs n'rth

iy 4ﬁﬁ=mx%n¥#

= 4148 =27%h? = 212 =h? = h=+2r
Hence, height = 2z [radius of base](1%2)

2
Ao, £2.4 (6

dr? - g; E‘_
: 2 2
=B e 1B | g WY
dr r r*
2 2
e SV
dr r

= Z is minimum=> C is minimum.

Hence, curved surface area is least, when

= sf2r. (11%)

NOTE If C is maximum/minimum, then C* is also
maximum/minimum.

20. A window has the shape of a rectangle
surmounted by an equilateral triangle. If the
perimeter of the window is 12 m, then find
the dimensions of the rectangle that will
produce the largest area of the window.

Delhi 2011

let ABCD be the rectangle which is
surmounted by an equilateral AEDC.

E
‘f/ \Y

D/4—}/—> C
! !
ﬁd—)’—rg

Now, given that

Perimeter of window =12 m

=5 2x+3y+y=12

: x=6—2y ) ()



Let A denote the combined area of the
window. Then,
V3

A sty

- combined area = area of rectangle
+ area of equilateral triangle

= A:y(ﬁ—Zy)+~\/4éy2 (1)
[ x =6 — 2y from Eq. (i)]
= A=6y— 2y’ + £y2
On differentiating w.r.t. y, we get
%’S_a 4y + 315 y (1)

Now, for maxima and minima, put ? =0
y
= 6-4y+ i y=0

=3 y(?-ﬂ—-—() = y:8_

2
- «MJ(O’AJ d [6 - _2_{},J

dy? dy\dy) dy
=_4+2\5=—8+x/§<0
4 2
SCA IS maximum. (1)
12 . )
Now, on putting y = in Eq. (i), we get
P gy 8-73 q
PS> '=>x=48—6«/§—24
8 -3 8 -3
_24-643 5
B-3

Hence, the area of the window is largest and
the dimensions of the window are

x:2_4_.__.§:/_§_ and y:_]z__ (1)

8-+3 8 -3



21. Show that of all the rectangles inscribed in a
given fixed circle, the square has the
maximum area. All India 2011

Let ABCD be the rectangle which is inscribed

in the fixed circle which has centre O and
radius b. Let AB =2x and BC = 2y.

Y . ) 1

O
b 2y
)

In right angled AOPA, by Pythagoras theorem,
we have

OP? + AP? = OA?
= x2+y2:b2:>y2=b2_x
- y=\fb2—x2 () (1)

Let A be the area of rectangle.

&

2

A =(2x) (2y)
[ area of rectangle = Length x Breadth]
=5 A = 4xy

= A=4xb*-x* [ };:\/b—z_?]

On differentiating w.r.t. x, we get

E)f—/--“i-z4x--~ci~1.}f:)2-—:~<2—|-1.H:)2—x2-—(i(f-ix)
dx dx dx
— %i=4x- —fx 2+\}b2—x2-4
X 24b" —x

__4—1:'2—%2—;&{2
B b — %
/
A 2__ 2
oo\ L 0d (1)
dx b2__x2



* —— . UM
For maxima and minima, put — =0

X
b= 3x’

4| sk =0
b=~ %

=3 b? —2x? =0 =2x%> = b?
b

= X (1
o2

[ x cannot be n¢ gative]

2 2 2
Ao, 9A_d (dA)__ d {4(1:- —22}

d  dx\dx) dx| [p?_ 2
d’A d 2 % k2 JEZ
92 _9 1462 - 2x) (b2 = X
= 7 -2 67 -

41-4x (b% — x)7V? + b% - 2x?)

(_ %] (b2 — x3)~32 (—2x)]

2 2 7 |
=> M:4[ —4x +x(b —2x)] )

dx?

dx2 ‘/bz _ x;l (b2 s x2)3f2
. b
On putting x = — , we get
& g N 8
2
b b (pe b]
CA_ | 2 W2 2
2 3/2
dx bz _i_ji (b2 _ _b_z)
2 2
—ab ]
=4 ‘E +0
bZ
V2
2
= g-éz—16<0
dx?
d?A

- T <0 So Aicmaximum atxy = — . (1)



dxz """‘“'"".P""!;"""‘"""""""“"“ JZ -
Now, putting x = — :n Eqg. (i), we get

T

x—y*———- = 2X=2y= J2b
V2

Hence, area of rectangle is maximum, when
2x = 2y, i.e. when rectangle is a square. (1)

22. Show that of all the rectangles with a given

perimeter, the square has the largest area.
Delhi 2011

() Using the formula perimeter of rec;ﬁé-hgle,
* P=2(x+ y)and area of rectangle, A=xy. Making a |
relation between A and P, differentiate A with

respect to x and s:mpllfy it.



Let x and y be the lengths of two sides of a
rectangle. Again, let P denotes its perimeter
and A be the area of rectangle. Given,

P=2(x+Yy) (1
[+ perimeter of rectangle =2 (/ + b)]
= P=2x+2y
P-2 ;
=5 y = < (D) (1)
2
Also, we know that area of rectangle is given by
A = Xy
— A = X (P '22") [by using Eq. (i)]
2
= A= EX_EH_ )
On differentiating w.r.t. x, we get
A P-4
d _ X 1)
dx ¥,
. Qi dA
Now, for maxima and minima, put s =0
X
-5 P;A'x:o gy P 4 Q)
— 2X + 2y = 4x PrPedx+ 29
— X=y

So, the rectangle is a square.
5 .
Also, E:f——"ﬁ\—:(i(}j 4X)=—ﬂ=-2<0
dx? dx\ 2 2
= A is maximum.
Hence, area is maximum, when rectangle is a

square. (1)

23. Show that of all the rectangles of given area,
the square has the smallest. perimeter.
Delhi 2011



let x and y be the lengths of sides of a
rectangle. A denotes its area and P be the
perimeter.

Now, A = xy
[ area of rectangle = x b]
- gt ) (1)
X
And, P=2{x+Y)

[ perimeter of rectangle = 2 (/ + b)]
=Y P=2 (x+é) [‘.’y=éby Eq.(i)] §))
X X
On differentiating w.r.t, x, we get

di=2(1—i] 1)

dx x?

. - dP

For maxima and minima, put ™ =0
X
= 2[1—%):0 - 1=4 0
G X X

= A= x’
= Xy = X° [ A=xvy]
= X=Yy (1)

d’P d A 2A) 4A
AI ,*—-=——2 —_—— =2 —_— =
0 dx[( xz)] (XB) g

Here, x and A being the side and area of
rectangle can never be negative. So, P is
minimum.

Hence, perimeter of rectangle is minimum,
when rectangle is a square. (1)

24. Show that the semi-vertical angle of a right
circular cone of maximum volume and given
slant height is tan™! /2.

All India 2011, 2008; Delhi 2008C



Let h be the height, / be the slant height, r be
the radius of base of the right circular cone and
o be the semi-vertical angle of the cone.

/

y
/

AT

p——>

In AVAC, by Pythagoras theorem, we have
P=r*+h® = r’=P-h* () (D)
Let V be the volume of cone which is given by

Ve tpThas Vel 58
3 3

- vzguzh-h% (1
On differentiating w.r.t. h, we get
dVv L 2
— =— (I - 3h9) (1
dh 3
For maxima and minima, put (;—V =0
- g(ﬂ—%z)zo = 12 = 3h?
= r? + h? = 3h? [ 12 =r* + h]
= 2= =r=+2h .G (1)
Now, in right angled ACVA, we have
AC
tano. = ——
vC
= tanOt:}:— [+ AC =rand VC =h

= tano = % [ r=+2h, by Eq. (ii)]



= tanc = 2 (1)

o o =tan”’ \E
2
Also, gV =£—[£(!2 —3h2)]
dh? dh|3

=—§-(~—6h) =-2nh<0ash>0.
- Vs maximum.
Hence, the volume is maximum, when
o=tan' V2 1
25. Find the point on the curve y* = 2x which is

at a minimum distance from the point (1, 4).
HOTS; All India 2011, 2009C



. 2() Firstly, consider any point on the curve, use the
formula of distance between two points. Then, |
square both sides and eliminate one variable |
with the help of given equation. Further,
differentiate and solve it to get the result.

The given equation of curve is y* = 2x and the
given point is Q (1, 4).

Let P(x, y) be the point, which is at a minimum
distance from pointQ (1, 4). (D

Now, distance between points P and Q is
given by

PQ = \/1—x (4 - y)

[using distance formula]
S =06 —x)? + (v, = y)?]
= PO =\X1+>‘{2 ~-2x+16 +y* -8y

:sz +y? —2x -8y +17
On squaring both sides, we get
PQ2=x2+y2—2x—8y+17

3% 2
= Psz(YE) +V2—2(Zz-]—8}/+17

yz
+ y? =2xis given = x=7]

4
PQ?* = z-+y —y? -8y +17

4
= PQ’= I—8y+17 (1)
let PQ*=7Z7

4

Then, Z=X4—--8y+17



On differentiating w.r.t. y, we get

dZ 4y
it = B = =8 1
dy 4 Y H
For maxima and minima, put e 0
dy
= y' —8=0
= y’ =8
= =2 (1)
d’z _d 2
Also, —=—(y -8)=3
&7 = dy y’ y

On putting y = 2, we get
2
[dz} =3 2" =12 >0
y=2

dy’
2
—d §> 0
dy
s Z is minimum and therefore PQ is also
minimum as Z = PQ°?. (1)

On putting y =2 in the given equation, i.e.
yv? = 2x, we get

2 =2x = 4=2x = x=2

Hence, the point which is at a minimum
distance from point (1, 4) isP (2, 2). (1)

26. A wire of length 28 m is to be cut into two
pieces, One of the two pieces is to be made
into a square and the other into a circle.
What should be the lengths of two pieces, so
that the combined area of circle and square
is minimum? All India 2010



x ) Firstly, find length of circular part and its
circumference and calculate the length of square |
part and its perimeter. Add these two terms and
equate it to 28 m and apply second derivative |
test to get desired result. :

Let x m be the side of the square and r be the
radius of circular part. Then,

Length of square part = Perimeter of square
= 4 x Side = 4x
and length of circular part
= Circumference of circle = 2mr
Given, length of wire =28 = 4x + 2nr =28

=5 2x+1nr=14
14 — .
g = )M
2
Let A denotes the combined area of circle and
square.
Then, A=Tr’ + x°
- A emrd [142 :n:r]

[ X = 1—4-2—E— from Eq. ()J

On differentiating w.r.t. r, we get

dr 2 2

For maxima and minima, put gﬂ =0

dr
F4n—n%}
= 27r - o

=0

=]
14 — t°r

2
14

= ' s




T+ 4
2
AISO, q,_A - Ej (dAJ
dr®  dr\ dr
_d |, (14m—n¥
dr 2
2 2
= OA me® i
dr? 2
2
Thus, ?>0:>Ais minimum. (1
r
. 14 ;
Now, on putting r = ——— in Eq. (i), we get
T+ 4
14-n| %
—_ n+4) 14n+56-14n 28
2 2(n+4 = wn+4
(1/2)
= 48 and r = L (1/2)
m+ 4 n+ 4
Now, length of circular part
14 287w
=2 =2 X ——=
n+4 n+4
28
and length of square part = 4x = 4 x
T+4
112 |
= (1)
T+ 4

which are the required length of two pieces.

2. An open tank with a square base and vertical
sides is to be constructed from a metal sheet,
so as to hold a given quantity of water. Show
that the total surface area is least when depth
of the tank is half its width. All India 2010C

- Let the length, breadth and depth of the open
tank be x, x and y, respectively. Length and
breadth are same because given tank has a



square base. Again, let V denotes its volume
and 5 denotes its surface area. Now, given that

V =x% (i) (1)

Also, we know that the total surface area of the
open tank is given by

S =x% + 4xy .. (i)

[ S = Area of square base

+ Area of the four walls]

On puttingy = \';from Eq. (i) in Eq. (ii), we get
X

S =x?+4x. l,g
X
= S=x*+ i\—/ (1)
X
On differentiating w.r.t. x, we get
dS 4v
P
dx x*
_ . w dS
For maxima and minima, put =— =0
ax
=5 2X — g =)
x i
= 4V = 2x° (1)
= 4x%y = 2x° [+ V = x%, from Eq. (i)]
X
= Ays KXo~
4 y 2
S0, depth of tank is half of its width. (1
2
Also, g % = g (E'S—] = 2 2x — ﬂ]
dx® dx\dx) dx x?
’
8 -xzy .
HE [from Eq. (i)]
2
8 ;
=2+-—>0asx>0andy>0 (1)
X
2
Thus, d—§> 0,
dx

= S is minimum.



Hence, total surface area of the tank is le.«
when depth is half of its width. (1,

28. Show that the volume of the largest cone
that can be inscribed in a sphere of radius R

is § of the volume of the sphere.
27 Delhi 2010C

Let R be the radius of sphere, r be the radius of
base of cone and h be the height of cone.

Then, from the figure,
h=R+ x .(1)(1/2)

Let V denotes the volume of cone. Now, in
right angled AOCA ,we get

OA?=0C? + AC?

[by Pythagoras theorem]
= R? = x? + r?
— rf=R?-x’ ..(1n) (1)

Also, we know that, volume of cone is given
by

Vzlnr2h
3
= V=%nm2—ﬁnR+m

h =R + x, fromEq.(i) ]

and r*=R?-x? from Eq.(ii)



-

V=—§(R"+R‘X-X‘R~—XJ)

On differentiating w.r.t. x, we get

=

dV _ T R? _oxr - 3x)
dx 3

dVﬂ:

Z[R? = 3xR + xR — 3x%]
dx

:_1UJ

=—[R(R~- 3x) + x (R — 3x)]
dV

dx

w]:ﬂ w

(R+ x) (R —3x) (11%)

For maxima and minima, put i = {)

—

=

= dx
E(R+x](R-3x)=0

Either R+ x=00rR-3x=0

Now, R + x = h which is height of cone. As h
can never be zero. So, R + x =0 is rejected.

Also,

Thus,

R-3x=0

(1)

9™ R R —.3x2)]
dx |
d*V =
dx? 3( X
2
[d_V] =£[_2R__6_R]
dx*| r 3 3
-
=E(_4R)__flf£ 0
3 3

(1

d?v



dx”

Now, volume of cone is V = (R~ xz) R+ x)

wiA

. R
On putting x = 3 we get

.
p=Elpr Ellg. B
3 9 || 3

:=32nR3_ 8 (4 Ri]

= —T
81 27{3

= % [Volume of sphere]

[ volume of sphere = % J'ER3]

Hence, volume of largest cone

8
= — [Volume of sphere
27[\/ phere]

29. Find the maximum area of an isoisceles2
; ; ; X
triangle inscribed in the ellipse — + ;—6 =1,
with its vertex at one end of the major axis.
HOTS; Delhi 2010C

Given equation of ellipse is

2 2
LIS ]
25 16
Hére, a=5b=4
; a>b

So, major axis is along X-axis.

Let ABTC be the isosceles triangle which is

inscribed in the ellipse. And OD = x, BC =2y
and TD =5 - x.

A

B(0, 4)

X' < //—j_\D!MS » X




A’(-5, 0) O T(5,0)
C x.y)

Yo’

Let A denotes the area of triangle. Then, we
have

A=%xBasexHeight=—21-><BCxTD

=5 A=-§--2y(5—x)

= A=y(5—-x) (1)
On squaring both sides, we get
A =y? (5 — x? ..(i)
2 3 2 2
Now, LIRS S eray SN ..
25 16 16 25
216 2
=> = — (25 - x%)
8 25
On putting value of y? in Eq. (i), we get
16
A?=—(25-x))(5-x’
25
Let Al=7
16 2 2.
Then, Z=~2—§(25-x ) (5 — x) (1)
On differentiating w.r.t. x, we get
6L E [25 — x g e B (—2x)]
dx 25
16 2
=—(=2)(5-%"2x+5)
25
-32 2
=—— (0B -x°2x+5 1
25 ( ) (1)
, " dZz
For maxima and minima, put o =0
%
32

= — == (5-x°Q2x+5) = O:>x-50r——(1)
25 2

Now, when x = 5, then



Z=E(25—25)(5—5)2=0
25

which is not possible. So, x =5 is rejected.

5
X=-—=
2
" d’Z d (dz] d
ow, =—|—|=—
dx? dx\dx) dx
[— 32 5 _ %2 @x+ 5)]
an
:mgé[(S—-x)z-Z-(2x+5)2(5—x)]
=——§—‘54(5—X)(—3X)=192X{5“x)
2
Atx=:—5-, & <0
2 dx? o
= 7 is maximum. (1)

y 5 5
- Area A is maximum, when x=—5and

y=12,
Also, the maximum area

2
Z:A2:E(25—-2-5-] 52
25 4 2

:Exﬁx@=3x225
25 4 4
Hence, the maximum area, A = /3 x 225
=15+/3 sq units (1)

NOTE If A is maximum/minimum, then A? is
maximum/minimum.

30. Show that the right circular cylinder, open at
the top and of given surface area and
maximum volume is such that its height is

equal to the radius of the base.
Delhi 2010; 2009C



Let V be the volume, S be the total surface area
of aright circular cylinder which is open at the
top. Again, let r be the radius of base and h be
the height.

Now, S =2nrh+ mtr’

[+ cylinder is open at top]

2
o petTW (i) ()
27nr ,
Also, volume of cylinder is given by
V =nrh
2
=3 V=mnr’ [S — ] [using Eq. (i)]
271r
1S —mr
V= 1
5 )
On differentiating w.r.t. r, we get
2
dVv _ S —=3nr )
dr 2
For maxima and minima, put %E =0
| X
2
S—-jﬂ =0 = S=23nr’
e 2nrh + nur? = 3nr? [from Eq. ()]
= h=r (1

. Height of cylinder = Radius of the base
d% d (dv) d (S -3 6mr
Also, — = — —_— =

dr® dr dr ZE 2 2
=—3nr<0,asr>0 (1)
2
Thus, —5<0=>Vis maximum.

dr

Hencé, volume of cylinder is maximum, when
its height is equal to radius of the base. (1)



31. A manufacturer can sell x items at a price of
3 (5 s 8 ] each. The cost price of x items is
100

2 (% " 500]. Find the number of items he

should sell to reach maximum profit.
HOTS; All India 2009

Given the manufacturer sells x items at price of

% (5 - _xw) each.
100

. Total revenue obtained

<[ (-5

Also, cost price of x items =% (g + 500)

o~

1)

Let P(x) be the profit function. Then,
we know that
Profit = Revenue — Cost (1)

2
P=lBx—2_ ~(5+500)
100 5
ol
p=TK 2% onp (1)
100 5
On differentiating w.r.t. x, we get
aP _ ~2x . 24
dx 100 5

—

For maxima and minima, put (;—P =0 (1
X

—2x 24

_— 4+ T =

100 B
= x =240 (1)

0



d’p d (dP) d ( 2x 24)
Also, —_—=—|— =t —
dxz dx\dx/) dx\ 100 5

2 1

_ e —

-—<
100 50
2

Thus, at x = 240, % <0 = P is maximum.

X
Hence, number of items sold to have
maximum profit is 240. (M

32. if the sum of the lengths of the hypotenuse
and a side of a right angled triangle is given,
show that the area of the triangle is
maximum when the angle between them is
/3. HOTS; All India 2009



Let ABC be the right angled triangle with
BC = x and AC = h.

N

h

0
B -+ X — C
Now, giventhat h+ x=a (i)
where, a = constant (1

And A denotes the area of triangle. Then,
A= % x BC x AB

= A=%x-\/h2—x2
[in right angled AABC,
AB*=AC?-BC?*=h*-x*| (1)
. AB=+vh* - x*
On squaring both sides, we get

2 x* 2 2 2 X 2 2
A =Z(h -X) =A :7[(a—x) - x“]

[~h=a-x fromEq. (i)

2.3
e AZ _ a X 2ax3 (1)
4
On differentiating both sides w.r.t. x, we get
249 -1 0a%_6ax) ..(ii)
dx 4
— dA =—1—(2a2x—6ax2)
dx
For maxima and minima, put j—A— =0
X

= -1——(2a2x-63x2] =14



= Qazx:-ﬁaxz::-x:f;— (1/2)

Again, differentiating Eq. (ii) w.r.t. x, we get

2
2A-d A +dA V. dA =l(2a2—12ax)
dx? dx dx 4

2 2
2A~iﬁ+2 (gﬂ) :1(2a2 =1 Zax)
dx? dx 4

On putting i =0and x= -al, we get
dx 3

2
2,45.'_14_:1 282 i1%ant
dx* 4 3
2
b M=L[232~4a2]
dx* 8A
A5~ a’
m————-
8A 4A
2
%é-:O:}Aismaximum. (1'%2)
X

Also, in the given right angled AABC, we
have

cosf=s—=—=——H. “h=a—
TE [ X]

1 | T
= 0s0=— = cosB=cos— = B==

2 3
Hence, area of triangle is maximum, when

L (1)
3 _



33. Atank with rectangular base and rectangular
sides, open at the top is to be constructed, so
that its depth is 2 m and volume is 8 m*.
If building of tank cost ¥ 70 per sq m for
the base and ¥ 45 per sq m for sides. What is
the cost of least expensive tank?
HOTS; Delhi 2009

- Let x m be the length, y m be the breadth and
h=2 m be the depth of the tank. Let ¥ H be the
total cost for building the tank. Now, given
that h = 2 m and volume of tank =8 m*

Also, area of the rectangular base of the tank
= Length x Breadth = xy m? (1)
and the area of the four rectangular sides
= 2 (Length + Breadth) x Height
=2(x+y)x2=4(x+y)m? (1)
s Total cost, H=70x xy + 45 X 4 (x + y)
= H = 70xy +180 (x + y) ()
Also, volume of tank =8 m?



= IXbxh=8 = xxyx2=8
4 "

= y=— (i) (1)
X

On putting the value of y from Eq. (ii) in
Eqg. (i), we get

H:?Oxxﬁmao(wf]
X X

=5 H =280 +180 (x+—ﬁ—r) ...(in)
X

On differentiating w.r.t. x, we get

ﬁ=180(1—i)
dx 2

X

For maxima and minima, put %}i =0
X

:180(1—12):0:»1——42—=0
X X
= iz"—-1=>x2=4
X
= x=2 [ x> 0] (1)
5 _
AIS‘O; i’;:i[fﬂi]:i ]80(_iJ
X dx \ dx dx x?
:%X‘ISO
X
2
Atx =2, d—]; =-§§x180=180>0
dx oy 2
d*H

—>0=Hisleastatx=2. (1)
dx?

Also, the least cost = 280 + 180 (2 + ;)
[put x = 2in Eq. (iii) to get least cost H]

=280 +180 x 4 =280 + 720 =%1000

Hence, the cost of least expensive tank is
21000. (1)



34. Show that the height of the closed right
circular cylinder, of given volume and

minimum total surface area, is equal to its
diameter. All India 2008C

3--..-- ....... kS A b Bttt i v A -u--‘

\> Here, we e have two mdependent variables r and h, ;
so we eliminate one variable. For this, find the |

: value of h in terms of r and U and put in surface i

area, then use the second derivative test.

- e —
e

Let rbe the radius of base, h be the height, V be
the volume and S be the total surface area of
the closed right circular cylinder. Then, given



V = nr’h

- s ¥ (i) (1)

‘J'Ea‘”2

Now, we know that, total surface area of
cylinder is given by
S=2nr’ +2nrh

2

— S=2nrl+2mr [L)
Tr

[ h= %, from Eq.{i)]
r

= S:2nr2+2—\—/-
r

On differentiating w.r.t. r, we get

— = 4nr — — (1%%)

For maxima and minima, put Z—S =0
r

= 4rrr—~2~2z=0 = V=2nr
r
=5 nr*h = 2nr [V = nr?h)
= h=72r
i.e. Height = Diameter of the base (1%)
d’S d (dS) d ( 2V
Also, — =—|—|=—|4nr- —
dr? dr (dr} dr r? )

:4n+i¥~>0, asr>0and V>0
r

Thus, 9'—23 >0

dr?
= S is minimum. ' (1)
Hence, total surface area S is minimum, when
height is equal to the diameter of the base. (1)



35. Show that the volume of the greatest
cylinder can be inscribed in a cone of height

. 4
h and semi-vertical angle o is = nth® tan® o.
All India 2008

Let VAB be the given cone of height h and
semi-vertical angle o.. Again, let V denotes the
volume of the cylinder. From the figure, we

have
O\ D I

h

(1/2)

H
A - ;
w
Radius of base of cylinder =Q’C =r

H = Height of cylinder = OO’ = h - VO’
Now, in right angled AVO’C, we have

tanoczocz ] YT =0
vO’ VO’
5 VO =
tan o
= VO =r coto (1)

. Height of cylinder, H = OO’
| =h-VO’=h-rcota
Now, volume of cylinder is given by

V = nr’H
= V=nr?(h-rcoto) ..(i)
[-H=h-=rcoto]
= V = nr*h - nr’ cota

On differentiating w.r.t.r, we get

g! =2nrh-3nr’ cotar  (1%)

r

: . d
For maxima and minima, put i 0

r



= 2ntrh — 3mr? coto =0

= - S = 2 tan o (1)
3
2
AISO, -d—‘—‘-/— = i (i\i)
dr?  dridr)

= £ 2nrh — 3nr? cota)
dr

2 ,
= g Yzznh—ﬁnrcotoc'
dr”
2
Atrzgﬁ, d—‘,j
3 . dr 2h
r=-§--tanﬂ

= 2nth - 61 coto (%ﬁ tan (1)

= 21nh - 4nh tan o cot o
= 21h — 4xnh

[+ tano coto =1]

=—-2nth<0ash>0 (1)
2

14
Thus, F <0 = Vis maximum.
r

36. Show that the height of the cylinder of
maximum volume that can be inscribed in a

. 1
cone of height his = h.
3 Delhi 2008



Let VAB be the given conegof height h and a
semi-vertical angle c. Againﬁ: let V denotes the
volume of cylinder. From the figure, we have

v
A

C — D 5
A N \ 4
\\:”’,//B
(1/2)
H = Height of cylinder = OO’ = h - VO’
Now, in right angled AVO’C, we get
tano = —— = —
VO’ VO’
— VO’ = T —rcota (1
tan

. Height of cylinder = H
=h-VO’=h~-rcota
Also, radius of base of cylinder=0O'C =r



. Volume of cylinder is given by
V=mnr’H=V=nr’h-rcoto)
[H =h~-rcota]

= V = nr’h — nr cot o

On differentiating w.r.t. r, we get

g}i = 2nrh = 3w’ coto

r

For maxima and minima, put g¥ =0

dr
= 2nrh = 3nr? coto =0
= r= 2—3- tan o (1'2)
dv d [dv)
Now, —=—|—
dr? dr\ dr
d 2
= — (2nrh - 3mr- cot )
dr
= 21th — 671r coto
2
At r= %Qtana, Ef_;
3 df r= 2ht n o

=2nh-6x cot(x-%tana

= 21th — 4xh tan o cot o
= 2nth — 4nh [ tano cota = 1]

=—-2nth<0ash>0
d?v ' , .
Thus, il 0 = Volume is maximum. (1%2)

dr
Now, height of cylinder, H = h—r cota
=h—&tanoccotcc rf—-gﬁtanot]
3 3
=h—@=ﬁ [-tano - coto=1]
3 3

Hence, height of cylinder of maximum
volume that can be inscribed in a cone of

height is% h (1%)
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