Chapter - Motion in a Plane

=R Topic-1: Vectors
=

1.  Three vectors P,Q and R are shown in the figure. Let S
be any point on the vector R . The distance between the

pointsPand Sisb| R |. The general relation among vectors

P,Q and Sis [Adv. 2017]

@ S=(1-bP+bQ K’R |

(b) S=(b-1)P+bQ K R=Q-P
§=(1-b*)P+bQ Q
S=(1-b)P+b%*Q =

E
e e

Two vectors 4 and B are defined as A=ai and B =

a(cos ot i +sin ot j ), where a isa constant and ® = /6

radsL.If| A+ B = NE) | A— B attime¢=r for the first time,
the value of 7, in seconds, is [Adv. 2018]

Topic-2: Motion in a Plane with Constant Acceleration

Gy o *

1. A ball is thrown from the location (x,, y,) = (0,0) of a
horizontal playground with an initial speed v at an angle
0, from the +x-direction. The ball is to be hit by a stone,
which is thrown at the same time from the location (x;,,)
= (1, 0). The stone is thrown at an angle (180 —6,) from the
+ x-direction with a suitable initial speed. For a fixed v,
when (8, 8,) = (45°, 45°), the stone hits the ball after time
T,, and when 0y, 0= (60°, 30°), it hits the ball after time

2
fal
T,. In such a case, (T—IJ is : [Adv. 2024]
2

2.  Starting at time ¢ = 0 from the origin with speed 1 ms,a
particle follows a two-dimensional trajectory in the x-y
plane so that its coordinates are related by the

; x?
equation y = —2—

The x and y components of its acceleration are denoted by
a,and a , respectively. Then

[Adv 2020

@ a.=1 ms 2 implies that when the particle is at the
origin, a,= 1 ms

(b) a,=0impliesa,=1ms™atall times

(c) att=0, theparticle’s velocity points in the x-direction

(d) a,=0implies thatatz=1s, the angle between the
particle’s velocity and the x axis is 45°

The coordinates of a particle moving in a plane are given

by x(#)=a cos (pt) and y (#) = b sin (pt) where a, b (< a) and

p are positive constants of appropriate dimensions. Then

[1999S - 3 Marks]

(a) the path of the particle is an ellipse

(b) the velocity and acceleration of the particle are
normal to each other at =m/(2p)

(c) the acceleration of the particle is always directed
towards a focus

(d) the distance travelled by the particle in time interval
t=0tot=m/(2p)isa
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Physics

Topic-3: Projectile Motion

1. A projectile is given an initial velocity of (i +27) m/s,
where ; is along the groundand ; isalong the vertical.
If g= 10 m/s?, the equation of its trajectory is : [2012]

(b) y=2x-5x
(d) 4y=2x-25x

A ball is thrown from ground at angle 6 with horizontal and
with an initial speed u,. For the resulting projectile motion,
the magnitude of average velocity of the ball up to the
point when it hits the ground for the first time is V. After
hitting the ground, the ball rebounds at the same angle 0
but with a reduced speed of uy/a. Its motion continues for
a long time as shown in figure. Ifthe magnitude of average
velocity of the ball for entire duration of motion is 0.8 V,
the value of ais [Adv.2019]

/\\ u‘,,;u 5 _\ ua/u: ‘"‘"/'cl"’
=N gl B ¢
g . gl i S X

3. A train is moving along a straight line with a constant
acceleration ‘a’. A boy standing in the train throws a ball
forward with a speed of 10 m/s, at an angle of 60° to the
horizontal. The boy has to move forward by 1.15 m inside
the train to catch the ball back at the initial height. The
acceleration of the train, in m/s?, is [Adv. 2011]

New Stem Based Questions

4.  Aprojectile is fired from horizontal ground with speed v
and projection angle 6. When the acceleration due to
gravity is g, the range of the projectile is d. Ifat the highest
point in its trajectory, the projectile enters a different region
where the effective acceleration due to gravity is

g'= %, then the new range is ' = nd. The value of n

is : [Adv. 2022]

A projectile is thrown from a point O on the ground at an angle

45° from the vertical and with a speed 5v/2 m/s. The projectile

at the highest point of its trajectory splits into two equal parts.
One part falls vertically down to the ground, 0.5 s after the split-
ting. The other part, t seconds after the splitting, falls to the
ground at a distance x meters from the point O. The acceleration
due to gravity g =10 m/s.
5.  The value of t is

6.  Thevalue of x is

, 5 True/False

7.  Aprojectile fired from the ground follows a parabolic path.
The speed of the projectile is minimum at the top of its
path. [1984 - 2 Marks]

[Adv. 2021]
[Adv.2021]

8.

9.

10.

10 e

A large, heavy box is sliding without friction down a smooth
plane of inclination 8. From a point P on the bottom of the
box, a particle is projected inside the box. The initial speed
of the particle with respect to the box is «, and the direction
of projection makes an angle o with the bottom as shown
in Figure. : [1998 - 8 Marks]

Lo /> .

0

(a) Find the distance along the bottom of the box between
the point of projection P and the point O where the
particle lands. (Assume that the particle does not hit
any other surface of the box. Neglect air resistance.)

Ifthe horizontal displacement of the particle as seen
by an observer on the ground is zero, find the speed
of the box with respect to the ground at the instant
when particle was projected.

Two guns, situated on the top of a hill of height 10 m, fire
one shot each with the same speed 5 \/3 m s at some
interval of time. One gun fires horizontally and other fires
upwards at an angle of 60° with the horizontal. The shots
collide in air ata point P. Find (i) the time-interval between
the firings, and (ii) the coordinates of the point P. Take origin
of the coordinate system at the foot of the hill right below
the muzzle and trajectories in x-y plane. {1996 - 5 Marks]
Two towers AB and CD are situated a distance d apart as
shown in figure,

AB is 20 m high and CDis30 m high from the ground. An
object of mass m is thrown from the top of 48 horizontally
with a velocity of 10 m/s towards CD.  [1994 - 6 Marks]
Simultaneously another object of mass 2 m is thrown from
the top of CD at an angle of 60° to the horizontal towards
AB with the same magnitude of initial velocity as that of
the first object. The two objects move in the same vertical
plane, collide in mid-air and stick to each other.

(b)

B d D

(i) Calculate the distance ‘d’ between the towers and,
(i) Find the position where the objects hit the ground.
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11. Particles Pand Q of mass 20 gm and 40 gm respectively are Both particle travel in the same vertical plane and undergo
simultaneously projected from points 4 and B on the acollision After the collision, Pretraces its path, Determine
ground. The initial velocities of P and Q make 45° and 135° the position of Q when it hits the ground. How much time
angles respectively with the horizontal 4B as shown in after the collision does the particle Q take to reach the
the figure. Each particle has an initial speed of 49 m/s. The ground? Take g = 9.8 m/s.
separation 4B is 245 m. [1982 - 8 Marks]

P Q
450 ].35°
A B

5_:' Topic-4: Relative Velocity in Two Dimensions & Uniform Circular Motion

2. Ariver is flowing from west to east at a speed of 5 metres
per minute. A man on the south bank of the river, capable

1.  Aboat which hasa speed of 5 km/hr in still water crosses of swimming at 10 metres per minute in still water, wants to
ariver of width 1 km along the shortest possible path in 15 swim across the river in the shortest time. He should swim
minutes. The velocity of the river water in km/hr is in a direction [1983 - 1 Mark]

[1988 - 1 Mark] (@) due north (b) 30° east of north

@ 1 ®) 3 © 4 %) \/ﬁ (c) 30° west of north (d) 60° east of north
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Hints & Solutions

i",__?*l Topic-1: Vectors
=
1. (@ Here p+pR=§ = R=S—;—I—)
Also f{:é—l_5
o i

S =bQ +(1-b)P
2. (2.00) Given: |7+ B|=+/3|4- Bl
- lai+acoswti+asinot j|=vBlai-acosor i -asinor j
= l(l +cos )i + sin ot ]|= s/gl(l—coso)t)f—sin ot j

V2+2coswt = \/3 V2 -2coswt

1+ cos ot = 3(1 - cos®t)

= 4cosmt =2 & cosmt=5 or, mt:%
Txr=Ll ~. 1=2.00 seconds
6 3
5;] Topic-2: Motion in a Plane with
= Constant Acceleration

o 2
y > /
Att=0, x__-O’y=0}given 5

2

Vo Vv
1. (2) For casel: For collision BR

Vi VO
Yo : -
Vi 550
ﬁ i / : \ ‘/5
A
5 {45o 45° _
S S
2 V2
< < »
L 11
So Tl = -V——V = \/5
RO Vo

V2 2

For case I1 : For collision,

2
V= \/,3\/0
|
\7,);.‘ P A7 Vis A S
% o l
B |
{12 z
 LAe0° 30°0
Al / -~ B
| = vv/3
N e

(!

L
SO, T2 = L T2 L =T
vo 3 Vo, 3Vo 2vg
SO +
2 ) 2 2
S
[_T,_jsz/JEvo\ oGP
e lron |
(a, b, ¢, d) According to question, equation 3
X y=2

1 — |

2% dx dx

dy dx _ dx 5
e 30T P ORI My

Now differenciate wrt time

(a) Ifa, =1 and particle is at origin (x= 0, y=0)
a, =v:
a =12=1m/s?
() a,=0
ay=v)2‘+xax:>ay=vx2
If a_=0, v = constant = 1 =a = 12=1
(c) Att=0,x=0 s St
speed =1; v=0=v =1
(d) a,=0 implies thatatt=1s
a,=v?2txa > v=xv, =>a =v?2
Ifa, =0 = V, =constant initially (v, = 1) = a = 12=1
Att=1 sec

v, =0k Sl |

v
N
tan 0 = 5. =X (8-> angle with x axis)
X

Vy 1
. tanf=—L=-=1=>0=45°
Vi1

(a,b,¢) x=acospt = cos (pt) = Z ..(@)

. ‘ y g -

y=bsinpt = sin (pt) = 3 (1)
Squaring and adding eqn. (i) and (ii), we get,
x2 y2 &3 Yia

a—2+ 'b_z" = e

Hence path of the particle
is an ellipse.
From the given equations
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we can find,
dx—v = —apsin pt; iz—f—a = —ap? cos pt
dt X p p7 dtz o6 p p

Y 4

Ly
Z= 'y = pb cos pt P

1G]
o :
b
d*y / ar N
and Ty -——bp sin pt Q—y)}

)
¥y

dt

S e L
Attime ¢ = 2p or pt = 7
a, and v become zero (because cos%:O). Only

v, and a, are left, or we can say that velocity is along
negative x-axis and acceleration along negative y-axis.

T
Hence, at ¢t = -2;, velocity and acceleration of the particle

are normal to each other.

At t = t, position of the particle
r()=xi+yj =acospti+b sin ptj

and acceleration of the particle
a(t) = axf+ay}' = —pz[acospti+ bsin pt j]
=-p[xi+yjl=-p*r()

Therefore, acceleration of the particle is always directed

towards origin.

T
At t =0, particle is at (a, 0) and at t = —;, particle is at (0,

b). Therefore, the distance covered is one fourth of the
elliptical path and not a.

5] Topic-3: Projectile Motion

() From equation, v =7 + 2]

= x=t 5%

1

y=2t-—(10%) ..(i)
From (i) and (ii), y = 2x — 5x2

@) Let u, TR be the horizontal velocity of the
projectiles and2 it A be the time taken as shown in

figure. % e

ugfa®

uy/om

total displacement

Average velocity =

total time taken
2usin 0

Time of flight 7" =

g
For given value of 6, value of 7 will change with the value
of u.
Total time taken =, + 1, + £, +

tl tl S [1 2 tlot
:tl +—2+ ..... ——l——l
a o i (a-1)

(04

Total displacement SR, D P Y S

2
up 15 ut; uho
=uh + — =% 2 —12+.....=—“1 =——121
a Cl a” a 1o (0 1)
(12
Averape velocity ‘= total displacement
total time

v ultl(x ((x D _ ua
(o? _1) e gril
According to question, average velocity = 0.8 vV,
ma

or 0.8V, -—m ..... )

I/lzuIth

4 Sl e e e (i)
From equation (i) and (ii)
a=0.80+0.8 or a—0.80=0.8
020=08 or @ gy
r 02a=0. e
0 o or 02
(5) Here, u=10m/s, 8 =60°
.uy u=10m/s
usin
=53

m/s

= 60° .
ucos 6=5m/s i
u, =ucos =10 x cos 60° =5 m/s

and u, =wusin 6 =10 x sin 60° = 5\/_ m/s

_2uy 2><5f i

Let a be the acceleratlon of train.

Lo
1.15=u t—=at
> 2

— 1.15=5x\/§——;—xax(\/§)2
- 37“=5\/§-1.15 =8:65-1.15=75

. a=7.5><§:5m/sz

(0.95) After entering in new region, time taken by
projectile to reach ground is given as

2h _\/2x0.81xuzsin26_ usin 6

=09
Zeff gx2g g

So, horizontal displacement done by projectile in new
region is given as

. xucosf = 0.9[%)

d d
Now, new range = 5+0.9E =0.95d

=

x =0.0x 158
g

For Question No. 5 and 6

(0.50)

(7.50)

2uu, . 2X5%5
g 10

=5m

Range R =



Motion in a Plane

Al121

y
A

u,=5m/s
45° 5\/5 m/s = u,

3 T >X
== R
Dfkas D555
Time of flight T= —% = Z—= = second
g
Vs
gy 5 s
>x
Just before splitting
34
> X
0<€ >€ >€
R/2 R2 R/2

Just after splitting
Time of motion of one part falling vertically down-

ds=0.5sec= —
wards sec= 7

From law conservation of momentum, P; = Pf
2mx5=mxvyv=v=10m/s

As there is no initial velocity in vertical direction for

second particle, so it will also take same time as first

one.

T
Time of motion of another part, = — = 0.5 sec
Displacement of other part in 0.5 sec in horizontal

T
direction=Vv— =10%x0.5=5m=R

Total distance of second part from point ‘O’ is,

x=—3—1i=3><é =x=75m

2 2
(True) TE. = PE. + K.E. = Constant
At the top, K.E. is minimum and P.E. is maximum. Since
K.E. is minimum so speed is also minimum.
(a) The relative velocity of the particle with respect to
the box is u. Now the relative velocity in x and y-direction
u, and u, respectively.
Since, there is no velocity of the box in the y-direction,
therefore this is the vertical velocity of the particle with
respect to ground also.

Taking relative terms w.r.t. box Y-direction motion

u,= +u sin o,

a,=— g cos 0

s, = 0 (activity is taken till the time the particle comes
back to the box.)

t =t
5
= 2 . 3 1 2
B uyt+§ayt = 0=(usino)t— —2—gcosext
2usino
= t=0ort=
gcos

Taking relative terms w.r.t. box X - direction motion
u o tmeasa s a =00 =6 s

2usina, u? sin 20,

2
s.= Ul +—a, ™ = g =ycosao X =
Ry x gcos®  gcosO

2usin o J
gcosf
should be equal to the range of the particle for the observer
on ground to see horizontal displacement to be zero. Let
the speed of the box at the time of projection of particle be
U. Then for the motion of box with respect to ground.
ui= -Uxa=— o550,

(b) The distance travelled by the box in time (

2usina —u? sin2a.
= Nk e
- oeesh © gcos0
2
L uxt+—2—axt
—u?sin2a 2usina IR Y 5
—=-U ——gsmGL————-——
gcosH gcosB 2 gcos6
ucos(a+0)

Solving eqn. (i t U=
ving eqn. (i) we gel s

Till the bullets collide in air at point P they follow different
path ACP and ABP.
Let ¢, = Time taken by first bullet in reaching P.

t, = Time taken by second bullet in reaching P.
For path ABP
Range, R = (u cos 60°)t,
Range, R = (ut,) A
For path ACP Ih e

ut 10m :

yu B

A

—= =ut,
> ™

or 1, =2t o)

L 4

@0 .
B

Height for path ABP
h=—(usin60°), + % gt

1 o
h=—gt
zgl

Height for path ACP .. —_—u—%@z—+ L o3

1>
Egtz = Egtl
53 x31, 102 10

3 §55 g

or —15t,+1065 =102 or -3ty +263 =2
or  —(3x24)+2(2)% =247
or  —6t +(4x2)it =262 or 61 =6t}
orn. =1 8ecc )

or
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10.

£, =21, = 2 sec o (i)
Now R = ut, for path ACP
or R=53x1=53m e (iV)

Again h= % gtl2 for path ACP

=%x10x(l)2=5m

y-coordinate of P=10-A=10-5=5m ... (V)
(i) Time interval between the firings = (¢, - #,)
=(2-1)=1second

(ii) Coordinates of point, P = (R, y) = (5\/5 m, 5 m)

(i) Lett be the time taken for collision.

Till their point of collision objects thrown from A and C
run along parabolic paths.

For mass m thrown horizontally from 4.

For horizontal motion 10 cos "C"°
> ax . 60°

PM=V xt=10t¢ .. (D) oo Josinee’
For vertical motion  rimlomis y
u= 0y sy=yya, =gty to oot 30m

y
1 2 S 20m l 0
y= -2'gt i M

Velocity in vertical direction

TT7TTTTrririieiriis7 [/)/

v,=u,tat=gt . (i) —— g ——

For mass 2m thrown from C
For horizontal motion QM = [10 cos 60°] ¢

OM=5¢ - (V)
For vertical motion g 10 sin 60° =5 ~/§ R 5
s,=y+10;¢, =t
Now, v, = 543+ gt .. (V)

1
and (s)) = ut + antz
1 :
= y+10=5\/§t+§gt2 e (Vi)
. P :
Now putting value of Y= Egt in eqn. (vi)

1 » 1 » 2
—gt” +10=5J/3t+—gt" = t= —=8€C
2% VBreoe NE]
Distance between to towers

BD=PM+MQ=10t+5t=15t=15x 72—5 =1732m

(i) Applying conservation of linear momentum (during

collision of the masses at M) in the horizontal direction

Let velocity of combined mass along horizontal = v,
mx10—2m10cos 60°=3 m x v,

= 10m-10m=3mxv, =v,=0

Since, the horizontal momentum comes out to be zero, the
combination of masses will drop vertically downwards and
fall at E.

=__Dimensions & Uniform Circular Motion

2
BE=PM=10¢=10x —==11.547m

NE)
u*sin20 _ (49)sin2x45°
9.8
Distance between the points of throw of particles is also

245 m. This means that the particles should collide at mid
way between 4 and B at their maximum height H =

u’sin’ 0 _ (49)(sin45°)’
2 2x9.8

Each particle has the same speed of 49 m/s and
horizontal velocity of each particle is same i.e.,

ucos45° = 49/~/5 m/s

Applying conservation of linear momentum at the point
of collision
my (u cos 45°) — m, (u cos 45°) = m,v — my (u cos 45°)

1 1
20 X 49 X 3—4OX49><-\/—.-_2— =

The range R = = 245 m.

=61.25m

_20x49x—=+40¥

V2
V=0

Particle Q is at rest after collision and will fall vertically
downwards at the midway.

2H >
Tiis'takéa= ,/—- = J_z_gl_s =357
g 938

Topic-4: Relative Velocity in Two

() Shortest route corresponds to v, perpendicular to
river flow

gl
i e e T
or t—i—-——-—lkm A7
—vb— l T;hr Avb d
B [ )
4
1 1
e 2
29—V:
= v, =3km/h
: : d
(a) Time taken to cross the river ¢t =
v, cos0
o X Ncose 4
! d
i w E
01
—————— y > S

For time to be minimum, cos 6 = maximum i.c., 0 = 0°
Hence swimmer should swim due north.
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