Exercise 4.1

Answer 1E.

(a)

Consider the graph of the function f for lower estimate as shown below:
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Find a lower estimate by drawing four rectangles between x=0 and y=8. To make it a lower
estimate, the heights of the rectangles are the values of f at the left endpoints of the

subintervals.

Here n=4,a=0,b=8.

The width of each of the n strips is,
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Lower estimate is.

Ly =[f{_tn]+f(x3]+f(x_,)+f{_rﬁ]]ﬁr
=[£(0)+7(2)+ 1 (4)+1(6)]2
=(2+3.8+5+5.8)2
=332
=33
Therefore, lower estimate by drawing four rectangles between y=0 and y =§ s,

L.=33

4

Consider the graph of the function £ for upper estimate as shown below:

Find an upper estimate by drawing four rectangles between x =0 and y =& To make it an
upper estimate, the heights of the rectangles are the values of £ at the right endpoints of the
subintervals.

Upper estimate is,

Ry =[ f(x,)+ f(x)+ £ (x)+ f () ]Ax
=[£(2)+7(4)+1(6)+ 1 (8)]2
=(3.8+5+5.8+6)2
=412

=41

Therefore, upper estimate by drawing four rectangles between y=( and y =3§ is,

=]

Find an upper estimate by drawing four rectangles between x=0 and x =§. To make it an
upper estimate, the heights of the rectangles are the values of f at the right endpoints of the
subintervals.

Upper estimate is,

Ry =[ £ (x)+ f(x)+f(x)+f(x)]Ax
=[/(2)+/(4)+ f(6)+1(8)]2
=(3.8+5+5.8+6)2
=412
=41
Therefore, upper estimate by drawing four rectangles between x=0 and y =3 is.

R, =41,



Lower estimate is,

Lo=[f(x)*+ F(x)+ £ () 4ot £ (%) + ()] Ax
=[£(0)+ £ (1)+ £ (2)+..+ ()]
=2+3+3.8+4.5+5+52+57+59
=352

Therefore, lower estimate by drawing eight rectangles between x=0 and y=8§ is,

L, =352

Find an upper estimate by drawing eight rectangles between y=0 and y=§.
Upper estimate is,
R,_=i:f(x,)+fl:.¥3)+f(x:,]+.“+f(x7:l+f[ru:|1ﬂx
=[S+ 1 (2)+FB)+..+ f(T)+ S (B)]1
=34+38+4.545+5245.7+59+6
=392

Therefore, upper estimate by drawing eight rectangles between x=0 and y=§ is,

R, =39.2{

Answer 2E.

Consider the following graph:
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Consider the interval [a,b]=[0,12] and p=6

Ax=b_a
n
MIIE—D
(8]
=2

Since (x, = a+iAx), thus the sample points are as follows:
X=0x=2x=4x=0x=8x=10x=12
The corresponding function values from the above graph are as follows:

F(5)=9.(5)=89.7 (x,) =82,/ (x,) =73,/ (x)=6./ (x.) = 4./ (x,) =



{a) (i) Estimate the area using the left end points.

Here, n=6.

Therefore, L, =if{x,]ﬂx
=&r[f(xn)tf(xt)+_f[x1}+f(x3)+.f(x4)+_f[xﬁ)J
=2[9+89+82+73+6+4]
= 2[43.4]

=|86.8

(ii) Estimate the area using the right end points.

Here, n=6.

]
Therefore, R, =) f(x)Ax

=&t[f(xl)+f(x2)+f(.r]:I+f(x4)+f(xs]+f{xﬁ)j|
=2[8.9+82+7.3+6+4+1]
=2[35.4]

=[10.8]

(iii) The midpoints are as follows:

xl.z.ru;-r.q:{};—r?.:] I‘.Ex_t;.g:ﬁ;rﬁ:?
grafith 28 o : Xty 8410
5 2 2 2

o Xty 446 i x5+.rh_ll}+12_”
¥ 2 £y 2

Mow, estimate the area using these mid points.

Here, p=6

Therefore, M, = Zb:f(x,.' ]Ar
i=l

- ax[f{x,‘}+f{x;)+f[x;)+f(x;]+f(x;)+f(x; }]
=2[9+8.7+7.9+6.7+5+3]

=2[40.3]

=[s0.6]

(b) Consider part (a)- (i) and (ii). It is evident that

Thus, L, is an Overestimate of the true area.

(c) Consider part (a)- (i) and (ii). It is evident that

Thus R, is an Underestimate of the frue area.

(d) In general, the Area for best estimation is the unigue number that is smaller than all the
upper sums and bigger than all the lower sums.

Thatis, [70.8< 4 <80.6
Consider part (a)-(i). (i) and (iii) and obtain the following:

Thus, gives the best estimate.



Answer 3E.

f(x) = cos x . we graph this function in [ 0 , /2] and use the right end points of the rectangles
below the curve to estimate the area of the curve.

1.04

fix)=cosx
0.84

0.61

0.44

0.24

g L
0.0000 0.7854 1.5708

We divide the interval [0, /2] in to 4 subintervals, then width of the subintervals is

And subintervals are

[0, T1/8], [T1/8, T1/4]. [1T/4, 3T7/8] and [3T1/8, T1/2]

Right end points are /8, w/4, 3m/8 and /2

Then area

A= Ax[cos(w/8) +cos(m/4) +cos(3m/8) +cos(w/2)]



= %[cos(ﬂrfﬂ) +cos(w/4) -I-cos(?im’ﬁj +cos[w!2)] == 0.7908

This is an underestimate

(b)

1.0

0.5 \
f(x)=cosx

0.64

0.4

0.24

Fals] x
0.0000 0.7854 1.5708

We divide the interval [0, T1/2] in to 4 subintervals, then width of the subintervals is

And subintervals are



We divide the interval [0, /2] in to 4 subintervals, then width of the subintervals is

And subintervals are

[0, TI/8], [/8, T1/4], [T1/4, 3T1/8] and [3T1/8, T1/2]

Left end points are 0, /8, /4, and 311/8

Then area

A= Ax[cos(0) +cos(m/8) +cos(n/4) +cos(3r/8)]

m

&

[cos(l]) +cos(w/8) +cos(m/4) +COSI:3TI""8)] = 1.1835

This is an overestimate

Answer 4E.

Zonsider the following function:

f(1]=\f; from x=0tox=4

(@)

The objective is to estimate the area under the graph, using four approximating rectangles and
right end peints and estimate the result is over estimate or under estimate.

Find the right end points and estimate it is an over estimate or it is an under estimate.

Since, h=4, a=0,andn=4

Ax:b—a
n
24-0
T4
Ax=1

Use the formula X =g+ iAx t0 obtain the end points are as follows:
x;=a+0-Ax
=0+0-0
=0
x, =a+l-Ax
=0+1-1
=]
X,=a+2-Ax
=0+2-1
=2



Continuing the above,
x,=a+3-Ax

=0+3-1

=3
x,=a+4-Ax

=0+4-1

=4
Consider the intervals are,
(0,1),(1,2),(2.3), and (3,4)

The right end points are,

1,2,3,and 4

Let R4_ be the sum of the areas of these approximating rectangles, then

Find the areas of the sum of the approximating rectangles formula is,

R :z £(x)Ax
= f(x)Ax+ f(x)Ax+...+ f(x, ) Ax
Since n =4, and write the right end points of the rectangle is,
R, = f(x)Ax+ f(x,) A+ fx,)Ax+ f(x,)Ax
R, = f(1)Ax+ f(2)Ax+ f(3) A+ f(4)Ax
=Ax(f(1)+£(2)+1(3)+/(4)
={I][ﬁ+~.@+ﬁ+~ﬁ]

=1+1.4142+1.732+2
=6.1462

Therefore, the area of the right end points are, [g.1462|.



Find the actual integral value.
Let f(x)=vx fromx=0tox=4

Now evaluate the integral.

jnu'r;dx::[%xil (Usc Iﬂdx=§x5]
-3
_g x 0
=E[4%.—D]
3

~2[8-0]

_16
3
=5.3333

By comparing both the right end points and the actual integral values, conclude that the
estimation of the right end point is an overestimate the actual integral.

The sketch for the function f(x] = Jx using right end points is as below:

R

3

f(x)=+x

0

0 1 2 3 4

Clearly from the graph it is an overestimate.

(b)
Find the left end points and estimate it is an over estimate or it is an under estimate.
Find left end points, using the part (a).
The four rectangle points are,
(0,1),(1,2),(2.3), and (3.4)
The left end points are,
1.2.3,and 4.
Let R, be the sum of the areas of these approximating rectangles, then

Find the areas of the sum of the approximating rectangles formula is,

R, = f(x)Ax+ f(x,)Ax+..+ f(x,) Ax



Since p =4, and write the left end points is.
Estimate the area using the left end points.
Ry = f(x)Ax+ £(x,)Ax+ f(x)Ax+ f(x,) Ax
R, = f(0)Ax+ f(1)Ax+ f(2)Ax+ f(3) Ax
=ax(£(0)+ £ (1)+ £ (2)+1(3))
=(1)[J5+J1-+~E+J§]

=0+1+1.4142+1.732
=4.1462

Therfore, the area of the left end points are, [4.1462)-

Find the actual integral value.
Let f(x)=+x fromx=0tox=4

MNow evaluate the integral.

jﬁi“[%x%}: [Usc [ s =§x§]

4
A
3 1
3
=2[45 _[)]
3

=318-0]

16
e}

=5.3333

By comparing both the left end points and the actual integral values, conclude that the
estimation of the left end point is an underestimate the actual integral.

The sketch for the function f{x:l = /¥ using left end points is as below:

3aY

2 3 4

Clearly from the graph it is an underestimate.



Answer SE.

(a) Sketch the graph of f(x)= 1+x® from x=-]to x=2 with three approximating
rectangles using right endpoints.

Each rectangle has width 1. The heights are 1, 2, and 5. If we let .l'e3 be the sum of the areas
of these rectangles, we get

Ry=1-141-2+1-5

Sketch the graph of f with six approximating rectangles using right endpoints.

E*}'

5

Each rectangle has width %. The heights are y 1 13

%‘2’1 and 5.ifwelet R, be the sum of

the areas of these rectangles, we get

Rﬁ=l.£+l.]+l.£+l.2+l.£+l.5
24 2 24 2 2 4 2

&
oo

75



(b) Sketch the graph of # with three approximating rectangles using left endpoints.

E*},

-1.5 25

Each rectangle has width 1. The heights are 2, 1, and 2. If we let L, be the sum of the areas
of these rectangles, we get

L=1-2+1-1+1-2

=[3]

Sketch the graph of # with six approximating rectangles using left endpoints.

6*},

-1.5 2.5

13

Each rectangle has width l The heights are 2, 2, —. Ilfwelet L, bethe sum of
2 4

5
r 4 r
the areas of these rectangles, we get

5

f P

! L, 108
2 24 2

|
= oL
L 5 d

.2+l.i+
2 4

h| = —

373



(c) Sketch the graph of  f with three approximating rectangles using midpoints.

Ay

-
-

&

W=

-1.5

Each rectangle has width 1. The heights are 2, & and L Ifwe let M, be the sum of the

areas of these rectangles, we get

M‘ = 1§+]£+]_E
4 4 4

=

Sketch the graph of £ with six approximating rectangles using midpoints.
& Ay
\ [
-
< o >
-1.5 25
Each rectangle has width L The heights are 25 B 10 25 A0 ond P2 itwedet
2 16 16 16 16 16 16

M, be the sum of the areas of these rectangles, we get

125 117 117 125 1 41 1 65
P it T er i i 1 ok L st
16 216 216 216 216

23 16 3

=[5.9375]

{d) From the sketches, appears to be the best estimate.

Answer 6E.
ey
WWe calculate the value of f (x) = [1 2:] in the interval [-2, 2] for different
+x
values of x
x -2 15 [ -10 |05 |0 |05 |10 |15 2
) 02 031 (05 0.3 1 |08 |05 | 031 |02

With help ofthis data, we sketch the curve of § (x) in figure 1



The figure iz as follows:

g
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Fig.1

(B)
(1)
Mow we divide the interval [-2, 2] in to four subintervals [-2, -1], [-1, 0], [0, 1],
and [1, 2] and we cketch four rectangles whose base iz same as width of the
subinterval (= 1), and height iz same as the right edge of the strip. [We already
divide the interwal [-2, 2] in to four strips for sketching approximating rectangle]
[Figure 2].
¥
T I
CI.‘1‘
a0 i
2.5 2.0 15 10 05 00 [ 10 15 2.0 2.5
BiE
Fig.2

The sum ofthe area of these four approximating rectangles is

Or
Or

1
(1+(—1)2)

1 1 1
=1 —-+1+1.—-+4+1 -
i 2 2 5

+1.

Ry =T

(1+Eof) [()][()]

A, =05+1+054+02=22

So an estimate for the area under the graph of f [:x:l 13 ;

(2)

Again we divide [-2, 2] in to subintervals [-2, -1], [-1, 0], [0, 1], and [1, 2]. The
mid points of these intervals are

Hn=-15  x=-05  x=05 w=d
How we sketch four approxzimating rectangles such that the midpoints of the

upper edge of the rectangles are touching the graph of f[x) (Figure 2).



RN )

Fig.3

The sum ofthe area of the four approximating rectangles is
4
M, =3 7% ) 4x,
il
where Ax =1, the width of the subinterval of rectangles.
So M, :l.f[—l.5)+l.f|:—0.5)+1.f|:0.5)+1.f|:1.5)
Or M, = 0314084084031
Or M, =222

=0 an estimate for the area under the graph of F [x) iz

A 222
(C)
(1) For improwing our estimation we divide the interval [-2, 2] to following 8
subintervals:

[-2, 1.5], [-1.5, -1], [-1, -0.5], [-0.5, 0], [0, 0.5], [0.5, 1.0, [1.0, 1.5], and [1.5, 2.0]
And we sketch 8 rectangles whose base 15 same as width of the subintervals (=
0.5y and height 15 same as the right edge of the strip [We already divide the
interval [-2, 2] in the eight strips for sketching approzimating rectangles] [Figure
4],

- o

25 20 A5 10 05 Qo 05 1.0 1.8 20 AS

Fig.4

The sum of the areas of these eight rectangles is

Ry =(0.5)( £ (-1.5))+(0.5).[ £ (-1))+(0.5) f (-0.5) +({0.5).7 (0) +
(0.5)./(0.5)+(0.5)./(1.0)+(0.5). 7 (1.5)+ 0.5/ (2.0)

O

Ry =(05).(030)+(0.5)(0.5)+(0.5).(0.8)+ (0.5)(1.0)+(0.5).(0.8) +
(0.50.(0.5)+0(0.5).(0.31) +(0.5).(0.2)

O Ry m0.1554025404405404402540155+0.1

Cr Rom 221

So an estimate for the area under the graph of [x) is



(2 & gain we divide the intervals [-2, 2] in to subintervals [-2, -1.5], [-1.5, -1],
[-1,-05],[-0.5, 0], [0, 0.5, [0.5, 1, [1, 1.5], and [1.5, 2].

The midpoints of these intervals are

n=-175 x=-125 x=-075 x=-025 x =025

x =125, and oz =175

Mow we sketch eight approzimating rectangle such that the mid pointz of the
upper edge (top) of the rectangles are touching the graph off(x) Figure 5) iz

M, =if[x;:l.ﬁx

iml

Here Ax = 0.5, the width of the subintervals or rectangles.
Or

M, =(0.5) 1 (-175)+(0.5) £ (-1.25)+(0.5) 7 (-0.75)+(0.5) £ (-0.25) +
(05)7(025)+(05) 7 (0.75)+(0.5) 7 (1 25)+(0.5) 7 (175)

M, = (0.5)(0.246) +(0.5)(0.39)+(0.5) (0.64) + [0.5)(0.941) +

(0.5)(0.941)+(0.5)(0.64) +(0.5)( 0.39) + (0.5)(0.246)

Or M, 0.123+0.195+0.32+0.471+0.471+0.32+0.195+0.123
Or M, =2218

=0 an estimate for the area of under the graph off[x) s [Awm 2218

Answer 7E.

Given f(x)=2+sinx,05x5?r, n==24and8

Now n=2
Gt h—a
b
=0
2
ifl
2
Tpper Sum:

The graph 12 shown below.




How

k) s
— |=2+sn—
(5] =awead

=2+1
=3

The height of the function from the above graph 1z also 3.
Thus the upper sum value is

=§f|:xi)ﬂx
=ﬁX[f|:x1)+f[x2):|

=g[3+3]

Lower Sum:
The graph is shown below,

How
S(0)=2+sin0
=2+0
=2

The height of the function from the above graph is also 2.
Thus the lower sum wvalue 13

=27 (s)4x

= ﬁx[f[x1)+j|ix2:|:|
="’2_T[2+2]
)
= 2T

=623



Now n=4
TUpper Sum:
The graph is shown below.

Now
r 2
—|=24+sn—
/()
1
=24+——
e
=2.7071
i 2
—|=2+an—
/()
=2+1
=4

Thus the upper sum value 15
= Zf[ix,-)ﬁx
i
= ba f (m)+ 7 (m)+f (m)+ 7 (%)]

=ﬂ2+i+3+2+i+3}

2 V2
=2_T[10+~J§]

=896

Lower Sum:
The graph is shown below.




Now
f[O) = 2+sinl

=240
=2
f(§]=2+an§
1
S
V2

Thus the upper sum wvalue 1z

=§j[xi)&x

R AC R RS e S e e e
& l_"’[z+[2+ %}(H %}2}

- Z_T[S+J§]

=738

MNown=8
TTpper sum:
The graph is shown below.

84 8 2 8 4 8

Mow



T
S 8

_ 2+[ 2+J§]

2
dHy2+42
2
f[g] — 2 4sin
=2+(1)
=3

Thus the upper sum value 13

= iZ:j(xj)&x

= ﬂ:x[f(xl)+f(x2)+f[x3 +_f|:x4)+f[x5)+f[x6)+f|:x?)+f|:x3):|

)
[4+ B [ 1 J+4+ N 4+m+( 1
e B3
=8[18+ﬂm+m}

=865

Lower Sum
The graph is shown below.

1]

0 1 2 3
a3 oo dr AxTx

R SR T

MNow

f([]): 2+sn0
=240
=2

T T
—|=24sn—
(5]l

N

2

_4H2-42

2



Also
s [;_T] — 2sin "4_?

o
i

£
f[3—ﬁ]=2+sin3§

2

_ AH2+42

2

Thus the lower sum walue 1s

= éf(xi)ﬁx

=da f (=) +7 ()4 () + F(m)+F(x)+ F ()4 F (%) + F (%) ]
ZN[HM*@* | ]+4+‘fz+ﬁ+“+"2+~’5+[2+LJ+M+2}

8 2 43 2 2 J2 2
= Z[16+rw2 -+ f24 2 |
=7.86
Answer 8E.

Given f(x)=1+x"-12221, n=34
(a) How #=73
Tpper Sum:
1-{-1
aee 2D
2
2

3
The graph 1s shown below.




The walues of
I=-1
(%) =1+(-1’
=0
n=a+hx

:_1+E

Thus Upper sum 15

= éf(xi)ﬁx

LI LI L2 L

Il
T 1
iy
wol| &
I

0| o
1| 2

Lower Sum:
The graph is shown below.

How from the graph we have
Lower Sum



x-1

=§f[xi)&x

LI B2 L2 W] D

10
9

9

29
|9

[20+9

+1+

}

10
8

)

o2 Lh
E R el

=2148

Therefore Fiemann lower sum |2 148
ib)

Wow when n=4

hx= —1_(_1)

From the graph we have
f(=)=1+(-1)"
=3




Lower Sum:
The graph 1z shown below.

From the graph shown below we have
Lower Sum:

1. 5
== 1+—+1+—}

2
1
2
179
25_5}
9

I

R
Therefore Eiemann lower sum 1z m



Answer 9E.
f(x)=x4 on[0.1].
fis an increasing function on [0,1]. consider 10 subintervals on [ 0 ,1] using n = 10, we get

Ax =0.1and f(x)="f(0+kA)where k varies from 1 to 10.

i 10
then [ox*dx= 3 Ax*f(0+kdx)= 0.1* 3 (h*4x)’ =
k=1 k=1

10 158+ 108 — n i
ﬂ.l*[ﬂqlli]* v k4= [ﬂ.l]s{ﬁﬂ 15 in }

k=1 30 n= 1

sTeaswi=15=2 1w =1w=10" =10
i : =0.25333
(0.1) { an }

putting n = 30 , the length of the subinterval Ax becomes 0.033 and the above integrand

6*30° = 15230 = o= 30° — 30
becomes = [ﬂ,ﬂ33]5{ i Sl 0

}=D.2[]Ed
in

putting n = 50 , Ax becomes 1/50 =0.02 , so, the integrand becomes

30

sl m]g{ﬁ*ﬁnﬁ—lﬁ*ﬁn"—ln*ﬁn‘—ﬁn}

=0.21013

putting n =100, Ax=0.01 , the integrand becomes 0.20503.

continuing in the same way the integrand becomes 0.2.



Answer 10E.

f(x) = cos xin [0, T/2].

putting n = 10, consider a uniform partition on the interval to give the length of the subinterval
L =m/20 =0.157142 | the integration of the given function on the given interval is

T

x 10 0
Jo cosxdx= E Ax*[(0+4x) = Ax* = cos(kdx)
k=1 §mi

using the computer programming to find this summation , we get

0.157142"5.650257 = 0.9193261

putting n = 30, Ax becomes 0.05238095 and the above integrand becomes

30
= Ax* ¥ cos(kdx)=18.58622 *0.052358095 =0.973563.
k=1

putting n = 50 , Ax becomes 0.031428571 and the integrand becomes

50
= Ax* ¥ cos(kdx)=31.31524*0.031428571 = 0.984193.
k=1

oo
putting n = 100, Ax becomes 0.0157142 and the integrand is = Ax* T cos(kdx)

=1
=63.13508"0.0157142 = 0.992117
note that as n becomes larger , the integrand reaches 1.
Answer 11E.
. I . .
Ff [IJ = — on [0 1], the integrand to be evaluated using n rectangles below the
4z

curve whose left end points touch the curve .

putting n =10,



&Y

0.975

0.g28

075

0675+

0E

0.525

0.45

0.375

0.3

0.228

015

0.075

045 0375 03 0225 015 -0.07% o 007 015 0225 03 0.375

-0.075

-0.225

0.3

-0.375

045

from this |, the integrand is 0.1{ 0.95182 + 0.95512+0.92134+ 087 + 0. 8 + 071+ 067 + 062 +
0.54 +0.48} = 0675828

similarly , when n = 30 , the integrand becomes 0.721312

whenn =350 _itis 0.745535

whenn =100 it is 0.761215.



Answer 12E.

Given

fix)=x/(x+2) ; 1= x <4

a)

Using the commands

Using CAS

estimated area = 1.3623
actual area = 1.6137

estimated area = 1.6623
actual area = 1.6137




0lf

02k

eztimated area = 1 3960
actual area = 1.6137

n=30

right

estimated area = 1.6302
actual area = 1.6137

[}

n=50

(=

estimated area = 1.6037
actual area = 1.6137

[FY)

—_

(=

[P}




estimated arsa = 1.6237
actnal area = 1.6137

n=50

c)

Since f(x) is an increasing function on [1,4] all of the left sum are smaller than the actual area,
and all of the right sums are larger than the actual area. Since the left sum with n=50 is about
1.6037 and the right sum with n=50 is about 1.6237

So we conclude that

1.603= L50=actual area=R50<1.624

1.603=< actual area<1.624

The actual area is between 1.603 and 1.624



Answer 13E.

Consider the data for the speed of a runner in half-second intervals.

((s) | v(fvs)
0 0

0.5 6.2

1.0 10.8
1.5 149
20 181
2:5 19.4
3.0 202

Take the subintervals, [0,0.5],[0.5,1.0).[1.0,1.5],[1.5,2.0],[2.0,2.5],[2.5,3.0]., each of
length 0.5,

During first 0.5 sec, the velocity does not change much, so estimate the distance travelled
during that time.

Take the velocity during that time interval to be the initial velocity (0.5 ft/s).
The distance travelled during first 0.5 seconds:

0.5x0.5=025ft.

Similarly during the second time interval, the velocity is 6.2 fi/s and the distance travelled from
t=05stor=10s1s 6.2x05=3.1f.

The lower estimate is obtained by considering the left end points of the intervals.
Thatis 0, 0.5, 1.0, 1.5, 2.0, 2.5.

The velocities corresponding to the left end points are:

0,6.2,10.8, 149, 18.1, 19.4.

The lower estimate of the distance travelled in 3 seconds:

0x0.5+62x0.5+108x05+149x0.5+18.1x0.5+19.4%x0.5
=0+3.1+54+745+9.05+9.7
=34.7

Therefore, the lower estimate of the data is [34.7 fi|.

The lower estimate is obtained by considering the right end points of the intervals.
Thatis 0.5, 1.0, 1.5, 2.0, 2.5, 3.0

The velocities corresponding to the right end points are:
6.2,10.8,149,18.1,19.4, 20.2.

The upper estimate of the distance travelled in 3 seconds:

6.2x0.5+10.8x0.5+14.9x0.5+18.1x0.5+194x0.5+20.2x0.5
=3.1+544+745+9.05+9.7+10.1
=448

Therefore, the upper estimate of the data is |44.8 fi|.



Answer 14E.

Then given data is
3(3) 0 12 |24 |26 |48 | &0

viais) |30 |28 |25 |22 |24 |27

(&)
Here five time intervals are given as [0, 12], [12, 24], [24, 36], [36, 48] and
[48, &0]
Left end points of the interval are 0, 12, 24, 36 and 48
And width of the intervals 18 = 12
=0 the distance traveled by the motorcyele during this time period {using the

velocity at the beginning of the time intervals) can be estunated as
[We used distance = velocity < time |

d=12x30412= 284+ 12254+ 12=22+12x24

Or & =1548 feet

[Velocities at left end points of time interval are 30, 28, 25, 22, and 24]

By Mow the right end points of the intervals are 12, 24, 36, 48 and 60
And the velocities at these points are 28, 25, 22, 24, and 27
So w can estimate the distance traveled in the time period [0, 60] as
d=12x284+12x 204128 = 22 4+12x 24 +12x 27

Or & =1512 feet

() The estimates are neither lower nor upper estimates because the velocity function
iz not monotonic means it 15 neither increasing nor decreasing.

Answer 15E.

Then given data 1s

£(k) 0 p 4 & B 10
(Lik) rit) B |76 |68 |62 |57 |55

Here » (r) 1z rate of leaking out the oil from a tank in litersthour.
During first 2 hours the rate of leaking 1= 7.6 Lih

S0 amount of o1l leaked out during first two hours =time xrate=2=x7 6 =152 L.
MNow we have 5 time intervals as [0, 2], [2, 4], [4, 6], [&, 8], and [&, 10].
S0 width of interwvals 15 2.

o left end points of the intervals are 0, 2, 4, 6, and 8.
Andthe rates of leaking at these points are 87, 7.6, 6.8, 6.2, and 57,
So we can estimate the amount of oil a3

Amount of oil= 2x8 7 +2x7 6+ 2x6.8+2x6.2+2x57[=70 liters|

For confirming that this estimation is upper or lower, we sketch the curve of

r [:.E) .and approximating rectangles such as left upper vertexes of the rectangles
touch the graph of » [f) [figure 1]

From figure 1 we see that the arc of region under the graph of » I:f,) 1z less than the

sum of areas of these given rectangles.
S0 our estimation =70 L iz upper estimation



The figure 15 as follows:

¥

41 (rit)

it —s(L'hy —s
|

time (hourg) ———

Figure 1

MNow the right end point of the intervals are 2,4, 6, 8 and 10
Andrates of lealung at these points are 7.6, 6.8, 6.2, 5.7, 5.3
So wWe can estimate the amount of o1l as

Armeunt of o1l = 27 6+ 2%E B4+ 256 2+2 x5 T74+2x53
O Amount of 01l =632 liters

Ifwe sketch the graph of 7 [r.) and the approxzimating rectangles such that the
upper right vertex of the rectangles are touching the graph of » (z) in figure 2,

then we see that this estimation of the amount of o1l 15 lower estimate [= 63 21

\:m.

rity—»L'h} —
|




Answer 16E.

The given date 15

Tl 0 10 |15 |20 |32 | 59 62 125
v f1s) 0 185 | 319 | 447 | 742 | 1325 | 1445 | 4151

Here time intervals are not equally spaced. So we have to calculate the width of
each time interval separately.

At =10-0=10
Aty =15-10=5
Af,=20-15=5

Af, =32-20=12
Aty =59-32=27
Aty =62-59=3

At, =125-62=63

Mow we have the time sub-intervals [0, 10], [10, 15], [15, 20], [20, 32], [32, 59]
[59, 62], and [125, 62].

And left end points of intervals are 0, 10, 15, 20, 32, 59, and 12.

And velocities at these points are 0, 185, 319, 447 742, 1325, and 1445 fifs.

MNow we sketch the curve of V(.t) with the help of given data and sketch the
approzimating rectangles whose width 15 equal to the width of sub-intervals. The
left upper vertex of the rectangles touches the graph of (2], so the area of these

7
rectangles = 3¢, (V[fz)) (Hgure 1)
ia

The graph is as follows:

¥
1600
1400 -
1200
10

£00

Vielocily i firs)

Gl

400

200

o 1 20 a0 40 50 il 0 X
time (secunids) ————>

Figure 1

Mow using the formula
Distance = Time xVelocity = Ag, xF(s,)
We obtain a lower estimate for the distance by adding the areas of all rectangles
in the interval [0, 62].
Biheight) =¥ (g An + 7 (6 ) AL +0 (65 ) AL 17 (2, ) Aty +T7 (6] Ar, +77 (5 ) gy
=04+185x54+319x54+447 =124+ 742 %27+ 1325%3
h=31893| feet



Similarly we sketch the curve of (z) and rectangles whosze width is equal to the
width of sub-intervals and right upper vertexes of the rectangles touch the graph
in (figure 2.

We obtain an upper estimate for the distance by adding the areas of these

rectangles.
So k(height)=185x10+319x 54447 x 54742 %12 +1325x 27 +1445% 3

b =546 feet

How we can approzimate the height by taking the average of these two
estimations, so height of space shuttle from the earth. After 62 seconds is

B 432935 feet

Lol +

~.]

1400 +

1 20

iy +

L

vielacity (1)

&l
400

m /

0 10 20 30 4 s fall i X

time (secommls) ——

Figare 2
Answer 17E.

Evaluate the distance travelled by the car using the following graph:

(Ft/s)

(Sec)
80“‘1”
50 \\
™.
40 \\
20 .
e
\ i
0 5 4 6 -



The more rectangles used, better is the estimation of the distance traveled.

In this case, use midpoints to estimate the graph using six rectangles as shown below:

(Ft/s)

(Sec)
SOJLV
60 \\
™
40 \\
20 o
T
\ ,
0 2 4 6 "

Find the area of the each rectangle using the formula r, = wh . (width multiplied by height).

From the figure, it is observed that the all the rectangle have same width 1 unit.

5 =1(55)
r =1(40)
r=1(25)
r,=1(20)
r =1(10)
1 =1(5)

Find the sum of the areas of the rectangles.

Foa =35+40+254+20+1045
=155

Hence, the area covered by the estimated rectangles is 155 square units.

This follows that, the distance travelled by the car is 155 km.



Answer 18E.

Here for an increasing function, using left end points gives us an under-estimate and
using right endpoints results 1n an over-estimate.
Here we will calculate M, to get an estimate.

A 30-0
6
At =5s
. 8
3600
At=—Lp
720

M, =%G [W(2.5)+9(7.5)+(12.5)+v(17.5) +W(22.5)+w(27 5)]

=%[31_25+66+33+1{}3_5+113_?5 +119.25]

1
= 52175
720 ( )

~0.725 km
Hence, the distance traveled by the caris = 0.725km_

Definition:  The area & of the region 3 that lies under the graph of the continuous
function f 15 the limit of the sum of the areas of approximating rectangles

A=limR, =lim[ f (n)x+f (m)bx+.  +7(x)4x]

N—rw

il
. 2x
iven xl= l=x=3
f[j x +1
ﬂx:b_a:;lzg
z b b
Answer 19E.

Definition:  The area & of the region 3 that lies under the graph of the continuous
function # 15 the limit of the sum of the areas of approximating rectangles

A=lim R, =lm[ f (x)hx+f (x)bx+. . +7(x,)bx]

:Zf[xi)&x
ial

. 2x
Given xl= l=x=3
f[ ) x +1
ﬂx:b_a :;lzg
b b #



The walues of

;r:{=a:+2ri‘.;r=‘l+2-g
b

4
=x=1+— .. and o on
b

R :a+:‘ﬂ.x:l+i%:l+%
Rﬁéf(&-)ﬂx
R=T ()t
5[

2
2| 1+=
’“ [ n] 2

=y n MU 8
B [1+E] 1"
e

Further,

£y = :
= 1+4L2+4—I +1
M M
i [1+2i]
A
=_Zf
i (2+4I—2+£J
M M
\s [H%]
M
oyt
A 2(1+23—2+2—3J
M 2
. 5 [1&]
M
jR”:EZ} %t o
[ B
M M

. o142
Thus lim R, =3 —— 27

2

2 I [H ]
2.2 (OR) limR,=lim=y > 2/
it il 21 b
[1+—] +1

H—w #vw g 17 1+£+§
Pﬁg M

Answer 20E.

Definition: The area & of the region = that lies under the graph of the continuous
function f 15 the limit of the sum of the areas of approximating rectangles

A=lim R, =lm[f(x)bx+f (m) bzt +f(5,)4x]

= ;f‘:@)ﬁx

Given f[x)=x2+~.,l'1+2x A=x=T
A 7-4 3

X X




The values of

3
n=a=4, m=a+hxr=44=,
2

;r:{=a:+21{‘.;r=-4+2-E
b

&
=x=44+=, . .and =0 on
s

xi=a+i&x=4+iz=4+%
H #

1l
L £
e Y
N
+
= |
A
b
+
T
+
]
T e
In
+
x|
MEL T
[I—
x|

32 AT %
lime=1im—Z{[4+—] + 1+2(4+—H
M=o H—}I‘Dl;z!_-l » »n

1679-4 1-21E RID: 1411| 20/02/2016

Answer 21E.

Consider the function,
F(x)=+sinx,0gx<x.
The object is to find an expression for the area under the graph of fas a limit.

Since the lower limit of the function is g = (), then the width of a subinterval is

b-a
Ax =
n
_x=0
n
_T
n
So, X =£,.1‘2 =2—E,;,‘l =3—?r,_'(“ =E. and &y =£.
n n n n n

Since the sum of the areas of the approximating rectangles is
R, =_,f(_r| }&x+f(x2)&r+f(r_‘}ﬂx+r--+_,"[_rw)&x
:[,f{xl 4 £ (%) +f (%) ++ f(x, )]AX

) o) ol

= | . (mi\m
mz sin| — |—
o n/)n

Hence, the area under the graph of the function fis

A=limR,

H=pm

- . miT
=I|mz sin| — |—
P

= n,n

. T e
hm—z sin| — ||
}f--“tﬁ ]I n

Answer 22E.

Given

u 410
1im23[5 +%]

= e » »



Taking a =5,6=7
_b-a

H

i%:

And
x=at+ihx

=Bt

- 410
Hence lim Z 3[5 +%J represents the function f [x) =z

= 2_1 'JE 'JE

S0 the area under the curve [x) = x" between the points x=5 and x=7

Answer 23E.
(iwen area1s A= lim Z 1 tamn 9
r—w i A dn

We expand the sigma notation.

Oy we can write

. T T s 2T o 2 T nT
A=lim —tan[D+—]+—tan[D+—]+—tan[0+—]+——+—tan [D+—]
r=m | A dn; 4dan dn i dn dn LE: 4

We can compare this by the formula of area as
A=lim[dxf (x)+dxf(x) +-—+hxf (%) ]
Cir
A=lim[Ax 7 (x +dx )+ 7 (5 +20%) +Ax f (2 +34x) +- —+bx f (5 +ndz) ]

Sowe have  Ax == and x, =10 .S'C'XH:E
dn 4

Andthe function 15 tan x.

S0 given limit 18 equal to the area of the region under the graph of the function

J(x) =tan z| in the interval [DZ—T:|

Answer 24E.

Defimition=: The area 4 of the region & that lies under the graph of the continuous
function f 15 the limit of the sum of the areas of approximating rectangles:

A=lm R, =lim[ f(x)dx+f (x;)dx+.+ 7 (x,) bx ]

N—w



()

Given function v = x3, [0,1]

o b—a
a
o Pl
"
o)
#
X =a+ihx
0+t
#
_q
o

Substituting thesze values in the abowve definition

A=lim R, =lim[ 7 (x)ax+7 (% )bz +. + 7 (x,) bx ]

A=lim R, =lim> 7 (x)Ax
M= ?d—}u:h!._l

% iyl

A=l =1 i

i, E%lf[ :

w3

: ]

A=lmA~F =lm | a
H—=m ® H—}mg('}g] ':lg

]
Therefore |A=lim R, =lim > (i}
H—=rmo 2 1

H—3mo

2
?24

(k)
- 2
+1
el )} o
B R | 2 n
B 2
(o3
A=lim R, =lim ;
] 2
A=lim£R, = llim {[1+%H
M 4 2w #
2
A=limR, = - [1+l]
B 4 |:|
; 1
Theretore |A=lim &, = E
Answer 25E.

@ [L=dA=R



(b)
TTpper Eiemann sum

Rﬁif(&)f—“x

“ Bl £ ()4 ()4 S ()44 S )+ ()]
Lower Eiemann sum
E.,,:Ef[xi)ﬂx
= ﬂ.x[f [xn)+j'[x1)+f[x2)+...+f[xx_l)]
Now B~L=[(n)-f(n)]x

. [b_a][f(f?)—f(aﬂ

M

b—ua

—[f(&)-7(4]]

(c) “We have to prove R, -A<

Consider L =A=R,
=L -R,=4A-RF =R -R,

=L -R =24-RF =0
=I,~FsA-R,
=R -1, 2R -4 [Multiplying with -1 reverses the inequality]
=R -A=R -1 [22a=axbd]
=R -4<Z2[1(5)-£(a)]  Doypart ®)
SR -4 -::b_a[j[b)—f[a)]

Answer 26E.

; ; T
Givenn ¥y=zinx,0to E

Let A be the area under the graph of an increasing continuous function F from a to b, and
let Z,,and R, bethe approximations to A with # subintervals using left and right end

B2ET f(e)-7(a)]

M

points the we have £ -4 <

A, —-A<00001

; [ (&)~ f(a)]=0.0001

= i {f[%]—j[[])}: 0.0001

o]

= E{sin [g] —sin (o)} =0.0001

M

= Z[1-0]=0.0001
2n

= _0.0001
2n

sy T ot
2

»=15700| (approzimately)



Answer 27E.

Firstly, graph the function y = x* and area covered in the interval [0,2].

F :b'

(0.32)
304

154

104

(a) Divide the curve y = x* from O to 2 into n subintervals.

Then Ax=2/n and x, =2i/n.

A= iim|: 2'f(j":”)+ Zf(:':n){rt_ + 2f(2):|

L B .'?
|22 2.4° 2-(2n
=lim| ——+——+L + .
e ] " 7
i iy e
=lim—=>(2i)
Lo el ] =1
= limé-dr:- 2
H=pm ” |

i=

(a) Type the following commands in Maple then press ENTER fo find the sum of the series

1 G 1 5 5 4 1 )
=2 3 1 = D GEEE s T 1
e (m+1) > (n+1)" + 3 (mn+1) B (n+1)
sl = (e e e G i e 2
P s 12 12 .
1 s i o 5 ¥ =
o

Observe the second output above (blue font), this follows that

L
Y P=P 4243 et
=l

n® on st W
=
6 2 12 12




(b) Use the formula to evaluate the limit.

64 w5t ont
A=lim| — L LI L
nevn | gy 6 2 12 12

64| [231" +6n° + 50 _”z}
121

3 e R
=~I—l6-l1m{2+6 %—-—E—]
LIS non ]

':(2+6(0)+5 0) -1(0)")

32

3

Verify the result using CAS.

Type the tollowing commands in Maple then press ENTER to find the limit of the series

64 T A
lim| — —+— —_— -]
a=vm| p 6 2 12 12

i S48+ L+ Zot = oy
32
3

Hence verified.

Answer 28E.

(a) y=x4+5x2+xfrom2to7.

consider n equal subintervalson [2. 7], then Ay= 41— = 3

Ir I
considering the left end points of the rectangles which touch the curve from below and we write

the integral of the curve as a limit of the sum of areas of rectangles :

36 455" +x) dx = limy, o S Ax*f(2+4x)
k=1

= limg 2 {384— s o T35, 1000 625}

" 0 o’
&= |

=1im,,_.x(%21 ?25EI.-I-]&SEk-I-mnEA—I—“%Ek)
L

k=1 n” k=1 ] ol ] F=1 o PR

(D) the sum in the above result is

2 a0 725 nln+ 1} 3625 nln+ EH2n = 1) 0060 wiin+ I): 3
= ]'lmu—.x —ﬂ'+—1* 4 + 3 * + 1 % +_
L a0 £ N L] i 4

5 3 3 7
(c) exact area of the given curve is jZ(I“ 557 +x) dx= 245 +Z1 )=
2 : A

3483.5



Answer 29E.

Firstly, graph the function » =cosx and area covered in the interval [O,b],

(a) Divide the curve y =cosx ; x =0 to b into n subintervals.

Then Av=b/n and x, =bifn.

A=Tlim ,F;_f'(|b__.'n)+ "'?f{zb:'”)_i_l_ i bf{b):l

e H n n

i

. b hi
B Ilm—Zi:cns—,
n

Lt | Bpar
=

Type the following commands in Maple then press ENTER to find the sum of the series
L} b‘,

_ (). (blat1)
e st
il
py2
g ]
2 COS[%]—]_
By (blr+1)
| o )3 Sl
of2f |
+—cos[—]+%ms %n]_l
—% CQS[_l]_l[Cos[b(n:ljjcoS[ J



Observe the second output above (blue font), this follows that

i [h{n+1)] [ J [b] [h{n+1]]
i ; COs + 51N s
ngb: -1 " n n n

ol " E[CDS[E—}]-‘IJ —cus[h{”+1]]+cos[£]-l
n i " "
= - _cns(b{nﬂ}+£]vms[b("+”]+cns[£]—l}
b " " n I
E[CGS(;]—I] &

i—cosf:r+cns{b+ E—’)—ms[é]
[T I}

()
_cgsb+-:;{:-sbcos{ ] smbsln[g]H—CDS[b]
z[cus[i]-lj

Continue the above step.

sinbsin o
cosbh " _l

e
2 .o b 2
dgin?| L
sm(znj

Eainbsin[ b ]cns[ b J
- cosh " 2n 2n 1

—

_ 431'11’[1] “
2n
b
cusb '-".mf;-L(}s[ )
Esm[ — ]
;[cnsbﬁrsmbmt[ J ]

Hence stE [cosb +'.sf|r1.!iu:-:nt[21!"J ]—I]
f=l n

n




(b) Use the formula to evaluate the limit.

I b <& hi
A=1 Sres) —
= |m{ fEI COSs )

A5 H
_Ilrn[E l[cusb-b-smbcut h ]]

=l o 2 ZH‘
:Ehm[lr_uab +5lnb—cut[ ]

21 \n n
=£Iim[{0}cosb+sinb~Iim[lcot(i))—(0}]

2 '-m '..:r H 2n

. ; b b
=sinh-lim —cot[—ﬂ
1o\ 2n 2n
: [ b ]
limcos| —
!_,,n 2n

=sinh-=

=sinh-&

0
=sinb-L}s{ )

=sinh
Hence 4 =[sind]
Verify the result using CAS.

Type the following commands in Maple then press ENTER to find the limit of the series

Iim[g-l[ct}sb+sinbcm[i]-IJ].

= 2 2”

gl ) ; b

hm.n‘[ e [cos[b] ;3 Sm[b]-cot[ S ) 1), n

= infinity )
sin(b)

Hence verified.

(c) Evaluate the area when b= _;;,12
Substitute ;zfz forbin 4A=sinh.
A=sinh

L)
=sin—
2

=1

Hence the area of the required region is 1 square unit.



Answer 30E.

(&)

Figure 1

In (figure 1) a polygon with 8 equal sides has been inscribed in a circle of radius
r
Let the centre of the circle be at O

Since all sides of'the polygon are equal so the angles at the centre subtended by
these sides are also equal. Let this angle be 8.

Andthe area of polygon = 8x Area of one of the triangles made by the side of the
polygon and the radii joining it.

MNow we consider a triangle A0F

Areaof atriangle ACE = %XbaseXheight[asperpendicular)

So we draw the perpendicular AC from A on |OB| in the triangle AOE triangle
ADC

|AC|=|CA|sin 8
Or |AC|= rsin @ [|OA|=radius r:|
Then the area of the triangle AOB is

2 %X|OB|X|AC|

1 . !
= Er.rsmé‘ [|OB|=rad1us r]

= lrg sin &
2

Then the area of the polygon with 8 equal sides [fez Ae)
A, =8xarea of tnangle ACE

Or Aazgxérgsin!;:%Xergsinl:H)

1 [number ofJ (Square of radius] . [angle subtended by}
% %510

2 sides of circle side on the centre

MNow if number of sides of the polygon iz 2
And 8= 2%
2
Then the area of the polygon is [!ez Ax)
2
4 =2 (2]

e

Or A = %n.rz sin (2;] Proved




{B)  Wehave 4, = %n.rg sin (2_;??]

e
Then taking limit as »# —»co

lim A, =lim [lm.r:‘ sin [E—HH
B H—rw 2 )

Since % and r are constant and lim Cf [xx:l = Climf[x)

N—¥m M=

Here ' iz any constant, and we hawe

2
lim 4 ="tim| #sin [z—ﬂn
R+ D oaw "

Diwide and multiply by 27, we have

2
limd, =" lim| 2 27sin [E_HJ
M 2 ?d—}m_2ﬂ' M
[ i 2T
2 £
COr  limA, = —iim 2;rrM

=

Let E—H:aﬁ so if 2 — 00 then ¢ — 0

M
2 i
O W W
Ao 2 g0 ,;gﬁ
R s
R P g} LR g
=0 we have
lim A =77’ Proved
H—=w

()



