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2 Textbook of Integral Calculus

It was in this aspect that the process of integration was
treated by Leibnitz, the symbol of J being regarded as the

initial letter of the word sum, in the same way as the
symbol of differentiation d is the initial letter in the word
difference.

Definition
If f and g are functions of x such that g’ (x) = f (x), then

the function g is called a anti-derivative (or primitive
function or simply integral) of f w.r.t. x.It is written

symbolically, Jf(x) dx = g (x), where, .;_ g(x)=f(x)
x
Remarks
1. In other words, j'/(x) dx =g (x)iff g’ (x) = f (x)

2. If(x) dx = g (x) + c,wherecisconstant,

[ (g(x)+ O= g’(x) =f(x)]and Cis called constant of integration.

Sessmn 1

| Example 1 Ifdi[x”” +c]=(n+1)x", then find
X

Ix" dx.
Sol. As, —d—[x'I+1 +Cl=(n+1)x"
dx

=  (x"*!'+ C)is anti-derivative or integral of (n +1) x".

n+l

+C

Ix dx—"+1

I Example 2 If di(sin x+¢)=cos x, then find
x
Jcosxdx.

Sol. As, i(sin x+C)=cosx
dx

= sin x +C is anti-derivative or integral of cos x.

Icosxdx =(sinx)+C

Fundamental of Indeflmte Integral

Fundamental of Indefinite Integral
L g =1
. [fx)dx=gx)+C

Therefore, based upon this definition and various standard
differentiation formulas, we obtain the following
integration formulae

Since,

n+1

n+ nige X
()E( )—x,n#b—l:bj'x dx—-n_‘_1

n+1

+Cn#—-1

d 1 1
i =2 —dx=log|x|+C, when x #0
(i) ——(og|x]) x=>jx x =log | x|

(iii) —q—(e")=e” = je" dx=e*+C
dx

x
(l ) == a _a",a>0,a#l
log. a

x

+C

x =
= Ia dx log,

(v) —(-cosx)=sinx = jsinxdx=—cosx+C
dx

Lod o
(vi) — (sin x) =cos x = jcosxdx=sinx+C
dx

. d
(vii) E(tan x)=sec’x = jsecz xdx=tanx +C
oy d 2 2
(viii) o (—cot x) =cosec’x =>Icosec xdx=—cotx+C
. d
(ix) — (sec x) =sec x tan x
dx
= Isecxtanxdx:secx+C
d
(x) —(—cosec x) =cosec x cot x
dx
= Icosec x cot x dx =—cosec x +C

(xi) % (log |sin x|) =cot x

= Icotxdx:log|sinx|+c



(xij)—i(—log|cosx|)=tanx
dx

= jtanxdx:—log|cosxl+c
(xiii) —d—(log |sec x +tanx |) =sec x

dx

= Isecxdx=log|secx+tanx|+c
(xiv) di(loglcosec x —cot x|) =cosec x

x

= Icosec x dx =log | cosec x —cot x |+ C

(xv) 4, (sin'1 i) DRI -
dx a  pE—

a’ +x a
1 1 X -1
(xvm)—(—cot 1—)= 2 2
a a a” +x
-1 1 a(x
= I dx =—cot ’(— +C
a® +x* a a
1 1 X 1
( )—(—sec ’—)= —
dx \a a) xqx"-a

| Example 3 Evaluate

0 jx X i) [0 +5)° dx

N 7 x* +5x -1 x* 5x' 1
Sol. (i) I= den I[F+F_?’7]dx

—
=

=
~
Il

(lll) I= J‘Sln X+COS x
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= J'(x:w +5x"% - x~ llz)dJr

X"H
usingjx" dx = +1+C
n

3/2+1 sxl/2+l x—l/2+|

=x + - +C
3/2+1 1/2+1 -—-1/2+1

I=Exm +§__5x3/z —2 s
5

j (x? +5)° dx [using (a+b)* = a’+3a’b +3ab* +b°]

I= [(x*+15x" +75x" +125) dx
7 5 3
[= X 1% X L asxs C
7 5 3
X7
I =2 +3x%+25¢> +125x+ C
7

1 Example 4 Evaluate
d
(i) Jtanz x dx (i) I =

sin? x cos? x

sm X+COS X COS X —CO0S 2X £08 X —CODEK

—Cos X

——— W) [S———

sm XCOS X

Sol. (i) I= jtanz xdx = I= I(secz x—=1)dx

I= Isecz x dx — Jl dx [using Isecz xdx = tan x + C]

= I=tanx-x+C

i) I= [————dx

sin? x cos® x
o J-sinz x + cos? x

— —dx  [Using sin® x + cos® x =1]
sin® x cos® x

.2
sin® x cos? x
I= I — : dx + I dx
sin® x cos® x sin? x cos? x

I= Isecz x dx + J‘cosec2 x dx
I=tan x—-cotx+C

dx

Slﬂ XCOS X

J’(sm x)3+(cos x)? dx
sin? x cos® x

[using (a + b)* = a® + b* +3ab (a + b)]

I= I(sm x+ cos x)3~3sm x cos? x(sin’x + cos x)d

sm XCOS X

2 2
I= J-l 3sin” x cos xdx

sin? x cos? x
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I= [————dx- [3dr

sSin” X cCos™ X

I= J'(sm x+co: x)dx S5 410

sin® x cos® x
I= Isec xdx+fcoscc2xdx—3x+c

I=tan x -cot x-3x+C

5 COS X — COS 2x
(iv) I= J— dx [using cos2x = 2cos? x —1]
1-cos x

cos x — (2 cos® x —1
I= I# dx

1-cos x

_ J-—2cosz x+cosx +1

dx
1—cos x
=°I=-’-—(2cos x+1)(cosx—l)dx
—(cos x —1)

[as —2cos® x + cos x — 1 = —(2cos x +1)-(cos x —1)]

=5 I=I(2cos x +1)dx

I=2sinx+x+C

Remark

In rational algebraic functions if the degree of numerator is
greater than or equal to degree of denominator, then always
divide the numerator by denominator and use the result of
integration.

I Example 5 Evaluate
3
. X
) I X+2 o

4 x3 x>+8-8
o0 1= [k I

r= [ *+2) 8 |4
B x+2 x+2

= = I(MM_LJ,&

x+2 x+2

I=_[[x2-2x+4— f )dx
x+2

3
I=i;-—x’+4x—slog|x+2|+c

x2+5-5 x*+5 5
> dx=|——dx= - |dx
(i) I= I d I x*+5 ‘[[xz+5 x2+5)

|1 Example 6 Evaluate
(i) [5'8e * dx (i) [2°8+* dx
Sol. (i) I=[5"dx = [xe%dx  [Using qlo8 b = ploge 4]

lng, 5+1
(log, 5+1)
log, 5+1
Is‘“g"dx=x———+C
log, 5+1

(ii) s IZIOE‘ I Izlug,z x == J'lez log; x dx
< 1
[usmg log,, x = . log, x]

- J'zlog:«/; dx = j“/; dx [using alog, b _ b]

x3I2

=—+C
Joeer a2 v

(Wx +1)(x? «/_)
XX + X+ /X

Jx +1)- J’(x”z-l)
Vx(x+x +1)

P I(J_ x + D)[(Vx)’

1 Example 7 Evaluate j

Sol. Here, I = I(

_1]
(x+J_+1) a

I(J_+1)(J;_1)(X+J_+l)dx
(x+/x +1)

[Using, a® — b* = (a — b)(a® + ab + b*)]

2
=I(x—1)dx=x7—x+C

1 Example 8 Evaluate
1+2 9
i e X

i
x2(1+x (x% +1)

2 2 2
Sol. (i)Here,I=j e A
x2(1+ x?) x2(1+ x?)

_ 1+ x? x?
‘[ x*(1+ x? ) J.Jc2(1+x2)
-_-'[?dX'f'J-

6 _ 6 -
(ii)Hene,z:j"2 ‘a:jxx:ilzdx

1 =
dx=-—+tan"'x+C
1+ x? x

3
I(X)+l j- 22 dx

x?+1 x“+1
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I=I(xz +1)(x* - x* +l)dx ZI

_ J-((l +2x)-(4x% —2x +1) _ 4x*(2x + 1)] B

(x2+1) x?+1 (1-2x) (1-2x)
[Using, a® + b* = (a + b)(a® — ab + b*)] =J-(2x+1){4x2—2x+1—4x2}dx
= [(x* = x? + 1) dx -2 —dx 2
> i o | _ (Zx+l)(1—2x)dx
3 ‘.[
(1-2x)

=X X i x-2tan'x+C 5
5 3 =I(2x+1)dx=x +x+C

lExampIe 9 Evaluate 1 Example 10 Evaluate

(i j 2, xP-x |, (i) j;——’ dx
-1/2 32 o2 | Y ) Gin(x —a)cos (x—b)
x2 4x2(2x +1) (ii) J’——1——dx
()J[4+2x Fx 2 4-4x+x? 1-2x o cos (x —a)cos (x —b)
1
- i A - — dx
Sol. (i) Here, I = I ”12——x2m = % & "—Z_L sk @ 1= Ism (x —a) cos (x — b)
x'¢—x" XM gl U2 cos (a—b) dx
=J- (1_x‘2)+(x-2_x)_i _cos(a—b)"[sin(x—a)cos(x—b)
xE 3712 %32 _ 1 .ICOS {(x —b)—(x —a)l e
" cos(a—b) ?sin(x —a)cos (x —b)
_ 1-x 2 _ 1 cos (x — b)- cos (x — a)
-[ x—— x3? I x—1 3/2 dx cos(a—b) I{sm(x—a)cos(x b)
Jx Vx sin (x — b)-sin (x — a)
= I(— Jx —2x7¥%)dx " sin (x — a) cos (x — b)}dx
=[_£_2. x_“z]+c=—gx”z+-j—_+c ——cos(a I[cot(x a) + tan (x — b)} dx
3/2 -1/2 3 x
- 2 z = m {log | sin (x — a)| —log| cos(x —b) |} +C
_ xP-64 x _ 4x’(2x+1) 4 _ 1 | sin (x — a)
. _I 4+2x ' +x? 4—dx4x7? 1-2x ) * " cos(a—b) log. | cos (x — b)l
1-64x° , (i) I=J‘;
_ I 5 ) x? _axiEx+) | cos (x — a) cos (x " b)
xt4+2x+1 ax?—4x+1  (1—-2x) -z (1 b)I (sm(;z—bz .
2 2 sin (a - cos (x —a) cos (x — b)
T , o1 jsml(x-b)_(xx_a),dx
=J'( 1-(4x?) ) x _4x (2x+1))dx sin (a — b) 7 cos (x — a) cos (x — b)
x5.(4x? +2x +1) (4x* —4x+1) (1-2x) _ 1 J-{sin(x—b)cos(x-a)
=J'( (1-4x®)(1+4x* +16x*) 4x2(2x+1)]dx sin (a — b) ? | cos (x —a) cos (x — b)
(4x% +2x +1)(4x% —4x +1) (1-2x) B cos(x‘-b)sin(x—a)}dx
_ I[(1—4x2)'(4x2+2x+1)(4x2—2x+1) _ 4x*(2x+1) e i cos (x — a) cos (x — b)
(4x% +2x +1)(2x - 1)? (1-2x) =sm(,,_b).[{‘a“(""b)"a“("‘“)'d‘
[using, 16x* + 4x% +1=16x* +8x? +1— 4x’ T 1 [ log] cos(x — b)}+log |cos(x —a) [+ C
sin (a—b)

=(4x? +1)? — (2x)? = (4x* +1+2x)]

_ (1-2x)(1+2x)(4x% —2x +1) _ 4x’(2x +1) dx =i ! [log
I[ a2 i-20) sin (a — b)

cos (x — a)
cos (x — b)

]+c
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1 Example 11 Evaluate Iw

sin(x+b)
Sol. Letl:Jde.Putx+b=t = de=adt
sin (x + b)
I= Iw‘“
sin t
it _ —
=J-{sm c?s(a b)+costs§n(a b)} dt
sin ¢ sin t

= cos (a— b)jldt +sin (a - b) Icot (t)dt
=t cos(a—b)+sin(a-b)log|sint|+C
=(x + b) cos (a — b) +sin (a — b) log| sin (x + b+C
I Example 12
2 i x 2 5 :
(i) If f (x)=3+; and f(1) =5 then find f(x).

(ii) The gradient of the curve is given by Z—y =2x— iz
X X
The curve passes through (1, 2) find its equation.
Sol. (i) Given, f'(x)= g E,
2 x
On integrating both sides w.r.t. x,

we get J‘f’(x)dx=_[(§+-§)dx

2
= f(x)=%~x7+210g|x[+c ()

Now, as f(1) = —j— (called as initial value problem
. 5 5
ie. whenx=1y= ” or f(1)= Z)

Putting, x = 1in Eq. (i),

f(1)=%+zlog|1|+c,butf(1)=%
z=1+C = C=1
4 4
x2
= f(x)=T+Zlog|x|+1

iR dy , 3 5.3
(i) leen,E—Zx o or dy—(Zx xz)dx,

On integrating both sides w.r.t. x, we get

[ay= j(zx = ;32-) dx

2
= y=-2—x—+2+c
2 x

Since, curve passes through (1, 1).
= 1=143+C=C=-3

s
f(x)=x +x 3

Important Points Related
to Integration

1 jkf(x) dx =k J-f(x) dx, where k is constant. i.e. the

integral of the product of a constant and a
function = the constant X integral of the function

2 [Lfi ()t fo (x) £t fo () dx
=[fidrt [ fi(xdct. t] £ (x)dx.

i.e. the integral of the sum or difference of a finite
number of functions is equal to the sum or difference
of the integrals of the various functions.

3. Geometrical interpretation of constant of
integration By adding C means the graph of
function would shift in upward or downward
direction along y-axis as C is +ve or — ve respectively.

2

x
e.g. y=jxdx=T+C
x2+Cq
x2+Cp
x2+C,
o &0
Figure. 1.1

y=[f(x)dx=F(x)+C
= F'(x)= f(x); F'(x)) = f(x,)
Hence, y = j f(x)dx denotes a family of curves such

that the slope of the tangent at x = x, on every
member is same i.e. F’(x,) = f(x) [when x, lies in
the domain of f(x)]

Hence, anti-derivative of a function is not unique. If
&1(x) and g,(x) are two anti-derivatives of a function
f(x) on[a, b], then they differ only by a constant.

ie. &1(x) - g.(x)=C
Anti-derivative of a continuous function is
differentiable.

4. If f(x) is continuous, then

[fxydx=F(x)+C

= F'(x)= f(x)
= always exists and is continuous.
= F'(x)
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5. If integral is discontinuous at x = x, then its anti-derivative at x = x; need not be discontinuous.

_ —13. 3 . & 3 . .
e.g. Jx 13 dx. Here, x "3is discontinuous at x =0. But I xVdx = 5 x%3 4 Cis continuous at x =0.

6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1is periodic but
j(cosx +1) dx =sin x + x + C is a periodic.

Daily Life Applications
The Derivative The Integral
Function Its derivative function In symbols Function It’s Anti- In symbols
derivative Function
Distance (s) Velocity (v) ) Velocity Distance s= j v(t) dt
dt
Velocity (v)  Acceleration (a) e Acceleration Velocity yi= J’a(;) dt
dt
Mass (1) Liner Density (p) o= an Linear Density Mass L= Ip(x) dx
dx
Population (P) Instantaneous growth ap Instantaneous Growth Population p= I[ dpP ) dt
dt
Cost (C) Marginal cost (MC _dcC Marginal Cost Cost dc
(¢ gin: MC) MC = d_q g C(g)= I 2 )
Revenue (R Marginal Revenue (MR _dR Marginal Revenue Revenue dR
(R) 24 ) MR = d_q R(g)= J’

Here, g is quantity of products.

Exercise for Session 1

= Evaluate the following integration

1 dx J x2+3
- o

(1+ x)? L
- J.x(1+x 4 I1+x2

xt+x%+1 6. [(xZxsin®x)sec’x
F 2(1+x2) J (1+ x?)

8. jZ"-e"-dx
(a +bx)z

Lo 10. [(e9* +e®%)ax
e* +e7*

J—rm

|

11. | C;t*x”s t:: — o 12. | tan x tan2x tan 3x dx
=
J

sin 4x 14.
sin x

13. j cos® x dx

15.

sin® x cos® x dx



Session2

Methods of Integratlon |

Methods of Integration

If the integral is not a derivative of a simple function, then
the corresponding integrals cannot be found directly. In
order to find the integral of complex problems.

e.g. J»sir;x dx,Icoix dx,I lo; - dx

Some Integrals
which Cannot be Found

Any function continuous on an interval (g, b) has an
anti-derivative in that interval. In other words, there exists
a function F (x) such that F ’(x) = f (x).

However, not every anti-derivative F (x), even when it
exists, is expressible in closed form in terms of elementary
functions such as polynomials, trigonometric, logarithmic,
exponential functions etc. Then, we say that such
anti-derivatives or integrals “cannot be found”.

Some typical examples are

W [ Si’;" dx (ii) j°°i" dx
Gii) | lo; —dx (@) [y1-K sin® x dx

(v) J-,/sin x dx

(vii) Icos (x?) dx

(vi) [sin(x?) dx
(viii) Ix tan x dx
ix) e dx ) [e* dx

xZ

(xi)j1 —dx (i) [ Y1+x"dx
+ x

(xiii) j\’1+x3 dx etc.

Integration by Substitution
(or by change of the independent variable)

If g (x) is a continuously differentiable function, then to
evaluate integrals of the form,

I= [f(g(x).g (x)dx,

we substitute g (x) =t and g’ (x) dx =dt
The substitution reduces the integral to J £ (t) dt. After

evaluating this integral we substitute back the value of t.

1 Example 13 Prove that

(ax+b)™

_[(ax+b)"dx= T +C,n#1.
Sol. Putting, ax+b=1t, we get
adx=dtordx=%dt

e 1 t""

I=.|-(“x+b)ndx=1'n':t=;n+1

_ 1(ax+b)"“dx+
- a(n+1)

Remarks

1. lfJ'/(x)dx:g(x)+C.thenj/(ax+b)dx=lg(ax+b)+C
a

2. lfJ'ldx=|og|x|+C.thenJ 1
X

dx=1log|ax+b|+C
ax+b a

Thus, in any fundamental integral formulae given in article
fundamental integration formulae if in place of x we have

(ax + b), then same formula is applicable but we must divide by
coefficient of x or derivative of (ax + b) i.e. a

Here is the list of some of
frequently used formulae

_(ax +b)"*!

(i) I(ax+b)" dx = — +Cnz—1

53 1 1
(ii) jax+bdx=zlog|ax+b|+c

(iii) Ieax+b dx:lemwb +C
a

bx+c

(iv) J'abx+: dx:l-a +
b loga

v) jsin(ax +b)dx=-%cos(ax+b)+c
(vi) J-cos(ax+b)dx=%s'm(ax+b)+C

(vii) Isecz (ax+b)dx=%tan(ax+b)+c



(viii) Icosecz (ax +b) dx =— % cot(ax +b)+C
(i) [ sec (ax +b) tan (ax +b) dx =%sec (ax +b)+C
(x) J.cosec (ax+ b) cot (ax +b) dx =—%cosec (ax +b)+C
(xi) J-tan(ax +b) dx =-§ log | cos (ax +b) |+ C

(xii) [ cot (ax +b) d =% log | sin (ax +b) |+ C

(xiii) Isec (ax+ b)dx =% log | sec (ax + b) + tan (ax+ b)+C

(xiv) j cosec(ax +b)dx = ) log | cosec(ax + b)— cot(ax+ b)|+C
a

1 Example 14 Evaluate

g 1 8x+13
) IJ3x+4—J3x+1 I
2 +3x?
(iii) I(7x 2) 3x +2 dx. IV)I s )

Sol. (i) Here, I =I

1[3x+4 —1/3x+l

J- (Bx+4+PBx+1)
(PBx+4- \/3x+1)(m4+\/3x+1)

I(\/3x+4 +\/3x+ )

(3x+4)—-(3x +1)

,/3x+ 4 dx +— ISx+ 1dx

Ex+a*?| 1fEx+|
3/2%3 | 3| 3/2x3

(ax + by

(n+1)a

1
3
=1
3

Using, I(ax +b) dx =

=i[(3x+4)3’2 +(Bx+1)Y*]+C

i e J-8x+13 _stzl«:—l
%
I2(4x+7)_l
4x+
4x +7
=2 =
‘[J4x+7 Iﬁx+7

=zj(,/4x+ )dx-j(4x+7)'”’dx
___2((4:( +7)3/2) ((4x+7)”2] +C
3/2x4 1/2x 4

(4x+7)%2% = %(4:: +7)V% 4+ C

4
3
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(iii) Here, = [(7x —2){3x +2 dx=7j(x - ;),/3:: +2dx
= ZI(Sx - g)JSx +2dx
3
='-73-I(3x+2—2—§) 3x +2 dx

= gj(?}x +2)\Bx +2dx - 2—30-1,/3x +2dx
= ZI(3x +2)*?% dx - -22‘[,/3,1( +2dx
3 3

3/2
I O I [0
3 2)(3 3 -X3
2
= E(:;x +2)%% ~ 4—0(31( +2)¥2+C
45 27
(2+3x2)dx_J-2+2x2+x2

(iv) Here, I = J

x%(1+ x%) B x*(1+ x?)

_ 21+ x%) x? d
_J( 2(1 + x?) x’(1+x2)] *

—j(iz ]dx zszdx+j

x7! -2
=2~—1+tan_lx+C=——+tan"x+C
- s

1+ x?

| Example 15 Evaluate

 ¢sin(log x) 3sin x + 4 cos x
(i) J'—-dx (i) j( 4sin x —3cos X )dx
(iii) I

sol. (i) I= J’de
X

mtan X

(iv) Ix sin (4x? +7) dx

We know that, i(log x)=—
dx
Thus, let log x =1t
= Lie=ar 0
X
I= [sin(t)dt=~cos(t)+C

=-—cos(logx)+C

@) I= J-3smx+4cosxdx

[using Eq. (i)]
4sin x =3 cos x
We know, di(‘l sin x =3 cos x) =(4 cos x +3sin x)
x

Thus, let 4 sin x =3 cos x =t (1)
= (4 cos x +3sin x)dx =dt
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dt
I= .[T=log|t|+C

=log|4sin x —3 cos x|+ C [using Eq. (i)]

emun x
(iii) I= I—zdeet mtan~!x =t
1+x
1 1
= dx =dt = dx = —dt
1+ x? 1+ x? m
dt
I= e — = I== [e'dt
[~ |
_le +C—— mtan"x+c
m

(iv) I= J'xsin(4x2+7)dx
Let 4x’+7=t = 8xdx=dt = xdx=ldt
e 8
. dt
I= ISm(t)?=—%cos(t)+C

1
=—§cos(4x2+7)+c

Remarks

While solving product of trignometric, it is expedient to use the
following trigonometric identities

2 smmxcosnx-—{sin(m—n)x+sin(m+ n) x}
2. cos mxsinnx:%{sin(m+ n) x —sin(m-n) x}

3. smmxsmnx-—{cos(m—n)x—cos(m+ n) x}

4, cosmxcosnx=%{cos(m—n)x+cos(m+ nx}

I Example 16 Evaluate

(i) fcos 4x cos7x dx (ii) jcos X €0S 2X €OS 5x dx

Sol. When calculating such integrals it is advisable to use the
trigonometric product formulae.

(i) jcos 4x cos 7x dx
1
Here, cos 4x cos7x = E(cos 3x + cos 11x),
1
[using cos mx-cosnx = E{cos(m—n)x+ cos(m+n)x]
1
v I= Icos 4x cos 7x dx = 3 J(cos 3x + cos 11x) dx

=ljcos 3x dx+lJ-cos 11x dx
2 2

sin3x _ sin11x
= —  —
6 22
(ii) .[cos x cos 2x cos 5x dx,

+C

We have (cos x cos 2x)cos Sx——(cosx + cos3x)cos 5x,

[using cos mx.cosnx = -é{cos(m —n)x +cos(m+n)x]

s {2 cos x cos 5x + 2 cos 3x cos 5x}

--.c-

— {(cos 4x + cos 6x) + (cos 2x + cos 8x))

;&

‘. COSXCOS2X COS5X = i—[costd— cos4x + cos6x + cos8x}
I= [(cos x cos 2x cos 5x) dx

=— j(cos 2x + cos 4x + cos 6x + cos 8x) dx

=sm2x +sm 4x +sm6x " sm8x +C
8 16 24 32

1 Example 17 Evaluate

(i) _[sin X COS X+ C0S 2X -COS 4x dx

1—tan? 1+cos? x
(i) [——— (i) f——5~
1+ tan? x 1+c052x
CoS 2x sec 2x
——dx )
W )Icos xsin? x v J.sec2x+1

Sol. (i) Here, I = Isinx cos x- cos 2x cos 4x dx

= -IZSmx cos x - cos2x - cos 4x dx
[using, sin 2x = 2sin x - cos x]

1 5
=—IZsm 2x-cos 2x-cos 4x-dx
2%2 _

2 O 1
= —Jsm 4x-cos 4xdx = —— j25m4x cos4x dx
4 2% 4

1. =
=—jsm8xdx=&8x+c
8 64
tan® x
(ii) Here, I—I‘dx
1+ tan’x
1-tan®x
I=jcos'2x dx Using, cos 2x=———7p—
sin 2x SHEES
=—4c

2
(iii) Here, I = jm dx
1+ cos 2x
_J' 1+ cos? x

1+ cos®x
——dx= | —=—
1+2cos?x —1 J. dx

2cos® x
[Using, cos 2x = 2cos® x — 1]

1 1
=§J-(sec2x+ 1)dx=§(tan x+x)+C

cos 2x
cos? x-sin? x
J-(cos x —sin x) dx
— L X

cos® x-sin? x

(iv) Here, I = j dx

[Using, cos 2x = cos? x — sin® x]
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2
= -1
I( )dx Sol. Here, I = I[c_oth_ — cos 8x - cot 4x] dx
sin?x  cos®x 2cot 2x
= J.(cosec x —sec?x)dx=—cot x — tan x + C J= J-(cot 4x — cos 8x-cot 4x) dx
sec 2x — cos 2x 2
v) Here, I = = : : cot"A—1
) Jsc2x+1 Il+cost using cot 24 = ————
2cot A
2sin’ x
We get, I = I dx = Jcot 4x(1 — cos 8x) dx
2cos® x

[using 1 — cos 2A = 2sin?A]

using, 1 — cos 2x = 2sin’ = 2 .
[using x and 1+ cos 2x = 2cos” x] =Icot ax-2sin?(4x) dx
=Itanzx-dx

_J-cos 4x

.2
As, tan® x =sec’x — 1 -2sin” 4x dx

sin 4x
- (e =
I—I(sec x—1)dx=tanx—-x+C =I25in 4x-cos 4xdx,

| Example 18 Evaluate using-  sin 2A =2sin Acos A

cot 2x -1 _ (P _ —cos 8x
—I —cos 8x -cot4x | dx. = [sin8x dx = i
2C0t 2x
Exercise for Session 2
= Solve the following integration
1. J-L 2. jwv(z+25in2x)dx
1+ sin x cos X + sin x
3. [(3sin xcos®x —sin® x)dx 4. [cos x°dx
5 J———Sin X +C0S X4, here (sin x +cos x)>0 6. J-*cos £X 008 20 e
J1+sin2x COS X —COS o
. 3 3
7 | ﬂzx-c-—cosz_x dx 8. [sec? x-cosec’x dx
sin? x -cos? x
. 6 6
9. [Ji=sin2x ox 10. [ 3C8 X 4
sin? x -cos? x
4x +1
11. (Qn X (7n 5)) - 12. cos i
Ism 8 4 ~s 8 4 Icotx-tanx X
sin 2x + sin 5x —sin 3x
13. j(sma -sin (x — o) + sin (E—a)) dx 14. | T dx
4 4
15, st XIHR dx, here cos 2x >0

1+ cos 4x



Session3
Some Special Integrals

Some Special Integrals

; dx 1 x
(1) =-—t -1z
'[x2+a2 a an (a)+c

" dx 1
(i) =—1Io +C
sz —a? 2a g +a
: dx 1 a+x
(iii) =—1Io +C
Iaz <2 2 a5

(vi) J.‘/;%-=log|x+\}x2 -a* |+C

YR
(Viii)J a® +x? dx

=%"W+%azlog|x+ml+c
(ix) [yx* —a® dx

1
xx?-a® —-Z-az log| x ++/x* —a* |+C

Some Important Substitutions

N | =

Expression Substitution
a*+ x* x=atan® or acot®
a* - x? x=asin® or acos®

x?-d* x =asec@ or acosec@
or x=acos20

a-x a+ x
a+ x a—x

=@ o Jx-0)(x-PB)

p-x

x=0tcos’ 0+ Psin’0

Application of these Formulae

The above standard integrals are very important. Given
below are integrals which are applications of these.

Type |
; dx i
o ‘[ bx +c ( I)I

ax® +

(iii) ‘Haxz +bx +cdx

Ifax? + bx + ¢ can be factorised, then the integration is

easily done by the method of partial fractions (explained
later). If the denominator cannot be factorised, then
express it as the sum or difference of two squares by the
method of completing the square

7 , b ¢ bY (c) b
ax’+bx +c=a| x*+—x+— [=ay|x+—|[+| - |-
a a 2a a) 4a

b
make the substitution x + 2— =t
a

dx

ax® +bx+c

1 Example 19 Evaluate

; 1 1
(i) | =——dx i) |—5——dx
'[xz—x+1 ()j2x2+x—1
(iii) J'%dx (iv)_[ 2x2 =3x +1dx
,fx2—2x+3
: dx
Sol. (i) I= ;5
'[xz—x+l
completing x* — x +1 into perfect square.
:J " dx =J» dx
x"=x+1/4-1/4+1 J(x-1/27%+3/4
Y U] M.
(x=1/2)* +(\3/2)?
_ 1 -1 [x=1/2
=——tan"'| 2|4
3/2 (ﬁ/z) &
. 2 -1f2x-1
~I= tan l(—)+C
3 V3
2 1 1 x
usin dx=—tan™'|=[+C
[ gJ‘x'2+a2 ¥ atan (0) ]
" 1 1
)= [— de=1 1
sz‘+x—l 2‘[x2+x/2—1/2

1 1
2Ixz+x/2+1/l6—1/16—1/2dx



_lJ- dx =1I dx
27 (x+1/4)*-9/16 (x+1/4)* —(3/4)
_l. 1 x+1/4-3/4
2 2(3/4) x+1/4+3/4
; 1 x—a
usin| =—Io +C
[ gsz_ 2a & x+a ]
—llo x~1/2 +C
3
I=log 2x -1
3 2(x+1)

dx dx
i) 1 = _
W j\/;’—zx+3 IJx2—2x+1—1+3
=j_;‘£_
Jx =1 +(2)?
=log|(x — 1) +/(x = 1) +(+2)* |
usingjd—x=log|x+\'xz+az| +C
,/xz+a2
=log|(x—1)+yx? —2x+3[+C
(iv)1=j(,/zx2-3x+1)dx=Jij( x? —3x/2+1/2)dx

=«/§I(1/x2—3x/2+9/16—9/16+1/2)dx
=2 [(J(x -3/4) —1/16) dx

%(x —3/4)y(x - 3/4)* — 1/16

=2/ +C

1 3 log/(x—3/4)+ J(x=3/4)*-1/16
X

Lax—3)fx* —3x/2+1/2
—J218 +C

—ilog|(x—3/4)+1/xz —3x/2+1/2
L 32

I Example 20 Evaluate
(i Iﬁ dx
(i) I% dx i) | p f_xs
Sol. (i) Here, 1=j7;.‘i-"67‘=

Let, 1-¢¥ =¢?

—

Then, —2e%*dx =2tdt

(")J’ 25sin2x —COS X

Chap 01 Indefinite Integral 13

—tdt
= dx=—-——,
14
tdt
= = t
IJ_t—l
dt 1 t—1
I=|——=—Ilog| —|+C
‘[tz—l 21 8T+t

P
| e 11

(ii) Here, I =J‘/1’—;:-——x‘ dx

Let, x? =t 2xdx=dt

NI:—-

dt

dt _
I-jw/;‘“‘z _IFi—%—t—t’

1=I dt =I dt
Bra-(e+1/2¢ (572 —(t+1/2)

. z+1/2) _qf2x?+1
= + C =sin _—|+C
s (JE/Z N3

ﬂx
iii) Here, I = | ————dx. Let,a” =t
(i) e

. a* logadx=dt, a” dx=1

dt
oga
I=J—1—~L=—1—~sin_’(t)+c

1= . sm"(a )+C

112 dx
(iv) Here, I = I ‘ —'Jl‘/(aa/z 2 _(2)

|IZ dx = df xl/Z dx =

Let, x° =t
2

- dt
I 3/2)2 (‘)2

2 a2 2 [2M
——3-"51!1 (-‘137)+C—§sm (Fz— +C

| Example 21 Evaluate

: CoS X sm(x a)
. ‘[,/sin2 X —2sinx -3 o '[ sin (x +01)

——————dx.
6 —cos? x — 4sin x
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cos x dx

\'sinz x—2sinx-3

Putsin x=¢

dt
- I=IJ12-2t

Sol. (i) Let I= j
. cos x dx =dt

=J' dt
3 TP=as1-1-3

dt
p ) | E—
I\/(t—l)z—(Z)2
=1og|(:-1)+,/(z-1)2—(2)2 |+C
=log|(sin x — 1) + /sin® x — 2sin x -3 |+ C

(ii) LetI=J sin (x - o)
sin (x + o)
J-Jsm(x o) 5 Sin (x — o)
sm(x+a) sin (x — o)
J» sin (x — at)

\'Slﬂ x —sm a

I_J-smxcosa—cosxsina

dx
o2 2
Jsm X—sln" o

sin x dx cos x
= cosa_[ smaj 8% dx
\/smx —sina Vsin? x —sina
sin x dx
=cos o I-—
,}l —cos? x —sin’ a
. cos x dx
—sina I———-
\sin? x —sin®
sin x dx y cos x dx
= cosaJ' —sina = =
\ﬂ:os o—cos’x w/sin x—sin“a

In the first part, put cos x = t, so that — sin x dx = dt
and in second part, put sin x = u, so that cos x dx = du

di d
t I\/uz u

.'.I=—cosaj —-sina -
Jeos? ot —sin®
)—sina-log

- \/(u’ —sin* a)|+ C
. -1 cos x y
=—cosa-sin”' | ——|—sina-log
cos O
lsinx—\fsinzx—sinza |+C
2sin 2 x — cos x

(iii) 1= jé—z—.dx

—cos“ x —4sin x

=—coso.-sin” "
cos O

_J~ (4 sin x — 1) cos x

—(1-sin® x) = 4sin x

_[lsnx-Doos¥ 4
sin? x —4sin x +5

Put sin x = t, so that cos x dx = dt

.[ (4t —1)dt -0

(t? — 4t +5)
Now,let (4t—-1)=A(2t—4)+U
Comparing coefficients of like powers of t, we get
2A=4,—4A +p=-1
=5 A=2u=7 (i)

i fm J'_—_z(z’ 1 [using Eqs. (i) and (ii)]
4t +5
s dt
=2J‘Ldf+7j'z——
t2 -4t +5 t5—4t+5
dt
=2log|t’*- 4t +5|4+7 | 77—
gl ! J-t'—4l+4—4+5

dt
(=2 +(1)*
=2log|t? -4t +5|+7tan" ' (t =2)+C

=210g|t2—4t+5|+7j’

=2log|sin* x — 4 sin x +5|+7tan"(sinx —2)+C

Type Il
(px +q) dx (px +q)
()'[ax +bx +c ()I,/ax +bx+cdx

(i) I(px+q) ax® +bx +c dx

The linear factor (px + q) is expressed in terms of the
derivative of the quadratic factor ax* + bx + ¢ together

with a constant as px +q=%(a.xz +bx +c)+p
= px+q=A(2ax +b) +n

Here, we have to find A and j1 and replace (px + q) by
{A (2ax +b) +p} in (i), (ii) and (iii).

2
(ii) Ix L T dx

X dx
a-x

I Example 22 Evaluate

W[ ’% dx

Sol. (i)Let I= I

a+x

I= I a+x

_‘[\/

=IJaz‘ix2 dx—IJa;_xz dx

=a-sin" i + .‘_d‘
a t

Put ﬂz-X2=t2=—2xdx=2tdl=xdx=—ld‘




=a-sin"(£)+t+c
a
=a-sin"(-{)+\}az—x2+c
a
2 2
a®-x
ii) Let I=|x |——dx
(i) e

Put xt=t=2xdx=dt

O L a@-t d-t

r—= . dt
a+t 2 2°\a®+t a® -t

1¢ a* -

=2 [t dt

27 [q4 —p2

1 d

=.2.azj 22‘ z_lj tdt

V@P =) 27 ot ¢

e (L)+l]-d_u
2 a’ 4 Ju

where a* —t?=u = -2t dt =du

1/2
=la2-sin"l(L)+l- i %
2 a* 4 | 1/2

[wheret = x? and u = a* — x*]

2
=§a2-sin'l(x—z)+%~,‘ at-x*+C
a

—a— i)

X“+ bx+cC
where k(x) is a Polynomial of Degree
Greater than 2

To evaluate this type of integrals we divide the numerator
by denominator and express the integral as
R(x
Q( x) + 2_()_.
ax” +bx +c

Integrals of the Form | - k(x)

,where R (x) is a linear function of x.

| Example 23 Evaluate
(i) Ix T+x—x2dx (i) J(x+1)mdx
Sol. (i) Let I=[x1+x-x* dx
Put x=k{d%(1+x—x2)}+p

Then, comparing the coefficients of like powers of x,
we get
1=-2\ and A +p=0=A==-1/2p=1/2

' l=jx\)l+x—xz dx

Chap 01 Indefinite Integral 15

=I{—%(l—2x)+%},’l+x—x2dx
__1 2 1 2
-—EI(I—Zx)\/l+x—x dx+§JJl+x—xdx
1 1 2 1 1
== [Jtdt+=[ |- (x*—x+=-=-1)d
a3 [0t - s
[wheret =1+ x — x?]
3/2 2 2
BT e 9T _(x_l) .
2\3/2 2 2 2

1
=_1,pn2,1
3

2
x-1/2) [(¥5 2_( Y l(ﬁ]z. -|(x—1/2)]
[—5—(2) J‘2)+z 2 )" ()t
=—l(1+x—x2):"z
3
+1[(x-21/z) 1+x_xz+§sin_|(2x—l)]+c

2 V5
(ii) Let I=I(x+l) \'l-x—xz dx

Put, (x+l)=k-(i(l—x—x2))+u
dx

Then, (x+1)=A (—1-2x)+ |l comparing the
coefficients of like powers of x, we get —2A =1and
pP-A=1=A=-1/2 and p=1/2

(x+1)=—%(—1—2x)+%
So, I(x+l)mdx=j{—-;-(—l—2x)+%}
- x—x%dx
=_§j(-1-zx)mdx+§j 1-x—x%dx
=—-%I(—l—2x) 1-x-x? dx
N

— LA ) 2 - 2
= s/t_dr+2_[ (+5/2) = (x +1/2)* dx

[wheret =1+ x = x%)
1 (il P 1( 1) 2
=—c|—|+=4{=|x+- \/l—x-.\'
2(3/2 2|2 2
15 . .\'+l/2)
+ =+ =sin +C
2 4 (75/2 }
=-%(1-x-x‘)’“+%(zx+1),/1-x—x’

Cif2x+1
+sin ‘(2" )+c

16 N
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x24+x+3
| Example 24 Evaluate j——dx.
X=2
2
Sol. Lt 1=[X*X¥3 4
xt-x-2
1=[l1 22x+5 d
X' =-x=-2
2x +5
= I=|1dx+ d
Jrges [ 225
2x +5
I=x+ d.
‘[xz—x—z

Put, 2x +5=A {d—(x2 -x- 2)} + W Then, obtaining
x

2x +5= A (2x — 1) + W, comparing the coefficients of like

terms. We get,2=2A and 5=p — A

A=1and p=6

i J‘)\,(Zx—l)+p, dx

X —x=2
_x+j

—x+J dt+GI

dx+6_[—x = de
1

1 1
xP—x+——-—-2
4 4

xt-x-2

[wheret = x* — x = 2]
dx

=x+log|t|+6 dx
w+loglel j‘(x—1/z)z—(3/2)’
1 3
1 22
= Z_x-2|+6-" lo +C
x+log| x*~x—2| 212) g _l+§
2 2

+C

x=2
=x+log|x* —x—2|+2-logl —
x+1

Integrals of the Type

ljax2+bx+c g
’ (px2+qx+r)

I(ax +bx +c)

px? +qx +r

3. I(ax + bx +c),/pxz +qx +rdx

In above cases; substitute

2 d 2
axi+bx +e=A(px‘+gx +r)+p —(px +gx+r)f+.

Find A, pt and . These integrations reduces to integration
of three independent functions.

+5x+4

| Example 25 Evaluate _|' ‘/,___
x 4+ x+1

2
2x +Sx+4dx

Sol. LetI=
I xX+x+1

2 d z
Put2x?4+5x+4=A(x*+x+1)+} E(x +x+1)p+7
or 2x? +5x+4=A (x> +x+1)+p(2x+1)+7
Comparing the coefficients of like terms, we get

2=A, 5=A+2, 4=A+p+Y

A=2 p=3/2 y=1/2
Hence, the above integral reduces to

P J'Zx +5x+4dx
xP+x+1

J- (x? +x+1) _(2x+1) 1 1 .
r+x+1 2 r*"*l 2 \/x +x+1
=zj,/xz+x+1dx+5j—ﬁ+ij——m

[wheret = x? + x +1]
vz

=2[{(x+1/2) +(3/2) dx+
+_j dx
27 J(x+1/27 + (VB 12)

2 Do 2 g x )J—l.]
+3Jx+—m +—log|(x+ )+ml+€

: ,=(x+§)m+;k,g{(x+3+m}
+3\/Tx+l+%log {(x+%)+m}+c

=1=(x+g)m+;k,g{(x+§)+m}+c

Trigonometric Integrals
(a) Integrals of the Form

1
2 2 'I : ’I - -
acosx+bsin‘x a+bsin’x a+bcos’x

1
_ S dx, | - ;—dx
(asmx+bcosx) a+bsin® x+ccos” x




To evaluate this type of integrals, divide numerator and
denominator both by cos® x, replace sec? x, if any, in

denominator by (1+ tan? x) and put tan x ='t. So that
sec? x dx =dt.

| Example 26 Evaluate
1

p f—t
() Iasinz X +9cos? x
dx

4sin® x +9 cos® x

Sol. (i) 1=j

Here, dividing numerator and denominator by cos” x.
We get
e e

Put tan x =t

sec? x
4 tan? x+9

= sec? xdx=dt

_ dt 1 dt
_:j

sin x

sin x
ii) Let I = dx = dx
@) I 3x ‘[3sinx—4sin3x
dx
I=|———
J3—4sin2x

Dividing numerator and denominator by cos® x, we get

-

I= J-sec x dx

sec? x dx
3(1+tan® x)— 4 tan® x

sec? x dx _J'
3sec? x — 4 tan® x

tan® x
Let tanx=t = sec’ xdx=dt

dt 3+t

1
(t)z mbg'ﬁ-'

+C

+C

J(«/’)

1

J—l

I=

J_tanx

(b) Integrals of the Form
[-o— d, [ —"—dsx,

asin x+ bcos x a+bsin x

1 1
| dx, [ —
a+bcos x asin x+bcos x+c¢

Chap 01 Indefinite Integral 17

To evaluate this type of integrals we put

2tan x /2 1-tan® x /
sin x =——z—andcos x =——Z——2and replace
1+tan” x /2 1+tan® x /2
tan x / 2 = t, by performing these steps the integral reduces
1
to the form I dt which can be evaluated by
at’® +bt+c
methods discussed earlier.
| Example 27 Evaluate
. dx 5 dx
(i) J' - (ii) j————-
2 +5in X +€0S X A3 sin x +cos x
2 2
Sol. For this type we use, sin x = _tanz;/_
1+tan” x/2
1-tan® x/2
Ccos X = 2
1+tan” x/2
dx
i) LetI =
0 Le J2+sinx+cosx
_ I dx
2tan x/2 , 1—tan® x/2
2+
1+tan?x/2 1+tan®x/2
2 idx
_ 2

2+2tanz§+2ta.n§+1—t2n:£

-

tan? X +2tan X +3
2 2

x
sec? = dx

Put tan£=t
2
= lseczidx=dg=j 24t =2I‘ dt
2 2 t2+2t+3 tT+2+1+2
dt
=2 —&
I(:+1)’+(/5)1

=2~Ul:hm"(t\/ )+C
I=~/imn“(“‘“’”“')+c

Ne

. dx
() Lekl-'[\—/Ssinx+cosx

=I dx
V3.2 tan .\'I2+ 1-tan x/2
1+tan? x/2  1+tan /2

scc’%dx

X 1 X
2\/5 tan % +1=tan® —

Yy
-
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Put tan X =¢ = lsecz-’-‘-tL\'=dt
2 2 2

2dt dt
I= =2
J—t’+2J§t+1 I—rz+2J§t—3+3+1
dt dt
=2 =92
I4—(:—~/5)’ j(z)’—(r-ﬁ)’
1 2+4t-+3 e

=2-—lo
2(2) B 2-t+43

2-+/3 +tan x/2

2+s_/3—lanx/2

1
Il
2 8

(c) Alternative Method to Evaluate
the Integrals of the Form

J' 1
asin x+ bcos x

To evaluate this type of integrals we substitute
a=rcos0,b=rsin0and so

r=qa® +b*, @=tan™! (E)
a
asin x +bcos x =rsin(x +0)

1 1 1
So, dx =— dx
& J’asinx+bcosx rjsin(x+6)

fan|-<«=
2 2
1 1
dx =
Iasinx+bcosx /a2+bz

x 1. _,b
tan| —+—tan = —
2 2 a

1

I Example 28 Evaluate | J3 sin x+cos x

1
=ljcosec(x +0) dx =—log +C
r r

log +C

dx.

Sol. Let J/3=rsin® and 1=r cos®.
‘I‘l‘len.r=\f(\ﬁ)z+(l)z =2 and tanO:il_:1 = 6:13’.

1=J' } dx
J3sinx+cosx
1

= dx
Jrsin()sinx-wf-rt:os()cos:r

e & 1 -0)d
—-;Icos(x—o) ’IMC(X s

(d) Integrals of the Form

+q si cos x +qsin x
J'pcosx tqsinx+r , I[’ q dx
acos x +bsin x

acos x +bsin x+c

Rule for (i) In this integral express numerator as,
A (denominator) +p (diffn. of denominator) + 7.
Find A, and y by comparing coefficients of sin x,cos x
and constant term and split the integral into sum of three
integrals. 4
x
Z.Idx+|.1 dx+yjasin x+ bcos x+c

J-d.c.of (denominator)
denominator

Rule for (ii) Express numerator as A (denominator) +p
(differentiation of denominator) and find A and p as above.

(2+ 3cos x)

1 Example 29 Evaluate Im

Sol. Write the numerator = A (denominator) + p (d.c. of
denominator) + y
=> 2+3cos x=A(sin x +2cos x +3) +(cos x —2sin x) +y

Comparing the coefficients of sin x, cos x and constant
terms, we get

0=A-2u, 3=21+p, 2=3A +Yy
= A=6/5 p=3/5y=-8/5
Hence,l=gjldx+zjwdx
5 S5?sinx+2cos x+3
_EI__ﬁ___
sin x +2cos x +3

5
6 3 " ;
=-~x+-log|smx+2cosx+3|—§-l‘ )
9 5 5 °
Where.[,:IL
sin x +2cos x +3

=J' dx

2 tan 2 - . Y
:’/ +2(1 tan .r/2)+,3
1+tan® x/2 1+ tan® x/2

x
sec? = dx
2

x 2 X
21un;+2—2mnJ %+3+3mn’

0S| =

sec? #(L\’ =
- —x—‘_. lettan ==t
tan? —+2tnn£+5
2 2



2dt
- =2J' dt
t?+2t+5 (t+1)% +2°

= 1sec2£dx=dt=J'
2 2

: x
tan — +1
I,=2--1-~tan‘l (s =tan"!|—2 (i)
2 2 2 (i

From Egs. (i) and (ii),

6 3 8 tan£+l
I=—x+=log|sinx +2cos x +3|——tan™" 2
] 5 5 2

+C

|1 Example 30 The value of j[1+ tan x-tan (x+ A)} dx
is equal to

SecC X

tA-log| ——— |+ C
(a) cot A-log sec(x+A)+

(b) tan A-log|sec (x + A)|+C
sec (x + A)

(c) cot A-log e

+C

"(d) None of the above
Sol. Let I =J{1 + tan x-tan (x + A)}dx

=j{1+

_ J-cos x-cos (x + A) +sin x-sin (x + A) dx
cos x-cos (x + A)

sin x-sin (x + A) dx
cos x-cos (x + A)

_Icos(x+A—x)dx
cos x-cos (x + A)
dx
=cosA-[—— ————
= '[cos x-cos (x + A)
Multiplying and dividing by sin A, we get
sin A dx

=cotA:| ——m8M8M8M8M8M8M8m—=
J’cos x-cos (x + A)

sin(x +A— %) dx

=cot A-
J'cos x-cos (x + A)

Chap 01 Indefinite Integral 19

— A.I{sm(x+A)-cos x _

cosxcos(x+A) cos x-cos(x+A)

cos (x+ A)-sin x}
= cot A~(Itan (x+ A)dx — Jtan xdx)

= cot A-{log|sec(x + A)|—log|sec x|} +C
Hence, (c) is the correct answer.

1 Example 31 The value of _[ Ve

a) log| cot x +4/cot? x—1|+ﬁlog|cosx

+Jcos? x=1/2|+C
(b) —log| cot x +/cot? x 1] ++2 log| cos x

B ey P

(c) log| cot x +Jcot? x —1| +2log| cos x
+,[cos x—=1/2|+C
(d) —log|cot x +4Jcot? x —1| +2log| cos x

+,/cos x-1/2|+C
Sol. Let I= j““’szxdx === OB il

e

dx is equal to

-I 1—25m x
sin x cost

s

sin chos x —sin® x

sin x

V2 cos® x—l
ij- sin x
V2 Jcoszx—llz
—d
RaN= s

dx -2 [————

cosec® x

= i
chotzx—l g

dx

=_J' dt
N - —(1/2)?

[where t = cot x and s = cos x]

—log|t++yt2 —1|++2log|s+s* —1/2|+C
= —log| cot x ++/cot? x — 1]++/2 log | cos x
+,'cos2x—1/2|+C

Hence, (b) is the correct answer.



20 Textbook of Integral Calculus

Exercise for Session 3

= Evaluate the following integrals
2

1. J’gf%; 2. jg—ﬁwdx

3. .[16’:;_(1_’(25 4. _[ 2’ —x°

5. otz o B forar
Z. ‘[—_\/’4"2;—25-“ 8. I,/SPT(%
9. J‘Xz:-;X2+2 10. j?_iz;_%x_zdx
1. [ 21 o 12. | é%"_s

13. | 14. | J:;'f( dx

15. | 3#2’:_‘: 16 [— &

s

S e 18. | ax—coex ™
19. jﬁm 20. | [eeex—ees X Xco:°5x)x
21. Evaluate | :—;%:%:—:dx 22. Evalute [ (2x 414 +3x — x2dx.

23

.

J- (2x2% + 5x + 9)dx

(x +)Jx2+x+1

d. .
24. The value ij m , IS equal to

1 tanx/2-1-42
—log| m——————*2{i+C
J2 = tanx/2-1+ 2 }

. 1 tanx/2-1-42
b) 2 {(sin x + cos x) + — | ST e L Ne
(b) {(I ) e tanx/2-1+ 2 }+C

tanx/2-1-2
tan x — 1+ V2 }+C

(a) {(sin X + COS X) +

J2

(c)-; {(sinx —- COS X) + % log

(d) None of these



Session4
Integration by Parts

Integration by Parts

Theorem If u and v are two functions of x, then
du
Juvdx—ujvdx—j{zjvdx} dx

i.e. The integral of product of two functions = (first
function) X (integral of second function) - integral of

(differential of first function X integral of second function).

Proof For any two functions f(x) and g(x), we have
d d
L 1) 80 = Fx) - (800} + 8- { S

d
s (f(x) L {goat0) o 0 =] 1) ) s

= J{ et i+ (0 25 o0 o
=[ f(x)- g(x)dx
= J(s0 - tg o Jax
=jf(x)-g(x)dx~I(g<x)-£;{f(x)})dx
Let f(x)=u and :?{g(x)}=v

So that, g (x) = [ v dx

Juvdx:u-'[vdx—j{%-‘[vdx}-dx
Remarks

While applying the above rule, care has to be taken in the
selection of first function (u) and selection of second function (v).
Normally we use the following methods :
1. If in the product of the two functions, one of the functions is
not directly integrable (e.g.
log| x|.sin"" x,cos™" x, tan"! x, ..., etc.) Then, we take it as the
first function and the remaining function is taken as the
second function. i.e. In the integration of [x tan™' x dx,

tan™" x is taken as the first function and x as the second
function.

2. Ifthere is no other function, then unity is taken as the second
function. e.g. In the integration of Itan“ x dx, tan™" x is taken

as first function and 1 as the second function.

3. If both of the function are directly integrable, then the first
function is chosen in such a way that the derivative of the
function thus obtained under integral sign is easily integrable.

Usually we use the following preference order for
selecting the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, Exponent).

In above stated order, the function on the left is always
chosen as the first function. This rule is called as ILATE.

I Example 32 Evaluate

(i) jsin“ x dx (ii) _[ loge | x| dx
Sol. (i) I= Isin"x dx = J‘si.n'l x-1dx
1 o

Here, we know by definition of integration by parts that
order of preference is taken according to ILATE. So,
‘sin™' x’ should be taken as first and ‘1’ as the second
function to apply by parts.

Applying integration by parts, we get

I=sin"'x-(x)— I :

1-x?

- x dx

=x-sin”! x+l I—dt
2 2
Let 1-x%=t

-dxde=de = xdi=—id
2

I=xsi.n°‘x+\/1—7+c
Jsi.n"xdx:xsin'lx+m+C

(ii) I=[log | x|dx = [log, | x|-1 dx
1 i

Applying integration by parts, we get
=log|x|-x—j—1—-xdx
x
=xlog|x[—I1dx
I=xlog|x|-x+C
1 Example 33 Evaluate
(i) jx cos x dx (ii) J'x2 cos x dx

Sol. (i) J'xcosxdx. I= Ixcos x dx
I I
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Applying integration by parts,

_ d
I=x([cos x dx) - I{E(x)} {[(cos x) dx} dx
I=xsin x— Il~sinxdx=xsinx+cosx+C

(ii) I= sz cos x dx
I 1
Applying integration by parts,

I=x? (Jcos x dx)— I{% (xz)} . [Icos x}dx
= x?sin x — IZx +(sin x) dx
= x%sin x—ZIx(sin x) dx
We again have to integrate Ix sin x dx using integration
by parts,

=x%.sinx -2 Ix~sin x dx
I

=x? smx—z{x(jsinxdx )—J(j—x)(Jsmxdx)dx}
Ix
=x%sin x —2{- x cos x — Il~(—cos x) dx}

I =x%sin x +2x cos x —2sin x +C

I Example 34 Eval thi"_1‘/;_c°S_1‘/;
xample valuate =
P sin™' Vx +cos”' VX
sin"J;—cos"J;
 Let I= 3 X T dx
Slol. Lo J‘sin‘ls/;+cos"w/;

=Ism—1&—(n/z—sin“&)dx
/2

dx.

[sin™'@+cos ' B=17/2]
= 1=2 [@sin"' Vx -n/2)dx
T
4 . _|J"
=— |sin x dx— |ldx
2| J
[-_-.4_ J'sin"’\/;dx—x+c (i)
T

Let x =sin® 0, then dx = 2sin 6 cos 8 df =sin 20 d6
-[sin'l Jx dx =I9-sin29d9
I

n
Applying integration by parts
cos 20 1
J'sin"s/;dx =-0- _2— + IE cos 20d0
=12.cosze+—:-sin29

_ "l'e.(]—ZSinz 9)+%-sin0-,jl—sin29
2

=—Tlsin'lw/;(1—zx)+%"/;‘ll_x i)

From Egs. (i) and (ii), we get

I=i{-71(sin"~/;)(l—2x)+%w/;‘ﬁ_—_x} -x+C
T

=2 fx—x —(1-2x)sin” Vx} - x + C
n

Integral of Form [ e* {f(x)+f"(x)}dx
Theorem Prove that
[ (£ )+ f (W de=e” f(x)+C
Proof We have, Je" {f(x)+f"(x))dx
= Ie‘-f(x)dx+je"-f’(x)dx
)i 1

= f(x)-e* - _[f'(x) -e*dx +je"-f’(x) dx+C

=f(x)-e*+C
Thus, to evaluate the integrals of the type

Jex (f (x)+ £ (x))dx,

we first express the integral as the sum of two integrals
Ie‘ f(x)dx and je’f’(x) dx and then integrate the
integral involving e f (x) as integral by parts taking e*
as second function.

Remark
The above theorem is also true, if we have e in place of €
ie. JE U G + (k) dx = € f (k) + C

General Concept
5 (£ (x)g’ (x) + £ (x)} dx

Proof I=Ieg(") f(x) g'(x)dx +J.eg(x) f'(x)dx
I I asitis
Using, Ieg(’) g’ (x) dx =8 we get
= f(x) -eg(“)—_[f'(x) 8 gy +Ieg(’)-f'(x) dx

= f(x)-e2® 4

2 2 .
eg. =J'e(xsinx+cosx)[x cos“x —(x sinx +cosx)]dx

x2

= J'e(xsmx+cosx) coszx_xSInx+Cosx dic
xZ



. cos x cos ¥
= J’e(XSmxdrcosx) (XCOSI( )+( x))dx
X X

. e(xsinx+cosx) _Ecﬁ.;.c
x
eg =_[e""x (sin x —sec x) dx
=J‘e“‘"sinxdx—je"”secxdx
tan x tan x 2 tan x
= —e -cosx+Ie sec xcosxdx—!e sec xdx
= —e™% .cosx

| Example 35 Evaluate
1+smxcosx 1+sin2x
d i 2x
) j ( cos? x ) o Ie (1+c052x)dx

Sol. (i) I=j'e’[———l+sm’z‘c°”)dx
Ccos X

1= fer{ e

I= Ie’{ta.nx+sec2x]dx

sin x cos x
— —dx
cos” x

I=Ie’-tznxdx+]e’(secz x) dx
o
I=tanx~e'—J.secz x-e* dx+Ie‘~seczxdx+C

I=e*tanx+C

(ii)I=je“ 1+ sin 2x dx
1+ cos 2x
1+ 2sin x cos x dic
2cos’ x

o
_Iez,{ 2smxcosx}dx
{

2cos® x 2cos? x
2x 1
—je Esec x+tanx}dx

= jelzl"-mlxxdr+§_[e”~seczxdx

eZx 5 22: 1 - 2
=tanx-——jsec x-—-dx+—_[e -sec” x dx
2 2 2

1-x g
= dx.
xz]

Sol. = - ,(1—2x+x)dx
je (l+x] I 1+ x?*)?

I=%¢2'-tanx+C

| Example 36 Evaluate je" [

Chap 01

1+:x 2x
‘[ {l+x) (1+x2)2}dx
[

= g asi(_1_)=__2r_
1+x2 (1+x?) dx\1+x” (1+x?)*

Indefinite Integral 23

1+x

Integrals of the Form
_[e sin bx dXx, _[e cos bx dx

Let I=[e™ (sin bx) dx
Then, I= J.sinbx-eadx
1 i

—smbx( J jbcosbx-—dx

=g -f{cosbx-e——j(-bsinbx)-e—dx}
a a a a

1 ° ax b ax bz . ax
=—sinbx-e®™——cos bx -~ —— jsmbx-e
a a® a’

1 2
I=—sinbx-e"—izcosbx-e“—b—1
a a o2
b2 1-e=
I+—1I= ez -(a sin bx — b cos bx)
a a
2,32
a“+b ox
=5 I( = )=e—,(asinbx—bcosbx)
a a’
ax
or I=———(asinbx —bcosbx) +C
a® +

ax

ax _. = €
Thus, Ie sin bx dx = >

T (asin bx —bcos bx) +C
a® +

ax
Similarly,je”cosbxdx: ’e 7 (acos bx +bsin bx) +C
a’ +b’

Aliter Use Euler’s equation

Let P=Ie“cosbxdxandQ=je“ sin bx dx

Hence, P+"Q=Ie‘“-e““ dx=je(doib)xdx

P = el =i %% (cos bx +isin bx)
a+ib a® +b? - .
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_ (ae®™cos bx+ be®sin bx) — i (ae® sin bx—be"*cos bx)

a? +b?
P_e“" (a cos bx + b sin bx)
a® +b®
e™ (asin bx — b cos bx)
Q= WET
a“+b

I Example 37 Evaluate
(i) Ie" cos? x dx
(ii) Isin(log x) dx

Sol. (i) I=Iex~coszxdx=je’.{m} dx
2

1
I=-.[e’r dx+ljcos 2x-e* dx
2 2
1 1
I==e"+-1
2 2 1 (i)
where, I; = J.cos 2x-e* dx

I, =Icos 2x -e* dx = cos 2x-e” —J'—Zsian'e" dx
1 { I

=e*-cos 2x +stin 2x-e* dx
1 I

= e*.cos 2x + 2 {sin 2x-e* — J-Z cos 2x-e* dx}
=¢*-cos2x +2sin2x-e* —4 I
I =£{e’ cos 2x + 2sin 2x e*} )
From Egs. (i) and (ii) we get
le cos 2x +2sin 2x-e”}

I:— +—
2

=1l +—l-e {cos 2x +2sin 2x} + C
2 10

(i) I= Isin (log x) dx

Let log x =t
= x=¢ or de=¢'dt
I=I(sin t)-e' dt=sint-e —Icosbe' dt
I I 1 I

I=sinl'e'—{cost~e'—I—sint-e' dt}
J=¢'-sint—e'cost—1I

1=-;-e’(sint—cosl)+c

= % {sin (log x) = cos (log x)) + C

2
x“dx
1 Example 38 Evaluate j———’—(x row—

%2
Sol. Let [= | ——
€ J(Jc sin x + cos Jc)z

Multiplying and dividing it by (x cos x), we get
(x cos x) e

I= |(xsecx):
'[( 1 )(xsinx+cosx)z
II

I=xsecx-J Xceo ¥ 2 dx
(x sin x + cos x)
—J i(xsec x) J—'xﬂ_—zdx}dx
dx (x sin x + cos x)
~1
=xseCc X —————
(x sin x + cos x)
-1
dx

= J(xsec x-tan x +sec X) - ————
(x sin x + cos x)

x si + cos x
(x sin x ) i

— Xsecx
+|

(x sin x + cos x) cos? x - (x sin x + cos x)

— x sec x 2
=" —+% Isec xdx
(x sin x + cos x)

— x sec x
=——————————+tanx+C
(x sin x + cos x)

I Example 39 The value of

3—-Xx
J T -sin” 3 x)dx is equal to
(a) '11:{—3 Ccos 1 ) cos‘l (2(-)+2X}+C
3
(b)%{—3 cos™ ) +249-x S|n‘(§)+2x}+c
3
1 <o SN 4
(C)Z -3(sm (E)) +2+/9-x% sin™ (§)+2x}+c

(d) None of the above

Sol. Here, I=J' cow
3

X g
e sin (W“a—x)dx
x =3 cos 20
dx-—ésmzede

3-3cos20
-I\'3+3cosze T\IS 3cos29) (~6 sin 28)d®
=J- sin 0
cos 0

=—6IO-(Zsin2 9)d9=—6I9(1—c0529)d9

Put

-sin™ (sin 6)- (— 6 sin 26) dO



2
=—6{6——I0c0526d9}
2

ofg -2 (52) o)

{9sin29+cosze}
2 4

=-30>+6 +C

2
= 1 {— 3(cos"(i)) +2+49-x2. cos"(£)+2x} +C
4 3 3

Hence, (a) is the correct answer.

sec X (2+ sec x)

1 Example 40 The value of I s v
+25sec x

equal to
sin x COS X
(@ ———+C 1) i 1
2+ COS X 2+ Cos x
—sin x COS X
=+, —+C
2+sinx » 2 +sin x
2+
Sol. Let I=Isecx( seczx) J‘2c05x+12
(1+ 2sec x) (cos x +2)
=IC°5 x (cos x +2) +sin® x &
(2 + cos x)?
_J’ cos x I sin® x
2+ cos x (2 + cos x)*
Icos j' sin? x
(2 + cos x)?

(2 + cos x)
I

Applying integration by parts to first by taking cos x as
sin” x

second function, keeping | ————— dx as it is.
P g!(2+ cos x)?
3 sin x
I=—1——-(sin x)—Jsm x————dx
2+ cos x (2 + cos x)
J- sin? x
; (2 + cos x)*
sin x
2+ cos x

Hence, (a) is the correct answer.

I Example 41 The value of jlog (JT=x+/1+x)dx,is

equal to

(a)xlog(ﬂ+ﬁ_+_x)+%x—%sin"' W+C
(b)xlog(«/l—x+,/1+x)+%x+%s
(c)x|og(,/l—x+,/1+x)—%x+%sin" (x+C

(d) None of the above

in~' (x)+C

Chap 01 Indefinite Integral 25

Sol. Here, we have only one function, This can be solved
easily by applying integration by parts taking unity as
second function.

If we take u = log (\/1_——; + 41+ x) as the first function
and v =1 as the second function.

Then,

I=Il-|og(./1—x+,/1+x)dx
={log (1 —x +4/1+ x)}x— jU_T'

X +41+x
- . + ! xdx
2;}1—:: 2:;1+x
=xlog(,/l—x+./1+x)

_lj,h—x—\h-i-x'

;;l—x+,[1+x

=xlog (1= x + 1+ x) v
11(1—x)+(1+x)—z,/1—x’_ 1
2

(1= -(1+x) Ji-<

=xlog(,/l—x+,/1+x)—%j_——“i/:x__’lz_ldx
-x

=xlog(,/l—x+,/1+x)—%fldx+%_[
=xlog(,/l—x+Jl+x)—%x+%sin"

Hence, (c) is the correct answer.

z-xdx
1=-x

-2x dx

1
mdx

x+C

4
|1 Example 42 The value of je" (—

equal to

e*(x+1)
e* (1+x)
(1+x2)¥2

x*+2
Sol. Let I = je" [(1—+,‘-2—)5’7) dx

1-2x?
* (1 3 xZ)SIZ)dx
x " x L, 1-2x
(1+x2)3/2 (l+xz)3'2 (l+x2)m
¥ _e {1+ x% + x}
(l+x2)3/2

)e" (1-x+x?)
(1+x2)3/2

() (d) None of these

((l + x2)‘l/2

fer
j [(1 3 xZ)llZ

e + xe +
(1+ xZ)lIZ (1 4 x2)3l2

Hence, (d) is the correct answer.

+C
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1 Example 43 If j(sin 30+sin6)e*"® cos 6 dO
=(Asin®0+Bcos20+Csin@+DcosO+E)e*"® +F,
then

(a)A=—4,B=12 (b)A=—4,B=—12

(c)A=4,B=12 (dA=4,B=-12

Sol. Let I=J'(sin39+sin6)e““9-cosed9

= I(Ssin 0 — 45sin> 0)-e5"®. cos 0 db;
Putsin®@=t = cos0d0=dt
= [(3t - ar®) e ar )
As, I=(Asin®6+ Bcos?0+ Csin+ Dcos0+ E)e™® + F
=(Asin’0 - Bsin?6+Csin0+ Dcos+ B+ E)e™ %+ F
When, sin® =1
I=(At*~Bt> +Ct + B+ E)e' + F
as by Eq. (i) D =0...(ii)
From Egs. (i) and (ii),
[t —ar’)e'dt=(Ar> - B’ +Ct + B+ E)e' +F,

. - . f®
differentiating both sides
(3t — 4t) e'=(At*~ Bt’+ Ct + B+ E)e' +(3At> — 2Bt + C)e’
= A=—4 and 3A=B = B=-12

Hence, (b) is the correct answer.

I Example 44 The value of

J- —— (x“ cos X — xsin x+€0s X
e .

(a)e(xsinx+cosx)_(x+ 1 )+C
X COS X

() efFsmrene -(xcosx+£)+c

— dx, is equal to
x*cos® x

(c)e(xsinx+cosx).(x_ 1 )-{-C
X COSs X

(d) None of the above

Letl:Ie(xlinx+cosx)'(

=J'(x‘e(xsinr+cosx)'xc°sx)dx_Ie(xﬁnx+coxx)

x sin x — cos x
||
( (x cos x) )
Applying integration by parts
e(x sin x + €os X) _ J’e(x sin x + cos x) dx)

_J'e(xllnx+colx) dx}

x* cos® x — xsin x + cos x
dx

Sol.

Xz COS2 X

={x-

e(xsinx#cotx)_
X COs X

1 +C
X COs X

Hence, (c) is the correct answer.

___e(xsinx+cosx) (x_

L 2x+2
| Example 45 EvaluateIsm - dx.
,’4X +8x+13
[IIT JEE 2001]
Sol. Here, I= Isin" [ ) dx
J4x? +8x +13

2x +2

= [sin-!| —2X*2__|a
Ism L/(?.x+2)2+32J *

Put2:+2=3!an9=>2dx=3$eczBdB

=Jsin'l JHIE 2sec20¢19=§'|'65ec2ede
3secH )2 2

3
=>{0tan 6 — | tan 6 dO
~tano-| }

=Z(6tan8—log|sec0|}+c
2
& I=§{2x+zm_,(2x+z)_log[ I+(2x+2) ] -
2] 3 3 3
32 2 z
=3 S(x+1)tan §(x+1) —log\/«ix +8x +13;+C

a2
=I=(x+1)tan ‘(;(x+l))—%log(4xz+8x+13)+C

x? (x sec? x+ tan x) dx

| Example 46 Evaluate | ( >
x tan x+1)

Sol. Here I=J'xz -m
(x tan x +1)*

| EREE "N T 1 i
* ( (xtanx+l)) sz( (xtanx+1))dx =40

[usingjm L W
(x tan x + 1) t? t (x tan x +1)

dx

=]=- x? J 2x (cos x)
xtan x +1 x sin x + cos x

[put, x sin x + cos x =u
= (x cos x +sin x — cos x) dx = du]

= ]:——'x.z ﬂ‘_
(x tan x +1) u
2
i +21
xtan x +1 0g|u|+C

2

+2log| xsi
R g| xsin x + cos x|+ C



Exercise for Session 4

11,

13.

15.

17.
19.

21.

23.

25.

Ixze‘dx

_[Iogx-dx

j (tan™" x)dx

J' x tan™

J-x-sinx

1-cos

x dx

dx
X

je’(tan x +logsec x) dx

1
j (log (log x) + (k)g—x)z) dx

Jor =X gy

1+

X2)2

je"" -cos (bx + c)dx

Jsin& dx

jcot"(1— x + x2)dx

I Jx% + 1{log (xi+ 1)-2log x}
X

Iesinx [

x cos? x —sin x

Jox

cos? x

2. j x2sin x dx
4. j (log x )2dx
6. j(sec_1x)dx

8. jlo:;zxx

10. Jlog (1+ x2)dx

12. J-ex{1+sin X COS x}dx

cos? x

14. Iez,,'{1+sin2x}dx

1+ cos 2x

16. j——"x 2-x) 4y

(1-xy1-x2

18. J'sec3 x dx

20. [(sin™ x)2dx

22. J‘sin'1 X dx
\Ja+x

2 in 2x
4, [cos’x+sin
o j (2cos x —sin x)?

Chap 01
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27



Integration Using Partial Fraction

This section deals with the integration of general algebraic

rational functions, of the form fgx; ,where f(x) and g(x)
g(x

are both polynomials. We already have seen some

examples of this form. For example, we know how to

integrate functions of the form L or z) or i)
Qx)  Qx)  Qx)
where L(x) is a linear factor, Q(x) is a quadratic factor and
P(x) is a polynomial of degree n >2. We intend to
generalise that previous discussion in this section.

We are assuming the scanario where g(x) (the
denominator) is decomposible into linear or quadratic
factors. These are the only cases relevant to us right now.
Any linear or quadratic factor in g(x) might also occur
repeatedly.

Thus, g(x) could be of the following general forms.

o g(x)=Ly(x)Ly(x)...L,(x) (nlinear factors)

L Ik L(x) n linear factors; the rth
¢ BE) B Xl (E)e LulE factor is repeated k times

n linear factors, the ith

—1h k; kn
* 8(x)=Li (0L’ (x)-.Ls (x)(factor is repeated k; times

o g(x)=Ly(x)Ly(x)... Ln(x)Q(x)Q2(x)... O (x)
n linear factors and]

m quadratic factors

o g(x)=...0K(x)...

a particular quadratic factor
repeats more than once

o A combination of any of the above

Suppose that the degree of g(x) is n and that of f(x)ism.
If m > n,we can always divide f(x) by g(x) to obtain a
quotient g(x) and a remainder r(x) whose degree would

be less than n.
£ _ oy ) |
o (x) + ) ..(i)

Ifm<n, f (x)) is termed a proper rational function.
x

The partial fraction expansion technique says that a proper
rational function can be expressed as a sum of simpler
rational functions each possessing one of the factors of
g(x). The simpler rational functions are called partial

fractions.

From now on, we consider only proper rational functions.

rix) )by the

fx) . ke i
If not proper, we make it proper
&(x) s noprop 8(x

procedure described in (1) above. Let us consider a few

examples.
Let g(x) be a product of non-repeated, linear factors :

glx)= Ll(x)LZ(x)-"Ln(x)

Then, we can expand iz—x))- in terms of partial fractions as
g(x
fx) __A A, An

= +at
g(x)  Li(x) Ly(x) L. (x)
where the A/s are all constants that need to be determined.
Suppose f(x)=x +1and g(x) =(x —1) (x —2) (x —3). Let

us write down the partial fraction expansion of % :
g(x
flx) x+1 A B 5 C

gx) (x-D(x-2)(x-3) x-1 x-2 x-3

We need to determine A, B and C. Cross multiplying in the
expression above, we obtain :
(x+1)=A(x —2) (x —=3) + B(x —-1)(x-3)

+C(x-1)(x-2)

A, B,C can now be determined by comparing coefficients

on both sides. More simply since this relation that we

have obtained should held true for all x,we substitute

those values of x that would straight way give us the

required values of A, B and C. These values are obviously
the roots of g(x).

x=1 = 2=A(-1)(-2) + B(0) + C(0)
= A=1

x=2 =  3=A(0)+B(1)(-1)+C(0)
= B=-3

x=3 = 4=A(0)+B(0)+C(2)(1)
= C=2

ThuS:A=1,B=—3andC=z_

We can therefore write gg; as a sum of partial fractions.

Mol 3 8§
g(x) x-1 T—2+x—3



Integrating ch((::;

partial fractions. This was our sole motive in writing such
an expansion, so that integration could be carried out
easily. In the example above :

jf(") dx=In(x-1)-3In(x-2)+2In(x-3)+C

is now a simple matter of integrating the

Now, suppose that g(x) contains all linear factors, but a
particular factor, say L,(x), is repeated k times.

Thus, 8(x) =L&(x)Ly(x) ... Ly(x)

fl fx)) can now be expanded into partial fractions as follows
8

fO_ A, A A A Bt gz

Hn .
&) x(x> 0 B e L T e
k partial fractions corresponding to L, (x)

This means that we will have k terms corresponding to L, (x).

Therest of the linear factors will have single corresponding
terms in the expansion. Here are some examples.
1

(x —1)%(x -2)
can be expanded as = + = + L
x-1 (x-1*% x-2
1
(x-1)3(x-2)(x -3)
can be expanded as
A B c D C
+ + + +
x-1 (x-1?% (x-1)* (x-2) (x-3)
1
(x —1)%(x +5)*

=

=

=

=

can be expanded as
A B C D E

x——1+(x—1)2 +(x+5) +(x+s)2 +(x+s)3

I Example 47 into partial fractions

i
(x+1)(x-2)

Sol. Here, e G
(x+1)(x-2)

and non-repeated roots.

has Q(x) =(x +1)(x — 2) i.e linear

2x +1 - A " B
(x+1)(x—-2) x+1 x-2
= (2x +1)=A(x -2)+ B(x +1)

On putting, x = 2 we get
5
5= A(0)+ B(3) = B=§

| Example 48 Resolve

Sol. Let ——0—FMF——————=——7+——+

I Example 49 Resolve

Chap 01 Indefinite Integral 29

Again, let x = -1

= 2A-1)+1= A(-1-2)+ B(0)
-
3

2041 _ 13 5/3

(x+1)(x-2) x+1 x-2

1 into
(x=1)(x+2)(2x+ 3)

partial fractions.
1 ‘ A B c

(x-1)(x+2)(2x+3) x-1 x+2 2x+3
where A, B, C are constants.
1= A(x +2)(2x +3)+ B(x —1) (2x +3) + C(x = 1)(x +2)...()
For finding A, let x —1=0o0r x = 1in Eq. (i), we get
1=A(1+2)(2+3)+ B(0)+ C(0)

Similarly, for getting B, let x + 2 =0or x = — 2in Eq. (i), we
get
1=A(0)+B(-2-1)(—4+3)+C(0)
1

= B=-
3

For getting C, let2x +3 =0o0r x = —3/2in Eq. (i), we get
1=A(0)+B(0)+C(—%—1)(—%+2]

= C=-

Wi |

1
i X o 1 M

Hence, = =
(x=1)(x+2)(2x+3) 15(x—1) 3(x+2) 5(2x+3)

3+ 2%  + x+1

—— into partial
(x+1)(x+2) P

fractions.

Sol. This is not a proper fraction. Hence, by division process it

is to be expressed as the sum of an integral polynomial
and a fraction.

Now, 3x” +2x% + x +1=3x (x +3x +2)
=7(x% +3x +2) + (16x + 15)
So, the given polynomial
3 +2x2 + x +1
(x+1)(x+2)

(16x + 15)
(x+1)(x+2)

Now, the second term is proper fraction hence it can be
expressed as a sum of partial fractions.
16x + 15 A B

—_— ¢
(x+1)(x+2) x+1 x+2

=(3x-7)+ ()
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To find A put x + 1=0, ie, x = — 1in the fraction except in
the factor (x + 1).

16(—1)+15
— - A =- ii
—1+9) = A 1 ...(i1)
To find Bput x +2=0, ie, x = — 2 in the fraction except in
the factor (x +2).
16(—2)+15
-3 _
—(_ 2+1) = B=17 ...(1ii)
=> The given expression = (3x — 7) — . + ..
x+1 x+2

[using Egs. (i), (ii) and (iii)]
Case II When the denominator g (x) is expressible as the
product of the linear factors such that some of them are
repeating. (Linear and Repeated)
Let Q(x)=(x —a)f (x —a;)(x—ay)...(x —a,). Then, we
assume that

P(X) = Al ot A2 4 + Ak
0x) (x-a) (x-a? = (x-a)f
g B Ba o . B
(x—a)) (x—az) (x-a,)
I Example 50 Expression ( x+25)2 has repeated
X -—

(twice) linear factors in denominator, so find partial
fractions.

x+5 A B
Sol. Let _ = Fi—
€ (x-27 (x-2) (x-2)°

A (x+5)=A(x—2)+B
Comparing the like terms, A=1-2A+B=5 or B=7

x+5 1 7
e s +
(x-2f (x-2 (x-2f

3x—-2

lve ——————— into
| Example 51 Resolve TR
partial fractions.
3x—2
(x =1 (x+1)(x +2)
A, B c D
—(x—l)+(x—l)z +(x+1)+(x+2)

(x—1)(x+l)(x+2)+B(x+1)(x+2)
+C(x -1 (x+2)+ D(x—-1)%x+1)

Sol. Let

n3x—-2=A

Putting(x—1)=0. we get B=1/6,
Putting(x+])=0,wegetc=_5/4

Putting (x +2) =0, we get D=8/9
Now, equating the coefficient of x3 on both the sides, we get

13
0=A+C+D =>A=i—§=——
4 9 36
. 3x -2 . - I
o1 (x+D)(x+2) 36(x-1 6(x-1)
5 8

-_—
4(x+1) 9(x+2)

Case III When some of the factors in denominator are
quadratic but non-repeating. Corresponding to each
quadratic factor ax? + bx + ¢, we assume the partial

Ax+B

fraction of the type ——— » W
ax® +bx +c

constants to be determined by comparing coefficients of
similar powers of x in numerator of both the sides.

here A and B are

+7 i .
I Example 52 Resolve ————~into partial
(x+1)(x*+4)
fractions.
call e 2x +7 __A  Bx+C
(x+l)(x2+4) x+1 x*+4

2x+7=A(x?+4)+(Bx+C)(x+1)
x=-1
5=5A or A=1

= B=-1

Put
Comparing the terms, 0=A + B
7=4A+C = C=3
1 +(—x+3)
x?+4

2x+7 -
(x +1)(x? +4)— x+1
Aliter To obtain values of A, Band C from
2x+7=A(x*+4)+(Bx+C)(x+1)
2x+7=(A+B)x* +(B+C)x+4A+C
Equating the coefficients of identical powers of x, we get
A+B=0B+C=2and4A+C=7.
Solving, weget A=1,B=-1,C =3

ie,;

I Example 53 Find the partial fraction
2x+1
(3x+2) (4x? + 5x+6)
2x +1 __A Bx+C
(Bx+2)(4x% +5x+6) (3x+2) (4x* +5x+6)
then 2x +1= A(4x* +5x +6)+(Bx + C) 3x +2)

Sol. Let

where A, B, C are constants.
For A, let 3x+2=0,
ie., x=-2/3

e e

=A(_0 3
9 4

»

= A=-—
0

N—’

W | -



Comparing coefficients of x? and constant term on both the
sides for Band C, we get

4A +3B=0,
B=—24 = B=L and 6a+20=1,
3 10

s,
x+—

4
10(4x% +5x +6)
Case IV When some of the factors of the denominator
are quadratic and repeating. For every quadratic repeating
factor of the type (ax® + bx +¢)*, we assume :

Ax+ A, Ay x+ A, Agk—y X + Ay
ax? +bx +c  (ax? +bx +c)?

1-6A C—gg
40

C=

. 2x+1 _ -3
" (Bx+2)(4x* +5x+6) 40(3x +2)

(ax?® +bx +c)*

2xY +2x% + x+1

| Example 54 Resolve 5 into partial
2
X(x“+1)
fractions.
4 2
Sol. Let 2x +2:: +J;+1 A Bx+C Dx+E
x(x%+1) x x*+1  (x%+1)?
or 2xt +2x? +x+1=A(x2+1)? +(Bx + C) x (x* +1)
+(Dx + E) x

Comparing coefficients of x*, x°, x%, x and constant term
A+B=2C=02A+D+B=2E=1A=1
- we get A=1B=1,C=0D=-1,E=1
Hence, the partial fraction,
2x‘+212+x+1=l+ x 1=
x (x* + 1) x 1+x% (1+x%)

| Example 55 Evaluate the following integrals:

(1-x?)dx
@) I x(1-2x) ® ‘[ 2)2
%2 +x+1 : 8dx
(i) J-——> Beag . I(x+z)(x2+a)
Sol fyiey, L=F Llydy O
(1-2x) 2 x (1-2x)
= (1_x’):%x(l—Zx)+A(1—2x)+B(x)

On putting x =0and x =%. we get

1
i=Aandi-L=B.oA=1B=
4 2

1
'[x(l 2x)dx—'[( x

N W

h.

e=ok
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lx+log|x|+3—_-l°gll—2x|
2 2 -2
%x+log|x]——log|1-2x|+c
3x -1 A B
ii) Let, =
o (x-27 (x-2) (x-2)
= 3x—-1=A(x—-2)+B, .(i)

On putting x = 2in Eq. (i), we get B=5.
On equating coefficients of x on both sides of (i), we
get A=3,

3x-1 3 5

i Bt _— dx

f(x -2)° = J((x 2) (x—2)’)
=3|og|x—2|——x5_2+c

(iii) Let, ———"22+x+1=ﬁ+—37+ L
x*(x+2) x «x x+2
= x?+x+1=Ax(x +2) + B(x +2) + C(x?) ...())
On putting, x = — 2and x = 0in Eq. (i), we get
C=3/4and B=1/2
On equation Coefficient of x? on both sides of (i),
wegetl=A+C=>A=1/4.

2
J'xz+x+ldx=J' l/_4+£+3/4 dx
x¥(x+2) x? x+2
log|x|—i+ log|x +2/+C
(iv) Let, += A ﬂ
(x+2)(x*+4) x+2 x%+4
= 8= A(x® +4)+(Bx + C)(x +2) (i)

On putting x = —2in Eq. (i), we get A = 1.

On equating coefficient of x* on both sides we get,
0=A+B=B=-

On equating constant term on both sides, we get,
8=4A+2C=C=2

. 8 1 (—x+2)

S [——. SE— NP | [ S ¥ Vi) A [P

‘[(x+2)(x2+4) (x+2+ x2+4)
_ 1 Zxdx dx
_IX+2 -[x +4 '[x2+4

1 1 x
=log|x +2 —=log|x® +4|+2.=t -l(—)“c_
glx +2| 5 gl | St (2

| Example 56 Evaluate J— dx.
sin X —sin 2x
Sol. Let I= [————dr=- 1
sin x —sin 2x sin x —2sin x cos x

i <
___J- : dx=J' . sin x
sin x (1 -2 cos x) sin® x (1 -2 cos x)
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=J sin x dx
(1 - cos® x)(1 -2 cos x)

(putcos x =t = —sin x dx =dt)

t ()

) J(1-:)(1+:)(1-zr)

Here, in Eq. (i) we have linear and non-repeated factors thus

=J' —dt
(1-e)a-

we use partial fractions for;
-1 __A + B C
(a-t)a+t)(1-2t) (1-t) (1+t) (1-2t)

or —1=A(1+t)(1-2t)+B(1—t)(1—-2t)+C(1—¢t)(1+1t)

Putting  (t+1)=0 or t=—1,we get ~(8)
~iuB@)asd) = B=—1
6
Putting (1—t)=0ort=1,we get
“1=A@)(-1) o A=%
Putting (1—2t)=00rt$1/2weget
_1=c(1_1)(1+1) < Gt
2 2 3
-1 1 "1 4
(1-t)(1+t)(1-2t) 2(1-t) 6(1+t) 3(1-2t)
So, Eq (i) reduces to
I:— —df—— L —ij.
1—t 1+t 3)1-2t

41
——lo 1-t ——lo 1+t|—-—x—-=log|1-2t|+C
> gl [ = gl | - g | |

1 1 2

—Zlog|1—cos x|—=log |1+ cos x|+ = lo,

Zogl |- logl |5 108
|1-2cos x|+ C

(1= xsin x) dx
| Example 57 Evaluate J’————sekosx)-
(1 - xsin x)dx
Sol. Here, I = | ——————
Exe; Jx(l_(xecosx)J)
Put xe*=t
= (xe**-(—sin x)+ e )dx=dt
dt

I=“.t(1—t’)="‘t(1—t)(1+t+tz)

=I[£+L+_Cf+_f’z]d,
t 1=F I+ttt

Comparing coefficients, we get
1 2 1
=LB=—'C=——'D=—_.
A 3 3 3

s 1_[1_‘+I——-(_;r-§)dt

1+t 412

1
=log|t|-;log|1—l|—-§log|1+r+t2|

[where, t = xe®**]

2
| Example 58 Evaluate jsin 4x-e%" X dx.

Sol. The given integral could be written as,

tan? x
I=J-4sinx-cosx~c052x-e dx

2 2 tan?
=4Itanx-coszx(cos x —sin® x)-e"™" *dx

2
=4 Itan x-cos® x(1—tan® x)-e®" ¥ dx

J- tan x

2
. .(1- tan® x)-e"" * dx

(sec® x)

Put tan’x=t

= 2tan x-sec’ x dx =dt

]=4J'(l—t)e'

I

1 Exampl

Sol. LetI=

Put (x

(1+1)°

=2{J
=2{ja

=-2

J- t)e
2 1+1)
2" —(1+ t)e'd'
1+t
Ja
1 ¢
-—(1 pwre e +C

2 1
[using [e*(f(x))+ f'(x))dx = e*.f(x) +¢]

a+1)? (+1)
2eun’x

—
(1+ tan® x)?

2
=—2cos? x-e™ *+C

e 59 Solvej 11 xens X X
X(] 2 2snnx)
J 1+ x cos x
x(1 - x%? sin x)
esinx)=t

Differentiating both the sides, we get

(xesin

=

=

*.cos x + e ¥) dx = dt

X (x cos x +1) dx =dt
I=J- dt

t(1-1?%)
T~
t(l—t)(1+t)

= 1
I{, 2(1—t) 2(1+:)}‘"

=1°E|‘|—5log|1—t|—llog|1+t|+c

[using partial fraction]

loglxe“""|__l°g“_ 2p2sinx |\ o



| Example 60 Evaluate;
I%{log e™ .log e®™ .loge®*}dx

Sol. We have,
1 = %
I= J; {loge™ . loge® *.log, e’x} dx

1 1 1 1
= J._ ex © T 3 dx
x |loge™ loge™ loge®™

_ dx
Jx{loge' + loge™} {loge" + loge’z} {loge" + log x?}

Exercise for Session 5

u Evaluate the following Integrals :
1 [ ——= ——adx
I(x —1)(x -2)(x 3)

dx
3 [————
Jx(x"+1)
cos X
L [——————dx
5 I(1+sinx)(2+sinx)
secx 4o

1+ cosec X

dx
9. Ix|s(|ogx)2+7logx+2|

10.

Chap 01 Indefinite Integral 33

dx
- ‘[ x{1+ log e*} {2+ loge*} 3+ loge*}

Putloge* =t = Yax=dt
x

I=J dt =J'[1_ 12 e f Jdt
(l+t)(2+t)(3+t) 2°(1+1) (2+t) (3+1)
[using partial fraction]

=§log|l+t|——log|2+t|+log|3+t|+C.

= % log |1 + loge™| — log |2 + loge*™| + log |3 + loge™| + C.

d;
. J‘1+);(3

J' 2x
(x2+1)(x2+3)

dx
-[sinx (3+2cos x)dx

tan x + tan® x
Jr
1+ tan” x

Iﬁ.dx

x2



Session 6

Indirect and Derlved Substltutlons

Indirect and Derived Substitutions TTRTE N B B
T s 5 °|1+y
(i) Indirect Substitution 0 | e 5
If the integral is of the form f(x)- g (x), where g(x)isa =5 OB By
function of the integral of f (x), then put integral of . . )
f(x)=t where, I=alog [ o ] +C (given) ...(ii)
1 Example 61 The value of _[ d (x* H) . From Eqgs. (i) and (ii), we get .,
’ k
sl alog[I: k)+C=-§-log[#)+C
X
' 2 '
2 {x—+2+c Sl WS = a=2/5 and k=5/2
(o) X' +2+C (d) None of these Hence, (a) is the correct answer.
_rd (x%+1) e
SRR _'[ x?+2 | Example 63 Evaluate ‘[(5—1)2 dx.
+ X+
We know, d(xZ +1)=2xdx . "
2x dx Sol.Here,I:I 3% itk x=j x* (5+4x) —dx
='[\/x2+2 (x* +x+1)" 10(1+L+L)
X‘ xS
Put, x?+2=t? . ]
2t dt wi SLERUE g
2xde=2tdt = I= _[—— 2+C (HLJ,L)Z
1 5
= I=2,/x +2+C x] x]
Hence, (a) is the correct answer. Put 1+ = + = -
k 4 s
x> d X = (g___)dx=dt
x =alo +C, 5 6
|1 Example 62 'fj(,/;)uxs ] xdt xl 1
then aand k are = —‘_2=?+C=,+L+_+C
(@)2/5,5/2 (b)1/5,2/5 e
©5/21/2 (d)2/51/2 # ]
e = S
Sol. Here, I(f) " dx I(J;)z o)
_ ‘[_l_ I Example 64 For any natural number m, evaluate
2 {l i _%7} J'(xm + XM 4 x™) (252M 4 3™ +6)'™ dx, x>0
x
[HIT JEE 2002]
Put —z=y = -~ = Sol. Here, 1= [(x™" + x™™ 4+ x™) (2x™™ + 32" + 6" dx
) dy = J'(xlm + x2m i xm) (2x3"‘ & 3x2m + 61"‘)""' -
=75 Il +y x

= [ XLy emy g 3my g tmy gemyim g ()



Put 2x>™ 43x%™ 4 6x™ =
= em(x*™ 4 ¥ X Y dx =dt

-. Eq. (i) becomes,
t(l/ m)+1

m+1

1 Lot
+3x"™ 4+ 6x™) M +C

I=———2x*"
6(m+1)

xdx .
mls equal to
(a)%ln(1+m)+c (b)z,f1+m+c
(c)2(1+m)+c

xdx

Put 1+,f1+x2=¢2 o _2x
2,/1+ x?

1 Example 65 |

(d) None of these

dx =2t dt

x dx

\'1 +x?

=2tdt

_[M—zwc wWi+1+x2+C

Hence, (b) is the correct answer.
(2x+1)

1 Example 66 Jm

% (b) X
) ————+C _
)(x2+4x+1)'/1 (x2 +4x+1'"?
x? 1

I S d) ——
. 2 +4x+1"7? )(xz +ax+1"?

2x+1 _ 2x +1 d

Sol. [——————dx= f———=r*
(x* +4x+1) 5 4 1
X 1+-—-+—7
x x

Hence, (b) is the correct answer.
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1 Example 67 The evaluation of
p xp+2q-| —agx9 -1

T dxis
x2P+2 4 xP*9 41
P q
@-—X__+cC 1) R LR
xP*9 41 xP*9 41
q xP
O #E (d) ——+
xP+9 41 xP*9 41

1
pxP M=t _ gxf™
x2P 2 4 2xP 41

- -1 —q-1
e . AROO s . SUIPY
‘[ (x?*9 +1)? '[ (x? +x79)?

Sol. Here, I = I

Taking x? as x> common from denominator and take it in
numerator.
Put xP+x7=t = (px’"l —gx 9 Ydx =dt

%9
1=[%=-1 [X—M—H] +C
Hence, (c) is the correct answer.

x“(1 _
——(——) dx is equal to
X = X

(a)%ln(ﬁ)—zln(lnzx—x2)+c
(b)—lln %X = J (h‘\_x +C
4 \Inx+x) 2 X
(c)lln XX + X an (%) 4. c
4 \Inx-x) 2 X
1 Inx —x a(In
(d)—|In +tan™ [— ||+ C
4 Inx + x X

1 Example 68 j

Sol. Here, I = J-x(l——lnx‘)
Inx*x—x
“I x?(1-Inx) dx=J 1-Inx
4
x [(E) —1} x? [(ﬂ) -1]
X x
PutE=t = l—lznx=dt
x

I(r —1)_J(zz+1)(r2—1)

I(r +1)— (2 —1)
(2 +1)(t2-1)

I-I(IL—I:H) ( :_:—:_

)
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1 Inx - x 1
=—1In -t
4 [lnx+x] zan

Hence, (b) is the correct answer.

dx is equal to
JZx -2x2+1
[IIT JEE 2006]
JZX 2x° +1 ,’ R, 192
(a)—x+c (b)w+c
X

I Example 69 [———

3

X
%0 — 2 +1 Y =2+
AT R e g AL
X 2x2
Sol. Let I= j x'-1
:;Zx —2x? +1
__J'x —l
2 1
2—7+F
A4
3 s
=lj X X =12 2_i+i.
4 2 1 4 x* X!
2-S+—

PO o s 0 C)
Jm— 2Jf(x) +

Hence, (d) is the correct answer.

| Example 70 Let f(x)= _xn)%_ for n>2 and
+ X

g(x)= fofo... of (x), then Ix" 2 g(x) dx equals to
n;times [T JEE 2007

1
(l+nx")' "+C

()

1 _l 1 "1
n4+C (b)—(1+mx")
n(n-1) n-1

1+l—
"+C

X =L n
(c) (1+nx ) +C (d)n+1(1+nx )

Sol. - f(x) ~

X

xn)lln

JUtn=n ..)./,.
x - X

(l +xn)l/n (]+2xn)l/n

Where, y=
; o B
Similarly, f(f(f(x))) a+3c")"

and (fofo-..oP) ()= 80)= (o

n times

n—l

., J'xn lg(x)dx I(l+nx

<L

)l/n *
x" V(14 nx")V" dx

1
1—-—

n
(1+nx") " +C

A,
n2 1__1.
n

o
=(1_+an_)—n+c
n(n—1)

Hence, (a) is the correct answer.

Derived Substitutions

Some times it is useful to write the integral as a sum of
two related integrals which can be evaluated by making

suitable substitutions.
Examples of such integrals are

Type |

(a) Algebraic Twins

2x? x2 41 4 _
[ —dr= X e+ [ "L
x" +1 x"+1 x*+1
2 x2+1 2
I Z dx=J. : dx—Ix ldx
x*+1 xt+1 x4 +1
2x? 2
I 4 zdx’.[ 1 dx
x* +1+kx (x* +1+kx?)

(b) Trigonometric Twins

[Vanx dx, [ Jeot x dx,
I int : dx,j . 6 -

1
(sin* x +cos* x) sin® x +cos® x
j- +sin x *cos x

dx,

- dx
a+bsin x cos x

Method of evaluating these integral are illustrated by
mean of the following examples :

Integral of the Form

)

1
Putx+;=g = (1___)dx dt
X



2. jf(x —%)(1+;17)dx.

1
Put x——=t = (1+—)dx dt
x x

SI xZ+1
dx.
xt +kx? +1

Divide numerator and denominator by xZ.

2
x° -1
4 | ———dx
J-Jc4+kxz +1

Divide numerator and denominator by x?.

| Example 71 Evaluate [—— dx
1+

Sl
_S5|l+x 1-x?
_zl:j—l+x‘dx+Jl+x‘dx]
_Sfpx"+1 x* -1
_E[Ix +1d _I 4 dx]

Sol. LetI:jl >
+

x +1

Remark

Here, dividing Numerator and Denominator by x?and
converting Denominator into perfect square so as to get

differential in Numerator
[ 2 e 2
J-l+l/x dx—j l2 ”xzdx
E x? +1/x* x“+1/x
B 2 - 2
J 1+1/x dx—J 1 1/::z A
A (x—l/x)z+2 (x+1/x)° =2
. o foe b
Uz -y

1
[wheret:x-—l-andu=x+—]
x x

u=+2

ie. I

N o SRR

0|

~N
&=

afx-1/x 1
tan - —=log
2 242 1.

L x

I Example 72 Evaluate j—T] X
X* +

Sol. Letl_-J_——dx
x' +5x7 +1

Chap 01 Indefinite Integral 37

1 1-x*

- - . dx
xt st 1 2Ix‘ b hxt 41
1-1/x*

; - dx
x* +5+1/x*

x5+ 1/ x* 2

J
f 141/ x* dx—lf

[(dividing Numerator and Denominator by x%)]
(1-1/x%

1 (1+1/x% 1
| =3 (x+1/x)* +3

(x=1/x)*+7

"lj dt __l_‘[ du
2V (Y 2wt ()
whcrct=x-—l-und u=x-l~—l-

L

=1 -1

1 -1 ¢t _ 1 . 1 u
g (tnn 7;) 3 7; (lun :7;) +C
Y I I (x— l/x)_ 1 mn"(””")]-»c
1 N I3
1 Example 73 Evaluate _[ JJtan x dx.

Sol. Here I =J tan x dx

Put tan x=t*

= sec’xdx=2tdt = dx= 2 dt
1+t
2t2
I=)t- dt = dt
] 1+t J.:“+1
t? +1, s
_I +J“4 ldt
th+1 th 41
Il+1/t jl—-l/tz
t? +1/rz t241/1?
1+1/t% —1/¢?
J‘ - ‘*I 1-1/t
‘-1/!) +2 (t+1/t) =2

l—landr= !+-1-
t t

- dr —-—
J s2+(~/5>’ t ri-(J2)*’ [‘"

1 -1 S 1 r—\/E
= —= tan + loge
i (75) pn A e
1 7
_1 _l(t—l/t) G
= tan + - log +C
- IR
[(where t = Jmn x)]
|1 Example 74 Evaluate _[———u——— dx.

sin® x+cos" x

Sol. Let I=4 j

sin' x + cos' x
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Dividing numerator and denominator by cos? x, we get

I= 4J sect x
tan* x+1

I_4Isec x (1+ tan® x)
- 1+tan* x

Put tanx=t = sec’ xdx=dt
e 4J'l +l‘
t' 41
1+1/1t° 1+1/1t2
=4 t=4
I: +1/t% '[(1—1/:)2+2

Again, put z=t—%
dz 4 af z
I=4|———=—tan ’(—)+C
‘[zz+2 w/i «/5
I=2ﬁtan_,(tanx-1/tanx)+c
V2

(ax? —b)dx
—(ax®+b)?’

I Example 75 The value of I
e

equal to

(a) sin™ (axé) +k (b) csin™ (ax + 2) +k
X X

(c)sin” [M:I +k (d) None of these
c

b
-—\d
(ax? - b)dx ( x’J *

e (@ b / ch = (m 2)’
x

so’. Here, I =j

b
Putax +—=t
x

( —-’%)dx:dt
X

I =sin l(—) +k
w'c -t
= sin”! (——ax+b/x)+k
c
Hence (c) is the correct answer.
X 2x
+1)(Inx+1
x* (x . )( ) i
XX +1

F (P4 )(nx+1)
x4

Put x* =y = x*(nx+1)dx=dy

I Example 76 [

Sol. 1=

l 1
, 1+ +——
+1
1= [r =[] dy
+1 ( __] -
y
Put,y——=t = (1+——)dy dt
y
I= e =-L(tan— —)+C
tt+2 V2 V2
}’"l 1 X‘——;
o) ! Y |+C=—tan™ X_|+C
—ﬁtan -\/E 2 \/é
1 Example 77 Evaluate
(x2 =1)dx

e
(x* +3x2+1)tan”"’ ( x+;)
_(_xz—_”_(HL)
(x*+x*+1) tan™ x

The given integral can be written as
(1-1/x%)dx

(xz+3+l/x2)tan'l(x+l)
x

Sol. Here I =I

J ]

(dividing numerator and denominator by x?)
f= (1-1/x%)dx

((x+1/x)2+1)tan*‘(x+l)
X

Put,x+—1-=t =3 (1——)dx dt
x x
dt
I ot (i)
I(t’ +1)-tan” ' (t)
Now, make one more substitution

tan”™ t = u. Then, zdt
t

=du
1
*. Eq. (i) becomes, I = jd—u= log|u|+C
u
=log|tan™" t|+ C =log|tan™' (x +1/x)|+C

(x—7/6 _XS/G)dx
(X2 + x+1)72 = xV/2 (x2 4 x+1)P

I Example 78 Jx‘ e

7 -
x7/8 (x 116 — x518) gy

2
(x* + x +1)V2 — xV2. 76 (x? Fx+1)"?

I JIZ (l-x )dX
(x? +x+1)2 _ (2 +x 1)

Sol. I =J'

X6 Q73




1
_(1_—)‘1" Putting x+l=t
X x

1 1/2 1 1/3
(x+—+l) —(x+-—+1) (1‘—)4" dt
x x x
_J' dt
(t+1)"2 =t +1)"
Substitute, (t + 1) = u®

_ 6u’ du__ u?
- J.u —u? - 6‘[lx—ldu'

-

Put u—1=z2
3
——61‘—(24-1) dz
z

__6]‘13+322+3z+1
z

=—6J(z +3z+3+— )dz

3
3
=—6 {z—+—;—+32+log|z|}+c

dz

3

1 /6
where, z=(x+—+1) -1
x

| Example 79 The value of j{{[x]}}dx, where {.} and
[] denotes fractional part of x and greatest integer
function, is equal to
@o (b)1 (c)2
Sol. Let I= j {[x]) dx

where, [x]= Integer and we know {n}
1=[odx=0

(d)-1
=0;n € Integer.

Hence, (a) is the correct answer.

Type Il

Integration of Some Special
Irrational Algebraic Functions

In thxs case we shall discuss four integrals of the form

I P «/— dx, where P and Q are polynomial functions of x

and ¢(x) is polynomial in x.

(a) Integrals of the Form I J— dx, where P and Q
are both linear of x Q

To evaluate this type of integrals we put Q = t?,ie. to

1
(ax +b) \Jex +d

evaluate integrals of the formj dx, put

cx +d =t
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The following examples illustrate the procedure :

1 Example 80 Evaluate j L dx
(x+1)/x—2
1
Sol. LetI= '[(x—-i-l)_x\/fz dx
Here, P and Q both are linear, so we put Q = t?
ie. x-2=t
So that dx = 2t dt

1
=2x%tan"[%)+c
I=—%tan"( ’:/:_;2)+C
(b) Integrals of the Form I q’—(ﬁdx, where Pis a

P\o

quadratic expression and Q is a linear expression
To evaluate this type of integrals we put Q =17 i.e. to
evaluate the integrals of the form

1
d
‘[(ax2 +bx +c)+/px+q =

putpx+q=t2.

~zzdt=2j2d—t
t“+3

X+2

(x%+3x+ 3)*/x+
x+2
(x? +3x +3)/x +1

Put x+1=t> = dx =2t dt

1 Example 81 Evaluate _[

Sol. Let I= j

(t2—1)+2
= (2 d
j Y +3(t2 - 1)+3]w/—2 e
t? +1 1+1/t2
=2 —— dt=
It‘+tz+1 Jt +1+1/¢%
- .[ 1+1/t% _ J.
(t-1/1) +(«/’)2 u +(J')2
[whereu=t—l]
= tan"(l—)+C '
V3

tan” [‘ftl) +C

tan™ x +C
(:[3 (x+ 1))

...
I
vy g &IN &I”
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dx 1 2z dz _ dz
(c) Integral of the Form Is=- —"—_"_I
g I(ax+b) Jpxitax+r Zj(zz+1+1)\/z—z (= +2)
where mj J—-PIS linear and Q is a quadratic put, ook tan"(i)+c
1 2 V2
a.r+b—;~
.J -1
dx I=-—l—tan"( - ]+C
1 Example 82 Evaluate [ —————. 2 N
(X=1) X2+ x+1 i 1
== —tan~! +C
B T e N A
(x=1)x?+x+1 J——;
1 1 1 1=.X
Pu —-—1=- P == —= i +C
tx1,=>dx 'Zdt Jian(\/_x]
=J' —1/t%dt Aliter Put x = cos 6,dx =—sin 0.d
2 i do
1 1 . e sin 6 d0 __
‘lt‘j(;+l) +(;+1)+1 o J.(l-f-cr:;s“'e)sine Jl+cosze
dt

- J-sec 29do _J-seczede

—_j__‘i‘_=_ L]
\j3t2+3t+1 ﬁ (l+1)z 1 - sec°0+1 tan® 0+ 2
=] 4=
2 12 Puttan@=t. = sec’0dO=dt
=-——1og|(:+1/z)+,/(r+1/z)’+1/12|+c . - -1t
3 o) =- tan +C
, Joe &
1 —1(tan 6
=——=t +C
——% o] 2 - ( :/-2 )
where, cos 0 = x
— Sifd1-x° ; 2
-—ﬁtan % +iC sin@=41-x
(d) Integrals of the FormI where P and Q both 2x =
P\o’ & tmo=Y"X
are pure quadratic expressloxzxmx, ieP=ax’+b x
and Q=cx? +d, n.e.j 1 Example 84 Evaluate
2 [a
lax"+B)ves = ’_I(X—1)\IX"+2x3—x2+2x+1

To evaluate this type of integrals of the form we put x =% 2ot

dx

Sol. Here, I = I(xz -1 \/"‘ +2x? —x?+2x +1
x (x+1)

dx
| Example 83 Evaluate | ————
P J‘(1+x2),/1—x2

¢ Xz+2x—]+£+__

soLle I=[—= (1-_‘_) J,, ( 1
1+ xz);Jl—xz =I x? x  x? 5
2 x

Put x=l.sothat dx=——lz-dt
t t x2
-1/t dt tdt ( 1)J( 1
I= = Lve—= x2+———)+2 +l -
I(l+1/:’)ﬁ—1/t2 I(r’+1)Jr’-1 - x* x? i ld
X
Again, t* =u = 2tdt=du. (x+l+z)
X

1 du ; dx
=—- which reduces to the form 1 _
ZJ’(u+l):;u—l IP Z_Q Pulx+—-r1c( )dx dt
where both P and Q are linear so that we put u - 1= 2% so D
W-2+2-1 | t? 42t -

that du = 2z dz
(t+2) (t +2)




J' t2+2t -3
(t+2),/t +2t -
=J- t(t+2) dt—sj dt
(t+2)t2+ 2t -3 (t+2){t*+2t -3
I=1-3I, ()
Where, I, = tdt and I, = #
I;;r2+2t—3 : ‘[(:+2)\/tz+2r—3

1 = J' t dt
,/(t +1)? -

Put,t+1=2z —IL_])‘"
,’ -2

zdz

_I\/ Py IJ: 22
=\}z —22—log|z+\/z -4
=\,t2+2t—3—log|(t+1)+\’tz+2t+3| ..(ii)
Also, Iz='[ dy
yz.zJ(z- ) +2(-2)-s
y Y\ y
1_ dy -1 dy
Putt+2— J.Jl— _3y? ﬁIJzz 12
() -6~3)

1
. e y*+3 o
B 2 3 2+t

3

I=,/:’+2t—3—log(t+1+ t2 +2t —3)

B - P
t+2

dx

’
'\/axz +bx+c

..(iii)

1
where, t = x + —
X

(e) Integrals of the Form|
(x—k)
wherer >2andrel

Here, we substitute, x —k=-

dx )
-3)* Jx2—6x+10

| Example 85 Evaluate I(
X

Sol. Substirule(x—:;):-:-:;dx:_‘_lz.d,
dx
(x =3)® Jx? -6x+10
—I -1/t dt
103 /e +3)2 =61/t +3)+10

We get, I
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="I t* dt =J dt
=log|t+\’l+t1|—£\ll+l‘z-—llog|t+m|+c
=-;—log|t+\,l+t |-—J1+t +C
[14+/x* —6x+10| Jx*-6x+10
:.-— o 2 +C
2 | |x -3 | x -3
2
ax® +bx+c
(f) Integrals of the Form J dx
. (dx+e)\/}x2+gx+h
Here, we write

ax? +bx +c=A4, (dx +e) (2fc +g) + B, (dx +e) +C,

Where A,, B, and C, are constants which can be obtained
by comparing the coefficients of like terms on both the
sides.

-J L+ 12 dt

2x2 4+ 5x+9

x+l)\/x +x+1

Sol. Let2x® +5x+9=A(x+1)2x+1)+B(x+1)+C
or 2x® +5x+9=x*(2A)+x(3A+B)+(A+B+C)
= A=1B=2C=6

2x* +5x+9

Thus, I - = dx
(x+l);;x' +x+1

1 Example 86 Evaluate I

(x+1)(2x +1) dx+2j x+1 dx
(x+1xP+ x+1 (x+1)Yx?+x+1
+6f g
(x+l);}xz+x+l

2x+1 dx

dx
= dx
IJ\'+\'+1 +zjr+x+l+6j(x+l)~/x’+x+1
_ - dt
I T j\fx+1/z)’+(3/4) 6IJ:=

-t+1
[whereu = x* + x +1 and——\‘+l]

=2Vx?+x+142: 1log|(.\-+l/2)+J\ +\+l|
_6J' -
;}(t—llz)wau
(.\‘+%)+J.\"+.\"+l|
(:—%)hh’—rﬂ
(.\'+%]+Jx’+.\'+l|—6log
\ I—x+yx? +x+1

2(x+1)

=2yx?+x+1+2log

s Iog +C

=2\/.\"+.\'+l+210g

+C
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Type lli

Integration of Type [ (sin" x -cos” x) dx

(i) Where m, n belongs to natural number.
(ii) If one of them is odd, then substitute for term of even
power.

(iii) If both are odd, substitute either of them.
(iv) If both are even, use trigonometric identities only.

(v) If m and n are rational numbers and (%n_z-) isa

negative integer, then substitute cot x = p or tan x = p
which so ever is found suitable.

I Example 87 Evaluate jsin’ x-cos® x dx.
Sol. I= Jsin’x~coss x dx

Let cosx=t = —sinxdx=dt
I=-—I(l-—t2)~r5dt
S
I=|t"dt—[tdt=—-"—+C
8 6
I=COS X~COS x+c
8 6
Aliter 1=J’R’(1-R2)Z¢R,

if sin x = R, cos x dx =dR

I=[RdR- [2R° dR+ [R'dR
.4 -6 8
I=Sm x_Zsm x+sm x+C
4 6 8

Remark

This problem can also be handled by successive reduction or by
trigonometrical identities. Answers will be in different form but
identical with modified constant of integration.

| Example 88 Evaluate _[sin’"/3 X-€0S™~

Sol. Here, Isin’"" Jc~cos'"3 xdx ie. —32—3—_

1= s

I'= f(cot' Y3 %) (1 + cot? x) cosec? x dx
=— [P ety de = [V 40 ar

[Put cot x = ¢, = — cosec® x dx = dt]

=- 3tz”+§t"”}+c
2 8

= { (cot?’? x)+2 3 (cot®’? )}+C

— dx = I(cot' 3 x)(cosec’x)?dx
x-sin® x

dx
luate J' ‘ x
1 Example 89 Eva YT,
dx cos xdx _1 2 cos x dx
o Levl= JZsmx+secx Isin2x+1 ZJ'l+sin2x
- lj(cos x +sin x) + (cos x —sin x) T
(sin? + cos® x + 2sin x cos x)
=_1_J- cos x +sin x J'(cosx-smx) e
27 (sin x + cos x) (sin x + cos x)?

=_J._L lj——:,where,v=sinx+cosx
sin x + cos x
J' dx -—+C
2‘/—- ! sin x + ! cos x v
N V2
dx 1

Iy e
i + cos x
2 sin (x+—}) o e )

g 1
=_.1 3 cot| x+— |-———+C
22 oglcosec(x 4) ( 4)' 2(sin x + cos x)

Type IV
Integrals of the Form[ x™ (a+ bx")"dx

Casel If Pe N.We expand using binomial and integrate.
Casell IfPel” (ie,negative integer), write x =t*,
where k is the LCM of m and n.

Case II1 Ifm-’-1

is an integer and P & fraction, put
k 5

(a+bx")=t", where k is denominator of the fraction P.
m+1

CaselV If(—n— + P) is an integer and P € fraction.

We put(a+b x")
fraction P.

oA ; ;
=t"x", where k is denominator of the

1 Example 90 Evaluate _[x‘/3 2+ x"/2)? dx.
Sol. I= J‘xus 2+ J‘:1/2)2 dx
Since, P is natural number,
I= jxm (4+ x + 4x"2) gx

=J'(4x1/3 + x4 +4x%%) dx

4x¥3 /6

A PR i
4/3 7/3 11/6
=3x%3 +3x7/3 +ﬁxn/6

+C
7 11



| Example 91 Evaluate ‘[x'”3 1+ x23) dx.

Sol. If we substitute x = t* (as we know P e negative integer)
. Let x =t where k is the LCM of m and n.
x=t>=dx=3t2dt
2
or I =I 73 -
t2(1 + %)

= I=3tan"'(x"*)+C

dt _
dt=3_[t2+l=3tan (y+c

I Example 92 Evaluate [ x~%* (1+x"/*)/2 dx.

1

T dx =2t dt

Sol. If we substitute 1+ x"/3 = ¢t2, then
_(t-étdt ¢, 3
I—j 3 —6It dt =2t +C
or I=21+x"?Y?24C

1 Example 93 Evaluate [Vx (1+x"%)" dx.

Sol. Here, m:landn=l
2 3
Put x=t°=dx=6t°dt
= I=jt’(1+tz)‘6t5dt
= I=6jr’(1+4t’+6t‘+4t°+t’)d:
=6I(t' + 480 466" + 4t + 1) dt
9 11 13 15 17
ot
=6 t_+ﬁf_+§‘_+i_+_ +C
9 11 13 15 17

=6 x2/3+}_xn/6+ix1315+ix5/2+lx1716 +C
11 13 15 17

| Example 94 Evaluate st 1+ x3)¥3 dx.

2
Sol. Here, Ixs (1+ x*)?* dx have m=5,n=3and p =
mil 9 2 [an integer]
n 3

~

So, we substitute 1 + x> =¢° and 3xdx =2t dt

jx5(1+ x3)3dx = Ix’ (14 x°)? x%dx
=J(t2 —1)(¢2)*? gzdt

2 (.2 73 2 (,03/3_ 73
=Z1@3=-0)Bar =2 1(PP=-1""7)dt
3 I( ) 3 I( )
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2]3 3
213 pers _ 2 posl L o
3|16 10
1
8

1 Example 95 Evaluate Jx"i (14 x*)"2 dx.

Sol. Here, (m+l+p)=[ﬁl—l]=-3
n 4 2

If we substitute (1 + x*) = 2 x4,

-4
then1+L=t2and—dx=2tdt
4 5

x x

_ dx = dx
_I 4)1/2'un.x2(1+1/x4)1/2

S+ x
_.[ dx __ljz‘d‘
JEE (1+1/x‘)”2 47 5%t

I P T O B
_—Ej(e 12 dt = zj(: 2t% +1)dt
5 3
=—l I__ZL.}.[ +C
2|5 3
1
Wheret = }1+—4
X

1 Example 96 Evaluate ji/J—y_dx.
x +4/x

1
Sol. Let 1= jm dx

mz _ t,

Put x = x=t"and dx=12t""dt

1 8
I= a2tttdt =12 [ ——dt
I:‘H‘ J’t+1
Againput(t+1)=y
)8
dt=dy=12‘[udy
b4

8 7. 6 3, -
_ 12I(y -8y +28y°-56y° +70y"- 56y°+28y°- 8y + 1)dy
y

[using binomial]
=12 [(y"- 8y®+ 28y°— 56y*+ 70y~ 56y°+ 28y — i
y'—8y y y y 6y°-+ 28y =8+ 1/y)dy

8 7 6 s 4
v 8y’ 28y° 56y’ 70yt
_— 556 w5 5 4 g,
y” 28y
-4 —=—=8y+lo
3 7 Sy+loglyl
Where y = x""% +1
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Exercise for Session 6

= Evaluate the following integrals

4 _ 2)dx
1. [ x*-1 2. (x+
J.x""x“+x2+1)"2dx I(X2+3X+3)Jﬁ1
3. dx 2 __,d_x———
'[(x+1)"3+(x+1)"2 ‘[(X +a) (x-b)*’
5. sec x .dx

-[ Jsin(x +2A)+sin A

6. The value of [ [{x}]dx; ( where [.]and {.} denotes greatest integer and fractional part of x) is equal to
(a)0 (b) 1
©)2 d-1

7. 1f [ f(x)cos x dx =%f2 (x) + C, then f(x) can be

(a)x (b)1

(c) cosx (d) sinx

sin x + cos x

8. The value of, J’ e TG iy

1 5+ 4 (sin x — cos X) 5+4 (sin x — cos x)
Ay Lijog | 2 iea HEAL %0 (b) log| 2> 2SI X — CoS x)
()40 9 5— 4 (sin x — cos x) g 5-4(sinx — cos x) e
1 5+4 (sin x + cos X)
A pog 2220 T PG d) N
© 10 o 5— 4 (sin x + cos Xx) itinongithn
cos 7x —cos 8x .
A f| ———dx, is
9. The value of | .
@ sin22x+ 0023X+C (b) sin x — cos x + C
(© sm22x -ﬁs’si+c (d) None of these
10. The valueoffc—oﬁlms—“dx. is
1-2cos 3x
(a)sinx + sin2x +C (b)sinx-smhz"+c
in 2x
(c)—sinx—s'"2 +C (d) None of these



Sessmn 7

Euler's Substltutlon Reductlon Formula
and Integration Using Diffrentiation

Euler's Substitution, Reduction and
Integration Using Diffrentiation

Integration Using
Euler's Substitutions

Integrals of the form If (x), w/axz + bx + ¢ dx are

calculated with the aid of one of the three Euler’s
substitutions

(i)\[ax2+bx+c=tix\/;, ifa>0.
(ii),/ax2+bx+c=tx+s/;, ifc>0.
(iii) yax? +bx +c =(x —a) t, if

ax? +bx +c=a(x —a) (x —B),i.e. If o is real root of

(ax? +bx +c).

Remark

The Euler's substitutions often lead to rather cumbersomg )
calculations, therefore they should be applied only whgn itis
difficult to find another method for calculating a given integral.

x dx

] Example 97 Evaluate | = | ———=—"
P J(,/?x—w-xz)’

Sol. In this case a <0 and c < 0. Therefore, neither (I) nor (II)

Euler’s Substitution is applicable. But the quadratic
7x —10 — x? has real roots 0 =2, =5.

. We use the substitution (III)
ie.  J1x-10-x*=(x-2)(5-x)=(x-2)t
Where 5-x)=(x-2)t*
or 5+2t2=x(1+17)
_5+2t’
1+122
5+ 2t2 3t
x=2)t= -2|t=——7
=g (Ht’ ) 1412
-6t
(1+¢%)?

2 -
s+2t%) 6:“‘“
vl _J. 1+12 ) (1+1¢%)

Hence, I = = 3
I(,/u -10-x?) 3t
1+1t?

'[_—L =ZE(——5+2t)+C,
(7x—-10-%x%P° 9
,/7x -10-x?

where, t =
x—-2

dx
1 Example 98 Evaluate | ———-
J X+4x2 =x+1

Sol. Since, here ¢ = 1, we can apply the second Euler’s Substi-

tution.
\[xz—x+l=tx-1

Therefore, (2t —1) x =(t? —1) x* = "=2:_1
t° -1
2(t2 -t +1)dt [z _ .
dx=_(z_2) and x + xz—x+1=;
(t? =1) t—-1
—2t> 42t -2

Ix+Jx x+1

Using partial fractions, we have
-2*+2t-2 A B ¢ D
————— =t + =
t(t=1)(t+1) t t—=1 (t+1) (t+1)
or (=2t%+2t—-2)=A(t—-1)(t+1)% + Bt (t + 1)

+C(t=1)(t+1)t+ Dt

t(t=1)(t+1)°

wegetA=2 B=-1/2 C=-3/2 D=-3
1pdt 3, dt dt
Hence, I =2 | — = - | — == 3
I t—1 '[(t+l) I(:+1)2

+C

3
=2log,|t|-=log.|t—1|==log, |t +1|+
gllzgcl Izg.l ](r+1)

sz—x+l+1

X

where t =
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Introduction of Reduction
Formulae (a recursive relation)
Over Indefinite Integrals

Reduction formulae makes it possible to reduce an integral
depending on the index n >0, called the order of the
integral, to an integral of the same type with smaller
index. (ie. To reduce the integrals into similar integrals of
order less than or greater than given integral).
Application of reduction formula is given with the help of
some examples.

Reduction Formula for jsin” X dx

Let I, = [sin” x dx = [sin® ™" x sin x dx
I I

=—sin""! xcos x +‘|.(n—1)sin“"2

2
xcos” xdx

=—sin""! xcos x +(n—1) jsi.n"zr(l—sinz x)dx

=—sin""! xcos x +(n—1) j(sin"—z x —sin” x)dx

=—sin" ' xcosx+(n—1)I,_» —(n—1) I,

~nl,=—sin""' xcosx+(n—1)1,_,
- n—1
sin xcosx n-—1
= I,l =— + In—?
n

- m—1
- X m=1p oo
sin x cos ” J 22 L g

Thus, Isin" xdx= - =

Reduction Formula for J'cos” x dx

Let I, =Icos” xd:.'=_"cos"'1 x cos x dx
1 I

=cos"! xs’nx+J(n—l)cos"_z xsin” x dx
& 2
=cos""xsinx+(n—l)jcos' 2 x(1—cos® x) dx

=cos" ' xsinx+(n—-1)I,_,—(n-1)1I,

- nl,=cos" ' xsinx+(n—-1) 1,

n-1 -
cos xsin x n—ljv =2
n = +—— | cos xdx
or Icos x dx =

n

Reduction Formula forJ'lan” X dx
Let I, =jtan" x dx
= I =Itan"'z x tan® x dx =J't:m"2 x (sec® x —1)dx

_—.J'tzu:""’xsec2 x—I,_2 =It"" dt—1I,_,

where, tanx =t = sec’ xdx=dt
a-1

t
n—1

_In—t

n

-1
tan® " x

n-—1

tan” ! x
n—1

= Itan"xd.r: —J.tana_:-\‘d-\‘

Reduction Formula for _[ cosec” x dx
Let I, =-|.cc.\sec= :rd.\'=fcosec"': x cosec” x dx
I 1
=cosec™ x (—cot x) —I(n —2) cosec® 2 x (cosec”x —1)dx
=—cosec”? x cot x —(n—2) I(cosec” x —cosec™ % x) dx
=—cosec®  xcotx—(n—2)I, +(n—2)I,_,
(n—1)I, =—cosec® ? xcotx+(n—2) I, _»

cosec™ ™ x cot x +n—2

I, =— —=1 .
or " n—1 n-1" 2
n-2
i cosec ~xcotx n-2 s
:.Jcosec‘:uir:-—‘x+ Jcosec" ’x dx
n—1 n—1

Reduction Formula for jsec” X dx
Let I, =Isec’ :rd.xr:jsec"‘2 xsec® xdx
I I

=sec™? Itan.'l‘—'[(n—-z)sec’_3
x sec x tan x - tan x dx

—sec™"2 xmnx-(n—z)jsec"‘= x(sec? x —1) dx
=sec™? xtanx—-(n-2)I, +(n-2)I,_,
= (n-1)I,=sec®* ? xtan x +(n-2)1,_,

sec”? : -2
X tan x +(n )I

or I,= %
(n-1) (n—-1) "7

- ISCC. de:sec.—z Itanx+(n"2) sec,._z Td.\'
(n-1) (n-1) :

Reduction Formula for jcot" X dx
Let, = [cot™ x dx =[cot™ 2 x cot® xdx
= [cot*~? x (cosec? x — 1) dx
=f'-‘°t'" x (cosec? x —1) dx =j'mt"‘2 x dx
=jt"’ de—p

-2, where t =cot X



cot" ™! x
Iﬂ == n-1 -In—z
cot" !
J'cot" xdx=-——x—_|'cot"‘z x dx
n-1

Reduction Formula forjsin"’ x cos” xdx

Let A=sin™"! xcos"*! x

dA  m-2
d—x=(m"1)5m"' xcos"*? x —(n+1)sin™ x cos" x

=(m—1)sin™ "% x cos" x (1—sin® x)
—(n+1)sin™ xcos" x
=(m—-1)sin""2 xcos" x —(m—1+n+1)
sin™ x cos" x

dA r
= —=(m—-1)sin™ % xcos" x —(m+n)sin™ x cos" x

dx
Integrating with respect to x on both the sides, we get
A=(m-1) J’sin""2 x cos” x dx —(m+n)
J.sin"' x cos” x dx
= (m+n) jsin"’ xcos" xdx=(m—1)
Isin"' “% xcos" xdx—P
= Jsin"‘ x cos" x dx =(%’:—:_r% Isin"’ ~% xcos” x dx

. m- +
sin™ ! xcos"*! x

m+n
(m-1) sin™ ! x cos"*! x
or = = o B
m,n (m +n) m-=2,n (m+n)
Remarks

Similarly, we can show
in™' xcos"* ! x
SI A%

-1 . o]
1. J'sin’"xcos"x ox="3 Gl Ism”’xcos” 2x dx

m+n m+n
s om+ n+1
. in X COS X, m+n+2
2, Ism’"xcos”xdx:i——’—— —_—
m+1 m+1
J’sin"”zxcos”xdx
s om+1 n+1
: in X COS X, m+n+2
3. J'sm”’ xcos” x dx =2 +
n+1 n+1
Isin”’xcos"”xdx
A -1 n+1
y in?"~'xcos"*'x  m-1
4.ISIn”'xcos"xd a2 4
n+1 n+1

jsin’”'"’ xcos"* 2 x dx

som+ ! n-=1
x inm*'xcos" 'x _ n-1
& IS'”mxcos"xdx=-sL—’—
m+1 m+1

Isln”” 2 y cos" "2 x dx
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Reduction Formula for_[ cos™ x sin nx dx

LetI, » =J.cos"' x sin nx dx
I I

cos™ xcosnx m

= S ST PR —Jcos""1 x sin x cos nx dx
n n

cos™ xcosnx m ey
=——————————|cos x
n n
{sin nx cos x —sin (n —1) x} dx
[using sin (n — 1) x =sin nx cos x —cos nx sin x
—> sin x cos nx =sin nx cos x —sin (n —1) x]

cos™xcosnx m _—
o A —|cos™ xsinnx dx

n n
m o .
+—jcos"‘ ! xsin(n—1) x dx
n
I cos™ xcosnx m I +™p
Sz ——dpn T 4im-1,n-1
mn n n n
m+n cos™ xcosnx m
= m,n =" +—Im—l.n-1
n n n
1 cos™ x cos nx + m_
or = m-1,n-1
g m+n m+n
Remark

Similarly, we can show
cos” x sin nx L_m

1. jcos’"xcos nx dx =
m+n m+n

J'cos""1 x cos (n—1) x dx

. m sam =1
2. J'sin’" x sinnx dx.= nsin” xcos nx _ msin X COS X COSs nNx

m?-n? = .
WL (L) ] (zm —21) jsin”’"" x sin nx dx
m?—n
3. JSin"’ X cos nx dx = nsin™ x sinnx _ msin™ "' x cos x cos nx
m2 = n2 m2 = n2
+ w J'sin’""" X €os nx dx
m? - n?
dx
1 Example 99 Evaluate I, = jﬁ—
(x*+a%)"

_ dx _ 1
Sol. Here, I, _'[(xz e _I(xz g 1dx

Applying Integration by parts, we get

= 1 _—— (2x) o
(x* +ay * j(x2+a2)n+| (= n)-(x)dx
x 2
—(X2+az)" "J(x2+az)n+|
. Ix2+a2-a2
(X2+a2)" (xz +az)n+1
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dx
(x*+a

x 1 2
- +2n dx—-2a'n
(x2 +ad°) I(x2+a2)" I 2y

X

— 2
-m+2n1,—2na I

L ona Iyyi= +(@2n-1)1I,

x
(x% +a%)y

or In+‘l='_

Remark

Above obtained formula reduces the calculations of the integral
1, + 1 to the calculations of the integral /, and consequently, allows
us to calculate completely an integral with natural index, as

dx 1 i x
Jy = =-tan‘(—)+C
! J.x2 +a a a
. From above formula
Let n=1

1 X 1
=1._x 4
222 x*+a° 2a
Let n=2
dax 1 X 3
/ =+ —,
8 J(x2+a2)3 42 (x2+a)? 4d° 2
1 X 3 X 3 _|(X)
=1 . X 4 2.2 ¢+ —tan'[=]+C
22 (2+a)¢ 88 x'+a 82 a

...and so on.

1 Example 100 Derive reduction formula for

sin” x
’(n,m) = Icos . dx.

Sol. Using Integration by parts for Iz, m), We get

s g sin x
I(,,_,,,)=J’sm" 'x ——dx

cos™ x
I I
——
=sin"_'x-(c°sx)"I —-J’(n—l)sin"‘z
(m—1) —m+1
(cos x)™"
X -cos x
(m-1)
1 sin" ' x _(n-l).J-sin"'
" m-1 cos" 'x (m-1)
1 sin" " 'x (n-1) I
Inm= —— Ty fa-2,m-2)

(m-1) cos" 'x (m-1)

is required reduction formula.

Integration Using
Differentiation

J- dx J dx J- dx ,
" (a+bcosx)z' (a+bsin x)* (sin x +a sec x)*

J' _atbsinx . e follow the following method.
(b +asin x)?
sin x Ccos X :
- = according to the
1.Let4 a+bcosx a+bsinx

integral to evaluated is of the form

J» dx ; J' dJ.f

(a+bcos x)? (a+bsin x)?

dA . 1
2. Find — and express it in terms of ————or
dx a+bcosx
1
———— as the case may be.
a+bsin x

3. Integrate both the sides of the expression obtained in
step 2 to obtain the value of the required integral.

dx

1 Example 101 Evaluate J'(?q—)l
+4c0s X

sin x

Sol. Here, A= ———,
5+ 4 cos x

then

dA =(5+4cos x) (cos x) —sin x (— 4 sin x)

dx (5 + 4 cos x)*
5 25
—(4cosx+5) +4——
- dA _ Scosx+4 _4 4
dx  (5+4 cos x)? (5+ 4 cos x)?
a s 1 9 1
dx 4 (5+4 cos x)

4 (5+ 4 cos x)°

Integrating both the sides w.r.t. ‘x’, we get

anlf = 3p s
5+4cosx 47 (5+ 4 cos x)?

5 dx

J‘(5+4cos:c)2_ZJ‘5+4cosx_A
=_J' dx -
4(l—taancIZ)
(1+tan? x/2)

sin x
(5+ 4 cos x)

= | dx _Sfl+tan® x/2 4 sinx

5 z__j 2 e ==s

(5+ 4 cos x) 979 +tan” x/2 9 5+4cosx

=°I dx _EI 2dt 4  sinx
(5+4cosx)® 979442 9 5+4cosx

(where tan x/2=1)



o oI lm—x(i)_isin_x
(5+4cosx)? 9 3 9 5+4cosx

j— dx _10 tan_,(tan x/2)_4( sinx +C
(5+4cosx)2 27 3 9 \5+4 cosx

] Example 102 Evaluate jd—
(16 + 9 sin x)?
Sol. Let A=.ﬂx_ o)
16 +9 sin x
-, 4A_(16+9sin x)(=sin x) — cos x (9 cos x)
dx (16 + 9 sin x)?
dA _ —16sin x —9
= —_
dx (16 +9 sin x)?
dA ——(9smx+16)+ﬁ_9
- —= 9
d (16 + 9 sin x)*
dA 16
L da__ 16 1 175 @)
dx 9 (16 +9sin x) 9(16+9sinx)2
Integrating both the sides of Eq. (i) w.r.t.“x’, we get
16 dx 175 dx
A=—— +—
9 716 +9sin x (16 + 9 sin x)?
2
=>175 dx 2—‘4"'2_[ (1+tz;n x/2)dx
(16+9sin x) 9 * 16+16 tan” x/2+18 tan x/2
175 dx - Acall 2dt
(16 + 9 sin x)* 16t2 + 18t + 16
[where tan x /2 =1]
E ___—dx =A g ——dt
(16+9sinx)z 9 12+.9_t+1
8
_ 2"' dt
= 3 2
9 9\ (V175
t+—| +|——
16 16
2 16 _,(16t+9)
=A+—-X——==tan
9 175 175
9 cos X
= A, ...
175 (16 +9 sin x)

(16 + 9 sin x)°

2 -1 létanx/2+9)
+ tan +C
(175)*2 ( V175

dx

| Example 103 valuate "5

when|a|>1/2.

Sol. Here, I= J- cos? x dx

orlj

j- cos? x dx

(sin x + asec x)° (sin x cos x + a)?

a? + 2asin x cos x +sin? x cos® x
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cos? x dx

) S
a* +asin2x+-4:smz 2x

_J- 4 cos® x dx _zj-(l+c052x)dx
(44 + 4asin2x +sin”2x) (2a + sin 2x)?

=ZI d.x

(2a + sin 2x)*

cos 2x dx
2
J (2a + sin 2x)?

= I=2I +Jd—: [where (2a + sin 2x)=t, (2 cos 2x) dx=dt]
t

1

= =2,  ——
(2a + sin 2x)
dx :
where L= I——z- -.(i)
(2a + sin 2x)
cos 2x
Put =2
2a + sin 2x
- (2a + sin 2x) (= 2 sin 2x) — cos 2x (2cos2x)
dx (2a + sin 2x)?
dA —4asin2x -2
= T r———
dx  (2a+sin 2x)
" g_—-m(sinz::+2a)—2+8a2
dx (2a +sin 2x)?
i dA _ 4a (82> —2)
dx (2a +sin 2x)  (2a + sin 2x)?
Integrating both the sides w.r.t. ‘x’, we get
dx
= A=—4aj—_ +(8a2 —2) I,
(2a + sin 2x)
2
=>(802—2)Il=A+4aJ sec” x dx
2a+2tan x +2atan® x
=A +ﬁ d—:
B 2 by
=A+2] di

: 2
(HL) +(1_L)

2a 4a®
=A+2 (2a) tan_‘[(zal+1)]

Jaa® -1 Jaa® -1

cos 2x 4a
2a + sin 2x ‘/402 =

tan-! [(Za tan x + 1)] (i)

=(8a*-2) ;=

2 -
From Egs. (i) and (ii) RO
1 .__cos 2x 4a

" (4a*-1) (2a+sin2x) (40 —1)*?

-1|2atan x +1 1
tan - - +C
\/402 = (2a + sin 2x)
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JEE Type Solved Examples :
Single Option Correct Type Questions

dx

———— ,isequal to
cos x +sin” x

® Ex. 1 The value ofI
(a) tan™ ' (2 cot 2x)+ C (b) tan™ ' (cot 2x) + C

(c) tan™! (% cot 2x] +C (d)tan™'(-2cot 2x)+C

dx I sec® x dx

Sol. Let I =
J 1+ tan® x

cos® x + sin® x
_ I(l + tan’ x)%-sec? x

dx
1+ tan® x

Puttan x =t = sec’ xdx=dt =

2\2
IM"'
1+t

_.[ (1+%)? &
A +t5) (=1 +1Y) "

— |dt
= 14 ¢ dr—j'(Hl“z)d' =j( +zz)
BRSO /=148 J@e-1/12+1"

Putt—l=z
t
1 L.

2 25—
=tzm"[r —l]+c=tan"(ta‘"—x—l)+c
t tan x

=tan"' (-2 cot2x)+ C

Hence, (d) is the correct answer.

2
[(sec J1+x?)? +cos '( xz )]dx,
+x

® Ex. 2]
(x>0)is equal to
(@)e™ *-tan'x+C
tan”'x g -1 )2
me—_ = (2"‘“ L
©e™ ' * (sec”'(J1+ x2)? +C
(d) et *..(cosec™ (y1+ 2N +C
— 2
Sol. Note that sec™ /1 + x* =tan™ x; cos™ (: = ;) =2tan"'x,

Forx>0
= I= I

{(tan" x)? + 2 tan™" x} dx,

Puttan™' x =t
-1
=[e@® +a)di=e' -t =™ *(tan™ x)* + C

Hence, (c) is the correct answer.

—x

= dx, ————dx.
®Ex.3 LetI_I 4x +e2x +1 I I —4x -2x +1
i tant c, the value of J —I equals to
Then, for an arblrrary cons Pyl
2x x
AR g 2X e +e* +1
wiliog| o=t heic OF Llog (T—,——)w
2 e +e? +1 e —e" +1

1 e —e* +1 d—l et +E *+1 +C
‘“’5'°g(m] MRl Ve

Jx

Sof. 7= Il+e +e'x
(elx_e)

-1
=i J‘l+e

dx=|——"du

1+ u +ut

u u
- —u+1
=llog:+c=llog uz L +C
2 Ct+1 2 wru+l
1 2x _ x+
ko e2 e 1+C
2 e +e* +1

Hence, (c) is the correct answer.

® Ex. 4 Integral of \[1+ 2 cot x (cot x +cosec x) w.r.t. x, is
(a)2|ncos§+C (b)2|nsin—:-+C

1 X
(c);ln cos 5 +C  (d)Insinx —In (cosec x — cotx) + C

Sol. I=IJI+2cosec x cot x + 2 cot’ x dx

_ 2
—IJcosec x + 2cosec xcot x + cot? x dx

= j(cosec x + cot x) dx

dX=Ic0t (g) dx=2log

Hence, (b) is the correct answer.

_Il+cosx X
SNy sm; +C

® Ex. 5 Ifl, =jcot" x dx, then ly+ 1+ 2

(I I3t Ig) + 1o+ 1, equals to (where u = cot x)

2 9
u d 2 9
(a)u+7+....+? (b)-(u+ﬂ-+...+ i‘—]
2 9

2 9 9
(c"("+7+ = )(d)—+—+....+9L
3 10
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Eaw 24 2 in® cos 8 d®
s°"'ﬂ—jc°t x‘ix‘j“"" x+(cosec’x — 1) dx =2(b—a)I fbsin' e SI‘nzec)o(sb zg 29)
-1 -1 sin’ @ —asin cos’ 0 — a cos
u u
I,,=—n_l—1,,_, or l,,+l,,_1=—n_ [putn=23,4,..,10] —Z(b—a)J sin 0 cos 0 d® =2]ld8
- (b—a)sinB cosO

1
L+l,=-2 —
l, =20+ C=2sin"" - +C
__u Jb-a

Hence, (a) is the correct answer.
(x=1)

® Ex. 8 The value ofI

(x+1) yx* +x7 +x
....... 2

I+ 1 =_i (a) 2tan™' Y ve (b) tan™' X_LH+C

10 9 9 x x

dx, is

Adding, Io+ Iy + 2(I, + Iy 4 .4 Iy) + 1 !’
g lot 1 +2(I; + 1, u:' 8+ :,: o (©) 2tan™" || +x+1 . ¢ (d) None of these
=—(u+—2-+ ..... +? o
(x—1)
= dx
Hence, (b) is the correct answer. Sol. Let 1 I(x+l) L+ x’+x
2
. -1
® Ex. 6 Let f(x) = x + sin x. Suppose g denotes the inverse =I s — dx
1 (x+1)2 Y+ x*+x
function of f. The value ofg( +ﬁ]has the value equal (1 -1/x%) 4
- Ix
to I(xz+2x+1)Jx’+x’+x
J-' \/—+1
(@ v2 -1 (5)7— f x*(1-1/x%
(c)z—ﬁ (d)ﬁ+l x(x+2+1/x)-xJx+1+1/x
1
Sol. f(x)=y=x+sinx PiE ake mh
2 =
= %—l+cosx )=o) de=dt dt e
=[—————, which SO s
g’(y)=£= i I(l+2),/m whic reduccstoIPJa
dy 1+ cosx Let t+1=2%
T 1 y n 2z dz
=— 4+ —=x+sinx = x=— dt =2zdz =
where y RN 4 % I(zz+1) ]zz
% . 1% 1 dz =
g’(4+ 2) PPRTR) =ZIZZ+1=2'°" '(2)+C
J2 z
- = —1)=2-2 = o X+ x+1
Ty V2 (2-1)=2-2 =2tan”' (Jt+ 1)+ C=2tan™" -—;X—+C
Hence, (c) is the correct answer.
Hence, (c) is the correct answer.
1+ x?
°Ex. 9 Thevalueofj U+x )k L is

(l—xz)\/l+x2 +x*

dx
® Ex. 7 The vall —_—,is
evaueofj e -
(a) 2sin™" ’x'“+c (b)Zsin"‘l—"_b+C Vx'+xl+ —J—XI
b-a b-a 2‘/_ Ixt+x +l+\/—x‘

() sin™ ’:::-;-C (d) None of these (b)—l '+ x2 + 14 V2x B
Vx'+x +I—Jir

Sol. Let x =a cos’ © + b sin? 0 in the given integral.

So that, dx = a (2 cos 8) (- sin 8) + b (2 5in 8) (cos 8) d® © | V' - x? +1-3x +C
. c 0| |
dx =2(b-a)sin O cos0 dO 7 xexta1+3x

! 2(b~a)sin0 cosO d0
J cos? 0 + bsin?0 —a) (b-acos’0 - bsin® 0)

(d) None of the above
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‘ cos 0 do
Sol. Let _ @+ xfde =~/;J. 2. 12.n20)- (-]
I z)\'1+x +x* (a +b sin® 0) - cos
z(l+lz)dx J—Ia +bzsm6
x
—I ( ) r 2 dividing numerator and denominator by cos’ 6, we get
- +1+x )
x =,/;J'——s£—e;‘z-e—-—z‘,puttan6=t
__I (1+1/x%) dx azsecze+b tan® 0
) dt
A-1/x)yJ(x=1/x)*+3
1 1 J dt _J_I 2(1+tz)+1;z t? 1/;;J'(a’+b’)t’+a2
Put x__=‘=(1+—)dx=dt =
* % Jt,/:%s _ zﬁzj drz
Again, put t* +3 =57 @+t o E .
a*+

ds ds
= 2dt=2sds =— [ ———=— [Trp?
recrrat b IR PSR P (AL
I = e ’ ’
23 s+43 _ 1 e xx/a +b° ¢ | t=tanB=—=Z |
=__1_log ——-—“tz'*a—ﬁ +C ‘}a(“z*'bz) avb-ar’ b_asz
23 43+ V3 Hence (a) is the correct answer.
-— 2 —
. T Jix 1/x)2+3 B, e
2V3 ,[(x—l/x) +34+43 2x r_I—x\/(Z—x)+ H=x

1
Jx’+—+l—~/5 1 3 1 1
_ 4 log x* +C == log(z+5+\,zz+3z+3) +; logs—;+\}sz-s+1
s ’x2+i2+1 +3 K
* and s — z =—, then value of k, is
x

,/x +xz+l—~/-x

+C

- ® Ex. 11 The value of | =I

+C

=_F1° Jxt+x +1+J_x @1 (b) 2 ()3 (d)4
Hence (a) is the correct answer. Sol. Here, I '-'sz T J(Z—x)+ —
dx . t(1-x)=t*—dx=
e Ex. 10 The value ofl=j - =, Is petil=a) 2tdt
(a+bx?)Jb—ax =_I__2'd'__
[Z,p2 2(1-12)-t,/1+t’+r
()———1—-—-tan xva +b J+C J»
a(a® +b?) aVb—ax a- t)m
()—————tan" xa+b | ¢ = lj( ]_'if_
-J( +bz) adb—axz (t‘l)(f+l)Jt +t+1 2 t—1 l+l "2+’+1
1
[ +b?
(© L - tan™ X—ij—b—]+c (=1t +1) 2(:—1 ¢+1)
2+b a
e ; —-j dr-—J' dt
(d) None of the above I)Jr " 2 (t+l)\/ﬂt+l
i 2 _psin®0
Sol. Substituting ax sin i L1 Il r Iz B
= dx=J§cosed9 2 2
@ where,

dt

I'=J- f
(t=1)Jt°+t+1

dt
L v rovey
(t+1)Jt°+t+1

For I,, put (t—1)=l % pre 2 4y
z 2

J’Ecosede
_ _"_____———
I( +—sm O)Jb—bsin’e
a

and



_J -1/z%dz dz

1 1)’ 1 =] 3\ ()
e 0 )+ (2)
(s42)+Fmees

For I, put(t+1) =-—

=-log

= dt =——ds

R
-3 K
== fog (s + 2+ )

—log

1
+ = lo
2 4

1

where z—; and s =
’ Ji-x-1 Ji-x+1

1 1 2
—_m_—— - =" k=2
z Ji-x+1 J1-x-1 x
Hence (b) is the correct answer.
° Ex. 12 /fj——ﬁ
1 X 1 X : 3
=— | — =  +—tan"" =} +C. Then the value of k, is
ka® |x* +a* a a
(a1 (b)2 ()3 (d)4
Sol. Here, we know
J' dx = Lian=t X g
x*+a® a a
1 1 - 2x
L x -
G ,[x2+az — T¥+d '[(x +a?)
+2 J-x +a —a
xz+a (x + a?)
I
d: x dx dx
I—x—= 2 2 ZI F] Z—ZaZI % 20y
xX*+a® x*+a x"+a (x* +a%)

From Egs. (i) and (ii), we get

1 % dx
lta g P S+2 tanl—-ZazI =
a a +a a a (x* + a®)
dx x 1 <4
2 = = =
= I e T I W f
(x*+a")" x"+a" a

e 1Y

ka* |x“+a" a a
k=2

Hence, (b) is the correct answer.

(s-2)+ m=sa+
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X m
B Y T W)

{

x + L tan ‘(i)} +C. Then|m—n| is equal to
a

2a%(x*+a?) 24°

(a)4 (b) 3 (c)2 (d)1
Sol.Let I= J‘—?T (i)
1 -
and I = oy dx G
1 —-2(2x)
N J’(x’ +a%)? s (x* + a’) J.(x + az)3
I
_ x I xz + a =a>
= (x* + a’)? (x*+ a%)’
1 dx
= (x* ;‘az)2 ¥4 J.(xz +a%)? &~ J.(xz +a%)?
= I,= (x—zf—a-z? +4f, —4a®-1  [using Eqs. (i) and (ii)]
= 40l = (—ﬁ"ﬁ +3I,
x 3

=+ — -..(iii)
4a% (x* + a®)*  4d® :

[using previous example,
I‘=I zdx22= 2 er z+L:ta"-l(£)+C]
(x*+a°)* 2a°(x*+a°) 2a a J

WA S X g tan"(x) +C
4a’(x*+ a*)?  4ad® |2a%(x*+d%) 2a° a

(iv)
m=3andn=4
Im=n|=|3-4|=|-1]=1
Hence, (d) is the correct answer.
o Ex. 14 Ify (x —y)? = x, then
dx
AL S o
I(x - ) . n[(x—y)?* =1).Then(m + 2n) is equal to
(a1 (b)3 (c) 5 (d)y7
Sol. Let P=j(x_3y) FInlx-y7-1]
dy
1 EN {1 - E}
s = > (i)
dx x-3y {(x-y)’-1}

Given, y (x —y)? = x, on differentiating both the sides, we get
dy _1-2y(x-y)

dx  (x-y)(x-3y) -4
» _1-2y(x-y)
- ’){' (x—y)(x—sy)}

{(x-y) -1}
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(x-y)-1
(x-3y) {(x-y)*-1}

...(iid)

_x=(x=3y)-1+2y(x=y)_
(x=3y) {(x-y)* -1}
L _ 1
Tdx T (x-3y)
which is true as given

_dx 1 N
I(x_3y)—210g{(x ) -1}

m=1,n=2
= m+2n=>5
Hence, (c) is the correct answer.

® Ex. 15 Ifj(x+\'1+x2)" dx.
= {’H"/“'Xz}"”+ﬁ{x+41+x2}"ﬂ+c

a(n +1)
Then (a + b) is equal to
(a)2 (b)3 (c)4 (d)s
Sol.Leu=j(x+,/1+x‘)"dx
Put x+ 1+ x2 =t )
=y l+—1—~2x dx =dt
21+ x*
\'l+x2+x o
= N TE "% |ax=adt (i)
[ J1+x° ]
2 x—\fl+x2
Weknow,t=x+\/1+xz=x+"l+x xx——\/—l__-f_?
e = t=x+l+x°
x—;}l-o-xz
—l=x—\'1+x2
t
Subtracting, we get
..i)

e I | 12
241+ x —H-t Mﬁj —-lz+1
From Egs. (i), (ii) and (iii), we get

o ]

I=I‘n"2+l

1 -2
dt=—| (" +1t""%)dt
(2t%) . z-[( )
+1
=1[r" :

+C
2| n+1

—’T)[x+ Ja+Ar

2(n+

I"_l

n—1

I=
1
2(n-1)
Then comparing the values ofaand bby Eq.(iv)a=2,b=2
A (a+b)=@2+2)=4
Hence, (c) is the correct answer.

(x+ 1+ X))+ C(iv)

+

e Ex. 16 If J. j;(x) dx, where f(x) isa polynomial of
(2)=-3and

x” =1
degree 2 in x such thatf(0) = f(1) =3f
J—mdx=—log|x—1|+loglx2 +x+1

x* =1
+= tan™ (Zx +1)+ C. Then(2m+n) is
Jn V3
(a)3 (b) 5 ()7 d)9
Sol. Let flx)=ax’+bx+c
Given,  f(0)=f(1)=3f()=-3

fo)=c=-3
f(l)=a+b+c=—3
3f(2)=3(4a+2b+c)=—3
Onsolving,wegeta:l,b=-1,c=—3
f(x)=x2—x—3

. ='[ x{(f)l

Using partial fractions, we get

x*—x-3
= - —dx
o I(x—l)(x2+x+l)

=

(*-x-3 __A | Bx+C
(x—1)(x*+ x+1) (x-1) (F+x+1)
weget, A=—1, B=2, CcC=2
2x + 2
sI= _ﬁdx+‘[(x—(2+_xT)l—)
2x + 1) dx 1dx
=—]°glx_”+j(x2+x)+l+jx2+x+1
dx

=—log|x—1|+loglx2+x+ll+j—__——(x+1/2)z+(ﬁ/2)z

2 2x+1
=—log| x—1|+log| x*+ x+1 +—tan"( )+C

.. On comparingm=2,n=3 = 2m+n=7.
Hence, (c) is the correct answer.

+
® Ex. 17 The value of I—& dx, is equal to
x (1+ xe*)?
1

(a) log —_—

1+ xe* | (1+ xe¥)
x

(b)log| 5|+ +C
1+ xe* | 1+ xe*

@log] =4 -1 _4E
1+e* 1+ xe*

(d) None of the above

Sol. Let [=I.M =J‘ 1+ x)e*
x (1 + xe*)? (xe*) (1 + xe*)?

putl+ xe* =t

. _ t )
L+ x)etde=di=| e applying partial fraction,
o B C

we get L T
(t-1)t* t—1 ‘+'z




= 1=A@)+Bt(t-1)+C(t-1)
For t=1 = A=1
For t=0 = C=-landB=-1

1 1 1
L= ===
I{t—l t ¢

}dt:log|t—l|—log|tl+%+c

=log | xe* | —log |1+ xe* | + +C
+ xe*
g xe* &
= +
1+ xe® 1+ xe*

Hence, (b) is the correct answer.

dx

, is equal to
x+y/a? = x?
L 1
@ (2] Jrgl e+ = 10

1 J 1 5 1

(b);sm ‘(;)—;loguhiaz-x‘nc‘
1.

(c);sm ‘(i—)—log|x+,fa2—xz|+c‘
1 -

(d);cos ‘(§]+%Iog|x+,'¢z2—x1|+c,

dx
Sol. Let] =| ————,Put x=asinf
J-x+,/a’-~x’

dx=acosed9=j ig08 60
asin® + /a’ —a’sin? @

_I cos®dd 1 cosB+sinB+cosB—sinb

® Ex. 18 The value of‘[

== do
sinB® + cos® 2 sin® + cos B

1 1 rcosO —sinB
==|1d0+ = | —————
2-[ ZIsin9+cose

=%-9+%log(sin9+cose)+c

JEE Type Solved Examples :

More than One Correct Option Type Questions

Chap 01

2
=lsin"(i)+llog i+1/1—x—2
2 a 2 a a
sin™! (i)+%llog|x+\)az—x2 I} —%loga+C

a
=%sin"(£)+%log|x+ \'az—xz|+cl
a

Lwhere CG=C- % log a]
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+C

Hence, (a) is the correct answer.

X~ =1
® Ex. 19 The value of | ————————dXx, is equal to
e f'[(xz +1) \/x" +1 *

2 2
(a) % sec”' [XT;x_]J +C  (b)V2sec™ (XT/’—;‘—I] +C
2

2
(c)71; cosec” [xﬁ-:l) +C (d) V2 cosec™ (XJ.;;(1) +C

x*(1—-1/x%)dx

1 1
x’(x+—)\F2+—7
X X

(x*-1) de=]

Sol. LetI=I(x2+l)‘/x‘+l

=I (1-1/x%)dx

2
(x+l) (x+l) -2
x \J x
1 1
Putx+—=t = (l——)dx:dt
x

2
dt 1 _,( )
= =—sec |—=|+C
I: -2 2 V2

1 L x*+1
=—=sec |——|+C
" (ﬁx)

Hence, (a) is the correct answer.

b

[ 2 4+ x2)¥? (Bx? -6
® Ex. 20 f——st de= DY) (BY =8
X

5

x
then
o - (b)B=1
120
(c)A:—L (d)B=—1
120
T ’1+iz 1+—4;
- x x
Sol.Here.I:j = dx=f = dx = 0 dx

Put t= 1+iz=5:2=1+i
X Xz
2tdt=—i3dx
X
1 3 5
= I=—I(tz—t‘)dx=i L Y
16 16 |3 5
2\3/2
=—1—~%(x2—6)+c
120 x
A By
120

Hence, (a) and (b) are the correct answers.
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° Ex2 21 The value of the integral
Ie"" ¥ (cos x +cos® x) sin x dx is

(a) % "% (3 — sin? x)+C
(b) s X (1 + % cos? x) +C

;2
(c) e™™ * (3 cos? x + 2sin? x)+C
: 2
(d) e * (2cos? x + 3sin® x) + C

Sol. Put t =sin’x

r
The integral reduces to | =% je‘(z —t)dt <2 &= e
2 2

1 502
e ™™ *(3 —sin’x) + C [option (a)]

=t " (1 + % cos’ x) +C [option (b)]

Hence, (a) and (b) are the correct answers.

JEE Type Solved Examples :
Passage Based Questions

f(x) +c, then

o Ex. 22 Ifl= I(Jtan x ++Jcot x) dx =
f(x) is equal to
(a)¥/2 sin"'(sinx — cos x) (b) = J— — 2 cos™'(sinx — cosx)

(d) None of these

(c)\/Etan (J_Jt’n;J
sinx + cosx
SOI.I:I( tanx+dcotx)dx=Iﬁ'mdx

Ifsinx — cosx = p, then (cos x + sinx) dx = dp

I=J_‘[,/1—-__ =2sin™ p + c=+/2sin”! (sinx — cosx) + ¢

= sinx — cosx
T _ 2 cos™ (sinx — cosx) =2 tan

1
V2 /1 = (sinx — cos x)?

- tanx —1
sinx — cosx -J_tan ( )

-1
=42t
4R i J2sinx cosx J2tanx

Hence, (a), (b) and (c) are the correct answers.

Passage
(Q. Nos. 23 to 25)

a a a
Fe / —_— + — é tx——=t
or mtegral If xX= ) (1 2 )dX putx

) ( —-:—z)dx,putx+%=

i a 2 7.4
Formtegraljf x —7) (x+x3)dx,putx % t

x |8

For integral j f (x +

a a ,  a
— || x=—|dx, putx” +— =t
For integral J.f( xz) ( x’) .

many integrands can be brought into above forms by
suitable reductions or transformations.

=2

Jx +x2+2

(a)"x +1+—+C (b) ’x +1+——+C

x? +——+C

dx

° Ex. 23 [—

(©),4[x +—+C (d)

2
X3 dx

Sol. Here, I =I 2
C+1+—
x

2
Putx2+-—2+1=g =°2(x-———)dx dt
x x

tlIZ
—+C=+t+C

2 1/2

’ 2
= x’+—2+1+c
X

Hence, (b) is the correct answer.

(x-1)

P e

(a) tan™ (X+l+1 +C
X

o Ex. 24 j

(b) tan“w,x+l+1+c
X

(d) None of these
(-3)
X dx
1 1
x+—+2)Jx+—+1
x
(l——) dx =2t dt
x

=J 2tht =ZI z1

"+ 1)t (2 +1) o

=2-tan"(t)+C=2tan"({x+_l.+1)+c
x

Hence, (c) is the correct answer.

(c)2tan™" "+l+1+C
x

2
Sol. =1 =
]

PutJH-—l--o-1=‘2
x




5x* +4x°
o Ex. 25 [ ———
(x> +x+1)?
5
(@) x*+x+1+C (b)———+cC
x’+x+1
5
©x*+x+C d—>—+cC
x"+x+1

4 S
Sol. Here, I = 5:;4"
(x*+x+1)?

JEE Type Solved Examples :
Matchmg Type Questlons

® Ex. 26 If x €(0,1) then match the entries of Column |

with Column Il considering ¢’ as an arbitrary constant of
integration.

Column | Column 11
(A)j:an[zm" ——W]dx ® 2244 c
1++/x +1 3
o [1edx - Y 4
(B) Icot[Ztan 1 — dx @ ;x”‘+C
l-tan[%sin"(:zﬁ)] 5
C dx x¥+c
()Il+tan_l.'-"‘[; (')3"+
27" \T+x

D) [VZen o ‘/,/1+J;+1—,Nl+&—l e 2594
ol [2'“‘ [ el 2 8

Sol. Let Jx =tan’0
x=tan'® = tan@=x"

dx = 4 tan® 0 sec’0 do

,[1+J;=sec9
_ L i+ Vx -1 5
(A)I—Itan[Z tan m]

, -1 =
= tan |2 tan™ 1+3x =tan|2tan™" sy
1+/x +1 sec B +1
0
=tan|2tan™ | tan = 5 = tanf

I =Itan9-4 tan’0 sec’ 0 dO

[ xe(0,1)
|0cmn/e)

+
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Divide numerator and denominator by x'°, we get
J' 5x7% + 4x73
@+ x4+ x7%)?

Putl+ x* + x5 =t =(—4x7° —5x~°) dx = dt

dt 1 1
1=_J_z=- = +C
t t 1+x +x

]
X e
x+x+1

Hence, (d) is the correct answer.

=§tan56+C=§(x5“)+C

. rTf]
Jiedx +¥x

1+ Vx - Yx _1 [sec 8 — tan®
. cot|2tan™ | *—=——=|=cot|2tan  [————
J1+Jx +¥Yx sec O + tan@

=cot (2 tan™" \/(sec 6 — tan 0))

= cot [z tan™! ﬂ]

(B) I= Icot (2 tan”

cos 0
1f0 € (0, ©/4), thensec® —tan > 0

= cot (2 tan™" tan (E - 2)) =cot (E —9) = tan®
4 2 2

I=J.tan9-4tan’95ec29d0
=¥;-tan’9+c=§(x’“)+c
- 2
©) lsin"(1 Jx w i 1=tan B
2 1+4Jx) 2 1+ tan?0

1
=—sm‘(cos20)=—sin"sin E—26 =£—6
2 2 2 4

1., (1-Jx
. I l—tan(gsm (1+&)]

1+ tan (% sin™ (: :ﬁ)]

1 —tan E-9
=I—4—4tan39sec29d9

1+tan(£—6)
4
=J‘tan(%—(%—8))4tan3esec28d9

=I4tan‘esec29d9

X




58 Textbook of Integral Calculus

=danerc=2xy+c
5 5
(D) Let v/x =tan’0 = x = tan*@

dx = 4 tan® 0 sec’ 0 dO

m =sec®
I=JJ;tan 2 tan™ JJ] +ox 41 —‘/\/:& — dx
N AW e -y

o Jx tan [2 tan™" [Mi]]

v+ xe(0,1)
. 0e(0,m/4)

JEE Type Solved Examples :

Single Integer Answer Type Questions

W-Wl))

2
= tan®0" tan[zmn [ MecO T 1 + Joech -1

0 0
cos — —sin —

=tan?0-tan|2tan” [ —5— ¢
COS -+ sin ;

=tan®0-tan (Ztan tan - - —))

= tan’0- tan (—2-—9)=tan 9-cot®=tan

4tan’0 4
I=I!an9-4lan’95eczed9=—a?—-+C=-5-(X5“)+C

(A)~ (@) (B) = (@) (©) = (9 (D)~ (@

® Ex. 27 If the primitive of the function
2009 2
fx)=

1
w.r.t. x is equal to—
1+ x?)1%%

1+ x?

- +e

n.
then — is equal to ......
m

0= ——w
Put 1+x’=t = 2xdx=dt

1004 1004
J’(t—l) d'—lj'(x—l) -lzdz
2 t) ot

Sol. dx
(l ¥ x2)1006

1
Put 1==—ny =7—2dt= y

ymos
21 potorg,, 2. +C
I= -[y o= 2 1005

1 o 1 xz 1005
= —) +C=— sl +c
2010 \ ¢ 2010 {1+ x

= m=1005n=2010 =

f/x) fx
£ f(x)
continuous differentiable function with f (x) #0 and satis-

fies f(0) =1 and f’(0) =2, then f(x)=e A 4k, then A +k is

equal to ......coeune

Sol. f'(x): f'(x) = f(x)- f"(x)=0 or

[ f(x) ]
dx f(x)

=0 where f(x) is

© Ex. 28 Suppose

U = fOF )
TN

Integrating, j{, ((’;)) +C )
Put x=0,%=c = c=%.

Hencs: jf:((i)) = % (i)
From Eq. (). 2f(x) = f(x) f;(“; =2

Again, integrating, In[f(x)]=2x+k
Putx=0toget, k=0

f(x)=e* = A+k=2+0=2

® Ex. 29 [ {sin(101x) - sin®® x) dx = Sin(100X) Gsin )™
n

A
then— is equal to ......
Sol. (1) I= I {sin (100 x + x)-(sinx)**} dx
= I {sin (100 x) cosx + cos 100 xsin x} (sin x)** dx

= Isin (100x) cosx-(sinx)* dx + Jcos(lOOx)-(sinx)mdx
I I
_ $in (100x) (sin x)'*”
100

100
~ %5 Jcos (100x) (sin x)'® dx + Icos (100x) (sin %) dx

_ sin (100x) (sin x)'®

100 i

=A=100,u =100 = &=m=1

K 100



Subjective Type Questions

o Ex. 30 Ifl, denotesj 2" e"* dz, then show that
(), =l +e"* (1122 +212° +.. 4n1z"*Y),

Sol. I, =I 2" ¢'* dz, applying integration by parts taking e'* as
first function and z" as second function. We get,

el/x 'Z"*l vk 1 z,,.,,l
=Syl (o) e

z n+1
cI/z 5 zn+l 1
_— 4 1z  _n-1
(n+1) (n+1)je z d
" =¢”*.z’”" Iu»l
"+ (n+1)
=el/z'zu4~|+ 1 rellz_zn+l 1
(+1) @+ n n ""J
. el/z (z)n+l ellz .(z)n 1
(n+1) (n+1)n  (n+1)n "°°
_ el/x. (z)"” ellz. (z)n ellz_ (z)u—l 1 I
(n+1)  (+Dn (a+Dn-(n-1) (a+Dn(n-1) ">
_ ell: 3 (z)n +1 el/x < (z)n ellz N (z)l
n+1 (n+1)n (n+1)n...3:2

N 1
(n+1)n(n-1)...3-2

Multiplying both the sides by (n + 1) !. We get,
(n+ 1), =("*-2"""nl+ ez (n=1)1+...
+o+ e 2@+ 2R+
= L+)!=l+e (122212 . +nlz"Y)
Hence Proved.

° Ex. 31 Ifl, =jx" Ja® —x* dx, prove that
Xn—l (az _x2)3/2 . (n—1) aZ
(n+2) (n+2)

Sol. I, =I <! ,’az - xz dx:f x"I" . (x,}a:l- le dx

Applying integration by parts, we get
312
="t {_(“2_"‘2)_3/2.}4_]' (n—1) x"2. {_ L“z_'i }dx
3 3

__ X @ =-x)" +('l;1)j{-z.(az_xz) ot

I, =- 03

3
=142 2,312 = 2 s
- [t @ —x) GO Dy
3 3 3
o+ ,n=_f"(a’—x’)”’+(n-1)a’ I

3 3 3
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n—

(n+2)In=_x""(a23—x2)m+(n—1)a2I
3

3
—1(,2 _ . 2\302 e
I, _x" (a® — x*) +(n 1)a s
(n+2) (n+2)

Hence Proved.

® Ex. 32 Ifl, = _[ (sin x +cos x)™ dx, then show that
ml, =(sin x +cos x)™ " (sin x—cos x) +2(m—=1) 1, _,
Sol. - I, =I (sin x + cos x)™ dx
= j (sin x + cos x)™ ™! - (sin x + cos x) dx,
Applying integration by parts
=(sinx + cosx)™ ~(cosx + sinx)—I(m—l) (sinx+ cos x)" "2
-(cos x —sin x) - (sin x — cos x) dx
=(sinx+ cosx)™ ~(sinx — cos x) + (m—1) I(sinx+ cos x)™ 2
(sin x — cos x)? dx
As we know, (sin x + cos x)* + (sin x — cos x)? =2,
I, =(sin x + cos x)™ ™" (sin x — cos x) + (m — 1)
I (sin x + cos x)™ " %- {2 — (sin x + cos x)’} dx
=(sin x + cos x)™ ! (sin x — cos x) + (m —1)
I 2(sin x + cos x)" "2 dx—(m—1) I (sin x + cos x)™ dx
I, =(sin x + cos x)™ ! (sin x — cos x) + 2(m —1)
Im—z _(m_l) L
or(m = 1)I+ I, =(sinx + cos x)™(sinx — cos x) +2(m —1)I, _ ,
or mI, =(sin x + cos x)™ " (sin x — cos x) + 2(m —1) } (S
Hence Proved.

® Ex. 33 Ifl, , =jcos'" x - cos nx dx, show that
(m+n) Iy 5 =cos™ x-sinnx+ml,_, ,_y
Sol. We have,
) =J cos™ x - cos n x dx
I Il

sin nx i X sin nx
=(cos™ x) [—] - I mcos™ ! x (—sin x)- dx
n n

1 . m 22 i
== cos™ x-sin nx + —I cos™ ! x {sin x - sin ny dx
n n
As we have, cos (n — 1) x = cos nx cos x + sin nx sin x

1 . m "
% I,,,_,.=—cos"'x~smx+—jcos’" ' x(cos(n—1) x
n n
— cos nx - cos x} dx
1 . m = m
=—cos’"x-smx+—Jcos"‘ 'x.cos(n—1) xdx ——
n n n
Jcos"'rcosnxdx

1 . m m
==cos" x sinnx+ — In_ynoy —— Ipn
n n n
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m 1 .
Imn+ = Imn=—[cos™ x-sinnx+mIp_yn1]
n

m+n 1
( = )1,...,. =;[cos’" x-sinnx+mlpy_ya-1]

(m+n)Ip,=cos™ x-sinnx+mlp_yn-s

tan(ﬁ—x)
4
dx.

2
cos x\/tanJ x +tan? x +tan x

tan(f-x)dx
4

o Ex. 34 Evaluate _[

Sol. 1=
cossztan’x+tan2x+mx
—I (1 - tan® x) dx
(1+Mnx)2cos2thm’x+Mn2x+mnx
1
-(l—mz )scczxdx
1= X
(tanx+2+—l- tan x + 1+ 1
tan x tan x
let y=_[tanx+1+
x

= 2ydy=[scczx— 12 -secszdx
tan® x

=f —2ydy _
Gi+1)-y

=—2tan_'( tan x+ 1+

-2 =—2tan"'y+C
Il+y y

1 ]+C
tan x

x2+n(n-1) dx.

o Ex. 35 Evaluate I

(x sin x +ncos x)?

2
-1
Sol. Here, I=I -LMIL\’
(xsmx+ncosx)
Multiplying and dividing by o wc get
I___j {x* +n(n—1)}x o
(x"sin x + n x" " cos x)*
We know %" sin x + n X" ' cos x =t

“2cos x

= ((n:('"sinx)+(fcosx)+n(n—l)x"
—(n x"~'sin x) dx = dt}
= X""2cosx-{x*+n(n-1)}dx=dt
Keeping this in mind, we put
=I{x +n(m-1)}-x"" cosxvx"~sccxdx
(i'smx-bnx" cos x)
I I

Applying integration by parts, we get

1
e _(i'sinx+na"" cosx))

J(x"secxtanx+nx"
(sinx+nx"""

-1 sec x)

cos x)

_ (x sec x) £ J sec? x dx
(xsin x + n €os X)
(x sec x) +tanx+C  Hence Proved.

(x sin x + n cos X)

© Ex. 36 Ifcos6>sin6>0, then evaluate

cos?8

i 20

[{ 108 145sin20 +|og( cos )09
1-sin26 14+sin206

+sin20 & cosZG

1+ sl

— + lo do
Sol. Here, I = J' Iog( —a 29) g 1+si 29

- 2 cos 0 +sin @ _1 cosO+sm6 o
—I{Zcos elog(cose—sinBJ 8| CosB —sin®

cos O +sin @ )de
cos @ —sin 6

=I(2cos’9—1)log(

= I cos 26 - log M 46, applying integration by parts
cos 6 —sin®
I

-1 (c050+sm9]'sm29_ smzede

T
cos O —sin 6 2 cos26 2

sin26 cos 0 +sin 6 1
= 1 +=1
“ (cose—sine) 2 b | coa R+

=1
X

® Ex. 37 Evaluate J‘E‘— dx.
x

4

Y 1
x-—dx
xl
I I
- 1 1 1
=(tanlx)(——)— —_— s s
3x> I1+x2 (-3x%)
tan”' x
-— +_.
3x° BJx’(l +x%)’
Put1+ x?=¢,
-1
2xdx=dt=_tan x+lj- dt
3 67 (t-1)?
t -1
I=-m x 1 0

Where, I, =I

1 A B C
drafd Lupa s
N I{t—xxt(r_l)”r }dl

Comparing coefficients, we get

A=_).B=I.C=1

L= R S S |
' I{ (t-1) )’+:}d'

=-log|t-1|-—!
G

Y + log | ¢t| (i)




. From Egs. (i) and (ii), we get
1

tan” x 1 1
I=- +-4-log|x*|- =+ 2
S 6{ g | x| 7 log|1+ x*|}+C
__tan"'x 1 xt+1 1
=- 3 3 == ) ___2+C
X x 6x

o Ex. 38 Evaluatej x? log (1 - x?) dx, and hence prove

11 2 8
that—+—+—+...=— -
15 2:7 39 5 =g

3 4

Put x? instead of x in the above identity,

2 3 4
SOI.Weknow.log(l—x)=—{x+x?+x_*x_+_“,,}

4 6 8
= log(l—x2)=— xz+x_+x_+x_+"_°°
2 3 4
6 8 10
= Flogl-x)=-{xt+Z+Z4+X 1 o
2 3 4
Integrating both the sides, we get
5 7 9
[ x*log (1 - x*) dx = - WL
1-5 2:7 3.9

Now, to find constant of integration, put x = 0

= 0=0+C
Cc=0
S 7 9
Ileog(l—xz)d:r:— X e T X o e
1-5 27 39
I I

Applying integration by parts, and taking limits 0 to 1 for LHS

x’ 2 l_ '_xi_l(_zx)
= (—S—log(l—x))o [ & i
Jl
0

3 2 3

x_ —-x? g _x__ +ll
= [alog(l x))o+3[ = X zog
Taking log (1 — x%) = log (1 + x) + log (1 = x)

log (:_t’i) =log (1+ x) —log (1 - x)
-x

1+x

) M o

and
1

1 1 2 2, . (X
- oy i o, oo 1 Z = |log(1—-x
= 3]052+3|og2 =3 x-’fll[s 3) g (1-x)

[ P_rgl (x*-1)log(1-x)= 0]

2 8
= - 2-==
3log 5
1 1 1 2
— t—+—+...=-log @) -~
1.5 27 39 3
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a+bsinx

® Ex. 39 Evaluatej——— dx

(b+asin x)?

2
£z——b+(b+asinx)

a+ bsin x b p
Sol. Here, [ = dx=—
ere "(b+asin x)? a'[ (b + asin x)?
a* - b’ dx b dx
I= | 42 .
a (b + asin x) a”? (b+asinx)
cos X dA -bsinx-—a
JetA=z—2 o =————
Rewe b+asinx dx (b+asinx)’
aZ
dA b asinx+b+—-b
= —=—— ==
dx a (b + asin x)
L da__b 1 a’ - b’
dx a|b+asinx b(lH-asinJr)z

Integrating both the sides w.r.t. ‘', we get

A-—Ej dx _(a’—b’)J. dx
a’b+asinx a (b+asinx)2
az—sz dx

=—EI &
a (b + asin x)* a’b+asinx

From Egs. (i) and (i), we get

,=_EI_"§_-A+EJ_“_
a? (b+ asin x) a? (b+ asin x)

= I=—A+C = I=-| 2% |4c
b+ asin x

° Ex. 40 Evaluatej-—-——dx .
(x=1)** (x +2)*
dx dx
SoI.LetI:j =j'
- 3/4 5/4 3/4
(x=1)" (x+2) (b2 (x—-1)
(x+2)
Let x-l=t
x+2
3
So that, ——— dx =dt
(x+2)?
_podt 1oy
,[3‘3/4 ‘5,‘.‘ dt
174 V4
S I e |
3 1/4 3\x+2
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2
1. Let f(x)= [ x dx and £(0)=0. Then
(1+x2)(1+J1+x2)

f(1)is equal to

(a) log. (1 ++2) (b) log, (1 + v2) _%

(c) log, (1 +2) + % (d) None of these
2. Ifff(x) dx = f(x), then j {f(x)}* dx is equal to

(@) 3 (e ®) ()P

3

CRELE @ (G

3. IfIf(x) dx = F(x), then J x? f(x?) dx is equal to

Textbook of Integral Calculus

Indefinite Integral Exercise 1:
Single Option Correct Type Questions

(a) 5 LRGN - [P dx]
&) 2 (R - [ P d ()

1 1
(© 5 °F@) = [ (FGY dx)

(d) None of the above
. If nis an odd positive integer, then j] x" | dxis
equal to
+1 n+1
(9] it P bwE—+c
n+1 n+1
L (d) None of these
n+1
3x+2
Let F(x) be the primitive of S wrt x If F(10) = 60,
. —
then the value of F(13) is
(a) 66 (b) 132
(c) 248 (d) 264
j(x" )* (2x log, x + x) dx is equal to
(@) x* +C b)(x*)*+C
(c) x*-log. x + C (d) None of these

. The value ofJ' x log x (log x — 1) dx is equal to

(a)2(xlogx-x)*+C
(I:.)%(:clogx—x)2 +C
(o) (xlogx)* +C

(@ (xlog)* + C

2
8. J' x =1 dx is equal to

X T
x* yf2xt —2x? +1
0 5 2xt —2x? +1
,/ —2x°+1
2x" —2x +C -
xZ
1 +C
X

N - (b) J +C
[ 2 ,[Zx‘ —2xt+1
2x” +2x" + d il
N (d) x?

(a)
(c)

9. Let f(x)be a polynomial satisfying f(0)=2 f’(0)=3and
f”(x)= f(x). Then f(4)is equal to

5(e® +1) 5(*-1)
(3)—27— (b) 2
2¢* 2¢*
o S d
(C)S(e‘—l) ()S(e’+l)
(x2 +4lnx) _ 3 x?
10. J' < X € dxisequalto
X1

Qi _ghx) (x-l)xe’z
(a)(T]e +C (b)—2 +C
2
(c)gx_—l)_e,z+c (d) None of these
2x
11. J'tan‘xdx=Atan3 x + Btan x + f(x), then
@A=3B=-1f(x)=x+C
(b)A=§,B=—l,f(x)=x+c
©A=3.B=1f(x)=x+C
(d)A=§,B=1.f(x)=-x+C

sin? x

12. If the anti-derivative of I dx is f(x), then

X

: 4

Iw dx in terms of f(x)is

(@ fi(p + 9)x} [OPA AL
ptq

© filp+q)x}(p+q) (d) None of these

13. sin© " sin 30 + sin 90 )
I(c_osw o890 g df is equal to

sec 270
ec

¥sec 270
s

ec

@) % log

+C () log

sec O +C
sec 270

© % log

+C  (d) None of these




14. Let r: #nn —1,n € N.Then, the value of

e

(a)

2 =1 2 +

sin{x " +1) a2 (e l)dxisequalto
VZsm(x +1)+sin2(x? +1)
sec | ——
2

log |- sec(x +1)[+C (b)log +C

(c);loglsec(x‘n)nc (d) None of these
dx :
I———lsequalto
cos (2x) cos (4x)
(a)-——log 1+ /2 sin2x l(]0 |sec 2x — tan 2
2E T |i—Eanax| 2 B oer—mnx+C
l+~fsm2x 1
—lo —_— |- -
(b)sz— g e 2(loglsecZ)r tan2x|)+ C
l+«f—sm2x 1
(C)J_ e -Eﬂoglsech—lan2x|)+C
(d) None of the above

-7 cos? x D f(x)

16[

sm X COS x

(a)sinx

+ C, then f(x)is equal to
(sin x)?

(b) cosx

sin® x

(c) tanx (d) cot x

.|

(cos*x +3cos?x+1) tan " (sec x + cos x)

dx is equal to

(a) tan™" (sec x + cosx) + C (b) log, |tan™" (sec x + cosx) [+C

1

(—)2 +C (d) None of these
Sec X + cosX

18.

19.

20.

o Indefinite Integral Exercise 2:
More than One Optlon Correct Type Questlons

21. I—g__=A]og(x+1)+Blog(x—2)+C,where
(x+1)(x-2)
(@A+B=0 (b) AB=0
(c)A/B=-1 (d) None of these
ZZ[fJ'—dx——=ktan"x+ltan"—{+C.then
(x? +l)(x2 +4) 2
(a) k=~ (b)l=; () k= 3 (@1 :

23. U'Ix log(1 + x?) dx = ¢(x) log(1+ x%)+ x(y)+C, then

(a) &x) = =%

(c) w(x) =~

1+ x°

b) v (x)=

+x*
2

'_“2_"_' (d) &(x) = -}

24,

25,

Chap 01 Indefinite Integral

The primitive of the function f(x)= x|cos x|, when
n 3 A

E< x < mis given by

(a) cosx + xsinx + C

(b) — cosx — xsinx + C

(c) xsinx —cosx + C
(d) None of the above

The primitive of the function f(x)=(2x +1)|sin x|,
when t< x<2mis
(a) —(2x + 1) cosx + 2sinx + C
() (2x + 1) cosx —2sinx + C
(c)(x* + x) cosx+ C
(d) None of the above
0 x% —sinx cosx—2
Given, f(x)= sinx — x? 0 1-2x

2—cosx 2x—1 0

J'f(x) dx is equal to
x3

(a)? — x%sinx +sin2x+ C
x)

(b)? — x?sinx — cos2x + C

3
(c) -J;— — x% cosx — cos2x + C

(d) None of the above

4e* +6e7
T —4qe™™

llss

3
(a)A—E

dx = Ax + Blog, (9¢>* — 4) + C, then

®)B=2
36

19

(c) C is indefinite dA+B=——
36

IfJ‘tam5 xdx=Atan* x + Btan? x + g(x) + C, then

1
(a)A= e

(b) g(x) =In| sec x|
(c) g(x) =In|cosx|

11
d)A=-—B=-
(d) . 3

B=-

B | -

63

, then
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@ Indefinite Integral Exercise 3 :

~ Statement | and Il Type Questioq_s._‘_

= Directions (Q. Nos. 26 to 30) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows :
(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement 1.

(b) Statement I is true, Statement II is also true; Statement IT
is not the correct explanation of Statement I.

(c) Statement I is true, Statement I is false.
(d) Statement I is false, Statement II is true.

26. Statement I If yis a function of x such that

dx
y(x-y)?=x, t.henj =l[log(x—y)2 -1]
x—=3y 2
Statement 11 | L =log(x—3y)+C
x =3y

27. Statement I Integral of an even function is not always
an odd function.

Statement II Integral of an odd function is an even
function.

28. Statement 1 Ifa>0and b? — 4ac <0, then the value of

dx will be of the type
ax®+bx+c

the integral I

i tan™' d ;A + C, where A, B, C, |1 are constants.

Statement II Ifa>0, b? — 4ac <0, then ax®+bx+C
can be written as sum of two squares.

1 dx=tan"! (x?)+C
1+x*

1
1+ x?

29. Statement I I[

dc=tan'x+ C

Statement IT J

tan~? x

In2

+C

= 5 2
30. Statement I JZ"" "*d(cot™ x) =

Statement I1 %(«1’r +C)=a" Ina

@ Indefinite Integral Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 31 to 33)

Let us consider the integral of the following forms
fG,\fme? +nx+ p)”

Case I If m> Q then put \Jmx* + nx+C =utxJm

Casell If p>(Q thenput,/m.x2 +nx+C = uxiﬁ

Case III If quadratic equation mx? + nx+ p = Ohas real roots

oand B there put \Jmx* + nx+ p = (x—o)uor (x—P)u

dx
x—\j9x2 +4x+6

proper substitution could be

(a),/9x2+4x+6=utax
(b)\/9xz+4x+6=3u:t x
1

(c)x=—

to evaluate I, one of the most

31.1f1=j

1
(d)9xz+4x+6=;

32 (x+y1+x%)"
Cl v
@ (x+ \'l + x?)e I

10

dx is equal to

(®)

1
+C
15(,'1 + x* + x)

©——+c
(\)l+x2—x)
2,15
(d)(x+,h+x) e

15

33. To evaluate

dx
one of the most

(x=1)-x% +3x-2
suitable substitution could be
(a),}—xz +3x-2=u
b) = x> +3x—2 =(ux 2)
(c) \/— x*+3x-2 =u(l-x)
V- +3x—2 =u(x+2)



Passage 11
(Q. Nos. 34 to 36)

Letl, m= Isin " xcos™ x dx. Then, we can relate I,, ,, with

each of the following :
(l) lu—l.m (") In+2.m
("i) lu.n—l (lV) 1n,m+2
(V) Ti<2 ma2 (V‘) 1n+2.m—2
Suppose we want to establish a relation between I a.m and
a2, then we get
P(x)=sin"*' xcos™" ! x ()
Inl, mandl, ,_ the exponent of cosxis mand m—2
respectivelv, the minimum of the two is m— 2 adding 1 to the
minimum we get m— 2+ 1= m— 1. Now, choose the exponent
m—1ofcosxin P(x) Similarly, choose the exponent of sin x for
P(x)=(nH)sin" xcos™ x— (m—1)sin"*2 xcos™ % x.
Now, differentiating both the sides of Eq. (i), we get
=(n+1)sin" xcos™ x— (m—1)sin" x (1-cos? x)cos™ "2 x
=(n+1)sin" xcos™ x— (m—1)sin" xcos™ 2 x
+ (m—1)sin” xcos” x

Ly m~

=(n+m)sin" xcos™ x — (m—1)sin" xcos™ % x

Now, integrating both the sides, we get
sin®* ! xcos™ ' x=(n+m) I,y —(m=1)1, n_>
Similarly, we can establish the other relations.

34. The relation between Iy ; and I, , is

@)l .= % (—sin® xcos® x +3 I, ;)
b) I .= %(sin’x cos’x+31,)
(©) I;2= % (sin®x cos®x —31,,)
I .= i (—sin® x cos’x + 205 5)

35. The relation between I , and I¢ ; is
(@)l,= % (sin® x cos’x+8 1 2)
M) I .= % (-sin®x cos’x +8 I )
©1,= % (sin® x cos® x — 81 2)
d)Iy,,= % (sin® x cos® x + 81 )

36. The relation between Iy , and I 4 is

(a) 1, =§(sin5x cos’x+8144)
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) Iy.2 =%(—sinsxcos’x+8 Isq)

© 1.2 =%(sin5x cos® x — 814 4)

(d) Iy 2 =~ (sin® x cos® x +6]4,4)

3
Passage III
(Q. Nos. 37 to 38)
If £: R — (0, ) be a differentiable function f(x)satisfying
S+ y)— fx= )= - U= S- 1V x yeR,
(f(y)# f(- y)forall ye R) and f(0)=2010
Now, answer the following questions.
37. Which of the following is true for f(x)

(a) f(x) is one-one and into )
(b) {f(x)} is non-periodic, where {} denotes fractional part

of x.
(c) f(x) = 4 has only two solutions.
(d) f(x) = f'(x) has only one solution.

38. let g(x) =log, (sin x), andjf(g(x)) cos x dx = h(x)+c,
(where ¢ is constant of integration), then h % is equal

to

1
(@0 (b) S
1
(01 (d) T
Passage IV

(Q. Nos. 39 to 41)

Let f:R — R be a function as
S@)=(x=1)x+2)(x—-3)(x—-6)—100 Ifg(x)isa
gkx)
S(x)
any logarithm function and g(— 2)=1Q Then
39. The equation f(x)=0has
(a) all four distinct roots
(b) three distinct real roots
(c) two real and two imaginary
(d) all four imaginary roots
40. The minimum value of f(x)is
(a) - 136 (b) — 100
(c) -84 (d)-68

41. J‘_gf((_‘:; dx, equals

polynomial of degree < 3 such that J dx does not contain

(a) tan™ (_xz_Z) +c

(©)tan™' (x) + ¢

(b) tan™ (xT_l) +c

(d) None of these
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a Indefinite Integral Exercise 5 :
" Matching Type Questlons

42. Match the following :

Colurnr 1 Column Il =
e sinx
A 1fr =IM dx, wherc E <x< 3—“, then / is equal to ®
| sinx = cosx | 4 8 e
2 3 (q) x+C
B f— X gl Xt \
'[(x3+l)(x’+2)dx 3f 5 T + C,then f(x)is cqual to
©) (rn Injx]
lf_[sm x-cos™xde= fM(x)| = x X (x) - 2,/] - + 2x + C, then f(x)is equal to
dx sin”
D) IfJ' 76 = f(f(x))+ C,then f(x)is equal to ® e
43. Match the following :
Column | Column 1l
A=1
(A) lfj(ﬂ] cosec’x dx = Acot™' x + B w, then ®
1+ x sec x

®) lf_“x+ x+2 dx——(x+,]x +2)"% - =% , then (@ B=-1
x+;}x +

x

oy P ] 4 - 4[__2 () B=2
©) [fJ"lz ’; d dx:AJZ ); = +FB2'IOS[ ekl ot b —sin™! (2x3+ l).thcn
X

(D) IfJ‘"sﬁl— dx= Bcot™ (tan’x), then (s) A=-1
sin*x + cos'x

Indefinite Integral Exercise 6 :
Single Integer Answer Type Ques_t_igns

(2x +3)dx 1 . 2
=C-——wh f the f f
jx(x+l)(x+2)(x+3)+l f(x) where f(x)1is of the form of ax® + bx + ¢, then (a + b + c) equals to

45. Let F(x)be the primitive of

+2
w.r.t. x. If F(10) = 60, then the sum of digits of the value of F(13), is

Jx_9

46. Let u(x)and v(x)are differentiable function such that # =7.1f M =pand M e g, then ptgq has the value
v(x) v'(x) v(x) p-q

equal to ......... .

2
m(x_l)dx=6-4 ln(x_—l) + C, then find 24 A.
x _1) x+1 x+1
e* (2- x)

(l—x),h—

47. xfj

A
48. Iff —————dx=pe” (1 e i) +C,then2A +p)is equal to.......... :



49. HJM dx =In {f(x)} + g(x) + C, where

e* +sinx+x

C is the constant of integrating and f(x)is positive, then
M isequalto.........
e* +sinx

50. SupposeA=j - andB:jL

x% +6x+25 Xt —6x-27
IF12(A + B)=A-tan™! ("—”)+p-1n X8 oithen
4 x+3
the value of (A +)is ... .
cos 6x + 9 i
51. If‘[ X conSX =—sm4x—sinx+C,thenthe
1—2cos5x k
value of kis ..........

Indefinite Integral Exercise 7 :
Subjective Type Questions

2

56. Evaluate e (* sin x *cos x)dx[ -
x? cos® x

57. Evaluate J‘ Jx+ yxZ +2dx.

dx .
(J(x—a)? =B?)(ax +b)
’ 3
59. Evaluate I —l%i dx.
X

x* cos® x — xsin x + cos x]

58. Evaluate J

sin® (0/2) d8
cos 0/2+/cos® B+ cos? @+ cosO
(2sin 6 +sin 20) d6 )
(cos9—1)1[c056+cosz 0+cos’ 0
62. Connect j x™ 1 (a+bx")? dx with

60. Eva.luatej

61. Evaluate

x® dx )
(1-x*)"

63. Evaluatej' cosec? x In (cos x + fcos 2x) dx.

Jxm-n-l (a+ bx")? dx and evaluatej
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tan x 1 -1
A alue of | ———————— dx=x——tan
52 Thev ueoJl-&-tanx+tanzx \/Z

(2tanx+l

A

. 1 1
53. _.‘sinf"2 x cos? x dx=2sin"'? x[E—Esmz x]+C,

) + C, then the value of Aiis...........

then the value of (A + B)— Cis equal to ......... ’
54, 1f[ (x ™ + x® + x 1 )(2x"5% 4+ 5402 4 10)V402 iy
i (2x 210 +5x%% + 10x%2)?/492 Then (a — 400) is

55. Ifje‘3+"2_'(3x" +2x3 +2x) dx = h(x) + ¢ Then the
value of h (1)-h (= 1), is .........

dx

(sin x + a sec x)?
dx )

& .

1+yx% +2x +2

x'+1

64. Evaluate ,ae N.
65. Evaluate_'.

66. Evaluatej

67. Evaluate I dx.

X +1
dx

(1-x3)V3

69. Evaluate j —(x L Lo} ’;2 )* dx.
,'l +x

70. Ify* = ax? +2bx +c,andu, = I = dx, prove that
y

68. Evaluate J‘

(n+1)au, 4y +(2n+1)bu, + "cy,_, = x"yand deduce
that au, =y —bug; 2a’u, =y(ax—3b)—(ac—3b2)u0.
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a Indefinite Integrals Exercise 8 :

Questlons Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-JEE

2
71. j see X 2 dx equals to (for some arbitrary

(sec x + tan x)

constant K) [Only One Correct Option 2012]
1 1
() ———————{———(sec x+ tan x)*} + K
(sec x + tan x)'"2 11 7 %
1 1
——", — — —(sec x + tan x)*
(sec x + tan x) 1 7
(c) {L . (sec x + tan x)z} +K
(sec x + tan x)"’ 1 7
'—n/z‘{ ! + l(ser: x+ tanx)z}-o- K
(sec x + tan x) 1 7

(i) JEE Main & AIEEE

2x"? +5x°

73. The integral [ ——————— dx is equal to
‘[(xs +x>+1)° [2016 JEE Main]
2, xs P C (b) xlo
@ x*+x*+1)? 2 + x>+ 1)°
x* -x"°
e 4O
© D or

2x® + x> +1)?
where, C is an arbitrary constant.
5 equals

x(x* +1)4

1
(a)(x +1] s

1
(©O~x* +1)* +C

74. The integra.l.[
[2015 JEE Main]

B +1)8+C

1

) [" ”] +C

1
+1
75. The integral I(1+ x—l) e xdris equal to
x [2014 JEE Main]
1 w1
(a)(x—l)elr *+C (b)xe *+C
1 +l
©@+1)e *+C @-xe *+C

dx. Then,
+ e'“ +1

7211 = _[ dx, 3= J T

2"+1

for an arbitrary constant ¢, the value of 7—1I equals
[Only One Correct Option 2008]

Zx
1 e“ ]0 +e+1 iC
(a)gloge szrl+C(b) Bl oo 41
4x 2x
—-e*+1 e +e"+1
C d Io +C
(@) 5 log|* e,+,+ St e

76. If [ f(x) dx = w(x), then [ x® f(x) dx is equal to
1 [2013 JEE Main]
@ 3 L) - [ *w)dxl +
® 3 xv(x) =3 [ Py de+
© %xaw(xl) - [Py dx+ C

@ S V0 - [ xy) del + €

77. If the integral'[t:nt;a:xz dx=x+alog

|sin x =2 cos x|+ k, then a s equal to [2012 AIEEE]
() -1 () -2
() 1 d) 2
78. The value of JEI _Shpdy is
sin (x = E)
4 [2012 AIEEE]

(a) x + log +C (b) x+log +C

(-
)

(%)
sin| x ——
4
(%)
cos | x——
4

(c) x — log +C

+C (d) x-log




Answers
Exercise for Session 1 1 3 3 J.—s—l
12 EJm—mlog‘.w Z 2+ 3 +C

2
1. %(x+l)’”+§f”+c 2.-—-Z+-2?-i5—21an"x+c
x]x 3 S5x 13. ,/a—x(x—l:)—(a—b)tan_I a=x ie
3. logx+ 2tan”' x+ ¢ 4.5 —x+tan'x+ ¢ =
il 3 14. sin”'x+ Jl—).; +C
— — = -1
> 2[3+tan x]+c T el ls._——(z‘+s)\[xz+x+l+%log (x+%)+\’xz+x+l+c
4
1 a* 1
7. —4{bx—2alog |bx + a| - +c * 17. Liog| tan [ £+ Z |+ C
b’{ a+ bx 15:.log tan2+l+C -t i T
x Ax .
.L+c 9.5 +¢ 18. lloglsinx—cosx|+ Yos2x+ lanxsc
1+ log,2 4 4 8 8
1 2 5=
10. # + i +c ll.—lcos4x+C 12 Sin-|(e‘—+z]+ ¢ 20, 5 sin”! (cos")+ €
a+1 loga 8 . ’
. 5 ;
12. éln lsec3x|—%ln [sec2 x|—In |secx |+ e 21. %(3 smx—2cosx)—ﬁlog(3¢osx+ 2sinx)+C
P . af2x-3
13. Esin 3x+ 2sinx+ C 14.1 sin x + Lsin 3x+C 22. __2_(4+3x_x2)3/2_lr(x-3) 4+3x—x2+§sm I(x_)]+c
3 4 12 3 2\"72 4 5
3 1
15. —acos?.H- Ecosﬁx+C 23. 2 + x+ 1+ 2 log (x+%) +yP+x+1
. l—x+ @ +x+1 c
Exercise for Session 2 = 2+ 1) .
1. tan x—secx+ C 2.sin 2x+ C 24.ie)
3. -_...°°533"+C 4. 8% s Exercise for Session 4
n
& A R E 1. X’ - 2(x& - )+ C 2. - x*cos x + 2(xsin x+ cosx)+ C
7. secx— cosecx + C 8.tan x—cotx+ C 3. x(logx) -x+ C 4. x(log x)* — 2(xlog x— x) + C
: ; e a1
9. (sin x + cosx)sin (cosx — sin x) + C . 5. xtan'x——log |l + ¥*|+ C 6. x(sec”' x) — log |x + \'xz—ll-é- C
10. tan x— cot x— 3x+ C 11.—~/§cos(i)+c 2 21
7. 5 tan = Lx—tan'x)+C 8.1+ log+C
12, ZCoséx - lJ.%(x-sin )+ C 2 2 x
x
8 . 9. —xcotE+C 10.x log (¢ + 1)—2x + 2tan"' x+ C
14. = 2cosx+ C 15.—=+C
42 11. & log (secx) + C 12. € tan x+ C
" " = X 1 2
Exercise for Session 3 13. xlog (log 2) logx+c gs EnxEC
4 3 &
t Lan|2E Jec 5Lt 2 e 15. —+C 16.& 1Y * 4 ¢
48 4 36 3 2 +1 1-x
1 4x* -5 2. 22 17 L {acos (b bsi
3. —logl= —2l+C 4. 5sin7 2 |+ C "R b (bx + ¢) + bsin (bx + )} + C
160 ~[ax*+ 5 % i i
18. —sec xtan x + —log |sec x + tan
5. log|P + J&@ + £+ C 6-l|082+3ex+c 2 2 B3 S
3 12 [2-3¢ 19. = 2(= VxcosV/x + sin Vx) + C

7. L log [2* + /4 = 25|+ C 20, x(sin~'x)? = 2(=sin~' x 1% + x)+ C

log, 2 1
_ 21. xtan"'x— Zlog (1+ x*)— (1-x)tan"' (1 - l 5
§ il 5+2x_xz_3sin_,({/__61)+c 5 g ( )-(1—-x)tan™'( x)+zlog('l+(]+.\' )N+C

i . 22.a{£tan"Jz—JE+lan"Jz +C
9. -z-logl,\2+2x+2|+tan x+D+C a a Va a

) 12 1 5 |2
o x—=1 23. -—(1+—) -log(l+_)+_(l+_] +C
10, —3-2x— 2 —4sin (-Tg-]+c 3cosxxz 3 ) 9 x
3 af2x-1 24,20k X 2 e
11. E{log|4,\3-4,vz+ 17+ %tan '(_XT]+C} 2cosx—sinx 5 5 og |2¢cosx = sin x|+ C

25. " *(x—secx) + C
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Exercise for Session 5 M@ @ BE M@ 3@ 360

1 o 37. ) 38.(d) 39.(c) 40.() 41.(3)
1. —log|x—1|—4log |x- 2|+ = log |x— 3|+ C 42. A->qBoCopDor
f 1 + 43. A-p,qg;Bop,rCor;D=4q 44.(5)  45.(6)
2. Zlogll+ x|-L log Jl - x+ ¥ +-L tan™ (2"“)+c. 6 (1) 4.(1) 48.(3)  9.() 50.4) 51.(4)
3 N V3 V3 52. 3) 53.(3) 54.3) _ss.(D)
1 i 1 2 +1 ' 1
3. —log +C 4. — lo| +C (xsin x+ cosx) - +C
n +1 2 ¢ 2+3 56 € T cosx
1+ sin x 1 2 3/2 ! 58.tan —=1¢
5. log| ——— |+ 57 —(x+ P +2)"?-2——ou0o+C "
2+ sinx 3( ,x+ [2+2 2
o 172
6. % log |1 — cosx[—l log |1 + cosx|+3 log |3 + 2 cosx|+ C 59. 21+ x"%)"2+C 60. tan~' (cos 0 + sec® + 1)"'? + C
i 2 ° 2 Jcos8 + sec@+ 1 -3
1 1+ sin x 1 6l. - Zlog| X —r——~—|+C
7. = log : o ¥C 3 ,[cose+sec8+l+~/§
4 1-sinx| 2(l+ sin x) 1 3 9
3,23 33 _ 9 q_ 33
8.—%log]l+tanx|+élog|tanzx-tanx+l| 62'_5*‘(1_") _Ex(l ) 40(1 o +c

+ L tan! (2Wl x- l)+ c 63. — cot x log (cos x + [cos 2x) — cot x — x + yJcos’x— 1 + C
3 3 | 2asin 2x + 1 2a sin 2x + 1
64. in"( )+ 1- ]

2as
+C @a* -1 2a + sin 2x 2a + sin 2x

9. log 2logx+1
3 log x + 2|

1

10.—m-lx+log|x1—%logll+11|+c T
* 65. 21In |\[@ + 2x+ 4 — x| - 3
Exercise for Session 6 2+ 2+ 4 — (x+ 1))
3
e+l 2 . x —ZInyx*+ 2x+4—x-1+C
1. ’L+c, 2.~ tan [___]+c. 3
Jx+1
3 xzz B - xl;: 66. 1°s(x+1+\{x2+2x+ 2)+ 2 +C
320 -3+ 6:-14,57|og |1+ t]+ C, where, £ = (x + 1)"/%. (x+2)+ (& + 2x + 2)
4 7 x-b +C 67. tan"(x—l)_Zm“ (x3)+C
’ (@a+b)\x+a ' x) 3
5. V2 sec A (Jtan xsin 4 + cosA) + C 6. (a) 7. (d) 68. llog -3 4 x —llog (1-2)3—x (=234 2
8. (c) 9.(d) 10. (c) 3 6 2
Chapter Exercises - {2(1 % 3)}113 »
1. () 2.(a 3. (b) 4.(c) 5 () 6.(b) o V3 N
7.(0) 8. 90 10.(d) 1L(a) 12(a) g9, GV D T e
13. ) 14.(b) 15.(a) 16.(c) 17.(b) 18.(b) 15 : = - (b)
19. (b) 20.(d) 21. (a,c) 22.(a,d) 23.(a,c) 24.(bc,d) 74. (d) 75.(b) 76. (c) 77.(d) 78. (b)

25. (a,b) 26.(c)  27.(c) 28.(a) 29.(d) 30.(d)




3x+2

=5

[ J
olutions - .
(3 +9+2.
F(x)= _[( - 2:] dt

=2 j(29 +3t2) dt =2 [29t + 1°]

5. F(x)=_[ dx.Let x -9 =1t*

1. LetI= "—zdx F(x)=2[29 x-9+(x-9"*1+C
. - ; Y
WEEETLES) Given, F(10)=60=2[29+1]+C = C=0
Fofe=tang = dmges 5 F(x)=2[29 JT=9 + (x 9]
g = =132
Putting,x:tan(),l:j tan® o F(13)=2[29 X2 + 4 X 2]
R 6. We have, J(x")’r (2x log, x + x) dx

=I(sec6—l)d9 =J'x’z(2 sty

= log (sec 0 + tan8) =6 + C
f(x)=1°ge(x+\jx2+1)—tan'1x+C
f0)=0 = C=0 7. We have, leogx(log x—1)dx

S [rde) =2 +C=(Y +C

= Q1) =log.(1 + ¥2) —tan™* 1 = j log x (xlog x — x) dx
= log. (1+2) - %

= J.(x log x — x) d (x log x — x)
2. We have, j flx) dx = f(x)

_(xlogx—x)°
= i{f(X)}:f(x) = —I—‘d{f(x)}=dx ————2——+C
d ) 1
=~ gl =x+logC > f9=CF (5-3)=

= {f(x)} =C%* 8 | —:\/—ﬁ
Czeh =% {/‘(x)}l x2 X‘

= J'{f(x)}z dx=jCzez’dx= =

3. We have, Jf(x) dx = F(x)

2
x2
1 1 2 1
1 = =4 f i
J'x’f(xz)dx=—2-j§ff(x2)d(x2) = 2J2+C = 5 2 x2+x‘+c
I I

1

2x* —2x*+1 c
=% [XZF(XZ) _ JF(xz)d(xz)] or —sz +
4. We have the following cases : 9. We haye, f'(x) = f(x)
Casel When x 20 = 2f"(x) f"(x)=2f (x) f'(x)
In this case, we have d ,_d 5
1" de= [l de = 2" dx Flei=a 2 FUEN=g U
+ n 2 - 2
X e X e pexzos|x|=A = {F G = {fx) +C
n+1 n+1 Now, f(0) =2and f"(0) = 3. Therefore, from Eq. (i), we get
Casell Whenx<0 {FOY ={fO} +C
In this case, we have |x|=—x = 9=4+C = C=5
[12" ldx = f1x[" dx - U = (S +5
=fexrde=-[x"dc  [ninodd] = FE =5+ f@F
_ A xx N R "
ai s e Rk kR =’J\/(Ts—)z'\«{f(x))’‘”ﬂxn_]dx

|x[" x

Hence, J’|x" |dx = T +C = log ‘ flx)+ Js + {(f()P

=x+C,
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flo)=2 = log|2+3|=G
= G, =log5

o log| flx)+ \/5 + {f(x)}*| = x + log5

e {f(x) + ,/55 + U } L

= f(x)+ ,/5 + {f(x)}? =5€*

= 5+ {f(x) + fx)=5¢* and 5+ UF - f(x)=5¢

= 2f(x)=5("—-¢)
= fx) =2 (€ =)
= f(4)=;(e‘ —et) = f(4)=5(e—j12
x*+4lnx 3 x x
10. Wehave.I - —I xt - e dx

=Ix’ e’zdx= - Itz'd!, [where t = x%]
1
=E(t—l)e‘ +C=§(xz —1)e"z +C

11. Jtan‘ xdx:j(tanz x sec?x —sec’x + 1) dx

3
=—ta—n—x—tanx+x+c
= A=§,3=—1andf(x)=x+c
sin*x , _ sin(p+q)x . _ fllp+q) x}
12 [SFa=f0 = [ TG g 5T e

. 4
IM&:[{@-;—:]):(}
l[tanSO—tanel
0s360 2
sin39
cos99 2

sin96
cos 276 2

= I sin® +
cos30

13. On solving, —Sl—xi =
c
[tan 90 — tan36]

[tan 270 — tan90]

sin 30
cos 90

sin 30 Jde=1j(mzve—tane)de
cos 270 2

=1
2 (27
1 Zsec 270
=~ lo X +C
2 & sec®

{—1- log (sec 1270) — log (sec 9)} +C

Zsm(x +l)—sm2(x +1)
2sin (x* +1)+sm2(x +l)

_ Zsin(x2+l)—25in(x +1) cos (x* +1) dx
—Ix Zsin(xz+1)+2sin(x2+1)cos(x’+l)

14. We have, I x

= :ﬁ‘iﬂdx jxtan(x2+1)dx
- 1+ cos(x*+1) 2

2 241
=J'tan(x +1Jd(-x—t—l-)=log sec(x +C
2 2
sin (4x — 2x) dx .‘- sin (4x) dx —ISCCZxdx
I sin (2x) cos (2x) cos (4x) 7 sin(2x) cos (4x)
= Icostdx = (log | sec 2x —tan 2x|)
cos 4x
=2_[ cos 2% dx—l(loglseCZx—taann
(1 - 2ssin”® 2x) 2
2 [ 1 fiesEsinzxll Ly e o —tanax +
29z |2x1 °|1-+2sin2x|| 2
=—1—-rlog —_’__1+Jism2x ——l—log|sec2x—tan2x|+c
zJil 1-+2sin2x|[ 2
16. J-l—7cosxdx J sec x _ 77 dx
sin’ x COS™ X sm x sin’ x
S e [ Tode=tv Ly
s’ x Sm
2
Now, I,—J‘s.e‘;xdx:‘a‘:x*_ J‘tanxscosx -
sin’ x sin’ x sin® x
= tj";" 4.4
sin’ x

L+I= +C = f(x)=tanx

3
17. We have,j sin"x

(cos* x + 3 cos®x + 1) tan™" (sec x + cosx)
sin® x
= J‘ ; cos’x
(cos® x + 3 + sec’x) tan™" (sec x + tanx)

= :

sinx (1 — cos’ x)

1+ (sec x+ cosx)? cos? x
X—— 1
tan™’ (sec x + tanx)
- 1 1
= J’ — «

tan” (sec x + cosx) 1+ (sec x + cosx)?

(tan x sec x —sinx) dx

= 1 &
—I = d |tan”'(sec x + cos x)|

tan 1(sec X + cos X)

=log, | tan™ (sec x + cos x)| + C

18. Wehave, f(x)=x|cosx|, % <X<m

= f(x) == x cosx [ cosx < 0for x €(m /2 7)]
Hence, required primitive is given by

If(x)dx=—fxcosxdx+C=—xsinx—cosx+c



19.

20.

21

22,

23.

24,

We have, f(x)=(@2x+1)|sinx|,t <x<2m
= f(x)=-(@2x+1)sinx
Hence, required primitive is given by

-I(Zx-!- 1)sin x dx=—[-(2x + 1) cosx + 2sinx] + C
1 1

=(@2x+1)cosx —2sinx+ C

0 x* —sinx cosx—2
We have, f(x)=|sinx — x? 0 1-2x
2 —cosx 2x -1 0
0 sinx —x* 2—cosx
= f(x) =|x* —sinx 0 2x—1
cosx —2 1-2x 0
[Interchanging rows and columns]
0 x% —sinx cosx -2
= f(x) =(=1)*|sinx — x* 0 1-2x
2 —cosx 2x—1 0
[Taking (— 1) common from each column]
= flx)=-f(x)
= flx)=
= j f(x)dx=0

dx 1 1
f o fl- " )dx
(x+1)(x—2) ( Ix+1) 3Hx-2)

=—%log(x+l)+ log(x—2)+ C
A=t el
3B g
A —3
A+B=0 = 2=—3=-1
B 1
3
: L o 21 dx
39\ x%+1 x*+4
= —ta.n"x-—llcan"£=ktan":r+ltan"i
6 2 i 2
k=) and 1=-2
3 6 2
2 _ X
I—leog(1+x2)dx log(l+x)—' -[1+x i 2
I x* 3 %
== 1+ x%)— dx
-
2 2
x"+ 2 x4l
= 1+ x°)— +C
I ( 5 }log( x“) 3 ]
2 2
+1 1+ x
o0 == .\v(x)=—( - ]
2 -
1=J'Lfi_
9e* —4e™
2x _ 2x
I= Ig;" dx, put9e®* —4=z = 18¢”dx =dz
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1 z+ 4 1 dz
Then, I=J;{4~———9 +6}ﬁz

¥4
9
—_-I ! {zz+8+3}dz
z(z+4) 9
_lIZz+35d =1Jz(z+4)+27
z(z+4) 9 z(z+4)
2 rdz
;I —J( z+4)

(E )logz——log(z+4)+C

3 2x
=——Io 9¢%* —4)==log (e”)+ C
“ g ( 2 8
3 35 ” 3
=—Z x+ = log (9¢** —4)—=log3 + C
g og ( )= log
25. Itan’x(seczx—l)dx=Jtan’ x sec’ xdx—Itan’xdx

tan* x

=_[tan3 x sec’x dx = +G

I, =Itanx(sec2x —1)dx

2
=tar; x—ln|secx|+Cz

26. The Statement II is false since while writing
J- dx
x =3y

we are assuming that y is a constant. We will know prove the

=log (x —=3y)+C,

Statement I. From the given relation (x — y)® = X and

2log (x—y) =

Also, d_y = (— X)
dx 2,

log x — log y.

x+
E AN prove the integral relation it is

x =3y
sufficient to show thatiRHS= 1,
dx x =3y
1, [x 1 [ x|
Now, RHS =-log|=-1 v(x—-y)l==
O P ]
1
= og(x—y)~logy]
1| log x = lo| 1
5[ E 24 1ogy]=-llosx—310gy]
4
o~ &g - U__z-*ﬂ
dx 4 y dx

_1 [1 3 yyx+y|_ 1
‘Z[?“;(";)}TQ]%_-Q
Thus, Statement I is true. Hence, choice (c) is correct.
Let g(x) = f(x) + f(- x)
Assuming, [ f(x)dx=F(x)+C

27.
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Jg () de=[{f(x)+ fl= x)}dx
=[fx)ax+ Jfex)ax
=F(x)+C+{-F(-x)+C}
=F(x)-F(-x)+C+C

which may be an odd function, ifC + C' = 0.

Similarly, integral of an odd function is not always an even
function.

Hence, Statement I is true and Statement 11 is false.
28. Ifa>0andb?® - 4ac < 0, then

2 2

uz+bx+c=a(x+£) +4ac—b
4a

Jel—

2 = 2
ax“+ bx+c
a(x+£) +k°
2a

where k? = Jac—b*

x+—
1 1 -1 2a

a kiva k/a

Thus, choice (a) is correct.

+C or utan"x—';£+c

2

2 1-[-& o 1=%J’

x*+1
(+3)
2
S—de-
1
(-9
x
x-

1

11 4 % 11
] =—-—tan g ==
2 2 2 22

2
x°+

N |-

.. Statement I is false.

_ n =
cot™ x=;—ta.n 'x,

d(cot™ x) =—d (tan™ x)

30. Since,

Thus, _[2""-' ¥ d(cot™ x) =~ Iz""ﬂ * d(tan™" x)
zllll—‘ x
In2
. Statement I is false. Statement Il is true.

31. Asm=9 > 0, hence, we can substitute

\/9xz+4x+6=ui3x

32. Here, as per notations given, we can substitute

1+ =(u-x

As m=1>0andp=1>0

+C

> 0. which will have an answer of the type

u'® 14 1 s
=[=—du= du=—u’+C
I_I ” du Iu u P

=
=Lx+ 1+ +C
15
33. Here, m=-1<0
P=_2<0

Also, - x* +3x-2=—(x-1)(x—2)

We can use case Il

= Putting, m_—z =u(x-2)
or (x-1)u or u(l-x)
34, Let P =sin’x cos’x
ﬂ =3sin’x cos? x—3sin® x cos’x
—3sin?x (1 —sin’ x) cos® x - 3sin" x cos’x
=3sinx cos?x —6sin* xcos’x
P=3I,,—6l,
Tis =%(—P +31,5)
35. Let P =sin’ xcos’ x
% =5sin* x cos* x —3sin®x cos®x
=5sin* x (1 —sin® x) cos® x — 3sin® x cos® x
=5sin* x cos® x —8sin® x cos® x
P=5I, -8,
I =%(P +8I¢,2)
36. Let P =sin® xcos®x
% =5sin* xcos* x — 3sin® xcos? x
=5sin* xcos' x —3sin® x (1 — cos® x) cos®x
=8sin* x cos* x —3sin* x cos?x
P =8I, , -3I,,
lua=3(-P+sl,,)

37. Here,2f" (x) = lim (f (x+ h;. —fx) | flxx-h- f(x))
-0 _h

= lim (f(x +h)— f(x - h))
h-o h
270 Jim (f(h) —f) , S f(O))
= lim SRR

h—o h

)
Now by given relation, we have

f(h) = f(=h) =ML’M and f(0)=1

(i)
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From Egs. (i) and (ii), we have =——= fl( ) =2010 42. (A) IfE <x< 3—72, thensinx > cosx
8
= f(x)=ez°m'.f(0)=l j sinx —cosx —Ildx—x+C
| sinx — cos x|

*. {f(x)}is non-periodic.

38. Here, | f(g(x)) dx= | f(log (si :
ere, [ f(g(x)) cos x dx= [ f(log (sin x))..cos x dx ® [ xdx3 =lj3x2(31 ! de
(x> +1)(x" +2) x>+1 x*+2

- I ezowlog (sin x)' cos e
1 2 +1
= i 2010 g
I (sin x)*"% . cos x dx ; ==
= (Sin 1)2010 Jcosadie
j © jsin'l xcos™ xdx = J' [= sin™! x — (sin™" x)Z] Ji
(sinx)®! |_2
- =T (xsin™ x + /1 - x*) = {x (sin”" x)’
hx) = &0 2
o +sin” x /1 - x* = x} + C (by parts)
n 1
N h(3)=2ou = sin” xl—x xsin™! x - 2\/1_-——‘[# JT—T+2x+C

Sol. (Q.Nos. 39 to 41) f7!(x) =sin” 'x, f(x) =sinx

Here, f(x) = (x —1) (x + 2) (x - 3) (x = 6) — 100 (D)I_dx—=[n|ln|x||+c
=(x? — 4x + 3) (x® — 4x — 12) — 100 xIn|x]

=(x* - 4x) =9 (x* — 4x) — 136 £ =nd
=(x*—4x+8) (x* —4x-17) 43. (A)I =I(f%zzj]~cosecz x dx
9. - f(x)=0=>(x* —4x+8)(x* —4x+17=0
D>0 D<T —J[x +11+—:m x] cosec’x dx

». Equation has two distinct and two imaginary roots.
40. f(x)=(x*—4x—17)(x* - 4x +38)

1
=I cosec’x — 7 [dx=—cotx + cotx+k
1+ x

T o2
={((x 2)( 21)}({()x 2)% + 4} & Aeipen
(f (X)) min =(~21) (4) =—84
which occurs at x =2 - (B)I=_HX+\[x2+2dx
41. - J’g(x) g(x) Put 'Xz+2+x=t 3 x2+2-x=g
flx) (x 2 _4x—17)(x* —4x+8) :

2
Ax+ B Cx+D 2x=t—-- = 2dx=(1+£2)d,
+ " t t

=x2—4x—17 x*—4x+8 .
Clearly, A, B and C must be zero. = I ( H"—) dt

£(x) __ D
(x* - 4x —17) (x* — 4x +8) x*—4x+8 = I=
g(x)=D(x2—4x—l7)
g(-2)=D(4+8—17)=~10

g(x) 2Ax? - 4x —17) _ 2 B
() (F—4x—-17)(x*—4x+8) x'—4x+8 = A=1 and B=2
2-x—-x°

il ) dx ©1I= j
If(_;dx'Ixz—qu * 2I(x-z)u(z)’ “2 S

dx dx
- - =- +2 -
! "(52_2)4.(;::8""("_2_2)4.(: I P '[XZ\IZ-X—XZ JxJZ—x—xz

=2-—tan
2

1
fiivend Lt Tt 2)" - etk
3 x+qx*+2
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= —sin- (2x+l) I(4t—1)dt +1J- dt

27 -1 ot —t -

=_Sin_,(2x+1)_l,/2r2—:—1
3 2

1

2

dt

2 2
o f(2x+1 2—x—x?
=-sin” | — - X—"—
1 1
+—=log|[t-=|+ 2t —t-1|+
22 g( 4)
_ 2—x—Jt2+ 1 lo (4—x)+,)2—x—xz
X 242 g 4x
+
—sin”! (sz 1)+K
sin2x

(D) I dx, dividing N” and D’ by cos* x

sin* x + cos* x

tan
I= _[2 s Jrdx,putta.nzx=t

dt .
=2 tanx-seczxdx=dt=J'T——=— cot™(t) + C
th+1 :

= —cot™(tan’x)+C .. B=-1
J' 2x+3
(x*+3x)(x* +3x+2)+ 1

Put x> +3x=t = (2x+3)dx=dt
1 1

Ir(:+2)+1_j(:+1)2 TI+1 0 Feax+l
= a=1,b=3c=1 =a+b+c=5
3x+2
45. F(x)= dx.
=]
Let x—-9=t"=dx=2tdt

F(x)= I(ZL%ZH—Z . Zt] dt
=2 j(29 +3t%) dt =2[29t + 1]

F(x) =2[29\[x -9 + (x —9)**]+C
Given, F(10)=60=2[29+ 1]+ C
= C=0
F(x) =2[29/x =9 + (x —=9)**]
F(13) =2[29 X2 + 4 X 2]
=4x33=132
Hence, sum of digits=1+3 +2=6

+LI—
22 ot 1.1

46. u(x)=7vx)= U (x) =7V (x)

= p=7
; ux) (—"(ﬁ)'—o
Al wx) nx)
= qg=0
ptq _7+0_,
Now, o-q 7-0
x-1 dt_ 2
47. Lett=ln[x+] = 0 g N
1 1.,
=|- ==t‘+C
I Iztdt -
-N\T
1=1im|Z ) +C
4 x+1J
= 6A=% = 24A =1

As i( 1+x]___ 1
de\V1-x) (1-x)1-%°

(given)

12
fmet [EFX L5 I=g’(””) +C
1—x 1-x
1
= =1L, A==
B 2
1 3
=5 2(p.+7«.)=2(1+5)=2x5=3

I(e + cos x + 1) —(e* +smx+x)
e* +sin x + x

49. 1

=In(e*+sinx+ x)—x+C
f(x)=¢" +sin x+ x and g(x) =—x
= flx)+glx)=€" +sin x

f(x)+g(x)
E + sin x
12[— "”3 + L]0
2.6
x=3,’,1=1
= A+p=4

X = 9
x+3

x+3

il (T)““

15
Zcos?xcos%x (4 cos 2__3C°55_x) cos-:25

51.

x-9

x+3

5x

2
5x -
l—2(2cosz——1) 3—4cost2X
¢ 2
3x

5x
==2 cos — cos —
2 2

=—(cos 4x + cos x)

,=_sm4x

—-sinx+C




sin x
tan x Ccos X
52. I= dx = - dx
I1+tanx+tan2x I 1 sin x

cos’ x cosx

sin 2
- =jd,,_sz
2+su12x 2 +sin 2x
—— 2,[ sec’x
2sec’x + 2 tan x
Let t = tan x,dt =sec? x dx
=x_3j' dx o j dt
2 S 2
t"+t+1 2
(Hl) +&
2 2

I=x—-——t

1 an_l(ztanx+l)+c
V3 3

. 52 3 < .
53. Ism x cos® xdx = Ismzx sin'% x cos® x cos x dx
o, | . .
= Ism x sin'’? x (1 — sin? x) cos xdx

= I 221 — ) dt = J[tsn — %)t

712 11/2
= [ 7% - [ de = o
72 1172

2 2
=Etm - =My c =zsin7/2 x——sin'"?x+ C
7 11 7 11
1 1
=2sin” xr———smzx]+c

= A=7,B=7C=11
= (A+B)-C=(7+7)-11=3
54, Letl] =J'(x20w + le + xlOZ) (2x|soa + 5x402 + lo)mozdx
=J'x(xzoo9 + x50 4 x491). 2x"%%% 4+ 5402 4 10)4%%dx

= I(XZOO‘) 4 xaoa g xlOl).(ZXZOIO 7 sx!(li + 10102)1/402dx

402
Put 2x%" +5x% + 107 =t

= 4020(x® + x* + x*") dx = dt
1 11/420 +1

1=[ =

4020 4020 1/402+1

1 t«n/ 402

~ 4020 403/402

_ 1 @ 2010 4 5,804 4 wqoz)wmoz
4030

" a—400=3
55. Lete” ** ~13x* +2x° +2x) dx
=jxl.e"”’-l.(3x2+zx) dx+_[ e X -1 2x) dx

I I
Applying by parts in first internal, we get
[=xeX 51 -I 256 ¥ x4+ Ie" - =12x) dx
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=x?.eX ¥y C=hx)+C
h(x)=x2.ex’912—l
= h(1)-h(-1)=€'-e' =1

4 3 .
i = +
56. I ___J’ e(XSInxﬁtosx) { X cOos” X—XSsIln X+ Cos X }dx

Xz COSz x

=J e(xsinx&cosx)_(xz cos X) dx

_]’e(xs‘mx-bcosx)._d_ 1 dx
dx \ xcosx
=c(x’i"’+c°”)~(x— 1 )+C
X COs X

57. I=I,/x+ Jxr+2dx

Let x+[x?+2=p or x*+2=p°+x’—2px

2 _ 2
= x=P 2 or dx=(p—+22)—d—P
2p 2p
1/2
2 =
I= J‘P (p+)dp Ip”zdp+jpmdp

1
=-(x+ x42)2 -2 ——xxu1+C
g N e
dx
5. I=| ——F¥——
j (ax + b) ,/(x —a)? -p?
Put(x — o) =P sec 6 = dx =P sec 8 tan 6 dO
-f L
a(o cos® + B)+ b cos®

=I#
(act + b) cos 0 + aff

_ 1 I do
(%) cose+(L)
ao + b
] i I i
ao. + b . sall
1 . cot i +1
Then, [ = ——- !
D) cosec o log = +C
cot ——1
2
where ap =cosa, tan9 =
+b 2
Again, it [—B |51
o+ b
1 1 o
I= cot o' tan™' | t tan—
act + b 2
where sec o' = o = tan o =t
o+ b 2

59, | =J’ __Vl%;x_j/; dx=I X1+ xPY2 g,

m=-- n—l i
=3P
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m+1

. =1 ie, integer
. Let us make the substitution,
1+x = o %x"” dx =2t dt
Hence, I =6I Pdt=2+C=2(1+ xl/:)s/z +C

sin® (0/2)
cos0/2y/cos B + cos? 0 + cos O

de

60.1=j’

=l,[ 2sin0/2-cos0/2-2sin"0/2 o
2 2c0526/2Jc0530+c0520+cose

='1'I sin0 (1 — cos B) 0
(1 + cos 8) Jcos’O + cos’ 0 + cos O
Put cos®=t=-sin0dd =dt
pedie 0=
_EJ'

(r+1),h + 1t +t
_II -1 dt
2 t+1)2;;23+t2+t

<l (1-1/¢) &

1
. (t+1+2) t+1+7
t

1
Put t+1+%=uz = (1-3)de=2udu

J‘ 2 2"" =tan™' (u)+C
(W+1)-u u +1

11/2
=tan"(t+1+-t-) +C

=tan"! (cos 6 + sec 6 + n+c
I—J' (2 sin @ + sin 20) d6
- (cose—l)‘/¢;6+cosze+cos:'9

Put cos 8 = x*

61.

= —sin 0 d0 =2x dx
J-(1+x 2x dx
(1-x% ,/x +xt+x°
—4f (1+1/x%)dx

A/ x-x)J1/x- x)2+3

J dt
t ;;z’ +3
Again, put > +3=u’

= 2tdt =2udu

udu _ _
b= 4Ju(u ) 4'[

u’ -3

62. Let

2
== u+~/—
2, Jr+3-43
it W erere
L, [T,
=—$— 0g Jf’_

m—f

i =J X" (a + bx")P dx

Ipni=[ & o+ ) e

+C

+C

and
Let ;:a::c"“(a+bx")'Hl
where A and |1 are the smaller indices of xand (a + bx").

Here, A=m-n—-1LU=p
p=x'""'(a+bx")’”
Differentiating w.r.t. x, we have
d”— n=n (p+ 1) (a + be") (n bx" )
+(a+ b (m—n)x" "
=nb(p+1)x""" (a+ bx")?
+(m—-n)x""""" @+ bx")? [a + bx")
=nb(p+1)x"""(a+ bx")P
+a(m-n)x"""""(@a+bx")? + b(m—n) x" " (a+ bx")f
=b(np+m)x" "' (a+bx")? +a(m—n)x™ "' (a+ bx")’Int
egrating both the sides w.r.t. x, we get
p=bmp+m) I, +a(m-n)I,_,_,
X" @+ b =b(np+m) Iy +a(m—n)I,_py
""@+bx")P*!  a(m-n)
b(np + m) b(np+ m)

or Ipo = Am-n-1

Hence Proved.

Again,J s =I M- x3) " dx

(l 3)1/3
Here, m=9, b=-1, n=3, p=-1/3, a=1
6 (1 — 323
I =_(Jr (1-x7) )+215 (D)
-8 8
3(1 — 323
J((l%x)+212 (here m=6)
-5 5
(1 - x*)?

2

= Iy=

= 12=

1 3 9
Hence, Iy=—-x%1 - x*)* = 2 31 = )2 =2 (1 = x*)?*+ C
- PResaf=® o)

63. Let [ = Jcosec' x In(cos x + fcos 2x) dx

= [cosec? x - In {sin x (cot x + Yeot? x —1)} dx
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= _[ cosec? x In (sin x) dx & = I dx
2
+Icoseczx-ln(cotx+,'cotzx—-1)dx x—x*+2x+4
In second integral put cot x =1 Put ,[xz +2x+4=t+x

cosec? x dx = dt = x*+2x+4=t"+x"+2x
I'=[cosec’ x-In (sin x) dx — [ In(e + /i ~1) dt = ax—2ax=t"—4
. . - t?—4
In first integral (integrating by parts taking cosec? x as second = x= 5—2‘: = % ((—1—‘))
integral) and in second integral (integration by parts taking d
unity as second function). e 1 |:t2 —2t+4]
=5 Som———r
We have, (In sin x) (- cot x)—j'cotx(—cot x) dx 2| @a-1? J
2
~In(e+F -1y [ L2 o Lpf-ara,
;}:’—1 29 —t(1-1)
o i o e [
=—cot x(Insin x) —cot x —x —t In(t + t-l)+,}t2—l+c =1J-[i+ 3 " 3 z]d'
== cot x (In sin x) - cot x — x —cot x {In (cot x++cot?x—1)} 2t (- -9
+Jeot?x—1+C

14 tog | #]=316g |1 —#] ¥ 1
==|4lo - -
) - a-n]

== cot x- In (cos x + \[cos 2x) — cot x — x + Jcot? x =1 + C 4
=2log|/x* +2x+ 4 —x|-log
; I=J- dx o J- cos® x dx 2

(sin x + a sec x)2 (a + sin x cos x)* 3
[1—"xz+2x+4+x|+
21 —x* +2x+ 4 +x)

=2|og|\'x2+2x+4—x|—§log

_J cos® x dx
(a® + sin® x - cos® x + 2a sin x - cos x)

2
1+ 2
2_[ . ?czos xdx. =2,[ c?s xzdx ,
4a” + sin® 2x + 4a sin 2x (2a + sin 2x) | ’x’+2x+4—l—xl—
1 cos 2x 2(Jx2+2x+4—x—1)
= J. 3 J’ 5 zdx dx
(2a + sin 2x) (2a + sin 2x) 66. I=I
i 1+;;x2+2x+2
N e ()
' (2a + sin 2x) \/x2+2x+2=t—x, squaring both the sides, we get
II=J' dx = X +2x+2=1+x* —2tx
in 2.
ear+istn2e) 2x+ 2 =12 -2
we know 2
du s t° =2
L= 2(1+1¢
1 .[(4 . 4a% = ‘[l—u 2( )
# N o N R
& - geotirate
yogg Sin2x+1 _ J'(Zﬂ-u)du 2y
=~ : 372 5. 2
2a +sin2x (4a® —l) o1+ ’x2+2x+2=1+t— t° =2 _r+ar+d
2 2(1+1t)  2(1+1)
aﬂ_(u —1) cos 2x 5 5
dx-. (2a+sin2x)2 = I=J' 2(1+1)(¢° +2t+2) d‘=I (t°+2t+2)
F— (P +4t+4)-2-(01+ 1) (1 +1)(t+2)°
l)m (2asin™ u+ 1 -u']=1, andsin2x = 2a—u Using partial fractions, we get
dt
in2x + 1 k=
I=—l—— 2a sin™" mz.x__ J.t+1 I(t+2)2
(4a® -1)*? 2a + sin 2x 5
=In|t+1]|+ +C
y (2asin2x+l]]_ 1 40 (t+2)
2a + sin 2x 2a + sin 2x)
4 ( I=In(x+1+x*+2x+2)+ :

ey o
(x+2)+,/x’+2x+2
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67. I= x* +1 (x*+1)" —2x
Jx +1 I(x’+1)(x‘—x’+1)
(1+1/x*)dx ‘ZI x* dx
(x*+1/x*=1) ()2 +1
= +1/x"dx f x* dx
(x-1/x)*+1 (x*)? +1

In first integral put x — 1/ x = t and in second integral put

X =u
_ 2 ¢ du
It+1 —Juz+l

=tan"(t)—§(an“(u)+c
=tan“(x—1/x)—§can"(x’)+c

dx
68. I = J(1 o

Put x=1/t,dx=-1/t*dt

_j- dt =_J' dt
2a-1/0)" (e -1)"

Again, put 1> —1 =1’ = 3t% dt =3u’ du
__J- u® du _‘I udu
a+u’)-u (1+u)(1-u+uz)
1 du 1 u+1
e NS NN
Sjl+u 3Ju2—u+l “
(using partial fractions)
__J- B II/Z(Zu—1)+3/2
B u+1 W —u+1)
J j 2u—1 lj du
T3l uvr u-u+1 (u-1/2*+3/4

1 1 2 1
=—log|u+1|—=log|u"—u+1|-=
2 log | u+1| - log| -3

1 1) 2u-1
S = t+cC
Bz " { V3 }
=%1og|(t3—l)m+ll—%logl(tz—l)m-(tS—l)m+1|
1, )2 -1)"-1
——_ tan —_ ¥+ C
e {103
JERT: N3 g _ 33, 2
=§log 1-x"+x _llog’(l . i . sl
x

__l_tan“ 2(1—x’)”3-x -
V3 33::

(x+,’1 + x’ )IS
69. I=ITT_

Put (x+\/1+x )=t

70.

71.

tdx
x -
5 dx =dt or =dt
-(1+ z] 1+ x°

1+x
G+ 1+ 22 .

dt 5
= L[ Mdt=—+C=
.I—I‘ ' J’t 15 15

+1

n+1 <
- = = dx
= [ o= o
LX) By
" 2a ax® +2bx+¢
1 (2ax + 2b) dx —EI x" e
"2 Jax® +2bx+c @ Jax? +2bx+ ¢
_ (2ax+2b) _b
1’ax +2bx+c
,,"+1=_[x"-2,’ax2+2bx+c
2a b
_J‘uz'-'.z,/(ax2+bx+c)dx]——u,.
a
=lx"y—£j‘x""-,}ax2+2bx+cdx—ku,,
a a
n ~!(ax® +2bx + ¢ b
AUy 41 =X y_"I : )
\’ax +2bx+c
au oy =x"y —n[au, 4, + 2bu, + cu, _,]- by,
= (n+1)au, +@n+1)by, +nc-u,_,=x"y ()
Now, putting, n = 0 in both the sides, we get
au + buy = x%
qul=y—bu° ()]

Putting n =1 in Eq. (i), we get
2au, + 3buy + cuy = xy

— b
2au, +3b(y o ) S =
2 . cuy = xy

[from Eq. (ii)]
= 2a°u, + 3by —3b%y, + acuy = axy
= 2a%u, =y (ax— 3b) + (3b% — ac) u,

Plan Integration by Substitution
ie. I=( f{g(x))-g (x)dx
Put

g(x)=t = g'(x)dx=dt
I=[ f(t)ar

Description of Situation Generally,
after substitution, i.e. sec x+ tanx=t.

Now, for sec x, we should use

students gets confused

seczx—tanzx =1
= (secx—tanx)(secx+ tanx) =1

= secx—tanx = &
t



Here I —J' _ secldx
’ (sec x+tanx)”?

Put secx+tanx =t

= (sec xtan x + sec? x)dx = dt
= sec x-tdx=dt
dt
= secxdx =—
t

1 1( 1)
secx—tanx=- = secx=-|t+—-
t 2 t

__[ sec x-sec xdx

(sec x+ tan x)”'?

1 dt
= I= I ( ) lj(%+L)dt

9/2 2 9/2 tl!/Z

1] 2 2
2 7t7/z+1“n/z +K

1 1
= ' R 7z | K
7(sec x+ tan x) 11(sec x + tan x)

_ -1 {1
(sec x + tan x)'"? |11
3x

72. Since, I =I dx and J = j—-dx
*4e 41 1+ e + ¢
(e!h'_e
I=
3- J‘1+e

Put e“=u = e’dx=du

1
Putu+l=! = (1——2-)du=dt
u u

=J’_i_=ll t-lle
tP-1 2 |t+1
2 _ 1 2x _ 41
=11 i—uLl+C=—logT—ex—-+C
2 w+u+l 2 e +e" +1
2x'? + 5x° 2x'? 4 5x°
73. Letl = —-———d = | ———dx
I +x*+1)° Ix's(l+x'z+x's)3

-3 -6
,[ 2x" 7 4+ 5x” _2x " 45x

(1+x Fx%?

Now, put 1+ x~ 24 x"t =t

+ ;(scc x + tan x)z}+ K
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(—2x”* =5x" ) dx =dt

=
= @x  +5x ")dx=~dt
I——I—-——Il"dl
-3+ ]
B e I OIS
-341 2t* 2x' 4 x4 1)?
d dx
74. =] ;
Yxt + 1)t x5(1+—|7)‘
1 4 3
Putl + —=t' = ——dx=4tdl
X‘
= ;‘;=—ljdt
X

1

—3dt 1 )% >
=[——=- dl--H—C-—( —~J ¥ C
1=]=5 | =

1 "
75. I(l + x-%)eﬂidx=‘[e”:dx+ Jx(l —:12—-):‘ *dx

Let

Put

"lld x&i J.d( )q”lld
= + - | —x x
IC x + xe Te

xed xel Pk
=Ie *dx + xe ‘—Je * dx

el xel
=_f¢z’r xd:H-xe -Iex *dx
1
= x¢”;+C
76. Given, [ f(x)dx = y(x)
= I 2 f(x*) dx
x* t
xdx =% i)
=% j tf(t) dt
1 4 1
-3 [:j f(tydr _ j {dn(:) dl}dt J
[Integration by parts]
= % ty (-] v d)
= % [x*w(x*)-3 j' x*y(x*) dx] + C [from Eq. (i)]
=3 W) - [ () de+ €
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77. Given Integral isJ. Yitinix
tan x -2
To find The value of g, if
5t
I&dx=x+aloglsinx—Zcosx|+k...(i)
tan x —2
Now, let us assume that I =Iﬂ dx
tan x — 2

Multiplying by cos x in numerator and denominator, we get
P I ; 5sin x dx
sin x —2 cos x

This special integration requires special substitution of type
N =AD")+B [EJ
dx

— Let5sin x = A (sin x — 2 cos x) + B (cos x + 2 sin x)

= 0 cos x + 5sin x =(A + 2B) sin x+ (B —2A) cos x

Comparing the coefficients of sin x and cos x, we get
A+2B=5 and B-2A=0

Solving the above two equations in A and B, we get

A=1 and B=2
= 5sin x =(sin x — 2 cos x) + 2 (cos x + 2 sin x)
=°I=,[__. AR dx
sin x —2 cos x

_j(sinx—2cos x) + 2(cos x + 2sin x)dx
= (sin x — 2 cos x)

(cos x + 2 sin x)
(sin x — 2 cos x)

smx—2cosxdx+zj
sin x —2 cos x

d(sin x — 2 cos x)
(sin x — 2 cos x)

=>I=J

:I=I1dx+zj'

= I=x+2log|(sin x—2cos x)|+ k

where, k is the constant of integration.

Now, by comparing the value of I'in Egs. (i) and (ii), we get
a=2

78. LetI:JEJ'Side
sin(x—-’z)
4

]
Putx—::t = dx=dt

sin(£+t)dt
I=JEI4.—
sin t
=2 [Lcott-&—l- d
Iﬁ 7z t
=1+log|sint|+C

(-3

+C

=x+ log




