Class XII Chapter 5 - Continuity and Differentiability

Maths

Exercise 5.1
Question 1:

Prove that the function /(x) = 5x -3 s continuous at

Answer

The given function is /' (x)=5x-3
Atx=0,f(0)=5x0-3=3

lim £'(x)= l‘im(S.\'—3v) =5x0-3=-3
wim f(x) = £(0)

Therefore, f is continuous at x = 0
Atx=-3, f(-3)=5x(-3)-3=-18
‘I_il.n‘f(x) = ‘liEnX(Sx—S) =5x(-3)-3=-18
s lim £ (x)= £(-3)

Therefore, f is continuous at x = —3

Atx=5,f(x)=f(5)=5x5-3=25-3=22

cim £(x) = £(5)

-3

Therefore, f is continuous at x = 5
x=0,atx=-3andatx =35.
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Examine the continuity of the function _/'(.\‘) =2x*—latx=3.
Answer

The given function is f'(x)=2x" -1

Atx=3,f(x)=r(3)= 2x3*-1=17

lim /(x) = lim(2x* ~1)=2x3*~1=17

l\i_l}},/'(.\') = f(3)

Thus, f is continuous at x = 3
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Examine the following functions for continuity.
1

X —

TRES

(a) f(x)=x-5 (b) f(x)=

N

-2

Y+35

(© f(x)="

N

S X#F=S (d) f(x)=[x-5
Answer

(a) The given function is /(x)=x-5

It is evident that f is defined at every real numberk and its value at k is k — 5.
It is also observed that, |iJ1A1_/'(_.\') =lim(x-5)=k-5= f(k)

slim f(x) = f(k)

Hence, f is continuous at every real number and therefore, it is a continuous function.
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; |
(b) The given function is /'(x) = - X 5

For any real number k # 5, we obtain
lim f(x)=lim el
skt ek x -5 k-5
Also.f(k):; (Ask=5)

" k-5
lilr}l,/'(.\'):_l"(k)

Hence, f is continuous at every point in the domain of f and therefore, it is a continuous

function.
. x* =25
X)= $ X =D
(c) The given function /(x) Y+5
is

For any real number c # —5, we obtain

* —25 x+5)(x-5
lim_/'(,\-)=|im s sl :“m(‘—’-\)(t )
X =3¢ .\.+5 Y—3( T+5

45 g -5
Also. f(¢) = & )((_ ) =(c-5) (ase#-35)
) c+d ? )

wlim £ (x) =/ (c)

Hence, f is continuous at every point in the domain of f and therefore, it is a continuous

=pT(x—5)=(c—s)

function.

: p JS—.\'.it'_\'<5
(d) The given function  f(x)=|x-5|=

is |x=5,ifx>5

This
function f is defined at all points of the real line.
Let c be a point on a real line. Then,c<5o0orc=50rc>5

Casel:c<5
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Then, f(c)=5-c

lim f(x)= l‘.il}1(5 -x)=5-c¢

s lim f(x)= £ (c)

Therefore, f is continuous at all real numbers less than 5.
Casell:c=5

Then, f(c)=/(5)=(5-5)=0

lim f(x)=lim(5-x)=(5-5)=0
lim f(x)=lim(x-5)=0
s im f(x) = lim f(x)=f(c)

Therefore, f is continuous at x = 5
Caselll:c>5

Then, f(¢)= f(5)=c-5

lim f(x)=lim(x-5)=c-5
- lim f(x)=r(c)

Therefore, f is continuous at all real numbers greater than 5.

Hence, f is continuous at every real number and therefore, it is a continuous function.

Prove that the function /(X)=x"is continuous at x = n, where n is a positive integer.
Answer
The given function is f (x) = x"

It is evident that f is defined at all positive integers, n, and its value at n is n".
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Then, lim f(n)= Iim(.\'") = n"

cim f(x)= 1(n)

Therefore, f is continuous at n, where n is a positive integer.

Is the function f defined by
l\ ifx<1
|5, ifx>1

continuous at x = 0? At x = 1? At x = 27

f(x)=

Answer

£(x) '\ ifx<l
. : : Y=

The given function f is . |\5. x>
Atx =0,

It is evident that f is defined at 0 and its value at 0 is O.

Then, lim f(x)= limx=0
1= x—)

sdim f(x)=f(0)

>0

Therefore, f is continuous at x = 0 At x
= 1, fis defined at 1 and its value at 1

is 1.

The left hand limit of fat x = 1 is,

lim f(x)=limx=1

x—=l r—l

The right hand limit of fat x = 1 is,
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lim /' (x)=1lim(5)=5
e -]
slim f(x)# lim f(x)
r—»] ] !
Therefore, f is not continuous at x = 1

At x = 2, fis defined at 2 and its value
at 2 is 5.

Then, lim f/(x)=lim(5)=5

- lim f(x)=71(2)

Therefore, f is continuous at x = 2

Find all points of discontinuity of f, where f is defined by
[2.\' +3,1fx<2
|2x-3, ifx>2

flx)=

Answer
] [2,\‘ +3,ifx<2
f(x)=1 .
|\2.\' -3, ifx>2
It is evident that the given function f is defined at all the points of the real line.
Let c be a point on the real line. Then, three cases arise.

(i)c< 2
(i) c>2
(iic=2

Case(i)c< 2
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Then, f(¢)=2¢+3

lim Ffilx)= lim (2x+3)=2c+3

clim £ x)=f(c)

Therefore, f is continuous at all points x, such that x < 2

Case (ii) c> 2
Then, f(c)=2¢-3

lim f(x)=lim(2x-3)=2¢-3

Slim f(x)=f(c)

Therefore, f is continuous at all points x, such that x > 2
Case (iii)c =2

Then, the left hand limit offat x = 2 is,

lim f(x)=lim (2x+3)=2x2+3=7

The right hand limit of f at x = 2 is,

lim f/(x)=lim(2x-3)=2x2-3=1

x—2

It is observed that the left and right hand limit of f at x = 2 do not coincide.
Therefore, f is not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.
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Find all points of discontinuity of f, where f is defined by
[\‘ +3,ifx<-3
f(x)=9-2x,if -3<x<3

6x+2,ifx=3

Answer

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <=3, then f(¢)=—c+3

lvir.tj‘vf'(.\') = l‘iIIl(—.\' +3)=-c+3

Ilim f(x)=r(c)

Therhefore, f is continuous at all points x, such that x < =3
Case II:

If ¢ =-3, thenf(-3)=—(-3)+3=6

lim f(x)= lim (—x+3)=—(-3)+3=6
‘Ii’ni f(x)= ‘Ii.n-} (—2x)=-2x(-3)=6
]iinf/'(x_) = ,/'{—3)

Therefore, f is continuous at x = -3
Case III:
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If ~3<c<3, thenf(c)=-2c and lim f(x)=lim(-2x)=-2¢

sim f(x) = f(c)
Therefore, f is continuous in (-3, 3).

Case 1V:
If ¢ = 3, then the left hand limit of fat x = 3 is,

lim /' (x)=lim(-2x)=-2x3=-6
The right hand limit of f at x = 3 is,
lim f(x)=lim(6x+2)=6x3+2=20

It is observed that the left and right hand limit of f at x = 3 do not coincide.
Therefore, f is not continuous at x = 3
Case V:

Ife >3, thenf(c) =6¢+2 and lim f(.\') =lim(6x+2)=6c+2
slim f(x)= f(c)
Therefore, f is continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
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: ifx+0
! (\) =X
0, 1fx=0
Answer
o
: — ifx#0
! (\) =X
0, 1fx=0
It is known that,x <0 =>|x|=—xand x> 0= |x| = x

Therefore, the given function can be rewritten as

= —1ifx<0
X X
f(x)=40, ifx=0
m———=I ifx=0
X X

Maths

The given function f is defined at all the points of the real line.

Let c be a point on the real line.
Case I:

If e <0, then f(c)=-1
lim f(x)=lim(-1)=-1

- lim J(x)=f(c)

Therefore, f is continuous at all points x < 0

Case II:

If c = 0, then the left hand limitof fat x = 0 is,
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lim f(x)=lim(-1)=-I

v -0

The right hand limit of f at x = O is,

lim /(x)=lim(1)=1

It is observed that the left and right hand limit of f at x = 0 do not coincide.
Therefore, f is not continuous at x = 0

Case III:

If¢>0, thenf(c)=1

lim f(x)=lim(1)=1

Slim f(x)=f(c)

Therefore, f is continuous at all points x, such that x > 0

Hence, x = 0 is the only point of discontinuity of f.
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Find all points of discontinuity of f, where f is defined by

X

| X ifx<0
/ (\) —— J.\.
-1, ifx=0
Answer
| X ifx<0
/ (\) —— J.\.
-1, ifx=0
It is known that,x < 0= x| = —x

Therefore, the given function can be rewritten as

. ) ¥ =X o ifx<0
_/(.\'):]l.\‘! -
__]‘

ifx=0

=> f(x)=-1forallxeR

Let ¢ be any real number. Then, lim /(x)=lim(-1)=-1

(c¢)==1=lmf(x
Also, fe) e S(x)
Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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» (x+1, ifx>1
F)= 2 41, ifx<)

Answer

()= (x+1, ifx>1

Xl ifx <l

The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Case I:
If ¢ <1, then f(c)=c’+1and lim £ (x)=lim(x* +1)=c* +1
cim f(x)= f(e)

Therefore, f is continuous at all points x, such that x < 1

Case II:

Ife=1, thenf(c)=f(1)=1+1=2

The left hand limit of fat x = 1 is,

lim f(x)=lim(x*+1) =1 +1=2
x-»l 7

r—»|
The right hand limit offat x = 1 is,
lim /(x)=lim(x+1)=1+1=2
| 1’
Iin[] f(x)=1(1)
Therefore, f is continuous atx =1
Case III:

Ifc>1, thenf(c)=c+l1

lim f(x)=lim(x+1)=c+1

s lim £ (x)= £ (c)
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Therefore, f is continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
B J x' =3, ifx<2
[x2 41, ifx>2

f(x)

Answer
_ |53 it5x2
[x2 41, ifx>2

f(x)

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife<2, thenf(c)=c’—3and lim f(x)=lim(x’ E e
sim £ (x)= f(c)

Therefore, f is continuous at all points x, such that x < 2
Case II:

Ife=2, thenf(c)= f(2)=2"-3=5
\lilp f(x)= Il‘ill] (.\" —3)= 2’ =3=5
\|l£ﬂ f(x)= I|m (x*+1)=2"+1=5

lim £ (x)= 1 (2)

Therefore, f is continuous at x = 2
Case III:
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If¢>2, thenf(c)=c"+1

lim £ (x) = l(ilhl‘)(.\': +1)=¢" +1

< lim f(x)=1r(c)

Therefore, f is continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
7(x) =1, ifx<l
.\. - ' .
' o ifx>1
Answer
_ [ 101, if¥ <1
f(x)=

o G2 ifx>1

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:
Ifc <1, thenf(c)=c" -l and lim f(x)= llilll(x"' —1)=¢" 1
- lim f(x)=r1(c)

Therefore, f is continuous at all points x, such that x < 1

Case II:

If c = 1, then the left hand limit of fat x = 1 is,
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lim f(x)=lim(x"=1)=1"-1=1-1=0

1l d x—»1 d

The right hand limit of fat x = 1 is,

lim /(x)=lim(x*)=1" =1

-3l r—1" "

It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1

Case III:

Ifc>1, thenf(c)=¢

lim /(x)=lim(x*)=¢’

Sim f(x) = f(c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Is the function defined by
) [.\‘+5. ifx <l
fx)= %
1.\‘—5, ifx>1
a continuous function?

Answer

. [x+5. ifx<l

The given function /() T

IS

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case I:
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Ifc <1, thenf(c)=c+5and lim f(x)=lim(x+5)=c+5

I\il}} fix)=1{c)
Therefore, f is continuous at all points x, such that x < 1
Case II:
Ifc=1, thenf(1)=1+5=6
The left hand limit of fat x = 1 is,
!i|’1|1 f(x)= !i|’1,1(,\‘+5) =1+5=6
The right hand limit of fat x = 1 is,
lim f(x)= !ilP(.\'—S) =1-5=—4

e
It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1
Case III:
If¢>1, thenf(¢)=c—5and lim f(x)=lim(x-5)=c-5

Slim f(x)=f(c)
Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Discuss the continuity of the function f, where f is defined by
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(3, if0<x<l1
f(x)=44, ifl<x<3
ls, if3<x<10

Answer
(3, if0<x<l
The given function is / (x) =44, if l<x<3
lS. if3<x<10
The given function is defined at all points of the interval [0, 10].
Let c be a point in the interval [0, 10].

Case I:
If0<c<l, thenf(c)=3and {I-Ij1f(\) =lim (3)=3
wlim f(x)= £ (c)

Therefore, f is continuous in the interval [0, 1).

Case II:

If e =1, thenf(3)=3

The left hand limit of fat x = 1 is,

)= find)=

The right hand limit of fat x = 1 is,

!il"lll f(x)= 111)111(4) =4

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, f is not continuous at x = 1

Case III:
If1<c<3. thenf(c)=4and lim f (x)=lim(4)=4
sim f(x)= f(¢)
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Therefore, f is continuous at all points of the interval (1, 3).
Case 1IV:

If¢=3, thenf(c)=5

The left hand limit of fat x = 3 is,

lim f(x)=1lim(4)=4

The right hand limit of f at x = 3 is,

lim f(x)=lim(5)=5

It is observed that the left and right hand limits of f at x = 3 do not coincide.

Therefore, f is not continuous at x = 3
Case V:

If 3<c <10, thenf(c)=5and lim f(x)=lim(5)=5

Iim_j'(x) = f(c)
Therefore, f is continuous at all points of the interval (3, 10].

Hence, f is not continuous atx =1 and x = 3

Discuss the continuity of the function f, where f is defined by
JIZ.\', if x <0

f(x)=40, if0<x<]
|4x, ifx>1

Answer

JIZ.\', if x <0

0, if0<x<]

]kal.\‘. ifx>1

The given function is /'(x) =
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The given function is defined at all points of the real line.
Let ¢ be a point on the real line.
Case I:

Ife <0, thcn_/'((' =2¢
]imf(.r}: lim(l\') =2¢
sdim f(x)=f(c¢)

Therefore, f is continuous at all points x, such that x < 0
Case II:

Ife=0, thenf(c)=/(0)=0

The left hand limit of fat x = 0 is,

}113'1 f(x)= ||m (2x)=2x0=0

The right hand limit offat x = 0 is,

i f(x)= I (0)=0

Ili_lR I(x)=r(0)

Therefore, f is continuous at x = 0

Case III:
If 0<c<l, thenf(x)=0and lim f(x)= Inp(()) =0
< lim f(x)=r(c)

Therefore, f is continuous at all points of the interval (0, 1).
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Case IV:

Ife=1, then f(c)=f(1)=0

The left hand limit of fat x = 1 is,

!i[]ll Sf(x)= !ig}(()) =)

The right hand limit of fat x = 1 is,

!l_n|1 f(x)= !il].] (4x)=4x1=4

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, f is not continuous at x = 1

Case V:
If ¢ <1, thenf(c)=4c and lim f(x)= lyir'n(4.\‘) =4c
l‘ill’l f(x)=r(c)

Therefore, f is continuous at all points x, such that x > 1

Hence, f is not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by

J'—Z, ifx<-1
f(x)=42x, if —-1<x<1
(2, ifx>1
Answer
J'—Z, ifx<-1
f(x)=42x, if —-1<x<1
2, ifx>1

.

The given function is defined at all points of the real line.

Let c be a point on the real line.

Page 21 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

Case I:
If ¢ <~1, then f(c)=-2 and l.irlyf(x): I\illl_( 2)=-2
clim £ (x)= £ (c)

Therefore, f is continuous at all points x, such that x < —1

Case II:

Ifc=-1, thenf(c)= f(-1)=-2

The left hand limit of fat x = —1 is,

Im} fx)= ‘Ij’rﬂ (-2)=-2

The right hand limit of fat x = =1 is,

lim f(x)= lim (2x)=2x(-1)=-2

x—=—I' ‘ x—-1'

o« lim f(x)=f(-1)

Therefore, f is continuous at x = —1

Case III:
If —-1<e<], thenf(c)=2¢
lim f(x)=lim(2x)=2¢
sdim f(x)=f(e)

Therefore, f is continuous at all points of the interval (-1, 1).

Case 1V:

Page 22 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
![IYII fx)= |ln|1 (2x)=2x1=2

The right hand limit of fat x = 1 is,

lim f(x)=lim2=2

x—»1" !’

cAim f(x)=f(c)

Therefore, f is continuous at x = 2

Case V:
If ¢ >1, thenf'(c)=2and lim / (x) = lim(2) =2
l\iﬂl}),/‘(x) = f(c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Find the relationship between a and b so that the function f defined by
) (ax+1, ifx<3
Pl T D

[h.\' +3, ifx>3
is continuous at x = 3.
Answer

) (ax+1, ifx<3
f(x)=1

[hx +3, ifx>3

If f is continuous at x = 3, then
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lim 7 (x)= lim 7(x)=7(3) (1)
Al-so. |

!i{‘!] f(x)= lim (ax+1)=3a+1

\lil}]_\] f(x)= !nn (bx+3)=3b+3
f(3)=3a+1

Therefore, from (1), we obtain
3a+1=3b+3=3a+l

= 3a+1=3h+3
= 3a=3b+2

2
=a=b+—

Therefore, the required relationship is given by, a = b +

W

For what value of 4 is the function defined by
/1(.\': - 2.\'). ifx<0
4x+1, ifx>0

f(x)= [

continuous at x = 0? What about continuity at x = 1?
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Answer
_ o [/1(.\': —2.\'), ifx<0
The given function is f(x)=+
l4x 1, ifx>0
If f is continuous at x = 0, then
lim £ (x) = lim / (x) = £ (0)
= lim 2(x* = 2x) = lim (4x +1) = A(0° - 2x0)
= A(0°=2x0)=4x0+1=0
=> (0 =1=0, which is not possible

Therefore, there is no value of A for which f is continuous at x = 0 Atx =1,f (1) =4x+ 1 =
4x1+1=5

lim(4x+1)=4x1+1=5
veal

IjT f(x)=1£(1)

Therefore, for any values of A, fis continuous at x = 1

Show that the function defined by g(x)= .1'—[.\'] is discontinuous at all integral point.
Here [\] denotes the greatest integer less than or equal to x.

Answer

The given function is(¥) = x—[x]

It is evident that g is defined at all integral points.

Let n be an integer.
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Then,

g(n)=n-[n]=n-n=0

The left hand limit of f at x = n is,

Ilm g(x)= hm (\ -[x]) = hm = .Ii?,] [x]=n—(n-1)=1
The right hand limit of f at x = n is,

lim g (x) = lim (x—[x])= lim (x) - lim [x]=n-n=0

It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, f is not continuous at x = n

Hence, g is discontinuous at all integral points.

Is the function _/'(,\') =x"—sinx+5 defined by continuous at x = p?

Answer

The given function f(x)=x"—sinx+35
is
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It is evident that f is defined atx = p

Atx=m, f(x)=f(r)=n'-sinn+5=n"-0+5=71"+5

Consider lim f(x) = lim (x* —sinx+5)

L=+ XX
Putx=m+h
If x = m, then it is evident that h — ()

o Aim f(x) =lim(x* - sinx +5)

X—x

= Iim:—(n+h)" —sin(rr+/7)+5}

fr—=»0 L

=lim(m+ /1): - !i‘nl‘!sin (m+h)+1im5

fr—0) fe—0)
=(x+0) ~lim[sin tcosh+cosmsinh]+5
)

=7 —limsin tcosh—limcos wsinh+ 35
h—0 h—0

=7 —sinmcos0—cosnsin0+3
=7 —0x1—(=1)x0+5

N

=f(x)

Therefore, the given function f is continuous at x = n

s im f(x)

X=X

Question 21:
Discuss the continuity of the following functions.

(@) f (x) = sin x + cos x (b) f (x) = sin x — cos x

(c) f (xX) = sin x X cos X
Answer

It is known that if g and h are two continuous functions, then

g+h, g—h, and g.hare also continuous.
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It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Put x =c+ h
Ifx - c,thenh—0

g(c)=sinc

lim g (x)= lim sin x

=limsin(c+h)

Jial
= Iim[sin ccosh+coscsin h]
Jial
=lim(sinccosh)+lim(cosesinh)
Jra) i)
=sinccos0+coscsin(
=sin¢+0
=sin¢
limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real humber.
Let c be a real humber. Put x = c + h

Ifx - c,thenh —-0h(c) =cosc
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limh(x)=limcosx
= K=

=limcos(c+h)

=0

E lim[cos ¢ cos h—sin ¢sin h]

Jr>0)

= limcosccos i—limsinesin A

Sr—»() f1—>C)

=cosccos0—sinesin0
=coscx|l=sinex0
=Cos¢
l‘iinh(.\') =h(c)
Therefore, h is a continuous function.
Therefore, it can be concluded that
(@) f(x) =g (x)+ h (x) =sinx + cos x is a continuous function

(b) f (xX) =g (x) = h (x) = sin x — cos x is a continuous function

(c) f(x) =g (x) x h(x) =sinx x cos x is a continuous function

Discuss the continuity of the cosine, cosecant, secant and cotangent functions,
Answer

It is known that if g and h are two continuous functions, then

(i) h(x)
g(x

. £(x)+# 0 is continuous
WO . .
(ii) ——, g(x)=0 is continuous
‘Q ('\'}

| . .
(iir) , fi{ x) =0 is continuous

hix)
It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
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Let c be a real number. Putx =c+ h

If x —>c,thenh -0
g(e¢)=sine
limg(x)=limsinx

= limsin(c+h)

fiaD

=lim [sin ccos h+ coscsin h]
fiaD

=lim(sinccosh)+ lim(coscsinh)
h—a{}

Jr3l) 4
=sinccos0+coscsin0
=sinc+0

mnc

=S
limg(x)=g(c)

Therefore, g is a continuous function.

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real nhumber.

Let c be a real number. Put x =c + h

If x—>c, then h—0

h (c) = cosc

lim h(x)= lim cos x

=limcos(c+h)

Jr—=0

= lim [cosccos h—sin¢sin h]

Jr>0)

=limcosccosh—limsinesinh

Jfr—( 1=l

=cosccos()—sinesin(
=coscx|l—=sinex0
=Cos¢

li.T h(x)=h(c)
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Therefore, h (x) = cos x is continuous function.
It can be concluded that,

cosecx = . sinx # 0 is continuous

sinx
= cosecx, X #nn (ne Z) is continuous

Therefore, cosecant is continuous except atx = np, n iz

| : A
secx = . cosx # 0 is continuous
COs X

= secx. x #(2n+ ])7_: (neZ) is continuous

T p
Therefore, secant is continuous except at x =(2n + l); (neZ)

-

1 S : i
——, sinx # 0 is continuous
sin x

cotx =
= cotx, x #nn (ne Z) is continuous

Therefore, cotangent is continuous except atx = np, n iz

Find the points of discontinuity of f, where

sin x

. ,ifx <0
f(x)=9 x
x+1, ifx=20
Answer
» sinx ifx<0
/ (\) =< x
x+1, ifx=20

It is evident that f is defined at all points of the real line.
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Let c be a real number.
Case I:

and lim _/'(x)zlim[

\

sine sinxJ sine

If ¢ <0, then f(c)=
¢
slim f(x)= f(¢)
Therefore, f is continuous at all points x, such that x < 0

Case II:
Ifc¢>0, thenf(c)=c+1and lim f(x) =lim(x+1)=c+1
lim 7 (x) = £ (¢)

Therefore, f is continuous at all points x, such that x > 0

Case III:

Ife=0,thenf(c)=f(0)=0+1=1

The left hand limit of f at x = 0 is,

sinx

lim f(x)=lim =1

vl x -l X
The right hand limit offat x = 0 is,
lim f(x)=lim(x+1)=1

-

x—)

sAim f(x)=lim f(x)=/(0)

=l x4}

Therefore, f is continuous atx = 0

From the above observations, it can be concluded that f is continuous at all points of the

real line.

Thus, f has no point of discontinuity.
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Determine if f defined by
3 s age
’ x sin—, ifx#0
/ (\) = X
L0, ifx=0
is a continuous function?
Answer
-
y x sin—,ifx#0
fx)= X
L0, ifx=0 It is
evident that f is defined at all points of the real line.

Let c be a real number.

Case I:

> ; 2. |
If ¢ #0, then f(c)=c" sin—
R

A\

gy . R i (N PRRSRO | | g
lim f(x) = III’H[.\‘" sin— |= (Ilm X H limsin— |=¢” sin—
N=» _\’ }l N=>¢C N Y= _" /‘ L‘

slim f(x) = f(c)
Therefore, f is continuous at all points x # 0
Case II:

Ife=0, thenf(0)=0
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lim £ (x)= lim (x: sinl] = lill‘!(.v: sin—l-)

X0 x—0 X X

: % 1
It is known that, —1<sin—<1, x#0
X

= vt A
= —X £SIn—<Xx°
x

= Ilm(~.\“ ) < hm[.\" sm—) <limx~

Kl ¥ X v

/
=0=<lim
,",!)\

x* sin l} <0
x

r-s0 X

= Iim[.\': sin l)=O

sdim f(x)=0

!

(* s 71 R
Similarly, lim /'(x)= lim ‘ X" sin —J = Ilm[.\" sin —}l =0
0" -
. \ X

-0’ v—0 X
~Aim f(x)=/(0)=lim f(x)

Therefore, f is continuous at x = 0
From the above observations, it can be concluded that f is continuous at every point of

the real line.

Thus, f is a continuous function.

Question 25:
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Examine the continuity of f, where f is defined by Answer

() [sin x—cosx,ifx#0
x)=:
‘ |1 ifx=0

]'sin x—cosx,ifx=0

f('r)_‘l\—l ifx=0

It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:
If ¢ #0, thenf(c)=sinc—cose

lrir.n flx)= l\il}j (sinx—cosx)=sin¢-cosc
l‘iin f(x)=rf(e¢)

Therefore, f is continuous at all points x, such that x # 0

Case II:

If ¢ =0, thenf(0)=-1

y—0 =)

lim f(x)=lim(sinx—cosx)=sin0—cos0=0-1=-1
) =sin0-cos0=0-1=-1

lim f(x)= lim (sin x —cos.
~lim f(x) = lim £ (x) = £(0)

Therefore, f is continuous atx = 0
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From the above observations, it can be concluded that f is continuous at every point of

the real line.

Thus, f is a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

= fx+# =
: nt—2x 2 T
f(x)=1" atx =—
- - n 2
3. ifx=—
2
Answer
[ kcosx
nT—2X

The given function f is continuous atx =

at x =

oA

i

oA

kcosx .. b
,ifx

equals the limit of f at x =

i

oA

T

~<
I
o=

i

, if f is defined at

oA

and if the value of thef
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It is evident that f is defined atx =

and/'{%]a}

oA

kcosx

lim f(x)=1lim
x ,Xj X )': M—<aX

T
Putx=—+nh
b

n
Then. x > & =h—>0

N
n
K kcos( = +hJ
- ; 208 : 2
s dim £ (x) = lim 08X —lim A
:—-: '3 ).1 ﬂ—z.\‘ h-»D JT
2 2 n—’l[ +IJJ
2
~si k inh k k
= klim—— ==~ im—— == | ==
h—0 ._2 ] 2 ha0 h 2 2
(n
lim f(x)= f| —]
x‘~.§ ( ) ’ L:Z/
k.
= —==3
2
= k=6
Therefore, the required value ofk is 6.
Question 27:
Find the values of k so that the function f is continuous at the indicated point.
oo [k ifx<2
f(x)= £y atx=2
3. e
Answer

The given function is //(x) =

3, ifx>2

{k\':. ifyr<2
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The given function f is continuous at x = 2, if f is defined at x = 2 and if the value of f at x
= 2 equals the limit of fat x = 2

It is evident that f is defined at x = 2 and f(2) = k(’)“ =4k
lim f(x)=lim f(x)=f(2)

= lim (kx* )= lim (3) = 4k

=4k =3=4k
=4k =3
k=2

4

3
Therefore, the required value ofkis &

Find the values of k so that the function f is continuous at the indicated point.
[kc+1, ifx<m
X)=+1 e alx=m
[cos.\'. ifx>mn
Answer

) [k.\‘ +1, ifx<m
The given function is f(x)= ] .
cosx, ifx>m

The given function f is continuous at x = p, if f is defined at x = p and if the value of f at x
= p equals the limitof fatx = p

It is evident that f is defined at x = p and f () = km+1
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li.nJ filx)= ﬁ!\] f(x)=f(n)

= lim (kx+1)= limcosx =kn+1
1 i x—x’

= kn+l=cosm=Fkn+l

=kn+l==1=kn+l

2
> k=-—
m

= LI-..)

Therefore, the required value of kis

Find the values of k so that the function f is continuous at the indicated point.

, fk\'+ 1, ifx<5
fx)=+ SRR atx=35
' ]_3.\'—3, ifx=35
Answer
]'k\'*l, ifx<Ss

] 3x=5, ifx>5

.

f(x)

The given function f is continuous at x = 5, if f is defined at x = 5 and if the value of f at x

= 5 equals the limitof fatx =5
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It is evident that f is defined at x = 5 and f/(5)=kx+1=5k +1
lim f(x)=lim /' (x)=f(5)
= lim (kx+1)= lim (3x—5) =5k +1

= 5k+1=15-5=5k+1

= 5k+1=10
=5 =9

9
:>/(:T

b

9
Therefore, the required value of & is <

Find the values of a and b such that the function defined by
5, ifx<?2
f(x)=1ax+b,if2<x<10
21, ifx=10

is a continuous function.

Answer
5, ifx<?2
f(x)=1ax+b,if2<x<10
21, ifx=10
It is evident that the given function f is defined at all points of the real line.

If f is a continuous function, then f is continuous at all real numbers.
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In particular, f is continuous at x = 2 and x = 10
Since f is continuous at x = 2, we obtain

lim f(x)=lim f(x)=7(2)

= lim (5)= lim(ax+b)=5

v 2 2!
=5=2a+b=35

=2a+b=5 (1)
Since f is continuous at x = 10, we obtain

I“P. f(x)= Inlx‘} f(x)=7(10)

N

= lim (ax+b)= lim (21)=21
=10 y—»0"

= 10a+b=21=21

= 10a+b=21 (2)

On subtracting equation (1) from equation (2), we obtain
8a = 16

By putting a = 2 in equation (1), we obtain
2x2+b=5

=4+b=>5
=b=1
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Therefore, the values of a and b for which f is a continuous function are 2 and 1

respectively.

Show that the function defined by f (x) = cos (x?) is a continuous function.
Answer

The given function is f (x) = cos (x?)

This function f is defined for every real number and f can be written as the

composition of two functions as, f = g o h, where g (x) = cos x and h (x) = x2

[ (goh)(x)= g(h(.\')) = g(.\': )=cos(x* )= f(\)]

It has to be first proved that g (x) = cos x and h (x) = x? are continuous functions.
It is evident that g is defined for every real number.
Let c be a real number.
Then, g (c) = cos ¢

Putx=c+h

Ifx—>e¢, thenh—>0

I\Ail‘.l‘l g(x)= I_vil}1 COS X

=limcos(c+ h)

i)

=lim [cos ccosh—sincsin h]

fi0
=limcosccosh—limsincsin A
Jral) fr—»0)
=cosccos0—sinesin0
=coscx|—sinex0
= COSC
slimg(x)=g(c¢)
L s Y f )
Therefore, g (x) = cos x is continuous function.
h (x) = x?

Page 42 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k2
I'ily h(x)= Im) =k

.'.lil)‘l/l(.\‘ =h(k)

Therefore, h is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at c, if g is

continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

Therefore, f(x)=(goh)(x)= cos(.\"’ ) is a continuous function.

Show that the /(x)=|cos .\'I function defined by is a continuous
function.

Answer

/(x)=|cos x|
The given function
is

This function f is defined for every real humber and f can be written as the composition

of two functions as,

f=goh, where g(x)=|x| and i(x)=cosx

[ (goh)(x)=gl( h(.\')) = g(cosx)=|cosx|= f(\):l

It has to be first proved that g(x)=|x| and /(x)= cosx are continuous functions.
2(x)=|x| can be written as

{ —x, ifx<0

o(x) =
&l ) x, ifx=0

Clearly, g is defined for all real numbers.
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Let c be a real number.
Case I:

Ife <0, then g(c)=—c and limg(x)=lim(-x)=-c
l‘ll?’lg(\) = g((‘)

Therefore, g is continuous at all points x, such that x < 0

Case II:

Ifc >0, theng(c)=cand limg(x)=limx=c

~limg(x)=g(c)
Therefore, g is continuous at all points x, such that x > 0
Case III:

If ¢ =0, then g(c)=g(0)=0

lim g(x)=lim(-x)=0
v} x—»

lim g(x)=lim(x)=0
x—)

x—l)’

slim g(x) = lim (x) = g(0)

x—»t) x—»l

Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.

h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x =c+ h

If x - c,thenh —-0h(c) =cosc
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limhA(x)=1limcosx
¥ — K=

=limcos(c¢+h)

Jr—s0)

= lim [cosc'cos h—sinc¢sin h]

el

= limcosccos/i—limsinesin A

fr—a( 1=l

=cosccos(—sinesin(
=coscx]=sinex0
=Cos¢
< lim h(x)=h(c)
Therefore, h (x) = cos x is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at c, if g is

continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

Therefore, f(x)=(goh)(x)=g(h(x))= g(cosx)=|cosx|is a continuous function.

Examine that sin x|

Answer

Let f(x)= sinl.\'|
is a continuous function.

This function f is defined for every real number and f can be written as the composition

of two functions as,
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f =g oh, where g(x)=|x and i(x)=sinx
[ (goh)(x)= g(h(x)) =g(sinx)=|sinx|= /(\)]

It has to be proved first that g (x) = x

and /i(x) = sin x are continuous functions.
g(x)= |\| can be written as
—x, ifx<0
x)=
&)=\, ifx20

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:
If ¢ <0, then g(¢)=-c and lim g(x)=lim(-x)=-¢
lrilrlg(.\') =g(c)

Therefore, g is continuous at all points x, such that x < 0

Case II:

Ifc >0, theng(c)=c and limg(x)=limx=c
limg ()= g(c)

Therefore, g is continuous at all points x, such that x > 0

Case III:

If ¢ =0, then g(c)=g(0)=0
lim g(x)=lim(-x)=0
v} x—»

lim g(x)=lim(x)=0

x—0" )

. lim g(x)=lim (x)=g(0)

x—»0

Therefore, g is continuous at x = 0
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From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x
It is evident that h (x) = sin x is defined for every real number.

Let c be a real number. Put x = c + k

If x - c,thenk—-0h(c) =sinc

h(c)=sinc
limh(x)=limsinx
= 111}3 sin(c+k)
=lim [sin ccosk + coscsin k]
Al
=lim(sinccosk )+ !im(coscsin k)
Al " h—at}
=sinccos0+coscsin0
=sin¢+0
=sinc
v limh(x)=g(c)
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at c, if g is

continuous at c and if f is continuous at g (c), then (f o0 g) is continuous at c.

Therefore, f'(x)=(goh)(x)=g(h(x))=g(sinx)=|sinx|is a continuous function.

Find all the points of discontinuity of f defined by f'(x)=|x|—|x+1].

Answer

The given function is./(x)= |-""‘~"+]
The two functions, g and h, are defined as
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g(x)=|x| and h(x)=|x+1|
Then, f=g —h
The continuity of g and h is examined first.
2(x)=|x| can be written as
—x, ifx<0
g(x)= x, ifx=0
Clearly, g is defined for all real numbers.
Let c be a real nhumber.
Case I:

Ife <0, then g(¢)=~c and lim g(x)=lim(-x)=-¢
lriTg (x)=2(c)

Therefore, g is continuous at all points x, such that x < 0

Case II:

Ifc >0, theng(c)=cand limg(x)=limx=c
l\ir}}g(.r)zg(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0
lim g(x)=lim(-x)=0
y—>0) i)

lim g(x)=lim(x)=0

x>0

slim g(x) = lim (x)=g(0)

x—»tl x—0
Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.
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h(x)=|x+1| can be written as

—(x+1), if,x<-1

h(x)= ) "
' x+1, ifx=-I

Clearly, h is defined for every real number.

Let c be a real number.

Case I:

If ¢ <—1. then h(c)=—(c+1) and limA(x)= li|11’_—(.\" I)J =—(c+1)

s limb(x)=h(c)
Therefore, h is continuous at all points x, such that x < —1
Case II:

If ¢ >~1, then h(¢)=c+1 and lim h(x)=lim(x+1)=c+1

s dimh(x) = h(c)

Therefore, h is continuous at all points x, such that x > -1
Case III:

If e=~1, then h(c)=h(-1)==1+1=0

lim A(x)= lim [—(x+1)]=—(-1+1)=0

| x=>—1

lim A(x)= lim (x+1)=(=1+1)=0

1" x——|"

s lim A(x) = lim A(x)=h(-1)

o | |
Therefore, h is continuous at x = -1
From the above three observations, it can be concluded that h is continuous at all

points of the real line. g and h are continuous functions. Therefore, f = g — his also a

continuous function.

Therefore, f has no point of discontinuity.
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Differentiate the functions with respect tox.

sin(x* +5)

Answer

Letf(x)= sin(.vz + *) u(x)=x*+5, and v(t)=sins
Then, (vou)(x)= \'(u(.\"))=1'(.\': +5)=tan(x*+5)= f(x)

Thus, f is a composite of two functions.
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Putt=u(x)=x"+5

Then, we obtain

i% = %(sin 1)=cost= cos(.\': + 5)

da d g dys,y d :

—=—/(x"+5)=—(x" )+ —(5)=2x+0=2x

dx (i\'( ) ci\'( ) (lx( )

Therefore, by chain rule, L S cos(,\"‘ +5)>< 2x = 2xcos(x* + 5)
dx dt dx

Alternate method

d o f 5 " Y E——
159 09

| w0 a0

Question 2:

Differentiate the functions with respect to x.

cos(sin x)

Answer
Let f'(x) =cos(sinx),u(x)=sinx, and v(r)=coss
Then. (vou)(x)=v(u(x))=v(sinx)=cos(sinx)= f(x)

Thus, f is a composite function of two functions.
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Putt = u (x) = sin x

dv d 3 o o
oo —=——[cost] =—sint = —sin(sinx)
drdr
d d , .
— =—(sinx)=cosx
dy dx’
if dv dt i s 3
By chain rule, a)- ow k. ~sin(sinx)-cosx = —cosxsin(sinx)
dx dt dx

Alternate method

= [cos(sin \')] = —sin(sinx)- :Z; (sin x)=-sin(sinx):cosx = —cosxsin(sinx)

Question 3:

Differentiate the functions with respect tox.

sin{ax+b)

Answer

Letf(x)=sin(ax+b), u(x)=ax+b. and v(t)=sint
Then, (vou)(x)= \"(u(.\‘)) =v(ax+b)=sin(ax+b)= f(x)

Thus, f is a composite function of two functions,u and v.
Putt=u((x)=ax+b

Therefore,

i% = %(sin 1)=cost =cos(ax+b)

ﬂ = i(ax-}-b) -— —c—i—((]_\')+i(b) =4q +0 =d
dx dx dx dx

Hence, by chain rule, we obtain

df = o =cos(ax+b)-a=acos(ax+b)
dx dt dx

Alternate method
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;—i[sin (ax+ b)] = cos(ax+b). d (ax+b)

dx
:cos(ax+h)-[%(a\')+ —%(b)}

=cos(ax+b).(a+0)

=acos(ax+b)

Question 4:

Differentiate the functions with respect tox.
scc(tan(\/;))

Answer

Letf(x)= sec(tan \/;)‘u(x) =Jx,v(r)=tant,and w(s) = secs

Then, (wovou)(x) = w[v(u(x))] = w[r(\.’;):l = w(tan v’:) = scc(tan \/;) = f(x)
Thus, f is a composite function of three functions, u, v, and w.

Put s = v(r)=tant and ¢ = u(x) = Jx

Then 2% =8 (secs)=secstans =sec(tant).tan(tanr)  [s=tan¢]
ds ds '

:sec(lan\/;)-lan(lan\/;) [1=\[\T]
ds d

= E(lant) = sec’ 1 = sec’ \fx

R

dx  dx dx 2 2Jx

Hence, by chain rule, we obtain
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dt dw dsl dt
dx ds dt dx

:sec(lan\/;)-lan(lan\/__\:')xsecz\,/;x7\1/_
LNV X
= 2%/;3&2 x scc(tan v'r.\—')tan (tan Jx )
\5e<.(dn\/r_)ldn(lan\/_)
7\/\

Alternate method

Question 5:
Differentiate the functions with respect to x.
sin(ax+b)
cos(ex+d)

Answer
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sin(ax+b) g(x)

The given function is f(x) = =
given function is /() cos(ex+d)  h(x)

, Where g (x) = sin (ax + b) and
h (x) = cos (cx + d)

< h—ah'
B L
h

Consider g(x)=sin(ax+b)
Let u(x)=ax+b,v(r)=sint
Then, (vou)(x)= v(u(.\')) =v(ax+b)=sin(ax+b)=g(x)

- g is a composite function of two functions, u and v.

Putt=u(x)=ax+b

% = %(sinr) = cost = cos(ax+b)
¢ ¢
i _d

{ d
L =L (ax+b)=(ax)+(b)=a+0=a
dx d\_(m‘ )) (i\'(m) (l\'() ¢ ¥

Therefore, by chain rule, we obtain
dg dv dt
S L ah =cos(ax+b)-a=acos(ax+b)

de dr dx
Consider /1(x) = cos(ex+d)
Let p(x)=cx+d. q(y)=cosy
Then,(gop)(x)=q(p(x))=g(cx+d)=cos(cx+d)=h(x)

-h is a composite function of two functions, p and q.
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Puty =p(x) =cx+d

% = %(COS.\') = —8in y= _Sin((.'.\'+(/)
<10 d d

Yo & lovrd)= S o)+ Zid)=
dx d\-(.‘\ d) d.\'(“) dx(() .

Therefore, by chain rule, we obtain
podh_da dv_

BB in(er e =-sin(ex+)

. acos(ax+b)-cos(cx+d)—sin(ax+b){-csin(ex+d)]

B [cos(cx+d)]:

_acos(ax+b) sin(ex+d) I
- cos(ex+d) cos(ex+d)

= acos(ax+b)sec(cex+d)+esin(ax+b)tan(cx+d)sec(ex+d)

+csin(ax+b)-

cos(ex+d)

Question 6:
Differentiate the functions with respect to x.

cosx’.sin’ (.l‘< )
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Answer

The given function is cos.\"'.sin:(.ri)

i[cosx«‘ -sin’ (,r-‘)W:Sin"(_\»’)x i(cob.x.=)+wsx.xx izrsin"(.\")J
dx J dx dxb

w3 8 . 3 d 3) 3 e 5 d [‘ . 5
=Sin (.\' )x(--sm.\' )xW (.x' )+cosx ><2sm(.\' )-—3 sinx
dx dx*
s 3.0 2f S\ .2 S 3 5 d s
= —S$InXx" sin (.\' )x_\_\' +28INX" COSX™ *COSX X (.\' )
: dx
2. 3 2 5 . 5 5 3
=—3x"sinx" -sin” (.\' )+ 2sinx’ cosx’ cosx’ -x5x*

. 5 3 , I R
=10x" sinx’ cosx’ cosx” — 3x” sinx” sin (.\")

Question 7:
Differentiate the functions with respect to x.

2,Jcot(x")

Answer

Page 57 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

i Jeos x* v/sin x? sin ¥?
2J2x
J2sinx* cos x? sin x?
22 x
sin x*/sin 2x7

Question 8:

Differentiate the functions with respect to x.
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C()S( \;/; )

Answer
Let f(x)= cos(xf;)
Also, let u(x)=+/x
And,v(r)= cos?
Then, (vou)(x)=v(u(x))
~v(V¥)
= cosx
= f(x)
Clearly, f is a composite function of two functions, u and v, such that

t=u(x)=x

Page 59 of 183



Class XII

I'hen,
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dx

And, 2 i(cosl) = —sint

dr dlt

= sm(\z{;)

By using chain rule, we obtain

dt dv' dt
dx dt dx

- sin(4R).

1
.

=——§II]( r:)

2r
sin(7)

N

Alternate method

dx

a [cos(\/—)] :—sin(\/;)-i(\/;)

Question 9:

Prove that the function f given by
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/(x)=|x=1, xeRis notdifferentiable atx = 1.

Answer

The given function is /(x) =|x—1, xeR
It is known that a function f is differentiable at a point x = c in its domain if both

. (c+h)- flc - fle+h)-1f(c

lim fle+h)-7f(c) and lim - (¢ l) 7 )are finite and equal.
0 1 f1-0° 1

To check the differentiability of the given function at x = 1,

consider the left hand limit offat x = 1

S(+h)-7(1) - [1+h=1-[1-1|

lim
f1-»(} h frsll h
h-0 el
el s (h<0=|h=~h)
Sl 1 fral) 1
=1

Consider the right hand limit of fat x =1
f(1+h)-7(1 L+h=1-{1-1
lim - ( ’) ‘/( )= lim s 1

fr—0 1 h—= 0 1

= lim |h =1 = lim B (h>0=|h= h)
0t h h=0" fy

=

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x =
1

Prove that the greatest integer function defined by / (x)=[x],0 <x <3is not

differentiable at x = 1 and x = 2.
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Answer
The given function fis f(x)=[x],0<x<3
It is known that a function f is differentiable at a point x = c in its domain if both

lim / (C'*h)_'/ (C) and lim / (C +h)~‘f (()

h=0 h hx0)' ]

are finite and equal.

To check the differentiability of the given function atx = 1, consider the left hand limit of

fatx=1
(1+h)-F(1 1+ h|-[1
lim f14 ') / ): Iiml l] [ ]
h-3) 7 h—0 h
., 0-1 .=l
= lim——=lim—=w

f—sl1 /) -0 h
Consider the right hand limit of fatx =1
(1+h)- /(] 1+ h|—]|1
lim f(+h)-7(1) lim [ '/] [ ]
fp—a)” /]

h—0 ]

= lim u =lim0=0

S0 7 b0

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x
=1

To check the differentiability of the given function at x = 2, consider the left hand limit
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offatx =2
(2+h)- (2 2+h|—|2
lim '/( +h) /1 ) = lim w
=) 1 fi—( 1
. 1=-2 . =1
= lim = lim =0
Ji—=t h f—ly /]

Consider the right hand limit of fat x =1

lim /(2+h)-7(2) = lim —[2+h]]_[2]
h—0 1 f—>0" 1

=lim=—==1im0=0

Ji—0' 1 f—+l)

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x =

2

Exercise 5.3

Question 1:

2x+3y=sinx
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Answer

The given relationship is 2x+ 3y =sinx

Differentiating this relationship with respect tox, we obtain

i(2.\'— 3y)= i(sin x)
dx dx

2 q 50 & (3y)=cosx
dy dx

dy
=243 —=—=COSX
dx

Find (—i't
dx

2x+3y=siny
Answer
The given relationship is 2x+3y =sin y

Differentiating this relationship with respect tox, we obtain

d d d
—(2x)+—(3v)=—/(siny
dx ) (/.\'( ’ ) (/.\'( ’ )
=2+ XQ =CoS y L [By using chain rule]
dx dx
dy

=2=(cosy-3)—

dx
A2

dx cosy-3
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Find <’
dx

ax+by* =cosy

Answer

The given relationship is ax + by’ =cosy

Differentiating this relationship with respect tox, we obtain
d d . d
—(ax)+—|by" |=—I(cos y
d.\‘( ) dx(' ) a’.\‘( )

d (cosy) (L)

dx

1/,
— h‘— M ol=
= a+b— (»*)

) ) v e dv d . dy
Using chain rule, we obtain — (,\' )= 2y and f'(COS_\‘)= =-Sin.y—
dx ! dx dx dx

From (1) and (2), we obtain

dy . dy
a+bx2y—=-sin y—
dx dx

. \dy
= (2by +siny)—=-a
' dx
cdv ~da

dx  2byv+siny

Find dy
dx

xy+y =tanx+y
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Answer

The given relationship is .\jr+_r: =tanx+y

Differentiating this relationship with respect tox, we obtain

d wood
— Xy 1) =— l 5 )
(\_\+_; ) d‘((a]l\‘-ﬁ-_})

dx
d di . d dy
= ~—{ X} )+ —{ V) =—(tan x )+ —
d\'( ) dx ( ) dr( ) dx
d dy dy ., dy : ;
= yo—(x)+x— |+2y—=sec’ x +— [Usmg product rule and chain nlle]
dx dx dx dx
dy dy ., dy
=y l+x—+2y——=sec  x+—
; dx  dx dx
iy >
=(x+2y- I)(—‘L =sec’ x—y
dx

dy _ sec’x-y
Ty (x+2y-1)

Question 5:
Find &
dx

¥4 xv4 =100

Answer

The given relationship is ¥ 4xv+ v =100
Differentiating this relationship with respect tox, we obtain

d 75 3 d
—(x +xp+y )= 100
(1,\‘(‘ S ) c/.\'( )

d

Ay, dodoay
:>E(x )+$(.x_jv)fdx(} )—0
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= 2x+| y- 4 (x)+x- P, 2y 2 ) [ Using product rule and chain rule|
dx dx dx

=2x+y-l +x-? +2y~-‘~’ =0

d"
=2x+y+(x+ 2}')—"— =0
dx
L dy  2x+y

Tdx x+2y
Question 6:
dy

dx

Find
3 2 2 3

X +xy+xy +y =8I

Answer

The given relationship is x* +x"y+xy* + v’ =81

Differentiating this relationship with respect tox, we obtain

(1 3 3 3 3 (I
2 (P ryraiey)=2(81
(\ +XYAHXV ) ) dr( )

dx
d(a. dfa dys. ax. d%.s
:I(x)+z(r ‘)+Z(“ )+ I(L )=0
Ayl d oy, ady 2 d d pdv _
= 3x +|:_\, :Ex(r )+,\ §§]+[\ é;(x)h\ i(t )]4_3_‘, i-h‘-_—O
=5 3x° +|:_1--‘-2x+x3 cﬁ} +[y1 A4x-2y- EA—} +3y° & =0
dx dx dx

Il
=

= (.\‘: +2xy + -’."‘: ) (1‘— + (3_\'"‘ + 2xy + '1,3 )
dx
L dy _(3-‘5: +2xp+ )7 )

T (x* +2xy+3y*)
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Question 7:

Find &
dx

sin® y+cosxy=n
Answer

The given relationship is sin” y+cosxy =7
Differentiating this relationship with respect tox, we obtain

i(sinf _y+cos.\'}')= i(7‘)

X dx
5 8 (sin? )+ i(cosx;--') =0 (1)
dx A =
Using chain rule, we obtain
a (sinl _1') =2siny q (siny)=2sin ycosy &
1x dx dx

d ; d : . ay
—(cosxy)=—sinxy—(xy)=—-sinxy| y—(x)+x—
zh'(c Rty dx'( Y) t [" d\'( ) rdx:|

— dy 3 " dy
=—sinxy| p.l+x—— = —ysinxy—xsinxy—
J X dx

From (1), (2), and (3), we obtain

: dy : 3 v
2sin ycos y—— ysinxy - xsinxy— =0
X X

- . dy .
= (2sin ycos y - xsin xy)— = ysinxy
dx
; ; y ;
= (sin2y —xsinxy) I = ysinxy
dx

L dv ysinxy

dx sin2y—xsinxy

Question 8:
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oy
Find —-
dx

sin” x+cos’ y=1

Answer

The given relationship is S/ *+€0S y=1

Differentiating this relationship with respect to x, we obtain

J‘:(sm X+ cos ")_d.\'(l)
R d ,
—¢ f’\' (sm' .\') + Z;(cos“ _v) =0

: d . d
= 2sinx-—(sinx)+2cos y-—(cos y) =0
dx dx
. . ay N
= 2sinxcosx + 2cos y(-sin y)-i— =0

dx

; ; dy
= sin2x-sin2y—=10
dx

_dy sin2x

dx sin2y

Question 9:
dy
dx

ol 2%
y=sin -
1+ x°

Answer

Find

. 2x
The given relationship is y = sin l(l - ]
+Xx°
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,[ 2x )

Y = Sin - ’

\1+x" )
; 2x
=siny= -
1+ x°

Differentiating this relationship with respect tox, we obtain

& gy e

dx dx\ 1+x°

dv d 2x )
=Cosy—=—1| 5
dy  de\1+x"

(1)

2x u
The function, r , is of the form of —.
X V

Therefore, by quotient rule, we obtain
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ax

(l+x )

=(l+x)7 \"[01—",\]:74, X —4x Z(I—x“\)
(1) (er) (1)

2x

d[ 2x ]z('“)*(”) 2x- Z(l+x)

del1+x°

Also, sin y =

3 2x Y
:>cosy=\fl—sm’y =, (1= —| =
1+x°

=\/(l—x:): _ I—.\": (3)

(].f ¥ ) 1+x°
From (1), (2), and (3), we obtain

1-x* dy_2(1-¥)
1+x° d\ (l+.r3):

@ _ 2

dx 1+x°
Question 10:
Find ﬂ

dx
y=tan' Jex TR
; 1-3x* ) \ﬁ ' \/5
Answer
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g

The given relationship Ix—x°
[ .1'=tan‘L” ]

is 5
1 -3x"
(3x-x
y=tan —
1-3x~
Jx—x
=tany= - (1)
—-3X"
o V 3V
Jtan - —tan®
It is known that, tan y = 2 - il 2)
1-3tan’ =

2 |

Comparing equations (1) and (2), we obtain
v

X =tan =
3

Differentiating this relationship with respect tox, we obtain

d d(. _y)
—(x)=— lan:J
dx dx 3
»y d (v )
= l=sec” =-— —J
3 dxl\3
2y 1 dy
= l=se¢" =o o=
3 3 dx
dy 3 3
jT: =
dx 2 ¥y 2 ¥y
sec’~ l+tan® =
P d
Ldv 3
dx  1+x°
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i d\‘
Find —-
dx
I I ‘_ ,‘(': \
V = Cos ‘ - 1.0<x <]
\ 1+ x°
Answer
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: (1—x2) The given relationship is, On comparing L.H.S. and R.H.S. of the
y = COS [l = J above relationship, we obtain
+ X
1=
= COSy =
14 x~ ) o ) ) ) ) )
" Differentiating this relationship with respect to x, we obtain
|—tan” - 2
7 l-x
= £ = -
s ¥ &
l+tan~ - I+
2
v
tan = =x
2

dx\ 2,
2 ¥ ] (/\'
=>sec” —x——=1]
2 2dx
dv 2
dx 2 ¥V
sec
2
dl‘
dy 2 Find =
s dx
dx 084
1 +tan
2 2
= e 1=x
dv | y=sin - [, O<x<l
", —— = ] + X
dy 1 +x°
Answer

. 1-x*
The given relationship is ¥ =sin '[ 3 ]
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) l—x°
=>Ssiny=—=
1+ x°

Differentiating this relationship with respect tox, we obtain

d, . d(1-x
—(siny)=— ;
dx Todx\ 1+ x7
Using chain rule, we obtain

d . dy
e (Sln )) =COS - ——
dx dx

cos y =+/1=sin’ y =

(1)

f0+2) (=) _ 2
(l+.\'3)-‘ I+x
..dx(sm}) o w2

dxi 1+ x°

(1+2°)
_(l+xﬁﬂg2x)—(l—x3y(2x)

B (I+x:)?

3 3
—2x-2x"=2x+2x

(144
—4x
(I +x° )2

From (1), (2), and (3), we obtain

i =0+f)0-fy-0-fy0+fy
=)

[Using quotient rule]
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2x ﬂ _ —4x
1+x° dx (l +x° ')'1
dy -2
de  1+x°

Alternate method

. af1-%* )
V' =SsIn -
z 1+ x° J
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= (1 +.\':')siny =1-x°
= (I+siny)x* =1-siny

» l=siny
=X = -

1+sin y

"

TS, (&
oS~ —sin*
2 ( 2 2]
y . vY
Ccos— +sin*
( 2 2)

Yy .Y
COS - —Ssin

2 2
=x= =

v < 7
COS " +SsIn-
2 2

-~ ~

'~

—

] —tan -
= x=

- (9

l+tan-

1)
=>x=tan| ——=
4 2

Differentiating this relationship with respect to x, we obtain

d d Ty
—(x)=—|tan| ——=
dx dx 4 2

2
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Class XII
ty
Find
dx
( 2x
_1'=cos'| ,].—l<.\'<l
\I+x"
Answer
o 2x )
The given relationship is y = cos ‘ < J
]+ x0

Differentiating this relationship with respect tox, we obtain
d ( 2x ]

(cosy)=—- -

de \ 1+x°

( 2 ) d d »
i (] + 1) dv(.?x) - 2.\'-dx(] - \)

=>-siny:-—= : -
dx (1+x7 )

d

dx
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Question 14:
Find i
dx
.l-'=sin”'(2x\)1—.x'2)‘ —L<~\'<L
V2T W2
Answer

The given relationship is v = sin '(Z.V\,/l—.r:)

y=sin"' (2x\/l —x? )
= siny=2xJl-x
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Differentiating this relationship with respect to x, we obtain

dy d ~ s = dx |
vy =2 e[ 1= 22 A it
COS ) e _[.\ alr(\/l X )+v| X ra [

—dy .|[x -2x -
=5 l—sin‘yili‘—:{i. el l—_\"]

dx 2 J1-%°
:\/l(r)L[_'J

]—x~

LVl=-x°
dy 1-24°
|-2x")—=2
= )C\ [\}I-—x:]
dy 2

Question 15:
Find ﬂ

dx
y=sec”' ()<r<—]—
’ 22-1)7 77 T2
Answer

]
The given relationship is ) = sec '( - ]
\
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,
= 2x"=l+cosy

3 2 “
= 2x° =2cos” ;

‘)
= X =C0S=
2

Differentiating this relationship with respect tox, we obtain

i(\) = ‘—i(ws%}

dx dx 2
.y dfy
= l=-sin*~- =
2 dx\2
-1 1dy
.y 2dx
sin
2
dy -2 -2
— !' = = —
dc .. ) N
sin P
> 1 —cos %
dy -2
de  (f1-x*
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Differentiate the following w.r.t. x:
("-

sinx

Answer
e.‘-
Lety=——
<|n X

By using the quotient rule, we obtain

. dipav sl
dy sin x dx(_e )—e dx(sm.\_)

dx sin” x

Sll'l X. ( )— (- LO\ \

S]ll X

e (sinx —Lon)
X#EmmnelZ

Sln X

Differentiate the following w.r.t. x:

Sin x
Answer

Letl - ~.xn x

Maths
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By using the chain rule, we obtain

(l" (/ sin ' x
- - — (’
dx (./.\‘( )
=D e L (sin x)
dic dx
_am ¥ l
= G e
UESS
B (_’sin 'y
Vi-x
l E P LU
..iz (—r—o-\‘e(—l‘l)
dx \,"l - x° .

Maths

Show that the function given by f(x) = e®¥ is strictly increasing on R

Answer

Letx, and x, be any two numbers in R.
Then, we have:

xXo<x =2y < 2% syt <ot = (x) < f(x)

Hence, f is strictly increasing on R.
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Differentiate the following w.r.t. x:

e

Answer
Let y=¢"

By using the chain rule, we obtain
dy dj & d
):e Sl

3 ¥ 2 b i o
(.\' )=e' 3x” =3x"¢"

dx dx} dx

Question 4:
Differentiate the following w.r.t. x:
sin(tan"'¢ ")

Answer

Let y=sin(tan 'e ")
By using the chain rule, we obtain

izi[sin(tan"e")]

dx dx

:Cos(tan le Y)‘(;i(tan lig .)
x

:cos(tan 'e ‘)——I— @ (e )

cos(tan' e ) . d

14 dx
e cos(lan 'e“')

- «(-1)

1+e

=g+ cos(tan' L )

)
|+e
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Differentiate the following w.r.t. x:
log(cos e )

Answer

Let v =log(cose")

By using the chain rule, we obtain

e i[Iog(cose" )]

de  dx
| d .
= -+——|cose )
cos¢’ dx

- (~sine")-L (")
cose dx
—-sine* X

e — 't"
cose’

: ; T
=—¢" tane’,e* #(2n+ I);,ne N

~
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Differentiate the following w.r.t. x:

()

e +e" +..+e'

Answer

d iy, .2 o
—le' +e" +..+e )
dx \

ST (¢ [ d (.
V) ) ) 1)

S P NI N NPT

3

= ¢’ +(e": x2_r)+(e": x3.t1)+(e" x4.\'5)+(e" x5.\'4)

X

=" +2xe" +3x’e” +4x'e" +5x'e’

Question 7:

Differentiate the following w.r.t. x:
\'!(’T..\‘ >

Answer

Lety = \/c_

Then, y* ="

By differentiating this relationship with respect to x, we obtain
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[By applying the chain rulc]

—, X> 0
dx 4\/ xe'"

Question 8:
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Differentiate the following w.r.t. x:
log(logx),x>1

Answer

Let y = log(log x)

By using the chain rule, we obtain

dy d
—=—/| log(log x
dx a'x[ g(log ):l
BN -i(log.r)
logx dx
gl ol
logx x
= ] , X > 1
xlogx

Differentiate the following w.r.t. x:

COS X
x>0

log x
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Answer

Cos X
Let v=

log x

By using the quotient rule, we obtain

d d
cosx )xlogx—cosxx log x
ﬂz d.\'( x)xleg : d\'( gx)

dx (logx )?

—sin xlog x —cos x x
o X

(log x )
_ —[xlog x.sin x +cos x|

x(log x)’

x>0
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Differentiate the following w.r.t. x:
cos(logx+e"), x>0
Answer

Let y = cos ( log x +¢' )

By using the chain rule, we obtain

[i‘- L % (I - x|
;;‘t:-—sm(log.\'%'é’ )';E(l()g-‘ TE )
oo g ({ K (l A% |
__5|n(|og,\:+c ) LI.\'“OgA)er\'(c )‘
M - > ."}l‘. al
= —sin(logx+e ) ‘\-\' e |
(10 .\!sin(lo x>0
- —| —+e" |s IX+€ ), X2
\ € J gx+e' ) x
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Differentiate the function with respect tox.
COS X.COS 2X.COS 3x

Answer

Let y = cOS x.COs 2x.C08 3x

Taking logarithm on both the sides, we obtain
log y = log(cos x.cos 2x.cos 3x)

= log y = log(cos x) + log(cos 2x) + log (cos 3x)

Differentiating both sides with respect tox, we obtain
ldv 1 d 1 d 1 d

- ~—(cosx)+ -—(cos2x)+ -—(cos3x)
vdx cosx dx cos2x dx cos3x dx

dx

dy sinx sin2x d sin3x d

—(2x)- ——(3:
CoSXx C€os82x dx cos3x dx

dy

S~ =—COS X.CO0S 2X.C08 3x[tan x+42tan2x +3tan 3.v]
dx

Question 2:

Differentiate the function with respect to x.

\/( (x-1)(x-2)

x=3)(x—4)(x-5)

Answer

Lety = \/’( (x-1)(x-2)

x=3)(x—4)(x-5)

Taking logarithm on both the sides, we obtain
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)
8 'g\/(r—»xx— H(x-3)

(r-1)(x-2) w
L(x=3)(x-4)(x-3)
=logy= %Llog{(,\'— 1)(x-2)} —log{(x—3)(.\'—4)(.\'—5)}]

=logy= %[Iog(.r—I)+Iog(x—2)—log(.\'—3)—Iog(x—4)—log(.\'—5)]
Differentiating both sides with respect to x, we obtain

1 d d 1 4

= logy= 1 Iog

x=1)+ —(x=2)=——.—(x=3
Ldy _1fx-1 e S dx( o )
vdy 2 I d 1
: - —(x—4)- —(x—
x—4 dx(‘ ) x-5 (L\( )

dy vy [ 1 1 1 | 1 ]
-— = + ~ - =
dy 2\ x-1 x-2 x-3 x—-4 x-5

L dy _ | (x=1)(x-2) [ IR SR SR I_}
T (\— )(x—4)(x-5) x-2 x-3 x-4 x-5

Question 3:

Differentiate the function with respect to x.
(logx)™
Answer

Lety =(logx)™"

Taking logarithm on both the sides, we obtain

log y = cos.x-log(log x)

Differentiating both sides with respect tox, we obtain
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%j_‘\ - %(cos x)x log(log x)+cos x x %[log(log x)]
I dy

—sin xlog (log x) +cos xx
¥y dx

d
—(log:
log x dx( 0g.x)
dy
= —

. cosx |
-=y| —sinxlog(logx)+——x—
dx I logx x
dy _ (log .‘-)cm‘|: cosx
dx

—sin xlog(log x)}
xlogx

Question 4:

Differentiate the function with respect to x.
xt =2
Answer
Lety = x* - 2"
Also, let x* =y and 2" = v
SLy=u—v
fil _du dv

de dv dx

u=Xx
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Taking logarithm on both the sides, we obtain

logu = xlog x

Differentiating both sides with respect tox, we obtain

Lau _1d ()ctogr+xx-L(logx)
u dx ax: dx '

du
dx

L x*(logx+1)
dx

= u[l xlogx + xx
x

= o =x"(1+logx)
dx

vV = zsin X

Taking logarithm on both the sides with respect to x, we obtain
logv=sinx-log2

Differentiating both sides with respect tox, we obtain

1 dv d
——=]og2-—(sinx
v dx = dx( )

dv
= —=vlog2cosx
dx

av
= —=2""cosxlog2
dx

dy .
so——=x"(1+logx)-2""cosxlog2

" dx
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Differentiate the function with respect tox.
(x+3) .(x+4) (x+5)

Answer

Lety=(x+3)".(x+4) .(x+5)’

Taking logarithm on both the sides, we obtain
logy = log(x+3)? + log(.\'+4)} +log(x + 5)J

= log y =2log(x+3)+3log(x+4)+4log(x+3)

Differentiating both sides with respect tox, we obtain
d 1 d

— =2 ———(x+3)+3- —(x+4)+4-———(x+5)
v dx x+3 dx x+4 dr x+5 dx

dy 2 3 Bl
D=y -

dc " |x+3 .\'+4 x+5

dy i
= —=—=(x+3 +4 +5

dx \x J)(‘ )(‘ ) [ 3 \+4 \’+5:|

b 5)+3 3 5 3 x+4

:i:(—r+3) (\+4) (\+5 2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)

dx (x+3)(x+4)(x+5)
D%‘r—'z('.r+3)(.\'+4') (x+5) I: (\* +9r+"0)+ s(\' +8\+15)+4(\ +7\'+l")]
S s =(x+3)(x+4) (x+5) (9.\'1+70x+l33)

dx
Question 6:

Differentiate the function with respect to x.
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I X ‘I |
| H3]

(.r+—] +x
X

Answer

1Y [5]
Lety=|x+— | +x* ©
X

1A [+
Also, let uz[.\- + »-] andv=x" "
X
S Y=Uu+v
dy _du dv

dx I I

4 l »
Then, u = L X+ —]
X

] X
= logu = log[.\'+ —]
x

I
= logu = .\'log[.\'+—]
X

Differentiating both sides with respect to x, we obtain
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u dx dx = x)  dx Cox

| du 1 1 d |
= ———=Ixlog| x+— [+xx e .
u dx x ( 1) dx X

X+
X

L)
= logv=1log|x* *

:>logv=(l+—]-Jlogx
x

Differentiating both sides with respect tox, we obtain
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1 dv d | 1) d
—s—=| —| 1+~ | |xlogx+| 1+— [-—logx
v dx | dx X x ) dx

1 dv ] 1)1
= ——=|—— |logx+| 14+— |- —
v dx x= s )

1 dv logx 1 1
—_—=———+—
v dx R X X
dv —logx+x+1
_—p =Y —_—
dx x°
» ‘l'l ] - e Y Y
:fﬁ‘:\.l. YA.[JH-] ’IO.E:}.] -(3)
dx x*

Therefore, from (1), (2), and (3), we obtain

dy [ IJ| x* =] [ IJ ‘,"il[.\‘+l—l0g.\‘]
— = X+— —+log| x+—||+x —_—
dx X7 | x+] . - X%

Question 7:

Differentiate the function with respect to x.
(logx)" +x"*

Answer

Let y=(logx) +x“**

Also, let u = (logx)" and v = x"*'

LY=u+v
D  du v (1)
de dv dx

u = (log x)*

= logu = log[( logx)‘}

= logu = xlog(log x)
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Differentiating both sides with respect to x, we obtain

Lt _ 4 (e)tog(og )+ x- 4 [og(l0g)]

i =u Ixlog(logx)+x- LI, (logx)
dx logx dx

du [ x 1
= —=(logx) |log(lo +~— =
dx (logx)"  log (logx) log x \':|

:>£h—’=(logx)' log (log x) + : }

dx i log x

ad du _ fiogT [ log(log x)-log x+1
dx i log x

O (logx)" [I +log .r.log(logx)] «(2)
dx

y = x'o8*

= logv= Iog,(\"'“)
= logv = logxlogx = (logx)’

Differentiating both sides with respect tox, we obtain

1 dv_d [(log\)]

v d.\ " dx
1 dv d
=2(logx)- log x
vd\(-)d\_(g)
dv 1
= =2v(logx)-
dx ( E ) X
ch v _, s 108X log x
d\ X
d‘" log c-1
—=2x""%".]logx w3
dx = ( )

Therefore, from (1), (2), and (3), we obtain
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dy o1 ; PO
—/; =(logx) [] +log x.log (log \):[ +2x"  log x
ax )

Differentiate the function with respect to x.

Page 100 of 183



Cle(sinx)" +sin™' Jxr 5 - Continuity and Differentiability Maths
Answer
Lety = (sinx)" +sin”' Jx
Also, let # = (sin x)" and v=sin"' \/;
LY=u+tv
dr_du dv
dx dx dx
u=(sinx)’
= logu = log(sinx)’
= logu = xlog(sin x)
Differentiating both sides with respect to x. we obtain

o LR i{-(\) x log(sinx)+ xx;‘i—[log(sin r)]

udy dx
i -
v (sin x
sinx dx( )J

— & = u[l ‘log(sinx)+x-
dx

du . — X
::»z-(sm.\) {Iog(sm.\)+sinx cosx}

:# = (sinx)" (xcot x+logsin x) -(2)
ax

v=sin"'Jx

Differentiating both sides with respect tox, we obtain

dv_ 11
dx  Jl-x 2Jx
dv 1
i . -(3)
dx 2\/.\'—,\"
Therefore, from (1), (2), and (3), we obtain

L8 (sinx)"(xcotx+logsinx)+

dx 2Ux—x’
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Question 9:

Differentiate the function with respect tox.

_sinx L2

¥ 4 (sinx) ™

Answer

Lety = x™™

+(sinx)™
Also, let w = x*"* and v =(sinx)™"

Ly=u+v
@ _du &

dv dx dx
u=x*"
= logu = log(.\'"’” )
= logu =sinxlogx
Differentiating both sides with respect tox, we obtain
ldu_d

wde ;E(Si“-\')'k)g.\%sin.\--%(k)gx)

du ; I
= —=u|cosxlogx+sinx-—

dx X
du sinx

= —=x"""| cosxlog x + —— «(2)
dx ! x

v=(sin )™
= log V= log (Sill X )L'usx

Differentiating both sides with respect tox, we obtain
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‘I—'%:%(cos.\')xlog(sinx)+cosx:-< %[Iog(sinx)]
v : . B dipe.
=v|-sinx.log(sinx)+cosx- . sin .
:jdx \{ inx.log(sinx)+cosx e ‘x( mr)}

- | orc e
D (sinx)™" | —sin xlogsin x+ COs X

Ix sinx

d“ . Los Y . .
— e (sinx) [—sm xlogsin x +cot xcos x]

= Z‘_ = (sinx)™" [cot xcos x—sin xlog sin x|
X

From (1), (2), and (3), we obtain

d_ v sinx sin x . CO8 X . .
= = x| cosxlog x+—— +(sinx)™" [cosxcot x —sin x logsin x|
dx x

Question 10:
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Differentiate the function with respect tox.

_XCOS.X + .\‘: +I
x =1
Answer
voour. o X F1
Lety=x"""4+=
x =1
2 41
Also, let = x""""" and v="—=
x =1
Ly=u+v
dy  du dv
o GV U oV (1)
dy dx dx
U= A\'“;UM

= logu = log(x™™" )
= logu = xcosxlogx

Differentiating both sides with respect tox, we obtain
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ldu d d d
= x)-cosx-logx+ x- cosx)-logx+xcosx- log x
u dx dx( ) & aﬁr( )-log ai\‘( = )

du : I
o T I-cosx-logx+x-(—sinx)log x+xcosx-—
dx x

du e .
= —— = x""""(cos xlog x — xsin xlog x + cos x)

dx
- du _ g [cosx(l +log x)—xsinxlog .\']
dx
X +1
VE—7
x° -1

=logv= Iog(.r: + I')- Iog(.x': - l)

Differentiating both sides with respect tox, we obtain
ldv  2x 2x

vy .\EH _.;I—I
dv 2.\'():3 —I)—?_x(xg +l)

d\'—‘ (.\'7+l)(.\'3—1)

dv x+1 ~4x
X

dr -1 (x"+])(x3—l)

3£ = l} ‘"(3)
dx [f —l)>

From (1), (2), and (3), we obtain

L = Ak [cos.\”(l +l0gx)—xsin.\'|0g_\']— S -

dx (_\,z - I)

Question 11:
Differentiate the function with respect to x.

-(2)
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I
(xcosx) +(xsinx)s
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|
Lety=(xcosx) +(xsinx):

I
Also. let u = (xcosx) and v =(xsinx)

Ly=su+v
3£=dl+£ _“(])
dv dx dx

u=(xcosx)"

= logu = log(xcosx)’

=> logu = xlog(xcosx)

= logu=x [Iog x+logcos .\']
= logu = xlog x + xlogcos x

Differentiating both sides with respect tox, we obtain

s —i(xlogx)+ di(xlogcosx)
X

udy  d
= % = uH]ng-%(x)+x-%(logx)}-f{lOgCOSx-%(.r)+x'%(logcosx)}}

:@—(tcoswr)" [Iogx'l+t'l]+{logcosr»l+r- : ~i(cosr)}
dc © i ; T cosx dy

= % =(xcosx)’ [(logx+|)+{logcosx+ LO:\: -(—sin r)H

— % = (xcos x)"' [(l +log x) + (10g COS X — x tan ‘)]

x

=5 ZZ =(xcosx)'[1-xtan x +(log x +logcos x) |

= Z" =(xcosx)'[1-xtanx+log(xcosx)| (2)
fx
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|
v=(xsinx):
I
= logv = log(xsinx)s

= logv = lIog(xsin x)
x

= logv = l( log x + log sin x)
x

1 1 :
= logv =—log x +—logsin x
x x

Differentiating both sides with respect tox, we obtain

ldv d1 d|1 .
= logx |+ | ~log(sinx)
dx| x

vy delx
lav [ d1\ 1 d A Y, -
i -logx-z(;%;-E(Iog.\)]+[log(sm '\)'dx(.r) 8 —{log(sm.x)}}

:>1dl——log r-(— : ]+ll +| log (sin r)»{— ] ]+l-L-i(sin Y)
vile . N X X B e ) x osinx dx'

:l‘—h=L:(‘-log.r)+[—log(s,mx)+ ] -cosx}

vdx X x° xXsinx

; (1= : = i s
_ _ et [ I?g‘\ 4 Iog(s1n.§1)+xcot .1:|
dx X X~
2 dv =(.\'sinx)lv [1- Iog.x—log(finx)+.rcot ,\}
dx i X
N dv _ (.rsinx)i [1- log(.\'sinﬂx)+xcot x} 0)
dx i X

From (1), (2), and (3), we obtain

4 2 ) 1 ccot x I-I 3 . 3
9 scon 1 g i ol
: X
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. (f\‘ .
Find — of function.
dx

Answer

The given function isx" + y* =1

LetxY=uandy*=v
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Then, the function becomesu + v =1

o AL (1)
dx  dx :
u=x'

= logu =log(x")
= logu = ylogx

Differentiating both sides with respect tox, we obtain

L o lo \’dy ) d (logx)
— — 233 Loty B ey gx
u dx 8 de 7 odx T
du |: dy I :|
= —=ullogx—+y-—
dx dx X
Ddl=.\"(log,\r‘—b—'+£] -(2)
dx dx x
v=y"

= logv= log(__\" )
= logv=xlogy

Differentiating both sides with respect tox, we obtain

1-ﬂ—loa -i(\)-m' i(lom)
v dx dx X
( 1 dy)
—=v|logy-1+x:—-—|
dx | y dx)
dv xdy
=—=y"|logy+——= 3
a0 [ o )'d\'} (3)

From (1), (2), and (3), we obtain
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/
f

N\

s
, d vy . x ay |
3’ [ lOg G AN L ’ e ,Vl lOg y4+——|= (0
\ dx x) L ydx )
\ay :
:>(.\'-‘ log x + xy* ') s (.\:\--' byt log_v)
dx
cdy w4y logy
dx x" log x4+ xy*"

Find &
ind —

dx
yi=x'

of function.

Answer The given function is

yr=3x

Maths
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Taking logarithm on both the sides, we obtain
xlog y = ylog x

Differentiating both sides with respect tox, we obtain

d d d d
logy-—(x)+x-—(logy)=logx-—(y)+y-—(logx
By g () x g logy)=logx-2o(y)+y- - (log)
| dy dy |
=logy-l+x:—-—=logx-—+y-—
y dx dx X
x dy dv y
=logy+———=logx—+=—
ydx de x
X dv vy
=|—-logx |=—==-logy
LV dx x

x-ylogx |dy y-xlogy
= ———
y dx X
v 1(}'--\"0&'}']
.. i - [

dx x\x—ylogx,

Question 14:

dy
Find —- of function.
dx

(cosx)" =(cosy)’

Maths
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Answer

The given function is(cosx)" =(cos y)’

Taking logarithm on both the sides, we obtain
vlogcosx = xlogcos y

Differentiating both sides, we obtain

log cos r-‘—i“! +y- i(logcos v) = log cos li( X)+x- i(log,cos v)
Tody U odx ' T dx ’
dy 1 d 1 d
= logcosxy—+ y- -—(cosx)=logcosy:-1+x:———(cos y)
dx cosx dx cosy dx

dv ¥ . x . dy
= logcosx — +———(~sinx) = logcos y + ——(~sin y)- =
dx cosx Cos y dx

af‘.' ¢ ""
= logcosx—— ytanx =logcos y—xtan y—
dx dx

dy
= (log cosx+ x tan y) Z = ytanx+ logcos y
.

_dv  ytanx+logcosy
“dx xtany+logcosxy

Question 15:
dy
Find —- of
dx
(x-y)
xXy=e
function.
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Answer

. . . (x-y)
The given function isxy =¢

Taking logarithm on both the sides, we obtain
log(xy)=log(e"™)

= logx+logy=(x—y)loge

= logx+logy=(x-y)xl

= logx+logy=x-y

Differentiating both sides with respect to x, we obtain

d d d dy
—(logx)+—(log y)=—(x)-—
d.\'( gx) d.\'( ey) l.\'( ) dx
L id &
x ydx dx
f o
:I ]+l {d_‘ = |_l
\ ¥/ dx b's

|( 1'+1 dy  x-1
| — |=="—

Ly Jd¢ x

dy y(x-1)
T x(y+1)

Find the derivative of the function given by f(x) :(I+x_)(l +.\-3')(I+.\'4 )(l ?.\'x) and hence

find /'(1).
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Answer

The given relationship is./ (x)=(] +-l")(| +.\‘:‘)(| +x* )(1 +.\'”)
Taking logarithm on both the sides, we obtain

log £ (x)=log(1+x)+log(l+x’ )+log(| +x* )+ log(l -.-x")
Differentiating both sides with respect tox, we obtain

dv[/ :l— log (1+x)+ dl\'log(l+.r1)+((lilog(l+x")+;1r log(l+_\‘s)

| d 2 | d | (I
= 3 —(14x |
( l+x d\f r)+l+x3 dx( A )+]+x' zlx( % )+

:»./"(x):.f‘(x){] i l,,.2x+ 4w ! -8.Y7]

1+x 1+x° Lx? 1+x*

& -/l'(-")=(|+-\‘)(|+x3)(l+.\-‘)(|+_‘-*)[ I i 2xﬂ+ 4x P 8x’ }

I+x 1+x* 1+x' 1+x°

Hence, f'(l)=(1+')('”")(‘“")('”x)[iil+ |2+xll’ % :f:ll‘ +?i:]

2
+2
=|6x[l +4+8)
2
15
=16x 120
2

Question 17:

Differentiate (.vi'i —S.\'+8)(.\" + 7.\'+9) in three ways mentioned below
(i) By using product rule.

(ii) By expanding the product to obtain a single polynomial.

(iii By logarithmic differentiation.
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Do they all give the same answer?

Answer

Lety=(x"—5x+8)(x' +7x+9)

(i)
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LY=uy

= & @-w» u- L2 (By using product rule)

dy dx dx
:% :%(,ﬁ _5x+8).(,x1 +7x+9)+(x3 —5x+8)~%(,r‘ +7x+9)

= % =(2x-5)(x’ +7x+9)+(+" - 5x +8)(3x° +7)
dh

= dr = 2.t(3--‘+7.r+9)_5(x3 +7.\‘+9)+x: (3.\': +7)—5.\‘(3x: +7)+8(3x: +7)
.. (2% +14x7 +18x) - 52" - 35x— 45+ (3x! + 727 ) = 15x* ~ 35x+ 24x" + 56
dx
dy

= =5x"=20x +45x* - 52x +11
dx

(i) y = (x2 -5x+8)(x‘ +7.r+9)

X (.\" +7x+ 9) - 5.\'(.7:1 +Tx+ 9) + 8(.\"‘ +7x+ 9)

X 4+Tx +9x7 =55 =35x —45x +8x" +56x+ 72

=x"=5x +15x* =263 +11x+ 72

.'.%z%(x"—Sx‘+15.\"—26x2v+ll.\'+-72)

dx dx
s 159 () =26 L () 119 () L
_d\'(x) Scbr('x )Hsdr(x) 26(11\'(’\' )“]dx('x)er\'(?z)

=5x* =5x4x +15%3x* =26x2x+11x1+0

=5x"—20x" +45x* - 52x+11

ity v =(x* —5x+8)(x’ +7x+9)
Taking logarithm on both the sides, we obtain
log y = log( x* —5x+8)+log(x‘ +7x+9)

Differentiating both sides with respect tox, we obtain
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ldv d b = d )
~=-—loglx -5x+8)+ —log(x +7x+9
vdx dx (c(\ i ) dx g(\’ % )
lﬂ:— : -1(:(: —5.\'+8)+—\ l 'i(.\’3+7.\'+9)
ydx x —-5x+8 dx X +7x+9 dx
:>a"v=_v ; I_ x(2x=5)+— ! ><(3.\'3 +7)
dx X —5x+8 x +7x+9

p 2 3 [ 2x - 2
:»Ch;z(x'—51+8)(x’ £ 7x49)| 5 - ‘3) i
dx ' _.\"—3.\'+8 X +7x+9

fi 3 a2 2. e
— g = (x: —Sx+ 8)(.\'" +7x+ 9) (-2-\‘ N 5)(.'\’ T ki 9) & ();t ¥ 7)(:\ i 8)
dx (x‘ —5x+8)(x‘ +7.\‘+9)

=5 S‘; = 2.\'(1‘ +Tx+ 9)- S(x‘ +7x +‘~)) +3x7 (x3 ~5x+ 8) + 7(.\'2 ~5x 4-8)
= % = (ZxJ +14x% +1 8x')- 5x'—35x-45 +(3_vcJ —15x" +24x° ) +(7x: —35x+ 56)
=D _5x' _20x° +45x° —52x+11

dx

dy
From the above three observations, it can be concluded that all the results of —/'— are
dx

same.

Question 18:

If u, v and w are functions of x, then show that
¢ du dv dw
—(uv.w) = — v+t — W+ uv.—
dx dx dx dx

in two ways-first by repeated application of product rule, second by

logarithmic differentiation. Answer

Let y=uvw=u(v.w)
By applying product rule, we obtain
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dv du d

—=— (vw)+u—(v-w

de dx () d.\'( )
dv _ du fdv dw

== VWU WV ——
dc  dx | dx dx
dv  du dv

== VWA U — WA UV —

dx  dx dx dx

(Again applying product rule)

dw

By taking logarithm on both sides of the equationy = w.v.w, we obtain
log y = logu +logv+logw

Differentiating both sides with respect tox, we obtain

1l dv d, s d
o — |0 + 10, 7} 4 I _ ;
y dx d,r( gu) d.\‘( g ) d.\‘( og u)

1l dv ldu ldv 1dw
= = —

— — + —
y odx wdx vdx wdx
dy ( ldu 1dv 1 dw)
=>——=y +——

de “\wudc vde wdx

dy ldu ldv 1adw
= = Y VW| —— e —— o ——

dx ude vde wdx

dv du dv dw
S = e s Ve WA U WAV

dy  dx dx dx
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If x and y are connected parametrically by the equation, without eliminating the

. dy

parameter, find —

) dx
x=2ar*, y=ar

Answer

The given equations are x =2at* and y = ar’

o d X g i
'I’hcn.é — ‘—(Zal‘ ) = 2(l~£—1(l' ) =2a-2t =4at
dt dt dt’
v d i 3
ﬂ—"— al‘)—-u-‘—(IJ)—‘u-ét-ll =dat
dr dt dar’
‘I d!l"\|
Ldy \dt) 4at’ _p
" dx [dx \] dat
dr |

If x and y are connected parametrically by the equation, without eliminating the

o dy
parameter, find —=-.
ax

X =acos0O,y=bcosb
Answer
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The given equations are x = acos 8 andy = b cos 6

Then, % = i(_ar cos0)=a(-sin@)=-asind
g , .
% = ;—i}(bCOSO) =b(—sin@)=—bsin0
C
“dy )
o dy _ \dé?) _ —bsind L b
Cdx [dx \’ —-asinf  a
\do )

If x and y are connected parametrically by the equation, without eliminating the

l.
parameter, find 1. X
dx

=sint, y = cos 2t

Answer

The given equations are x = sin t and y = cos 2t

= ax: d g
lhen, — =—(sint)=cos¢
dedi
dy d " d :
—=—(cos2t)=—sin2r-—(2t)=-2sin2¢
drdt dt
[d_\-‘
dv |\ dt -2sin2t —2-2sinfcos/ 215
S——=a—t= = =—4sint
dx [d.\' | cost cost
dt J

If x and y are connected parametrically by the equation, without eliminating the
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o dy
parameter, find —=-.
dx

x=4andy= £

The given equations are [
Fﬁz,‘f.(4,)=4
dr dt
’ . 171) f-=
B_d(4)_ g (1) ().
dr de\ 1 deit £

() (7

o _\a) (F)

VU dx ((l\’ ] 4 i
dt )

If x and y are connected parametrically by the equation, without eliminating the
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,"
parameter, find i
dx

x =cosf—cos 20, y =sind—sin 20

Answer

The given equations arex = cos@ —cos 2¢ and y = sin @ —sin 26

Then. Lo = L (cos@—cos26) = i(cos(i’) - i~(cos 26)
dd do do do
= -sin@—(-2sin26)=2sin26 -sin @
ay. = i(sin 6 -sin26) = i(sin 0) —i(sin 26)
de  do do do
=cosfd—2cos260

73
Ldy [ df ) cos@—2cos20
Ty ( dx J  2sin20-sin@

de

Question 6:

If x and y are connected parametrically by the equation, without eliminating the

parameter, find ﬂ
dx

x=a(0-sinf), y=a(l+cosd)
Answer
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The given equations are x = a(@-sin@) and y = a(1+cos0)

Thcn,% = u[%(())—;—;(sin())} =a(l-cos®)

dy d d 1 - Y
~==0 _:{Z(l)+ - (c.os&)J = a[O +(—sin 9)] =-asin@
“fL'J L0 6 8
dy _\de —asing _ ToSIN5C085 =008y 0
et - = == < £ = £ = —cot—
dx gl_}j_] a(1-cos@) 2sin?? sin? 2
da 2 2
Question 7:

If x and y are connected parametrically by the equation, without eliminating the

iy
parameter, find <’

dx
sin’ ¢ cos’
3 s V=
\/ cos 2t \/ cos 2¢

Answer

sin’ ¢ cos’ t

= andy =
Veos 2t

The given equations are Veos 2t
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dt dt Jeos 2t
Jeos 2t -i(sin3l)—sin“r-i Jeos 2t
dt dt

cos 2t

CIEThcn,ﬁ-i[ sin” 7 ]

d

—(cos2s
dl(('OS )

; di . i |
Jeos2r -3sin’ 1+ —(sint)—sin’ 1x ——uo-.
_ dl( ) 24 cos 21
cos 2t

(30 |
3Jcos 21 -sin’tcost—L’. ~2sin 2t
_ 2\/00521 ( )

cos 21
~ 3cos2isin’ rcost +sin’ £sin 2¢

cos 2t cos 2t

dv _d| cos't
dr dt

d ; 3, d
Jcos2!.-d;(cos‘!)—cos‘ I-E(Jcosm)

cos2f

dt dt Jeos 2t

N I d
Jeos2t.3cos’ t-—(cost)—cos’ t.——-—(cos 2t
_ dl( ) 2\ cos 21 dl( )

cos 2t

al . I -
3Jcos2r.cos’ t(—sint)—cos® t+————.(-2sin 2t
_ ( ) 2/ cos 2t ( )

cos 2t
_ —3cos2r.cos’ £.sinf +cos’ £sin 21

- c0s 21 -+/cos 21

Page 125 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

dy
~dy \dt) -3cos2t.cos’tsinf+cos'sin2t
dx (dx] 3cos2ssin’ 1 cost +sin’ 1sin 2t
dt

~3cos 2f.cos” £.sint +cos’ 1 (2sint cost)

3cos2ssin® rcost +sin’ ¢ (2sint cost)

Sin/ cos/ [—3 cos 2¢.cosf +2¢os’ l:|

SN/ Cos! [3cos 2¢sint + 2sin’ 1]

[3(I —2sin? !)sin/ +2sin"l] cos 21 =(I - 251'1121)

[—3(2COS:I ~1)cost + 2cos"rJ cos 2 =(2cos’ 1 - 1),

~4cos’ 1+ 3cost
3sin/ —4sin’ 7

—cos3t cos3f =4cos' 1 —3cost,
sin 3 sin3f = 3sins —4sin’ ¢
=—cot 3t

Question 8:

If x and y are connected parametrically by the equation, without eliminating the

»

parameter, find ﬂ
dx

' [ A
x= u(cost +log tani]. y=asint

Answer

t .
xX= u(cost +log tan;] and y = asint
\

<

The given equations are
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Then,— o [ (cost)+ i[lob tan - ]]
dt dt 2

di

!
=da —smr+— —| tan—
an! [ 2]

s I !
=0 -%ml-H,ol --sec H
2 2
i (.)s’
955 1 ]
=d| =S+ = X X —
. .0 2
Sin cos’
| 2

2
=¢|-sinf+—F-——
2sin - cos

/
2
=da —sml+—)

sin/

—sm‘r+l)
=d| ——

sin/

cos’

=d—
sint

‘1‘.
= a—(sint) = acost
5 a( ( )=a

dy
. dv_[dt)_ acost _ sint
”E—(dx)— cos’t) cost
dt (a sint J

Question 9:

=lan/
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If x and y are connected parametrically by the equation, without eliminating the

[
parameter, find =~
dx

x=asecld, y=btan0
Answer

The given equations are x =asecd and y = htan @

Then, LS (secd)=asecHtand
do do
dy d )
;‘zb-—(tano):bscc'()
do de
%)
.__dv:(:dé) _ bsec & =bsec()col{)= bcos{) =b>< 'l =bcosec 0
dx de] asecfdtand a acos@sm@ a smb a
dae

If x and y are connected parametrically by the equation, without eliminating the

o dy
parameter, find —
dx

x=a(cos@+0sind), y=a(sind—-0Ocos?)
Answer
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The given equations are x = a(cos@+@sind) and y = a(sin@—0Ocos )

Then, ﬂ—a ibOb()*-i(()bll'l()) =a —sin()+()i(sin())+sin()i(())
deo de deo

de do
= a[-sin@+6cos@+sinf] = abcos &
ﬂ=a[i(sin(9)—i(ecosﬁ)}=a[cos£3’ {0—(cos€)+u056— IJ
o | do do f
=afcos@+0sin0 —cosd|
=afsin@

dy
dyv \do) afsind
R = =tanf
dx [ dx ) af cos

de

Question 11:

' ! dy
X= \/a“’" s \/a“" ‘, show that —=-=
If dx X
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Answer

The given equations are x =Va™ * and y = Va™" '

x=va™ ' andy=va™ '

| |
—x= (asm I )Z‘ and _."‘ a (ucm ] )3

13-4 1 1
-sm -C0s '/

=>x=q? and y = @’

1.
sin 4
=

Consider x = a’

Taking logarithm on both the sides. we obtain

e
Iogx:;sm 'tloga

-

| dx | d

Jo—r—=—loga-—(sin”'¢
X dt 2 & dl( )
dx x

: |
- —==loga-
dt 2= ,/]_[3

dx  xloga

I—2\/1—13
|

Then, consider y = a*

Cos I’
Taking logarithm on both the sides. we obtain

S
log_v:;cos tloga

Sl ody ] d |
s———=—loga- (cos 1)

y dc 2 dt

dy vyloga S
et = e 4| - ot

dt 2 \/] -2

_ dv_-yloga

AN
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U dx { dx

()
. d\‘ = dt
/

Hence, proved.
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Find the second order derivatives of the function.
X +3x+2

Answer

Let y=x"+3x+2

Then,
i11[‘4':—{(.\':)\&—(i 3.1&')+i 2)=2x+3+0=2x+3
dx  dx dx dx
d’y d d , d .
So—=—=—(2x43)=—(2x)+—(3)=2+0=2
B a2 3= (294 .0)

Find the second order derivatives of the function.

.20

X

Answer

Let y=x"
Then,
dv _d

Y2 () =20x"
dy  dx ('\ ) ¥

. ‘]3‘),_1 .

o =—(20x")= 20i(.\"‘-’) =20-19-x"" =380x"
dv™  dx dx

Maths
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Question 3:

Find the second order derivatives of the function.
X-COSX

Answer

Let y=x-cosx

Then,
ty d { { ; .
% = :/7(-"'005 x)=cosx- i(_x)arix(cosx) =cosx«1+x(—sinx)=cosx—xsinx
Py d ; 1 { 2
‘(L\‘i = ‘il;[cosx-xsmx] = i(cosx)— ‘-‘l;(.rsm x)
. ; d d .
= —sinx—|sinx-—(x)+x-—(sinx)
dx " dx

=—sinx—(sinx+xcosx)

=—(xcosx+2sinx)
Question 4:

Find the second order derivatives of the function.

log x

Answer

Let v =logx

Then,

dy _d g 1
de de' X

: ﬂ_i(lJ_-_'
Tdd delx) X
Question 5:

Find the second order derivatives of the function.
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R
x logx

Answer

Let y=x"logx

Then,
dy dr ;s dy s . d
— =—|x"logx |=logx-—(x" |+ x +—(logx
dx dx[ b] 8 a’x( ) dx( & )
=logx-3x* +x° RS log x-3x% + x°
X
=x"(1+3logx)
L d'y _d

s [.\"'(l +3l0gx):|

=(1 -0-3l0g.\*)-%(.\'3 ) +x :l—i(l +3log x)

:(]+3|0gx)-2,1~+_\.2,_3_
x

=2x+6xlogx+3x
=5x+6xlogx

=x(5+6logx)

Question 6:
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Find the second order derivatives of the function.
e’ sinSx
Answer
Let y=¢"sinSx
av d gy . . : & ifin SdigEs
==—(e¢ smS.\'):.s'me- (e )+e' (sin5x)
dx  dx dx dx

g d : ' .
=sinSx-e" +e" -cos 5.\‘-—’,—(53') =e"sinSx+e" cosSx-5
dx

=e" (sin 5x + 5¢0s 5x)

2 dj‘ = ;I [e’ (sin 5x + 5cos Sx)}
dv®  dx
d d
=(sin35x+5cosSx)-—(e")+e*- sinSx +5cosSx
( ) dx( ) d.x'( )
=(sin5x+5cos5x)e" +e’ {cos 552 (5x)+5(—sin5x)- “ (S.Y)J
dx dx

=e"(sin5x+5cos5x)+ e (5cos Sx—25sin 5x)
Then =¢" (10cos 5x—24sin5x) = 2¢" (5cos Sx—12sin 5x)
Question 7:

Page 135 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

Find the second order derivatives of the function.
e® cos3x

Answer

Let vy =¢" cos3x

Then,
dv d d ; s . d
ik r(e""~cos3.r) = COs3x:— (e“*)+e"“- ¢ (cos3.\')
dx dx dx dx
- d d
= cos3x-e™ . —(6x)+e* . (-sin3x)-—(3x
dx( ) ( ) ix( )
- 6e" cos3x —3e® sin3x (1)
dy d [, i diec . (B NP
St = | 6e" cos3x -3¢ sin3x ) =6-—|e" cos3x)-3-—(e" sin3x
dx” dx( ) cx( ) a'x( )
P s [ . d it R A 1
— 6-[6e"* cos3x—3e" sin 3.r:|—3 .| sin 3x-—(e™)+e* - —(sin3x)
| dx dx )
=36¢" cos3x —18¢™ sin3x— 3[sin 3x-e™-6+e" -cos 3.\'-3]
=36¢™ cos3x —18¢* sin3x —18¢™ sin 3x —9¢** cos3x
= 27e* cos3x—36¢" sin3x
= Q™ (3 cos3x —4sin3x)
Question 8:

Find the second order derivatives of the function.

tan”' x

Answer

Let v=tan ' x

Then,

[Using (lﬂ
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l+x

i-};ﬂu'xl):%(m-’) ) (142) L (14.0)

(l+x:)_

Question 9:

l+.\'2)3

—

Find the second order derivatives of the function.
log(log x)

Answer

Let v =log(logx)

Then,
d‘ d | d l }
I l oy ] X)= = y-] 3
dx dr[og( 02‘)] log x dx( oz%) xlog x (£log x)
228 = (xlogx) '] =(-1)-(xlogx) "+ (vlog)
m d
A L |02\‘— +x-—(loex
(xlogx)’ [ () d\-( g )]
- [logx d4x- I} M
(‘ log x)’ x]  (xlogx)
Question 10:

Find the second order derivatives of the function.
sin(logx)

Answer
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Let y =sin(logx)
Then,
—3}\— = —g‘—_[sin(log r)] = cos(log .\‘)-%(log x)=
d'y _ d {cos(logx)}

X

Tyt dx

cos (log x)

d » d
- % [cos(logx)]—cos(logx)--< (x
X a:‘.[co;( og,x)J cos(log x) dx(x)

Xt

e

:—sin (log x)- :’\ (log \)} ~cos(logx).1

2

5,3

~xsin(log x). s cos (log x)
x

X
- [sin(log x)+cos(log \):I

X

Question 11:

. d’y
If y = Scosx—3sinx, prove that 5+ 1= 0
o
Answer

It is given that, v = Scosx—3sin x
Then,
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g‘\- = C—j;(SCOS.\') - 5;(3sinx) = 55\:((:05,1') - 3-‘%(sinx)
=5(—sinx)-3cosx =—(5sinx+3cosx)

(Z]\‘ = %[—(5 sinx+3cos \):|
d d \
= | 5L (sinx)+3- L (cosx
{ dx(:m x)+ dx(cm\)}

=—[5cosx+3(—sin.\')J
=—[5cosx—3sinx]
:—-)'

.'.Q«U':O

dx”

Hence, proved.

Question 12:
: d*y
y=cos x, find 3
: dx
Answer

It is given that, y=cos ' x

IfThen, in terms of y alone.
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de  dx J=a®
: .
& el
-3 J-2)7 2 0-#)
I
- 2.‘(“."2); x (-2x)
:Zi;-;; ’(:r)“ i)

P=C0s ' X =>X=COSYy
Putting x = cos y in equation (1), we obtain
d’y  —cosy

dx® V[(

d’y  —cosy
=== s

e \[(sinz _v);

~COosS ¥

3
1-cos’ y)

LA
sin” y
—Cos v 1

= . X . 2
siny sin‘y

2
-

d N
— =—cot y-cosec’ y
dx

Question 13:
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If y =3cos(logx)+4sin(logx), show that x*y, +xy, +y=0

Answer

It is given that, y = 3cos(log x)+4sin(log x)

Then,
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=3 %[cos(;og x)]+ 4-—:;[sin (logx)]

_ 3-‘-—sin(logx)-‘—di(logx)]+4-{ws(logx)-%(logx)]

~3sin(logx) i 4cos(logx) 4cos(logx)-3sin(logx)
x x X

d [4c-os(logx)-3sin(]ogx))
A Ys=—
dx x

LW =

) A{4 cos(log x) - 3sin(log x)}' - {4 cos(log x) - 3sin (log x)}(x)'

2

i x i4{cos(logx)}' - 3{sin (log x)}' ] ~{4cos(logx) - 3sin(log x)}.l
i X j—4 sin (log x).(log x)' —3cos(logx) (log x)' w —4cos(logx)+3sin(log x)

x°

x[—4sin(logx). by cos(log x). l] ~4cos(logx)+3sin(logx)
X X

x:‘
~ —4sin (log x)-3cos(log x) - 4cos(log x)+3sin (log x)
x'.".

~ —sin(log x)—7cos(logx)
= =
Xy Xy Y

e [—sm(log:r)—\?cos(IOg,x))Jr x[4cos(logx)—.» sin (log x))+ T T T O e
v

x
= —sin(log x)—7cos(log x)+ 4 cos(log x)—3sin (log x) + 3 cos (log x) + 4sin (log x)
=0

Hence, proved.
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Question 14:
:. ’ dy
If y = Ae™ + Be™ , show ——(m+n)==+mny=0
? 2 dx” “dx
that
Answer

It is given that, y= Ae™ + Be™
Then,

Z‘—‘ =A- % (e"" )+ B- % (e'") =A4-e", %(mx) +B-e" '%(nx) = Ame™ + Bne™

d: “ d M. nr d mx (i nx

=~ = —(Ame"“ + Bne ) = Am~—(e )+ Bn-—(e‘ )
dx-  dx dx dx i

o ‘i ny ‘j 2 mx 2 _nx
= Am-e™ -—(mx)+ Bn-e" -—(nx) = Am’e™ + Bn’e
dx dx

L dy dy
s —(m+n)=—+mny

dx” dx
= Am’e™ + Bi’e™ - (m + n)-(Ame"“ + Bne™ ) + mn(Ae""* + Be"")
= Am’e™ + Bn’e" — Am’e"™ — Bmne" — Amne™ — Bn’e" + Amne™ + Bmne™

=()

Hence, proved.

Question 15:

. . d’y
If y = 500¢™ +600¢ ™", show that 5 = 49y

Answer

It is given that, v =500e" +600¢
Then,
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dy d dyi
— =500.— G2
X dx ( “dx ( )
=500-¢™ -i(7x)+600-e W -i(—u)
dx dx
=3500e"" —4200¢ ™"
d’y 77 ST
S —==3500- P &
dx’ : (t ) “dx ( )

=3500-¢" —(7r) 42()()-e"‘~i(—7,\‘)

dx dx
=7%3500-¢’* +7x4200-¢7*

=49x500e™ +49x600e '
=49(500¢"™ +600¢ ™)
=49y

Hence, proved.

Question 16:

d’y (dy
Ife' (x+1)=1, show e
that

Answer
e’ (x+1)=1

The given relationship
is
e’ (x +1)=
|
= e =—

x+1
Taking logarithm on both the sides, we obtain

1

(x+1)

y=Ilog
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Differentiating this relationship with respect to x, we obtain

D =L ):(.m). e S

i Cl it

-‘_’:_-"_’___ff_( ' J__ =1 [z 1
T delx+] (x+1)" ) (x+1)’
d’y [ = )3
=== —
dx’ x+1

&y [dyT
= ——=| —
dx” dx

Hence, proved.

Question 17:

If y=(tan” x:):, show that (x* + I): yy+2x(x +1)y, =2

Answer

The given relationship is V' =(tzm’I r)
Then,

1
¥, =2tan™ .\';—(lan"' x)
”

=3 = %

1

14 x°
= (1+x%)y, =2tan"' x
Again differentiating with respect to x on both the sides. we obtain

(1427 )3, +2xy, = 2( ' )

]+ x°

=» (l +_\'1)) ¥, + 2x(l +x° )_v, =2

Hence, proved.
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Verify Rolle’s Theorem for the functior / (¥)=x"+2x -8 ,x&[-4.2]

Answer

The given function,j'(,\') =x*+2x-8, being a polynomial function, is continuous in [—4,
2] and is differentiable in (-4, 2).

f(-4)=(-4) +2x(-4)-8=16-8-8=0

£(2)=(2) +2x2-8=4+4-8=0

~f(-4)=f(2)=0

= The value of f (x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point ¢ ¢ (=4, 2) such that /(¢)=0
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f(x)=x"+2x-8

= f'(x)=2x+2

sifile)=0

=2c+2=0

=c¢=-1, wherec=-1¢€(-4,2)

Hence, Rolle’s Theorem is verified for the given function.

Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?
() f(x)=[x] forxe[5, 9]

(i) f(x)=[x] forxe[-2, 2]

(i) f(x)=x"—1forxe[l, 2]

Answer

By Rolle’s Theorem, for a function ./':[u. b] - R, if
(a) f is continuous on [a, b]

(b) f is differentiable on (a, b)

(c) f(a) =f(b)

then, there exists some ¢ ¢ (a, b) such that f'(¢)=0

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of

the three conditions of the hypothesis.
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f(x)=[x] forxe[5, 9]
(i)

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9
= f (x) is not continuous in [5, 9].

Also, f(5)= [5] =5andf(9)= [9] =9

~f(5)= F(9)

The differentiability of f in (5, 9) is checked as follows.
Let n be an integer such that n & (5, 9).

The left hand limit of /" at x = n is.

h)— J =
/(,;+ ;) 7(n) [n+ 1] [n] — _ lim |=.—,_»
-»4) /l 10 h fr—( h
The right hand limit of /" at x = n is,

/ +/
lim /(”+ z) [” I] [”] = I = llm 0=0

h->l 7 '1—0 -

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

-f is not differentiable in (5, 9).
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It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

Hence, Rolle’s Theorem is not applicable for f(x)=[x] forx &[5, 9].
f(x)=[x] forxe[-2, 2]
(i)

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].
Also, f(-2)= [—2] =-2andf(2)= [2] =2
~f(=2)= f(2)

The differentiability of f in (=2, 2) is checked as follows.
Let n be an integer such that n & (-2, 2).

The left hand limit of /" at x = n is.

+h)- +/ =
., (n+h)=1(n) [n 1] [n] I -
-;l) 1 b-)(l ly—ul 1 fr=0 h
The right hand limit nl/ atx =n is,

(n+/ +/
T ) b I8 '] 7. = lin =lim0=0
h-—>0 7 'v »U vU )

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
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-f is not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

Hence, Rolle’s Theorem is not applicable for /(x)=[x] forx e[-2, 2].
f(x)= x*—1forxe [l, 2]
(iii)

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

r(1)=0y-1=0
r(2)=(2)-1=3

F(1) # F(2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
Hence, Rolle’s Theorem is not applicable for /'(x)=x"—1forx&[l, 2],
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_/':[—5.5] — R If is a differentiable function and if /'(x)does not vanish

LB B o anywhere, then
prove that / (=5)# f(5).

Answer

It is given that / :[-5.5] > R
is a differentiable function.

Since every differentiable function is a continuous function, we obtain

(a) fis continuous on [—5, 5].

(b) f is differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists ¢ = (=5, 5) such that

=10f"(c)=f(5)-f(-5)

It is also given that /(\) does not vanish anywhere.
s fe)#0

=10f"(¢)#0

= f(5)-f(-5)=0

= f(5)# 1 (-5)

Hence, proved.

Verify Mean Value Theorem, if /(\) =x"—4x-3in the interval[u. /)], where
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a=land h=4
Answer

The given function is /'(x)=x" —4x—-3
f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)
whose derivative is 2x — 4.
F(1)=1r-4x1-3=-6, f(4)=4"-4x4-3=-3
CS(B)-fla) _f(4)-/(1) _-3-(-6)

=1

b—a 4-1 3

W | Wl

Mean Value Theorem states that there is a point ¢ « (1, 4) such that /”(¢) =1

£(e)=1
=>2c—4=]
5 5 :
=c=—,wherec==¢€(l, 4)
2 2

Hence, Mean Value Theorem is verified for the given function.

Verify Mean Value Theorem, if /(x)=x"—5x" —3x

b = 3. Find all ¢ (1.3) for which f'(¢)=0

Answer

. . . =_"_5..3_3..
The given function f is ./ (x)=x . : in the interval [a, b], where a = 1 and

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)

whose derivative is 3x? — 10x — 3.
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~

-3x3==-27

F(1)=r-5x1"-3x1=-7, f(3)=3"-5x3

IB)-1@)_1Q)-10)_-2-(1)__
b—u 3-' 3—'

Mean Value Theorem states that there exist a point ¢ & (1, 3) such that./"(c) =-=10

7'(e)=-10

=3¢’ =10c-3=10
=3¢’ -10c+7=0
=3c*-3¢-Tc+7=0
=3c(c-1)-7(c~1)=0
=(c-1)(3¢-7)=0

-
=s¢=1, == where ¢ =
3

(1, 3)

W~

-
Hence, Mean Value Theorem is verified for the given function and ¢ = 3 (1, 3)is the

only point for which /'(¢)=0

Examine the applicability of Mean Value Theorem for all three functions given in

the above exercise 2. Answer

Mean Value Theorem states that for a function ‘/'I[u. b] —> R, if
(a) f is continuous on [a, b]
(b) f is differentiable on (a, b)
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_ k f(b)-f(a)
then, there exists some c & (a, b) such that f (c)== /; - ’ )
—

Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.
f(x)=[x] forxe[5, 9]
(i)
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x = 9

= f (x) is not continuous in [5, 9].

The differentiability of f in (5, 9) is checked as follows.

Let n be an integer such that n ¢ (5, 9).

The left hand limit of /" at x = n is.

+h)- +/ =
I(n 1) 1 (n) [n 1] [n] — B |=.—,‘
[N h -l fr=s0) h =) 1
The right hand limit of /" at x =n is,
(n+/ +/
T ) o AL '] AL = lin = lim0=0
h-->0 7 'v »(l .tl h-)

Since the left and right hand limits of f at x = n are not equaI, f is not differentiable at x
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-f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

Hence, Mean Value Theorem is not applicable for f(x)=[x] forx &[5, 9].

(i) f(x)=[x] forxe[-2, 2]
It is evident that the given function f (x) is not continuous at every integral point.
In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

The differentiability of f in (=2, 2) is checked as follows.

Let n be an integer such that n = (=2, 2).
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The left hand limit 0["/' atx =n is.

/(n+/l)— /(n) [n+h] [n] L -1 —

—)U h f1- -:(l Jr- _ul h Jr—0) 1

'he right hand limit of /" at x = n is,

lim /(”+h) ['Hh] [”] L lim0O=0

h-—>0 7 H -U )v s(l 1 )
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=nNn

-f is not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

Hence, Mean Value Theorem is not applicable for f(x)=[x] forxe[-2, 2].

(iii) f(x)=x"—1forx C[], 2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
Hence, Mean Value Theorem is applicable for_/‘(.\') =x’'—1forxe [l, 2].
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It can be proved as follows.
Ff()=r-1=0, f(2)=2*-1=3
f(b)-fla) 3 _/'(2)—_/'(1) _3=0

-
=

b—a 2-1 1
f(x)=2x
L) =3
=2c=3
= ¢=>=1.5, where ].56[].2]
2

Maths
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Miscellaneous Solutions

Question 1:

(3..\‘3 —‘),\'+5)"

Answer

Lety= (3x" —Ox+ 5)‘,

Using chain rule, we obtain
dy d

3 9
st

(3\' -9x +5) ( x"—‘).\'+5)
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Question 2:
3 6
sin” x+cos” x
Answer
Let y =sin’ x+cos’ x
dy d ;. ; d \
s == =—sin’ .\')+—(cos" x)
dx dx dx

=3sin’ .\'-(—I(sin.\')+6cos" it (cosx)
dx dx
=3sin’ x-cosx+6¢os’ x-(—sinx)

=3sin xcos .\'(sin x - 2cos* ,\')

Question 3:
(5.‘_)3';1«2'

Answer
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Let y = (5x)"""
Taking logarithm on both the sides, we obtain
log y =3cos2xlog Sx

Differentiating both sides with respect tox, we obtain

ldy _ 3\‘log 5x -i(cos 2x)+ cos 2-"‘1( log SX)}

ydx N dx dx
dp s T 26 ; d | s
= —— =3y| log 5x(-sin 2x)-—(2x)+cos 2x-— —(5x)
dx i dx Sx dx
dy F o . cos2x
= —=3y| -2sin2xlogS5x+
dx i X
dy [ 3cos2x :
= —=—=3y - 6sin2xlog5x
dx . =X
dy Jeos2x | 3COS2X ; 2.
s—=(5x) —6sin2xlog Sx
dx X
Question 4:
sin”' (\\/:) 0<x<l
Answer

Let y =sin™' (.\' \,/T)

Using chain rule, we obtain
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1 d ( 29
= =e—| 2
Vi-x' dx )
-
—. - - x "..x-
l—x" =
_ 3Wx
24J1-x
3 [
2V1-x°
Question 5:
ax
cos™
£ =2<x<?2
2x+7
Answer
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cos
2

V2x+7

By quotient rule. we obtain

N2x+7 4 [cos" x)—(cos" x] ¢ (\/2.\'+7)
dx dx

Lety=

dy 2 2
dx (Vzx+7)
-1 d(x s | d
2x+7 . ' 2x+7
A YV dx(2] [ 2]2 2x+7 d\r( k)
\"(2)
- 2x+7
B 7
V2x+7 —(cos' ] =
_ 4-x° Z 2x+7
2x+7
X
= —2x+7 B w08 2
Ja-x x(2x+7) (V2x+7)(2x+7)
I cos ¥
V4-x*2x+7 (2x+7):
Question 6:
| V1+sinx +/1—-sinw
cot O<x<—
J1+sinx —l-sinx 2
Answer
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fets 4 JI+sinx ++/1-sinx
2Ly =
J1+sinx —/1-sinx

. J1+sinx +J1-sinx
T'hen

d f " >
\,'l+smx—\/l—smx

(\/I+sinx+\/I—sin.r)1

- (\/i+sin.r - \/I -sinx) \/I+sinx+ \/I—sin.\')

(
=(I+sinx) (1-sinx)+2 (l—smr )(1+sin x)
=4

(1+sinx)

l—smx)
T
2+ 24l-sin’ x
2sinx
I +cosx

sinx

3%
2¢os” —
2

X
2sin” (.Os
2 2

X
=cot —
2

Therefore, equation (1) becomes

V= cot '[cotij
2

X

=D y=—

-2
d_1d
dx 2dx"

&1

dc 2
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Question 7:
(logx)™", x>1
Answer

Let y =(logx )mg X

Taking logarithm on both the sides, we obtain
log y = log x-log(log x)

Differentiating both sides with respect tox, we obtain

| dy
== - [Iog x-log(log \)]
| dy d dr
log(1 I I —1 log(log
_D\'d\ og(logx). dt(og__r)+ ogx-—-| g ( ;,\)l
=Y =y ]og(log.t).vl +log x -~ ‘ d—(Ing)
dx X log x dx

= . \[l log (logx)+ l}
dx X X

i log(log .
. ‘i‘ =(logx )I J + _og( og Y)}
“dx | x X
Question 8:
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cos(acosx+bsinx), for some constanta and b.

Answer
Let y = cos(acosx+bsinx)

By using chain rule, we obtain
dy

d 2
— =—cos(acosx+bsin x)
de  dx

dy . . d .
= T = —sin(acosx+bsinx)-—(acosx+bsin x)
dx fx

= —sin(acosx +bsinx)- [u(-sin x)+ hcos.\']

=(asin x—bcosx)-sin(acosx +bsin x)

Question 9:
= [sinx-cosx) [ 37[
(sinx—cosx) , —<xX<—
' 4
Answer
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[ . sinX—cosx)
Let y =(sin x—cos x)

Taking logarithm on both the sides, we obtain
log y = Iog[(sm x—cosx)™ ‘""’}
= log y =(sinx—cosx)-log(sinx—cosx)

Differentiating both sides with respect tox, we obtain

%Z‘\ :llr (sinx —cos x)log(sinx—cos \)]
l dy d ; d ?
— =~ log(sinx—cosx)-—(sinx ~cos x) +(sinx - cosx) - log (sin x - cos x)
y dx dx dx
1 dy 3 ; 1 d
=log (sinx—cosx)-(cosx +sinx)+(sinx—cosx)-———————(sinx—cosx)
y dx (sm\—c,os\) dx

=5 % = (sinx—cosx) I:(cosx +sin x)-log(sin x —cosx)+(cosx +sin \)]
ax

LAy

G (sinx—cosx)

[smx—casx)

(cos.x +sin x)[1+log(sin x —cos \):I
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X +X

Answer

Chapter 5 - Continuity and Differentiability

X o
ta +da  for some fixeda>0and x>0

Lety=x"+x"+a" +a"

Also.letx* =u. xX*=v.a" =w.andad’ =5

SYEUFVEWES

dy du dv dw ds
= — o —+

dx

u=x"

dx  dx  dx

= logu = log x"

= logu = xlogx

Differentiating both sides with respect tox, we obtain

Maths

(1)
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| du d d :
— T = ogx—(x)+x-—(log x
u dx Bx (L\‘(x) J dx ( 0gx)
du I 1
= —=u|logx1+x-—
dx X
= du _ x"[log x+1]= x*(1+log x) k)
dx :
v=x7
dv d g, ,
Rk et (5%
dx ci\‘( )
8 (3)
=
w=a'

= logw=loga’

= logw=xloga

Differentiating both sides with respect tox, we obtain
| dw {

woodx dx

dw
= —=wloga

dx

:ﬂ: a'loga -(4)
dx

s =a°

Since a is constant, a? is also a constant.

ds

. dx

0 -(5)

From (1), (2), (3), (4), and (5), we obtain
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dy

dx

Chapter 5 - Continuity and Differentiability

x (1+logx)+ax™" +a" loga+0

x*(1+logx)+ax*" +a" loga

Maths
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x° }+(.\'—3)': , for ¥>3
Answer
Lety=x"" +(.\'—3)":
Also, let u=x"" and v = (.\'-3)‘3
LV=u+v
Differentiating both sides with respect tox, we obtain

(1)

dv du dv
=
dx dy dx

-3

u=x
logzlzlog(.\": ")
logu = (x* —3)log x

Differentiating with respect to x, we obtain

| du d; s 3 d
——=logx-—(x =3 )+ (x =3)-—(logx
u dx o d.r( )) ( )) dx( gx)

1 du = 1
= ——= log.\'-2x+(x' -3)-—
u dx X

du 2 x* =3
= —=x"" l +2xlog .\'J

dx X
Also,
v=(x- 3)":
s logy = Iog(.\'—3)‘:
= logv =x"log(x-3)

Differentiating both sides with respect tox, we obtain
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1 dv d
2 og(x-3)-% A og(x-3
v dx ) ( ) dx{og(‘ )]
:‘l% Iog(t—») 2x+x° r]3 :r(\—3)
f{‘,_‘ 7\]02(\—3)+~-r2— 1
dx x-3
= z% = (,\’—3)‘\"' ["‘—} +2x log(.\‘—3)J

Substituting the expressions of #and? in equation (1), we obtain
dx dx

dy =x* ‘lx; 2 +2x|0gx]+(x—3)‘: [ x.'}' +2x '08("‘3)}
Y

dx X -

Question 12:
Flndg‘- if ¥=12(1-cosr), x:IO(I—sinl).—g<t<g
Answer
It is given that, y =12(1-cost),x=10(¢—sint)
dr d
——=—10(r=sint) |=10-—(r—sinr) =10(1-cost
o —sing)] ,( )=10(1-cosi)
dy
12(1=cost) |=12-—(1-cost)=12-| 0—(=sint) |=12sint
131 con)] 12 (on) 12 o) 2
(dVJ 12.95i S ot
Cdv \ di 12sin¢ A0S 6
U - — _ -=_cOt_,
dx (g\_] 10(1-cost) 19262t 5 2
dt 2
Question 13:
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- d;;, if ,\’=sin".\‘+si|1"\/l—x3, -1<x<1
ind ¢

Answer

1 B

It is given that, y =sin ' x+sin

J Q—i[sin ' x+sin '\]I—,\‘ZJ

Tdv dx
dy d . , dyf. . )

= —=—(sin" x)+—(sin" JI—x"
B ) dx(” *

:)%E= L : —(;'-( l-x:)
B
oY OO WG S DY
dc  J1-x? x 2fl-x? dx
dy | |

=== + =(-2x)
dc  J1-x* 2xy1-x°
Q_ 1
dx  J1-x* J1-x°
dx

Question 14:

If xy/l+y+yVl+x =0

£_~ 1

dx (l+.r):

, for, —1 < x <1, prove that

Answer

It is given that,
I+ y+ydl+x=0
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= xfl+y=—pfl+x
Squaring both sides, we obtain
X (1+y) =y (1+x)

=S +xy=y +x°

=>x -y =x'-xy

>x’ -y =x(y-x)

= (x+y)(x-y)=xp(y—x)
LXFY=—Xy

=>(l+x)y=—x

(1+x)

Differentiating both sides with respect to X, we obtain

=Nop=

...
: (l +x)
o ad oy d 3
dy _ m(l-r.\)d;(,\)—-x‘z\_(lhx) _ ._(l+x)—.\‘ -
dx (1+x) (1+x) (1+x)
Hence,
Question 15:
If (.\'—a): w‘-(_v—b)3 = , for some ¢ > (), prove
a3 that
(2]
1+
dx
‘;‘ is a constant independent of a and b
*
Answer
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: [(.\'—u):}+ d [(_r—h)r} -4 (L) It is given that, (x—a) +(y—b) =¢’
. @ ax’ Differentiating both sides with respect to x,
=2(x-a)—(x—-a)+2(y-b) d(‘.-_/,)zo we obtain
dy
=2(x—a)1+2(y-b)-—=0
dx
O L) (1)
dx y—b
Py od |olid)
Cd de| y-b
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(r-0) & (s-a)~(x-a) & (v-)
(y=b)

“av ) +(ﬂ)7 2 (y-b) +(t a)’ :
A e I =
2 | Jedrtead ] Jooseay]

(y-8) (v-2)

Loy o5

‘(.v—b) (v-by

= —¢, which is constant and is independent of a and 5

Hence, proved.

Question 16:
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dy cos’(a+y)

cos y = xcos(a+ y), with cosa # 1,

If prove that ¢ sina

Answer
It is given that, cos y = x cos(a-«-y)

(I (I
Lo [cosy]= = [x cos(a+ t)]

=>=siny 3.1 =cos(a+y)- %("‘)4‘-’5' ;—i [cos(a +)-'):|
= —sin y ;2 =cos(a+y)+x- [— sin(a+ 1)] gv

= [xsin(a+y)-sin_v]%y = cos(u+_1.-‘) (l)
dx

Since cosy=xcos(a+y), x= cosy
cos(a+y)

Then, equation (1) reduces to

BV sin(a+y)-siny ﬂ=COS(""“')
cos(a+y) ) ©|dx "

= [cos y-sin(a+y)—siny-cos(a+ \)] : ‘—?— =cos’ (a+y)
x

=>sin(a+y - y)%‘—' =cos’ (a+h)
x

dy cos’(a+b)
= — = _—
dx sina
Hence, proved.

Question 17:

. ; d’y

x=a(cost+tsint) and y =a(sint—rcost), find —5

If | dx’
Answer

Page 176 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

It is given that, x = a(coss +1sint) and y = a(sint ~ cost)

dx d ‘
so—=a-—(cost +1sint)
dt

+:'%(sinl)]

= a| —sint+sint-—(t
a[ sinf+sin dx()

=a[-sint +sint+1cost| = at cost
dy dg.
——=q-—(sint—rcost)
dt di
d d
=a| cost—1 cost-—(t)+1-—(cost)
dt dt
=a[cost-—{cosl—lsinl}]=alsinl

dv
dv \dt ai sint
= = = tant

Cdx -(Qj " atcost
dt

Then, d.'f’ = £

dx”  dx

d_r " dx Ix

dy) d 2, dt
: -—(tzmt)=sccr-;

dx dt |
— =alCoSt = — =
dx atcost

=sec’ t-
dt

at cost

sec’ 7
D<r<—
at

Question 18:
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If , show that /"(x)exists for all real x, and find it.

Answer

_ ] x, ifx=0
It is known that, ;.\‘| = ] i 0
~x, ifx <

Therefore, when x > 0, ./'(.\')=|.\'|: =x
In this case, f'(x)=3x"and hence, /"(x)=6x

When x < 0, _/'(.\'):l.\“l :(—x)1 =—x

In this case, f/*(x)=-3X"  and hence, f"(x)=—6x

Thus, for f(x)=[x|", /"(x)  exists for all real x and is given
[6x, ifx=0 by,

7(x)=1

~6x, ifx<()

d

Using mathematical induction prove that I(.\""): nx"" for all positive integers n.
dr J

Answer

T (I n n-| P 2

T'o prove: P(n): T(r ): nx"" for all positive integers n
dx

Forn=1,

p(1): 4

x)=1=1-x"
d\‘(\) ¢

-P(n) is true forn =1

Page 178 of 183



Class XII Chapter 5 - Continuity and Differentiability Maths

Let P(k) is true for some positive integerk.
. ( d A k-1
Thatis, P(k):—(x")=kx
de’
It has to be proved that P(k + 1) is also true.

Consider e (x"")z d (,\'vx‘)

dx dx

=x*. :{i (\) +X- :’{‘ (.\"‘ ) [B_\- applying product rule]

el xekext!
x4 et
=(k+1)-x*
=(k+1)-x"

Thus, P(k + 1) is true whenever P (k) is true.

Therefore, by the principle of mathematical induction, the statement P(n) is true for

every positive integer n.

Hence, proved.

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain

the sum formula for cosines.
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Answer
sin( A+ B)=sin Acos B +cos Asin B

Differentiating both sides with respect tox, we obtain

dr. ¢, d i dy
a[sm(A - B)] o (sin Acos B)+ = (cosAsin B)

= cos( A+ B)--—‘-j— (A+B)=cosB- —‘i—(sin A)+sin .-1'—‘{»(«:05 B)

dx dx dx
: d d ;.
+sin B-—-(cos A)+cos A-—(sin B)
dx dx

= cos( A+ B)--‘-j—(xH B)=cos B-cos A L A(—sin B)gﬁ

dx dx dx

+sin B(—sinA)'-(-?+cos;lcongl—;

ax

= cos( A+ B)- i =(cos Acos B—sin Asin B)- e a8
dv  dx de  dx

:.cos( A+ B)=cos Acos B-sin Asin B

f(x) g(x) h(x) f'(x) g'(x) h'(x)

iy
y=| I m n If, ‘—I- = [ m n
dx
a b c Er:g;/e a b ¢
Answer
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f(x) g(x) h(x)
y=| 1 m n

a b c
= y=(mc—nb) f(x)~(lc-na)g(x)+(Ib—ma)h(x)

Then, Zi= (;i [(mc—nb) f(x)]- ‘Z [ (Ic—na) )J + [(Ib~ ma)h(x)]
=(mec—nb) f'(x)~(lc—na)g'(x)+ (Ih—ma)h ()

S'(x) g'(x) H(x)
=| [ m n
a b ¢
% f'(x) g'(x) h'(x)
Thus,iz / m n
dx
a b [
Question 23:

g |
.l' ___e.uus 1’_1 < ,\'Sl

Answer

. . y — Sacos 'y 5 (I: )4 d‘. )
IfIt is given that, y =¢ , show that (l—x') ; Y xZ_ay=0
dx

dx

Page 181 of 183



Taking logarithm on both the sides. we obtain
log y =acos ' xloge
log y=acos™ x

Differentiating both sides with respect to x, we obtain

1dy = -1
ydx Jl_f
e _ 0y

dx - \“ _x2

By squaring both the sides. we obtain

dx =52

um :

ci\‘ d\'
:( J(-—Z.x) (1-° 2B 8V _ 29y P
dy dx’ dx

:.>—A-‘94'+(I— )d Y —aty [5“—:0}
dx dx

:>(I—x )?—x%—a y=0

Hence, proved.
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