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Chapter

Complex Numbers
and Quadratic Equations

Topic-1: Integral Powers of lota, Algebraic Operations of Complex Numbers,
Conjugate, Modulus and Argument or Amplitude of a Complex humber

I MOQs with One Correct Answer

W—wz

; 32 ispurelyreal where w=o+ i3, p=0andz =1,
then the set of the values of z is [2006-3M, —1]
@) {z:l4=1} (b) {z:z=7}
{c) {z:z=1} (d) {z:lzZ=1,z#1}
For all complex numbers z,, z, satisfying |z,|=12 and

|z,-3-4i |= 5, the minimum value of |z,-z,| is [2002S]
(@) 0 (b) 2 fe) 7 (d) 17
If:E, z, and z, are complex numbers such that  [20008]

1 1
el Tt s

=1, then |z1 +2y+ z_3|
2 ) z3

|"=|~2|—| 3|

18

(a) equaltol (b) less than 1
(c) greaterthan 3 (d) equalto3
Ifarg(z) <0, then arg (-2) - arg(z) = [2000S]

(@ = b)) —-x (o (d)

SR ]

[ =]

For positive integers n,, n, the value of the expression

A+)" +(+2)" +(1+°)2 +(1+i')™ , where

J/—1 isarealnumber ifand onlyif [1996 - 1 Marks]

(@ n =n, +] (b) n=n —1
(c) n] = n d n,>0,n,>0
Letzand @ be two complex numbcrs such that | lz] <1,

o|<land|z+ie |=|z—i®|=2 then z equals [1995S]

(a) lori (by ior—i
(c) lor—-1 (d) ior—1

et zand o be two non zero complex numbers such that
z|= and Argz+Argo =m, thenzequals [1995S]
A o b) - o c) @ (d) - o

=)

11.

=

12.

13.

T . ———

The smallest positive integer n for which [1980]
f 1 + ;_ y M
k—] =1"15
1-£
(a) n=8 (b)y n=16
(c) n=12 (d) none of these

2 Integer Value Answer/ Non- Negative Infeger

_ 1967 +1686isin0 . | ;
— 0 e R . If A contains exactly

|__ 7-3icos0 |

one positive integer n, then the value of n is |.-\[h-‘. 2023]
\
J where

LAT\

{
For any integer £, let oy, = cos =5l Sm\

Z O] — Ok

i= /=1 . The value of the expression k=L js

Z Ogf—1 — Qgp—2

k=1

Iid\' 2015]
[f z is any complex number satisfying |z—3— 2i| < 2, then
the minimum value of 12z — 6 + 54| is I20| 1]
3 Nnmerie/ New Stem Based Questions

Let zbea complex number with non-zero imaginary part. If

=
2+3z+4z° | : o
-3 18 a real number, then the value of |z|* is

2-3z+4z°
. [Ady. 2022]
Let Z denote the complex conjugate of a complex number

zand let i=+-1.
number of distinct

In the set of complex numbers, the
roots of the equation

z-2=i(z+2%)is__ [Adv. 2022]
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[1987 -2 Marks]

Ifthe expression

]:sin [%J +cos(§} +ftan{x)]

P
[] +2isin ( 2):]
isreal, then the set of all possible values of x is

o » —
€% | 5 T =
X = | Scve =gy e

15.  For complex number z) = x; +iy; and z; =x; +iy;, we
write z; N zp,1f x; < x5 and y; < 5 . Then forall complex

14.

T
numbers z with 1~z , we have H—Z N0,
Z
[1981 - 2 Marks]

16. Let S={a+bv’§:a,bez},n_={(_1+~/5)" :neN]|

and T, = {(1 +/2)" :n & N} . Then which of the following

statements is (are) TRUE? [Adv. 2024]
(@ ZUR UL cS

)
2024

() 750 (2024, ) # ¢

®) 1 ﬂ(O, J:d;,whcred;denmes the empty set.

(d) For any given a, b € Z,cos(n(a+bv2))+i
sin(r(a+bv2)) e Z if and only if b = 0, where

= \/’-_l 5
17. Let z denote the complex conjugate of a complex number
z Ifz is anon-zero complex number for which both real and

= 1
imaginary parts of (Z )2 +— are integers, then which of

the following is/are possible value(s) of |z| ?  [Adv. 2022]

1 1

(43+ \a 4
P L43 ZJzosJ 5 (?+;./E 4
1 1

\a ( \a

= {%FJ o L7+(;/1_3»J¢

18. Let § be the set of all complex numbers z satisfying

|22 +z+1 |=1. Then which of the following statements
is/are TRUE? [Adv. 2020]

1
-‘55 forall ze S

1
Z4—

(a) 3

(b) |z|g2 forall ze S

19.

20,

21.

22

All

z""]‘)lfo lzeS
2172 rall ze

©

(d) The set S has exactly four elements
Let s, ¢, r be non-zero complex numbers and L be the set

of solutions z=x+iy (x, y, eR,i= -1 ) ofthe equation

sz +1tz +r=0, where Z = x — iy. Then, which of the

following statement(s) is (are) TRUE? [Adv. 2018]

(a) IfL has exactly one element, then |s| = |1

(b) Ifis|=|rl, then L has infinitely many elements

(c) Thenumberofelementsin L~ {z:|z—1+i|=5}isat
most 2

(d) If L has more than one element, then L has infinitely
many elements

For a non-zero complex number z, let arg(z) denote the

principal argument with —rt < arg(z) < m . Then, which of

the following statement (s) is (are) FALSE? [Adv. 2018]

@ ﬂrg(-l—i)=g,where Sl

(b) The function f:R-—(-mn], defined by
f(t)=arg(—1+it)for all e R, is continuous at all
points of R, where j = /_]

(c) Forany twonon-zero complex numbers z;and z,,

W[‘%J*ﬂg(zl)"‘ﬂg(zg]

is an integer multiple of 21
(d) For any three given distinct complex numbers 2y, 2,
and z,, the locus of the point z satisfying the condition
arg((z —210(z3 — 23)
(z—23)(25,— 7))
Let a, b, x and y be real numbers such thata— b =1 and
y # 0. If the complex number z = x + iy satisfies

) =1, lies on a straight line

az+b p e
Im s+1,) = ¥ then which of the following is(are)

possible value(s) of x ?

@ -1+y1-y? b) —1-4/1-y2
© 1441+y° (@) 1-41+y?

Let z; and z, be two distinct complex numbers and let
z=(1-1)z, + 1z, for some real number t with 0<7< 1. IfArg
(w) denotes the principal argument of a non-zero complex
number w, then [2010]

[Adv. 2017]

(a) |z-zl[+[z—z2|=;z]—zz|
(b) Arg(z—2z))=Arg(z—z,)

=g E—El

© =71 73—z

(d) Arg (z—z))=Arg (z,-2)
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24,

25.

26.

P ——————

6i -3i 1

If|4 3i -l=x+iy then [1998 -2 Marks]|
200 3wy !

@ x=3,=2 (&) x=1,y=3

(c) x=0,y=3 (d) x=0 =0

13

The value of the sum El ("+ ), where i= /1 , equals
n=

[1998 - 2 Marks]

(@) i (b} i—1 (c) —i d 0
2nk 2k
The value of ,CZ, (smT —icos —) is
_ [1987 - 2 Marks]
@-1 ®O0 ©-i @i
(e) None

If z; and z, are two nonzero complex numbers such that
IZI +2zj |=| zj | i | 43 |,th€]]. Arg z

— Arg z; isequal to
[1987 - 2 Marks]

29.

30.

27.

28.

(@ -=m

(&) =
Let z, and z, be complex numbers such that z) # z; and

(b) —g © 0

b1
(d 5

|z | = | z | .Ifz, has positive real part and z, has negative

I 7 +2p
imaginary part, then [1986 - 2 Marks]
STt

(b) real and positive

(d) purelyimaginary

may be

(a) zero
(c) real and negative
(e) none of these.

If zy =a+ib and z, = ¢ +id arecomplex numbers such

that |z | = |z,/=1 and Re(z, Z; )=0, then the pair of complex

numbers wy =a+ic and wy =b+id satisfies -
[1985 -2 Marks]

® [w =1

(d) none of these

(@ [wl=1
(c) Re(wiwy)=0

Let z be a complex number satisfying [z + 222+ 4z — 8 = 0, where z denotes the complex conjugate of z. Let the imaginary part

of z be non-zero.

Match each entry in List-I to the correct entries in List-II.

List-1 List-IT
(P) |z)*is equal to 1 12
=i
Q) |Z—Z| is equal to 2) 4
o

®R) |z + |z+ z‘ is equal to 3 8
(S) |z+ 1P isequalto 4 10

e 7

The correct option is:

@ (P)=(1).(Q—=3)LR)—>(5),(8) »¢)
(b) (P)—=(2).(Q) = (1),(R)=>(3),(S)=>(5)
© P)=2),Q—->@H,R)—(5),6)—~>(1)
(d (P)—=(2),(Q) —(3),(R)—=(5),(S) >4

an] 2 (2&

=cos| — | +isin

B [ T E
List-I

P.  For each z; there exists as Z such that z;. Z;= 1

Q. Thereexistsa k E{l, Pl
has no solution z in the set of complex numbers

|] —:}||l—22|....ll—Zgl

]k12 9.

9} such that ZyE=2p

R 10 equals
g
\ (2kn

S I'Z"O }equals
=l

P QRS
@ 1 2 43
@ =1 2 3 4

[Adv. 2023]
[Adv. 2014]
List-IT
1 True
2. False
3.1
4, 2
P QRS
[0 B S [ (o
2.1 443



et St EEF
[1987 - 2 Marks]

If th_e expression

(e
{1 +2isin @J

is real, then the set of all possible values of x is
5 5 e 5 SRR L

15. For complex number z; = x) +iy; and z; = x5 +iy,, we
write z; M zy.if xy < x; and y; < 5. Then for all complex

14.

-z
numbers z with 1~ z , we have 1—-4"“-0.

+z
&

[1981 - 2 Marks]
16. Let S={a+b\f§:a,bez},1} ={{—I+J§)” :neN}

and Th = {(I+\/§)" ‘ne N} . Then which of the following

statements is (are) TRUE? [Adyv. 2024]

@ ZUGUTcS

® 7 0(0,2017] = ¢, where ¢ denotes the empty set.

© T, (2024, o) = ¢

(d) For any given a, b € 7, cos(r:(a+bx/§))+i
sin(ni(a+b+v2)) € Z if and only if b = 0, where

i=-1.
Let Z denote the complex conjugate of a complex number
z. Ifzis a non-zero complex number for which both real and

17.

e |
imaginary parts of (Z) + 7 are integers, then which of
the following is/are possible value(s) of |z ? [Adv. 2022]

1 1
(43+34205)4 (7+33)4
(a) L———z J (b) L 2 J

1 1
(9++/65)4 (7+4/13)4
@) Tule

Let § be the set of all complex numbers z satisfying

18.

|z +z+1|=1. Then which of the following statements
is/are TRUE? [Adv. 2020]

3l
(a) '2*5155 forall ze S

) |zK2 forall ze S

19.

20,

21.

22.

all

o ——

(©

thd
z+—{2—
7153 forall ze S
(d) The set S has exactly four elements
Let s, £, r be non-zero complex numbers and L be the set
of solutions z=x+iy (x, y, eR,i= vr—_l) of the equation
sz+tzZ +r=0, where z = x — iy. Then, which of the
following statement(s) is (are) TRUE? [Adv. 2018]
(a) If L has exactly one element, then |s| = |f|
(b) If|s|=ls, then L has infinitely many elements
(¢) Thenumberofelementsin L N {z:|z—1+i=5}isat
most 2
(d) If L has more than one element, then L has infinitely
many elements
For a non-zero complex number z, let arg(z) denote the
principal argument with —t < arg(z) < = . Then, which of
the following statement (s) is (are) FALSE? [Adv. 2018]

(a) arg(-1-1i) =§,where i=-1

(b) The fiR—>(-nn], defined by
f(t)=arg(~1+it) for all ;e R, is continuous at all
points of R, where j =/_]

For any two non-zero complex numbers z; and z,,

function

()
arg[ﬂJ—arzle)HIE(Zz)
E)

is an integer multiple of 27t
For any three given distinct complex numbers z|, z,
and z;, the locus of the point z satisfying the condition

o [(Z—ZIXZZ—Zs)
(z-23)(z3-7)

Let a, b, x and y be real numbers such thata—b=1 and
y # 0. If the complex number z = x + iy satisfies

(d

] =, lies on a straight line

az+b ‘
Im[ e ] = ¥, then which of the following is(are)

possible value(s) of x ?

@ -1+y1-y? ®) —1-y1-y2
© 1+y1+y’ @ 1-41+y>

Let z; and z, be two distinct complex numbers and let
2=(1-1) z, + 1z, for some real number t with 0 <7< 1. IfArg
() denotes the principal argument of a non-zero complex
number w, then [2010]

[Adv. 2017]

@) |z-z|+|z-z|=|z -2
(b) AIE(Z_ZI)=A1'8(Z‘22)

Z—Z E—El

© |-z 5-5
(d) Arg(z-z))=Arg(z,-z)
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(a) 6and3 (b) 3andé
(c) Handb (d) -3and9
PASSAGE-1 > B
Let§=S§, NS, N S, where glﬂ
: 36. Ifz,andz are two complex numbers such taht [z | < 1<z |
z—1+\5r i 2 1 2
Si={zeC:|z|<4}, 5§, ={zeC:Im = >0 B
—_ I “‘;l.‘.zl
th —2a [2003-2
and S; ={zeC:Rez>0}. [Adv. 2013] 5~ 12—z -k
i L 37.. LetZ,=10+6iand Z, =4+ 6i. If Zis any complex number
LU S - S ¥ : |
@ 3 ®) 3 © 3 @ 3 such that the argument of Z=4) is = | then prove
. ; (Z-z,) 4
32, min|l-3i-z|=
ze§ that| Z—7-9i]= 342 . [1990- 4 Marks|
@ 2-43 ) 2+3 © 3-V3 @ 3+/3 38. Showthattheareaoftheuiaugleonthe.&rganddiagram
i P?&SSAGE-Z . 2 formedbytheomnplexnumbers:,i:and:*i:is%gzgz.
Let 4, B, C be three sets of complex numbers as defined below [1986 - 2% Marks]
A={z:Imz21} [2008] 39, Find the real values of x and y for which the following
B={z:|z-2-i|=3} =T g i ; L
S s (1+i)x-2i f2—3:)}‘+:_'_
C={z:Re((1-1)2) =2} s g e/
33. Thenumber of elements in theset AN BN C is [1980]
(@ 0 (b) 1 (© 2 (d) = . [avp _a2+b2
34. Letzbeanypointin AnBNC. ” Ifx+r_t—\rc+ﬂ.p¢m'cthat{x2+f}2—cz+d2. [1979]
Then, |2+ 1 —i? + |z— 5 — i’ lies between ) _ i
(c) 35and39 (d) 40and44

35. Let z be any point ANB~C and let w be any point
satisfying [w—2—i| < 3. Then, |z|— [w| + 3 lies between

Topic-2: Rotational Theorem, Square Root of a Complex Number, Cube
5} Roots of Unity, Geometry of Complex Numbers, De-moiver's Theorem,

= Powers of Complex Numbers
=]
4 _’_l_ . 1 : S
L Let6, 0,, .., 8;, be positive valued angles (in radian) Izo _1l is the maximum of the set f2‘1| *Z€95 ¢ then
such that 8, + 6, + ... + 0, = 2. Define the complex 3= =2
numbers z, =e‘91,zk = z,t_Ie"ﬁJt fork=2,3, .., 10, where the principal argument of ‘2_0#5 is [Adv. 2019]
0
i =+/~1. Consider the statements P and Q given below : = 2 2
P|22 — 2] [+IZ3 —22I+.‘.+]ZIO—2‘9|+’ZI —210’ <2n (a) Z (b) _4_ (C) E (d) _E
A= > 10ip 2 2 e I ) 1
O|z3 -z st ‘22|+~+[Zm‘29]+121 ‘310|£4’T 3. Letcomplex numbers ot and Elieoncirclm (x—x,)?
[Adv. 2021] +(y- yo)z =12 and (x— xo)z +(y _yﬁ)Z =4r2

(a) Pis TRUE and Q is FALSE
(b) Qis TRUE and Pis FALSE
(c) both Pand Q are TRUE 2|z,|* =1% +2, then ol = [Adv.2013]
(d) both Pand O are FALSE

2. Let S be the set of all complex numbers z satisfying

lz—2+i|> V5. If the complex number z, is such that

respectively. If z, = x,, + iy, satisfies the equation

1 1 1 I
(a) 7.1 (b) > (c) 7 (d) 3
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5.

10.

11.

Let zbe a complex number such that the imaginary part of
zis non-zeroand a=2% +z+ 1 isreal. Then a cannot take
the value [2012]

1 1 3
(@) -1 () 3 © 3 @ 7
Let z = x + iy be a complex number where x and y are
integers. Then the area of the rectangle whose vertices are

the roots of the equation : zZ° +Z 2 =350is [2009]

(a) 48 (b) 32 (c) 40 (d) 80
15
Let z=cos @ +i sin 6. Then the value of Y Im(z>""")
m=]

at @ =2%is

1 | 1 1
® sz ©3mr © 3oy @ ar
A particle Pstarts from the point z, =1+ 2/, where j = JA
It moves horizontally away from origin by 5 units and then
vertically away from origin by 3 units to reach a point z;.

[2009]

From z, the particle moves /2 units in the direction of the

~ - . u -
vector 7+ j and then it moves through an angle 5 in

anticlockwise direction on a circle with centre at origin, to
reach a point z,. The point z, is given by [2008]
(@ 6+7i (b) -7+6i (c) 7+6i (d) 6+7i

Z

If|z|=1andz# + 1, then all the values of lie on

-z
(a) alinenot passing through the origin [2007 -3 marks]
®) |z|=+2
(c) thex-axis
(d) they-axis
A man walks a distance of 3 units from the origin towards
the north-east (N 45° E) direction. From there, he walks a
distance of 4 units towards the north-west (N 45° W)
direction to reach a point P. Then the position of 2 in the
Argand plane is [2007 -3 marks]
(@) 3e™*+4i (b) (3—4i)e™
(©) (4+3ie™ (d) (3+4i)e™
a, b, c are integers, not all simultaneously equal and wis

cube root of unity (o # 1), then minimum value of

a+ bo+ce?is [2005S]
3 1

a) 0 b) 1 c —J: e

( (b) (©) - (@ 2

The locus of z which lies in shaded region (excluding the

boundaries) is best represented by [20058]

(@) z:lz+1|>2and|arg(z+1)|<w4 =

(b) z:[z—1|>2and larg(=—1)| <4

() z:[z+1|<2and larg(=+1)i<w2

(d) z:|z—1|<2andfarg(=+1)|<m2

12.

13.

14.

15.

16.

17.

18.

20.

e e

If @ (# 1) bea cube root of unity and (1 + w?)* = (1 + w*)”,
then the least positive value of n is [2004S)

(@ 2 (b) 3 © 5 @ 6

-1
jf|z|=1andm=§:1(where z# ~1), then Re(w) is

[2003S]
1
(a) 0 =&
) W
N
© IS b —=
241 |z 41 |z+17
1
Let © = —54-1'—2\@ , then the value of the det.
1 1 1
i i3
i [2002 -2 Marks]
1 ) @
@ 3w ®) 3o(e-1)
© 30? (d) 30(l-wm)
The complex numbers z), z, and z; satisfying
z21-z3 _1-i\f3 : . e
e are the vertices of a triangle which is
Z29—2Z3 2

[2001S]
(a) ofarea zero (b) right-angled isosceles
(c) equilateral (d) obtuse-angled isosceles
Let z; and z, be n roots of unity which subtend a right
angle at the origin. Then n must be of the form [2001S]

(@) 4k+1 (b) 4k+2

(c) 4k+3 (d) 4k

Ifi= 1, thend +5 [-%+£§}m+3{—%+i‘é—@m is
equal to [1999 - 2 Marks]
@ 1-i3 (b) —1+i\3

© i3 @ -iV3

If @ (1) is a cube root of unity and (1+ )’ =4 + Bo

then 4 and B are respectively [19958]
(@ 0,1 () 1,1 () 1,0 @ -1,1
Ifa, b, c and u, v, ware complex numbers representing the
vertices of two triangles such that ¢ = (1 — r) a + rb and
w=(1—r)u+rv, where r is a complex number, then the two
triangles [1985 - 2 Marks]
(a) havethesamearea (b) aresimilar
(c) are congruent (d) none of these
The points z,, z,, z; z, in the complex plane are the vertices
ofa parallelogram taken in order if and only if

[1983 -1 Mark]
() zy+z3=2z,+2,
(d) None of these

@ z,+z,=2,+z
(© z tz,=23+2z,
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21.

22,

23.

24,

25.

26.

27

28.

29,

[f z=x+iy and ©=(1-iz)/(z-i), then |w|=1 implies
that, in the complex plane, [1983 - 1 Mark]
(a) zlieson theimaginary axis

(b) zlies on the real axis

(c) zlies on the unit circle

(d) None of these

The inequality |z — 4| < |z — 2| represents the region given

by [1982 -2 Marks]
(a) Re(z)=0 (b) Re(z)<0
(¢) Re(z)>0 (d) none of these

LG LE oy
If.?—L?'f‘EJ +L—2——5J ,thcl'l 11982-2Marks]
(2) Re(z)=0 (b) Im(z)=0

(©) Re(z)>0,Im(2)>0 (d) Re(z)>0,Im(z)<0
The complex numbers z=x+iy which satisfy the

e

equation [1981 - 2 Marks]

5i ;
=1 lieon
zZ+50

(a) thex-axis

(b) the straight liney=35

(¢) acircle passing through the origin

(d) none of these

Ifthe cube roots of unity are 1, ®, @, then the roots of the
equation (x—1)>+ 8 =0are [1979]
@ -1,1+20,1+20% (b) —1,1-2wm,1 2?2

(c) -1,-1,-1 (d) None of these

Fora comhlex ﬂumber z, let Re(z) denote the real part of z
Let § be the set of all complex numbers z

satisfying PP *= 4iz*, wherei= J=1. Then the
minimum possible value of| z; — 3 2, where Z},:29 €S
with Re(z)) > 0 and Re(z,) <0, is

[Adv. 2020]

Let @ =1 be a cube root of unity. Then the minimum of the
2
set “a +bw+cw”| :a,b,c distinct non-zero integers}

equals [Adv. 2019]

4 B
The value of the expression
14(2-0)(2—0?)+2+(3-0) 3~ +... +(n-1).(n-w)(n-o?),
where  is an imaginary cube root of unity, is.....

[1996 - 2 Marks]
Suppose Z,, Z,, Z, are the vertices of an equilateral trian gle
inscribed in the circle | 7]=2. IfZ,=1+iv3 thenZ,=........,
T, ~ [1994 - 2 Marks]

- AlS5
30. ABCDis arhombus. Its diagonals 4C and BD intersect at
the point M and satisfy BD = 24C. If the points D and M
represent the complex numbers 1 + i and 2 - i respectively.
then A represents the complex number .__or.
[1993 - 2 Marks]
31. Ifaand b are the numbers between 0 and | such that the
points z; =a+1i,z,= 1+ bi and z,=0 form an equilateral
triangle, then a=.......and b=.......... [1989 - 2 Marks]
32.  For any two complex numbers 2y, 2, and any real number 2
andb. [1988 -2 Marks]
|az; —bz, |* +| bzy tazy P =,
51 5
33. The cube roots of unity when represented on Argand
diagram form the vertices of an equilateral triangle.
[1988 - 1 Mark]
34. If three complex numbers are in A.P. then they lie on a
circle in the complex plane. [1985-1 Mark]
35. If the complex numbers, Z,, Z, and Z, represent

the vertices of an equilateral triangle such that
| Z,|=|2, |=] Z;|then Z, +Zy+7Z;=0. [1984 -1 Mark]

€5 I

36. Leta,beRanda?+b? = 0.
Suppose S={zeC:Z= 1. ,eR*,ta&D}, where
a+ibt
i=+-1.Ifz=x+iyandz €S, then (x, y) lieson
[JEE Adv. 2016]
; ; il 1
(a) the circle with radius — and centre | =0 | for
2a 2a
a>0,b=0
Y
(b) the circle with radius o and centre 22’ for
a<0,b=0
(c) thex-axis fora #0,b=0
(d) they-axisfora=0,b=0
37. Let w= ‘@2“ andP= {w":n =1,2,3,...}. Further H, =

{ze@ :Rez:%} and Hg:{zeC:ReK-_El}, where ¢ is

the set ofall complex numbers. If z, € P~ H,zy ePnH,
and O represents the origin, then £z,0z, = [Adv. 2013]

s
CREE

Ceaae




38. Ifwis an imaginary cube root of unity, then (1 + © — w?)’
equals [1998 - 2 Marks]

(@ 1280 (b) —128w (c) 128w?  (d) —128a?

39,

Column II.
[2010]
[Note : Here z takes values in the complex plane and Im z and Re z denote , respectively, the imaginary part and the real part of z.]
Column 1 Column 11
4
(A) The set of points z satisfying (p) an ellipse with eccentricity 3
lz—iz||=|z+i|z] is contained in or equal to (q) the setof points z satisfying Im z= 0
(B) The set of points z satisfying (r) the set of points z satisfying [Imz| < |
lz+4|+|z—4|=101is contained in or equal to
(C) If|w|=2, then the set of points (s) the set of points z satisfying | Re z | <2
1
;ndy S is contained in or equal to
(D) If|w|=1, then the set of points (t) the set of points z satisfying | z | < 3
z=w+ i is contained in or equal to.
w
40. z £ 0isacomplex number [1992 - 2 Marks]|
Column I Column I1
(A) Rez=0 (P) Rez2=0
n : 2
s =Y @ Imz2=0
() Rez?= Imz?
5T
41. If one the vertices of the square circumscribing the circle
l2—1] = V2 is 2+/3 i. Find the other vertices of the the coefficients p and 4 may be complex numbers. Let 4
square. [2005 - 4 Marks] and Brepresent z, and z, in the complex plane. If Z40B =

: . i #0and OA = OB, where O is the origin, that
42. Find the centre and radius of circle given by e SR s IRERERE (e

=g P2 =45 [EJ : [1997- 5 Marks|

= Bx =k k=1 2
where, z=x+ iy, o= ay +iay, B=B, +if, 47.  Find all non-zero complex numbers Z satisfying Z =iZ2.
[2004 - 2 Marks] 11996 - 2 Marks]

43. Prove that there exists no complex number z such that 48. If |Z <1, |W|<1, show that
|Z=W P <(Z|-1W)? +(4rg Z - ArgW)?
[1995 - 5 Marks]
49. Ifi2+z2—z+i=0, then show that|z|=1.

n
2| <% and Y a,2” =1 where | |<2.[2003 - 2 Marks]

r=1

44. Letacomplex number a, a # 1, be a root of the equation

F79—F 27+ 1 =0, where p, ¢ are distinct primes, Show [1995 - 5 Marks]
thateither 1 + a+ a2 +... +oP ! =0orl +a+ a2 + ..+ 50. Ifl,al,a2 ...... » @, _y are the n roots of unity, then show
a?~ 1 =0, but not both together. [2002 - 5 Marks] that (1 -a,)(1-a,)) (1 -a3) ...(1 -a, ,)=n
45. For complex numbers z and w, prove that [1984 - 2 Marks]
22 ol z=z—@ifand onlyifz=worz® =1. 51. Provethat the complex numbers z,, 2, and the origin
[1999 - 10 Marks] form an equilateral triangle only if
zZ 2+ z22 2,2, =0. [1983 - 3 Marks)

46. Letz, andz, be roots of the equation 22 + pz + g =0, where
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52. Letthe complex number z;, z, and z, be the vertices ofan 53, fx=a+b.y =ay+bBandz=aP + bywhereyand B are the

1.

equilateral triangle. Let z; be the circumcentre of the

-

triangle. Then prove thatz,2 + 2,2 + 2.2 =322,
[1981 - 4 Marks]

complex cabe roots of unity, show that xyz =g + 5.
[1978]

Topic-3: Solutions of Quadratic Equations, Sum and Product of Roots,
Nature of Roots, Relation Between Roots and Co-efficients,

Formation of an Equation with Given Roots

Suppose a, b denote the distinct real roots of the quadratic

polynomial x% +20x-2020 and suppose ¢, d denote the 7+
distinct complex roots of the quadratic polynomial

x* = 20x +2020. Then the value of [Adv.2020]
acla—c)+ad(a—d)+bc(b—c)+bd(b-d) is

(@ 0 (b) 8000

(c) 8080 (d) 16000

T
Let ——615 <0< =T Suppose 0, and B, are the roots of the

equation x* — 2x sec 8+ 1= 0 and a, and f, are the roots
of the equation x? + 2x tan 6 - 1=0. Ifa; > B, and af B,,

then o, + B, equals [Adv. 2016]
(@) 2(secB—tanB) (b) 2sec® 8.
(c) —2tan® (d 0

The quadratic equation p(x) = 0 with real coefficients has

purely imaginary roots. Then the equation p(p(x)) = 0 has
[Ady. 2014]

(a) onepurely imaginary root

(b) all real roots =

(c) tworeal and two purely imaginary roots

(d) neither real nor purely imaginary roots

If g € R and the equation

3(x-[x])* +2(x-[x])+a> =0 9.
(where [x] denotes the greatest integer < x ) has nointegral
solution, then all possible values of a lie in the interval:

[Main 2014]
@ (-2,-1) () (—0,—2)u(2,»)

© (-1,0)u(0,1) @ (12)
Let o and B be the roots of x2 — 6x — 2 = 0, with o> B. If

a, =a" —p" forn > 1, then the value o =
9

[2011]
(a) 1 ® 2 @ 3 ‘@e
Let (x,, ) be the solution of the following equations

Then x; is [2011]

ap —2a
f.ﬂ_i is 10.

1 1 1 :
@ g e
Let p and g be real numbers such that p # 0, p3 #¢g and
p3 #—¢. If o and B are nonzero complex numbers
satisfying o + B =—p and o + B3 = g, then a quadratic

[2010]

equation having %and 5 as its roots is

@ (7’ +x" —(p’ +29)x+(p’ +¢)=0
® (P’ +q)x’ ~(p* ~29)x+(p* +4)=0
© (7’ -@)x” ~(5p° ~29)x+ (P’ -q) =0
@ (7’ ~g)x* -(5p” +29)x+(p* - 9) =0
Let o, B be the roots of the equation x? — px + =0 and
%, 2B be the roots of the equation x* — gx + = 0. Then

the value of r is [2007 -3 marks]

2
@ S@-92-p) ® -92—(4 -pPX2p-9)

2
© §(q~2p)(zq—p) @ 5Cpr-oX2q-p)

Let a, b, c be the sides of a triangle where a # b # ¢ and

A € R. Ifthe roots of the equation

x2+2(a+b+ c)x+ 3\ (ab+ be + ca)= 0 are real, then
[2006 - 3M, —1]

4 5
(a‘) l(; (b) l};
15 4 5
© xe(-ﬁ] @ ke[g,g]

If one root is square of the other root of the equation
x%+ px+q=0, then the relatiofbetween p and g is [2004S]
@ pP~q@p-1)+¢*=0

®) p*-gBp+1)+¢*=0

(© PP+aBp-1)+42=0

@ p’+qBpt1)+g?=0
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14.

15.

16.

17.

18.

19.

20.

21,

e - S e

For the equation 3x2 +px +3=0,p>0, ifone of the root is
square of the other, then p is equal to [20008]
(@) 13 (®) 1 (© 3 (d 23

If b> a, then the equation (x —a) (x — b) —1 = 0 has [2000S]
(a) both roots in (a, b)

(b) both roots in (—0, a)

(c) both roots in (b, +0)

(d) onerootin (—o0, @) and the other in (b, +=)

Ifacand B (o< P) are the roots of the equation x> + bx + ¢ =10,

where ¢ <0< b, then [2000S]
@ 0<a<P (b) a<0<p<ial

(©) a<p<0 (d a<0<|aj<p

Ifthe roots of the equation x2 — 2ax + a> + a— 3 =0 are real
and less than 3, then [1999 - 2 Marks]
(a) a<2 b) 2<a<3

(¢) 3<a=4 (d a>4

Let p,g €{l, 2,3, 4} . The number of equations of the form
px*+gx+1=0having real roots is [1994]
(@ 15 b 9

(© 7 @ 8

Let a, B be the roots of the equation (x —a) (x — b)=c,
¢ # 0. Then the roots of the equation

(x—-a)(x—PB)+c=0are [1992 - 2 Marks]
(@) a,c ®) b.c
© a.b (d a+cbic

Let a, b, ¢ be real numbers, a= 0. If a is a root of
a*x? +bx+c=0. B is the root of a®x? — bx — ¢ = 0 and

0 < & < B, then the equation a*x* + 2bx +2¢ =0 has a root
v that always satisfies [1989 - 2 Marks]

_o+p e
@ y= 5 ® v =
(© y=u (d a<y<p

2 2
The equation * Sy =1——— has [1984 - 2 Marks]

=1 x=—
(a) no root (b) one root
(c) two equal roots (d) infinitely many roots
If (x2+ px + 1) is a factor of (ax? + bx + c), then [1980]
(@) a®+c2=-ab b a®-c2=-ab
(c) a®—c2=ab (d) none of these
Both the roots of the equation
(x—b) (x—c)+(x—a) (x—c)+ (x—a) (x — b)=Dare always
(a) positive (b) real [1980]
(c) negative (d) none of these.
If 7. m, narereal, ¢+# m, then the roots by the equation:
(F—mp2—5 (£ +m)x—2 (£ —m)=0are [1979]

(a) Realand equal
(c) Real and unequal

;ﬂ 2

22. The product of all positive real values of x satisfying the

(b)
@

Complex

None of these

{lﬁ(logsx)“—és logsx) —5716 g

[Ady. 2022]

23. For x € R, then number of real roots of the equation
32 42— 1|+x—1=0is : [Adv. 2021]

equation x

The smallest value of &, for which both the roots of the
equation x* — 8kx + 16 (k% — k + 1) = 0 are real, distinct and
[2009]

have values at least 4, is

%7 «

25.

If the product of the roots of the equation
x2 —3kx +2 ¢k _ | =0 is 7, then the roots are real for
[1984 - 2 Marks]

26. If 2+i/3 isaroot of the equation x* + px+¢g =0, where

pandgarereal, then (B, @)= 1(....c...courcsncrasiyiinsissnsinismciones )
[1982 - 2 Marks]
= i{{i — {15 1171 =il

SR
R

If a < b < ¢ <d, then the roots of the equation

27.
(x—a) (x—c)+ 2(x-b) (x —d)= 0 arereal and distinct.
[1984 - 1 Mark]
28. Theequation 2x + 3x + 1 = 0 has an irrational root.

[1983 - 1 Mark]

Let R2 denote R x R. Let S = {(a,b,c:a, b, c e Rand

ax?+2bxy + cy? >0 forall (x, y) € RZ - {(0,0)}.

Then which of the following statements is (are) TRUE?
[Adv. 2024]

29.

(a) (2,-;—,6)68

1
(b) If(lb-EJES,thcnubH 1.

(c) For any given (a, b, ¢) € S, the system of linear
equations ax + by = 1 by + ¢y = —1 has a unique
solution.

(d) For any given (a, b, ¢) € S, the system of linear
equations (@ + )x+ by=0bx + (¢ + 1)y=0has a
unique solution.
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30. If3*=4" thenx= [Adv. 2013]
2log; 2
@ Zlogy2-1 ®) 3 Tog, 3
1 2log, 3
IS logy 3 2log,3-1 0

34.

i

Let p, q be integers and let ., B be the roots of the equation,
x?—x-1=0,wherea#p.Forn=0,1,2, ... leta = po”+q B,

FACT : If a and b are rational numbers and a+b/5=0 then 33.
a=0=b [Adv. 2017]
31. a;;=
(@ ay —a\ ®) a;;+ a 36.
(¢) 2a;; +ay, (d) a; +2a,
32. Ifa,;=28,thenp+2q=
@ 21 () 14 © 7 @ 12
'/_'x 255 D,
@] o 37,
33. Leta,b,c,p, q bereal numbers. Suppose «, B are the roots
1
ofthe equation x* + 2px + g =0 and «, g the roots of
38,
the equation ax? + 2bx + ¢ =0, where B2 ¢ {1, 0, 1} 39.
STATEMENT-1: (p?>-¢q)(b*—ac) > 0
and 40.
STATEMENT-2: b+ pa or c # ga [2008] 4l
(a) STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT - 2 is a correct explanation for
STATEMENT- | 42.

dratic Equations

Al9
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(b) STATEMENT - | is True, STATEMENT - 2 is True:
STATEMENT - 2 is NOT a correct explanation for
STATEMENT - 1

(c) STATEMENT - | is True, STATEMENT - 2 is False

(d) STATEMENT - 1 is False, STATEMENT - 2 is True

Let a and b be the roots of the equation x> — 10cx — 11d=0
and those of x* — 10ax — 115=0 are ¢. d then the value of
atb+c+d,whenazbhzc=d is. [2006 - 6M]
Ifx?+(a—b)x+ (1 —a—b)=0wherea, b = R then find the
values of a for which equation has unequal real roots for
all values of b. [2003 - 4 Marks)
If o, B are the roots of @x® + bx + ¢ = 0, (2 = 0) and
o +8, B+8 are the roots of Ax> + Bx + C=0, (4 =0) for
b -4ac B*-44C
a A

[2000 - 4 Marks]
Leta, b, c be real. If ax® + bx + ¢ = 0 has two real roots

aand B, where a<~1 and B>1, then show that
c |b
s = 5 [1995- 5 Marks]|

Solve | x* +4x+3|+2x+5=0 [1988 - 5 Marks|
For a < 0, determine all real roots of the equation
x® — 24| x - a|-3a*=0 [1986 -5 Marks|

Solve forx; (5+2v6)" = +(5-2V6)" 2 =10
[1985- 5 Marks]
[1978]

some constant § , then prove that

Solve the following equation for x :
2loga+log,a+3 logazxa =0 a>0

Solve for x : Jx+1-\fx—1 =1

[1978]



2.

z
4.

5

Topic-4: Condition for Common Roots, Maximum and Minimum value of
Quadratic Equation, Quadratic Expression in two Variables, Solution of

Quadratic Inequalities

A value of b for which the equations
2+bx—1=0
2+x+b=0

have one root in common is

[2011]

@ 2 ® -3 ©i5 @2
Forall x°, X2+ 2ax + 10— 3a > 0, then the interval in which

‘a’ lies is [20045]
(@) a<-5 (b) —5<a<2
(¢) a>5 (d) 2<a<5

Lct. (x) =x*+ +b+chea polynomial with real
coefficients such that /(1) = -9. Suppose that /3 isa

root of the equation 4x> + 3ax? + 2bx =0 where j = /-] . If

oy, Oy, Oy and o are all the roots of the equation f(x) =0,
then for, 2+ o, |* + log 2 + loty| is equal to

[Adv.2024]

If the quadratic equations x> +ax+b=0andx’ + bx +a=0
{a = b) have a common root, then the numerical value of
(1986 - 2 Marks]

Bl

dx + ¢, where

Ll

If P(x) = ax? + bx + c and O(x) = —ax*

==

ac =0, then P(x)Q(x)=0 has at least two real roots.
[1985- 1 Mark]

Let S be the set of all non-zero real numbers a such that
the quadratic equation o —x + o= 0 has two distinct real
roots x, and x, satisfying the inequality |x, —x,| < 1. Which
of the following intervals is(are) a subset(s) of §?

[JEE Adv. 2015

7.

10.

5 o8

o7 ol

© A\ @ \52
Ifa, b, c, d and p are distinct real numbers such that
(@+ b2+ Ap? -2 (ab+be+ cdp + (B + 2 +d?) <0

thena, b, c,d [1987 - 2 Marks]
(a) areinA.P. (b) areinGP. -
(c) arein H.P. (d) satisfy ab= cd
(e) satisfy none of these

L 0.5
For real x, the function ——— ——— will assume all real
values provided [1984 - 3 Marks]
(@ a>b>c (b) a<b<e

(d) a<c<b

(c) a=c>b
10

Let a, b, ¢ be real numbers with a # 0 and let o, B be the
roots of the equation ax? + bx + ¢ = 0. Express the roots of
a’x2+abex+c3=0interms of o, B.  [2001 -4 Marks]

Find all real values of x which satisfy x> -3x+2>0

and x> -3x-4<0 [1983 - 2 Marks]
If a, B are the roots of x> + px + g =0 and y, 8 are the
roots of x% + yx + 5= 0, then evaluate (c.—y) (a.—98) (B —7)
(B —8)in terms of p, ¢, rands.

Deduce the condition that the equations have a common
root. [1979]
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? Answer Key

Topic-1: Integral Powers of lota, Algebraic Operations of Complex Numbers, Conjugate, Modulus
and Argument or Amplitude of a Complex Number

1. (d) 2. (o) 3. (a) 4. (a) 5 (d) 6. (¢ 7. (d) 8. (d) 9. (281) 10. 4)

1. 5 12. (050 13. @ 14 (2pmnﬂ+—g] 15. (True) 16. (a,c,d) 17.(a)  18. (b,c)19. (a,c,d)

20. (a,b,d) 21. (ab) 22 (acd)23. (4 4. () 25 (@) 26 ) 21 @d28. (abo)
2. ® 30. 0 3L (b) 32 () 33 () 34 (0 35 ()

Topic-2 : Rotational Theorem, Square Root of a Complex Number, Cube Roots of Unity, Geometry of
Complex Numbers, De-moiver’s Theorem, Powers of Complex Numbers

1.F {c) 2. () 3. e} 4. (d) 5 (a) 6. (d) 7. (d) 8. (d) 9. (d) 10. (b)
11. (a) 12. (b) 13. (a) 14, (h) 1850y 16, (d) = 2T (@) 18. (b) 19. (b) 20. (b)

2. ) 22. (d 23 (b) 24. (@ 25 () 26 (8 27.(3) 28 i(n—l)n(nz +3n+4)

3
29. 51 18 30, 34i 2ori—:-2:' 3. 2-43.2-3 32 (@+B)(zP+EP) 33. (True)34. (False)

35. (True) 36. (a,c,d)37. (c.d) 38. (d 39. A—>(q,1);B->(p:C— (p,s, t); Do (q, 1,8, 1)
40. A—(q;xB—(p)
Topic-3 : Solutions of Quadratic Equations, Sum and Product of Roots, Nature of Roots,

Relation Between Roots and Co-efficients, Formation of an Equation with Given Roots

L @ 2 (© 3 @ A 50 6@ S0 W e e
g sl s W@ 1500 16 (@ 17T Wi 19 © 20
2. (9 2. () 23. 4 24 () 25 () 26. (4727 (True) 28. (False) 29. (ab,c)30. (abc)
3,.0).,. 32 (. .8 b

Topic-4 : Condition for Common Roots, Maximum and Minimum value of Quadratic Equation, Quadratic

Expression in two Variables, Solution of Quadratic Inequalities
kb 2B 3. (0 4. () 5 (True) 6. (a,d) 7. (b) 8. (c,d)
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Topic-1: Factorials and Permutations

Z

(d) is purely real
(w 1T=z] (w-—ﬁz \ W—WZ W-—Wz
‘ —_ = = = =
-z BT ) == l—z
= W-WZ—WZ+WIZ=W—WZ—Wz+Wwzz
—= - i 2
= w—w=(w-w)|z|"
= [zP=1( w=a+ip andB = 0)
= |z| =1and also given thatz # 1
¢ The required setis {z: |z | =1,z 21} =30 (0=1)
) |z =12 =% z, lies on a circle with centre (0, 0) and radius
12 units.
And |z, -3 - 4i | =5= z, lies on a circle with centre

(3, 4) and radius 5 units.

From figure, it is clear that |z,—z, | ie., distance between z, and
z, will be min when they lie at A and B respectively i.e., 0.t B.
A are collinear as shown.

Thenz—z,=AB = 04— OB = 12 — 2(5) = 2. As above is the
minimum value, we must have | Zyiz) 22
(@) Given: |z, |=|z|=|z|=1
; 2 =
Now, [z; |=1 =]z [*=1 = z7 =1
Similarly z9Z5 =1, 2373 =1
SN T e =g
Now, [t —+—|=1=|5+5+5|=
7t %2 5

= !3[+:2 -.LZ3I:I = ;31+z2+23!=1

(a) Given : arg (z) <0 (given) = arg (z) =— 0
5

Now, z =rcos(-6) +i sin(-8) = r[cos(0)—isin (@]
Again —z =—r [cos (8) —isin (0)]
=r [cos(nm—0)+i sin(n—0)]
arg (-z)=m—-6;
Thusarg (-z)-arg(z)=n—-0-(-0)=n—-0+0=r
@ A+ +1+2) 1 + A+ + 14Ty
=(1+)™ +(1=)" +(1+)™ +(1-)™
Using 1+i=+2 (cosn/4+i sinm/4)
and 1-i=+2 (cosm/4—isinm/4)
We get the given expression as
A L

Ccos
L 4 4

+(v6)n2 ltcasn—jﬁﬂ sin E-i—ﬁ:[

4

:{\.'

=

+(\/5)n2 [cos@mi sin@}
4 4
:(ﬁ)nl [?.cos HETR}+ {\/'5’?2 [:2 cos%]

= real number irrespective the values of n , and n,
. (d) is the most appropriate answer.

(c) Given that |z +iw|=z—im|

= |z=(~io)|=| z—(~iw)|
=> z lies on perpendicular bisector of the line segment joining

(—=iw) and {—-E)} , which is real axis, (—iw) and {ﬁfn}
being mirror images of each other,
Im(z) = 0.

Ifz=xthen|z|<l = x* < 1= -1<x<]
<. (c) is the correct option.
@ - |z|l=|olandargz=n-arg ©

Let ©=re then z = re™9

=(re™) (cos n+i sinm) =& (1) = -
14 (1+i)? 1-1+2i |
@@ s —= =1
1-i (1= 1+ 2
Now i"=1 => the smallest positive integral value of n should be

4.
(281) is a positive integer

> 281(49 +18sin0.cos0+i (21 cos 0 + 42 sin 0))

: 49+9cos? 0
for postive integer Im(z) = 0
21 cosB + 42 sinB=0



H2O TECH LABS
Rectangle

H2O TECH LABS
Typewritten text
Hints & Solutions


A80

10.

11.
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Mathematics
T —4 2 4 = b= 2 1
tan@ =——,sin20=— cos“ O =— Z #Z (given). So, | z|" =—
e 5 5 =3
281(49-9sin26 s = 2o 3
Now Re (2) = ( : ) 13. (4) Given, Z—z2 -t(z+z)
49 +9cos” B .
4 It can be written as Z(1—i)=z (1+1)
281(49-9>€——] L) ! :
. 5l ey So|Z1=i|=|z*[1+i|
49+9% Iz|=|z =|z|=00r|z|=1
Let arg (z) = a. So from (i), we get
x & ink n T
(4) Given: oy = cosTn+isin7K=e 1 2nn—a-:=2a+z
in(k+l)  ink  ink = a=l(4”_ l)n _@n-ln
g, —u=e ! —e =eT(eim -1) 30 2 6
k+1 So we will FetS distinct values of o.. Hence there will be total 4
3 possible values of complex number z.
|0'.k+1 —U.kI= e"”? *‘ll
sinx/2+cosx/2+itanx
14. Let z= -
12 i1 1+ 2isinx/2
—ay|=12 -1 . :
= E:Jak*l a*[ | _ (sinx/2+cosx/2+itan x)(1- 2isinx/2)
3 e (1+2isinx/2)(1-2isinx/2)
Similarly, 2 |%ak-1 —G4x-2|= 3™’ -1
Y ,g,z:l[ | ‘ [smx!2+cosx;‘2+2smxe’2tar|x)
12 +i(tan x — 2sin® x/2 — 2sin x/2cos x/ 2)]
P CTREL (1+4sin? x/2)
3k=1 =4 But it is given that z is real.
Z|°~4:c—| - Ogp-2)| » I (@=0
k=1
= tanx—2sin£[sini+ cosij =0
(5) Given:lz—3-2i<2, 2 2 2
which represents a circular region with centre (3, 2) and .
radius 2. % = =X _sin?x/2-2sinx/2cos x/2=0
& COs x
Now, 2z -6 + 5i| = 2 '—(3~—1) 6.
2 sin x 1 .
= 2 x distance of z from P £ — s —(1-cos x)—sinx=0
B ; 0 x
(where z lies in or on the circle) 5
5 : el treen =
AlsomindismnceofzfromP=E Pa3) = SIHILOSI I] [1-cos x]=0
. Minimum value of 2z~ 6 + 5i[=5 * 1-cos x) .
2 = [————]sm x—[l-cos x]=0
4z° +3z+2 cosx
(©50)Let X =————— ’
4z° =3z 42 1 [smx ]_0
It can be written as =g dt cOsSX .
= _562— = cosx=1 = x=2ngm
4z -3z+2 and tanx=1 = x=nm+ n/4
Now X=1+___L_, x=2nm,nmw + /4
2(22+i)_3 15. (True)Letz=x+ iy, then 1Mz =>1<x&0< y (by def.)
z Consider,
R s D R -z _1-(x+iy) _U-x)-ip (1+x)-
z l1+z 1+(x+:y) (d+x)+iy (1+x)—-iy
L= 1 e -7
= 22+—=22+:::~2(z-z)—:'r ;=0 1-x* -y iy(l-x+1+x)
z Z - .
|21 (1+Jc}2+y2 (l+.yc)2+y2
( )[2——J=0 1-x2 = y? i 2iy
Ky TP+ (Q+x)l+y?
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1-z 1-x —y2 1Y 3 N 1 ‘ |
—n0 = <0 212+5 ] *421 slz+=]| 2-=lz+={==
1+z (1+x)% + 2 2) 4 2 4 | 2 2

-2y also (Z+2)+1|=1
and (l+x}2+y2£0 SP+z-1<1 =2 +4<2

16.

17.

18.

= 1-3° —yZSOand -2y<0

:>Iz

x21 and y20

+y? >1land y > 0, which is true as

Hence, the given statement is true V z e C.
(a,¢,d)(@)S= {a+b/2:a,b €2}
Forb=0;Z 8§

¥y = {—1+J§}”=m+ﬁn,m.nez
T,= (1++2)" =my+~N2m,m,nel

For n € N elements of T, and T, are of the form

a+b‘f§

Hence ZUT, UT, S

(b) Now, —14+./2 <1 and its higher powers decreases

1
= n d can be made i [0, ———] fo
= (~1++/2)" <1 and can be made in 2024 ©r
some higher 7.
(©) 14+/2 >1 and its higher power increases

=(1+2)" can be made in (2024, ) for some higher n.
g

(d) casrt(a+b~ff)+:‘sinm(a+b\5)ez if
a+by2 isaninteger = b=0
(@) Letz=re¥=z=pe "

=2 ke 1 S ) TR !
[“) b T RO - i T Z e mazhawy

where a, be Z

2

1

So, [r2+—2J =a’ +b? :,3_(“24.1,2_2),-44.1:0
r

TS SO (5T R
$r4=(a +b"-2)+4/(a“+b° -2)° -4

2
a_ 43+34205
2

for option (a): |z| =

= a’+ b =45ie. (a,b)=(+6, £3)or(£3, +6)
7++/33 11

For option (b): |z!‘*=%_— — a2 +p? s

13
For option (c): a® +b° =3

2 .2 13
For option (d): @~ +b ==

(b. c) P+z+1=1

19.

20.

= |2 -H<IP+2<2= P -A<2>r=f<2; v ze S
Hence, set 'S' is infinite
(a, c, d)
We have,

SZ+E+r=0 ...Q@
On taking conjugate

ZAEZ+F=0 (ii)
On solving Eqs. (i) and (i), we get

ri—rs

=
o —IeP
(a) For unique solutions of z
s/ -1 = 0= o =
It is true.
(b) If ]s'=[r[.then rt —rs may or may not be zero.
So, z may have no solution.
~. L may be an empty set.
It is false.

(c) If elements of set L represents line, then this line and given
circle intersect at maximum two point.

Hence, it is true.

(d) In the case locus of z is a line, so L has infinite elements
Hence, it is true.
(a, b, d)

(a) arg(=1-i)= *_%
. (a) is false

n—tan~ (1), 220

(b) f(r)=arg(-1+ir) { ;
-m+tan” (t),1 <0

lim f(t)=-n and lim f(f)=n

i—=0" =07
LHL # RHL = fis discontinuous at ¢ = 0
= (b) is false.

(c) arg{iJ-argz] +argz,
23

= 2nm+argz) —argz) —argz; +argz,
= 2nn, multiple of 2n
2 (c) is true.

(z2—2)(z5 — z3) >
(d) arg[___-__(z—%)(zz—zl)] T

(z—zl Nzo —2z3) £

=k keR
(z—2z3)(z;—7) E

(s



21.

22.

23.

24,

Mathematics

3

=arg (z;)

13
AR SumofG,P—i(l+.!)(———) i-1lasi
Z=Z Iy =23 —i
=z, z,, 2,, 2z, are concyclic. ie. z lies on a circle. 2n 2n
@ liszfzalsg. 25. (d) Let z=c0s —_f_—+: sin T
(@b)a-b=1,y=%0 By DeMoivre’s theorem,
]m[az+b]=y k= osZﬁ-ﬁ'sin Ak
z+1 e 7 4 g
a(x+iy)+b (x+1)-iy 6 ek Ik
X - BT =t
= (x+1)+iy  (x+1)-iy| 7Y Bovs E[Sm 7 ik 7 )
‘(“*b]Y;aY(""'l): _Z(—:}( os—+: sin %)
s (x+1)° +y? k=1 7
v (1-z% z—z'
—axy —by +axy +ay _ =) =iz e
= (x+ l)2 +y? k=1 e =
= a-b=(x+1P+y =(—f)[f_]]=['.‘ 2! =cos 2n+i sin 2 =1
—r
= 1=(x+1P+y, x=-1%,[]-y? -(I'ZJ :
=j| —— | =1
(a,c,d) Given: z=(1-1) z; +1 z,, where 0 < t < | 1-z
= o107 1z 26. (c) Let 2z =r(cos 6 +isin @)
(1-t)+t .
= Zdivides the join of z,and z,internally in the ratio and  zj =, (cos B +i sin 6,)
t:(1-1).
t 1-¢ where r=|z |, 2, |, 0 = z), 0
. 2;,z and z, are collinear —_— . o A =iah S5, O =ag () ;
L % ~ 21+2; =#(cos B +i sin B;)+ry (cos B, +i sin 0,)
= |z-z|+z- 2| =]z -2 ol 2 .
Also z=(1-1)z +1 2, = (r cos 6; +r, cos 6,)+i( sin 6, +r, sin 6,)
= — =1 —¢, which is purely real number So, 1z, +z)| =rf ‘-'05291""22 cos® 8, +2rj ry cos B, cos B,
L5 | . 2 . 2 : -
+rf sin 0, +74 sin 6, +2n r, sin 0, sin B,
L =0 =arg(z—z) =arg(z; —z;)
o Z; -z = 132 +r§ +2r 71, cos (6, -8,)
P -i‘:::>__E_1 o and |z [+|z; =1 +n
o g RO Given |21+ 25 |=| 2 | +] 25 |
I-2; a%%
= bl =20 == !zl+zz|2=iz]|2+Izz|2+2|z]f!zz[
Iy=a . H=ThH 2 )
Bl - ey R = +1 +2K 1 cos(0;—0,) =1 +15 +25
=(E-z)5~7)=Z -5)(2,-3) A +8 + 20 c0s(8-6y) =1f +5 172
z-2z 7 "Ei = cos (BI _'BZ)=1 = 9] —62=0
= - = |=0 arg (z;) = arg (z,)
2,-2 7,-7 2

(d) Taking —3i common from C,, we get

3 Bl R

-3il4 -1 -1{=0 (- C,=C)
201 =i

= x=0, y=0

z(: +i"thy = Z; (1+i) = (1+;)Z:

i=]

Which forms a GP.

(a,d) Let z=a+ib,a>0and beR; z, =c+id,
d<0,ceR, then
lzi|=l2z5 | = a2 +b2 =¢2 +d2
> a? - =d*-p? i)

Now, z+z; _(a+o)+i(b+d)

(a—c)+i(b-d)
[(@® =) +(b% -d))+il(a—c) (b +d)~(a+c)(b-d)]

(a-c)? +(b-d)?

Z1—2
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28.

29.

30.

il(a-c)(b+d)—(a+c)(b—d
e ():_C}z)ﬂr; _d))l( TR
Which is purely imaginary number or zero in case
ate=b+d=0.
(a,b,¢) z,=a+ib and 22=c+ia'.
Acc. to the ques, [zi P =|z, =1

= d&?+b=] and F+d’=1. )]

AlsoRe (z; z)=0 = ac+bd =0

= E=:d~=et.{.my) (i)
il

From (i) and (ii), we get
Pol+bi=c2a?+cd = b=
Similarly, a* =d?

[ oy |=\(rt2+c2 =Jc2 +d? =1

and ]mz}=Jb2+d2 =\/c2+a'2 —
Also, Re () ®) =ab+cd =(ba)b+c(-ca)

=a(b?-c*)=0
®) Given, |z +222 +4z2-8=0 ..(0)
|§|3+2§2+4z_3=0 [Conjugate both sides]
22 -7) 4G 2) =0
= 2(z-2)[z+2z-2] =0
.~z =1z (Not possible) or z+z=2
s z=1+bi(b#0) =z=1-bi
(1462)"" +2(1-b2 + 2bi) + 4(1 — bi) 8 = 0 [From @]
(1+62)" = 2(142) =0
= (140?102 —2) =0
'.'1+b2#0=m—2=0=>b2=3
® lz? =1+b%=1+3=4
Q lz-2% =li+ib-1+ibf* =4b% =12
®) 1zi2+|z+5|2=4+[l+ib+l—ib|2=4+4=8
©) lz+1P =f+1+ibf =4+b2=4+3=7.

© @) -1): % =coszk—ﬁ+fsinzk—“ k=1t09
: 10 10’
2n
- zZp=e 19
2k
Nowzk,zj=l=> Zj=z—=€ 10 =Zy

k
We know if z; is 10% root of unity so will be Z.

For every z,, there exist z; = Z

Such that 73 z; =z zk =1

31

32.

A83

Hence the statement is true.
Q- z =2 = 2="% for z 20
|
~. We can always find a solution of z;.z = z;
Hence the statement is false.
®) - (3): Weknow =0 —1=(z-1)(z-7)...(z - 2)
10_4

= (z-7)(z-2) {z—;9)=z
=1+z+2+..2

Forz=1,weget (1-3)(1-2; ).....(1—29)=10

(S)—>(4):1,Z,, Z,, ., Z; are 10th roots of unity.
nZW_1=0 '
From equation 1 + Z, + Z, + ...+ Z;=0,
Re(l)+Re(Z)) + Re(Z,) + ... *Re(Zg) =0
=Re(Z;) +Re(Z,) + ... Re(Zy) =1
9 9
= Zcosyﬁzt-:—l:,l— oos£=2
k=1 10 Kol 10
Hence (c) is the correct option.
For (Qs. 31-32)
Slzx2+y1< 16

S,: Im —h(xa-l)+1(y+-ﬁ) >0
1-iy3
= Bx-1)+(y+V3)>0 = y+3x>0
5;:x>0
Then S : §;n8,NS, is as shown in the figure given below.

Y

¥
(b) Area of shaded region
2 o
Eopamt st by Lo
360° 353

(¢) min|l-3i-z| = min distance between z and (1, -3)
4=

Clearly (from figure) minimum distance between zeS and (1,-3)

: W LT R TN
from line y+x+/3 =0 ie. SN
% V3+1 2

For (Qs. 33 - 35)
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Given : 4= {z:Im(z) >1}= {(x,y):y 21} or,if (1—|z,?) (1~ |z, ) <0is true.
Clearly A is the set of all peints lying on or above the line
y =1 in cartesian plane.
B={z:1,z—2—f]=3i=I{x.y}:[1—2)3+(_]-'v—l)2=9} as|z|<i<|z,| = |3I§2<1<,|2212
= B is the set of all points lying on the boundary of the circle
with centre (2, 1) and radius 3.
C={z:Re[(1-Dz]= 2}={xy:x+y= (2}

which is obviously true

=% Il—;:,::‘;‘(]a.nd (l—l2:|2)<0
37. Given:z;=10+6i and z, =4+ 6i

= C is the set of all points lying on the straight lh:e—represemed Also arg[:_z']=£
by_'c+y=\f"5, ; zZ—23 4
Graphically, the three sets are represented as shown below :
b1
J\y = 3-1'8(3‘2|)“3-1'H(:—'2} ZZ

= arg ((x+iv)—(10+6i)) —arg((x +iy) — (4 + 6i)) =i£

= arg{fx-10)+f(y-6)1-arg[(x-4)+f(y—6}1=%

=5 tz’m_][——'V_‘s']—t.ia.rl“I (_}’_—E] =§

x-10 x-4
( »y=6_y-6 )
33 - : o -1 _x-10 x—4 |_ TN
. (b) From graph A B C consists of only one point P [the tan 3 =
common point of the region y > 1, (x—2)2 + (y — 1) =9 and x + {4 =6 4
y=42] “ndnBnO)=1 (x—4)(x-10)
34. (c)Since,zis apointof 4 M B C —» z represents the point P A (x—4)(y—6)—(x—10) (y—6) o
=tan—
aEt1=iP+[z=5—ip (x-4) (x-10)+ (y-6)* 4

= |z- (1 + )P+ -5+ )P
= PQ? + PRZ = QR? = 62 = 36, which lics between 35 and 39
.. (c) is correct option.
35, (d) Given:|lw—-2-il<3
= Distance between wand 2 + i ie. S is smaller than 3.

(x-4-x+10)(y—-6)=(x—4) (x—10) + (¥ - 6)°
6y—36=2x2+)? —14x— 12y + 40 + 36

X+ - 14x—-18y+112=0

(2 14x +49) + (32 - 18y + 81) =18

= w is a point lying inside the circle with centre S and radius 3. (Jc—':')2 +|(y—9)2 =(3\Jr§)2

= Distance betw ie, th int d wshould b 1L iv)— ) =
R 2 S Rl S (o) (190 S
= |z=(7+9)|=32

ie|z—w/ <6
|z—w| 38. Let A=z=x+iy, B=iz=-y+ix,
C=z+iz=(x-y+tilx+y

1 A AR

But we know that || z|—|w | <[z—w]

x e o1
|
=|lz|-|w[|<6 =-6<|z|-|w|<6 Now,areaofAABC:E =1 o &l
-3<|z|-|w|+3<9 S St g e
36. Given:|z)|<I<|z,| On applying, R,-R,,R;-R,, we get
S x b |
ﬂw1LiE1<lhum A=
21—22 _E TH=E x_y 0
if | 1-2, 2 | <|z~z, | is true i £
, = B Ll i = e L
orif |1-2z,Z5 [F< | z;—z,|* is true —2| xy—x +xy-y° | —El“x =]
orif (1-z2)(1-22;) <(z;—2z3) (7 —z;) is true :%|x2+y2 |=%fz|2
or if (1—Z|E2)(1—3122)((21—Zz)(?l—fz)istﬂ.le
Ol‘il.fl—zlfz"—?IZZ +Z]E| 225242151—2122 39, (1+I}x‘21+(2-3l)y+i=f

3+i 3—i

il + P
G152 T A2 BoNe = (4+2)x—6i—2+(9-Ti)y+3i—1=10i

or, if 14| 21 P 25 < 2 2 +] 25 [2is true
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= (4x+9%-3)+(2x—Ty-3)i=10i
= 4x+9y-3=0and2x-Ty-3=10

On solving these two equations, we getx =3, y=—1

: . la+ib
40. Given: X+0/= \/ :
c+id

.2 a+ib :
= (x+iy)" = parsTs (@)
Taking conjugate on both sides, we get
a—ib
c—id
On multiply (i) and (ii), we get

(x-iy)? = 6

Ak 1—cos 8+2isin 6

1 1
= 25in?0/2+4i sinB/2 cos B/2 ~ 2sinB/2
sin8/2—2i cos B/2
[(si:10.’2+2i cos 0/2)(sin 8/2—2i cos O 2&_:
1 sinB/2-2icos 6/2
~ 2sin0/2 {{siﬂzﬁf’2+4 cos® BIZ]
1 [25&19/2—4:’003 9!2}

= 26in0/2 | 1-cos0+4+4 cos 0

2 2sin®/2—2i cos /2
= 2sin 0/2 5+3cos O

[ 1 ]_{—2 cot 6;"2}_
“\5+3cosH 5+3cos O

which is of the form x + iy.

Topic-2: Rotational Theorem, Square Root of a
Complex Number, Cube Roots of Unity, Geometry of
: Complex Numbers, De-moiver's Theorem, Powers
E] of Complex Numbers

-

-
=)

S

C
Zj{)

% (B)

i z l=lz|=.l =
Since, |z, |= |z, | =zl =1

A85

8,=ac(z,z)

z,—z,|=lengthof Im¢ AB < length of arc AB

%-5 = length of line BC < length of arc BC
Sum of length of these 10 lnes < Sum of length of arcs (i.e.

2x)
(=6 £0,+68,+ +0,=2n]
Piln—|Fla |t —Flh—1 < 2=
P is true.
¥ 3
Now, [ -z I=lg=7 izt
We know that
2,51 € |51+ 171 S 2
z,+3 SlFlz =2
:3_'_ » 3 _3__: 3. I~ _Z__- <
S = e Hio'wl =
2{z,—z | Fin-n 1+ —Fig—x,0) S2(2n)=> 0=4n
Q is also true

(d) 5:1—2-1zvrgn-prcsensboundaryandouterregionof
circle with centre (2, —1) and radius /5 units.

z, € §, such that is the maximum.

Zn = | |
~. |z5 —1| is minimum
z, € S with |z, — 1| as minimum will be a point on boundary of
circle of region S which lies on radius of this circle, which passes
through (1, 0).

.~ zg» 1, 2 — i are collinear, or (xo, yg)h (1, 0), (2, —1) are collinear.
Using slopes of paralled lines,x'

oo -~ ¥
=1 2-1 >0 ish

4—20"'30 e 4*‘{20 +Eo)

Now,

zo—zo+2i (zo—Zp)+2i

42w A-0w%- % - >x
 iyg+2i 2i-2xyi+2
_2@-x) 1__,
22-xp)i i 5
Arg{—“'z_"'zﬂ,}mg(—f):‘—“
Zg—Zp — 20 2

(¢) Since, a lies on the circle (x —x,)> + (¥ — yo ) = 7

= [off +[z0f" - aZp ~azp = 7 ---(0)

1
Also E lies on the circle (x — xﬂ]z + (v —J’o)z =47
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1 F 1 1 5 By De Moivre's theorem :
o =z =42 :[:—2][-———2’]=4r i By = o
L—I 0 e | e (cosB+isin®)" = cosnb +isinnd
2m-1 .
I z3 = - Im(z )=sin(2m-1)6
= —_——0——_9—+zozﬂ.=4i"2 . =
ad o o : - .
| 20  Fa 2 2 e E Im(z )= 2 sin(2m —1)0
= 2+|20| =4r e —

laf |af |a
> H|aP|zy P ~zpa-zpa =42 |af?
On subtracting equation (i) from (ii), we get

I-laP +|z [ (ol -1)=r*@|af? -1)

..(if)

or  (aP -1zl -1)=r@ aP -

42

Using | 2 = , we get

2
(op *1)—’2—=r2(41u ? -1)

= |af-1=8ja-2 = |ar=%

@ In() # 0
=» zisnon real

and equation 2 42 +(1-4)=0
will have non real roots, if D < 0

3

= 1-4l-a)<0 = 42<3 = a<z
3
acannottakcthevaluez.

(a)
Also, 220 +72° =350 = |z (Z% +2%) =350

Given : z=x + iy, where x and y are integer

= Z+yH)E?-yH)=175
= @+ -H)=25x7 .0

or (P+1A)(E-P)=35x%5 ..(if)
x and y are integers,

. x2+y2=25 and xz"‘y2=7 [meeCI(i)]

= x?=16 and y2=9

= x=%4 and y=13

Vertices of rectangle are

(4! 3)!(4:"3)) ("‘43_3}5(“'41 3)'

Area of rectangle = 8 x 6 = 48 sq. units
Now from eq. (ii),

2+ =35ads’ -2 =5

= x? =20, which is not possible for any integral value of x
(@) z=cosB+isinb

P (cosﬁﬂ'sinﬁ)zm_]

=cos(2m—1)0+isin(2m—1)0

10.

=sin8+5sin 30 +sin 50 +......+ upto1 5 terms

sin[lS[gzﬂ]:[.sin[Bﬁ-MxB]

sin@

** sina+sin(a+ )+ sin(a + 2B) +....n terms
_ sin(nB/2).sinfa+(n-1)B/2]

sin(B/2)
_ sin150.5in150 _sin30°.sin 30° - 1
o sin® sin 2° 4sin2°

(d) The initial position of point is Zy= 1+ 2i
L L =(1+5)+(2+3)i=6+5i

Now Z, is moved through a distance of ﬁ units in the direction
;+} (ie.by 1 +1)
- It becomes Zy'=Z, + (1+4)=7+6i

Fi4
Now' OZ'is rotated through an angle 3 in anticlockwise
direction, therefore Z, = iZ,'=—6+7i
(d) Given:|z|=1landz # *+1

To find the locus of @ =
1-22

z z

Now, =
1-22  Zz-272

[clzl=1=|zP=2z=1]

e purely imaginary number

T —Z
. @ must lie on y-axis.
@ OP=04+AP

= OP=0A4+0B o
3 ; B &
= OP= 3em:f 4 5 4'31(1'1:4’24-:1';Ir 4) 7] =
1
N, A
_ 3in/4 | g inl2 jinl4 el >

=3elﬂ}'4 +4fe“”r4 =eﬂ'(1"4(3+4i)
(b) Given that a, b, c are integers not all equal and @ is cube
root of unity # 1, then |+ bo+co? |

bof8) )

2
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(2a—b—cJ+{b\/§—c~.@)‘
2

2

=%J{2a—b—c)2+3(b—c)2

1
= JE{(a—b)z +(b-c) +(c-a)*]
R.H.S. will be minimum when a = b = ¢, but according to the
question, we cannot take a =b =c.

. The minimum value is obtained when any two are zero and
third is a minimum magnitude integer i.e. 1.

. b=¢=0, a=1; gives us the minimum value 1.

11. (a) In the figure, we see that. 16.

AB=AC=AD=12

.. BCD is an arc of a circle with centre at 4 and radius 2. Shaded
region is exterior part of this sector ABCDA.

.. For any point represented by z on arc BCD we should have
|lz=(=1)]|=2

and for shaded region, [z + 1|> 2 i)

For shaded region, we also have

-n/d<arg(z+1)<n/4

or |arg(z +1)|<=n/4 (i)
From (i) and (ii), we get (a) is the correct option.

12. ) (1+e°)" =(01+a")

=(a)"=(1+0)"=(-0*)" > o" =1=>n=3

17.
13. (a) Giventhat|z|=1 andw=z—_1(z:¢-1)

z+1
Now we know that zz' =iz|2 18.
= zz=1 (for |z|=1)
. m_(z—l]x(2+l)_z§"+z—5—l_ 2iy
: z+1) Z+1) Z+z+Z+1 242
[ zZ =1 and taking z = x+i y sothat

+z=2xand z-Z=2i

e V] 19.

= Re(w)=0

14. (b) ApplyingR, = R, + R, + R,, we get
1 1 0 3 0 0

i —i-6 @l=t ~I-0 o
1 o o4 |1 o> w4

=3[-w-1-n] =3(m2 -m)

15. (¢) 2~z _1-if3
22—23 2
(21‘23] (1-1\/3}
= arg| 2 |=arg| ——
73— 23 2

e —i—— AT
= arg(_cm(-—xﬁ)ﬂsin{—xf})]
= angle between (z, —z;) and (z,-z;) is 60°.
|Z|—23 =|I—IV{3:
and ‘22—23 l 2 |
-3
1 =|=ﬂ.".'l“‘23=::_33: ﬂmpsw!’}
-3

= The A with vertices =, z. and z. is isosceles with vertical
angle 60°. Hence rest of the rwo angles shouid also be 60° each.

= Required triangle & an sguilaters] mangle.
@ Let z=()"" =(cos2kx+isin2kx)""

2kn | . 2k=
I=C0S——+isin k=0, L2,.....n-1.
n n
(2= . . (2K=x)
Let 2z} =cCoOS| +ism| i
\ 2 )
'Zk‘)! —_ 2ksm
and Zy=C0s| —=— |+isin—=
= n

be the two vadses of = Such that they subtend right angle at
ongin.

2kr  2kn n
L AT s T s Yk —ky) =1
n n 2
Ask, and k, are integers and k, # &,
n=4k kel

© E=4+5) > +3(0)% =4+50+30°
=1+2m+3(l+m+m2)=l+(—l+i\/§)'=i\/i
®) (+w) =A4+Bo
= (-0°) =4+Bo (- l1+e+e’=0)
= -0''=4+Bo
= -w’=4+Bo & co3=l)
= l+o=4A+Bo — 4=1,B=1

(b) LetABC be the A whose vertices are represented by complex

numbers a, b, c and POR be the A with whose vertices are

represented by complex numbers 2, v, w.

Thenc=(1-r)a+rb
Ala

P(u)
Bp) ) oW Rw)
Lo c—a s :
= c-—a—r(b_-—-a)v . =5 A = stk
wW—u

= w=(-Hu+rm = =r .

vV—u



A88
C a wW—u

From (i) and (i), I g

c—a w—ir )
(e

b-a v—u )

AC _PR
and ZCAB=/RPi

= AB PQ o

= AABC ~ APQR
20. g;) If vertices ofamﬂebg;zmm:!,::.:,.;thmsdia@nﬂs
isec other

t each

.".']+Z3 3y +24

2 2 3=

2. (b) |e|=1 =

= [l-iz|=]z-i]

= [1-ix+p)|=|[x+iy-i

= [o+tD)-ix|=|x+ti(p-1)|

= ZH+1P=x2+@-1)

= 4=0 = y=0 = zlieson real axis

2. (d) |z-4|<|z-2]
= |[E-D+p|<|[(x-2)+iy|
= (-4 iy <(x-2P+y
= —-8x+16<-4x+4 = 4x-12>0
= x>=3= Re(@)>3

B :']_ ,[—1 fﬁ]_.

23. (b) [3—+5 == ?+ =im
N _[-1 nf] .
———=i|——-— =i
) Zoe 2

z=(-iw)’ 4—(1'&)2 )5 =—io? +io

=i(@-02)=i(iB) =-3

= Re(z) <0and Im(z)=0

24. (a) Since, z=x + iy satisfies the equation 5 5{
z+5i

|x+iy—5i|=|x+iy+5i|
[x+O=5)i|=[x+(@+5)i|
PHp-5P=x2+(y+5)
42— 10p+25=22+)2 + 10y +25

U 44 U-

200=0 = y=0

a’ is the correct alternative.
x-1 + 8=0

~1P =-8=(-2)

25.

e -

x—1=-2 or —2@ or—2w2

U

= x=-11-20, 1-20°

26.

27.

28.

(8) Letz=x+1iy

2 - it =4iz

Mathematics
Y

=2 (2) =42 = 2P -7 ) = 4i?

=:=0or2-(2)" =4 (1,1)
S smy=4 oxy=1 . L ¥
Locus of z is a rectangular
(-1-1)
hyperbola xy = 1
Given that Re(z,) > 0 and Re(z,) < 0 ¥

|21 =23 lmin=VA+D? +(1+D* =8

2
= |2 =23 [min =8
(3) a, b, c are distinct non-zero integers
Min. value of |a + b + cw?? is to be found |a + bo + cw??

og9) 229]

b 2

Il

(b-c)

‘ (2a-b- c)+I

e __2__2
4(20 b—c) +4(b c)

1
z(4az+b2+c2—4ab+ 2be — 4ac + 3b% + 32 - 6bc)
=a*+b+E_ab—bc—ca
1
= E[{a—b)2+(_b—c)2 +(c—a)2]

For minimum value, let us consider ¢ =3, b=2, c=1

minimum value = %[1+1+4]=5=3
rth term of the given series
= r[(r+1)-o](r+1)-o?]
= r[(r+1) — (@+0%)(r+1)+ o]
= r[(r+1)% —(=I)r+1)+1]
= r[( +3r+3]=r+3r2 +3r

(n-1)
Sum of the given series — ba (> +3r% +3r)
r=1

i-(n-l)znz + 3%(” =1) () Gn=1) +3.%(n ~)n
i i 3
=(n-1) (n}[z(n—l)n +E (2n-l)+5]

=%(ﬂ—1)n[u2-—n+4n—2+6]

=:41—(n—l)n[n2 +3n+4)
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29.

30.

31.

AB9

Let  z,, 2,2, be the vertices 4, B and C respectively of equilateral 35
2 with ceatre

AABC, inscribed in a circle z -
(0, 0) and rasius =2

Given z =1+iV/3
z =e?:1

Lf:os TTTISEH—){ii'IJ_ 33.
:L2_3=_2 and 3 =€""¥

= [cos%{+isin%‘] (I+EJ3—)

=(__‘1‘2"‘[§](1+5J5 =——_I_2;\[3_+3=!—f\@ %

As D and m are represented by complex numbers (1 + /) and (2
— i) respectively

D= (1,1)and M= (2,-1)
‘We know that diagonals of rhombus bisect each other at nght
angles.

AC passes through M and is L to BD

Eq. of AC in symmetric form can be written as

St I i

285 15

Now for pt. A, as

AM = %DM = %\/(2-1}2 +(-1-1n2 =5/2

On putting r~+J-f2,we get
x=2  y+l

25 15
=3

= x=3 o 1.y=_? Or?

Therefore, point A is represented by 3 —#/2 or 1- (3/2)i
Distance between two points represented by z; and z,

= |21—22|

=1+5/2 o x=#1+2,y= i%—l

Since z; =a+i, 2z, =1+bi andz, =0 form an equilateral
triangle, therefore |Zl - 23I = |22 = z3| = iz] - 22|
= |a+i|=|1+bi|=|(a-1)+i(1-b)|
a+ 1=1+b*=(a - 1) +(1-b)
al=h=a+b*-2a-2b+1
a=b i)

a #—bbecause 0<a,b<1)

U4

.

B -2a-2b+1=0

a—-2a—-2b+1=0 (i)

a-2a-2a+1=0

— a'—4a+1=0
4323

o 53

a:Z-Ji

U

U

=2+3 . But 0<a b<1

L b=2-43

rb=a

(g 37.

(¥

2
2" +1bzy + axp
_" 2

+5% |2, £ —2ab Re(zy2,)+ b

+a :::--.-.ab Re(‘i;}

=(a* +b%)( 5 P+ %)

—1+i3 -1-3

(True) -- Cube roots of mamy == 1, = ~
\"mmsofm:gkg
-1 \'.-\ -1 -\g
All, OLB -E- -:-' C T. W,
= AB=BC=C4, - Ascoguimcrsl

sciAPSe 17 % _ .

-

(False) i =,

— -

"
b

= z smdpt ofine jommez andc
= .z emastme

Given statement = Hise
(True)
Asiz l=lni=15]

Z;. =, =; are equidistant from origin. Hence O is the
circumcentre of A4BC.
But A4BC is equilateral and hence crvumcentre and centriod of

A ABCcoincide. Alz)
Centriod of AABC=10
Zy+2,+2
1 2 3 =g
3
= Z1+53+z=0
Statement is true. B(z,) Q(z,)
z= =X+1
Eed =
i a —ibt - a i —bt
=0 e = 5 -
a? +b%t? a2 +b%t? aZ +bt?
FIN 0 1 X 2.3 X
= X" +y" = =— = xX“+y ——=0
a’ +b%*t? a

.. Locus of z is a circle with centre [?la*,ﬂj and radius ——
irrespective of ‘a’ +ve or —ve
Also forb=10,a# 0, we get, y=10
locus is x-axis
and fora=0,b0wegetx=10
locus is y-axis.
Hence, a, c, d are the correct options.

\ﬁﬂ' T

—(:c~s—+isinE
2 6 6

am .. nm
= W' =cos—+isin—
6 6

(¢, d) We have w=

.. P contains all those points which lie on unit circle and have



39.

T 2n 3n = i si = -
it 2 LI Letw =cosB+isin® thenz=2cosB = Imz=0
i R | Also |z]<3 and |Im(z)[<1, |R,(z)|< 2
: ay . 2 40. (A)— (9, (B)—> (p)
E ' Given:z#0 Letz=a+ib
: ; Re(2)=0=z=ib=z=—p?
. ‘ ~sIm2P=0
. : - (A) corresponds to (q)
: T
: ArgZ=z =a=b=>z=a+tia
A s =2=0-a?+2ia® = 2=2ic> > Re (2)* =0
.. (B) corresponds to (p).
41. The given circle is JZ —I| =\/§ , where z=1 is the centre and
: : 2 is radius of circle. z, is one of the vertex of square inscribed
: Ik : in the given circle.
yl
Since, z;€ P H, and z, € P 1 H,, therefore z, and z, can have
possible positions as shown in thé figure. &
2
- £2,0z, can be——j-I—ors—E.
3 6
(@) Wehave (I+0-0%) =(-0’ -0’)’
= -2 (@) =-128" =-128®
A)=>(qnB->EPLC—->{PsthD—>(qnrst) Clearly z, can be obtained by rotating z, by an angle 90° in
s anticlockwise direction, about centre z,
—(q,r :
4 Thus, z,— z,= (2, - zn)em"z
|z —£|z||= [z+i|z[| : ‘
A Ay 1 or .’2—1=(2+c‘\6—l)! - zz:;‘_\/i...]
= z is equidistant from two potms(ﬂ, z|) and
O e e i
S by et bt il Again rotating z, by 90° about z,, we get
.. z must lie on real axis = Im(z) = 0. Also |/, (2)| < 1 2, -2y= (2~ 2) i
(B) = p = z-1=[1-PB)+i-1]i=-3i-1
Sum of distances of z from two points (-4, 0) and oL
(4, 0) s 10 which & preates €ian §. > zy=-i3
-". Z traces an ellipse with 2a = 10 and 2ge =18 And similarly 1= (- ;‘-JE-]):': \E—i
:}e:% = 24=(\/§+1)—f
5 ) Hence, remaining vertices are
= s, t
= . (=\3) +i,~ i3, B +D-i
Let = 2(cosB+isin0), then
42. Given: |2 %4 _ = |z—al=k|z-B]|

z— mni =2(cos0+isin0) —%(cosﬁ—;’sin 0)

= .x+iy=icos(-}+i£sin9

5 2
9425 34
Here, !z|=1f—4— =‘}T <3 and |R,(2)| <2
3 5

4 4y?
Ahox:—icosﬂ,y=55in9 = %+2—y5=1

SR
ich is an ellipse with e = 25 3

D)—>(q. s, 1)

Let pt. A represents complex number o and B that of B, and P
represents z. then |z—a |=k|z—-B |

= z is the complex number whose distance from A is k times
its distance from B.

ie. PA=k PB
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44,

A91

—» P divides 4B in the ratio k : 1 internally or extemally (at P").

Then P =["l3_+2) snd p.{"l‘_*“J
k+1 k-1
Now through PP’ a number of circles can pass, but with

data we can find radius and centre of that circle for which EP' 45,

diameter.
(Jr[}+a+k[5—u‘\
Centre = mid. point of PP’ =L £+ B =
K B+ko-kp-a+k’B-ka+kB-a
2k*-1)
T 3
L e N S (T
e Y 2
_l|k[3+ot_kﬁ—-a.
2] k+1 k-1
1|k +ka-kB-o-K*p+ka-kp+a| _kla-B|
2] -1 b e
n
Let us consider, Za,zr=1where|a,. |<2
r=1
e zva R Yar + Iraz =1
= |azt+afta+..+ta|=1 i)

Butwck:wwd:atiz,+zz'<lzll+qb2!
Ia ZI"'Ja,ﬁ .+ +|a‘ !
= 15!a|h|+|a2|,a |+]a, !:’!+u.+ia,'f:":
[using eg” (]
But given that | g, <2V r=1,..,n

i3

1<2[|z|+]|zP+[zP +..+[z "]

[ 12 l=127]

n +1
£ I{2[|z|m—|z| )}z, 2[|z|-1z1" },
1-|z| I-|z|
= 2(lz|-|2I") > 1-|z| (- 1-]2]>0as|z|<13)

LB
= - n+l o
Ozl-1z[""] 3 2E2I

3 1 n+l
= —|z|>—+|z
121> S+l z]

1 2 +1 1
= |z|l>=+—|z = |z|>=
21> 5+512F :

1
which is a contradiction as given that | z| < 3

There exist no such complex number.
The given equation can be written as
(zP-1)(z9-1)=0
e e )M Pmigye (1)e s )
where p and q are distinct prime numbers.
Hence both the equations will have distinct roots and as

z # 1, both will not be simultaneously zero for any value of z
given by equations in (i)

2

o
Also l+o+a +...+::1t*"5'_l=I =0(a#1)

I-a

47.

l-a

2i4af = :

q
=0 (a=1)
-
Because of (i) either a? = 1 and if a? = 1 but not both
simultaneously as p and g are distinct primes.

|zPeo-|laPz=z-00 - .. (i
ZO-0O0Z=Z-O

or l+o+a

= z0(Z-B)=z-0.

Taking modulus, 20|z -&|=z-o
|z0]|z-a|=z- .

S Je-af(zai-1)=

If|z—@[=0 then z-©@=0 . z=0
If|zm|—l=0 then zo=1 .. |z|=-|—1—|—=r (say)
©
Let z=reie,m=%e"¢
From (i) r[ **)-——(re'a) re‘a—_e
r
(A2
' 5 r

=e®=0=¢

zm—(re’e)[ ]: s~ z=@ or zo=1
2epzeg=0
o= hih=q
By rotation through « in anticlockwise direction,
L=z e
z_z_i_cosaﬂ‘sina
.".'i 1 1
Addlinboﬂisidwtogetz]+zz=—p
. z,+22 1+cos a+isina _ 2m5|:cos‘—1-+:smu}
: 3 1 2 2 2

1
s (z22+2) e D Th

I

On squaring, (z, + z,) =4cos>(a/ 2)22 =

o
12 2_ 2_40062

=4 cos azz
| 2 s

= pl=4g 0032%

Letz=x+ iy then Z = iz’

= x-iy=i(@ -y +2ixy)

= x-iy=i(?-y)-2np

= x(1+2y)=0;x2-3*+y=0

=il {]ory——% = x=0, y=0, 1

1 3

or y=—5,x=i?
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48,

49.

50.

51.

For non zero complex number z,

_0, =1, =——-—’ :-——-’ — 3 = ———
L R TS e Y e T S
sy gt Al

Let z = ri(cos 6,+ i sin 6,) and w = r(cos B, + i sin 0,)
We have, |z| = r,, [w| = r,, arg (z) = 0, and arg (w) = 0,
Given, |z] < 1, w| < 1

= r<landr<l
Now, z—w = (r, cos 8,— 7, cos 8,) +i (rsin 8, —r, sin 8,)
2 2 . .

= |z~ wf =(r, cos 0,—r, cos 0,)* + (r;sif? 0, — r, sin 6,)
=r{ cos’ 0, + r} cos® 0, — 2r,r, cos B, cos 6,

+risin’ B+ r; sin® 8, - 2r,r, sin O, sin O,

5 5 < 3 2 5 - 3
=ri (cos® 8,+ sin" B,) + r,” (cos® 8, + sin" B,)
—2rr, (cos B, cos 8, + sin 8, sin 8,)
=T =
ritry—2rr,cos (6,-6,)

=(ry— rz)z + 21, [1 - cos (0, - 0,)]

2

2
sin[—-@l _BEJ
2

and[sin 8| <8,V B eR

=(n —@]2 +4nr sinz[

<li-nf +4

b rarn, = 1

0, -0,

2

Therefore, |z — w* < Ir, - f‘zfz + 4

<lr - rf +18, - 8,2

lz— wi* < (2| — wf)* + (arg z — arg w)?

—

Joghr s
Dividing through out by i and knowing that -~ = —i, we get
i

-iZ+iz+1=0

= Z@z-D)+tiz-9)=0 as 1=-7

= (:-:—;j(:-+i)=01.'.z=iq or T——1i

S zl=lil=lor| 2=z =|=il=1 = |z]|=1
Hence, in eithercase |z | =1

1, a,, a,, ..., @, , are the n roots of unity. Therefore they are

roots of eq. x"— 1 =10
Therefore by factor theorem,
—1=@x-1)(x-a)(x-a,) =t i)

n
X

)
o)

= v-_ll =(x-a))(x—ay)...(x—a,_;)

On differentiating both sides of eq. (i), we get

== (e a)(x—ay)..x—a,_ )+GE-1)(x-a,)
wlf—a, Jr.+E-DE=a)..c-a,_)

Forx=1, wegetn=(l-qa)) (1-a,) ... (1 =)

[Since the terms except first, contain (x — 1) and hence become
zero forx = 1]

ge know that if z,, ), z; are vertices of an equilateral triangle,
en

z]
Sy R
3—2y |
Herez, =0,
2pvylomn 32y
=Z3 22 | zz Z3
.
= —zlz “Z% +2Zl 22 =ZlZE, 212 +_5 —_".'I Zz :0
52.
A =
C0,av3)
3 s
C A(-a0) |O B@o)
v
¥
Let us consider the equilateral triangle with each side of length
2a and having two of its vertices A(—a,0) and
B (a, 0) on x-axis, then third vertex € will clearly lie on
y-axis such that OC =2a sin 60°=a\/3 . . C= (0,a+/3).
Now if A, B and C are represented by complex number Zy, 2y, Z,
then zy =-a ; zy=a; z3=a+3i
Since in an equilateral triangle, centriod and circumcentre coincide,
: Z] + 22 +: Z3
- Circumcentre, 2 =—3—
i —a+a+av3i ia
= Q= e
3 V3
Now, zf + 22 +z§ =a’+a* 34> =- 4
and 32 = (ia)’ = - d*
. Clearly 3z§ =z +222 + z%
53. Since, P and y are the complex cube roots of unity therefore, we

can suppose B = wand y= @’ so that ® + ©*+ 1=0 and @ =1.
Then xy=z = (a + b) (aw? + bo) (aw + be?)

=(a+b) (a°w’ + abw* + abw? + b’w’)

=(a+b)(a’+ abw + abw’ + b*) (using »* = 1)

=(a+b) (a*+ ab(w + @*) + b?)
=(atb)(a®-ab+b)=d+ b

Topic-3: Solutions of Quadratic Equations, Sum
and Product of Roots, Nature of Roots, Relation
Between Roots and Co-efficients, Formation
=] of an Equation with Given Roots
1. (d) Consider the quadratic polynomials in the form of equation
¥+ 20x-2020=0 1)
x> —20x+2020=10 ..(ii)
Since, @ and b are roots of the equation(i), then
a+b=-20,ab=-2020
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** ¢ and d are the roots of the equation (i), then
c+d=20,cd=2020

Now,
acfa—c)+ad(a—d)+bc(b—c)+bd(b-d)
=a’c—ac + a*d — ad® + BPc- b + B2d — bd?
=dc+d)+ b c+d) - la+b)—-d*(a+b)
=(c+d)(a®>+ b)) - (a+b)(E+dd)
=(c+d)((a+b)*-2ab)-(a+b) ((c+d)? - 2cd)
=20 [(20)? + 4040] + 20 [(20)? — 4040]

=20 x 800 = 16000
2. (¢) x*-2xsecO+1=0=x=secO+tanB
andx2+ 2xtan O—1=0=> x=—tan 0 + sec 0
T b
C——<B<-—
6 12

b1 b1
= sec— > secO > sec—
6 12

tan

T
and —ta.n})—c.tan6<—

Als tann< tanB«tann
i 6

Since, o;,B; are roots of X2 — 2x sec O+ 1 =0
and o> B,
ooy =secO—tan 0 and ff, =sec © + tan O

Since, a,, B, are roots of x>+ 2xtan 8- 1 =0

and o, > B,

: u.2=—ta.n9+sec6 f,=—tan 0 - sec B
o+ [, =secO—tan §—tan 6 —sec @ = —2tan @

3. (d) Quadratic equation with real coefficients and purely

imaginarv roots can be considered as
px)=x+a=0wherea>0and ac R

Thep[p{x)]=0_—.>(r+a)‘—a=0

= +2a+ (@ +a)=0

2 ~2a+V4a® -4a® —4a
D x"=

2
x2=—ai-\f{;£

=5
= x:,ﬂ—ai&f:a‘l‘fﬁ where u,ﬁatO

p[p(x}ll

nor purely imaginary.
4. (¢) Consj l:r—3{x 5x1)2 +2 [x- [x])+a2—0
=Sy (o x=[x]= {x})

= [{x}z——{x}] a,a#0

SO0 A
= a—S({x} 3] 3

2 -1\ 4
<§ : 053[{1:}?}{5
1 =1 ;1

—55 3[{.!}?]—}{1

For non-integral solution 0 < a2 < 1
=ae(-1,000U(0,1)

(w0<{x}<1)

-1 |
Sl o
3 " 3

0, has complex roots which are neither purely real

o

(c) o pacthermosofr—6x—2=0

-6a-2=0
=a'?-6a°-2a%=0
= a!® - 2¢* =6a° i)
Similarly B!° - 2p% = 68° (1)

On subtracting (i1) from (1),
o'~ B10-2 (@*- B%) = 6 @*- B9
ao—20 .

=a,- Zas =6y, = 200 5

() Given : (20)= = 35)™=

= fn2. fm2x= fn3. fndy

=> #n2. fn2x= in3. (/a3 + foy) )

Also given ; 3/ = 2%

fnxin3
in2

= £nx. fn3 = fny. fn2 = fny= A=)

From equation (i) and (ii), we get

frmxind]
2 |
= (/n2)? fn2x = (fn3) fn2 + (/n3) inx
= (n2)? n2x=(n3) (02 + fnx)
= (fn2)? fm2x— (f3) fm2x=0
= [(fn2)* - (fn3)*] fn2x=0 = f2r=0

fn2. fn2x = fn3 {f n3+

r-Jli—-

=2=1 = x=
() Given:a+B=-panda’ +p=g¢
= {u+ﬂ)3-3c:ﬁ(u+l3)=q

= P -3(-p)=¢q = ap- 3;"

Now for required quadratic equation,

2 2
o =+
Sum of roots = _+_ﬁ_=ﬂ_ﬁ_
f « af
z '{P +¢I\
_ (@+B)* —2ap _ L T _P-24
ap P +q P’ +q
3p
a B
and Product of roots= —,— =1
B a
[ o)
2 P q
Required equation is X~ — x+1=0
cquired eq 15 Lp3+qJ

= (P4 - (P’ -29)x+(p’ +g)=0
(d) Since o and P are the roots of x2 — px +r=0

a+f=p
andap =r «.(il)

A93
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10.

11.

12.

Mathematics

Also % and 2f are the roots of x> —gx+r=10

e

Solving (i) and (iii) for o and P ,we get

(i)

1 2
B_E (29-p) and g=a (29-9)

On substituting the values of o and B, in equation (ii),

13.

2
we get ;(ZP-Q)(2q-p)=r-
*» a, b, c are sides of a triangleand a #b # ¢

la=bl<lc|=> a® +b% —2ab < ¢* ()
Similarly,

(a)

B2 +c? —2be<a? woi); 2 +a* —2ca<b? ...

On adding, (i), (ii) and (iii) we get
a® +b +c? <2ab+bec+ca)

a? +p% 42
- — 2
ab+bc +ca
Roots of the given equation are real

(a+b+c)* —3Mab+bc+ca)> 0
2

14.

en(iV)

a* +b% +¢

e e
ab+bc+ca

(V)
From (iv)and (v), 3A-2<2= A <%.

(a) x2+px+q=0
Let roots be o and a?, then

2 2

a+a’ =—p,aa’=g=a=4"

@ +@"*?=-p
On taking cube on both sides, we get

g+q +39(¢'" +¢*")=-p’ 16.

= q4+4°-3pg=-P’ = p*+¢*-g(3p-1=0
(¢) Leta, a?betherootsof 3x2+px+3=0

a+a?=—p/3anda’=1 17.

= (@-D@+a+1)=0 = a=lor ?+a =-1
If o. = 1, then p = — 6, which is not possible as p > 0
Fol+a=-1 = -p/3=-1 = p=3.
(d) Given:(x—-a)(x-b)-1=0,b>a.
or X-(@a+b)x+(@b-1)=0
Let fix)=x>—(a+b)x+(@b-1)
D=(a+bP-4@b-1)
=(@-bR+1>0

Since coeff. of x? i.e. 1 >0, . f(x) represents upward parabola,
intersecting x-axis at two points ¢ ding to two real roots,
D being +ve. Also f(a) =f(b)=-1

=> curve is below x-axis at @ and b
a and b both lie between the roots.

15.

© o aBi-bB-c=0

Therefore, the graph of given equation is as shown.

e
TN

A
It is clear from graph, that one root of the equation lies in (- oo,
a) and other in (b, o0 ).
(b) Given: c<0<b anda+B=-b ..(i)
af=c¢ ...(ii)
From (ii), c <0 => ap <0 = Either ais -ve or B is - ve and
second quantity is positive.

From (i, b>0 = -b<0 = a+p<0
= the sum is negative

= (Modules of nengative quantity) > (Modulus of positive
quantity)

But given o < B. Therefore, it is clear that o is negative and p is
positive and modulus of « is greater than modulus of B

= a<0<B<|a|

(a) Ifboth roots of a quadratic equation ax? +bx + ¢ = 0 are less
than k, then

af(k)>0,D20,a+p <2k
fix)=x*-2ax+a’+a-3=0, a B 3
fi3)>0,a+p<6, D20.

= a’-5a+6>0,a<3,-4a+1220

= a<2lora>3,a<3a<3 —sa<2.

(c) For the equation px” + gx + 1 = 0 to have real roots
D20 = ¢*24p

If p=1then q° 24 = ¢=2,3,4

If p=2then ¢° 28 = g=3,4

f p=3then g% >12 = g=4

If p=4then ¢>>16 = g=4

*. Number of required equations = 7

a, B are roots of the equation (x—a) (x—b)=c,c#0
(x-a)(x-b)-c=(x—a)x—B)
(x-a)(x—P)+ec=(x-a)x-b)

= Rootsof(x—a)(x—B)+c=0areaandb.

(d) Iff(c)and f(B) are of opposite signs then there must lie a
value ¥ between o and B such that f(Y ) =0.

a, b, c are real numbers and @ # 0,
Since a is a root of a2 + bx + c =0

L aol+ba+ec=0 )]
Also B isaroot of a®x2 — bx —c =0

wr (i)

()

=

Now, let £(x) = a®x + 2bx + 2¢

Then f (o) = aa? + 2b o+ 2c = a*a + 2(b a + ¢)

= a%a? + 2(- a’a?) [using eq. ()]
=— g?a?,

and f (B) = a®p%+ 2bP + 2c = a®B2+ 2(bP + )

= a?p? + 2(a?p?) [using eq. (ii)]
=3a%p2>0.

Since f (o) and f (B) are of opposite signs and Y is 2 root of
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18.

19.

20.

21.

22,
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equation /' (x) =0
Y must lie between o and B
=a<Y<p.

2 2

(a) Given: x— =g=-——
x—1

Clearly x =1 for the given equation to be defined. If

= on both sides to

getx = 1. but it is not possible. So given equation has no roots,
(¢) Since. (X +px+ 1)is a factor of ax® + bx + ¢, hence we can
asg:me that zeros of x* + px + 1 are a, P and that of ax® + bx +
cbea B,y

x # 1, we can cancel the common term

. a+B=-p e (@)

aB=1 ..(i

and a+B+y=0 -~ (111)

b _

ap + By +ya= = . (V)
=4

ofiy=— weee (V)
a

On solving (ii) and (v), we gety=—c¢/ a.

On solving (i) and (iii). we get y=p
p=Y=-cla

Using equations (i) , (if) and (iv), we get

(< 1=p=-cla)

=5 i

(b) Given :

(x=b)(x—c)+(x—a)x—c)+(x—a)x-b)=0

= 3);2"2(a+b+c)x+(ab+bc+ca)=0

D=4(a+b+c)’—12(ab+ be + ca)

=4a® +b% +2 —ab—bc—ca]

=2[(a-b)*+(b-c)* +(c-a)?]120 Va,b,c
Roots of given equation are always real.

(¢) 4, mnarereal, { =m

Given : (/£ —m]x2 =5(f+m)x-2({-m)=0

D =25({+m)* +8(¢-m)* >0,6,m e R
Roots are real and unequal.

(1) Taking log with base 5 on the both sides

(16(loggx)* - 68 (logsx)) (logsx) = - 16

Let (logsx) = ¢

16r' - 682 +16=0

= 4F_162-£+4=0

= @P-1)E-49=0

or !:il,iE
2

23.

24,

25.

26.

27.

28.

1 1 3 a2
Sologjx=:i:§,ur12 = x=52,52 5,5

1 =1 5
Product =52.52 52,572 =]
- - - +
e}
—a0 -1 0 1 0
3 +x—1=4]|2-1]
Case 1: If x € [-1, 1],
I +x—1=-4+4
=72 +x-5=0" D= 141 >0 .. Equation has two roots
Case 2: If x € (—o0, 1] U [1, )
3 +x—1=422-4
= xX*-x-3=0D=13>0
Equation has two roots
So, total 4 roots.

(2) The given equation is

2 -8Bk +16(k* —k+1)=0
Both the roots are real and distinct.
5 D>0 = (Bk)® —4x16(k%—k+1)>0
= k>1 (@)
*»  Both the roots are greater than or equal to 4
.. a+P>8 and f(4)20
= k>1 w{11)

16-32k +16(k> -k +1)2 0

= k2-3k+220= (k-1)k=2)20

= ke(-ow,1]U[2,x)

Combining (i), (ii) and (iii), we get t > 2
Smallest value of k = 2.

The given equation : x? — 3kx +2e2/% 1=

= x2 3kc+ k% -1)=0

Now, product of roots = 2k2 —1

L 2k% -1=7= k?=4 =k=2-2

For real roots, D>

= 9%k%-42k*-1)20 =k?+420,

which is true for all &. Thus k=2, - 2
But for k=-2, In k is not defined
We reject k=-2, we get k=2,

(i)

Since, p and ¢ are real and one root is 2 + i +/3, therefore other

root should be 2 — i /3

< p=—(sum of roots) = -4, ¢ = product of roots =4 +3 =7

(True) flx)=(x—a) (x—¢) +2 (x— b) (x— d).

F@=+vef(b)=—ve;fic)y=—ve; f(d)=+ve

. There exists two real and distinct roots one in the interval

(a, b) and other in (c, d). True

(False) 2x% +3x+1=0=> x = —1,~1/2 ; both are rationals
Statement is false.

29. (b,c.d) Given that ax?+ 2bxy +cy? >0

andy,x e R — {0}
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30.

31.

32.

2
::rc[ ] +2b( )+a>0=c>0D<0
X X

4p2 —4ae< 0= b*<ac

(@) [ZEGJ

~2
[%j > 2x6

. Option (a) is incorrect
( 1
(b) [fLS,b.E) eS

=>bz<3.L:b2 <l=>4bz<l
12 4

= [2b| < 1 obtion (b) is correct
(c) ax+by=1
bx+cy=-1

L =ac—b*#0

a
D=|,
. unique solution option (c) is correct.
(d) (a+1)x+by=0
bx+(c+1)y=0
(a+1l) b
i S T )
=(@+1)(c+1)-b=ac—b+a+c+1
Since ac —b*> 0
= b2 <ac = acis+ ve
=> g and ¢ are positive then (ac— b?)+a+c+1>0
.. unique solution

.. ooption (d) is correct
(a,b, ¢
3X=4%1 = xlog3 =2(x— )log2
_ 2log2
2log2-log3
2logy2 - =
" 2log;2-1 2-log,3
1 1
.AISD 5 o =
1-%10323 1otoger
by ?=a+1
pr=p+1
a4, =po’+gp”
=P{aﬂ—1 +an—2}+q(ﬂn-l T ﬁ"-z}
=a,_1%ay
ap=ay tay
1+V5 . 1-45
d o= , p=
(d) > p >
ﬂ'_;:ﬂ'g"'ﬂ:

33

34.

35,

..(I- ai

——aasv?.aﬁ

B=p(Ba+)+¢(3p+2)

i \_

(3 5
28=(p+9q)| ;*2 .!+(,p-ql[—-32£]

\ =

-
p-g=0and {P+q)*5=23

:)p_?ﬁ:bpq‘i

(b) ‘\sa b.c. p. g. = R and the two given equations have
exactly one common root
= Either both eguations have real roots

or both egations have imaginary roots
= Either Dy 20 and D> 20 or D; <0 and D, <0

= p°-g>0and b> —ac20

or pz—qgﬂand b? —ac<0

= (p* -q)(b* -ac)>0
. Statement 1 is true.

Also we have aff =g and
ap _g

==¥ad= 132:__

E a/fp ¢

o8 =R
I
ST

qga

Mathematics

AsP=1 or—l:rﬁ2¢1 = —=#lorc#qga
{4

Again, as exactly one root o is common, and f # 1

1
LatBrat— =

ﬁaﬁ-—zp
a

.". Statement 2 is correct.
But Statement 2 is not a correct explanation of Statement 1.

Roots of x*—10ex—11d=0are aand b

= a+b=10candab=-11d

Similarly ¢ and d are the roots of x2 — 10ax — 116 = 0
= c+d=10aandcd =-11b

=

atb+c+d=10(a+c)and abed =

= bt+d=9%a+c)and ac=121
Also we havea® - 10 ac— 11d=0and ¢ — 10ac—116=0
= a’+c2—20ac—11 (b+d)=0

= (a+cP-22x121

-9 (@+c)=0

= atc=12lor-22
Fora+c=-22 wegeta=c¢
Rejecting this value we have a + ¢ = 121

a+b+c+d=10

Given :
2+@-b)x+(1-a-b)=0,a,b €R
For this equation to have unequal real roots for all value of b

if

D=0

(a+c)=1210

= (@a-byF-4(l-a-b)>0
= a*+b’-2ab-4+4a+4b>0
= B +b(4-2a)+a+4a—-4>0
Which is a quadratic expression in b, and it will be true for all
b eR, if discriminant of above equation is less than zero.
ie,(4-2a)P -4 (@a*+4a-4)<0

=

@-ap-@+

4a-4)<0

= 4-4a+a’-a’-4a+a<0

=

-8a+8<0, ..

a=1

= b#ap

121 bd
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36. Weknow (a—B)° =[(a+d)—(B+d)] - Solutionisx=-4
2 = 3 o N Casell: X +4x+3<0
= (a+B) —4of=(a+3+B+38)” Ha+d)(p+d) = GinGEes

2 2 2 2
b” 4c_B~ 4C  dac-b" 44C-B = xe(=3,-1) ..ii)

= T A e 2
a a A4 4 a A Then the given equation becomes,

b T o=
[Herca+ﬁ=——, aB:E, (P+4x+3)+2x+5=0
# g = -2 -2x+2=0 = x2+2x-2=0

-2+4/44+8
x=2T L xe1443-1-43

B
(ot +3) (B+6) =—;and(a+8) (}3+8)=%} 5

37. Given :Fora, b,c € R, ax*+ bx + ¢ =0 has two real roots o and 2
P, where o < -1 andﬁ}l.Theremaybetwocasesdependmg ; 4 :
upon the value of a, as shown below. But x=—1++/3 does not satisfy (ii) and hence rejected.
In each of cases (i) and (i) af (-1) <0 and af (1) < 0 - Solutionis| x=—1]— \E
() Ifa>0 On combining solution in the two cases, we get the solutions: x
=4 — 143
y=ax’+brte 39. Given :
P-2a|x—al|-3a*=0 By

Here two cases are possible.

i
.

Casel: x—a>0then|x—a|=x—a

Hence, Eq. (i) becomes
x*-2a(x-a)-3a’=

(i) Ifa <0

_2atv4a? + 44’

2

xzataﬁ
o AL " Casell : x—a<0, then|x-a|=-(x—a)

} } Hence, Eq. (1) becomes
e —2a++4a® + 204>

= Z-2ax—-a’=0= x

x:-lalx—a)—3¢12=0

2
y=ar+hx+c

= xX+2ax-5¢*=0 =

2
= a(a-b+c)<0anda(a+b+c)<0
Dividing by a (> 0), we get x=_20—i;"£ = x=—aza/6
b ¢
1-;--1-; <0 we(T) Hence, the solution set is {aia\/{i,—ai aw[g}
: x2-3 x2-3 .
and 1+—3~+£~<0 ...(ii) 40. Given, (5+2,/6) 2+(5“2J6 2=101 )
X3 =3
On combining (i) and (ii) we get Pt y=(5+26) = (5-2,6) i
b ¢ c 1
14+|—{+—<0 or 1+4—+|—{ <0 : =R
2 ik From Eq. (i), y+y—10
38. Given : 5
2H4x+3 |+2x+5=0 = Y -10p+1=0 = y=5+26

Here two cases are possible. %23
= (s5+2v6)" " =5+2V6

2_
or  (5+2v6)° > =5-26
= x¥-3=1 or x*-3=-1

) = x=t20rx =32 = x=12,+\2
= x"+6x+8=0 41. Given a > 0, so we have to consider two cases :

= (x+8x+2)=0, . x=—4,-2 wx ladas ]

y h ; Also it is clear that x > 0
But x = — 2 does not satisfy (i) and hence rejected. and x = l,axz1,a% 21,

Casel: x*+4x+320 = (x+1)(x+3)20

= xe(—wo,-3]u[-1,x) D)
Then the given equation becomes,
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42,

Casel:Ifa>0, #1
then given equation can be simplified as
2 1 3
“+ b
log, x 1+log,x 2+log,x
Putting log, x=y, we get
21+ 2+ +yR2+1)+3y (1 +y)=0

= 6y°+1ly+4=0= y=—4/3 and-1/2

= log,x=-4/3 and log, x=-1/2

= x=aadx=a1?
Case Il : If a = 1, then equation becomes
Zlogxl+logxl+3]ogxl=6logxl=0
which is true ¥ x> 0,21

Hence solution is x>0, #1; if a= 1,

-1/2 _—4/3
and x=a z.a ,if a>0,#1

Vx+l=1++x-1

Squaring both sides, we get
X+l=1+x-142Vx-1 = 1=2/x-1.
= 1=4@x-1)= x=5/4

Topic-4: Condition for Common Roots, Maximum
and Minimum value of Quadratic Equation,
Quadratic Expression in two Variables,
Solution of Quadratic Inequalities

(b) Let o be the common root of given equations, then
al+ba—1=0
and a’+a+b=0
On subtracting (i) from (i), we get
b-Da-(B+1)=0

b+1

= a=

b-1
Substituting this value of a in equation (i), we get

2
b+1 b+1
— | +b] —|-1= 3 =
[b—l] (b—l) 0= b +3b=0
= b=0, iV3,-iN3

(b) fix)=ax? + bx + c has same sign as that of a if D < 0.
Since x* +2ax+10—-3a > 0Vx

(i)
. (if)

D<0=>4a’-4(10-3a) <0 = 4% +3a-10<0

= (a+5)a-2)<0=ae(-5,2)

(20)Given that f{1)=9=1+a+bh+c=-9 (D)
and 4x3 + 3ax2+2bx =0
=x=0, 0rd4x%+3ax+2b=0

= «/3i and _f3; are roots of (ii)

= Vai-Bi= =, i) =2

=a=0,b=6,c=-16 from (i)
=S>Ax)=0=>x*+6x2-16=0

(i)

=-3+5=2,-8

2 —6+36+64
BN e Rt

x=~'\/5.+\5,—2\5i,2\6i

=0y P +[ay P+ oz P +| oy P=20
X =1, reduces both the equationsto 1 +a+b=10
" 1 is the common root. fora+b=—1
Z» Numerical value ofa+ b= 1
(True) P(x).Q (x) = (ax? + bx + ¢) (—ax? + bx + ¢)
= D1=b2—4acandD2=b2+4ac
clearly, D, + D, = 2b% 2 0
Atleast one of D, and D, is positive. Hence, atleast two
real roots. True
(a, d) Given, x| and x, are roots of ax? — x + o = 0.

1
X trx=— andx,x2=l
o

Also, [r; — x| < 1
= k-xf<l = @-xl<l
or (x +x2]2—4x|x24 1

1 |
= az -4<1 OI‘—'I{S

a
or 502-1>0 or (\/ga-l)(\/ga+l)>0
i e +
| T T ENTRE)D
-1/\5 /5

SRR
Also, D >0

=]

= 1-402>0 or o e[“E,E) ..(id)

From Egs. (i) and (ii), we get

E[,L —_1] U[L 1]
2’5 J5°2
(b) Given:a,b, c, d, p are real and distinct numbers such that
(@ +b> +c?)p? ~2ab+be+cd)p+(B* +c* +d?) <0
= (ﬂzpz + bzpz + czpz) ~(2abp + 2bcp + 2cdp)
+Hb?+2 +d%) <0

= (@p? -2abp+b?)+ (b*p* - 2bep +c2)

+Hc?p? —2cdp+d?) <0
= (ap—b)* +(bp—c)? +(cp—d)*> <0

Since, LHS is the sum of perfect squares, therefore LHS can
never be —ve.

~ (ap=b)° +(bp—c)* +(ep—d)* =0
Which is possible only when each term is zero individually
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ie. ap-b=0bp—c=0;,cp—-d=0

b c d
— —=p.—=pi—

a b c

a,b,c,d are in G.P.
_(x—a)lx-b)

(x—¢)

=£=
b

b d
a ¢

=p = =5

(c,d)Let ¥

= (.t—r.‘)y=x2-(a+b)x+ab
= xz—(a+b+y)x+ab+cy=0
Here, D =(a+b+y)* —4(ab+cy)

=y? +2y(a+b-2c)+(a-b)*
Since x is real and y assumes all real values.

D >0 for all real values of y
= ¥ +2y(a+b-20)+(a-b)>20

As we know that the sign of a quadratic polynomial is same as
that of coefficient of y* if its descriminant < 0

4(a+b-2¢)? —4(a-b)’ <0
= 4(a+b-2c+a-bla+b-2c—a+b)<0
= 16(@-c)(b-c)<0
= l6(c—a)(c-b)<0 1)
If @ < b then from inequation (i), we get ¢ € (a,b)
- g<cx<b
If @ > b then from inequation (i), we get c € (b,a)

= a>c>b
Thus, both (¢) and (d) are the correct answer.
Given:ax +bx+c=0 wer (1)
and @2 +abex+ct=0 voee (i)
c:u!-[i:—é,m.[}:E
a a

Divide the equation (ii) by @, we get

2 bc c #

x +—.—_x+(—) =0
aa a

=2 (a+B). (af)x+@p)} =0

=2 -aPx—afx + (@B’ =0

= x(x—a?B)-of?(x—a2Pp)=0

= @x-a’B) x-ap?)=0

= x=a? B, ap?

=1

L
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10. Given: x**-3x+2>0, x*-3x-4<0
= G-1)x-2)>0amdx-4) x+1)<0
— < o +
- 4 1 i 1 .
» T L] | | | g e
<0 -] 1 2 4 o

11.

= xe(-o )u(2,=)and x e [-14]

Common solution = [-1, 1)U(2,4]
v a,BarctheroosofC+px+g=0

a+B=-p af=g
Y,0 are theroossof 2+ rx+5=10
y+d=-r,¥d=3s

Now, (a-yNa-3XB-yXB-3)

[a® —(y +8)a + y8)[B* - (v + 5)B + 18]

= (o’ +ra+s)B’ +rB+s]

I

a,Bareroosofr+pxr+g=0
a’+pa+g=0and B>+ pB+g=0
= a’=-pa-gandpi=-pB-¢g
(a—y}(a—S)(ﬂ—y)(B—S)=[az+ru+s][ﬁ2+rﬁ+s]
[(r=p)a+(s-gIl(r-p)P+(s—9g)]
(r=pPaB+(r-pls—g)a+B)+(s-9)°

[

q(r—p)* - p(r - p)(s—q) +(s - 9)*

Now if the equations x> + px+g=0and x>+ rx+s=0have a
common root say o, then a? + pa + g = 0 and
a?+ra+s=0

u2 __G 1
ps—gr gq-s

=
r=p
= s 7

= (qr—s)2 = (r- p)(ps—gqr), which is the required
condition.
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