Unit 5

Application of Derivative

Teaching-Learning Points

e Concept of derivative originated from the study of rate of change of one quantity with respect to the other. So, the
notion of derivatives has a wide range of application in basic sciences, engineering, economics and other field. In this
chapter we shall learn, derivative as a Rate measure, tengents and normal, increasing & decreasing function, maxima
and minima of function and approximation.

dy

e Derivative as a Rate Measure : If a quantity 'y’ varies with another quantity x, satisfying some rule y = f(x) then  /y-
X = Xq represents the rate of change of y w.r.t 'x’ at x = xg

Exp. Area of circle depends upon radius
A=Tir?

dy

E = 21r will represent rate of change of area w.r.t radius

If two variables x and y varying w.r.t another vareable. If y = f(t) and x = g(t) by chain rule

Dl

dy = dxidt gy #0

Hence rate of change of y w.r.t ‘X’ can be calculated by using rate of change of both y and x with respect to t.
e Increasing and Decreasing functions—

(i) Teacher must explain the pre-idea of increasing and decreasing functions graphically.

(i) If f (x) be a real valued continuous function defined on (a, b) is said to be increasing function on (a, b) if
X4, X €(a, b) such that x4 < x = f(x4) < f(xy)

OR

f'(x)>0VxE(a, b)
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if f(x) be real valued continuous function defined on (a, b) is said to be decreasing in (a, b) if x4, Xo € (a, b) such that x4

< xp = f(x4) > f(xp)

OR
Sx) <0V xela.bh)

e Tangents and Normals :

(i) If we use the Geometrical meaning of the derivative, then f '(x) at (x4, y4) represents the slope of the tangent at the

point where f(x) is continuous and differentiable.
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(i) Slope of the Normal to the curve y = f(x) at point (x4, y1) is given by

W)
(iii) Since the tangent to the curve y = f(x) at point (x4, y4) is a straight line. Hence tangent will also be represented by

(x—a71)
)

y=-n= J
an equation. So equation of tangent is given by dx (%37 and normal is given by
¥

-1

Y=y = T(\ —X)
(E] (i,

1)
(iv) Tangent and Normal to any curve y = f(x) at a given point are the lines passing the point and perpendicular to each
other.

e Approximations :
Letf: D - R, D c€ R, R set of real number
and y = f(x)

Ay = f(x + AX) — f(x)

dy
and also E = f'{\)

( dy
—J Ax
=Ay= Ay

if dx = Ax then dy = Ay
Hence we get the approximate value of Ay
e Maximum and minium :

Before attempting the exercise the students must know the following facts :

() | ax—h | > (% x =« R ,wherea, bany real number



(i) —1<smn{ax+H)EL, VeekR

(i) (=<

sinfax+h) =1L v xR
V) —a=|asin(ix)=a VxecRand a=0

W) (ax+h) 20V xeR

First derivative test — let f(x) be a differentiable function defined on Interval | and x = C € |, then
(a) x = c is said to be a point of local maxima, if

(i) f'(x) =0, and

(ii) f '(x) changes sign from (+) ive to (-) ive as increases through ci.e., f'(x) < 0 at every point sufficiently close to and
the left of C, and f '(x) < 0 at every point sufficiently close to and to the right of C.

(b) x = c is called the point of local minima, if
(i)f'(c)=0and

(ii) f '(x) changes sign from (-)ive to (+)ive as x increases through ci.e., f '(x) < 0 at every point sufficiently close to and
the left of ¢ and f '(x) > 0 at every point sufficiently close to and to the right to c.

(c) f'(x) = 0 and f '(x) does not change signs as x increases through c i.e., f '(x) has the same sign in the complete
neighbourbood of ¢, then point ¢ is neither a point of local maxima and nor a point of local minima. Such point is said to
be a point of inflexion.

e Second derivative test :

Theorem let f he a real valued function having second derivative at ¢ such that
(i) f'(c) = 0 and f "(c) > 0 then f has a local minimum value at ¢

(i) f'(c) = 0 and f "(c) < 0 then f has a local maximum value at c

(iii) f '(c) = 0 and f "(c) = O test fail

Question for Practice

Very Short Answer Type Questions (1 Mark)
Q1. Find the rate of change of area of circle with respect to its radius r when r = 3cm.

Q2. If the radius of a circle is increasing at the rate of .7 cm/sec at what rate its circumference is increasing.

Q3. What is the point on curve y = 3x2 —1 at which slope of tangent is 3.

= 3y’

Q4. At what point on curve - ) tangents makes 60° with x axis.

Q5. What is the slope of the normal to the curve

x=acos30y=asin%0 at 0 = /4

Q6. What is the point on the curve ;= __-L-: — 2x+ 3 atwhich tangent is || to x-axis.



Q7. What is maximum value of |sin 2x + 3|
Q8. What is the minimum value of |4 sin 2x + 3|
Q9. What is the max value of sin x + cos x

Q10. Find an angle which increases twice as fast as its sine.

Short Answer Type Questions (4 Mark)

Q1. A man of height 2 m walks at a uniform speed of 5 km/hr away from a lamp post which is 6 m high. Find the rate at
which shadow increases.

Q2. The two equal sides of an isoceles triangles with fixed base b are decreasing at the rate of 3cm/sec.

How fast is the area decreasing when two equal sides are equal to the base.

Q3. Water is leaking from a conical funnel at the rate of 5cm3/sec. If the radius of the base of the funnel is 10 cm and its
height is 20 cm. Find the rate at which the water level is dropping when it is 5 cm away from the top.

Q4. Water is dripping out from a conical funnel at the uniform rate of 4 cm3/sec through a tiny hole at the vertex in the
bottom. When the slant height of the water is 3 cm. find the rate of decrease in slant height of the water, given that the
vertical, angle of the cone is 120°.

Q5. Find the points on the curve 9y2 = x3 where the normal to the curve makes equal intercepts on its coordinate axis.

XV

Q6. Show that the line * .a’). =1 touches the curve 1 = he

R

at a pt where is crosses y-axis.

“

X \,-:1
Q7. Find the points on the curve -() l 6 ~ 7 atwhich tangents are

(i) parallel to x-axis (ii) parallel to y-axis

Q8. A kite is 120 m height and 130 m of string is out. If the kite is moving horizontally at the rate of
5.2 m/s. Find the rate at which string is being paid out at that instant.

Q9. Using differential find approximate values of

0 .037 () .0037

Q10. Find the intervals in which the following function are strictly increasing or strictly decreasing:

D)= 20 -9x+6x" —x°
(i) f(x)=x"-12x"+30x+17

L3 .4 L, 36
G f(.x_.l—mx —gx —3x +?Af11

iv) f(x)=x"=2x"

W f(x)=(x—2)(x-1)7



V) f(x)=(x+2)e"

wi) £(x)=x"(x-2)

() f(x)=smx+cosx (0.2m)

®) f(x)y+sin3x (0.7w/2)

Q11. Find the least value of ‘a’ so that the function f(x) = x2 + ax + 1 is strictly increasing on (1, 2).

Q12. Find the equation of tangent lines to the curve 1 — 4y* — 3y 4+ 5 which are perpendicular to the line

9y +x+3=10.
Q13. Show that the curves y = 1.': xv = k cutorthogonally if 8k2 = 1
Q14. If the tangents to the curve = _l-j Favy+ b atP(1,-6) 11 to the line y — x = 5. Find the values of a and b.

Q15. A particle moves along the curve §y _\-3 + 2 . Find the points on the curve at which y coordinate is
changing 8 times as fast as x coordinate. _

Q16. Find the absolute maximum and munimum value of f(;;) 2% —0x* +12x—5 [O? 3]

- A T
Q17. Find the local maximum and local minimum of f (x) = SIaX X =

]

Q18. Find the local maximum and local minimum f(x) —sintyr—costy O<-vnm
Q19.1f v =¢loo | x| +hx* + x has extreme value at x = —1 and x = 2 find a and b.

ax—b
V=
Q20. If - (_1( — 1)(.?( — 4) has a turning point (2, —1) find the value of a and b.

Long Answer Type Questions (6 Mark)

Q1. A rectangle is inscribed in a semicircle of radius r with one of its side on the diameter of semicircle. Find the
dimensions of the rectangle so that its area is maximum. Also find the max area

Q2. A window is in the form of rectangle surmounted by a semicircular opening. The total perimeter of the window is 10
m. Find the dimensions of the window to admit maximum light through the whole opening.

Q3. A wire of length 36 m is cut into two pieces. One of the piece is turned into the form of a square and other in the



form of equilateral triangle. Find the length of each piece so that sum of areas of two figures be minimum.

Q4. Given the perimeters of circle and square, show that sum of area is least when side of square is double the radius
of circle.

Q5. Find the point on the parabola y2 = 4x which is nearest to the point (2, —8).

Q6. Prove that semivertical angle of right circular cone of maximum volume and of given slant height is tan -1 \/E .
Q7. Prove that of all rectangles with given area, the square has the smallest perimeter.

Q8. Prove that all the rectangles with given perimeter, the square has largest area.

Q9. Prove that the perimeter of a right angled triangle of given hypotenuse is maximum when the triangles is isosceles.

Q10. Show that of all rectangles inscribed in a given fixed circle. The square has the maximum area.

Q11. An open box with a square box is to be made out of a given quantity of sheet of area c2. Show that max volume of

-
3

¢

the box is 6\/:3.

Q12. If the lengths of three sides of a trapezium other than base are equal to 10 cm each, then find the area of the

trapezium when it is maximum.

Q13. A point on the hypotenuse of right angles triangle is at a distance a and b from the sides. Show that the minimum

a i

By

]

length of the hypotenuse is ("

8

Q14. Show that the volume of the largest cone that can be inscribed in a sphere of radius R is ﬁ of the volume of
sphere.

Q15. Show that maximum volume of cylinder which can be inscribed in a cone of height ‘h’ and semivertical ‘d’ is

th” tan” d.
27
Q16. Find the area of greatest isosceles triangle that can be inscribed in a given ellipse having its vertex coincident with
one extremity of major axis.

Q17. Show that the volume of the greatest cylinder which can be inscribed in a cone of height h and semivertical angle

4

45° s 27 mh.

Q18. Show that the right circular cone of least curved surface area and given voluem has an altitude equal to ,’2
times the radius of base.

Q19. Show that a cylindrical vessel of given volume has the least surface area when its height is twice its radius.

Q20. Find the equation of the line through the point (3, 4) which cuts from the first quadrant a triangle of minimum area.

Answer (1 Mark)
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2. 1.4 1 cm/se
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d0 ,,a’ .
— _ 2—sin0
0 gr = " dt
10
ﬁ _ 20059(—'
dit = dt
|
cos O = E
0="1/3

Answer and Hints of 4 Mark Question

-

5 ,.
—km/hr
4)

“

1.
2. Let ABC is isoceles A
AB =AC

Atany time AS=AC=a

5 (/h]_
a —| —
AD? = AB2 — BD? = L9

|
_ —BCxAD
A= 9




1 ANda” —h° kb —

L —Nda b
- 2 2 4

7 o y
A2 gt p 20
df = 4 2 iif

a4 hxh

. — _f3b cm?/s

whena=b E: J4b2_b2 (_3)

—ve sign indicate the area of isosceles A is decreasig at rate of \/3 Clﬂ:.-""SL’C

4 ,.
— CIM/sSec
3 451
4.V he the volume of cone & | be the slant height of water at any time

I . o m ..
Vs —(Isin 60°)* ] cos 60°=—]°
-3 &
dl el ) .
Find 7, when g, =—dem’/s [=3
dt dt
5.9y2=x3
Diff w.r.t. ‘X’ we get
v dy x —o
Ox2y—= 2L LT L 2
- =3xc= dx 61 scape of normal to curve at x, y, = X,

dx :
Normal to the curve makes equal intercepts on coordinate axes its slope will be = £ 1

-0y,

X,

I}
+
—

(X4, y1) lies on curve (1) ‘i)'plj =X,

[ X
9| + — J
L6 = 2 x —dy] = x =04
8
when x4 =0y4=0whenxq=4 M == g as normal makes equal intercept it cannot passing through origin
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Ans. L4’_/

7. (i) for no real pt tangent is || to x-axis

(i) at (= 3, 0) tangent is || to y-axis

8.2 cm/sec.

9. (i) Hint : Let x = .04 Ax = —.003 Ans. .1925 approximate
(i) Hint : Let x = .0036 Ax = .0001 Ans. .0608 approximate
10. (i) fis strictly increasing in (1, 3)

fis strictly decreasing in (— 0, 1) U (3, «)

(i) f is strictly decreasing in (2, 6)

fis strictly increasing in (— « 2) U (6, ~)

(iii) f is strictly decreasing in (— < 2) U (1, 3)

f is strictly increasing in (-2, 1) U (3, «)

(iv) fis strictly increasing in (=1, 0) U (1, =)

fis strictly decreasing in (— = —1) U (0, 1)

(7\

1,-
(v) fis strictly decreasing in L Y

(—o=l)u .=
fis strictly increasing in 5 /

(vi) fis strictly increasing in (— « —1)

fis strictly decreasing in (—1, =)

(vii) fis strictly increasing in (0, 1) U (2, «)
fis strictly decreasing in (— «, 0) U (1, 2)
(viii) f is strictly decreasing in (-1, 0)

f is strictly increasing in (0, »)

& !
. \)[ V2T
(ix) fis strictly increasing in % = 4 4

5

l

A
_

( T
fis strictly decreasing in % 4 ’ 4

/

=\
1

-

1% 4
(x) f is strictly decreasing in LE ’ EJ



f 3

T

« avioty mereasing i | 0" %

fis strictly increasing in 6/
M.a=-2

12.9x—-y-3=9x-y+13=0

14. Hints : Slpe of tangent = slope of line

dv

= 2 1 =
dx 3x# + a slop of line =1

Curve passes through (1,-8) —fh =P + g+ h = h=-5
Ans.a=-2b=-5

15. (4, 11) L 3 )
16. pt of maxima is 3 and absolute max value is 4

pt of maxima is 0 and absolute man value is — 5

0 -J3

T
17. f has local min at 6 local min value E

n V3w

f has local max at E local max value 2 6

T |
18. f has local min at E and min value is ;

T
f has local max at E and mix volue is 1

Rbne |
f has local min value at 4 and min valueis ;

I
19.a=2b= 5

ax—h o oax— b
20.y= (x—=1)}x—1y) x* — 35y 44 Domainx € R—{1, 4}




dv (X Sx 1 da (ac b)(2x 5
dy = (x*—Sx+4)°

dy

dx
trining pt (2 — 1) lies on curve also

=0andx=2wegetb=0

2a—b
1T 4-10+4 =2-b=2
Ans.a=1b=0

Answer and Hints of Six Marks Questions

1. Let £LBO C =0 OC = r/radius of semicircle

Area of rectangle = AB x BC AB = 20B = 2r cos@

A = r2 2sin6 cosB = r sin 26 BC =r sin 8

10 A O B

2. Radius of semi circle is A+ side of rectangle

20 10

are 4+ m and 441 cm

3. Let the length of the piece bent in the form of a square be x cm, then the length of the piece bent in the form of
equilateral A is 36 — x cm. Let s be the combined are of two figure

-

r] 36——r\'
—| +—
4 4 3 J

d3 x/4
Now find 7, =0 f }
Oow 1IN (1{:{ J“M-

36—-x

1443 ’

Ans. x = 9+4\/§

12. 753 cm®
13.AC = AD + DC

|=asecB+bcosecB

dl

d0 =asecBtan 8 —b cosec 6 cot® AC =1



dl asinB  hcost 0

dO =% ¢cos®  sin" @

~ 143

E tan 0 ={}—)]

tan3@ = b7 ¢l

d’l
do’ =

a[ser’ B+ secl tan” 8]+ b[cosec’® + cosectoot” 8] =

b 1 Il':': 7 ot '_Eﬁi llrj

R I 2 ~qli2 !

@[l + tan E.l]l’ + 5[l + cot ti]]“f = | l+— + b 1+ —=
[_IJ.II'.- J]-IIJ-|'-‘

= g 1"3[ a a3 + -E-_-' 23 ]],-'E + IE:I;'#'E [ﬂ'- 23 + E:IEB ]L"B —, |,i|!1 23 + E:I';-'JG i:|3..r';'

X v
20. eq of line ;_‘_E:] It passes through (3, 4)
3,4, 49
—_g —= _ I
a b =3b+4a=ab=b= a—73
I ; lax49 2a°
— b = — =
A=Areaof A= ) 2 a-3 a—73 a#3
dA
find da =0Aismunimumata=6b=8
P(3, 4
JINLPG.4)




