AREA |[JEE ADVANCED PREVIOUS YEAR SOLVED PAPER]

JEE ADVANCED

8. The area enclosed by the curves y = sin x + cos x and
y = | cos x —sin x| over the interval [0, /2] is

Single Correct Answer Type
1. The area bounded by the curves y = f(x), the x-axis, and

the ordinates x = 1 andx= b is (b — 1) sin (34 + 4). Then a. 4(v2-1) b. 2v2(v2-1)
f (x) 1s
. (x—1) cos (3x +4) C. 2(ﬁ+ 1) d. Z\E(ﬁ-i-l)
h. sin (3x + 4) (JEE Advanced 2013)
c. sin(3x+4)+3(x—1)cos (3x +4) .
d. none of these (IIT-JEE 1982) Multiple Correct Answers Type
2. The area bounded by the curves y = [x| - 1 and y = — |x| + | 1. For which of the following values of m is the area of
is the regions bounded by the curve y = x — x* and the line
a. | sq. units b. 2sq. units y = mx equals 9/2?
c. 2V2 $q. units d. 4 sq. units a. -4 b. -2
(IIT-JEE 2002) c 2 d. 4 (IIT-JEE 1999)
3. The area bounded by the curves y = Vx,2y+3=xand 2. The area of the region bounded by the curve y = ¢* and lines
x-axis in the Ist quadrant is x=0andy=eis (ITT-JEE 2009)
a. 18 sq. units b. 27/4 sq. units
€. 36 sq. units d. 9sq. units r
a. I b. |In(e+1-
(IIT-JEE 2002) ) { -
4. The area enclosed between the curves y = ax” and x = ay” | 5
(where @ > 0) is 1 sq. unit, then the value of a is c. e— J & dr d. I In y dy
a. 1,3 b. 12 0
c. | d. 1/3 (IIT-JEE 2004) < <
5. Thc area bnundcd by the parabolas y = (x + 1)* and Linked COII]pI'EhEllSlDﬂ Ty pe
= (x— 1) and the line y = 1/4 is Consider the functions defined implicitly by the equation y° —
a. 4 sq. units b. 1/6 sq. units 3y + x = 0 on various intervals in the real line. If x € (—oo, —2)

U (2, =), the equation implicitly defines a unique real valued
differentiable function y = fix). If x € (-2, 2), the equation
implicitly defines a unique real valued differentiable function y

c. 4/3 sq. units d. 1/3 sq. units
(ITT-JEE 2005)

6. The area of the region between the curves = g(x) satisfying g(0) = 0. (IT-JEE 2008)
_ l+SiﬂIﬂI’ld 5 | —sin x bounded by the lines 1. The area of the region bounded by the curves y = f(x), the
Y COS X ' COS X y n x-axis, and the linesx=agand x = b, where —cc<g < b
<-2is
T .
x=0andx= i
- a. dx + bf (b) - af (a)
o -l g, J 3((f(x)) ~1)
a. | - =dr b. | ——dt ;
0 (I1+1)l=1° 0 [1+IZ) l'—fz b. _J’ X l‘il"f'bf(b)—ﬂf{ﬂ)
An g A XN =D
c. | —dr d. | 3 _Tdf o X
0 A+1H)J1-12 0 ({113a1=q e | ——dx — bf (b) + af (a)
a 3((f(x) 1)
(IIT-JEE 2008)
7. Let the stralght line x = b divide the area enclosed by B
y=(1-x?%y=0,and x= 0 into two parts R, (0 < x < b) d. Ia((f(x)) _de @)+ df(a)
and R, (b <x < 1) such that R, — R, =~l-. Then b equals !
4 2 _[g'(.t)d.r=
-1

a. 3/4 b. 1/2
c. 1/3 d. 1/4 (IIT-JEE 2011) a. 2g(-1) b.0 c. —2g(1)  d. 2g(1)




Matching Column Type

1. Match the statements given in Column I with the values
given in Column II.

Column I

2 B (a) |
(i) | (sinx)***(cosxcotx — log(sinx)""* )dx
0

(ii) Area bounded by —4y* =xand x — 1 = —5y2 (b) 0

— ——— == e

(m) Cusmc uf thc anglc nf mtersectmn of curves | (c)6 ln 2
= 3% logxandy=x"-1is

- . — mm— = m———— —_— e —

| Ct_}lumn I

|
S S— ——

(d)y43
(IITJEE 2006)

2. Match the statements given in Column I with the values
given in Column II.

. Column IT

i ——— - 5 ==

Column I

(H)Inamanglem lela b&nd:: bethﬂ (p}l
lengths of the sides opposite to the angles
X, Y and Z, respectively. If 2(a* - b%) = ¢* |

and A = s(a — 1) then possible values I
sin Z

of n for which cos(nmd) = 0 is (are)

————

(b) In a tnangle M]’Z let a, b and ¢ be the (q)2

lengths of the sides opposite to the angles
X, Y and Z, respectively. If 1 + cos2X —
2co0s2Y = 2sinXsinY, then possible value(s) |

a
¢4 .
0 b 1s (are)

(c)InR% let /3 i+ j,i +/3) (r) 3
and Bi+(1— B)j be the position vectors
of X, Y and Z with respect of the origin O,
respectively. If the distance of Z from the

bisector of the acute angle of 0X and QY

3 |
s —= , then possible value(s) of |{] is (an:) |
\5 po B

(d) Suppose that F(cr) denotes the area of the (s) 5
region bounded by x =0, x= 2, y2“4xand |
v=|ox-1|+|ax - 2|+ ax, where @ e {0,

1 }. Then the value(s) of F(a) + Eﬁ , When
.~ a=0and a=1,is (are) 3 |

—— = e I—————

06

(JEE Advanced 2015)

Integer Answer Type

1. For a point P in the plane, let d,(P) and d,(P) be the
distances of the point P from the lines x — y = 0 and
x + v =0 respectively. The area of the region R consisting

of all points P lying in the first quadrant of the plane and
satisfying 2 < d,(P) + d,(P)< 4, 1s

(JEE Advanced 2014)

Subjective Type
1. Find the area bounded by the curve = 4y and the straight
line x =4y - 2. (ITT-JEE 1981)

1 - l - .
2. Foranyreals, x= i—[e'+e N y= 2 (¢'—e ") is a point on

the hyperbola x* — ¥ = 1. Show that the area bounded by
the hyperbola and the lines joining its centre to the points
corresponding to 7, and —¢, 1s ¢,. (IIT-JEE 1982)
3. Find the area bounded by the x-axis, part of the curve

y= (I +%) and the ordinates at x = 2 and x = 4. If the

X
ordinate at x = a divides the area into two equal parts, then

find a. (ITT-JEE 1983)
4. Find the area of the region bounded by the x-axis and the

curves defined by y = tan x (whcre —% <x< %r_] and

n in

y=cotx (where i & X {?) (IIT-JEE 1984)

5. Sketch the region bounded by the curves y = +/5 —x* and
y=|x— 1| and find its area. (IIT-JEE 1985)
6. Find the area bounded by the curves x* + y* = 4,

X*=- 2y andx=y. (IIT-JEE 1986)

7. Find the area bounded by the curves x* + y* = 25,
4y =14 - x2|, and x = 0 above the x-axis.(IIT-JEE 1987)
8. Find the area of the region bounded by the curve

C:y = tan x, tangent drawn to C at x = %, and the x-axis.

(IIT-JEE 1988)
9. Compute the area of the region bounded by the curves

08X (ITT-JEE 1990)
ex
10. Sketch the curves and identify the region bounded by

1
x=—,x=2,y=Inx, and y = 2". Find the area of this

y=exlogxandy=

2
region. (IIT-JEE 1991)
11. Sketch the region bounded by the curves y = x* and
2
Y= ™, Find the area. (IIT-JEE 1992)
o

12. In what ratio does the x-axis divide the area of the region
bounded by the parabolas y = 4x — x* and y = x* — x?
(IIT-JEE 1993)
13. Consider a square with vertices at (1, 1), (-1, 1), (=1, -1),
and (1, —1). Let § be the region consisting of all points
inside the square which are nearer to the origin than to
any edge. Sketch the region § and find its area.
(ITT-JEE 1995)



14.

15.

16.

17.

18.

Let A, be the area bounded by the curve y = (tan x)" and

: (4
the linesx =0, y=0,and x = e Prove that for n > 2,

Lam.t4::1«'3:t:h.nr:ufe: : <A, < : :
2n-2

n—1 2n+2
(IIT-JEE 1996)
Find all the possible values of b > 0, so that the area of

the bounded region enclosed between the parabolas

IZ

y=x-bx*and y= - IS maximum.

An+An—I=

(IIT-JEE 1997)

Let O (0, 0), A(2, 0), and B(l, L] be the vertices of a

J3
tnangle. Let R be the region consisting of all those points P
inside AOAB which satisfy d(P, OA) < min [d(P, OB), d(P,
AB)], where d denotes the distance from the point to the
corresponding line. Sketch the region R and find its area.
(II'TJEE 1997)

Let f(x) = Maximum {xz, (1 - x)z, 2x(1 — x)}, where
0 £ x £ 1. Determine the area of the region bounded by
the curves y = f{x), x-axis, x = 0, and x = 1.

(IIT-JEE 1997)

Let C, and C, be the graphs of the functions y = x* and
y = 2x, respectively, where 0 <x < 1. Let C; be the graph
of a function (1. 1)

y = fix), where :
0<x<1, A0
= 0. For a point
P on C,, let the
lines through P,
parallel to the
axis, meet C,
and C, at Q and
R, respectively (0, 0)
(see figure). If

o —

(1.0)

19.

20).

21.

22.

23

for every position of P (on C,). the areas of the shaded
regions OPQ and ORP are equal, determine the function

1(). (IIT-JEE 1998)
Let f(x) be a continuous function given by
2x, x|l |
fx)=1 , . Find the area of the region
x“+ax+b, |xP>1

in the third quadrant bounded by the curves x= —Zy2
and y = f(x) lying on the left of the line 8x + 1 = 0.

(ITT-JEE 1999)

Find the area of the region bounded by the curves y = x°,
y =|2 — x%, and y = 2, which lies to the right of the line

x=1. (IIT-JEE 2002)
Find the area bounded by the curve X = V, ©= -y, and
y? =4x-3. (IIT-JEE 2005)

If f(x) is a differentiable function such that f’(x)

= g(x), g”(x) exists, | /(x)| < 1, and (10))* + (£(0))* = 9.
Prove that there is a point ¢ where ¢ € (-3, 3) such that
g(c).g” (¢)<0. (IIT-JEE 2005)

f(x) 1s a quadratic polynomial and a, b, ¢ are
three real and distinct numbers satisfying

= —

4a’ 4a l'f(__l)" 3a*+3a
ab*> ab 1| £(1) | =|36*+3b|.
ac 4c 1|LS(2)] [3c?+3c

Given f(x) cutsthe x-axisat 4, and Vis the point of maxima.
If AB is any chord which subtends a right angle at V, find
curve flx) and the area bounded by the chord AB and
curve f(x). (IIT-JEE 2005)

Answer Key

JEE Advanced
Single Correct Answer Type
1. ¢ 2. b. 3. d. 4. a. 5. d.
6. b. 7. b. 8. b

Multiple Correct Answers Type

1.

b., d. 2 b6

Linked Comprehension Type

1. a.

2. d.

Matching Column Type

2. (d)=(s), (V)

Integer Answer Type

6

Subjective Type

1.

9 :
— 8. units
Q q

3. a=2\2



3 12. 121:4
4. Iug-?jsq.units

13. 16\6—2{]5{" units
5, 282 0 units 3
© T4 4 15. b=
16. 2 - Q. units
6. Jr+%sq.units o V3sq
4 17. 57 S4: units

7. 4+ 25 sin " —sq. units
> 18. f(x)=x"-x’

1 [ 1 .
8. —|log2- —] $q. units 19 257 St
2 2 192 %
2 _ 20
9, & 2 $q. units 20. (-— = 4\/5} $q. units
4e 3
- l :
log2 2 2 3
125

2

_ 23. —— sq. units.
11. H_E $q. units 3



Hints and Solutions
JEE Advanced

Single Correct Answer Type
L.c. Given [ f(x)dx=(b-1)sin(3b+4)
Differentiating both sides w.r.t. b, we get
= f(b)=3(b-1)cos (3b+4)+sin(3b+4)

= f(x) = sin (3x + 4) + 3(x - 1) cos (3x + 4).
2. b.

'y
Required area = 4 x (Shaded area shown in the figure)

=4xl
2

=2.

3.d. To find the area between the curves y = Jx and 2y + 3 = x and
x-axis in the 1st quadrant.

y=vx

(9. 3)

> X

¢ - I E I ———

Given curves intersect when y* =2y + 3,
= ¥ -2y-3=0=2(y-3)(y+1)=0=3y=3,-1

wheny=3,x=9 (Ist quadrant)
9 9 (v—13
chuiredarea*—‘I Jx dx - ( 5 ]dr
0 3
9 9
el IR N
3/2|, 2|2 i




4.a. We have ay2=xanda.rz=}‘ '

x
Clearly curves intersect at (0, 0) and (1/a, 1/a) 5 Zlani da
l/a -
Area = J'(-.f.xfa—-a.rz)dr 0 I-[anz-;
0
I/a
_ 2x*" _a.:t3 Let lﬂn%=f = lﬂ;eczidr=dr
Wa 3 ),
; ) re JEJ-" 21 2dt
"3 | O -3
I : :
— v2-1
I+1%)y1-1
Given _l_ = ] A )

.
3a“

I 7.b. GivenR,-R, =

a=t—
B
§.d. The given curves are y = (x. + l)2 and y = (x - 1)’ and
yv=1/4

The graphs are as shown in the following figure.
y=(1-x°

G- =1
o (x _
3 3 |, 4
The required area is the shaded portion, = (b-1) +_1__[0_(b'l)3]=1
given by Ar (BPCQB) = 2Ar (PQCP) (by symmetry) 3 3 3 4
; ] 2(b-1)° 1
/2 2 | (x-1) x N e oo AL A (b-1y=-= or b=o
-2 [(,_1) 2|22 B - 3 12 g 2
i 0 8. b. Since sin x and cos x > 0 for x € [0, 2], the graph of y = sin x
=9 __L_l]_(_l) + cos x always lies above the graph of y = |cos x — sin x|
24 8 3 Also cos x > sin x for x € [0, /4] and sin x > cos x for x € [/4,
1 2]
= — $Q. units -
& Hoth curves: y= 1 +sinx il | —sinx e B => Area = I((5|n.t+cus.r}-(msx-smx]}dr
COS X COS X 0
quadrant. x2
l+sinx [l-sinx + _[((Sinx+c05x)—{siﬂx~cnsx))dr
Also ‘j }J /4
COS X COS X
P x/4 2
R4 - . B :
Required area, /= | l+sinx [l-sinx | —ZISlnxdr+ZjCﬂsxdx
5 |y cosx COS X 0 w4
i X = =[-2 cos th]j',"'1l +[2sin .r]:ﬁ
+ tan— | —tan—
=T _I___2___ 2 | x ={—J§+2]+[2—J§]
g \[-Iﬂﬂi \l-’f-lfm£ —4-202
\ 2 2 )
X
m(l+lan—)—(]—tan—)
— 2 ‘?' dx
0 |- tan® =



Multiple Correct Answers Type

1. b, d.

The two curves meet at mx = x — x° ur,xz=m[l - m)
x=0,1-m
Ifm<]

A= j;_m(x - x* —mx]dx

or (1-m)’ =27
orm= —2.

Butifm>1and | — mis — ve, then

- X

or—(l —m]3=—2?.
orm=4,
2. b,c.,d.

£
Required arca = Iin ydy
!

=(piny-y); =(e=e)-{=1}=1
Also, Ilnydy = Jln (e+1—y)dy
! 1

|
Further, required area=e X1 - je" dx
0

= X

Linked Comprehension Type

1. a. y3 -3y+x=0
Differentiating the given equation, we get
3y -3y +1=0

f
3(1 = (f(x)?)

. Required area

= fi(x)=

(1)

b
= [ f(x)dx

b
=[xf (0], - [ 4" (x)dx

b

=bf(b)~ﬂf(a)+I3{(fm1_ i

X

dx (from (1)) |

1

2.d. Wehavey = , which is even.

3(1-(f(x)%))

|
Hence [ g’(x)dx=g(1)— g(-1)=2g(1)
)

Matching Column Type

1. (ii) -(d)

The points of intersection of 4y’ = x and x - 1 = -5y° are
(-4, -1) and (-4, 1).
Hence, required area

1 .
=2 [](l - 5y*)dy — [-4y?dy || =~
0 0

Note: Solutions of the remaining parts are given in their
respective chapters.

2.(d) - (s), (1)

Fora=1

3-x x<I
y=h-lU+k=-2+x=41+x; 1<x<2

3x-3; x22

Fora=0,y=3

A=%{2+3}xl+%(2+3}xl-]2«f}dx
0

= A=5-§\E

F[l}+§ﬁ=5



Fora=0,y=11+1-21=3 The region of points satisfying these inequalities is

41

34

2
A=6-[2xdx
0

=3 A=6—§-\E

F(O}-&-%JE:ﬁ

Note: Solutions of the remaining parts are given in their . 2
respective chapters. Area of the shaded region = (2V2) - (2)H)

=8 — 2 =6 sq. units

Integer Answer Type
1. (6) For P(x, y), we have Subjective Type
2s Tl(‘p} T di;(P} 5;‘ 1. Given curves x* = 4y and x = 4y — 2 intersect, when
C O T AP L LT -
\E JZF ) ::'x;:- 12— 2=0
= 2J§SI1-yI+Ix+yI£4JE orx=72 -1
In first quadrant if x > y, we have =y=1,1/4
22 < x- y+x+y< 42 Hence, points of intersection are 4 (-1, 1/4), B(2, 1).

or JEEIEZ\/E

The region of points satisfying these inequalities is

In first quadrant if x < y, we have _1 2 e g o
4
2\/-2-£y—x+.t+y£4\/§ - : !
or  2<y<2\2 _1 (2 4__3.)_(1_“1]
4| 3 2 3




4 R(1,0
} 1.9) P(t;)

- X

Q(-t1)

It is a point on hyperbola x* — y* = 1.
Then, the equation of line joining P(1,) and Q(-1,), or

EF. + E-rl EII A E-rt E—rI + el'l E_rt > EI‘,
; and ;
2 P 2 2

e +e™"
2

IsXx =

el +e

.'.Ama{PQRF)=ZII 2 ydv

Eq + r-'J.

=2L 2 x* —1dx

el + e
=1|:-';- 1/.1*2 -1- %lng | x + \JIZ - l] .
!
_ | &'+ I @h g™ o e +e " el —e "
2 2 %[5 2
2, _ -2
=2 "%  _loge
EZ:, e ‘E.-zrh
- 3 -1 (1)
f h Aol
Area of AOPQ=2x - | & *€ ' |[€1 —e
2 2 2
21 -2t
e | - e 1
= 2
r (2)

.. Required area = Ar AOPQ - Ar(PQRP)

= {, (Using (1) and (2))

. Given jr= | + %
X

Here, y is always positive; hence, curve is lying above the x-axis.

xl

4
=[x-§-:] =4,
X1z

If x = a bisects the area, then we have

E(I+§)‘ﬁ=[“ﬂ:=[ﬂ-§—2+4}%_

. Required arca=I:ydr=j:(l - ° de

ura——s—=0
a

ora’ =8

ura=:h2\5

Since a> 2, a = 2/2.

The two curves are

y = tan x, where -/3 < x < /3 (1)
y = cot x, where /6 < x < 3n/2 (2)
At the point of intersection of the two curves,

tan x = cot x or tan’ x = | ortanx = +1, x = +71/4

Thus, the curves intersect at x = /4

The required area is the shaded area. Therefore,

x4 x'}

A= tan xdx + cot x dx
n!6 n/d

/4 .
= [log secx]|’,. +[log sinx]F/;

2 V3 1
=|log V2 - lo —-—)+ log— - log—
(g *5 {gz Eﬁ}
=lngs/5+lugi}+lng—€+lngﬁ

= Z[Iug V2 _sz]

=2 lugg = log 3/2 sq. units.

. The given curves are

y=45-x (1)

y=k-1 (2)
We can clearly see that on squaring the both sides of (1), equation
(1) represents a circle.



But as y is + ve square root, (1) represents the upper-half of the
circle with centre (0, 0) and radius \6 :
Equation (2) represents the curve

B -x+lif x<1
Y 12-1 if x>l

Graphs of these curves are as shown in the following figure with
point of

intersection of y =5 —x* andy=-x+1as A(-1, 2)

and of y =-.f5 -x> andy=x-1as C(2, 1).

A=(-1,2)

-y

O 5(1.0)'
Y

5.0 °

. Required area = Area of shaded region

i _'fl,/s—f dx —fl|.r-l | d

-i 5 — x° ~+-£5in'I [—JS—] 3
2 2 V51,

— Area of AADB — Area of ABEC

G5 5)-(5 1+ 307 (%)

1 I
-—(2(2)-=((
> (2(@)=5 M)

. The given curves are

x +y* =4 (circle ) (1)
=2 y (parabola, concave downward) (2)
x = y (straight line through origin) (3)
Solving equations (1) and (2), we get

=2y -4=0

= (y-242)(y +/2)=0

Te

= y= 242 or —\2
= x* = 2 (rejecting y = 2J2 as * is positive)
orx==++/2.

Therefore, points of intersection of (1) and (2) arEB(J_ , - J2 ),
A(-V2.-V2).

Solving (1) and (3), we get

2 =4 orx’ =2 orx =2 ur_r=i\E.

Therefore, points of intersection are [—ﬁ ¢ —JE). {J2- 3 \ﬁ).

Thus, all the three curves pass through the same point

A(-V2, 2).
y
i
y=x
X2+ y2=4
X - X
A(~V2, -2) B(J2. - 2)

(0, -2

yi

Now, required area = Area of shaded region

- [0 (2= (A=) s ﬁ[-r_-(- 4-x=)]¢ﬁ

-2 o | 2
2 3 0 J2 x*
=2 "Ja-xPder| x| Vil
;) 5,70 3 V2
= [E V- P i f—l +[12—-] —[I—]
2 B V2 |,
=2 Q 4 -2+ 2sin”" ﬁ - _—2 - —2\5
2 2 2 3V2
=2 I+2£ —1-E=M'+l sq. units.
i 4 3 3
Given curves are
.1:1+y1=25 (1)
4y =4 - x| (2)
x=0 (3)
Solving (1) and (2), we get
4y + 4+ y* =25
or (y+2) =5
ory=3,-7

= — 7 is rejected, y = 3 gives the points above x-axis.
Wheny =3, x==4,
Hence, the points of intersection are P(4, 3) and O(-4, 3).



=2[6+Esin"i]—l Bt | iz (ﬁ—lﬁ)—[is
2 s| 21 3] 2(\3 . 3

=4+25 sin*‘%sq. units.

. The given curve is y = tan x
Whenx=n/4,y=1
1.e., co-ordinates of P are (n/4, 1)

. equation of tangentat Pisy — | = (sac —)(x — 1t/4)

ory=2x+1-nxn/2
The graphs of (1) and (2) are as shown in the figure.

b, 4 ¥ 4
X=—-— —_
2 =2

Tangent (2) meets x-axis at L[-n%z, 0]

Now, required area = Area of shaded region

= Area OPMO - Ar(APLM)

/4

- [lugZ - lz]sq units.

= [ tanx ae - %(OM-OL)PM

2
9. The given curves are
y=exlog,x (1)
log x
y=—o= 2)
o . log x
The two curves intersect where ex log x =
ex
ﬂ(ar -—-l-) log x=0
ex
I
=x=—-orx=1
e
Atx=1l/le,y=-1 (from (1))
Atx=1,y=0 (from (1))
1
So, points of intersection are (—,—I] and (1, 0).
e
Curve Tracing:
)] Curve 1 Curve 2
For0<x<1l,y<0 ForO<x<l1,y<0
Forx>1,y>0 Forx>1,y>0
(1) Whenx— 0,y =0 .. Whenx — 0,y = —oo
Whenx — oo, y — o0 Whenx o0,y —0
dy dy (1-logx)
—=¢(logx+1 — =
2) e Lt P
x =—1s a point of min. x = e 1s a point of max.
e

From the above information, the rough sketch of two curves is
as shown in the figure and the shaded area is the required area.

y=exlog x

y

., logx
¥ ex

- X

. Required area = Area of shaded region
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(1)

X (2)
y=log, x (3)
y=2" (4)

y=2" 4c 4)

y = log x

A8 10g2)

) gp— " - y — X

Required area = ABCDA

- ‘[:2(2" —lugx)cir

=[ 2 — (x log x— .r)]

log 2

2

1/2

=( 2 -21n32+2]-[ V2 -llugl+lJ

log 2 log2 2 "2 2
3

= 4"E-Emgm- sq. units.
log2 2 2

The given curves are y = x° (1)

andy= —2 @)

I+.r2

Solving (1) and (2), we have
P2

1 +x°
orx*+x*-2=0
or(*-1)(x*+2)=0

orx=+1]

2

| +x

Also, y = is an even function.

2

Hence, its graph is symmetrical about y-axis.
Atx=0, y=2, by increasing the values of x, y decreases and
when x = oo, y 5 0.
Therefore, y = 0 is an asymptote of the given curve.
Thus, the graphs of the two curves are as follows:
y

2 *
=K -5' $q .units,

12. Both the given curves are parabola.

y=4x—x" (1)
and y =x* — x (2)
Solving (1) and (2), we get

4 -x*=x'—x

5

orx=0,x=

Thus, two curves intersect at O(0, 0) and A[% . %)

y=x2-x A(_ﬁ_ E)
y

j 2' 4




Area below x-axis,

A = J:(x — xz)dt

_ .r:_,rl
2 3

L
2 3

Area above x-axis,

:
6

$q. units

5/2 5/2
A,= _L (4x - .rz}dx—jl (x* = x)dx

3/
= 211_.._{1 = 1_3_
3 5 3

-F3HE

_25 125
2 12

_300-250+75-4

125 25

5/2
.
2

25 1

8 6

3]-(%_%H

121

24

= >3 $q. units,

Thus, the ratio of area above x-axis to area below x-axis is

AE: ]_—._lz_l-l

24 6

121

== =12I:
4

. 4.

A1, 1)

(=1, -1)C

11"
- X

yl'

N’ D(1w-1]

Let us consider any point (x, y) inside the square such that its
distance from origin < its distance from any of the edges, say

AD. Therefore,
OP < PM

=:~J(xz +y2) <] —xm'yz 5—2(3:—1)

2

Above represents all points within the parabola P,.
If we consider the edge BC, then OP < PN will imply

2 1]
<2|x+-—
y ( :

(1)

(2)

Similarly, if we consider the edges 4B and CD, we will have

(3)

(4)

Hence, § consists of the region bounded by four parabolas

meeting the axes at (i %, 0] and (0, : - %)

14.

The point L is intersection of P, and P, given by (1) and (3):

y
} (0,1/2)
B A
P- P,
B L
X' - 5 - X
S,
(-1/2,6)| N P (112, 0)
C / D
(0, -1/2)
Yy
Solving y* = —2x + |
and.rz=—2y+ i
Y -X=-2x-y)=2(y-x)
ory—-x=10
ory=x
=xX+2-1=0

or (x + I}2=2
orx=+/2 —1asxis+ve

s Lis (V2 -1, V2 -1).
. Total area =4 [Area of square of side (\E —i)

1/2
+2_[ﬁ"l\il-—2xdr]

= 4{(..5 ~1f #2 ::;_IJ(l ~2x) dr}

J2-1

o222 ]

-

=4(3-22 -%{0-(1 =22 +2)3"1}]

I 2 3/2
-43-203+ 2(3-243)""]

=43 - 2J§)[1 +§\/(3 —2J5)}

=4(3-2J2)[1+ %(«./5—1)-

=§(3;2J5):1+2J§)=

W |

[:NE - 5)]

_16v2-20
3

§q. units.

We have A, = J:M(tan.r)" dx

Since 0 < tan x < |, when 0 < x < /4, we have

0<(tanx)""'<(tanx)" foreachne N



y y = (tan x)" Solving (1) and (2), we get the intersection points of two curves

( \
b b

as (0, 0) and

Hence, the graph of given curves is as shown here.

- R w6

y
[}
x’ = > X y=x2fb b "
, 2 Plsb? 1+ 077
y
y=x—b:(2
x4 ! 4
=5 (tzu'l.ic)"+l dx < J: (tanx)" dx X
:-»A,,,,l A, [—;-0}

Now, forn > 2,

xi4 n n+2
A+ A,.5= [ [(tanx)" + (tan x)"*?)

b
_[n/4 TN ? dx I+ b I;
= " (t&ﬂ.x] (] tan I] o A= j [I-b.tz--‘;]tﬁ
x/4 ", 2 0
= Iﬂ (tan x)"(sec” x) dx R
IZ b..IS IB |+ﬂ:
| 273 T
= (tﬂﬂ x)n +1 0
(n+1)
) ) ~ bz b4 bz
n+l - -1 il 3
n X 2 2 2
[ W] £(x) e = [/ (x)] 201+ 7)) 3(148%)  3(1+87)
n+l
: ] ) L
= 1 =0 - 3 2
(H+U( ) 6(1+57)  6(1+5)
Since 4,,,,<A4,,,<A,, we get B l .
An+An+2{2An - | 2 Sq.unlm'
6(—+b]
= L <24, = l <A (1) /
n+l 2n+2 " )
Alsoforn>2,A, +A,<A,+A,_,= Ll Now, (%+b] EanE~2=&[%+b) 24,
H —
or 24, < I
— 2
= Hence,misnwx.when(-é+b] =4, for which b=+ |
1 min
or 4, < Y (2) but given that b > 0
1 sobh=1.
Combining (1) and (2), we get <A < .
g(1)and (2), weget o~ <4, =2 16. »
1 Thegivencurvesarey=x-bf (1) B[‘L ! ]
3
and y = x%/b (2)
l 1) .
=('v_4_b-]=-b[x-i] andrz=by k. ”“
= |
Here, clearly the first curve is a downward parabola which "'Ih. ;o
meets x-axis at (0, 0) and (1/b, 0), while the second is an upward O | M(‘h 0) A(2, 0)
parabola with vertex at (0, 0).

d(P, OA) < min [d(P, OB), P, AB)] (1)



= d(P, OA) < d(P, OB) and d(P, OA) < d(P, AB 1/3 2/3
. = ) c;(‘ )d( } =I (l—.vu.:)24:i1t+jfr2.:t:(l—.‘.!r)n:i::+_[I xdx
~ When d(P, OA) = d(P, OB), P is equidistant from OA and OB, 1/3 2/3
or P lies on the angular bisector of lines OA4 and OB. : w3 o 8 ~2/3 3!
Hence, when d(P, OA) < d(P, OB), point P is nearer to OA than = [-E(i - .r)J:L + {xl-— %) +[-”—;—}
OB or lies on or below the bisector of OA and OB. - J1/3 2/3
Similarly, when d(P, OA) < d(P, AB), P is nearer to OA than OB, 102 1 (2 272V 12 a/1)
or lies on or below the bisector of OA and AB. - =“§(3‘} 3 [3’] —5(5) '[5) "‘5 [3‘]
From (1), point P lies in the region AOIA. 1 1/2\
.. Required area = Area of AOIA. 17 | i 3 "S(EJ
= — §q. units,

N JBOA-—”JE . 27

oW, tan "1 TR 18. Let Pbeon C;,y=x"be (1, )

. y co-ordinate of Q is also 7
GTKBOA=3UG = ZI0A=15° Nﬂw,Qﬂny:?-r,y:fz
= IM=tan 15°=2 - /3. X =012
l l . Q r t*
Hence, Area of A OlA = S O0AX IM =2 x 2x(2-3) L
- _ For point R, x =t and it is on y = f(x)
=23 $q. units ~ R(tf()
17. f(x) =Maximum {x%, (1 - x)?, 2x(1 - x)} Given that,
We draw the graphs of Area OPQ = Area OPR
J"="'2 (1) = y 0 ,
y=(1-x) (2) =In (\{; - E)aﬁ’ - ju(“" 'f(x))‘ﬁ'
y=2x(l-x) (3) Diff. both sides w.r.t. 7, we get
Solving (1) and (3), we get x> = 2x (1 - x) :
or3x¥=2x=>x=0orx=2/3. [JF-'—)(m#-ﬂn
Solving (2) and (3) we get (1 — x)° =2x (1 -x) 2
=x=13o0rx=1, =f()=r-7% = fx)=x -1
(2 +ax+b, x< -1

19. f(x)={2x; -1<x<]I

x4 ax+b; x>

" f(x)1s continuous atx=—-1 and x = |

D +a(-)+b=-2=3b-a=-3 (1)
and2= (1Y +a.l+b=a+b=1 (2)
On solving, we geta=2,b=-1

y = 2x(1-x)
, x*+2x-Lx<-1
4 f(x)*—" 2x; —-1€x<1
From the figure, it is clear that X +2x -1 x>1
'(1_1)2 for 0 <x<1/3 Given curvesare y = f(x),x=—-2y"and 8x+ 1 =0
S(x)=42x(1-x)for1/3<x<2/3 Solving x = - 2%, y = x* + 2x — 1 (where x < - 1), we get
x* for2/3<x<| i

. Also, y = 2x, x = -2 y” meet at (0, 0).
The required area A is given by ) * y* meet at (0, 0)

y=2xand x = — 1/8 meet at(— é, _—]]

A=I;f(.t)dr 4



> X
y.l
The required area is the shaded region in the figure.
. Required area
- -=|/B -
[ J—"'—(x +2x -1} ] + ’[-J—"f—zx}m
2
-1 1-1/8
PG o I I e
V2 3 3 : V2 3 o

= £+l—l—l —[i E—44 ZJ
3 3 3 3

=(ﬁ3_5]"(4+3:;13) [1;.2) [f3 3)

= ts.
192 i

20. The given curves are
s’ (1)
y=[2-x (2)
The graphs of these curves are as shown in the given figure.

=y y=x2-2

21.

. Required area = BCDEB
- If[xl ~(2- .rz)]dx + f& [2—(x? -2)] dx

= Lﬁ(lxz - Z)ir o+ J;(Jc —x‘!)dx

[‘/_ 2J"——+2] (3———“/5 2‘/_]

[230 4J_]sq units.

:

[

The given curves are

=y (1)
e p (2)

Yy =4x-3 (3)

Clearly (1) and (2) meet at (0, 0).

Solving (1) and (3), we getx" —4x+3=0

or(x- DN+ +x-3)=0

or(x— 1) (X +2x+3)=0

=x=]l=23y=1

Thus, point of intersection is (1, 1).

Similarly, point of intersection of (2) and (3) is (1, - 1).
The graphs of three curves are as shown in the figure.

f =y

y=4x-3

We also observe thatatx=1and y = 1, % for (1) and (3) is

same and hence the two curves touch each other at A(1, 1).
Same is the case with (2) and (3) at B(1, - 1).
Required area = Area of shaded region

=2 (Ar OPA)

|
= 2[ - [ Jfax -3dr]



Y [2(4x-3)" [1 1]
=9l 2| - W (o N
3 4x3 3 6

3/4

22. f'(x)=g(x)
[g(xpe=[ 1 (x)pe=[f(x)], =[£(3)- £ (0)]
[g(x)te= [ £ (x)ax=[ 1 (x)],
=[/(0)-/(-3)] e(-2.2)
= (£(0)) +(2(0))" =9

Now | g(0)[>2V/2 ¢ 1f(O)]<1)

Case I:
g(0)> 22
Let g”(x)20in(-3,3)

One of the two situations is possible.

e(-2,2)

! § y
A A
2 JE J/_/ H— | 2 JE
= X - X
O SO -3 O
3 0
Ig(.x}ix}&ﬁ}Z Ig(x)dx::-ﬁﬁ}?
0 -3
So contradiction arises So contradiction arises
So g”(x) has to be So g”(x) has to be negative
negative somewherc somewhere in (-3, 0) while
in (0, 3) whileg(x) >0 g(x) >0 in (-3, 0)
in (0, 3)

So at least somewhere g”(x) < 0, while g(x) > 0 in (-3, 3).

Case II:
g(0)<-2v2

Let g”(x)<0in (-3, 3)
One of the two situations 1s possible.

y

-

e,

= X

~ _22

23.

3 0

Jg(x):ixc—ﬁﬁ-::-2 Jg(.r}ctr-c:—ﬁﬁ{—z

0 -3

So contradiction arises So contradiction arises

So g”(x) has to be So g”(x) has to be positive
positive somewhere in somewhere in (=3, 0) while
(0, 3) while g(x) <0 2(x)<0in (-3, 0)

in (0, 3)

So at least somewhere g”(x) > 0 while g(x) <0 in (-3, 3).
So at least at one point in (-3, 3).

4@’ f(-1)+4af (1)+ £(2) = 3a* +3a
ab* £ (=1)+4bf (1) + £(2) = 36> +3b

ac’ f(=1)+4cf (1) + f(2) = 3¢* +3c

Comparing coefficient of a*, a and constant term on both sides,
we get

f(=1)=3= /(1) andf2)=0 1)
Let f(x)= Ax* +Bx+C (2)

From (1) and (2), A=—~},B=0‘C= 1.

1
==—x"+1
f(x)=-1
Iz
Let B r,l—I be any point on the parabola

) 2
f(.‘l')=_]-’ =——d<t]

(-8, -19)

As AB chord subtends right angle at V

:
= (—l}x[i]=—l =1=-
2 ~t

= B = (-8, -15)
. Area (BCVAB)

; x? 1 = x?
=2:<I ]-— |de+—=%x10x15 - _[ 1——}:&
; 4 2. 4

= % $q. units.




