Chapter 5
Continuity and Differentiability

Exercise 5.5

Q. 1 Differentiate the functions given in w.r.t. x.
COS X. COS 2x. coS 3x

Answer:

Given: cos x. cos 2x. cos 3x

Let y= cos x. cos 2x. cos 3x

Taking log on both sides, we get

log y =log (cos x. cos 2x. cos 3x)

=log y = log (cos x) + log (cos 2x) + log (cos 3x)

Now, differentiate both sides with respect to x

d d d d
= (logy) = = log(cosx) + o log(cos 2x) + o (log cos 3x)

da 1

(cosx) + % (cos 2x) + - . di (cos 3x)

cosx dx cos2x 0s 3x dx

sin3x d

(2x) = 52 (30)

cos3x dx

sin x sin2x d

_ay _ [
dx y cosx cos2x dx

— CO0S Xx. €0S 2x.cos 3x[tan x + tan 2x (2) + tan 3x(3)]

— COS X.Cos 2x.cos 3x[tan x + 2 tan 2x + 3 tan 3x]

Q. 2 Differentiate the functions given in w.r.t. x.

(log x) COS x




Answer:

Given: (log x) ©s5~

Lety = (log x) ¥

Taking log on both sides, we get
log y =log (log x) €*s*

=log y = cos x. log (log x)

Now, differentiate both sides with respect to x
— (log y) = [cos x.log(log x)]

= cosX.—~ (log(log x)) + log(log x). —(cos X)

=y [cosx gz’ a —(log x) + log(log x). (— sin x)]

Y — (logx)cos* [cosx ogx'x ~+log(log x). (—sin x)]

— (log x)cosx [_

Tlogx (sinx).log(log x)]
Q. 4 Differentiate the functions given in w.r.t. X.
¥ _ Dsinx

Answer:

Given: x* — 25n%

Let y= x*— 25in*

Lety=u-v

= u=xxand v=2%"x

For,u=x"

Taking log on both sides, we get




log u=log x*
=log u = x. log(x)

Now, differentiate both sides with respect to x

= (log u) = [x log(x)]

—ld—u = X. —(logx) + log x. —(x)

udx
du

=——=u [x.; + log x. (1)]
du

== x*(1 + logx)

For, v=2sin x

Taking log on both sides, we get

log v = log 2sin~

=log v =sin x. log (2)

Now, differentiate both sides with respect to x
=— (log V) = [sm x.log(2)]
= log 2 — (sm X)

= v[log 2. (cos x)]

dv

=—= 251X cosxlog 2

Because,y=u-v

__du dv
dx

dy/dx = x*(1 + logx) - 2sinx.cosx.log?2

Q. 5 Differentiate the functions given in w.r.t. X.




(x+3)2 (x+4). (x+5)*

Answer:

Given: (x + 3)% (x + 4)*. (x + 5)*

Let y= (x + 3)% (x +4)°. (x + 5)*

Taking log on both sides, we get

log y =log ((x + 3)%. (x + 4)>. (x + 5)%

=log y = log (x + 3)> + log (x + 4)> + log (x + 5)*
=log y =2.log (x + 3) + 3.log (x + 4) + 4.log (x + 5)*

Now, differentiate both sides with respect to x

= :—x (logy) = % (2.1og(x +3)) + % (3.log(x + 4)) + % (4.log(x +
5))

1 d
"x+3 dx

1 d
x+4 dx

1 d
(x+3)+3. (x+4)+4.m.a(x+5)

. [2 3 4]
_yx+3 x+4 X+5

2= (x+3)2(x + 4P +5)* |

d

2(x+4)(x+5)+3(x+3)(x+5)+4(x+ 3)(x+4)]
(x+3)(x+4)(x+5)

2 = (x+3)(x + 9)%(x + 5)3[2(x? + 9x + 20) + 3(x? + 8x +
15) + 4(x% + 7x + 12)]
= (x+3) (x+4) (x + 5) (92 + 70x + 133)

Q. 6 Differentiate the functions given in w.r.t. x.
X 1
(x + i) + x(1+§)

Answer:

Given: (x + i)x + x(1+%)




Let y= (x + %)x + x(1+%)

Also, Lety=u+v
X 1
=1 (x + 1) and v = x(1+§)
X
for,u= (x + ;)
Taking log on both sides, we get
X
log u=log (x + %)
- - 1
=logu=x. log (x +x)
Now, differentiate both sides with respect to x

% (logu) = % [x. log (x + i)]

1_&_ x.i(log(x+%)) +log(x+§).:—x(x)

u dx dx

u :x.@.%(x +i) +log(x +%)]




Taking log on both sides, we get

1

log v =1log x(1+§)
=logv= (1 +§).logx

Now, differentiate both sides with respect to x

=i(logv) = %[(1 +§).logx]

X

1

;) + (1 +£).%(logx)
=)+ (1+3)]
G+ )]

[—log x+x+1
x2

p [x+1-log x]
x2

Because,y=u+v

_ du dv
dx

(e +3) [G50) #108 (oot )] ) [
Q. 7 Differentiate the functions given in w.r.t. X.
(log x) *+ x log*
Answer:
Given: (log x) * + x log~
Let y= (log x) x + x 08~

Lety=u+v




= u=(log x) *and v = x &~
For,u= (logx) *

Taking log on both sides, we get
log u =log (log x) *

=log u = x.log (log(x))

Now, differentiate both sides with respect to x

% (logu) = di [x.log(log x)]

du d

d
= x.alog(logx)) + log(log x).a(x)

u [x.l ;x% (logx) + log(log x). (1)]

d 1
=— = (logx)* [@.; + log(log x). (1_]

dx_

1+log(log x).(logx)
log x

(log)* |

u

(logx)* 1 [1 + log x.log(log x)]

Taking log on both sides, we get

log v =log (x log x)

=log v=1log x. log x

Now, differentiate both sides with respect to x
a —a 2

-, (logv) = —[(log x)“]

1d d
=-Z = 2.logxa(logx)

vdx




Because,y=u+v

__du dv
T dx  dx

= Z—z = (logx)* 1 [1 + log x.log(log x)] + 2.x'°8*1 log x
Q. 8 Differentiate the functions given in w.r.t. X.
(sin x) *+ sin”! Vx

Answer:

Given: (sinx)* + sin™Wx

Let y= (sinx)* + sin™Wx

Lety=u+v

=u=(sinx)* and v = sin"1/x

for,u = (sinx)*

Taking log on both sides, we get

log u=1log (sinx)”*

Now, differentiate both sides with respect to x

=— (log u) = [x log(sin x)

— ld_u = x. —log(sm x)) + log(sin X) — (x)

udx

du
=—=u[x

— d— (sinx) + log(sin x). (1)]

"sinx dx

d . :
_ % = (sinx)* [ﬁ cos x + log(sin x). (1)]




— = (sinx)* [x.cotx + logsin x]

for, v=sin"Wx

Now, differentiate both sides with respect to x
dr.. _
— [sin™x ]
X
1
.5 (Vx)
1-(Vx

1
. mBecause, y=u+tv

__du  dv
_dx dx

dy . . x .
—= (sinx)* [x.cotx + logsin x] + W

Q. 9 Differentiate the functions given in w.r.t. X.
X S (in x) 05X

Answer:

Given: x $"*+ (sin x) ¥

Let y=x *% + (sin x) ©5*

Lety=u+v

= u=x"* and v = (sin x) ¥

For, u = x sin*

Taking log on both sides, we get

log u =log (x sin x)




=log u = sin x.log(x)
Now, differentiate both sides with respect to x
(log u) = [sm x.log x

_1d_u_- a 4 g
=——— = sinx.— (log x) + log x. ™ (sinx)

du . 1
= =u [smx.— + logx.cosx]

=== (x )smx

du [sm X
dx

+ log x. cos x]

For, v = (sin x) €*

Taking log on both sides, we get
log v =log (sin x) “*5*

=log v = cos x. log (sin x)

Now, differentiate both sides with respect to x

— (log V) = [cos x.log(sin x)]

dv . . d
~ = cos x.alog(sm x) + log sin X.— (cos x)

dv 1 d , . . .
—=v [cos Xom—— (sinx) + log(sin x). (— sin x)]

dv COS X [cosx . e ]
~= = (sinx) o COSX Tt log sin x. (— sin x)

dy . . .
~-= (sin x)°%* [cot x. cos x — sin x.log sin x]Because, y=u+v

_du dv
_dx dx

=—= = (x)Sin¥ [Smx + log x. cos x] + (sin x)€°S* [cot x. cos x —
sin x. log sin x|

Q. 10 Differentiate the functions given in w.r.t. X.




2
xXCOSX 4 xX°+1
x2-1

Answer:
Given: x

2
_ Lxcosx 4 X°+1
Lety=x +t
Lety=u+v

2
x“+1
XCOSX and v =

=u=X
x2-1

for, u = x*c0s%

Taking log on both sides, we get
log u=log x*°s~*

=log u = x. cos x.log

Now, differentiate both sides with respect to x
d d

- (logu) = = [x.cos x.log x]

_ law 4 4 4
=——=C0s xlog x. — (x) + x.log x. — (cosx) + x.cos x. — (log x)

= Z—Z =u [cos x.logx + x.log x(— sin x) + x.cos x. (%)]

du .
=—=x"%[cosx.logx — x.logx.sinx + cos x]

dy

= x* % *[cos x(1 + log x) — x.log x. sin x]

x2+1

for, v=——

Taking log on both sides, we get

log v =log (ii:)




= log v=1log (x? + 1) —log (x> — 1)

Now, differentiate both sides with respect to x

% (logv) = i [log(x2 + 1) —log(x? — 1)]
— () -5 ()

X241 dx

[

. (x +1) [Zx(x —1)—2x(x2+1)

dx  \x2-1/"° (x2+1)(x2-1)
() lemes]
- [(x:—“i)z]

Because,y=u+v

x21dx

__du dv
T dx  dx

= x*%S*[cosx(1 + logx) — x.log x.sin x] —

Q. 11 Differentiate the functions given in w.r.t. X.

1
(x cos x)* + (x sin x)x

Answer:

1
Given: (x cosx)* + (x sin x)x

1
Let y= (x cos x)* + (x sin x)x
Lety=u+v
1

=u=(xcosx)* and v = (x sin x)x

for,u = (x cos x)”*

4x
(x2-1)2

]




Taking log on both sides, we get

log u=1log (x cos x) *

=log u=x. log (x cos x)

= log u=x (log x + log (cos x))

= log u =x (log x) +x (log (cos x))

Now, differentiate both sides with respect to x

— Z_i’ (logx) = % [x.log(x)] + % [x.log(cos x)]

1d d d d
L {X'E (log x) + log X.— (x)} + {x.a (logcosx) +

udx

d
log cos x. o (x)}

[{xi + log x. (1)} + {x

Taking log on both sides, we get

d
"cosx dx

(cos x) + log cos x. (1)}]

1
log v =1og (x sin x)x

Now, differentiate both sides with respect to x

% (logv) = % E (log x)] + % E.log(sin x)]

{1 4 (logx) +log x. % (1)} + E : % (logsinx) +

x dx x
log sin x. % (%)}
% [{i : % (logx) + log x. % G)} + {i : % (logsinx) +

log sin x. % G)}]

= Z—Z = (x sin x)% [{x—lz (1-—1log x)} + { cosx logsinx}]

x.sinx x2




dy
dx

1r .
. = [1-logx cotx logsmx]
= (xSlnx)x + —

( ) | x2 x x2

d ; 1r1-logx+xcotx—logsinx
=2 — (xsinx)x g > g ]
dx | X

[1+x cot x—log(x.sin x)

1
- (x sinx)x

xz
du dv

dx
dy
dx dx dx
ay
dx

= (xcosx)*[1 — x.tanx + log(x.cosx)] +

1+x cotx—log(x.sin x)

(x sin x)% [ =
Q. 12 Find dy/dx of the functions.
¥ +y =1

Answer:

Given: ¥ +y* =1
Lety=x"+y*=1

Letu=x"and v=y)*

Then, >u+v=1

+2=0
For,u=xy
Taking log on both sides, we get
Log u =log xy
=log u =y.log(x)

Now, differentiate both sides with respect to x

= ;—x (logu) = % [v.log(x)]




1du

=4t _ {y.%(logx) + log?f-%()’)}

udx

=Z—: =u [y.%+ log x. (Z—y)]

X
Yy _ Y v
ax [x + logx. (dx)]
For, v=y*
Taking log on both sides, we get

Log v =log y*
=log v =x.log(y)

Now, differentiate both sides with respect to x
=— (log v) = [x log(y)]

d
= {x.a (logy) + logy.ax}

x.%.z—z+ logy. (Z—Z)]

du
because, — + — =0
> dx dx

S0, xy[ + log x. (d )]+yx[; —+logy]—0

= (x¥logx + xy*~ 1) +(yx3’ L+ y*logy) =0

= (x¥ logx + xyx"l).a = —(yx?"1 + y*logy)

_dy _ (yxY"+y*logy)
dx (Y log x+xy*~1)

Q. 13 Find dy/dx of the functions.




yi=x

Answer:

Given: y* = x’

Taking log on both sides, we get
log yx =log x”

=x logy=ylogx

Now, differentiate both sides with respect to x

d d d d
x.alogy + logy.ax = y.alogx + logx.ay

(x—ylog x) _
y

_Y (y—x log y)

x \x—ylogx

Q. 14 Find dy/dx of the functions.
(cos x)¥=(cos y)*

Answer:

Given: (cos x)” = (cos y) x
Taking log on both sides, we get
log (cos x)” =log (cos y)~*

=y log (cos x) = x log (cos y)

Now, differentiate both sides with respect to x




y. ilog(cos x) + log(cos x).iy = x.%log(cos y) + log cos y.%x

— (cos x) + log(cos x)

cosx dx

log(cos y).—

— (cos y) +

"cosy dx

Y.

.(—sinx) + log(cos x) . (—sin y) — +

COS COS)/
log(cosy). (1)

_dy (x.siny
dx \ cosy

sinx

+ log(cos x)) = + log(cos y)

"cosx

- Z—i’ (x tan x + log(cosx)) = y.tanx + log(cos y)

_dy (y.tanx+log(cos y))
dx x.tan x+log(cos x)

Q. 15 Find dy/dx of the functions.
xy =e&=¥

Answer:

Given: xy = e X9

Taking log on both sides, we get
log (xy) = log (e (x —»))

= logx+logy=(x-y)loge

= logx+tlogy=(x-y).1

= logx+logy=(x-y)

Now, differentiate both sides with respect to x




Q. 16 Find the derivative of the function given by f (x) = (1 + x) (1 +x?)
(1 +x% (1 +x®) and hence find £’ (1).

Answer:

Given: f (x) = (1 +x) (1 +x?) (1 +x% (1 +x°)

Taking log on both sides, we get

log £ (x) =log (1 +x) +log (1 +x?) +log (1 +x*) + log (1 + x®)

Now, differentiate both sides with respect to x

a -2 a 2y 4 4 4
dxlogf(x) = dxlog(l + x) + dxlog(l + x°) + — log(1+ x*) +
a 8

- log(1 + x°)

( +a) + =L (1+xM)+ L1+

1+x 4d 1+x de

)

2x 4x3
2'+ 4
1+x 1+x 1+x

- () =f(x)= |

1+x 1+x2

= () = (1 +x)A +xD)A +xH( + x°) [
8x” ]
1+x8

_ 2 4 8 2(1) |, 4(1)?
=f' () = A+ DA+ 1A +1HA +18) |-+ e Rarver
8(1)7]

1+(1)8




=f'(1) = 2)2Q)(2)(2) E + % + % t g]
B f (1) — 16 [1+2+4+8]

r=16(2)
= (1) = 120

Q. 17 Differentiate (x> — 5x + 8) (x> + 7x + 9) in three ways mentioned
below:

(1) by using product rule

(i1) by expanding the product to obtain a single polynomial.

(i11) by logarithmic differentiation.

Do they all give the same answer?

Answer:

Given: (x*> —5x + 8) (x* + 7x + 9)

Lety=(x*-5x+8)(x*+7x +9)

(1) By applying product rule differentiate both sides with respect to x

2= 2 (2% = 5x + 8)(x3 + 7x + 9)

= (x3 +7x+9)—(x —5x + 8) + (x? —5x+8)—(x +
9

=3 +7x+9).2x—5)+ (x> —-5x+8).(3x*+ 7)

+ 24x% + 56

ay
dx
7x +
ay
dx
=Z—y— 2x* 4+ 14x?% 4+ 18x — 5x3 — 35x — 45 4+ 3x* 4+ 7x% — 15x3 —
35x
ay
dx

= 5x%* — 20x3 + 45x2 — 52x + 11 ..... (1)




(11) by expanding the product to obtain a single polynomial
y=x>-5x+8) (x*+7x+9)

y=x> 4 7x3 + 9x? - 5x* — 35x? - 45x + 8x> + 56x + 72
y=x-5x*+15x% - 26x*> + 11x + 72

Now, differentiate both sides with respect to x

2 (x5) = L (5x%) + L 3y - L 26x2) + L
T dx (x ) dx (Sx )+ dx (15x ) dx (26x )+ dx (11x) T

x* —20x3 + 45x% — 52x + 11 ... (2)
(111) by logarithmic differentiation
y=(x*—-5x+8) (x*+7x +9)
Taking log on both sides, we get
log y =log ((x*>— 5x + 8) (x> + 7x + 9))
log y = log (x> - 5x + 8) + log (x*+ 7x + 9)

Now, differentiate both sides with respect to x

zll_y (logy) = ilog(x2 —5x+8) + ilog(x?’ + 7x +9)

1
(x3+7x+9) "dx

(x —5x+8)+ (x + 7x +

d
dx }/) [(x2 —5x+8) " dx

(2x = 5) + —=———.(3x2 + 7))

= o

(2x—5) N (3x2+7) ]
"L(x2-5x+8)  (x3+7x+9)

x3+7x+9)

(2x—5)(x3+7x+9)+(3x2+7)(x%2-5x+9)
(x2-5x+8)(x3+7x+9)




2x4+14x2+18x—5x3—35x—45+3x4—15x3+24x2+7x2—35x+56]

d
= E(y) = y. l (x —-5x+8)(x +7x+9)

x*—20x3-45x%2-52x+11
(x2-5x+8)(x3+7x+9)

=L (y) = (? - 5x+8)(x* + 7x +9). [5
=Z—Z = 5x%* — 20x3 + 45x2 — 52x + 11 .....(3)

From equation (i), (i1) and (iii), we can say that value of given function
after differentiating by all the three methods is same.

Q. 18 If u, v and w are functions of x, then show that

dw

dv
vwHu—.w+uv.—
dx dx

du

d
a(u. v.w) = —

in two ways — first by repeated application of product rule, second by
logarithmic differentiation.

Answer:

du dv dw
—Vv.WH+uUu—.w+uv.—

d
To prove: — (u.v.w) =
p dx( ) dx dx dx

Let y=u. v. w=u. (v. W)
(a) by applying product rule differentiate both sides with respect to x

ay _ du a
= (v.w). —tu.— (v.w)

= (v. W),z—‘; + u. [v.% (w) + W-:—x (v)]

= (v. W).Z—Z + (u. v).i—‘;/ + (u. W.).%
(b) Taking log on both sides, we get
as, y=u.v. w
log y =log (u. v. w)
logy=1logu+logv+logw

Now, differentiate both sides with respect to x




d—(logy) = —logu +—logv +—logw

W)+ () o (W)
d

1 dv

dw
“dx v dx

1

w'dx
1 du 1dv 1 dw
udx | vdx | w'dx
aw

" dx

From equation (i), (i1) and (iii), we can say that value of given function
after differentiating by all the three methods is same




