Exercise 8.1

Answer 1E.

Consider the following curve:
y=2x-5-1<x<3
Find the length of the curve by using the arc length formula.

Differentiate the equation y = 2x—5with respectio x.

@
If x=-1],then the corresponding ¥ coordinate is calculated as follows:
y=2(-1)-5

=-7

If y=3,then the corresponding ¥ coordinate is calculated as follows:

y=2(3)-5
=]
Find the length of the curve from the point (~1,=7)to (3,1).

So, the varable x varies from _] to 3.

FPlug these values in the arc length formula:

The length of the curve from the point [-l.—?}to (ll}is,

L=|' |+(%] dx
SRE
=J§J’_“|m~
=5[],
=V5[3-(-1)]
=45

Therefore, the length of the curve from the point (-1,-7)to (3,1)is

45|




Verify the length of the curve obtained above using the distance formula for the points
(~1.-7).(3.1)-
d= ('t: =% }2 +(J'": =N )2
=(3+ ])J +(1+ 7]2
=J16+64

=80
=165

4

Hence, verified.

Answer 2E.

Let us consider the curve y= ’2—):: 0<x<l

Need to find the length of the curve.

Sketch the graph is shown below:
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of the cifcle
§o— 2 - —

y=+2-x x=0—> L

y=x-
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Note that, if f"is continuous on [a,b]‘ then the length of the curve y = _f(_r},a <x<bhis

L= |+[%de ------ (1

Since y=v2-x

dy 1
—=—(-2x
dx 2 Z-xz{ )
ﬂ_ -X

de 2y
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By the formula (1), the length of the given curve is

Lo
e
-l ()]
ey
]

_m2

4

Hence the length of the given curve is

~sin”" {0)]

The above result can be confirmed by the observation that the arc between x=0and x=1is
nothing but the part of the circle in the first quadrant divided by the line y = x.

Further, y = x halves the arc of the circle into equal parts in the 1st quadrant.

So, the required part of the circle is

Thus, the length of the curve is l[zﬂ-ﬁ) -
8

Answer 3E.

Given y=sinx, 0<x<x

F

——=CO0sSX
dx
Length of the curve
L= I+(£J dx
dx

th
1

8

— part of the circumference of the circle with radius \E .

w2

4

Using the graphing calculator with the following key strokes to solve the integral

This is problem involving with angles so set in the radian mode

i Eng
B8 23456?8‘9

EFTesEq




Using the graphing calculator with the following key strokes to solve the integral

Choose the key of and select the option
gﬂﬂ HNUM CPx FPEE

T

Instead of varible y using the varible x and eneter the integrand with the limits

2ndl [+ cosl X, 7,6.2]D])
folpt Ll Cecas ()
I =T T rar =

X, T.,0.7|.10|,82nd | ~])|enter

-

The length of the curve is

Answer 4E.

Consider the function:
v=f(x), a<x<bh

The derivative of the above function f* that continuous over the closed interval [a,b], so the

formula used to determine the arc length of the curve is:

L =j: I+(%):dx

i

Consider the equation:
y=xe , 0<x<2

Differentiate the above equation with respect to x:

o S .
—=—|xe )
dx dx

=g~ %(1] +x%(e'” )

=(e“ x !) + [.w(—e")]
=e " (1-x)



Determine the equation for the length of the curve:

,f|+e"’(|—x)3dx _

Hence, length of the curve calculated by the use of a calculatoris [2,1024|-

So, the integral that represents the length of the curve is

= Sy 12

Answer 5E.

Consider the curve y = J;_J,-_[ <y<4.
The objective is to set up an integral that represents the length of the above curve.

Use the following formula to solve the problem.

Ita curve has the equation x=g(y),c<y<d, and g'(y)is continuous then the length of

2
the curve is L:J-d H{ﬂ) dy -
‘ dy
MNow find %from x:J;_y_

Differentiate x = J; — y with respectto y.

& _dwn)_49
E—dj.r{y ] dy(}’}

1
—y
37

1

-1
2Jy

Now substitute in the length of the curve formula.

Therefore, the length of the given curve is .



Answer 6E.

Consider the curve x = y* —2y in the interval 0< y<2.

Differentiate the curve.

x=y =2y
£=2y-2
‘#!

Recall that, the length of the curve x = f(y) in the interval a< y <d is as follows:
d dy :
L= 1+ —
Calculate the required length of the curve.
" 2
dx
L=[ +[—] dy
¢ dy

=T 1+(2y-2)'dy

=:[J1+4y’+4—8y¢r

j Jay -8y +5dy
0

Now evaluate this integral using a calculator.

Maple software can be used to find the definite integral.
Key board strokes of the command are as follows:
Maple command:

int ((4y"2-8y+5)"1/2,y=0..2 numeric};

Maple command and output:

1
> 2
;'m[ (4y2 — 8y+5) wy=0.2, numerr'c];
2957885715

Hence, the required length of the curve is
j 8'}! dy
0

2.9578857

I



Answer 7E.

y=1+62", 0<x<1

D _0+6.2 2 2952
dx

The length of the curve 1s
1
= _[ 1+[d_yT dx
0 dx
1 2
- [n ,’1+(9J§) dx

=j:Jl+81xdx

[aesuy? |
| (3r2)81 |

2 2
243[ 821 -1]- 243[82"@_1]

Answer 8E.

Y =4(x+4)’, 0€x<2, y>0
=y= 2(I+4)3m
¥ _s E[x+4)m
dax 2
=3(x+4)"

The length of the curve 1s
L= [ 1+[d-’“’ ] dx
dx
- jﬂ 149 (x+4)dx
- j: J9x+37dx

[2(ex+3ny T
- 3% 9 i

%[ﬁm 3?3;&]

[

[554‘.’3 ~3737 ]




Answer 9E.

Consider the curve,

3
L D e )
3 4x

The objective is to find the arc length of the curve by using arc length formula.
The Arc length formula:

If f'is continuous on [a.b].lhen the length of the curve, y = f(x), a<sx<b is.

L= .{%]lr ()

From equation (1),

x!v

=—+L, 1€x<2
3 4x

Differentiate on both sides with respect to x_

—_ +
dv del 3 4x
d_2_ 1
dx 4x°

The limits are | < x <2,

Substitute these values in equation (2)10 find the arc length.

JeX | g2 :
z[(zn}*I(-mJ

Therefore, the arc length of the curve is [ = .5.2.

24



Answer 10E.

Consider the curve.

4
v I
x=—+——I1<sy<2 (I
T At (1)
The objective is to find the arc length of the curve by using arc length formula.
The Arc length formula:

If f'is continuous on [ar,b]. then the length of the curve, y= f{_r] as<x<his,

o | ()
L=] 14| — (2
) [E)dy (2)
From equation (1).

I
=—+—,15sy<2
* g8 4 Y

dy

Find the value of — as follows:
dx

Differentiate on both sides with respectto ».

e _dfy 1
dy dx

The limits are 1€ y<2.

Substitute these values in equation (2).

2 3 I :
L=IJ‘+(%—$] ,dy

3 2
Simplify the value of |4 J’__L as follows:
2 2y




3

F
1 1 B
Plug the value of 14+ 40 T P L2 ad I LA
[2 2}'3} 4(}’ J—']

Therefore, the arc length of the curve is,

a3

L=|—].
16

Answer 11E.

Consider the following curve in the interval 1< y<9:

x=§J:7’(J*—3)

Differentiate the equation with respect to y.

%=%_J’;.]+('y-3)-ﬁJ Use Product Rule.
=l-2y+y—3
3| 2y
_1[30-1)
3 2y
v=I

[
-



Use the arc length formula to find the length of a curve from one point to another.

Length L= |+[—] dy -0

Mow use the formula fo calculate L.
I 2
9 y_
L= l+| — afv
r33)
3
=r l+—(y )q‘y
] 4}}

_r 4y+y* _2y+lafy
] 4'}:

Solve the equation further to find L.

QJ’_""@

IEJ‘;

{%[9)5 +2(9}§}-{§(1)z +2(1): }]

j G| ]
.
=]
[ %]
|
=]
S—

L ]
2 -
el

o

Thus, the length of the given curve is |[—|.




Answer 12E.

Consider the function y =In(cosx)
The arc length function:

If a smooth curve (¢ has the equation y:f(.t). a<x<h.let s{_r] be the distance along ¢

from the initial point pn(u.f(u)} to the point Q(L f(_\')).Then s is a function, called the arc

length function,

Thatis, s(x)= j‘fl +[_f'{r)]:£ff

Rewrite the equation as y =In(cos x)

dy .
—= (—sinx)
dr  cosx
.l.
Or @ —tan x
dx
1 +[ﬂ] =l+tan’ x=sec’ x
dx

The arc length along the curve from 0 to = s

x/3 d\' :
.s‘(.t):L I+(E] dx
=r ls-m:nr dy

{1
=[In|sccx+tan rl]; !
=In|sec(7/3)+tan(7/3)|-In|secO0+1tan0

=In[2+ 3|~ In[1+0)

=(In(2+3)

Answer 13E.
y=ln [sec x)
Then d_y=

dx  secx
=tanx

2
1+[d—y] =1+tan’x
dx

JEEC A tan X

= 5602 X

We know that the arc lengh formulais
) 2

L= i+ (d_y] dx
2 dx

The length of the curve 1z

2
L:j’” 1+(‘f_y] dx
0 2

%

= JDEHSEC x dx

= [ln |seu: x+tan x|j|;H

= [ln |seu: (/i 4)+tan [J‘TI4)|— In |sec: 0+ tan U|:|
= In|v2+1|~In[1+0)

Thus | = 1n(q'§+1)




Answer 14E.

Consider the following curve:

y= 3+%cosh 2x,0sx <1

Draw this curve as shown below:

104y

L B

2 1 0 1 2

-101

Find the length of the arc between the two points.
Use the arc length formula to compute the length of the curve of this function.

Write the formula for arc length.

| (deY
L= 1+[—] dy
i dy
Find the derivative of the given function.

b i[s +Loash 2.r)
dx el 2

|
=—-2sinh 2x
2
=sinh 2x

Plug in to obtain the value of [ .

Recall the hyperbolic sine and cosine identity that is used.

L= J1+(sinh2x) dx
= IUI veosh® 2xdx

= Ll cosh 2.xdx

l I
=—sinh 2_1']
2

0

= %sinh 2(1)- %s'mh 2(0)

Therefore, [ = lsinhz.
2




Answer 15E.

Consider y=IT.—-]2-1nI, 1€x<2
: 1 o n-
it oo

Length of the curve
h 2 4

L=[ )1+ S &
'! ( ) '!- 2 21‘)

e

[+ %

: 21 1
- !JI+T+4x: —E
Ll 1 1
=I x—+—,+—dr
Va4 48 2

To find the integral using perfect square

(&G Gk

]
|
+
| =
=
L

Answer 16E.

Consider the following function:
y=yx-x° +sin"(v‘r;).
The objective is to find the exact length of the curve.

First we consider about the interval of x:

xz0
x—-x20

=0=<x<1



To find the integral of the length of the curve, use the following Arc Length Formula:

If f"is continuous on [a,b], then the length of the curve y = f(x), a<x<bh.is

L=[" 1+ (f (x)) e

Re-write the function as follows:
f(x)=vx—x" +sin” [J;)

Compute the derivative of the function as follows:

£(x)= |_2x1+ 1 . 1
2x-x Jl_("‘;) 2%

B 1-2x . ]
- 2UxVl-x
1-2x |
— + =
Wx-x 2WWx-x
1-x

= _,_I_ x}

The arc length of the function is as follows:

L:J:JH[J%]:.:&

=‘|: |+ii:—z};dt

dx

0 X=X

J‘IJ,t—x’+l+x’—2x

1| 1-x
=I“ .r(l-x)d&

Therefore, the arc length of the function is _



Answer 17E.

Consider the function.
1
=In(l1-»*),0sx<s—~ (1
(1-)0sxs3 ()

The objective is to find the arc length of the curve by using arc length formula.

The Arc length formula:

If f'is continuous on [ar,b]. then the length of the curve, y= f(x), a<x<b is,

L= I+[%de —(2)

From equation (1).

=]n(1—x’).0£x£

b | —

dy

Find the value of — as follows:
dx
Differentiate on both sides with respectto x.
dy _d 2
Z— E(In(l - })

B I—lx ci'(l- )

= |—x= (—Zx}

_ -2x
=¥

d'p

Substitute the value of = in equation {2)

I—Z.\' +x!

1-2x" +x* +45°

1-2x% +x*




The partial fractions of decomposition

l+x* 1 1
{I+x}[l—x}_x+l_x—l

That implies,

e
e jhﬁtﬂ}t i(x-n

= -{x}g +1n|(] +.r}E -
=—%+In(%)—lu [%]H]
-

-%+In(3}

—

Therefore, the arc length is,

1
L=|-—+m(3)-
2+|‘|(}

Answer 18E.

Consider the function:
y= f{x], as<x<h

The derivative of the above function f" that continuous over the closed interval [a,b] , so the

formula used to determine the arc length of the curve is:

B 2
L=| 1+(ﬁ) dx
’ dx
Consider the equation:

y=1-e™, 0<x<2

Differentiate the above equation with respect to x:

& di

x" &)
=%{1]+i(e“)
=ﬂ—(—e'

-X

=g



Determine the equation for the length of the curve:

=!' 1+edx

Evaluate the above integral to obtain the exact length of the curve:

L =J2‘~J'1 +e dx

0

Substitute y = 2x in the above integral:

u=2x
du = 2dx

So, the integral changes to:

=%M +edu

Substitute y=1+¢™ In the above integral:

v=l+e™
dv=—e"du
={l-v}du

So, the integral changes to:

L~(3) i LS

2 |-v

2 v—1



Substitute y? =y in the above integral:

w =y
2wdw = dv

So, the integral changes to:

(3) (e
- I[,,:_l}m

Evaluate the above integral:

o I{w‘%‘il}ﬁc
- J(e
i o

Factor the first denominator and apply partial fraction decomposition to obtain:

1
te e I

1
i b e = b

(et (o

Plug in the values substituted to write the function in terms of x-

L =[5 (v 41)-( 3 )m($-1)- 5

- ]ln(mn) [ )In( l+e” -1)-Vi+e™

- )ln(JH_"‘H) [ )ln(JHT-l)-JHT

Substitute the limits in the above integral to obfain the value:
=[[%]In(m+t]-[%]In(m-l)‘m}

=222
Hence, the length of the curve is ;

2

0



Answer 19E.

Consider the following equation of the curve:

y==x.......(1)

Find the arc length of the curve from point P[-L%] to Q(l,%]_

The arc of the curve y:%x: from the point F[—],%] to Q[l,%) is shown in red color in

the following figure:

P(-1,05)

Ny =

-2 -1
-1
X2
2 Y=7
Figure 1

Differentiate (1) with respectio x.

dy |
a2
dx 2{ T}
=X

Find the arc length of the curve from y=—]10 x=1.

Here, g=-1and p=1.



Evaluate the integral by using trigonometric substitution.

Substitute, y=tan@.then gy =sec’ 8d0.

When x=-lLtan@=-1,50 @= —%.

When x=1ltanf=1, so 9=%.

L=I l+(%]zdr
=j 14 x*dx

J +tan” @ sec’ 6)d6

Il
-I-I-III‘_“'I"

x

j Jsec? @ 6 (sec’ 6)do

(secO)(sec’ 6)d6

1]
e 5y

-

Simply further as shown below:

L= }sec ' 0de
=%[5¢c9!an9+ln|sec9+tanf?|]‘_;f
lFsec%lan%-t—]n sec -+ tan =
"2 4 x n T
-5 o5 ) w5 ren(-5)
L=%:(J§)(]]+In|\5+Il-(ﬁ)(—l}-lnl(ﬁ)-ll]
=%:2d’i+1n|ﬁ+ll—ln|ﬁ—l‘]
=2.29558
=23

Therefore, the arc length of the curve y=%x=frorn the point pto Qis



Answer 20E.

To find the length of the arc of the curve from point P(I,S) to Q(S,S]

If a curve has the equation x=g(y], c<y=sd,and g'(y) is continuous, then by the

following formula for its length:

L= [ 1+(2'0)) dv

T dx 2 ince 2 we have ﬁ—é - ':
{1 (§) @ e r=o-aiverme o3t

=,[:_,J! +(%{y_4]§|. ]-dy Since the limits ¢=5 and =8

s 4
-

it u [sinoe I(by+c)"djv=lM+C]
1

b n+l

Y 5

Continuation of the above:

3
(5
.._.4_._ Simplify

b |

%:[g_s) [2%_3)}: snee 3o i
SN
S EENEIHEENED)




8 HJ_
E[ {]-J_] ﬂ
f
_ 85,6232 8728 |
2:""\ H r )

8 -
= (31.623-5.8591)
27

8
=—[2% (
—-(25.7639)

206.1112
27
=7.6347

Therefore, the length of the arc of the curve from point P(1,5) to Q(HH) is 7.6347

Answer 21E.
iven y=x2+x3, 1=2x=2
@ d
= 2 D431 { —I:Jr?d j = nx”_l}
dx dx

Length of the curve

: cly : f 242
L=] H[E] dx=-|1-1||1+(2x+3x ) dx
= [10.0556]

Graph 1s

A

¥

-2 Y{x)=x"2+x"3

Answer 22E.

Given y=x+cosx, 0=

a
I
pa |y

=% 1 sinx
dx
Length of the curve

4 dy : = 2
L= i+ 2] dx= [ J1+(1-sin x)dx
a dx i]

= [1.728634]



Graph of the given function is

f %

5
4
3 Y{x)=x+cos(x)
2
1
&
0 0.5m 1x 1.5m 2n
-1
-2
Answer 23E.
Givenn y= Xsin X, D=x=2m
=>d—y= xcosx+sin x
adx
Length of the curve
& 2 2 Ix
L ={ 1+[d—‘z] dx = .! J1+[xcosx+sin szdx
= [15.3745¢]
Here
ag=0b=2xr=10, Ax=02x
A ﬂi}’ F] ix . 3
L= _[ 1+ [EJ = .!; i+ (xcosx+snx) dx
Formula for the Simpson’s Rule
j'f(x)atx A (Flg)+ flax))+ 4 (7 () + Fi)+...)
: x +2(/ )+ )+
0.2my+ f(06m+ f(
f(0)+f(2:n-)+4{f( )+ f{0.67) + J( )}
02n +fLaAm)+ 7 QL8
3 ) F{0.4m)+ F{0.87)+
+
Fi.2m+ F(l.6x)
=|15.3745
Answer 24E.

Given y= %f; 1=x=6 ;‘>d—y=lx'2’r3
dr 3
Length of the curve

] P 2 [ 1 2
L:[ 14| & dx:_[ 14| 2228 | ax
2 dx 1 3
- [5 0740044

Here
a=1,b=6nr=10Ax=025

A dy 2 & .1 2
L= 1+(_] drx=| 1+[_x-2ﬁ] dx
2 ax 1 3
Formula for the Simpson's Rule:

]

[7(zax= E[(ﬂxmﬂm)w(f(xg+f(x3)+...)+2(f(x2>+f(x4)+...)1

X

_ E{fﬂ)+f(5)+4(f(1-5)+f(2-5)+f(3-5)+f(4-5)+f(5-5))+}
3 2(A(DQ+SC+ A+ 1)

_



Answer 25E.

Given that the function is y =In({1+ 27}, D=x=5
dy 1
dx 1+

£ 35

Length of the curve

a 5 2 42
dy 3x
L=|,1+ d 1+ d.
I [dx] = ! [1+fJ *

=[7.11881%

Here
a=0b=5n=10Ax=025

Formula for the Simpson's Rule:

ff( )at;:_—[(f( M)+ FCe) )+ 4 00)+ FGo) +.. )}
+2{ F )+ flxg )+ ..
_05 JO+FE+A(FO5+FAD+ 2D+ 739+ 7(4.5)
[ W+ S+ B+ B }
=7 1188
Answer 26E.

Given that the functionis y= e'”?, D=x=2

D (—2%)
dx
Length of the curve

3 dy 2 o =
L= [ 1+[de dx:! 1+(e (—2x)) dx
= [2.2805258]

Here
a=0b=2n=10Ax=02

L= [ 1+[dy] arx_[ 1+(e-"*(—2x))2dx
a a

dx
Formula for the Simpson's Rule:

Ifi B [(f( 5+ J5) )+ 4( o)+ )+ )}
+2( )+ Flx)+..)
o o| A+ AZ+A( SO+ F0E+ D+ A1+ F1E+
__|:2(f(0.4)+f(0.8)+f(l.2)+f(l.6)) }
=[2.2g]
Answer 27E.
(&) We graph the function y=x|:4—le

1z

Y
Fl




(B)

=

Fig.2

Forn=1, interval is [0, 4]

=0 the length of the inscribed polygon with (2 = 1) = length of the straight line

joining the points (0, 0% and &, 0)
Li=4

[By the distance formula Z, = (4~ 0 +{0+0)" =4]

Forn=2=2, intervals are [0, 2] and [2, 4]
=0 the length of the inscribed polygon withn=2

Lz =1length of the straight line joining the points (0, 0) and (2, 23}"5) + length of

the straight line joining the points (2, 2-3;.5) and (4, =D + 10 (let)

Ev the distance formula

D= \/(2—0)2 Jr[zﬁﬁ—o)2

- j4+4({2§)2 = 3217080

And D, :J[4—2)2+(0—Ef§)2

]
- 4+4[{!§) = 3.217080
Then L, =D+ D, 643416

- Lot

Forw =4, intervals are [0, 1], [1, 2], [2, 3], [3, 4]
We have the points (0, 0), (133), (2.232), (3.3), (4,0)
Length of the line joining the points [:U, U) and (1, i@) 13
Z
D1=J(1—D)2+[-3ﬁ—0) #1.75502

Length of the line joining the points (], EE) and (2, 2%) 13

D, - \/[2_1)2 +(2§f§_§,§)2 ~14701039

Length of the line joining the points (2, 23,@) and (3, 3) 15

D, = J(s— 21 +(3-23/2) 1109302
Length of the line joining the points (3, 3) and [4, U) 15
D, = \{[4—3)2 +(0-3)" = J1+9 =3.162278

Then the length of the inscribed polygon with n=4 1s
Ly=D+ 04+ 0 +0, =17553024+1.470104 +1. 10930243 162278

w 74967 =




{Cy  Wehave y= x[4 - x)m
Then 2=(4- ) +x[l].|:4 —x 7 (1)
X 3
v [ x -
=(a-2"~(2](a-n)
The dy_ 31:4—2:) ;ﬂx
dr 3(4-1)
dy 4(3-x)
dr 3(4- x):-xz
= [dl]g =[4(-0)/[3(4-x"} |
dx L
4 23 T
Then arc length|L = [ \’]+[4[3—x)/[3[4— 2% [ an
(TN With the help of the computer we calculate the integral which gives the value of
the integral |= 7. 7983
We see that, in part (B) as we increase the number of sides of the polygon we get
the length of the arc closer to the actual value
Answer 28E.
(A)
Al
q =]
44
x 1 x 2x X
Fig.1
B Forn=1, interval 1s [U, 27‘!’]

So the length of the inscribed polygon with n=1

L1 = distance between the points [:U, 0) and [2?1’, 2;’?’)
= Jl2m—0)* + (27~ 0y’
=4 + 41

=87
= 2}‘T~Jr§

I 889




Forn=2

Interval 15 [U, 2;??] forn=2

Subintervals are [CI, J‘T] , [:-T, 2:??]

The length of the inscribed polygon with n==2 1z

Lo =Distance between [U, EI) and [;?T,;?T) + distance between [;?T,;?T) and 1:2;?1', 2;??)
=1 (from figure and summitry)

Forn=4

.
Fig.d

Sub intervals are [ 0,77/ 2], [/ 2,7), [m.370/ 2], [37f 2, 2]
The length of the inseribed polygon with n=4 iz

L4 = distance between [D, CI) and [gl+;—r] + distance between (EH_E]

2
and (77,77
+ distance between(ﬂ,ﬂ) and [3;3;—1]
3_ 3

T e T ET-E 5

by : by : iy : i :
AT
2 2 2 2
o B025414 334258
L, 937




(Cy  Wehavey=x+sinzx

Then d—yz 14+ cos x
adx
PRt
[_y] =|:1+|:os xjg
dx

Then the arc length
2
r=[" 1+[d_y] dx
0 dx
FE] 2
L= Iu q|'1+[1—i-|:-::us.7'r) dx

(L With the help of computer we get the value of arc length about|2.5075%

As we increase the number of sides the walue of curve length gets closer to the
actual value,

Answer 29E.

Caonsider the equation of the curve is

v=Inx

That lies between the points [l.l‘]] and [2.][12}.
Need to find the exact arc length of the given curve.

Differentiating ¥ with respectto x, to obtain

dr 1

de  x

Write the arc length formula as

MNow the arc length is given by
2 iy 2
L=[1+( L) @
- dx

:j I+[l]]d&'
g X

dx
I X
= [ e ()



Let
1+x*=¢1
x=¢-1
2xdx = 2udr
xdx = tdt

Limits: if x=] then ;-2
if I=2then ,:Jg

Substitute the above expressions, to get

iJdex-iﬁ"_ tdt
=f%d:
=f{%+l)dt Write t—_=ﬁ+
Continuous to the above
5 1 ¥
=£ﬁdr+:!;ld:
- N
=%_m:::] o
1, ‘JE IIN
2| 5+ﬂ
) ) | e ')(vr )|
_2_]n(£+|](f 1) |(J§+l) 2-1), H -]

Continuous to the above

=[% (51| 1 [y

1
e |15

]
| JG- -)| |J(z ) | b

= ln5|J§—||—1n‘J_—1|+J_—J_

Therefore the exact length of the arc is

L= In%lﬁ-l‘-ln|ﬁ—]|+£-ﬁ




Answer 30E.

We have the equation of the curve y = x**
Then ﬁ = ixlﬂ
dy 3
2
Thus E =Exm
dy Q
So 1+ Z x| _ ISPRLIEE
dy 9
-1 9+16 )

f1+ d" l I|9+16x
y 3

Then arc length

L= [U 1+(dx] dx

- lr«r"9+16xmdx
3 0
Let 4513 = ¢ = %x'mdx =g

2
:dx:ixmdzzz(i—] dt
4 444
3 4
= da=—i"di
£
Andwhenz=0,t=0and whenz=1,t=4
It o3 3 4
= L=—| &3+ | —& et
3'[” (64
RN LN =
_ajnz NEEr
Using the formula

.I.uz a? g = %(az +2u2)\}a2 +a? —%ln (u+n‘a2 +1? )+c
4
L= i[z—(%zzz)\,@ +é —%m (z+ 944 )}

&4 o

1 31 21
A1) 5 a4 45— 0+ in (B
64[2( )5-ghn(4+3) SH(I)}
:L{@—ﬁ(lnﬁ?—hﬁ)}
g4 2 B
_205_81
" 128 512

Answer 31E.

Equation of the curve is x*% 437 =1

Domain of the curve is[—l,l] and range is [—1,1]

¥

Fig.1

We zee that the curve 15 symmetric in all four quadrants so total length of the
curve =4 = length of arc rom x =0, tox =1



Rewrite the equation of curve x°% +37 =1,

Then y= [1— xm)m
— di:z[]_xm:lm 2
dr 2 3
= il =—x1" |[1— xm:lm
&
2
= (d_y] =x [l—xm)
x
T
PRt
= 1+[1J =x0
dx

=1z
x ]

Then the length of the arc fromx=0to x =11z

2
L= i+ 2] ax
o\ \d

x
= L= J-Dlm.'x'mdx
=1l = .I-Dl FYidx

1
= L=lim | 7 dx

ot

23
= I =lim| 2 _
0| 273

T
= L:}ﬁ[zxmfz]i

= =2
2

Then total length of the curve 154wl =4 xg

Answer 32E.
(A

Fig.1

(Bl We have ¥ = x°

o y=x"

Then P Ex'm
dx 3

2 5 23
Theq 1+(d_y] =\/9x +4=J9x +4

7 T
9x 3x

7}

[XQ.G +y2.l’3 — 1]



Or

Since T 15 not defined for x =0, zo this integral is an improper integral
. 149277 14

Thuz = L=11m_[ XT{JX
PN 3x

2

Let 3% =u,thenx=u3f2?:>dx=%du

And when x=t, thenu = %" = k(o) so kb — 0" asz —=0°
Andwhenxz=1,and y=3

2 vl 32
Then L= lim 3—”“+2%d
s

=0tk

3
=llim.|- unfu® + 2%
Qh—ot e
Letu = 2tan 8 = du = 2sec” 8489

Whenu=k, 5‘=tan_l(g]=v (letiso v—=0% asu —0°

Andwhenuw=3, §=tan"’ [%]

So L= lfim j O Ot 9+ 4 (2sec? 8)a8

9v—>U+
(502
:%liral+ ( )85&c29.sec9tan5'd9 {1+tan25'=SEC2 9}
oz~ [ 342
I ( )secgﬂsecgtané' a8
9\\—)0"‘
9
e Sice, isn3|:35'=35&::2f5'sn3u:5'tana€7
9\’—»0"' 48

3
—H( el I

2
_B|13413
274 2

1
- 5[13\"1_3—8]93144

343

Then E=E ¥
dy 2
2
:,[d_fj _¥
&x 4
2
dx 9
= 1+|=| =142y
v 4



2
Then 1+ ﬁ =lq.'4+9y
dy 2
1 s (ax
Andarclength.ﬂ:g_l-uﬂ.'4+9ydy we used .E.=_[ 1+[d—xJ dy
e Ly

Letd +9y=1¢, then Sy = ot
Sowheny=0t=4 and wheny=1,t=13
Therefore .[.=l_|-13 :ﬁ
20 9
= L=iIB.c”2a’z
187+

1{2£m}13
18 3 |,
T

' 4

18 2

:;_?[4‘1?_ JF]: %[13\,4"1_3—8}51.44

2
() Arc length L= 2j 1+(§Jd+f 1+[j]dy
LY LY
=2j 14| 4% d+I 14 & a’y
dy dy
.|-1.'4+9ydy+ .I-q,|'4+9ydy (From patt B)
Letd + 9y = tthen 8dy = dt
When v =0thent =4, when v =4 thent=40
And when v =1, =13
1] 3 ~dt 40 —dt]
S0 L=5|:2L VIIEE_F-I-IZ EE
- i[zfz”zdz +_[:zmdz_
Lo tl2aeT [
N
%[2«,‘ — o + A - 1F ]
1
E[IBV"_+4OJ_ 16]
1
E[IBJ_+80J 16]‘
Answer 33E.

Let 7 (x) =2x"
Then fF '(x) =3z

= [f'[x:]]zz 9x
= 1+[(0)] =149
[ (0)] = i+5a

Then arc length function 15 £ (x:l = .I-:.. 1+[f '[z)f ot
L(x)=[ 1+osa

Let 1+% =y
=l = dy

=i = —

Andwhent=1theny =10 and when : =x then v = (1 + 2x)



Then L I:x) = ]g_l-limx:l J)_«*dy

1[ 2y (1452
=§[ 3 }

10

=%[[1+9x)m—10«4‘f1_0:|
L{x)= %[[1+9xjm ~10410 |

Answer 34E.

Consider,

v=In(sin(x)),0<x<x

We have to find the arc length function with starting point [%{])

We know thatif f"is continuous on [a,b], then the length of the curve y= f{_\'],a <xsbis

o I+{£]-dx ...... (1)
. dx

The objective is to find the length of arc of function with starting point [%0]

Here, y=In(sin(x))

dv cosx
= — =

dx sin'c

=1+ dj =l1+cot’ x
J =CSCX

lt means at x =~ , y=0

So, the limits of arc length are %and X
From (1), the length of arc of function with starting point [%,{]Jis.

szgcscxdr

= In|csc.x —cot x|

Hence, the arc length function is In|cscx—cot xil -




(b)
Now sketch the graph of the function y = ln(sin_r) and the arc length function

L =In(cscx—cotx)is as shown below:

24
1 3
L=In(cscx—cotx)
x
-+
of S n In
y=In(sinx)
Answer 35E.

Consider the function.

y=sin" x+J1-x°
Find the arc length of the curve , — gin™! x4+ /] — x? With starting peint (0,1)
Recall the arc length formula.

If f" is continuous on [a,b], then the length of the curve, y = f{t] a<x<hb, is as follows:

Differentiate the function, y= sin” x+ ,“1 — x* with respectto x,to getthe following:

d df. . :
E(f{x])=a(sm x+ﬂ)
f’(.t]:%(sin"x%%(ﬁ)

1 X
-2 J1-2
1-x

f'(-‘]=ﬁ

S'(x)=




The length of the curve y =sin "y +Jl=x 02 x isas follows:

»

-1
L= dl F 1 dfi(t)=
olise rem0mero-g2;
.‘L::[Jl—Jr':l[flr—.rj‘mf

. — : - : 2 Ll 4
L=IJ1 F :J+r dt  Since {c:—b]‘za'—?ab+h‘

1-¢
2 "r
L=
In/._
L=}[,/idr Since @’ —b* =(a+b)(a-b)

L:ﬁjhdr

L=JE[-

L=221+x-2\2
L=22(Vi+x-1)

Therefore the arc length of the curve |, — gin™! x + 4/1 — x* With starting point {l‘.ll}as
L=22(Vi+x-1)|

Answer 36E.

141

1 2
Weh =150-—{x-350
e hawve y 40[x )

SN T
dx 40

2
:,[d_y] = L (x-50
dx) 400
2
1y (dyJ 400 +(x—50)
dx 400

Z 2
4004+ {x-150
o e[ @) o A0 L e so)
dx 400 20
Then distance traveled by the kite from x=0to =80

g0 ] z
L=| S5 {400+(x-50)"dx

Letz—50=1t thendsz=dt,
When x=10, t=-50 and when x=80, t =30

B 1 pa0 3
= L_ﬁj_mdamoﬂ dt




2
Tzing the formulaj-«..n'ag + i du =%v'a2+u2 +%ln (u+«¢'cx2 +u3J+c
1[¢ T 400 i
= L= ?Mooﬂ +=ln [z+~.f400+z )
0

- %[15@%00[1%3%@)]+25¢%—200[1ﬂ (—50“%)”
= %[150J1_3+ 200{1n (30+10413 }} + 250429 — 200{1n (1029 - 50)”

_ %{150\fﬁ+ 2504/29 + 200{1n miH

V2o -
15 660555
— +— 1041
e X { ) 38516}
=1227761
L=12278 ft
Answer 37E.
¥
1Emis
180
X
Fig.1

2
We have y= 120- 2
45

. _ . . . 2k
Thiz iz a projectile motion, the horizontal distance x=u | —
g

Where i =19 m/z (horizontal speed) &2 = 180m (height) and g = acceleration due
to gravity = 10 m/s?

Then xw15 4271]80 = 90m

We have to find the length of the arc from x = 0to x = %0

2

Wehave y= 180- 2
45

dy_ o
dx 45

_ ()4
dx 45*

= 1+[dy] 1+4i2
45

151

2
Then arc length L = _[;D 1+[j—;] cfx

Then

Let E=.t::»iaé'xzafz::w:br:ﬁafs
45 45 2

Andwhenx=0thentf=0whenx=90the =4
Then L_—I 1+ ¢%d



2
Tsing formula I Jat ufdu = % dat it +%1n (u + ot +ut ) +c
1 "

:L:EF 1+32+—1n(z+ 1+32)}
212 2 A

- %{%ﬁ%m[mﬁ)—(m%m 1”
- ?Eﬁ%m(% Jﬁ)}

= L= 209 1m
So distance traveled by the prey 1s about (209 1m

Answer 38E.

Consider the an equation of the arc is
y=211-20.96cosh0.03291765x.
Need to set up and estimate the length correct to the nearest meter.

Differentiate y with respectto x, to get

& =(-20.965inh 0.03291765x)(0.03291765)

dx

& =(~0.68995394405sinh 0.03291765x)

X
And given that |r| <91.20

Thatis the x limits are —9]1.20<x<91.20-

Write the formula for the arc length as
") [h‘ 2
L=[ +(+) dy
. dx
Therefore, the distance travelled by the prey is

L= "f“ I+[ﬁ]:dr

-91.20 dt
9.0 -

= | 1+(~0.68995394405inh 0.03291765x)’ dx
9120

Now, calculate the integration by using Maple software:

Maple input command as:

=evalf{int(sqrt(1+(-0 6899539440*sinh(0.03291765"x))"2) x=-91.20_91 20));
Maple gives an output:

> evalf(int(sqrt(1 + (-0.6899539440-sinh(0.03291765-x))*), x=-91.20.91.20) ):
451.1370409

Hence, the distance travelled by the prey is [45]1.1370409m

Answer 39E.

A manufacture of corrugated metal roofing wants to produce panels that are 28 in. wide and 2
in_thick.

The roof of the metal takes the shape of the sine wave y= sin(%].
Since, the profile of the roofing makes two peaks over the course of 28 in.

The length w is equals to the arc length of the graph of y = sin[%) for 0<x<28.



The arc length formula, to find the length of the curve y = f(x), a<x<b,is,

L=E I+[%]:d.r-

Find the derivative of y.

e(3)

dv « [ .rr.tJ
7

dc 7

The arc length

Use Maple calculator to evaluate the integral as follows:

[ [foe o5 e

0

8% +49 I-flliplit!-ﬁ[+
J & +49

n
> evalfT10]( (1))
2936072662

Answer 40E.

(&) Equatien of the shape of a catenary is y=c +acosh [i]
c

Then j—‘y =nsinh [i] l

X [ 30 B3

=sinh [5]
@

2
Therefore 1+[d—y] =sinh? [x]+1

x a
= cosh? [E]
a

[Since coskiz—sinkixz=1]

PAE x
= 1+[—y] =cosh [—]
ax a

Andthe length of the wire L 15 given by

dx (Iif(x)dx = 2_[:f [X) dx TH=) 12 even)




(B)

We have been given length of wire L=151 ft

Distance between (-b, 0 to (b, 0) =50 &

—=2b=50= [b=25] ft

And from (1) (in part &)

L =2asnh [bfﬂj
=>2czsinh|:25fa): a1
=>2czsinﬁz|:25fa)—51:

0

For solving this equation for a, we sketch the curve of

f[a) = Zasinh (ﬁ]— a1

v

i

We see that a="72.4
Another given conditions 18 yl':l:l:l =20

=ctacosh [D) =20

5., 100 120 140 180 1&0

Fig.1

=ota=20="= [20—4)

e =20-724=-524

x

0

Then y(25)=~524+(724)cosh (224, ) 24 359ft

Answer 41E.

v (25) 24 36 ft

Above the ground.

We have v :.I-lx'\.'f —ld, 1=x=4

Then

v_ i_[:wif —1 dt

adr  dx

=>d£: =1

ax

By fundamental theorem)



We know that the arc lengh formulais

A
L= [ 1+ dy dx
dx

a

Then length of curve L = _I-: 1 dx

sen T el
. -I.x”dx: *

5:"2 »n+1
[2 5x2:|

2 512
5 [472 -1]

2

=—|32-1
“[52-1]
62

That iz length of the curve 15 |L =124

Answer 42E.

Consider the curves with equations, x" +y" =1, n= 2.4, 6,... These are called the fat circles.

Sketch the graph of the equations, x* +y" =1 for y=2.4.6.8 and 10.
[

1.5%y

1.24

ing

o 2wy 20=0
;"I-l-_p"l-'l =i
% Bey B 1ml)
KBy B1=0
w 10+ 1010

-1.2¢

-1.5¢



Set the integral for the length, L,

,, of the fatcircle with = 2k -

Then,
x!i +y2ir :I
Write the expression for the arc length formula, to find the length of the curve, y= f(x]

asx<h-

L=I 1+(%]zdx------- (1)

Find the derivative of y.

IZ# +J,21 =1

y= "'.llﬂl _le

Differentiate with respect to x.

dx 2k dx
ﬂ_L 24 ;“' 2k-1
a2k I
dy 2i- 2 :
- —x“(l—x*)"

Substitute the value of derivative (1), to find the length of the curve.

Find the length from (~1,0) to (I,U) . and then, double it.

L=i l+[%}zdx

¥

L,= Z:i:JI +[-x“-' (1-x* )“""”"] dx

- zj‘ Yo (-0
-1

From the graph, notice that, the fat circles get closer, and, closer to a square of side length 2.

So, the sum of the lengths of the four sides of the square is 8.

Therefore, lim L, = _
—h L



