Composite Functions

1.01 Introduction and Previous Knowledge

We have studied the notion of relations and functions, domain, co-domain and range have been
introduced in previous class along with different types of specific real valued functions and their graphs. As the
concept of function, we would like to extend our study about function from where we finished earlier. In this
section, we would like to study different types of functions.

Function : A function from a non-empty set A to a non-empty set B is defined as a rule in which every
element of a set A is uniquely associated with the element of set B.

Domain, Co-domain and Range of a Function : If fis a function from set A to set B then set A is
called as domain of f and set B is called as co-domain of f. All those elements of set B which are the images
of elements of set A are called as range of f. It is written as f(A).

Constant Function : In this type of function, every element of domain is associated with only one
element of co-domain.

Identify Function : A function defined on set A in such a way that every element of A is associated to
itself is known as identity function of A. It is written as /,

Equal Functions : Two functions f'and g are called equal if.

(1) Domain of f = Domain of g (i) Co-domain of f = Co-domain of g (ii)) f(x)= g(x), V x e domain
Type of Functions on the basis of association of elements
(i) One-One function : Let f : A — B is a function, then f is one-one if every element of set A has distinct

image in set B

(i) Many-One function : Let f : A — B is a function, then f'is called many-one if two or more elements
of set A has the same image in set B.

(iii) Onto function : A function f : A — B is said to be onto if every element of set B is the image of some
element of set A under the function f i.e. for every element of B, there exist some pre-image in A i.e. is
onto function if f{A)=B.

(iv) Into function : A function f : A — B is said to be into if there exist atleast one element in set B which
is not the image of element of set A under the function fi.e. fis into function if f (A) #B.

(v)  One-One onto function : A function f : A — B is said to be One One-Onto if f is one-one and onto.
This is also called bijective function.

1.02 Composition of Function

Let A, B, C be three non-empty sets and let f : A— B and g: B— C are two functions.

Since f'is a function from A to B therefore every element x of A threre exists a unique f (x) in set B.

Again since g is a function from B to C therefore every f(x) in set B there exists g [ f (x)] in set C.

Thus we see that for two functions f and g we get a new function defined from A to C. This function is
said to be a composition of functions and represented by ( gof ) . It is defined as follows.

[1]



Definition : If f : A— B and g: B — C be two functions. Then the composition of f and g, denoted by gof,
is defined as the function (gof): A— C,

(sof)x=g[f(x)]. V xeA

"’-

gof
Fig. 1.01

Note : By the definition of g o f, when every element x of set A have f(x), element of domain of g. so that
be find image of g. Hence g o f'is defind if the range of f'is the subset of domain of g is necessary.

Ilustrative Examples
Example 1. If A={1,2,3},B={4,5},C={7,8,9} and f:A—>B and g: B — C be the functions defined
as f(1)=4, f(2)=4 f(3)=5; g(4)=8, g(5)=9 thenfind gof .
Solution : We have (gof):A—C

(s0 1) = 5[ F(1)] = 2(4) =8
(s0f)(2) =8/ (2)]= g(4) =8
(s0)(3)= [/ (3)] = ¢(5) =9
(s0)={(1.8).(2:8).(3.9)

Example 2. If f:R—>R, f(x)=sinx and g:R—> R, g(x)=x" thenfind gof and fog.
Solution : Here the range of f is the subset of domain of g and range of g is the subset of domain of f. There-

fore (gof ) and ( fog) both are defined.
(gof )(x g[f ]:g(sinx):(sinx)2 =sin’ x
(fog)(x f[g ]zf(xz)zsinx2

Here (gof )= (fog)
Example 3. Iff:N—>Z,f( )

and g:Z—)Q,g(x): x+1 /2 thenfind fog and gof .
Solution : (gof )(x g[f } g(2x)=(2x+1)/2, ~xeN

here ( fog) does not exist.
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1.03 Properties of Composite of Functions
(i) The composite of functions is not necessarily commutative

Let f:A— B and g : B —» C be the two functions, then composite function ( gof ) A—>C
exists and defined because range of f is a subset of domain of g. But here ( fog) does not exist as range of

g is not a subset of domain of A of f, thus if C Z A, ( fog) will not exist.

If C=A then f:A— B and g:B—> A

In this case (gof ): A—> A and (fog): B— B both will exist and (gof ) #( fog) as the domain
and co-domain are different.

If A= B=C then (gof ): A— A and (fog): A— A ,but it is not necessary that both will be equal.
Example : If f:R—R, f(x)=2x and g:R— R, g(x)=x" then (gof ):R—> R, (fog):R— R but
(8of )(x)=g[ £ (x)] = g(2X)=(2x)2=4x2
(fog)(x)=1[g(x)]=f (+*)=2
(fog)=(fog)

Note : ( gof ) and ( fog) are equal only in specific conditions.

)
(
Example : If f:R>R, f(x)=x’

g:R—)R,g(x):x3 then (gof):R—)R,(fog):R—)R

and (s0r)(x)= [ £ (x)]= g (x*)= (") = o

(e -

(fog)(x)=fLs(x)]= (")
(fog)=(gof )

This condition does not occur every time.
(ii) Composite of Functions is Associative

Thorem 1.1 If three functions f,g,h are such that the function fo(goh) and (fog)oh are
defined then

fo(geh)=(fog)eoh
Proof : Let the three functions f, g, h are such that:
h:A—>B, g:B—>C, f:C—>D

Now both the functions fo(goh) and ( fog ) oh are defiend from A to D.

ie. fo(goh):A—>D and  (fog)oh:A—D
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Clearly the domain A and co-domain D of both the functions are same, hence to compare them we

have to prove that

[ fo (g0h)](x)=[(fog) oh ](x), +xe A
Let xe€A, yeB, zeC suchthat

h(x)=y and g(y)=z

[fo (goh)](x)z f [(goh) x)]
=r1s(»)]=1(z)

then f[g{h(x)}
[ fo(goh))(x)=1(z)
again [(og) oh] (x)=(og) [ (x)]= (fog)(»)
=fLs(»)]=1(z)
from (1) and (2)

[fo(goh)] (x) = [(fog)oh](x), »xeA

fo (goh) = (fog)oh
This can be shown through the following figure:

(fog)oh or fO(goh)

Fig 1.02
(ii) The composite of two bijections is a bijection

¢y

(2)

Theorem 1.2 If f and g are bijective functions such that (gof ) is defined then (gof') is also a bijective

function.

Proof:let f: A— B and g : B— C are the two one-one onto functions then composite function

(gof) is defined from set A to set C such that,
( gof ) A C
To prove that (gof) is one-one onto function:

One-one : Let gq;,a, € A be such that
(80 ) () =(s0r) (a2)
= gl fla)]=¢l f(a)]
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= fla)=f(ay) [ g is one-one]
= a, =a, [+ f 1S one-one]
(gof) is one-one
Onto : If ¢ eC then
ceC = JbeB issuchthat g(b)=c [ g isonto]
again beB = JaeA issuchthat f(a)=b [+ f is onto]
similarly ceC = Ja €A is such that

(gof)(a) =gl f(a)]=g(b)=c

i.e. every element of C is the image of some element of A, in other words A has the pre-image of every element

of C. Therefore (gof) is onto.

(gof) is One-one onto function.

Theorem 1.31f f : A— B then fol, =1z0f = f . where I, and I, are identity functions defined in

set A and B.

i.e. composition of any function with the identity function is function itself.
Proof : v I,:A—>A and f:A—>B o (fol,):A>B
Let x € A then
(o 13) ()= [1a(2)] = 1(x) [ 1,(x)=x.VxeA]
foly=f (1)
again f:A—>B and I;:B—> B .. (Igof):A—>B

Let xeA and f(x)=y, where yeB

(IB Of)(x)le [f(x):IZIB (y)=y [ IB(y)zy, VyeB]
=f(x) )

from (1) and (2) ~ (Izof)=f=(f<1,).

Ilustrative Examples

Example 4. If f:R—)R,f(x)=x3 and g:R—)R,g(x):3x—1 then find (gof)(x) and (fog)(x) .

Also prove that fog # gof .
Solution : Clearly (gof ):R— R and (fog):R— R

(gof )(x)= g[f(x)] =g (x3)=3x3 -1
(fog)(x)=f[&(x)]=f (3x=1)=(3x~1)
(3" 1) % (3x-1)’

(8of ) = ( fog)
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Example 5. If f:R—R, f(x)=x"+2 and 81R—>R,8(X)=Ll then find (gof) and (fog) .

Solution : Clearly (gof ) :R— R and (fog):R— R both exist
Let xeR

X+2 X +2
¥4+2-1 x*+1

ad (f02)(x)= s ]f[ J (_szU

x—1 (x—l)

then (go fHx)=glf ()] =glx*+2] =

Example 6. Verify the associativity of the following functions:
fiN>Zy, f(x)=2xg: Z,>0Q.8(x)=1 and h:0 - R.A(x)=
Solution : fiN—>Zy,g:Zy—>0Q, h:Q—>R
(¢of):N—>Q and (hog):Z,—>R
(hog)of :N—>R
and h:Q—>R,(g0f):N—>Q .. ho(gof):N—>R

Thus both the functions (20g)of and ho(go f) are defined on the set from N to R . Now we have to show
that

[(hog)of:l(x) =[h0(g0f):|(x), VYV xeN

Now [(hog)of ](x)=(hog £ (x)])=(hog)( x)=h[g(2x)]=h[2%j:e1/2x O
and [ho(gOf)](x)=h[(g0f)(x)]=h[g(f(x))]
=h[g(2x)]=h[2ixj=el/2x )
from (1) and (2)

[(hog)o f:l(x) = [ho(gof)](x).
Thus the associativity of the function f,g,A is verified.

Exericse 1.1

1. If f:R—R and g:R—> R are the two functions defined below then find (fog)(x) and (gof)(x)
(1) f(x) =2x+3, g(x) = x> +5 (i1) f(x) =x° +38, g(x) =3x> +1

(iii) f(x)zx, g(x)=|x| (iv) f(x)=x2+2x+3,g(x)=3x—4.
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If  A={ab,}, B={uv,w}
and f:A— B and g: B— A are defined as
f={(av),(bu). (c.w)} 5 g={(u.b).(v.a),(w.c)}
then find ( fog) and (gof) .
3. If f:R" >R and g:R" > R are defiend as
F(x)=x" and g(x)="x
then find gof and fog . Are they equal ?

(x—4) then

W —

4. If f:R— R and g: R — R are two functions such that f(x)=3x+4 and g(x)=

find (fog)(x) and (gof)(x) also find (gog)(1) .
5.  If three functions f, g,h defined from R to R in such a way that f(x)zxz, g(x)=cosx and

h(x)=2x+3 then find the value of {ho (gof )}N27 .
6. Iffand g are defiend as given below then find (gof)(x) .
(i) f:R—>R, f(x)=2x+x7, g:R>R g(x)=x*+2x+4.
7. I A={1,2,3,4), f:R—>R, f(x)=x"+3x+1
g:R—>R,g(x)=2x-3 thenfind
(i) (fog)(x) (i) (gof)(x) (i) (fof)(x) (iv) (g0g)(x).

1.04 Inverse function

(a) Inverse of an element
Let A and B be two sets and fis a function from A to B. i.e. f: A— B If an element 'a’' of set A is
associated to an element 'b' of set B under f then b is the f image of @ under the function fis expressed as

b= f(a) and element 'a' is called as pre-image or inverse of 'b' under f and is denoted by a= f~' (b) .

Inverse of an element may be unique, more than one or no one under a function. In fact, this all depend
upon the function is one-one, many one, onto or into.
The function fis defined as shown in the figure.




We see that

W) ={-11, £ (4)={-2.2}, /7 (6)=¢ and f7(9)={3}.
Example : If f:C—>C, f(x)=x>-1 thenfind f'(-5) and f~'a8¢ .

Solution : Let f™'(-5)=x then f(x)=-5

= X-1==5 = =4 = x=+-4

= x =+2i. both are in C.

again let /7' (8)=x then f(x)=8.

= x*-1=8 = x*=9, x==3 botharein C
£ (®)={-33)

ie. f7(-5)={2i,-2i} and f7'(8)={-3,3}.

(b) Inverse function

Let A and B be two sets and f : A — B. If we correlate the element of B to their pre-image in A

under any rule then we find that there is some element in B which is not associated with any element in A. It
happen when it is not onto. therefore, it is necessary that f'is onto if all element of B would associate any element
of A. Just like that if f is many-one then some element of B is associated with one or more element of A

Therefore, an element of B is associated only one element of A only if fis one-one.

Thus we see that if f: A— B is One-One Onto function then we can define a new function from

B to A in which every element y of B is related to its pre-image ! (y) inA. This function is called as Inverse

of fand is denoted by f~! .

Definition : If f : A— B is one-one onto function and inverse of fis f~', then B is a function defined

in Ain which b e B, isrelated to a € A where f(a)=b.
fiB>A f(b)=a o f(a)=b
It is represented as f~' :{(b,a)|(a,b) € f} in terms of ordered pair.

Note: The function 7~ is said to be the inverse of f, only when it is one-one onto.
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1.05 Domain and Range of inverse function
It is clear from the definition that

Domain of f~! = Range of f
and Range of f~! = Domain of f

For Example : If A={1,2,3,4}, B={2,510,17} and f(x)=x>+1 then
f()=2, f(2)=5, f(3)=10, f(4)=17
£={(1,2),(2,5),(3.10), (4.17)}
Clearly f is one-one onto therefore its inverse exists i.e. f :B—> A and
£ ={(2.1).(5.2).(10,3),(17.4)}.
For Example : Let f:R— R, f(x)=3x+4, then we can easily prove that f'is one-one onto function.

Therefore f:R — R exists
Let x e R (Domain of ) and y € R (Co-domain of f)

Let f(x)=y, Lox=110)

Now f(x)=y:>3x+4=y:>x:T

= S

_ _ -4
SRR () =222 s defined.

1.06 Properties of Inverse Functions
Theorem 1. The inverse of a bijection is unique.
Proof : Let f: A— B is one-one, onto function then to prove that inverse of f is unique.
If possible let g: B— A and h: B— A, f are two inverse function of . Let y be any element of B.

Let g(y)=x and h(y)=x,
Now g(y)=x = f(x)=y [ -- g is the inverse of f]
and h(y)=x, = fxy)=y [-+ h,is the inverse of f]
f(x)=rf(x,) = X=X, [ -+ fis one-one]
ie. g(y)=h(y), V yeB
g=h

Thus inverse of fis unique.
Theorem 1.5If f: A — B is bijective function and f~': B— A, f is the inverse of fthen fof ' = I

and f'of =1,, where I, and I, respectively are the identity function on A and B.

[9]



Proof : f:A>B and f B> A
fof ':B—>B and flof:A>A
For every a € A there exist a unique b € B .
Where f(a)=b or f'(b)=a
(for ) (B)=£| £ (b)) = £ (a)=b
(for ')(b)=b,  VbeB
fof =1y
similarly ~ (fof ™' )(a)= £ [£(a)]=F " (b) =a

(fof_l)(a)za, YaeA
flof =1,

Theorem 1.6 The inverse of a bijection is also a bijection.

Proof : Let f : A— B is one-one, onto function and g: B — A is the inverse function of f. To prove
that g is also one-one onto function.

Let a,,a, € A; b,b, € B are elements such that

g(b)=q ie.  f(a)=b [-- gis the inverse of f ]
and g(b,))=a, ie.  f(a)=bh, [-- g is the inverse of f |
Now g(b)=g(b,) =  aq=a
= f(ay)=f(ay) =  b=h

.. g 1S one-one

againa €e A = 3b eB for which f(a)=0b

Now fla)=b=g(b)=a

a€A = 3beB suchthat g(b)=a

.. g 1s Onto

Thus inverse function g is also one-one onto.

Theorem 1.7 If f and g are two one-one, onto functions such that the composite function gof is defined
then there exist an inverse of gof i.e.

(sof) ' =1 og™!
Proof : Let f: A— B and g: B— C are two one-one, onto functions. Given that (gof):A > C is
defined therefore from theorem 1.2, gof exist and given by
(gof )71 C—>A

To prove that (gof) "' = flog™
[10]



Now f:A— B isone-oneonto function = f71:p_ A exists
Again g:B — C is one-one onto function = g~ C— B exists

(f_108_1)1C — A exists

similarly domain and co-domain of ( gof)’1 and ( S _log_l) are same.
Let aeA,beB,ceC areelements such that
f(a)=b  and g(b)=c
(s0f)(@)=8[ f(a)]=2(b) =

= (gof) " (c)=a
again f(a)=b = [(b)=a
&(6)=c = 0
(£70g)(e)=r"[&7 () ]= 7" (b) [ from (3)]
~a [from (2)]

Therefore from (1) and (4), for any element x of C.
(gof) " (x)=(f"og™")(x)
This proves that (gof)% =flog™

Illustrative Examples

Example 7. If f:R — R, f(x)=x"+5x+9 then find the value of f~'(8) and f7'(9) .

Solution : Let f‘l(g)zx = f(x)=8
= 2 45x+49=8 = X’ +5x+1=0
- Lo T5EV25-4 54421
2 2

£ 0)= {35+ B1) L (-5

again Let f_1 (9) X = f(x)=9

= P +5x+9=9 = x=0, x=-5

£7(9)={0,-5}.

Example 8. If f:R — R, f(x)=x"+1 then find the value of f'(~5) and f'(26).

Solution : Let f(-5)=x then  f(x)=-5

= x2+1=-5 = xt=-6 = x=24-6

)]
)
©)
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then /—6 is not a real number

+J/-6 R L f(-5)=9¢
again let f1(26)=x then f(x)=26
= X41=26= x*=25= x=15

77 (26)= {55
Example 9.If f:R—> R, f(x)= x* +2 then prove that fis one-one onto function. Also find the inverse of f.
Solution : Let x;,x, € R then f(x;)=f(x,)

= X +2=x3+2 = x=x3 = X=X
.. f 1s one-one

1/3

againlet y eR then 3 (y-2)’" eR is such that

rl6-2)"]=(-2)+2=y

Thus function is onto
f 1s one-one onto function

since f is bijective then f~': R — R is defined as
F=x & flx)=y

but f(x)=x3+2 = 2=y

= =020 = S =(-2)”
FURSR N (x)=(x-2)".
Example 10.If f:Q0—0Q, f(x)=2x and g:0—Q, g(x)=x+2 then verify the following

(sof) ' =1 og™!
Solution : Since f and g are two linear functions therefore f and g are one-one onto functions thus their inverse
F!and g7! exist
fleoso W=,  vxeo ()

g'=0->0. g'(x)=x-2 VxeQ ©)
We know that composition of two bijective functions is also bijective, therefore (gof):Q — Q is also

bijective and its inverse exists
(sof) 100 v (gof)(x)=g[f(x)]=g(2x)=2x+2
(gof) ' (x)=(x-2)/2 3)
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agein R e

and (£ og™)(x)=r e (x)]=F " (x-2) [ from (2)]
=(x-2)/2 [ from (1), (4)]
from (3) and (4) (gof)" (x)=(f"og")(x), VxeQ
(gof) ' = fog™".

Exericse 1.2
If A={1,2,3,4},B={a,b,c} , then define four one-one onto functions from A to B and also find their
inverse function.

If f:R—R, f(x)=x"—3 then prove that r~! exists and find formula of ¢! and the values of
7@ 1)

If f:R— R is defined as follows

(i) f(x)=2x-3 (i) f(x)=x"+5.

then prove that f'is bijective and also find £~!.

If A={1,2,3,4},B={3,57.9},C={7,23,47,79} and f:A—>B, f(x)=2x+1,g:B—>C,g(x)=x>-2

then write (gof)™' and f~log™! in the form of ordered pair.

If f:R—>R, f(x)=ax+b,a=0 isdefined then prove that f'is bijective also find the formula of f-! .
If f:R—>R, f(x)=cos(x+2) thendoes s~ exist?

Find ¢! (if exist) when f : A — B, where

(i A={0,-1,-3,2},B={-9,-3,0,6}, f(x)=3x.

(i)  A={13,579}, B={0,1,9,25,49,81}, f(x)=x".

(1) A=B=R, f(x)=x3.

1.07 Binary operation

Let S be a non-empty set. A function defined from S x S to S where S is a binary operation i.e. set S

is defined in such a way that for every ordered pair (a, b) of set S there exist a unique element in S Generally

the binary operation is denoted by symbols * 0 or ® . We denote *by a=b forall (a,b) € SxS .

Definition : A binary operation * on set S is a function * : §x§ — S we denote *(a,b) bya * b

aecS,beS = axbeS, Vabel

For Example :

Addition (+), substraction (—) and multiplication (x) of integers are the binary operation on a set of

integers Z which relates the elements a, b of Z with (a+5),(a—b) and ab

[13]



2. For a power set of any set S, the union of sets (U) and intersection () are binary operations in P(S)
because
AeP(S), BeP(S) = AUBeP(S) and ANBeP(S)

3. In a set of rational number Q, *, is defined as
axb= %b, YabeQ

Q is a binary operation as for all a €0,b €Q = ab/2 €Q
4. In a set of real numbers R, *, where * is defined as
a*b=a+b—ab, Ya,beR
R is a binary operation as
aeR, beR = (a+b—ab)eR

5. Inaset of natural numbers N addition and multiplication are binary operations

aeN, beN = (a+b)eN, YabeN
aeN, beN = (a-b) eN, VabeN

But difference and divsion are not bianry operations on N.
6.  Division is not a binary operation in any of the sets Z, 0, R,C, N butin Q, R, and C, it is a bianry
operation.
7. Let Sis aset of all defined function in a set A, then composite funcion § is a binary operation as
f,geS = f1A>A g:A> A
= ( gof ) Ao A
1.08 Types of binary operations
(i) Commutativity
Let S be a non-empty set in which a binary operation * is defined a,b €S then we know that
(a,b)#(b,a) untill we have a =b . Thus it is not necessary that (a,b) and (b,a) defined under * have same
image. In other words it is not ncessary that
axb =b*a, Va,b,eS
If axb=b*a, V a,b,eS then * is commutative operation is S.
Defintion : A bianry operation in set S is said to be commutiatve if a*b =b*a, V a,b,eS.

For Example 1. In a set of Real numbers R addition and multiplication are commutative operations but
difference is not.

2. In a power set P(S) of Set S Union of sets (U) and intersection (1) are commutative operations

but difference of sets is not commutative.
(ii) Associativity

Let S be a non-empty set in which a binary operation * is defined. Let a,b,c,eS. If three elements
a, b, c are there but binary is defined for two numbers but here are three elements of S.

Therefore we have to foucs on a*(b*c) or (a*b)*c its not always true that
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ax(bxc)=(axb)*c, V a,b,ceS. If ax(b*c)=(a*b)*c,Vab,c €S then operation * is asso-
ciative.

Definition : A binary operation * defined on set § is said to be associative if
a*(b*c) =(a*b)*c, Ya,b,ceS.

For Example
1. Addition and multiplication of set of integers Z are associative but difference is not as

a+(b+c)=(a+b)+c, Yab,ceZ

a-(b-c)z(a-b)-c, Ya,b,ce”Z
but a—-(b—-c)#(a-b)-c
2. For a power set P(S) of set S the union and intersection of sets are associative as for A, B, C € P(S) we have
(AUB)UC=AU(BUC)
and (ANB)NC=AN(BNC).
3. If Ais a non-empty set and S is a set of all functions defined on A then operation defined on set S is a

composite function and is associative as

(fog) oh = fo(goh), vV f,g,hes.
(iii) Identity element for a binary operation
Let *, be a binary operation in set S. If there exist an element ¢ in S such that
axe=e*a=a,Vacs,
then e is called as identity element in S under the operation *
For Example 1. In a set of integers Z, 0 and 1 are the identity elements of A under addition and

multiplication because
foralla eZ O+a=a+0=a
and lra=a-1=a
2. In a set of natural numbers N there is no identity element in addition operation but for mulitplication

operation 1 is the identity element.

3. For power set P(S), S and ¢ are the identity elements of Union and Intersection because for all A € P(S)
ANS=SNA=A and AUg=9UA=A.
4. For a set of rational numbers Q, * is a binary operation defined

a*bzﬁ, YabeQ
2
Here 2 € Q is an identity element as for all a € Q
2-a a2

2xqg=——=uq d a*2=—=aqa.
2 an 2

Theorem 1.8 If an identity element of a binary operation in a set exist then it is unique.
Proof : Let e and €' be the identity element in the binary operation * in a set S

[15]



exe' =¢ =¢'xe [- eisidentity in S and ¢' € S] (1)
again e'xe=e=exe' [-+ e'is identity in S and e € S] )
from (1) and (2) e=¢
Thus if the identity element of any operation exists then it is unique.

(iv) Inverse Element
Let *, be the binary operation in set S and let e be its identity element. Let a € S. Let b be an element
in set S such that
a*b=bxa=e
then b is known as the inverse of a and is denoted by al.
The inverse element of a exist in S then a, is known as invertible element, therefore

a S isinvertible < a'eS

Note: Let * be the binary operation in set S and let e be its identity element then e *e = exe = e.
For Example 1. In a set of integers Z for every element a, (—a) <€ Z, is an inverse element
a+(—-a)=(-a)+a=0 (identity)
Thus every element of Z has inverse in addition operation.
2. In a set of rational numbers Q every non-zero number has inverse for multiplication operation and
acQ aa#0t = a ' =1/a because a-(1/a)=(1/a)-a=1
3. For positive set of rational numbers ¢* a binary operation is defined as
a*b=ab/2, Va,beQ'

We know that identity element of this operation is 2. The inverse of 4 e Q" is (4/a)e Q" as

4 ax(4/a)

4 4/
dg-Blaxa_, (identity) and - a*—==————=2 (identity)

a

Theorem 1.9 : Inverse of any invertible element with respect to a associative operation is uniuge.
Proof : Let *, be a binary operation in Set S, which have identity element e. Let a is an inverse ele-
ment of S. Let b and ¢ are inverse element of a under S, is possible.

Now, b*(a*c):b*e:b [...C:afl]

and ab*atxc=e*c=c {'.‘bzail]
But by property of Associativity,
b*(a*c)z(b*a)*c
thus b=c
So, inverse of an invertible element is unique.
1.09 Addition and Multiplication operations in modulo system

If a and b are integers and (a—b) is a positive integers divisible by m then a = b (mod m) is denoted

by a symbol and read as a is congruent to modulo m.
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therefore a=b (mod m) < ml(a—D)
For Example : 18=6 (mod 2) 18— 6=12,2 is divisible by 2
-14=6 (mod 4) —14-6=-20,4 is divisible by 4
again if m is a positive integer and a, b are two integers then by division algorithm there exist r, ¢ such
that

a+b=mg+r, 0<r<m
then r is called as the remainder of addition modulo m of @ and b and symbolically a+b = r (mod m)

ora+,b=r

a+b, ;ifa+b<m

therefore ~ a+, b= ’ [ifa+b>m > where r, is the non-negative remainder obtained by dividing

a+bbym
For Example 2+,3=1 [+ 2+3=5=1x4+1]
-10+,3=1 [+ —10+3=-7=-2x4+1]

similarly m is a positive integer then for two numbers a, b if
ab=mq+r, 0<r<m
then r is called as the remainder of multiplication modulo m of a and b, symbolically it is written as
a-b=r (mod m) or is denoted by ax,, b=r

ax b:{ab, ;ifab<m

r. iifab>m > Where r is the remainder when (a, b) is divided by m

Example 5%,3=3 [ 15=4x3+3]

5%46=0 [ 5%x6=30=10x3+0]
1.10 Composition table for a finite set

When a given set A is finite, we can express a binary operation on the finite set A by a table called the
operation table or composition table for the operation. For example:

Example 1. S = {(l,a),a)z); x} where @ is the cube root of unity

x| 1| oo

11| o| e

o|lo || 1

ol | 1] o

2. S = {(07 17 27 3); +4}

+, |0 1]2] 3
O[O0 1]2 3
1111213 0
2121310 1
31131011 2

[17]



Just like we have following result from composite table:

@ If table is symmetrical with respect to principle diagonal then defined operation is commutative under
the set.
(i1) If row initiated from @, is superimposed to uppermost row and column initiated from a; is superim-

posed to left most column then, identify element of operation is in set S.

(ii1) Any element of S is invertible if there is an identity element in corresponding row and column of table.

Illustrative Examples
Example 11. In a set of real number R, * operation is defined as
axb=a+b—ab, ¥ a,beR and a#1
)] check the commutativity and associativity of *
(i1) find the identity element in * if any
(i) find the inverse element of * with respect to R
Solution : (i) If a,b € R then by definition
a*b=a+b—-ab=b+a—-b-a
=bx*xq
* 1S @ commutative
again (a*b)*xc=(a+b—ab)*c
=(a+b—ab)+c—(a+b—ab)-c
=a+b—ab+c—ac—bc+abc
=a+b+c—bc—ca—ab+abc
and a*ab*ct = axab + ¢ — bct
=a+ab+c—bct—a-ab+c— bct
=a+b+c—bc—ca—-ab+abc
from (1) and (2) it is clear that (a*b)*c=a*(b*c)
* 1s associative
(i) Let e be the identity element of * then for a e R
a*e =a , by definition of identity
= at+e—ae=a = e(l—a)=0
= e=0€eR
0 is the identity element of *
(ii1) Let @ € R and let x be the inverse element of a then by definition
a*x=0 (identity)

= at+x—ax=0 = x(a—l)za

a
= x=——€eR, .. g=z1
a—1

a€R (a#1) is invertible

[18]
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Example 12. If §={(a.b)|a.beR, a=0} and an operation * is defined in S in such a way that

(a, b) * (c, d) = (ac, bc + d) then

) check the commutativity and associativity of *
(i) find the identity element in * if any
(i) find the inverse element of * with respect to R

Solution : (i) Let (a,b),(c,d)eS

then (a,b)*(c,d)=(ac,bc+d) and (c,d)*(a,b)=(ca,da+D)
similarly (a,b)*(c,d)#(c,d)*(a,b)
-, operation * is not commutative
again let (a,b),(c,d),(e.f)eS
now [(a.b)*(c.d)]*(e. f)=(ac. bc+d)*(e. f)
=(ace, (bc+d) e+ f)=(ace, bce+de+ f) (1)
and (@b)*[(c.d)*(e.f)]=(ab)*(ce,de+ f)
=(ace bee+de+ f)
- from (1) and 2)  [(a.b)*(c.d)]*(e.f)=(a.b)*[(c.d)*(e.f)] )

Thus * is associative operation.

(ii) Let (x,y) be the identity element in S then for all (a,b)e S
(a,b)*(x,y)=(a,b) [by the definition of identity]

= (ax,bx+y)=(a,b)
= ax=a and bx+y=b
Now ax=a = x=1 ['ca=0]
and bx+y=>b = b+y=b [.x=1]
= y=0

(x,y)=(L0)eS
identity element of S'is (1, 0)
because (a,b)*(1,0)=(a,b) and (1,0)*(a,b)=(a,b).
(iii) Let (a,b)eS and inverse element of (a,b) is (x,y) then by the definition of inverse
(a,b)*(x,y)=(1,0) [identity]

= (ax, bx +y) = (1,0)
= ax=1, bx+y=0
ax=1, = x=(1/a) (a#0)

and bx+y=0= y=(-b/a) (a#0)
inverse of (a,b) is (1/a,-b/a)
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Example 13.If S ={A,B,C,D} where A=¢,B={a,b} C={a,c},D={a,b,c} prove that the union of
set U is a binary operation in S but intersection of set  is not a binary operation in S.
Solution : We see that

AuB=¢U{a,b}={a,b}=B, AVC=C,AuD=D

BuC={a,b}U{a,c}={a,b,c}=D
BuD={a,b}u{a,b,c}={a,b,c;=D, CUD=D

Thus union of set U is a binary operation is S but BNC ={a,b} n{a,c}={a} ¢S therefore intersec-
tion of set ~ is not a binary operation in S
Exercise 1.3
1. Determine whether or not each of the definition of : given below gives a bianry operation. In the event
that * is not a binary operation, give justification for this.
1 axb=a onN (i) axb=a+b-3, onN
(@) axb =a + 3b, on N (iv) axb = a/b, on Q
(v) axb =a-b, onR
2. For each binary operation * defined below, determine whether it is commutative or associative?
(@ *onN where gxp=29% (i) * on N where a*b=a+b+a’b
() *onZwhere ax*b=a—b (iv) * on Q where a*b=ab+1
(v)  *onR where axb=a+b-7
3. Ifin a set of integers Z an operation * is defined as *,a*b=a+b+1, Va,b €Z then prove that *, is
commutative and associative. Also find its identity element. Find the inverse of any integer.

4. Abinary operation defined on a set R—{1} is as follows:-
axb=a+b—ab, Va,beR—|]q
Prove that * is commutative and associative also find its identity element and find inverse of any element

a.
5. Four functions are defined in set R, as follows

hi)=x f(0)==x f(x)=1/x, fy(x)=-1/x
Form the composition table for the ‘compositive functions f,, f,, f3, f, also find the identity element

and inverse of every element.

Miscellaneous Exercise — 1

. If f:R>R, f(x)=2x-3; g:R—)R,g(x)=x3+5 then the value of (fog)fl(x) is

1/3 1/3 /3 _7 1/3
o) els) el o5

2. If f(x):lfxzi, then the vlaue of f(y) is

[20]



10.

11.

12.

13.

14.

15.

1-—x

(a) x () x-1 (©) x+1 (d) 2x -1

X —

If f(x) =x—+? then the viaue of f [ f{f(x)}] is equal to

(a) x (b) 1/x (c) —x @ —1/x
If f(x)=cos(logx) then the valeu of f(x)~f(y)—%|:f(x/y)+f(x-y)] is
(a) -1 (b) 0 (©) 1/2 (d) -2.

If f:R—>R, f(x)=2x+1and g:R—>R,g(x)=x", then (gof)*1 (27) is equal to
(a) 2 (b) 1 (c) -1 (d) o.

If f:R—>R and g:R—>R, where f(x)=2x+3 and g(x)=x>+1 then the value of (gof)(2)

is

(a) 38 (b) 42 (c) 46 (d) 50.

If an operation * defiend on Q, as *,a*b = ab/2, Y a,be(Q, then the identity element is
(a1 (b) 0 (c) 2 (d) 3.

A binary operation defind on R as a*b =1+ab, Va,b eR then * is

(a) commutative but no associative (b) associative but not commutative
(c) neither commutative nor associative (d) commutative and associative

In the set of integers Z the operation subtraction is

(a) commutative and associative (b) associative but not commutative

(c) neither commutative nor associative (d) commutative but not associative

If an operation * defined on a set of rational numbers Q as *, a*b=a +b—ab, Ya,b eQ . The inverse

of a(#1) with respect to this is

a a a-1 1
(@ — (b) () (d —
a-1 1-a a a
Which of the following is commutaitve defiend in a set of R
(@) a*b=a’ ®) a*b=a" ©) a*b=a+b+ab  (d) a*b=a+b+a’b

For the given three functions justify the associativity of composite function operation
fIN>Z, f(x)=2x; g§:Z,—>Q, gx)=1/x; h:Q—>R, h(x)=¢"

If f:R" > R" and g:R" — R" are defined as below

f(x)= X2, g(x)= Jx then find gof and fog , are these functions equal ?

If f:R—R, f(x)=cos(x+2) then justify with reason that whether it is invertible or not.

. TX
If two functions f and g are defined on A={-1,1} and A where f(x)=x, g(x)=sin [7} then

prove that ¢~! exist but s~! does not. Also find g7!.
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16. If f:R—> R and g:R— R are functions such that f(x)=3x+4 and g(x)=(x3—) , then find

(fog)(x) and (gof)(x) . Also fidn the vlaue of (gog)(1) .

r [Important Points} ~

If f and g are two functions then gof is defined only when range of f is the subset of domain of g.
Composite functions need not satisfy commutative law.

Composite function obeys associative law i.e. (fog)oh = fo(goh)

If two functions are bijective then their compsoite functions are also bijective.
Inverse of bijective function is unique.
The inverse of one-one onto function is also one-one onto.

(sof) ' =flog™!
In set A a binary operation is defined from A x A to A

A S AN o

Anelement e € S is the identity element for binary operation *
If gre=exa=a, VaeS

10. If g%b = b*a = e, then b is inverse of a under * on S.

11. Inverse of a is denoted by a™'

12. Inaset S defined an operation *

a*(b*c)z(a*b)*c, Yab,ceS

then * operation is associative

Answers
Exercise 1.1

1. (i) (gof )(x) = 4x? +12x +14,( fog)(x) =2x> +13 (i) (gof )(x) = (x +8) +1,( fog)(x)=9x° +6x° +9

(iii) (gof)( ) | | (fog | | (iv) gof)( ) 3x? +6x—13, (fog)(x) =9x> —18x +5
2. fog={(u (w.w)}s gof ={(a.a), (b.b). (c,c)}
(

3. (fog)(x)= x,(gof) x, Yes, its an identity function

4. (fog)(x)=x,(gof ) = x,(g0g)(1)=-5/3 5.5
6. (i)(gof)(x)=(2x+x72)4+2(2x+x72)+4

7. (D) (fog)(x) =4x? —6x+1 (iD) (gof)(x) =2x2 +6x-1

ii)( fog) (x) = (x)* +6x° + 14x> +15x+5 (iv) (gog)(x)=4x-9
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Exericse 1.2

L A=10a)20) GG £ ={(@]).(b2).(c.3).(4.4)]

fr={(1.a).(2.0).3.0).(4.d)}s £ ={(a1).(c,2).(5:3).(d4)}

f={La).(30). (2.a)(&)s £ ={(d1).(3)(.2). ()

fi={(1).(30).2.0) ()5 £ ={(@1).(a3).(5:2).(c:4)}

_ 3
2. i (x)=(3+x)7, 1 (24) =3, £ (5)=2 3. f( )—% ()= (x-5)"
4. (gof) " ={(7,1),(23,2),(47,3),(79,4)} = fog™! 5. [ (X)=x;b
6. NO
7. @) f ={(-9.-3).(-3,-1),(0,0),(6.2)} (i) ' does not exist Gii) £ (x) =x"3
Exercise 1.3

1. (i) yes (ii) no (iii) yes (iv) no (v) yes
2. (1) commutative but not associative (ii) neither commutative nor associative

(iil) neither commutative nor associative (iv) commutative but not associative

(v) commutative and associative
3. e=-1, a_lz—(a+2) 4. e=0, 6171=aci1

Miscellaneous Exericse 1
1. (d) 2. (d) 3. (a) 4. (b) 5. (b) 6. (d) 7. (¢)
8. (a) 9. (c) 10. (a) 11. (c) 13. (fog)(x)=(gof)(x)=x 14. No
_ 2. =5

5. ¢ (x)=—sin"'x 6. (fog)(x) =(of )(x) =2 (g08)(1)=—
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