Chapter - 6

Differentiation

Ex 6.1

Question 1.

A firm produces x tonnes of output at a total cost of C(x) = 1/10 x3 - 4x2 - 20x
+ 7 find the

(i) average cost

(ii) average variable cost

(iii) average fixed cost

(iv) marginal cost and

(v) marginal average cost.

Solution:
c(x) = fx) + x

10
Then f(x) = % x3 —4x% - 20xand k = 7
: C flx)+k
(i) Average Cost (AC) = T[D}ﬁpi'ft“ = imj = (T’i
_ X —4x* —20x+7
X
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(i) Average Fixed Cost (AFC) = &?Tfts‘; =2 = %

(iv) Marginal Cost (MC) = 4%

= i(—l—x3 —4x* - 20x + 7)
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(v) Marginal Average Cost (MAC) = % (AC)
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Question 2.

The total cost of x units of output of a firm is given by C = 2/3 x + 35/2. Find
the

(i) cost when output is 4 units
(ii) average cost when output is 10 units
(ii) marginal cost when output is 3 units



Solution:

.5 35
C=gzxz+ 5
e, Cx) = 2o+ 2

(i) Cost when output is 4 units, i.e., to find whenx =4, C =7

2 35
Cé)=—-4D+—
4) 3(_ >
o= E.;..g
3 2
C=8XZ+35><3=16+]05 =(l2l
3x2 6 6
(ii) Average cost when output is 10 units, i.e., to find whenx =10, AC=7
C=£:l:-+E
3 2
Total cost -
Average Cost (AC)= ————— = C(I)=-f 57 B
Output X x
2 +35
=32 _2x 351
.o X 2
T
3 2 x
Whenxes: 1A e e
s R SN 4
2. Tl i 7 ¥l
=i = o e
3 2 2 3 4 Ix4
=8+21__22
12 12

Average cost when output is 10 units is X 29/12



(iii) Marginal cost when output is 3 units
_ 2 35
C=30+5
. =
Marginal Cost (MC) = o (@)

d[Z 35
= —| —x+— | =
dx\ 3 2

2 2
=—(1}+0 = —
3( ) 3
Marginal cost when output is 3 units will be ¥ %

Question 3.

Revenue function ‘R’ and cost function ‘C’ are R = 14x - x2 and C = x(x2 - 2).
Find the

(i) average cost

(ii) marginal cost

(iii) average revenue and

(iv) marginal revenue.

Solution:
R=14x-x?and C =x(x2 - 2)
C=x3-2x
: _ Totalcost _ C(z)
(i) Average Cost (AC) = Owiet . &
_ xi-9z
- x
= N
T ® B
= =2
(ii) Marginal Cost (MC) = g
d (3
= o (¢ -2x)
£ () -2 L (x)
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(U8
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(i) Average Revenue R = 14x - X2

_  Total Revenue __ R(z)
Average Revenue (AR) = Output = —
_ 14z —2?
- &
_ Mz 2
oz T
=14 —x
(iv) Marginal Revenue (MR) = >

= 1 (14x- %)
=14 L (- 2 ()
= 14(1) - 2x
= 14 - 2x
Question 4.

If the demand law is given by p = 10e~ 2 then find the elasticity of demand.

Solution:
p=10e
Elasticity of demand: ng = — 2 g_i
p=10e 2
dx \ 2
2
P, 1

Elasticity of demand: ng = —

= (=)



Nd=

= |t

Question 5.
Find the elasticity of demand in terms of x for the following demand laws and
also find the value of x where elasticity is equals to unity.

(1) p = (a-bx)?

(ii) p = a - bx?2
Solution:
() p = (a—bx)?
dp i
= — =2(a—bx)* ' = (a — bx)
= 2(a—bx) (0 -Db(1))
= -2b(a - bx)
. ; P d
Elasticity of demand: ng = — = - d—;
~ ~(a - bx)’ . l _ —(a-bx)" y I
x (i) X —2b(a - bx)
~ (a-bx)
T

When the elasticity of demand is equals to unity,

B e
a - bx = 2bx
2bx = a — bx
2bx + bx = a
3bx = a

a

~. The value of x when elasticity is equal to unity is 3



(iyp=a—bx?

dp g (.2
@ =0 b (%)
= -b(2x)

= -2bx

Elasticity of demand: ng = —

_p, 1 _Aa-bx) 1
X {1’:) X -2bx

,
a—bx’

2bx?

e =

When elasticity is equals to unit,
a—bz? _
2bx?

a— bx? = 2bx?
2bx? = a — bx?
2bx? + bx? = a
3bx? = a

x2 =

8,
3b
i=

¢l

.. The value of x when elasticity is equal to unity is , / =

3b

Question 6.
Find the elasticity of supply for the supply function x = 2p% + 5 when p = 3.

Solution:
Xx=2p2+5

4 _2x2p+0=4p

dp
Elasticity of supply: ns = % . %



_ p
4p2

2p? 45

When p = 3, elasticity of supply, ns = 4x3”

2(3)%+5

_ 49
~ 1845
_ 36

- 23

Question 7.
50—z

The demand curve of a commodity is givenby p= > ' find the marginal
revenue for any output x and also find marginal revenue at x = 0 and x = 257

Solution:
50—z

]

Given that p =

Revenue, R = px

= (5“5—‘“):.::

_ 50z—z®
D

= + (50x - x?)

Marginal Revenue (MR) = % (R)
< (50x - x?)

4 (50 - x?)

(50 — 2x)

B~

| = an| =

Marginal revenue when x = 0 is, MR = % (50-2 x 0)

= £ % 50

=10

When x = 25, marginal revenue is MR = % (50 — 2 x 25)
= 1 (50-50)

5
0



Question 8.

The supply function of certain goods is given by x = WP b where p is unit
price, a and b are constants with p > b. Find elasticity of supply at p = 2b.

Solution:

Given thatx = ay/p — b

Elasticity of supply: ns = % . gz

X = a\/r;b

" 2Ap-b)
Hint for differentiation
Usey= \;r;
|

Jx

(or)x=a\/p-b
L

== =

dx

b2



=—(p=b
z(p )
LB
- 2\p-b
When p = 2b, Elasticity of supply: ns = % — g—i =1

Question 9.

1
Show that MR = p [ ""d] for the demand function p = 400 - 2x - 3x2 where
p is unit price and x is quantity demand.

Solution:
Given p = 400 - 2x — 3x?

Revenue, R = px = (400 - 2x - 3x2)x = 400x — 2x° — 3x3
Marginal Revenue (MR) = % (R)

_ d 2 3

= - (400x — 2x° — 3x°)

= 400 — 4x — 9x°
p dx
N e
o x dp
p =400 - 2x - 3
L =0-2-6x
dx
N .
"
dx
_ | 400~ 2x-3x’ o ]
X (—2 - 6x)
_ 400—21’—33:?‘}( 1 _ 400-2x—3x"

—x (~2-6x)  2x+6x°



] - 1 o
e 400-2x-3x” 400-2x - 3x*
2x +6x°
_ 400 - 2x-3x" —(2x+6x°) _400—4x-9x°
400 -2x -3x° 400 - 2x - 3x*
1 400 —4x - 9x*
n ]"— = - =5
“p[ ,;] = 37’21[4004;:*3,:2]

=400 — 4x - 9x* = MR (using (1))
Thus for the function p = 400 - 2x - 3x2
- _ 1
MR =p [1 - ]

d

Question 10.
For the demand function p = 550 - 3x - 6x2 where x is quantity demand and p

_ i}
is unit price. Show that MR = { "

Solution:
Given p = 550 - 3x - 6x2
Revenue, R = px = (550 - 3x - 6x2)x = 550x - 3x2 - 6x3

Marginal Revenue (MR) = % (R)
_d 2 3
= = (550x — 3x° — 6x°)

550 — 6x- 18x2

- r dzx
Now nd = — * Uy

p = 550 — 3x — 6x°
P _0_3_12

dr
F - p 1
“Ng=—7 -

* (&)




_{550-—3;:-6;:2} 1

= x
X (-3-12x)
B 550 —3x — 6x° g 1 B 550 —3x —6x°
—x (-3-12x) 3x+12x°
-1_L=1__ 1 1 3x+12x°
. ¥ 550 3x - 61 550 —3x — 6x°
Ix+12x%°
_ 550- 3x—6x® -3x—12x° 550 —6x—18x"
550 - 3x - 6x° 550 -3x—6x
1| (550 - 3x— 6x7)(550-6x-18x")
SR T 550~ 3x - 6x°
=550 — 6x— 18x° = MR
Question 11.
2 1<p<s5,
For the demand function x = P determine the elasticity of
demand.
Solution:
The demand function, x = 2—2 1sps5
P
The elasticity demand, nq = —% . ‘;—;
25
xX=—7
x=25xp™
0 Ayl
& (25) (-4)p
=25x—4xp”
1
:25 o (.-- 4) X ?

Hint for differentiation



x.

25

X =9

p
3G

p p

L __p ax

M= T dp

i 4 ><25><(—4)xlS
P

)

—“psxzsx( 4)x—l——4
25 p’

Question 12.

The demand function of a commodity is p = 200 - x/100 and its costis C =
40x + 120 where p is a unit price in rupees and x is the number of units
produced and sold. Determine

(i) profit function

(ii) average profit at an output of 10 units

(iii) marginal profit at an output of 10 units and

(iv) marginal average profit at an output of 10 units.

Solution:

i

The demand function, p = 200 - 100

Costis C =40x + 120

Revenue function, R(x) = px

- (200—12%);1:
= 200X - <=

(i) Profit function = R(x) — C(x)



= 200x — - — (40x + 120)

10::}
= 200x - it — 40x - 120
= 160x — &=~ 120

(i) Average profit (AR, e LTHEE

Output
1
-1 (160;13 &

120)
120
=160 — W B

£

Average profit at an output of 10 units

When x = 10, average profit = 160 - W — %
_ 1

=160 - 5 — 12

o 1

=148 - 45

= 148 - 0.1

=31479

(iii) Marginal profit [MP] = &

(160:1: 5 —120)

= 2= 100

=160 -

Margmal proflt when x = 10, is = 160 — ==
= 160 — 5

= 160 - 0.2

= ¥159.8

' ; _ T 120
(iv) Average profit AP = 160 — o5 — o

i

Marginal average profit (MAP) = % (AP)
(160 — 20

1'[]0 T
Lod 1Yy -1
=0y 120 (= L) 1 A (L) = 2H



-1 120

10 T2

When x = 10, marginal average profit is = ——~ + 129
! 100 102

_ -1 120

~ 100 100

_ 14120

~ 100

_ 119

~ 100

=% 1.19

Question 13.

Find the values of x, when the marginal function of y = x3 + 10x2 - 48x + 8 is
twice the x.

Solution:

y=x3+10x?-48x+ 8
Marginal function, % = 3x% + 10(2x) — 48
= 3x% + 20x - 48

Given that, the marginal function is twice the x.
Therefore, 3x + 20x — 48 = 2x
3x% + 18x-48 =0
Divide throughout by 3, x* + 6x - 16 = 0
(x+8)(x-2)=0
Xx=-8(or)x=2
The values of x are -8, 2.

Question 14.
The total cost function y for x units is given by y = T+5 Show that the

marginal cost decreases continuously as the output increases.

Solution:

. _ T+7
The total cost function, y = 3x(x—+5) +5



To prove the marginal cost decreases continuously as the output increase we
should prove dy/dx is positive.

r’Jn:+'.f'}

=3 3

4 I'.\_I'l‘s
/

=3x L'E.ti’]-l-_z]+5=3x(‘_r+_5+ 2 J+5
. & ] x+5 x+5
g -

=3x|l+—— |+5

y 3

=3 1+2i[ = H +0:3h+2[(x+5}1*:¥(ﬂﬂ
i de\ x+5) L (x+3)

=3 1+2{“5*fﬂ=3{1+2[ - a']]
T G+) (x+5)

=31+ i ~ |, which is positive.
(X+3)"

L

~ The marginal cost decreases continuously of the output increases.

Question 15.

Find the price elasticity of demand for the demand function x = 10 - p where x
is the demand p is the price. Examine whether the demand is elastic, inelastic,
or unit elastic at p = 6.

Solution:
The demand functionisx =10 -p
Price elasticity of demand,



=" @
x=10=-p
2 =]
g
ol I
b x dp
P y= —E
-3~
Price elasticity of demand when p-6isng = mﬁ_ﬁ = % =15

- |ngl = 1.5 > 1, the demand is elastic.

Question 16.

Find the equilibrium price and equilibrium quantity for the following
functions.

Demand: x = 100 - 2p and supply: x = 3p - 50.

Solution:

Demand x = 100 - 2p

Supply x =3p - 50

At equilibrium, demand = supply
100 -2p=3p-50

-2p-3p =-100 - 50

-5p =-150

p= 19 - 30

-~ Equilibrium price pg = 30
Supply, x =3p-50

Put p = 30, we get
x=3(30)-50=90-50=140
~ Equilibrium quantity xg = 40



Question 17.

The demand and cost functions of a firm are x = 6000 - 30p and C = 72000 +
60x respectively. Find the level of output and price at which the profit is
maximum.

Solution:
We know that profit is maximum when marginal Revenue (MR) = Marginal
Cost (MC)
The demand function, x = 6000 - 30p
30p = 6000 - x
p = 45 (6000 - x)

6000 T

P= =30 — 30

_ T
p=200- 5 ........ (1)
Revenue, R = px
= (200 — &)=
= 200x— &
= 30

dR

Marginal Revenue (MR) = ——

dz
2
= i{zom-i]
30

dx
2004 1 d

S et ) e {5
e (x) 30dr( )

1
=200(1) - 3-(20)

=200 - =
15

Cost function, C = 72000 + 60x

; iC _ d
Marginal cost, e g (72000 + 60x)
=0+ 60(1)



= 60

But marginal revenue = marginal cost

200 - Z =60

— £ =60-200
£ o

—Z =140

x=-140 x 15

x = 140 x 15 = 2100
The output is 2100 units.
By (1) we have p = 200 - 45

When x = 2100,
Profit, p = 200 - 222° = 200 - 70 = 130
p=%130

Question 18.
The cost function of a firm is C = x3 - 12x2 + 48x. Find the level of output (x >
0) at which average cost is minimum.

Solution:
The cost function is C = x3 - 12x2 4+ 48x
Average cost is minimum,
When Average Cost (AC) = Marginal Cost (MC)
Cost function, C = x3 - 12x2% 4+ 48x
Average Cost, AC = M =x%—12x + 48

I
Marginal Cost (MC) = ‘j—o
_d 3 2
== (x? — 12x° + 48x)
= 3x2 — 24x + 48
But AC = MC
X2 — 12x + 48 = 3x2 — 24x + 48

X2 —3x2 —12x + 24x = 0



2x° +12x =0
Divide by -2 we get, X’ - 6x = 0

X (x—8)=0
x=0(or)x-6=0
% =-0 [of) ¥=6
Butx >0

k=0

Output = 6 units

Ex 6.2

Question 1.

The average cost function associated with producing and marketing x units of
an item is given by AC = 2x - 11 + 50/x. Find the range of values of the output
x, for which AC is increasing.

Solution:
AC increases when % (AC) > 0

C=2x-11+2
g:2_0+50(;—j)=2-2—2
4 (AQ) >0

2-2—3}0

2}%’
2x2 > 50
x2 > 25

x>5



Question 2.

A television manufacturer finds that the total cost for the production and
marketing of x number of television sets is C(x) = 300x2 + 4200x + 13500. If
each product is sold for X 8,400. show that the profit of the company is
increasing.

Solution:

C(x) =300x2+4200x + 13,500

Selling price of one product =X 8,400

Selling price of x numbers of products = 8400x
Profit, P = Selling price - Cost price

= 8400x - (300x2 + 4200x + 13500)

= 8400x - 300x2 - 4200x - 13500

P =-300x2 4+ 4200x - 13500

Differentiating with respect to x we get
P'(x)=dP/dx =-600x + 4200

dP/dx = 0 gives -600x + 4200 =0
-600x =-4200

x=7

The point x = 7 divide the real numbers into the intervals (0, 7), (7, ). Here x
cannot be negative.

<~
0 7

Now P'(x) =-600x + 4200

Take x =21in (0, 7)

P'(2) =-600 x 2 + 4200

=-1200 + 4200

= 3000, positive

~ P'(x) is increasing in (0, 7) the profit of the company increasing when each
product is sold for X 8,400.

B

Question 3.

A monopolist has a demand curve x = 106 - 2p and average cost curve AC =5
+ x/50, where p is the price per unit output and x is the number of units of
output. If the total revenue is R = px, determine the most profitable output
and the maximum profit.



Solution:

X =106-2p

(or) 2p = 106 - x

p=13 (106-x)
Revenue, R = px

= %(106 ~ %) X

= 53x— L

= 23X = S5

Average Cost, AC=5 +
Cost C = (AQ)x

R
50

_ T
= (5 -+ 52—0) g
i T
= Bx + =
Profit (P) = Revenue — Cost
dP 13(2z)
dz 48— —
‘é—g = 0 gives
13(2z)
48 ~—ge—=1)
_ 13x2x
48 = ==
= % = 46.1538 = 46 (approximately)
2
Also fo =0-— %, negative since % is negative, profit is maximum at x = 46 units.
B 13 2
Profit = 48x — o x
When x = 46,
Profit = 48 x 46 — 23 x 46 x 46
_ 27508
= 2208 ~—5—
= 2208 - 1100.32
=% 1107.68
Question 4.

A tour operator charges X 136 per passenger with a discount of 40 paise for
each passenger in excess of 100. The operator requires at least 100
passengers to operate the tour. Determine the number of passengers that will



maximize the amount of money the tour operator receives.

Solution:
Let x be the required number of passengers
Tour operator charges

=136~ ﬂ(.:ﬁc— 100), for x > 100
100

=136 T, * e
10 10

4
=136 —— + 40
10

176 -2
|"i

Amount of money, A = (Number of passengers) X (Tour operator charges)

'

.
A=xLl?6mﬂ1
5

2
A=176x 2%
dA . 4x
S e 2
dx 5
When Lo = we get,
dx
176 — = =0
3
176 = .
5
dx=176 x5
_ 176x5

x=—2"2 =220
4

d°A 4 .
—— =-——, negative
dx” 5

= The amount of money is maximum when the number of passengers is 220.



Question 5.
Find the local minimum and local maximum of y = 2x3 - 3x2 - 36x + 10.

Solution:

y = 2x> = 3x> - 36x + 10

j—g = 6x% - 6x — 36 = 6(x% — X — 6)
W _ 0 gives 6(x2—x—6) = 0

dr 9 -
6(x—3) (x +2) =0
X=3(or)x=-2

fy__

oy =6(2x~1)

Case (i): when x = 3,
fy B
=6x5

= 30, positive

. d’y . . L
Since d_a:g is positive y is minimum when x = 3.

The local minimum value is obtained by substituting x = 3 iny.
Local minimum value = 2(3°) - 3(3%) - 36(3) + 10

= 2(27) - (27) - 108 + 10

=27-98

=-71

Case (ii): when x = -2,
2
(‘“’) - 6(-2 x 2 1)
r=-—2

dz?
=6 x -5

= -30, negative
d%y

) is negative, y is maximum when x = -2.
£

Since



Local maximum value = 2(-2)° — 3(-2)2 = 36(-2) + 10
= 2(-8)-3(4) + 72 + 10

=-16-12 + 82
=-28 + 82
= 54
Question 6.
22 1.4
The total revenue function for a commodity is R = 15x + 3 367 " Show

that at the highest point average revenue is equal to the marginal revenue.

Solution:

2
- z¢ 1 4
R-*IS:»«H-T 36

Average Revenue = AR = &
£

22 1 4

15$+T_E$
= T
- z 1.3
=15+ 3 — 5= -
To test maxima or minima for AR = -
_ 1 322
=0+ 3 — 35
Y
:i(AR) .

dzx ;O
1 - i
3~ g =0
1_a
3 12

A
=3
x2 =4
e 2



d*(AR) _g_ 22 _ 3

de?2 2ﬁ_ 6
d° (AR
When x = 2, % — —% == —%, negative
. AR is maximum when x = 2
= T E 3
NOW,AR-—15+§—ﬁ$ 3
s - 2 9
\."'k.'henx-2,AF’.-15—|—§—E
— 2 8
=Btz m
_ 248
=15 + =5~
. 16
=15+ 3¢
AR e (1)
2
R=15:B—|—%—3—16$4
Marginal Revenue (MR) = %
— 2z Az®
=10t =
— 2 T
-15+§$—? 3
Whenx =2 MR=15+ 2 x 2 — 2
- 4 8
-15+§—§
_ 12-8
=15 + .
_ 4
=15+ g S (2)

From (1) and (2) at the highest point average revenue is equal to the marginal
revenue.



Ex 6.3

Question 1.
The following table gives the annual demand and unit price of 3 items

Annual Demand (units)

A 800 0.02
B 400 1.00
2 13,800 0.20

Ordering costis X 5 per order and holding cost is 10% of unit price. Determine
the following:

(i) EOQ in units

(ii) Minimum average cost

(iii) EOQ in rupees

(iv) EOQ in years of supply

(v) Number of orders per year

Solution:

[tem A:

Demand rate, R = 800

Ordering cost, C3 =X 5

Carrying cost C1 = 10% of unit price
=10/100 x 0.02

(i) EOQ in units
EOQ - \/uéc, =\/2x800x5x100=\/800x100x100
1

10x0.02 0.02100
= \/800"100"'00 ~ J400x100x100

2
=20 %10 x 10

= 2000 units



(ii) Minimum Average Cost = Cg = 1/2RC3C;4
\/2><800><5>< x 0.02

= 4/800 x 0.02
= 4/16.00

=34

100

(i) EOQ in rupees = EOQ x Unit price
= 2000 x 0. 02

= 2000 x m
=340
__ 2000 _
(V) Demand ~ 800 =25
Demand _ 800 _
V) —Foq ~ = =o00 - 04
[tem B:

Demand rate, R = 400
Ordering cost, C3 =X 5
Carrying cost C1 = 10% of 1.00

(1) EOQ in units

2RC 2x400x5 2x400%x5x100
FOQ=J C . =J 10 =\/
“1 "'0'6!1 10

= 20 10
= 200 units

(ii) Minimum Average Cost = Cp = 4/2RC3C;
\/2 x 400 x 5 x 10 x 1

= V400

1(]0



=320

(i) EOQ in rupees = EOQ x unit price
=200 x 1

=3 200
- EOQ _ 200 _
(iv) Demand ~ 400 0.5
Demand _ 400 _
(v) EOQ 200 2
Item C:

Annual Demand, R = 800

Ordering cost, C3 =X 5

Carrying cost, C1 = 10% of unit price
=10/100 x 0.20

=2/100

(i) EOQ in units

2RC 2x13800x5 /2x13800x5x100
E0Q=\/C3=\/" ”"2\/“3“;"““
|

2
100

= J138x100x5x100
=10 * 10+/138x5 = 100+/690

=100 X 26.2678
=100 x 26.27
= 2627

(ii) Minimum Average Cost = Cp = 4/2RC3C;
=\/2><13800><5>< 10,02

100
= /2 x 138 x5 x 2
= /2760

= 52.535
=X 5254




(iii) EOQ in rupees = 2627 X 0.20 =X 25.40 [+ Unit price = 0.20]

: EOQ 9627 _ B
(iv) e T 0.19036 = 0.19

(v) Dg”éaéld - 12?;382”;} = 5.2531 = 5.25

Question 2.

A dealer has to supply his customer with 400 units of a product per week. The
dealer gets the product from the manufacturer at a cost of X 50 per unit. The
cost of ordering from the manufacturers in X 75 per order. The cost of holding
inventory is 7.5 % per year of the product cost. Find

(i) EOQ

(ii) Total optimum cost.

Solution:

Demand = 400 units per week

Annual demand = 400 X 52 per year
Ordering cost per order C3 = 175

Inventory cost C1 = 7.5% per year of the cost
= 7.5% of 50 per year

_ 75
_mxSO

_ T.bx5h0

= Thoxsy (Per week)

(i) EOQ in units

o PRCH _ [2x400x52x75 _ [2x400x52x75x100
V G 13 % 50 ‘j 7.5%50
/zxau}t}xﬁzx?s';&"_noxm TS
= = /832000 =912 (appr
V. 75%50 912 (appr)

EOQ =912 units



(ii) Total optimum cost = Purchasing cost + Minimum annual cost
=400-x 50 + /2RC;C,

75

00x 52

x 50

=20000 + sz-’lﬂﬂx Tﬁxl

= 20000 + \/2x4x?ﬁxg:=<5{l'

_ / 225000
= 20000 + 4/ =55—

= 20000 + V4326.92307
= 20000 + V4326.9231
= 20000 + 65.7793

=3 20,065.78 per week

Ex 6.4

-

Question 1.
If z = (ax + b) (cy + d), then find % and g—;.

Solution:

Given, z = (ax + b) (cy + d)

Differentiating partially with respect to x we get,
3—; = (cy +d) 3—33: (ax + b) [ (cy + d) is constant]
= (cy +d) (a + 0)

= a(cy + d)

Differentiating partially with respect to y we get,
oz _ d

3 -(ax+b}8—y (cy + d)

= (ax + b)(c + 0)

= c(ax + b)



Question 2.
o

If u = e, then show that o%u + “u
! 912 b

o 2 2
- = + .
7 = U Y9
Solution:

Given, u = ev

Differentiating partially with respect to x, we get,

% = yexy (Treating y as constant)

21 — 2 (ye)
= Y5 (€)

= ylye")

= Yo s (1)
We have u = ¥

Differentiating partially with respect to y,

Ou _ Loty

5y — %€

Again differentiating partially with respect to x, we get,
u _ D Ty

Fe o a—y(me )

- o2 ()

Adding (1) and (2) we get,
Py | 5 _ 2 4 o)
O 33-'2 o 5
=ux +y)[vu=eY]
Question 3.
8%u 9%u

Letu=xcosy+ycosx*\/’erifym = 5405

Solution:
U=XCosy+ycosx
Differentiating partially with respect to y, we get,



g—; = 5‘? (xcosy) + ﬁ (y cos x)
= —(cos y) + cos x a%(y}

= X(-siny) + cos x
Again differentiating partially with respect to x, we get

g [dul) _ 8 ]
E(a_y) 3m(x5|ny)+3—(c05x)
d

_d
o= (-xsiny) + = (cos x)

= -siny a—i(a:) + (-sin x)
= -siny (1) + (-sin x)

= -siny-sin X ......... (1)
Now u = x cos y + y cos X

Differentiating partially with respect to x we get

g“ Cosy & ()+ya—i(cosx)

= cosy (1) + y(-sin x)

= COSy -y sin X

Again differentiating partially with respect to y we get,
a% (%) = 3% (cos y —y sin x)

= v B :
-a—y(cosy) ay(ysmx)

= -sin y — sin X a% (y)

= -siny—sinx (1)
= -SINY = SIN X coveae (2}

From (1) and (2), 2% é,y _ %

Hence verified.

Question 4.
Verify Euler’s theorem for the function u = x3 + y3 + 3xy?2.

Solution:
u = x3+y3 + 3xy?



ie,u(x,y) =x3+ y3 + 3xy?

u(tx, ty) = (tx)° + (ty)* + 3(x) (ty)?

= t3x3 + B3y3 + 3tx (t2y?)

= t3(x3 + y3 + 3xy?)

= t3u

~ uis a homogeneous function in x and y of degree 3.

*. By Euler's theorem, z - == +y - 5~ = 3u
Verification:

u=x>+y>+ 3xy?

ou _ 4.2 2 0

ﬁ—Ex + 0 + 3y E(x)

= 3x% + 3y?(1)

] ou _ 3,3 2
X5 = 3XT 4 3xy

2—3=U+3y2+3x(2y)=3y2+6xy
ou
y. 3—; = 3y> + 6XyY7 o, (2)

- (1) + (2) gives

T - % +y- g—; = 3x3 + 3y® + 9xy?
=30 + y> + 3xy?)

= 3u

Hence Euler's theorem is verified.

Question 5.

Let u = x%y> cos(Z). By using Euler's theorem show that z - % + vy - g—;

z
Yy
Solution:

Given, u = x2y> cos(Z)
y Y

e, u(tx, ty) = (tx)? (ty)* COS(:—i)

)

= thty? cos(%



= x°y° cos(%)
=tu
.. U is a homogeneous function in x and y of degree 5.

~. By Euler’s theorem, x - + Y- 3 = du

Hence Proved.

Ex 6.5

Question 1.
Find the marginal productivities of capital (K) and labour (L) if P = 8L - 2K +
3K2-2L2+ 7KLwhenK=3and L = 1.

Solution:
P =8L - 2K+ 3K?-2L% + 7KL
oP  _
Marginal productivity of labour, 3T =8-0+0-=2(2L) + 7K(1)
=8—-4L + 7K
Marginal productivity of labour when K =3 and L =11is
dP _
(ﬁ)(:m) =8-4+ 21
=29-4
=25
Marginal productivity of ca;:ntal, ﬁK =0-2(1) + 3(2K) = 0 + 7L(1)
=-2+6K+7L
Marginal productivity of capital whenK =3 and L = 1is
(5x)
3K /(3,1)
2+ 18+7
=-2+25
=23



Question 2.

[f the production of a firm is given by P =4LK - L2 + K%, L. > 0, K > 0, Prove
oP oP

= 4+ ==
that L 9L 9K = 2p,

Solution:

P =4LK- L%+ K2

P(K,L) =4LK- L2 4+ K2

P(tK, tL) = 4(tL) (tK) - t2L2 + t2K2

= t2(4LK - L2 + K?)

= t2P

=~ P is a homogeneous function in L and K of degree 2.

. ' oP apP  _
». By Euler’s theorem, L 5 + K 7= = 2P.

Question 3.
If the production function is z = 3x% - 4xy + 3y2 where x is the labour and y is
the capital, find the marginal productivities of xand y whenx =1,y = 2.

Solution:

Marginal productivity of labour, % = 6x — 4y

Marginal productivity of labour whenx =1,y = 2 is
(%){1,2) = 6(1)=4(1)

=6-4

=2

Marginal productivity of capital, g—; = 0 —4x(1) + 3(2y)
= -4x + by

Marginal productivity of gapital whenx =1,y = 2is

(g—;)(m = _4(1) + 6(2)

4+ 12
=8



Question 4.

For the production function P = 3(L)%4 (K)°¢, find the marginal productivities
of labour (L) and capital (K) when L = 10 and K = 6. [use: (0.6)%¢ = (0.736,
(1.67)04 =1.2267]

Solution:

Given that P = 3(L)%4 (K)0¢.......(1)

Differentiating partially with respect to L we get,
oP

_ aree06f G cr0e
E‘_S{K} (EL{L} )

=3(K*%) (0.4) (L**H
=12 X*9 (L%

1
'L::T

G

=1.2 (K"

-12()

WhenL =10,k =6, 22 =1.2(£&)"

=1.2(0:6)0¢

= 1.2(0.736)

l.e., the marginal productivity of labour = 0.8832

Again differentiating partially with respect to k' we get,

Marginal productivity of labour when L = 10, K = 6 is
opP 0.4 ( é u.a]
— =3L"" | —(k
ok ak( ‘
=3L"(0.6) K>~
=1.8 L")k



= 0.4
1.8 (L ](k'”]

- 1_3(£]'
K

Marginal productivity of capital when k = 10, k = 6
_ 10 1,0.4
=1.8{=)
= 1.8(1.66666)%4
= 1.8(1.67)%4
= 1.8 x 1.2267

= 2.2081

Question 5.

2
The demand for a quantity Aisq =13 - 2p1 - 3p2. Find the partial elasticities

Solution:
g=13-2p, - 3p;’

=0-2(1)-0=-2
1

]
5)
2 p-0-3Q)p2=-Gp:

Ep, gqdp 13- 2p. p;
When p1 = p2 = 2,

Eq -2
:[ 1](—2}

Ep, 13-2x2-3x2
_ 2x-2 4 4
13-4-3x4 13-4-12 13-16




=
-3 3
Eq p, 0q - P,
i e Sl L— | (- 6p)
25 q op, 13-2p,-3p;
When p1 =p2=2,
£i=[ = z)%exn
Ep, 13-2x2-3Ix2
_ 2x-12 *E_ﬂs
13-4-12 -3
Question 6.

2
The demand for a commodity A is g = 80 - Py 4 5p2 - p1p2. Find the partial
Eq Eq

elasticities *Pt and EPz when p1=2,p2=1

Solution:
g=80-p°+5p~pip
o9 _
P, =0-2p, +0-(1)p2
=—2P|"P2
2, =0-0+5(1)-p (1)
2
E‘? P a‘? =P
3, e x (- 2p) -
. qop, 80-piisp-pp PP
Whenpi=2,p2=1,
-2
54 = 7 -2x2-1)
dp, 80-22+5(1)-2x1
s = x{_4__1)=E
80—-4+5-2 79
Eq p, Oq ~p
= - : (5-p1)

o,  q p, 80-pl+5p,-pp,



When p1 =2,p2 =1,
Eq -1

= : 5-2
Ep, 8{]~23+5x1m2x1{ )
-1 -3
= W 3 =
79 ©) 79
Ex 6.6
Question 1.

Average fixed cost of the cost function C(x) = 2x3 + 5x2 - 14x + 21 is:
(a) 2
(b) 2

() — 2

(d) 2

Answer:
(d) &

€T
Hint:

Average fixed cost k21
&I &I

Question 2.
Marginal revenue of the demand function p = 20 - 3x is:
(a) 20 - 6%
(b) 20 - 3x
(c) 20 + 6x
(d) 20 + 3x

Answer:

(a) 20 - 6x

Hint:

p=20-3x

Revenue, R = px = (20 - 3x)x = 20x - 3x?2
Marginal revenue = dR/dx = 20 - 6x



Question 3.
If demand and the cost function of a firmarep =2 -xand C =-2x2 4+ 2x + 7
then its profit function is:

(@) x2+7
(b) x2-7
(c)x2+7
(d)x2-7
Answer:
(b) x2-7
Hint:

Profit = Revenue - Cost
=2-x)x-(-2x2+2x+7)
=2xXx-xX24+2x2-2x-7
=x2-7

Question 4.
If the demand function is said to be inelastic, then:
(@) na| >1
(b) nal =1
(©) Inal <1
(d) [nal =0

Answer:

(@) nal > 1

Question 5.
The elasticity of demand for the demand function x = 1/p is:

(a) O
(b) 1
© —3
(d) oo

Answer:
(b) 1



Question 6.

Relationship among MR, AR and nd is:
_ AR
(@)1 = Tr—m

(b) ng = AR — MR
() MR = AR = ng4
(

d) AR = MR
M4

Answer:
__ AR
(@)Md = Tr—mm

Question 7.
1 b5z

For the cost function C= 25 ' the marginal cost is:
() 35
(b) 5 €™
(€) 195 €™
(d) 25>
Answer:

(b) 3 €™
Hint:
C=1eb®
25
: de 1 5 _
Marginal cost — = ﬁ(58 ‘r) = ze€



Question 8.

Instantaneous rate of change of y = 2x2 4+ 5x with respect to x at x = 2 is:
(@) 4

(b) 5

(c)13

(d)9

Answer:
(c)13

Hint:

y = 2x% + 5x

Question 9.

If the average revenue of a certain firm is X 50 and its elasticity of demand is 2,
then their marginal revenue is:

(@)X 50

(b) X 25

(c)X 100

(d)X75

Answer:
(b)X 25
Hint:

MR = AR{I—L}
N

1
=50[1*—~}=5£]>< L =325
2 2

Question 10.
Profit P(x) is maximum when:

(a) MR = MC
(b) MR = 0
(c) MC = AC

(d) TR = AC



Answer:
(a) MR =MC

Question 11.
The maximum value of f(x) = sin x is:

(a) 1
3
(b)

1
(d) —=

Answer:

@1

Hint:

When x = 1t/2, sin x is maximum.
Maximum value issint/2 =1

Question 12.
of | 2

To— + Yz IS equal to:

If f(x, y) is a homogeneous function of degree n, then

(@) (n- 1)f
(b) n(n - D)f
(c) nf

df

Answers:
(¢) nf

Question 13.
a%u
Ifu=4x2+ 4xy + y? + 4x + 32y + 16, then 9¥9% is equal to:
(a)8x+4y+4
(b) 4
(c) 2y + 32
(d)0



Answer:

(b) 4
Hint:
u=4x%?+4xy +y?+4x+ 32y + 16
o =8xf4y+4
o
@ ( du %,
——|=—(Bx+4y+4
o) =5 Er o
62
Ou _,
dycx
Question 14.
_ 3 2 .3 ’u .
If u=x+ 3xy= + y’ then oz S
(a)3
(b) 6y
(c) 6%
(d) 2
Answer:
(b) 6y
Hint:
u=x3+3xy? +y3
Ou 2
— =3x"+3
= Y’

2 a .
2 48)= g

du
oyox




Question 15.

. ! .
Ifu=e® then % is equal to:

Answer:
(a) 2ze®

Hint:

2
u=e’

du x?
i 2re

Question 16.

Average cost is minimum when:

(a) Marginal cost = marginal revenue
(b) Average cost = marginal cost

(c) Average cost = Marginal revenue
(d) Average Revenue = Marginal cost

Answer:
(b) Average cost = marginal cost

Question 17.

A company begins to earn profit at:
(a) Maximum point

(b) Breakeven point

(c) Stationary point

(d) Even point

Answer:
(b) Breakeven point

Question 18.
The demand function is always:



(a) Increasing function

(b) Decreasing function

(c¢) Non-decreasing function
(d) Undefined function

Answer:
(b) Decreasing function

Question 19.
If g = 1000 + 8p4 — p, then, 94 jg.

apy
(a)-1
(b) 8
(c) 1000
(d) 1000 - p2

Answer:

(b) 8

Hint:

q=1000 + 8p1 - p2
8q

dp,

Question 20.

If R = 5000 units/year, C1 = 20 paise, C3 =X 20 then EOQ is:
(a) 5000

(b) 100

(c) 1000

(d) 200

Answer:
(c) 1000
Hint:
EOQ = 2RC, =\j2x5{}[}0x2ﬂ =J2x_5000x20x10
e 0.20 2

= /10000 x 100 = /1000000 =¥ 1000



